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The Effects of Business Uncertainty
on Investment Policies
of Financial Intermediaries
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In this paper | tested the effects that the business environment uncertainty has on the investment decisions of companies wit-
hin financial industry. More specifically | tried to determine the effects of either high or low volatility of business environment
on investment policies of financial intermediaries, such as banks, pension funds and insurance companies. As the results of
two demonstrative examples indicate increasing the volatility of future losses/payments (e.g. future losses for insurance com-
pany and payments into a pension fund) of the financial intermediary results in a more risky investment strategy even under
a very risk averse optimization criterion. This could indicate that small companies, which have in general a higher coefficient
of variation of payments/losses than bigger companies, should hold more risky asset.
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Vpliv negotovosti na nalozbeno politiko finanénih posrednikov

V ¢lanku preucujem vpliv negotovosti v poslovnem okolju na nalozbeno politiko finanénih posrednikov (zavarovalnice, pokoj-
ninski skladi itn.). Bolj natan¢no preucim kako volatilnost prihodnjih obveznosti vpliva na alokacijo med tvegane in ne-tvega-
ne nalozbe, pri ¢emer kot mero tveganja uporabim VaR (Value at Risk). S pomoc¢jo numeri¢nih simulacij ugotovim, da se ob
vedji negotovosti prihodnjih obveznosti za finanéne posrednike optimalna nalozbena politika premakne v smer tveganih na-
lozb. To lahko pomeni, da naj bi majhni posredniki, ki imajo visji koeficient variacije vplacil proti izplacilom (obveznostim), v
portfeljih imeli visji delez tveganih nalozb.

Kljuéne besede: gospodarska organizacija, ban¢nistvo&zavarovalnistvo, optimalna nalozbena politika

1 Introduction paring the results of numerical calculations for the exam-
ples considered I try to deduce what are the effects of vo-

In this paper I focus on the effect that the business envi- latility of business environment on investment policies of

ronment uncertainty has on the investment decisions of financial companies'.

companies within financial industry. More specifically I First, I analyse the problem of a portfolio investor

try to determine the effects of either high or low volatility
of business environment on investment policies of finan-
cial intermediaries, such as banks, pension funds and insu-
rance companies. In order to quantify these effects I solve

who has to meet a series of future random payments/los-
ses X; by investing an amount K under some investment
strategy 7 defined by an allocation between different as-

two general multi-period portfolio models from the fields set classes. In choosing the optimal investment strategy I
of insurance and finance under both the assumptions of look for an investment mix that, given a fixed default pro-
high and low volatility of business environment. By com- bability p, minimises the initial capital investment K.

! Some of the more prominent types of models from the area of multi period portfolio selection include Brennan et al. (1997, 1998,
1999,2002), Campbell et al. (1996, 1999"", 2000, 2001°,2001", 2003), Xia (2001), Xia et al. (2001), Merton (1971, 1973), Samuelson (1967,
1969), Rubinstein (1976, 1981) and Stiglitz (1970).
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The second problem I analyse is a general multi-pe-
riod portfolio problem of a financial agent (either a per-
sonal investor or a financial intermediary such as a bank
or a mutual fund) that wants to maximise the amount of
future wealth K by periodically investing some amounts
X according to an investment strategy 7. In order to keep
the analysis as general as possible, I assume that the inve-
sted amount is random and allow for a serial correlation
between successive payments. In choosing the optimal in-
vestment strategy I look for an investment mix that maxi-
mises the amount of accumulated wealth?, which is achie-
ved with a sufficiently high probability p (e.g. 95%).

The asset dynamics are modelled within the well-
known Black & Scholes setting, which assumes log-nor-
mally distributed asset prices. I assume that the investor
has to choose the optimal investment strategy given a pre-
dictable consumption/saving pattern, whereby the opti-
mality of investment strategies is as mentioned defined
via VaR(p) or quantile risk measure.

The structure of this paper is as follows. In Section 2 1
explain the basic setup of the model (Black & Scholes set-
tings, constant mix portfolios). In Section 3 I introduce the
saving for retirement problem. The reserving problem
which is in some sense dual to terminal wealth problem is
presented in Section 4. Section 5 gives the results of the si-
mulation and numerical illustrations along with some
comments. The final remarks are discussed in Section 6.

2 Model setup

In this section I give the main characteristics of the model
(such as the quantile risk measure, dynamics of the mar-
ket etc).

2.1 Quantile as a risk measure

In simple terms a risk measure gives a description of riski-
ness of a random variable by summarizing the informa-
tion contained in the distribution function in one single
real number. Amongst the risk measures the most widely
used is the quantile risk measure or Value at Risk (VaR).
For a given random variable K the p-quantile risk
measure (VaR) is defined by
Q,[X]=inf{xe R|F, (X2 p},  pe(01), 1)
where F (X) = Pr[X <x]. A related risk measure is deno-
ted by Q[ X] and is defined by
Q; [X]=sup{xe R|F, (x) < p}, pe (Q1). (2)
Observe that only values of p corresponding to a ho-
rizontal segment of F, lead to different values of 0 [X]

X
and Q'[X]. Thus when F, is strictly increasing, both risk

measures will coincide for all values of p. In this case, one
can also define the (1- p)-th quantiles by

Q. [X]=sup{xe RIF, (X2 p}  pe(0l), 3)
where F x(X) =1-F, (X). For more about the relationship
between different risk measures see Dhaene et al. (2003).

2.2 Market dynamics

In describing the market dynamics I adopt the so called
Black & Scholes framework (see Black et al., 1973)

2.2.1 The Black & Scholes setting

Consider a market of n + 1 securities which are traded
openly and can be bought or sold without incurring any
cost. One of the assets is assumed to be risk free, the ot-
hers are risky. The price of the risk-free asset evolves ac-
cording to the following deterministic (ordinary) differen-
tial equation

dp© t)
p(O)(t) =rd, (4)

where r stands for the drift or return of the risky asset.
Thus the price of the risk-free asset grows exponentially
and can be given explicitly by

PO(t) =P exp(rt), )

with P denoting the amount that was invested at time 0.
Other assets are assumed to be risky in the sense that

their price is not deterministic and evolves according to a

following stochastic differential equation. The price pro-

cess P'(f) evolves according to a geometric Brownian mo-

tion stochastic process, represented by the following stoc-

hastic differential equation:

dP'(t) _ d

by M R ) (6)

with u > r the drift of the i-th risky asset and (W'(s), W'(s),
..., W'(s)) a d-dimensional standard Brownian motion
process. Here it is assumed that the W'(s) are mutually in-
dependent standard Brownian motions.

The diffusion matrix X is defined by

O11 O12 7 Ou

5= 521 522 (;zd (7)
gml Emz Emd

whereas the matrix ¥ (referred to also as the variance-co-
variance matrix) is defined as

? Problems within a similar framework are analysed in Milevsky et al. (1997), Milevsky and Robinson (2000) and Dhaene et al. (2004).
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2 n
0, Op Oim TTo(t) =1—z{7't'i (®). (12)
ZZEXET: Oy OF -+ Oy 8) =
e T In the case of a constant mix investment strategy, the
o, O, o? percentages (in terms of value) of different assets remain
m m

. . . . d — —
with coefficients o,and g7given by oy = Zk:lo'ikc "

and o/ =0, Observe that o,= o, hence the matrix is sym-
metric. Additionally we assume that ¥ is positive definite.
Thus for all non-zero vectorsz' = (z,,7,,---,m,, )We have
that all g, are strictly positive and that ¥ has a matrix in-
verse. ‘

If one defines the process B'(s) by

i 1 — i
B'(S) ==Y W (9). 9)
0=
than equation (6) can be rewritten as:
dP'(t) i
—= = pdt+0,dB'(t
P Ao ), @)

Observe, that in contrast to equation (6) where W' (r)
are uncorrelated standard Brownian motions, the B'(7)
are correlated standard Brownian motions, with
i j Ojj
Cov(B'(t).B' (t+5) )= —
0,0,
The solution to equation (7) is

t, t,s20. 8)

PO (t) = P exp((, - %C’f)t +0,BU(1), ©)

with P’ as before denoting the price of i-th risky asset at
time 0.

From equation (9) one finds the price of the risky as-
set to be log-normally distributed with the first two mo-
ments given by

E[P® (1)] = P" exp(u), (10)

Var[P ()] = (P")” exp(2u1t)(exp(o7t) -1). (11)

A more detailed representation of a multidimensio-
nal return process in a Black & Scholes setting can be
found in e.g. Bjork (1998) or Dhaene et al. (2004).

2.2.2 Constant mix investment strategies

In this Section I briefly recapitulate some of the most im-
portant results on the topic of constant mix investment
strategies.

As before, consider a market of n risky and one risk-
free security. Within this setting, any investment strategy
can be characterised by an allocation vector
7E(t) = (m, (1), 7, (1), ..., 7, ()", with 7, (t) denoting the per-
centage of the i-th risky asset held at time ¢ and 7, (t) the
percentage of risk-free asset in the portfolio. Observe that
the fraction placed in the risk-free asset is determined by
the aggregate percentage of all risky assets in the portfo-
lio

constant over time, so that the time component can be
dropped

(70, (1), 7, (t),. 70, () = (s, ) (13)

Although the proportions of each asset type are inde-
pendent of time, the portfolio nevertheless has to be con-
tinuously rebalanced in order to keep the percentages of
each asset type constant. This strategy implies a “buy low
and sell high” principle. Namely, if a price of an asset falls
while the prices of all other assets remain constant, one
should increase the quantity of that stock (which has fal-
len) and reduce the quantity of other securities to main-
tain a constant mix within one’s portfolio.

Given a class of constant mix strategies 7 one can
prove that the portfolio price process P(t) evolves accor-
ding to the following stochastic differential equation

@_ u dPi(t) B o dPO(t) 14
R K OME z”] PO(t) (9

:{i”i (u —r)+r]dt+ iniai dB' (t).

+

If we introduce a process B(z) by

1

B(r) =m§ﬂici8 (7). (15)

It can be shown that B(t) is a standard Brownian mo-
tion, so that we can rewrite equation (14):

dPt) _
O u(7)dt +o (7)dB(t), (16)

with B(f) a standard Brownian motion and u(7)and
0?(7) defined as

pu@) =r+z"-(i-rl) and o*(7)=7-Z-7. (17)
Here 1 denotes the m-dimensional vector of
ones (L1,..,1)"and ¥ stands for a variance-covariance ma-

trix which is assumed to be positive definite. The solution
of equation (16) is

P(t) = Pexp((u(7) —%G “(T)t+o () B(D), (18)
with expectation and variance given by
E[P(t)] = Pexp(u(7)t), (19)

Var[P(t)] = P* exp(2u(7)t)(exp(c *(7)t) -1). (20)
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Throughout this Section I use the concept of yearly
return, which gives the log-value of one money unit in-
vestment after a one-year period. In line with equation
(18) a return in year can be written as

Y, (%) = 1 (%) + 0 (7)(B(K) - B(k-1), (21)

with p' () (where p' (%) is equal to u(%)—10?(7)) deno-
ting the drift, 5 (%) standard deviation (on a yearly basis)
of investment strategy 7 and B(k) stands for a standardi-
sed Brownian motion. In more general terms, the value of
a single unit investment over a period of k years expres-
sed in terms of yearly returns can be written as

P(k) = Pexp(Y,(7) + Y,(7) + ---+ Y, (7). (22)

Observe that the yearly returns Y,(%) are indepen-
dent and normally distributed; hence the return over a pe-
riod of k years is also normally distributed.

3 Saving for a retirement problem

As mentioned, the first problem I address is the so called
saving for retirement problem. More precisely, I consider
a multi-period portfolio problem of a decision-maker who
wants to maximise the p-quantile of terminal wealth di-
stribution function. In order to achieve this goal he perio-
dically invests random amounts X, X,,.., X (where the
considered amounts are on a yearly basis and measured in
real terms, i.e. adjusted for inflation) over the length of
the investment horizon. I assume that the investment
amounts X, are normally N(u,o?) distributed. The logic
behind such an assumption lies in the stochastic nature of
the investor’s environment. For example, private investors
saving for their retirement are exposed to idiosyncratic
shocks (such as the loss of a job or a sudden injury) which
can result in a negative balance between that year’s ear-
nings and consumption. It thus makes sense also to model
examples where one allows for the net investment to be
negative with some small probability p.’

Figure 1: Saving for a retirement problem

The amounts X; are invested according to some con-
stant mix investment strategy 7 as described in the previ-
ous Section. The goal of the investor is to choose such a
strategy, that the amount of the end wealth W, (%) guaran-
teed with sufficiently high probability p is maximized. As

* A similar problem is discussed in Ahcan et. al. (2005).

one can prove; this goal is obtained by maximizing the
1 - p quantile of end wealth.!

Fatn@— P)=sup(xe RPr[W, (%)= x]= p) (23)
Thus the optimisation criterion is set equal to:

Max(Fy (s, (L~ P)- (24)

4 The reserving problem

In the second problem I consider the case of an investor
who has to meet a series of future random payments/los-
ses X; by investing an amount K under some investment
strategy 7 . The random payments are assumed to be log-
normally distributed LN(u,c?), so that the payments in
each year are strictly positive. In choosing the optimal in-
vestment strategy I look for an investment mix 7 that, gi-
ven a fixed default probability 1 — p, minimises the initial
capital investment K.°

Figure 2: The reserving problem

In obtaining this goal the investor chooses such a stra-
tegy 7 that minimizes the p quantile of the present value
of future payments, where the discounting is done with
respect to investment returns Y, (7). More precisely, one
can show that setting the initial capital K equal to

K'=Fym(P) (25)

fulfills the condition that the default probability is at most
1-p.

n-1
Pr|:K X eYl(n)+.,+Yn(7r) _ Zl xi . eY‘ (@AY (@) _ Xn > 0] — Fw—nl(f) (26)

5 Numerical illustration

In this Section the results of numerical calculations are
presented. In all the examples considered the same set of
parameters describing market dynamics is selected; drift
of the stock market index ,, =0.073 and standard devia-
tion ¢,, = 0.16, for the drift of the risk-free account I took
r=0.012 whereas for the length of the investment horizon

“ The following expression is valid for the case of contionous and increasing cumulative distribution function Fy (- (X).

’ A similar problem is discussed in Ah&an (2004, 2005).
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T = 40 was chosen® (I perform ED 300 000 simulations for
each of the 15 investment strategies considered).

5.1 Terminal wealth problem

In this subsection I discuss the results for the terminal
wealth problem considered in Section 3 I present the re-
sults for the case of low (almost constant payments) and
high volatility (very unstable environment) of yearly pay-
ments. In the first case I assume the payments X, to be
normally distributed with mean u, =10 and standard de-
viationo, = 0.5, whereas in the second example the stan-
dard deviation is set equal too, =0.5, while the mean
stays the same. Additionally I assume successive pay-
ments to be serially correlated, with the correlation equal
to 0.5 if the time lag between successive payments is 1
year and 0.2 if the lag is 2 years. All other correlations are
assumed to be zero.

In Figure 3 I present the results for the first case. One
can observe that the maximum is achieved for an invest-
ment strategy equal to 7, =(27.5%,72.5%)" (where the
first value denotes a fraction invested in the risk-less asset
and the second value denotes the fraction invested in the
market portfolio) with the corresponding 95% guaran-
teed terminal wealth equal to K = 578.5.

capital
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| |
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I
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I

0

T T T
0.0 0.2 0.4 0.6 0.8

riskiness

50!

Figure 3: The 0.05-quantile of the terminal wealth cumulative
distribution function with respect to the riskiness of
an investment strategy (var=0.25)

Figure 4 presents the results of the second example
(variance 25 units). In this case the optimal investment
strategy is achieved in the case of 7, =(20.5%,79.5%)"
with the corresponding terminal wealth equal to
K =5585.

Having evaluated both of the numerical examples
(where now the only difference is with regard to the vola-
tility of payments) allows one to make some conclusions
about the optimal investment policies under uncertainty.
As one can see, increasing the volatility of payments to
the investment fund decreases the 95% guaranteed accu-
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Figure 4: The 0.05-quantile of the terminal wealth cumulative
distribution function with respect to the riskiness of
an investment strategy (var=25)

mulated wealth and increases the asset mix towards more
risky assets. If it is an intuitive result that increasing the
volatility of payments decreases the 95% guaranteed ac-
cumulated wealth, then the amount of decrease is cer-
tainly surprising; increasing the volatility of payments by
a factor of 100 decreases the amount of wealth which is
achieved with a probability of 95% by a mere 3.5%.
Another striking result is that although the optimisa-
tion criterion is very risk-averse (95% of the outcomes
should be in our favour) increasing the randomness in the
investment environment (by increasing the volatility of
payments) pushes the optimal investment mix towards
risky assets. To explain this effect, one should examine
how the volatility of the terminal wealth distribution
changes as one increases the volatility of payments.
Clearly, if the volatility of payments is relatively small
most of the terminal wealth volatility comes from the
stochastic nature of the financial environment (i.e dis-
count factors). In this case, the overall volatility of accu-
mulated wealth is mostly determined through the choice
of investment strategy and it makes sense under a risk-
averse objective function to pick a more risk-free invest-
ment strategy. On the other hand, when the volatility of
payments is larger the investment strategy will not have a
prevailing effect of reducing the volatility of accumulated
wealth since both of the random vectors (payments, in-
vestment returns) will contribute to the overall volatility.
Accordingly, it makes sense to choose a riskier investment
strategy with a higher expected return since then below-
average payments can still be expected to accumulate
enough wealth through higher expected investment re-
turns. Although some of the outcomes will be less favo-
rable (when under-average payments are accompanied by
poor investment returns) the result shows that the overall
effect of going more risky will be predominantly positive
(even under strict risk-averse criteria such as a 5% VaR).

¢ As shown in Ah¢an (2005) the analysis can be restricted to a subset of two assets: a risk free asset and a market index.
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5.2 The reserving problem

In this subsection I present the results for the reserving
problem, with log-normally distributed losses. Two cases
are considered: the case of low volatility of losses (the ef-
fect of pooling is significant and future losses can be re-
garded as almost constant), and the case of high volatility
(in the case that the background factors affecting risk can
not be effectively diversified or the company has not a lar-
ge enough pool of risks, the volatility of future losses is
significant).

In the first example the choice of parameters
is 4y =23 and o, =0.05, and for the second exam-
ple uy =2.2ando, =0.46. The choice of parameters in
both of the scenarios is such that the first moments
(mean) are equal to 10 in both cases while the variances
differ significantly (approximately var = 25 for the second
scenario vs. var = 0.25 for the first scenario).

In Figure 5 I present the results for the first scenario
(small volatility of losses). The optimal portfolio weights
calculated by means of Monte Carlo simulation
are m,, =(64%,36%)" (where as before the first value de-
notes a fraction invested in the risk-less asset and the se-
cond value denotes the fraction invested in the market
portfolio), which corresponds to an initial capital invest-
ment K = 303.5.

340
L

capital

320
L

300

T T T T T
0.0 0.2 0.4 0.6 0.8

riskiness
Figure 5: The 0.95-quantile of the cumulative distribution
function with respect to the riskiness of an
investment strategy (var = 0.25).

In Figure 6 the results of the second scenario are pre-
sented. The optimal portfolio weights are equal
to 7, =(57.5%,42.5%)" and the corresponding initial in-
vestment is equal to K = 309.9.

Comparing both results, a similar conclusion can be
drawn as before. Namely, in the case of more volatile fu-
ture losses a higher provision (that guarantees at most 5%
probability of default) needs to be established. Between
the two cases a relatively small difference is observed; in
the case of higher volatility of future losses provision is
higher for a mere 2%. Again, as before a similar line of
reasoning can be applied. Namely, if the volatility of los-
ses is relatively small the amount of provision necessary
to cover future losses will be mostly affected by the vola-
tility of the discount factors. In this case, the overall vola-
tility of present value of future losses is mostly determi-
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Figure 6: The 0.95-quantile of the cumulative distribution
function with respect to the riskiness of an
investment strategy (var = 25).

ned through the choice of investment strategy and it ma-
kes sense to select a more risk-averse investment strategy.
On the other hand, when the volatility of losses is larger
the investment strategy will not have a prevailing effect of
reducing the volatility of present value of future losses. In
this case a riskier investment strategy has to be chosen to
offset the effects of less favorable results in the loss port-
folio.

6 Conclusion

In this paper I tried to evaluate the effects of increased
uncertainty in the business environment on the choice of
the optimal investment strategy of conservative financial
institutions such as banks, insurance companies and pen-
sion funds. As the results of two demonstrative examples
indicate increasing the volatility of future losses/payments
(e.g. future losses for insurance company and payments
into a pension fund) of the financial intermediary will in
general result in a more risky investment strategy even for
a very risk averse optimization criterion. This could indi-
cate that small companies, which have in general a higher
coefficient of variation of payments or losses than bigger
companies, should hold more risky assets than the bigger
companies.

One should note however that the results of the
examples considered are strongly affected by the choice
of assumptions of the model. One such example is the du-
ration of the investment horizon. Namely, the effect of
shift towards riskier and higher yielding investment stra-
tegy is more pronounced in the case of longer investment
horizon (i.e. for products and lines of businesses with lon-
ger duration) since in this case the benefits of riskier in-
vestment strategy become more pronounced. Special care
should also be devoted to the assumption about the distri-
bution of stock returns. If one assumes that the distribu-
tion of stock returns is more heavy tailed than the log-
normal model predicts, the benefits of going towards risky
investments will be less attractive (especially under very
risk averse optimization criterion) since a larger number
of cases with the above average realizations of the vector
of payments/losses will be "worsened” by poor invest-
ment outcomes.
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On the other hand it seems that the choice of the di-
stribution function for losses/payments does not strongly
effect the general conclusion of the simulations.
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