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Abstract

In this article, we determine the complexity function (configurational entropy) of
jammed configurations of Rydberg atoms on a one-dimensional lattice. Our method con-
sists of providing asymptotics for the number of jammed configurations determined by
direct combinatorial reasoning. In this way we reduce the computation of complexity to
solving a constrained optimization problem for the Shannon’s entropy function. We show
that the complexity can be expressed explicitly in terms of the root of a certain polynomial
of degree b, where b is the so-called blockade range of a Rydberg atom. Our results are
put in a relation with the model of irreversible deposition of k-mers on a one-dimensional
lattice.
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1 Introduction

Rydberg atom is a name given to an atom which has been excited into a high energy level
so that one of its electrons is able to travel much farther from the nucleus than usual (up
to 10° times more, see [22]). In physics community, Rydberg atoms have been intensely
studied and have become a testing ground for various quantum mechanical problems in
quantum information processing, quantum computation and quantum simulation [58]. See
[29] for a comprehensive description of the physics of Rydberg atoms and their remarkable
properties. Due to their large size, Rydberg atoms can exhibit very large electric dipole
moments which results in strong interactions between two close Rydberg atoms. This
causes a blockage effect that prohibits the excitation of an atom located close to an atom
that is already excited to a Rydberg state [3, 12, 34, 37, 54, 63]. The simplest setting for
studying Rydberg atoms and their blockage effect is on a finite one-dimensional lattice. In
this setting, each atom occupies one site and each two excited atoms are at least b > 1
sites apart. The positive integer b is referred to as the blockade range of the model. We
will be interested in maximal (or jammed) configurations where no further atoms can be
excited. Note that in such a configuration each two excited atoms are at most 20 sites apart.
In physics literature, jammed states in similar deposition models have the interpretation of
metastable states at low enough temperature and/or high enough density, and are referred
to as valleys, pure states, quasi-states, and inherent structures [4, 5, 17, 33, 38, 50, 62].

The main question related to maximal configurations concerns the expected density of
the atoms excited to a Rydberg state. There are two natural ways to interpret this question.
One way to look at this problem is to consider the set of all the possible maximal configu-
rations and to sample one such configuration at random (which implies that all the maximal
configurations are equiprobable). This is referred to as the static (or equilibrium) model.
The static model is usually described by the so-called complexity function (also known as
configurational entropy), and the expected density of particles in a jammed configuration
converges to the argument of the maximum of the complexity function. This is exactly
the approach we take in this paper and our main result is the derivation of the mentioned
complexity function. Static model can be compared with the random sequential adsorp-
tion (RSA) model (also refered to as the dynamic model) where initially all atoms are in
the ground state, and are excited sequentially, at random, until a jammed configuration is
reached. The expected density of excited atoms with this underlying probability space is
called jamming limit. Assumption that the two models result in the same distribution of
maximal configurations has come to be known as Edwards’s flatness hypothesis (see [2]
for a recent review). However, there seems to be no a priori reason for the two models to
have similar properties. It is interesting to note that there is a long history to the question
of how similar the two models are (see e.g. the discussion in [8, page 681], or, in a more
subtle continuum context, how a similar confusion of different probability models led to
some extended discussion over a false “proof™ [53]).

The dynamic version of the problem was already studied in literature. In [28, 42, 48] it
was found that the jamming limit is

piRyd — / exp [ —2 Z - dy.
0 = 7

The jamming limit was also computed for an equivalent model of deposition of linear
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polymers (k-mers) in [44, §7.1]

o L 1 =y
p};(—jmer _ k}/ exp | —u — 2 Z — | du= k/ exp —2 Z Y dy.
0 j=1 J 0 Jj=1

J

The equivalence of models is reflected in the fact that p&me" = k- pg'oRyd forb=F%k —1.

In the static model, it all comes down to counting the maximal configurations. It is
known that in similar models, the number of different maximal configurations with pre-
scribed density 0 < p < 1 tends to grow exponentially with the length L of configuration,
see [9, 10, 14, 13, 15, 16, 18, 23, 27, 35, 40, 45, 46, 49, 52, 55, 56, 59]. Denoting this
number by J,(p), it is common to describe it using the so-called complexity function (also
called configurational entropy) f(p) for which it holds that .J; (p) ~ e“/(?)_ It turns out
(see e.g. Figure 9) that the density plj'Ryd maximizing the complexity function is slightly
different than the expected density (jamming limit) of the dynamic model. This falsifies
the above mentioned Edward’s flatness hypothesis. Recall that pi'Ryd is the limit (as L
tends to infinity) of the most probable densities in the equilibrium models that assign equal
probabilities to all jammed configurations.

Our main goal is to compute the complexity f(p) of jammed configurations of Rydberg
atoms using direct combinatorial reasoning. The problem reduces to solving a constrained
optimization problem for the Shannon’s entropy function. We show that the complexity
function can be expressed explicitly in terms of the root of a certain polynomial of degree
b. This work has been carried out simultaneously with [43]. The authors there introduce a
novel method for determining the same complexity function. Their method is inspired by
the theory of renewal processes.

The described model of Rydberg atoms on a one-dimensional lattice is equivalent to
a number of other models already present in the literature. The case b = 1 is the famous
model introduced by Flory [26] describing the mechanism of vinyl polymerization. This is
in turn essentially equivalent to the Page-Rényi car parking problem [31, 51] (which is a
discrete version of the famous model introduced by Rényi in [57]) describing the jammed
configurations of cars of length 2. The equivalence is obtained by replacing each excited
atom with a car taking up both the atom’s and its right neighbor’s site. Clearly, this only
works for configurations not having an excited atom at the rightmost site. This means that
the total number of jammed configurations is actually different in these two models, but
only up to a constant factor, which does not affect the shape of the complexity function of
these models. In chemistry, this model appears in the context of the irreversible deposition
of dimers [26, 36], and in graph theory, the jammed configurations correspond to maximal
matchings in a path graph, see [21].

Similarly, the general case b > 1 corresponds to irreversible deposition of k-mers (k =
b + 1) in a linear polymer of length L. The equivalence (again, up to a constant factor)
is obtained by replacing each excited atom with a polymer taking up b + 1 consecutive
sites, starting from the atom’s position, see Figure 1. In this, and all the following figures,
bullets (o) represent Rydberg atoms (in the Rydberg model) or occupied sites (in the k-mer
deposition model), while empty bullets (o) represent neutral atoms (in the Rydberg model)
or vacant sites (in the k-mer deposition model). Notice that the gaps between adjacent
k-mers in jammed configurations of this deposition model are of size at most k — 1. This
equivalence allows us to easily transfer our results on Rydberg atoms to the setting of k-
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mer deposition model. The problem of irreversible deposition of k-mers was extensively
studied in the literature, see [1, 6, 24, 32, 42, 44, 61].

O00000@000000e000e000e000000Oe000e00000Oe000

0000000000000 00000000000000000O0CKOCKOCOCEOSNIOSNVOOO0OCCDS

Figure 1: A jammed configuration of Rydberg atom model with blockade range b and the
corresponding jammed configuration of the k-mer deposition model when b = 3, k = 4.

In graph theory, the k-mer deposition model is equivalent to Pj-packings of a path
graph Pr, and jammed configurations in the former correspond to maximal packings in the
latter. The maximal Py-packings of P, were previously studied in [20].

Another equivalent formulation of the Rydberg atom model appeared recently in [19,
§3.2.1] where the authors of the present paper considered the settlement model consisting
of k-story buildings on a one-dimensional tract of land. The tract of land is oriented east-
west and each story of each building has to receive the sunlight from both east and west.

The rest of the paper is organized as follows. In Section 2 we calculate the asymp-
totics for the number of jammed configurations in the model of Rydberg atoms, which is
expressed in terms of the maximum of the Shannon’s entropy function over a certain finite
set determined by the constraints of the model. In Section 3 we use these results in order
to obtain the formula for the associated complexity function. We derive the expression
for the complexity f(p) which, for a chosen density p, depends explicitly on a positive
root of a certain polynomial whose degree coincides with the blockade range of the model.
Further on, in Section 4, we put our findings in relation with the model for the deposition
of k-mers on the linear polymer and draw conclusions from the obtained results. There,
we also provide some results on the qualitative properties of the maximizers of mentioned
complexity functions, for various blockade ranges b, and put them in comparison with their
counterparts in the theory of RSA. Finally, in Section 5 we recapitulate our findings and
indicate several possible directions of future research.

Notation

We write M, ~ Nj, if the two positive sequences (M), and (Np )z have the same
growth, as . — oo, up to a sub-exponential factor, i.e. if

. lnML—h’lNL
lim ——— =0.
L—oo L

2 Jammed configurations of Rydberg atoms

As already stated in the introduction, the main goal of this paper is to compute the complex-
ity function f(p) of jammed configurations of Rydberg atoms. Crucial step towards obtain-
ing a complexity function of such models in general is to inspect the set of all jammed con-
figurations of a model. Each configuration is a binary 0/1 sequence which we sometimes
interpret as a sequence of empty/occupied sites or, in Rydberg model, as neutral/excited
atoms. The total number of all configurations of length L in the model is denoted by Jr..
The total number of configurations of length L consisting of NV ones (occupied sites, excited
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atoms) is denoted by Jy 1. The density (saturation, coverage) of any such configuration
of length L with N ones is defined as N/L € [0, 1].

In order to determine the complexity function, it is not enough to work only with Jr.
We need to be more precise. We need to know the behavior of the number of different
jammed configurations of length L, where precisely N atoms are excited to the Rydberg
state. The main result of this section (see Lemma 2.4) provides asymptotics of the quantity
Jn,r for Rydberg atom model.

Let us first consider several concrete examples of jammed configurations of our model
to get a better feeling of their possible shapes. Figure 2 displays three different jammed
configurations in the chain of L = 16 atoms, where the blockade range b is equal to two,
i.e. each two excited atoms are at least two sites apart. Since Rydberg atoms in a jammed

[ _NoNoX NoNoX NeNoN NoRoN NONoX J
[oN NoNoX NeNoNoNoN NoNoN NoNoX ]

000000000000 eO0

Figure 2: Three jammed configurations in the chain of L = 16 atoms with blockade range
b = 2. The number of Rydberg atoms in these configurations is N = 6, 5, 4 (from top to
bottom).

configuration are separated by clusters of empty sites whose length is at least b (so that the
constraint imposed by the blockage effect is satisfied), and at most 2b (since we can excite
another atom in the middle of an empty range of size 2b + 1, hence such a configuration
would not be jammed), it is easy to see that it holds

L L
{2b+1-‘ sNs {b+1}’ @D

where N is the number of excited atoms, L is the length of the configuration, and b is the
blockade range. In the particular case of L = 16 and b = 2, this implies that 4 < N < 6.
Hence, Figure 2 shows one jammed configuration for each possible value of V. Notice that

relation (2.1) implies that
1 1 N 1
—_ < =< _—
2b+1 L L ~b+1
and this in turn implies that in the limit, as L — oo, the density p = N/L, of Rydberg
atoms in jammed configurations, lies within the bounds

! Sp= :
20+ 1 b+1
As a first result in the direction of better understanding the double sequence Jy 1, for

Rydberg atom model, we provide the bivariate generating function for this sequence in the
general case of blockade range b > 1.

2.2)

(2.3)

Lemma 2.1. The bivariate generating function of the sequence Jy 1 associated with
Jjammed configurations of Rydberg atoms, when the blockade range is equal to b, is given
by

(1 —y)? + 2y — oyttt — zyb+2 4 gy20+2
Fy(z,y) = In Nyt = .
ZL:ZN: ' (=) —y— oyt + 2y +2)
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Proof. As already mentioned, configurations of Rydberg atoms can be represented as 0/1
sequences. Due to the fact that we can determine whether the blockage effect has been
taken into account, and whether the configuration represented with such a sequence is
jammed, just by inspecting finite size patches of a given sequence, we can apply the so-
called transfer matrix method (see [60, §4.7] or [25, § V], and also [47, §2-4]). This is a
well known method for counting words of a regular language. Since Rydberg atoms in a
jammed configuration are separated with at least b, and at most 2b neutral atoms, every
jammed configuration will be composed of blocks that start with a Rydberg atom and then
have a cluster of neutral atoms of length between b and 2b. Such blocks are displayed in
Figure 3.

@O -+ 0 ® O -0 @O0 -0
N—— N——
b atoms b+1 atoms 2b atoms

Figure 3: Building blocks of jammed configurations of Rydberg atoms with blockade range
b.

These building blocks are encoded with the polynomial

1 2 2b+1
b+ b+ + b+.

po(z,y) =2y"" +ay Sty

Now we only need to take care of the beginning and the end of jammed configurations.
Notice that in front of the first block we can have some neutral atoms. More precisely,
the number of neutral atoms that can appear at the left end of the jammed configuration is
between 0 and b. These starting blocks are encoded with the polynomial

sp(z,y)=1+y+y*+-+9"

Similarly, after the last block from the set of blocks shown in Figure 3 (if there are any, i.e.
if we want to have more than just one atom in the Rydberg state), we need to have a block
that again starts with a Rydberg atom, and then has a cluster of neutral atoms of length
between 0 and b. These ending blocks are encoded with the polynomial

en(z,y) = zy + 2y’ + - +ay’tl

Notice that each of the blocks shown in Figure 3 can be glued to any other block listed
in this figure. This implies that we do not even need to work with powers of the transfer
matrix, but we can directly take powers of the polynomial py(x,y) in order to obtain the
desired bivariate generating function. A simple calculation gives

Fb(xa y) =1+ Z sb(x,y) : pb(l',y)n : eb(m,y)

n=0
-1+ Sb(x7y) ) eb(x,y)
1= py(z,y)

(1—y)? + 2y — oyl — zyb+2 4 y20+2
(1 —y) (L —y —aytt + ay?0+2)
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Remark 2.2. By using the same technique, we can easily compute the bivariate generating
function enumerating the number of jammed configurations of prescribed length, and with
some fixed number of occupied sites, in the k-mer deposition model. The building blocks
here are composed of a cluster of k£ consecutive sites occupied by a single k-mer, followed
by a cluster of empty sites of length between 0 and k£ — 1 (see Figure 4). These building

® - --- @ ®: ---@0 ® - ---@®@ 00 ® --- @0 -+ 0
—— —— ——

k sites k sites k sites k sites  k—1 sites
Figure 4: Building blocks of jammed configurations of k-mer deposition model.

blocks are encoded with a polynomial
pr(z,y) = aFyF + byt g gkl

where z is again a formal variable associated with the number of occupied sites, and y is
a formal variable associated with the length of a configuration. Similarly as in the case of
the Rydberg atom model, at the left end of a jammed configuration, we can have a cluster
of vacant sites of length between 0 and £ — 1. These starting blocks are encoded with the
polynomial

sp(zyy) =1+y+y> 4+ +yF

It is clear that we can end a jammed configuration with any of the building blocks shown
in Figure 4, so we can set eg(x,y) = 1. Using again the fact that each of the blocks from
Figure 4 can be glued to any other block listed in that figure, we can work directly with
powers of the polynomial pg(x, y) to obtain

00 1 of
Fley) = 3 axle,) - pu(a, ) = —2Y) y 2.4

=0 T 1oprley) 1y — akyk kR
Notice that we are not adding 1 to the bivariate generating function in (2.4). The reason
is that starting with a cluster of 0 vacant sites and setting n = 0 already counts the empty

configuration.

The sequence Jy,r, has already been studied in the literature, but in the context of
maximal Pg-packings of a path graph Pp (see [20]). The bivariate generating function
enumerating the total number of maximal k-packings in Pr, with exactly N copies of Py,
is given in [20, Corollary 2.4], and the only difference between that bivariate generating
function and the one we obtained in (2.4), is that x is not raised to power k. The reason is
that the author in [20] is interested in the number of copies of Py (i.e. the number of de-
posited k-mers) in jammed configurations, and we are interested in the total number of sites
occupied by those deposited k-mers. The bivariate generating function from (2.4) is also
obtained in [43, formula (5.3)], where authors use a novel approach inspired by the theory
of renewal processes. Using the same technique, they also obtain the bivariate generating
function which coincides with the one we obtained in Lemma 2.1, which enumerates the
total number of jammed configurations of length L of Rydberg atoms with blockade range
b, with precisely NV excited atoms (see [43, formula (6.5)]).

It is easy to see from the bivariate generating function from Lemma 2.1 that, for b = 2,
Jig = 96 (i.e. there are 96 jammed configurations in the chain of L = 16 atoms, when
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the blockade range is b = 2). Out of those 96 jammed configurations, 45 of them have 4
Rydberg atoms (J4,16 = 45), 50 of them have 5 Rydberg atoms (J5,16 = 50), and only
one has 6 Rydberg atoms (Js,16 = 1). This particular one is exactly the first jammed
configuration shown in Figure 2.

We could now proceed like the authors in [43] and use the bivariate generating function
developed in Lemma 2.1 to obtain the complexity function of jammed configurations of
Rydberg atoms by means of the Legendre transform. However, we will use a direct combi-
natorial argument. To this end, we introduce a slightly different way of counting jammed
configurations in the Rydberg model with blockade range b, than the one introduced in
Lemma 2.1. Denote with B the block of b 4 1 adjacent atoms where only the first one is
excited to the Rydberg state (see Figure 5). Using again the fact that each two Rydberg

B=eo00.--0
~——

b atoms

Figure 5: Block consisting of b+ 1 adjacent atoms where only the first one is excited to the
Rydberg state.

atoms have at least b and at most 2b neutral atoms separating them, it is clear that every
jammed configuration consists of blocks B separated by clusters of neutral atoms of length
0 < a < b (see Figure 6). Denote by M, the number of gaps with a neutral atoms. The

o--+-oBo---0oBo-+-0oB---Bo---0B
—— = = N——

aj atoms ag atoms as atoms apn atoms

Figure 6: The shape of jammed configurations in Rydberg model with blockade range b and
exactly N Rydberg atoms, ending with a block B (displayed in Figure 5). Gaps between
blocks B, and in front of the first block B, consist of neutral atoms and are of length
0 S a; S b.

total number of jammed configurations of the shape shown in Figure 6, with L atoms in
total, out of which precisely /N atoms are excited to the Rydberg state, is given as

N N!
( ) - M 2.5)
M07M17"'7Mb HOSaSbMa!
with M, satisfying
b
S M, =N, 2.6)
a=0
b
> aM,=L—(b+1)N. 2.7
a=0

The constraint (2.6) expresses that the total number of gaps is N. Notice that we have
N blocks B (since we want to have precisely N Rydberg atoms), and that gaps of size
0 < a < b can be added in front of the first block B, and between each two blocks B.
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The constraint (2.7) implies that the total number of neutral atoms is L — N. Clearly
we need L — N neutral atoms in addition to N Rydberg atoms to have a configuration
of length L. Equation (2.5) accounts for the jammed configurations ending precisely on
B. There are also jammed configurations where the last block B is truncated, and there
are only 0 < ¢ < b neutral atoms after the last atom excited to the Rydberg state. The
contribution of such jammed configurations to the value of Jy 1, is comparable to (2.5),
but since complexity function ignores sub-exponential factors, it suffices to determine the
asymptotics of the sum

N
~ 2.
InL > <M0,M1,...,Mb>’ (2:8)
(Mo,Ml,.A.,Mb)ERNyL
where
Ry, = {(Mo, My, ..., M) e N™ - My + My +--- + M, = N and
My +2My+---+bM, =L — (b+1)N}. (2.9)

We write H for the Shannon’s entropy function given as

b
H(po,p1,---»pp) = — >_pilnpi, (2.10)
=0

where p; > 0,for0 <i¢ <b,andpy +p1 +---+pp = 1.
Remark 2.3. In case p; = 0 for some ¢, we set 0 - In0 = 0.

The following lemma is the key result of this section, and it constitutes a crucial step in
computing the complexity function of our model as it provides the asymptotics of Jy , in
terms of the maximum of the entropy function.

Lemma 2.4.

N M, M, M,
J ~ L- — H|—,—,...,— L — .
ok exp( (Mo, M M) R, L (N NN )T

where the set Ry 1, is defined in (2.9), and the function H is defined in (2.10).
Proof. Note that

N N
mar My, M M) S > My, M M,
(Mo,Mjy,...,My)ERN,L 0, Tyevny b (JWO,JWL...,MIJ)ERN,L 0, Tyenns b

N
<|Rn.rL max .
| ’ |(MQ,M1,...,M1,)€RN,L MO,Ml,...,Mb

As the number |Ry 1| of terms in the sum is at most (N + 1)®+1 < (L + 1)°*!, which is
polynomial in L, the sum, asymptotically, grows as its largest term. It is, therefore, enough
to determine the asymptotics of

N

JN L~ max
’ (Mo, My,....Mp)eRy,, \ Mo, M1, ..

-,Mb>’ as L (and N) — oo.
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By following the proof of Lemma 2.2 in [ I ] we can conclude that

N+b\ " NN _ N - NN
b M0M0M1M1 . 'Mbjwb - ]\407]\417 . -aMb - MOMOMlMl .. .Mbe ’

Note that in case any M, is zero, the expression 0° is to be interpreted as 1. Since (N;' b)
is of polynomial growth, we get

N NN
M07M1,...,Mb MOIMUMIMl ...Mbl\/fb

NAMo M Mo (2.11)
() () Ga)
as N — oo. Note that
N\ Mo/ N \M N\ M My M, M,

() Gn) () ol (3 55))
Hence

JIn, L~ (IVIO,Ml,.r.r.l,a]\Z)eRN,L exp (N -H (A]{TO, %, e %)) , a8 L — oo,
and consequentially

JN,L ~ exp (L . (MO;A/]th-I-I%(b)ERN,L % -H <J\]{[O, %7 e ]\]\4;,)> ,as L — oo,

which is exactly what we wanted to prove. O

Remark 2.5. One could obtain the asymptotics in (2.11) from Stirling’s approximation
N!~ (N/e)N,as N — oo, where sub-exponential factors are ignored.

3 Complexity function of jammed configurations of Rydberg atoms

In this section we compute the complexity function, sometimes referred to as configura-
tional entropy, of jammed configurations of Rydberg atoms. We first recall the definition
of complexity function of a certain model.

Definition 3.1. For a fixed density p € [0,1], let J| 1), denote the number of configu-
rations of length L with density |pL| /L = p. The complexity function f: [0,1] — R is

then defined as
In J lpL],L

f(p) = lim —=PEE, 3.1

L—oo
for each p € [0, 1] for which this limit exists.
Remark 3.2. If the limit above does not exist for a certain p, one can still define (upper)

complexity at that point by replacing lim in the definition with lim sup. And if there are no
configurations with a certain density p, we still write f(p) = 0.

Remark 3.3. This definition implies that the number of configurations with the density
|pL] /L =~ p grows as e=f(¥) for large L.
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The guiding idea behind introducing the complexity function is to describe what portion
of the total number of configurations take up configurations with a particular density. The
problem is that, as L grows to infinity, the actual proportions tend to the delta distribution
concentrated on the ‘most probable’ density py.

As an example, the distribution of densities (the sum of digits divided by the length) of
binary sequences of length L is a symmetric binomial distribution re-scaled to the interval
[0,1]. The limiting distribution is then the delta distribution dy 5 which is, essentially, the
consequence of the law of large numbers.

This convergence to a delta distribution results from the fact that the number of config-
urations with a certain density grows exponentially with a rate that depends on the density.
For large L, the number of configurations with density having the largest rate overtakes, in
proportion, configurations having any other density. The complexity function then quan-
tifies the distribution of all configurations with respect to their densities in a more refined
way.

Another consequence of the fact that the number of configurations having density with
the largest rate dominates, in proportion, any other density is that the total number of all
configurations grows at the same exponential rate as the number of configurations having
this ‘most probable density’. To be precise, if p, denotes the density at which the com-
plexity function f attains its maximum and if J;, is the total number of all configurations
of length L, then .J;, ~ e™/(P+) for large L.

Remark 3.4. In Lemma 2.1 we derived the generating function for the sequence Jy r,
within the Rydberg atom model. Plugging x = 1 into this generating function gives the
generating function for Jp, the total number of configurations of length L in Rydberg atom
model

ol y) = (1- y)2 Loy bl b2 g g 242
’ (1 =y)(1 -y —yoTt +y2+2)

l4y(Qty ey ) Aty 4y
L=yt 1 +y+- 4y '

From here, we can infer the asymptotics of J;, for large L by inspecting the roots of the
polynomial 1 — y®*1(1 4y + - -+ ") in the denominator. More precisely, if 3 is the root
with the smallest modulus, then the logarithm of w; = |y,| ! gives the exponential growth
rate of the sequence Jr,
JL ~ wlfl — eLln’wb.

The discussion in the previous paragraph now implies the relation f (,oZ'Ry d) = Inwy.

The following theorem is the main result of this paper and provides an elegant expres-
sion for the complexity function of jammed configurations of Rydberg atoms f(p) in terms
of a root of a certain polynomial.

Theorem 3.5. The complexity function of jammed configurations of Rydberg atoms with
blockade range b € N is given as

£o) = pl-misi - (A-0+0)me], ity <p<ih
0, otherwise,
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where z > 0 is a real root of the polynomial

b
p(z)zZ(i—i—b-ﬁ-l—;) 2 (3.2)

i=0
for which the expression f(p) is the largest.
Remark 3.6. When 3! < p < 5 the leading coefficient of the polynomial p(z) given

in (3.2) is positive, while the constant term is negative This guaranties the existence of
at least one positive real root z > 0. If p = then z = 0 is the root of p(z) and the

=0.

Eag
formula gives f( b_%l)

Remark 3.7. Since (3.2) is a polynomial of degree b, it is possible to find its roots explicitly
for b < 4 and numerically for b > 4. The explicit expression for the complexity in case
b=1is

FIRY(p) = plnp — (1 —2p) In(1 — 2p) — 3p— 1) In(3p — 1),

and for b = 2

i 44p% + 24p — 3 — 4p+1
2-Ryd — 1)1 \/ p? P —
) = (3p T0p —2

—350p° + (25p% — 10p + 1)\/—44p? + 24p — 3 + 215p? —dp+3
P2/ —44p% + 24p — 3 — 134p3 + 57p% — 6p

pln

In the case b = 1, the function f 1'Ryd(p) recovers the result from [44, formula (7.20)] and
[41, §VII]. The graphs of the complexity function of jammed configurations of Rydberg
atoms with blockade range 1 < b < 10 are given in Figure 7. In that figure we also see
that, for each b, the maximum of the complexity function matches In wy, the growth rate of
all jammed configurations. This was already discussed in Remark 3.4.

Proof of Theorem 3.5. Recall that in (2.2) we showed that
1 1 N 1
<

%+l LT b+l

and therefore there are no jammed configurations with densities p > nor w1th densities

b+1
p < ﬁ, for sufficiently large L. Thus, f(p) = 0 when p > b+1 or p < 2b+1 In case
p= 2b1+1 , it is not hard to see that the number of configurations J | s | 2 is
1, if(2b+1)] L,
I ks | = .
211> 0, otherwise.
This implies f(557) = 0 by the definition of complexity.
In the remainder, we fix 5~ +1 < p < 317- By Lemma 2.4, and by using the definition
of the complexity function (3.1), we have
. N MO M1 Mb
=1 - — ==, —— 33
f(p) Paret (MO,IVII,I.?%\Z(I,)GRN,L L ( N’ N’ 77N ) 33



T. Doslic¢ et al.: Complexity function of jammed configurations of Rydberg atoms

0.3

13

Inw; = Inws T
Inws
Inwy
In ws
In wg
Inwy A
Inws

In wg A
T Inwig

0.1 1

0.05 4

T
1
9

wol—

b=7 b=9
- - 5=10

Figure 7: The complexity function of jammed configurations of Rydberg atoms with block-
ade range 1 < b < 10.

where N = | pL]|, provided that this limit exists. By rewriting (M, M1,

...,Mb) S RN,L
as
My M M,
—20,—2>0,...,— >
N = 0, N = 0,..., N = 0
My n M, T My, 1
N N N
Ml M2 Mb L
— +2—=4+- - +b—==—-(b+1
N iyttt =y (b+1)
and denoting p; = % € ﬁz, the complexity (3.3) can be written as
f(p) = lim max PH (o, D1y -3 Db) s (3.4)
L= (po,p1,-pp) € T RpLy, L

where p = p(L) = & = %. We claim that this limit exists and is equal to the maximum
of the constrained optimization problem

max pH (p()?pl?"'apb)ﬂ (35)
P0,P15---,P6 20
Po+p1t-+py=1
P1+2p2+-+bpp=1 —(b+1)

where p; € R are no longer required to be fractions.
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We argue as follows. Denote by (p§, pi,...,p;) the point at which the maximum in
(3.5) is attained. For each L € N, let (po(L),p1(L),...,pp(L)) be the point at which
maximum in (3.4) is attained. Clearly,

PH (po(L),pr(L), .., pp(L)) < pH(py, p1, - -5 4) < pH(Po, P15 - -5 %)

The first inequality follows by substituting p for p in (3.5) and the fact that one is now
optimizing over a larger set. The second inequality follows from p < p. Note that the right
hand side no longer depends on L, and thus

limsup pH (po(L),p1(L),...,ps(L)) < pH(p5, D1, -- -, Dp)-

L—oo

Next, for each L € N, we consider the point (to(L),t1(L), ..., (L)) € ﬁRLpLLL’
which is closest to the to the optimizer (pf,p3,...,p;). Note that, due to the density
argument, (to(L),t1(L),...,ts(L)) = (0§, P}, ..,pi) as L — oo. This, along with the
continuity of H and the fact that p — p implies the lower bound

PH(p3, 77, p5) = Jim pH(to(L),t1(L), .., (L)) <
—00

< liminf pH (po(L), pr(L), .- p(L)) -
Putting everything together completes the argument that the limit
fp) = lim pH (po(L),pr(L),- -, po(L))
exists and that the complexity function is

f(p) = pH(po, p1,- - 1) = max p-H(po,p1s---,pp)-
P0,P1,5--,Pb >0
Po+p1t--+pp=1

P1+2p2+-+bpp =1 —(b+1)

In order to obtain the expression for complexity f(p), it only remains to solve the con-
strained optimization problem (3.5). We define the Lagrangian function

L(pOa"'vpb;)‘vlJ’) :p'H(p07p17"'7pb) —>\(p0 +p1+-+ Py — 1)

1
—M(p1+2p2"'+bpb—;‘F(b‘*‘l))a

and find the stationary point by solving the system

—p(lnp; +1) = A — i =0, fori=0,1,...,b;

1
p1+2p2--~+bpb=;—(b+1)-

By multiplying i-th of the first (b + 1) equations by p; and adding them together we get

b b

b
=Y (pilnp; +pi) =AY pi—pYy ipi =0,
i=0

=0 =0
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and from here we obtain the expression for complexity in terms of the Lagrange multipliers
A and g which solve the system (3.6)

1
f(P)—PH(p07p17--~7Pb)—P+)\+u(p(b+1)>. (3.7
Subtracting successive equations in (3.6) we get

—p(Inp; —Inp;—1) —p=0,

or equivalently
P _ -u/p
Pi—1

Therefore p; = poe *¥/?, fori =1, ...,b. From the very first equation in (3.6) we get

—A/p—1
bo=¢€ /e ’

and the whole system (3.6) now reduces to just two equations

b
e MPTEN Temmile = (3.8)
1=0
’ 1
—X/p—1 e P — Z _ (p
e ie = +1). (3.9)
; p (b+1)

Setting z = e~*/#, and eliminating e~*/?~! from equations (3.8) and (3.9), gives a single
polynomial equation of degree b

1
bl 4 (b—1)2" 4222 4 2 = [p—(b—i—l)} (42" 424 1), (B.10)

which can be written as p(z) = 0 where p(z) is given in (3.2).

Now, in order to obtain the complexity, all we need is, for a fixed ﬁ <p< b%l,
to find a real root z > 0 of the polynomial p(z) for which the expression (3.7) is the
largest. The case p = b-%l’ which gives z = 0, has to be treated separately. From relation
2z =e H/Pand equation (3.8) we have

n=—phz

1—2 3.11)

Plugging (3.11) into (3.7), gives the complexity expressed in terms of the root of p(2)
1-2 1
Lastly, in case p = ﬁ, already from the last two equations in (3.6) we can con-

clude p; = po = -+ = p, = 0 and py = 1. This immediately gives f(p) = 0 as
H(1,0,0,...,0) = 0, completing the proof. O
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Remark 3.8. Using the standard summation formulas, we can rewrite (3.10) as

b b+2 b 1 b+1 1 1— b+1
2 b+ 1)z 4 2 _ [ }z (3.12)

(1—2)2 ;_(b+1) 1—z 7

or equivalently
{(2b+1) - 1} 272 [(2b+2) - 1} PARRE [b— 1} z+ [(b+ 1) — 1] =0.
p P p P

As discussed in the introduction, the complexity function is associated to equilibrium
(or static) models of a certain phenomena and py, the point at which the complexity func-
tion attains its maximum, is interpreted as the expected and most probable density observed
in such a model. This value p, is sometimes called the equilibrium density of the model and
Theorem 3.9 below shows how to calculate it. A different (and perhaps more natural) way
to look at Rydberg atom model is dynamically, within the framework of random sequential
adsorption (RSA). Initially neutral atoms are sequentially and at random excited (obeying
the blockade range constraint) until the jammed configuration is reached. The expected
density of the reached jammed configuration (the jamming limit) in this dynamical version
of the model, denoted by pg'oRyd, was computed in [42, §1V]

b

1 4
1— 9

bRyd / exp | —2 g Y dy.

- 0 J

=1

It is interesting to compare pli'Ryd and pf,'oRyd for different blockade ranges b. Even though

0.45

pLRyd

plrRyd
0.35 {
0.30 l}
0.25
0.20
0.15

0.10

0.05 1

0.00

Figure 8: Comparison of p™*® and p22 for 1 < b < 99.

they are not the same, they seem to match quite nicely, see Figure 8. Additionally, as one
would expect, they both tend to zero for large b. One can see their differences more clearly
in Figure 9. This violation of Edwards flatness hypothesis is even more pronounced when
one inspects the asymptotics of the two sequences more closely. In Figure 10 we see the

graph of quantities b - p2 ™" and b - p%,
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Figure 9: Complexity function of Rydberg atom model with blockade range b, for b €
{1,5,20,50}. Also plotted in each graph are the equilibrium density pi'Ry 4 and the jam-
ming density p’a>?.

0.80

0.75 1

0.70

b-Ryd
b-pl!
b it

—:— Rényi’s parking constant

0 20 40 60 80 100

Figure 10: Comparison of b - p?™* and b - p%&¥ for 1 < b < 99.

It can be shown that these two sequences approach different constants as b grows large

o Y1—e®
lim b - pPRY = / exp | —2 / ————dx| dy = 0.7475979202 . . .
b—oo 0 0 x (3.13)
lim b- 2R =1,

b—o0
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The constant appearing in the first limit is known as Rényi’s parking constant [57]. Both of
these two limits are easier to understand in the context of irreversible deposition of k-mers.
We deal with the k-mer deposition model in the following section where we revisit those
limits.

The calculation below, showing how to obtain the first limit in (3.13), and which we
provide for completeness, appears in [32]. First note

b

1 b
, 1—t

E tJ’ldt:/ dt
, 1—t

il—'yj i/ltjldt/l
J j=1"Y Yy

j=1 j=1
CJz=b1—t)] [P0 ==
T de=—bdt| "~ J, z -
and therefore
1 b g
b plRvd — b/ exp |—2 .y dy
0 =7
1 bl=y) 1 — (1 — z)b
=b [ exp —2/ — b dz| dy
0 0 L

The dominated convergence theorem now implies

lim b - pPRYd = / exp [2 / Tloe d:p] dy = 0.7475979202 . . .
b—o0 0 0 x

Before we calculate the second limit in (3.13), we give a characterization of the value
pll'Ryd in terms of a root of a certain polynomial. Compare this with the same results
obtained by Dosli¢ [20, discussion after Theorem 2.10] and Krapivsky-Luck [43, (3.4),
(3.14) and (6.6)].

Theorem 3.9. The value pi'Ry . at which the complexity of the Rydberg atom model with
blockade range b, given in Theorem 3.5, attains its maximum, can be calculated as

it (- 50 - ) s
¥ 14 b— bz — 22bFL — 2hpbHL 4 pb 42 4 Oppbt2” ’

where z is the unique root of the polynomial
P BT

on the interval 0 < z < 1.

Proof. We seek to find the density ﬁ < pifd

foRd in Theorem 3.5 attains its maximum. Again, we employ the Lagrangian function

< 447 at which the complexity f =
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method by setting

b
1—=2 1 . 1\
L(p,z;\) =p —lnl_zbﬂ—(p—(b—kl))lnz}—A;(z—i—b—kl—p)z
1 — zb+1
= 17
PRI

b
—(l—p(b—l—l))lnz—)\z<i+b+1—;> 2.

i=0
The stationary points of this function solve the following system

1— 2+ A 1= zbtH
n——+b+1)lnz—— - —— =0
R +(b+1)Inz P 11—z

b

b+1)z° 1—pb+1 1\ .
po+ D22 p p(+))_AZi(i+b+l_>Zl_1:0
1-=2 z = p

S — bt

b 1 ‘
Z(¢+b+1—>z1:o.
p

=0

Using standard summation formulas, as in (3.12), it is possible to express p from the third
equation as
(1-2)(1— 2
14 b — bz — 220F1 — 2pab+1 4 2042 4 9ppb+27
Plugging this into the second equation gives

b
1 )
O:/\Zi(i+b+1—p> 21
=1

From here, we conclude A = 0. Finally, from the first equation we get

p:

s 1—2 2P (1 — 201

)\:pl—zbﬂn 1—=z2

and, combining this with A = 0, gives

Zb+1(1 _ Zb+1)

=0
1—2 ’

or
AT =y =1 — 2.

We know from Theorem 3.5 that z # 1, so we can rewrite this equation as
J L2 o TN & SR 2 I )

Clearly, there is a unique 0 < z < 1 solving this equation, and the corresponding

pbRyd — (1-2)(1-2""
* 14b— bz — 22011 — 2p2b+1 4 2b+2 4 9pb+2

is the density at which the complexity in the Rydberg atom model with blockade range b is
the largest. O
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The previous theorem can be used to give a proof of the second limit in (3.13).

Corollary 3.10.

lim b- p2®d =1,
b— o0

Proof. Since 0 < z = z(b) < 1 solves the equation

Zb+1(1 _ Zb+1)

- S AR TR W LA N | (3.15)
—Z

it follows
b2t < 1 < pbt!

and therefore
lim 22tt! = .
b—o0

Multiplying by z and taking square root we also get

lim 2! = 0.

b—o0

Finally, letting b — oo in the identity z**1(1 — zb*1) = 1 — 2, gives

lim z = 1.
b— o0
Note that -
b pbRyd = b1 —z)(1 — 2"
* 14 b(1 — 2)[1 — 220F1] — 22b+1 4 2b+2
so in order to get limp_, o0 b - pi’Ryd = 1, it suffices to show limp_, o b(1 — 2z) = oo. To see

this, note that from (3.15) it follows

(b+1)Inz=1In(1—2) —In(1 — 2**1)

and hence
. BTN b+1y] — —
bl;rxgo(b+1)(1—z)fbli%o s In(1 —2) —In(1 —2""")] = =1-[-00 — 0] = +o0

which completes the argument. O

4 Complexity function of jammed configurations for irreversible de-
position of k-mers

It is easy to see that the Rydberg atom model with blockade range b is, up to scaling all

densities by a factor b 4 1, equivalent to the irreversible deposition of k-mers model where

k = b+1. As an immediate consequence of Theorem 3.5 we get the complexity of jammed
configurations for irreversible deposition of k-mers.

Corollary 4.1. For k € N, k > 1, the complexity function of jammed configurations for
irreversible deposition of k-mers is

f(p):{Z{_lnﬁ_(ﬁ_k)lnz}’ fopmg <p<1,

0, otherwise,
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where z > 0 is a real root of the polynomial

]§<z+kk)z’

i=0 P

Sor which the expression f(p) is the largest.
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Inw; = Inws
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Inwy A
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Q Inwig
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——- k=3 e k=5 =mmm k=7 e k=9 - k=11

Figure 11: The complexity function of jammed configurations for irreversible deposition
of k-mers, for 2 < k < 11.

Figure 11 shows the complexity function for all 2 < k£ < 11. Note that the support of
the complexity function is now contained in the interval [1/2, 1]. In Figure 12 we compare
the equilibrium density p*™" and the jamming density p%™, for 2 < k < 100. In this
model it is even more obvious that the Edwards hypothesis is violated. The limits of these
two sequences as k grows large are

o0 Yy 1 _ —xT
lim phmer = / exp {2/ edx} dy = 0.7475979202 . . .
k—o00 0 0 X

“4.1n
li k-mer __ 1.
Koo
Note that these limits are equivalent to those in (3.13). The convergence of jamming limits
of k-mer deposition models (as k grows to infinity) to the Rényi’s parking constant is
discussed in [44, §7.1] (see also [28, 32]).

Clearly, the second limit from (4.1) follows from Corollary 3.10 as pF™me" = f - pi'Ryd
for b = k — 1. Below, we provide a direct alternative proof of this fact.
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Theorem 4.2.
lim prmer =1.
k—o0
Proof. The quantity we are interested in, p*™, is equivalent to the quantity called the

efficiency (k) in the context of packing Py, into P,,. It was shown in [20] that the efficiency
is determined by the smallest singularity wy, of the generating function F(1,y), i.e., by
the smallest zero of its denominator. Hence we start by setting x = 1 into the rightmost
expression in (2.4),

1-y
1_yk 11—y
Fk(l’y):1*y*yk*y2k:1—yk1_yk

We rewrite its denominator as 1 — g (y), where qx(y) = ¢* 1;?’;, and denote the smallest
solution of equation g (y) = 1 by wy. This equation has only one positive solution, since
q,(0) = 0, gx(1) = k > 1 for large k and ¢j,(y) > 0 for all y > 0. Moreover, the same
reasoning provides a better lower bound for wy, since q(3) = 2=k (1 — 27F) < 1.
Hence 1/2 < wy, < 1.

Consider now the expression

k
(k) = Ij—mer _
(k) =p o (@)
derived in [20]. First we rewrite ¢ (wy) as
1—aF [2k k 1
/ _ .k v
Gh(w) =2 1-—x {aj x(l—xk)+1—a:]

After plugging in * = wy, the term outside the brackets becomes equal to one, and by
multiplying through by wj, we arrive at

1
wndh(wy) = (2 k) -

17wk 1—wk'

We are seeking upper bounds to the right-hand side. The first term is bounded from above
by k, since the expression in parentheses cannot exceed one. It remains to bound the second
term. As mentioned before, wy, is the only positive solution of the equation 1 — g (z) = 0.
We claim that, for a given (large) positive a, w, < 1 — ¢ for large enough k. So let us
suppose otherwise, that for a given a > 0, wy > 1 — £ is valid for all k. It means that the
function 1 — g () has a positive value for 2 = 1 — £. By evaluating both sides, we obtain

that b g

(-7 -(-3) <%
is valid for all k. This is a contradiction, since the left-hand side has a positive limit,
e~% — e~22 > (), while the right-hand side tends to zero as k tends to infinity. Hence,
wg < 1 — ¢ for large enough k. Now the second term can be bounded from above by ¢,
and the whole expression for wygj, (wy) is bounded from above by “T'Hk Since a can be
taken arbitrarily large, it means that the reciprocal value of wyq;, (wy), which is equal to

our p’j'mer, comes arbitrarily close to one, and our claim follows. O
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The convergence is quite slow, most likely logarithmic. We note another unusual thing
in Figure 12. The equilibrium density p*™ attains the minimum value for & = 9. The
interpretation being that the polymers of length 9 pack the least efficiently of all polymers

assuming the equilibrium model. This phenomenon was previously observed in [20].

0.88

—— plomer
oo
0.86 1 ple-mer
. *
——- Rényi’s parking constant

0.84 1

0.82

0.80 1

0.78 1

0.76

0.74

Figure 12: Comparison of p¥™ and p*™er for 2 < k < 100.

[ee]

5 Conclusions

In this paper we have computed the complexity function (or configurational entropy) of
jammed configurations of Rydberg atoms with a given blockade range on a one-dimensional
lattice. We employed a purely combinatorial method which allowed us to compute the com-
plexity function by solving a constrained optimization problem. Along the way we have
explored and elucidated numerous connections between the considered problem and other
models, such as, e.g., the random sequential adsorption and packings of blocks of a given
length into one-dimensional lattices. In most cases, we have not followed those links very
far. We believe that many interesting results could be obtained by deeper investigations
of those connections. As an example, we mention here that explicit expressions for the
number of maximal packings of given size from reference [20] could be directly translated
into expressions for the number of jammed configurations of Rydberg atoms. By the same
reasoning one can show that the total number of all jammed configurations of N Rydberg
atoms with blockade range b on all one-dimensional lattices is given by (b + 1)V +1,

The methods employed here could be easily adapted for other one-dimensional struc-
tures with low connectivity such as, e.g., cactus chains. Another class of promising struc-
tures could be various simple graphs decorated by addition of certain number of vertices of
degree one to each of their vertices.

Similar problems were considered under various guises also for finite portions of rect-
angular lattices, mostly for narrow strips of varying length. Among the best known prob-
lems of this type are the so-called unfriendly seating arrangements. See [7, 30] for their
history and some recent developments. To the same class belong the problems concerned
with privacy, such as the ones considered in [39]. All cited references were concerned with
one-dimensional lattices and/or narrow strips in the square grid, mostly with ladders. It
would be interesting to consider those problems in finite portions of the regular hexagonal
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lattice.

Another interesting thing to do would be to study the behavior (and the difference) of
Poo and p, for different lattices/substrates. In other words, to investigate the difference
between the jamming limit of dynamical models and the most probable densities in the
equilibrium models. A drastic example is presented by the expected density of independent
sets in stars: there are exactly two maximal independent sets in \S,, = K7 ,,—1, one of them
with size 1 and the other with size n — 1. If both of them are equally probable, the expected
size is n/2. Under dynamical model, however, the smaller one is much less probable than
the bigger one, and the expected size is % + "T_l(n -H)=n-2+ % It would be
interesting to know more about such differences and to know for which classes of graphs
they are extremal.

Our final remark is that the jammed configurations of Rydberg atoms with a given
blockade range b are known as maximal b-independent sets in the language of graph theory.
It might be worth investigating to what extent can similar problems be formulated also in
terms of b-dominance in graphs.
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