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Abstract

Let p be an odd prime. A graph is called a bi-p-metacirculant on a metacyclic p-group
H if admits a metacyclic p-group H of automorphisms acting semiregularly on its vertices
with two orbits. A bi-p-metacirculant on a group H is said to be abelian or non-abelian
according to whether or not H is abelian.

By the results of Malni¢ et al. in 2004 and Feng et al. in 2006, we see that up to iso-
morphism, the Gray graph is the only cubic edge-transitive non-abelian bi-p-metacirculant
on a group of order p3. This motivates us to consider the classification of cubic edge-
transitive bi-p-metacirculants. Previously, we have proved that a cubic edge-transitive non-
abelian bi-p-metacirculant exists if and only if p = 3. In this paper, we give a classifica-
tion of connected edge-transitive non-abelian bi-p-metacirculants of valency p, and con-
sequently, we complete the classification of connected cubic edge-transitive non-abelian
bi-p-metacirculants.

Keywords: Bi-p-metacirculant, edge-transitive, inner-abelian p-group.
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1 Introduction

Given a group H, let R, £ and S be three subsets of H such that R~ =R, L7! = L
and R U L does not contain the identity element of H. The bi-Cayley graph over H with
respect to the triple (R, £, S), denoted by BiCay(H, R, L, S), is the graph having vertex
set the union Hy U H; of two copies of H, and edges of the form {hg, (xh)o}, {h1, (yh)1}
and {ho, (zh)1} withz € R,y € L,z € S and hy € Hy, hy € H; representing a given
h € H. Itis easy to see that a graph is a bi-Cayley graph over a group H if and only if it
admits H as a semiregular automorphism group with two orbits.
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LetI" = BiCay(H, R, L, S). For g € H, define a permutation R(g) on the vertices of
T by the rule

W9 = (hg);, Vi€ Zy, heH.

Then R(H) = {R(g) | g € H} is a semiregular subgroup of Aut(T") which is isomorphic
to H and has Hy and H; as its two orbits. When R(H) is normal in Aut(T"), the bi-Cayley
graph I' = BiCay(H, R, L, S) is said to be normal (see [24]). When Ny (R(H)) is
transitive on the edge set of I', we say that I is normal edge-transitive (see [7]).

Bi-Cayley graphs are useful in constructing edge-transitive graphs (see [7, 24]). How-
ever, it is difficult in general to decide whether a bi-Cayley graph is edge-transitive. So it
is natural to investigate the edge-transitive bi-Cayley graphs over some given groups. Note
that metacylic groups are widely used in constructing graphs with some kinds of symmetry,
see, for example, [1, 11, 12, 13, 14, 18]. (A group G is called metacyclic if it contains a
cyclic normal subgroup N such that G/N is cyclic.) In this paper, we shall focus on the
bi-Cayley graphs over a metacyclic p-group with p an odd prime. For convenience, a bi-
Cayley graph over a (resp. non-abelian or abelian) metacyclic p-group is simply called a
(resp. non-abelian or abelian) bi-p-metacirculant.

Note that the Gray graph [6], the smallest cubic semisymmetric graph, is a non-abeian
bi-3-metacirculant of order 2-33. Malni¢ et al. in [8, 17] gave a classification of cubic edge-
transitive graphs of order 2p® for each prime p. Actually, it is easy to prove that every cubic
edge-transitive graphs of order 2p? is a bi-Cayley graph over a group of order p3. Rather
than describe the classification in detail, we would simply like to point out one striking
feature: except the Gray graph, there do not exist other cubic edge-transitive non-abelian
bi-p-metacirculants of order 2 - p? for every odd prime p. This seems to suggest that cubic
edge-transitive non-abelian bi-p-metacirculants are rare. Motivated by this, we are going
to consider the following problem:

Problem 1.1. Classify cubic edge-transitive non-abelian bi-p-metacirculants for every odd
prime p.

In [19], we gave a partial answer to this problem. We first proved that a cubic edge-
transitive non-abelian bi-p-metacirculant exists if and only if p = 3, and then we gave a
classification of cubic edge-transitive bi-Cayley graphs over an inner-abelian metacyclic
p-group for each odd prime p. (A non-abelian group is called an inner-abelian group if
all of its proper subgroups are abelian.) In view of this, to solve Problem 1.1, it suffices
to classify cubic edge-transitive non-abelian bi-3-metacirculants. Naturally, the following
problem arises.

Problem 1.2. Classify edge-transitive non-abelian bi-p-metacirculants of valency p for
every odd prime p.

The following is the main result of this paper which gives a solution of Problem 1.2.

Theorem 1.3. Let p be an odd prime, and let I be a connected edge-transitive non-abelian
bi-p-metacirculants of valency p. Then p = 3 and T is isomorphic to one of the following
graphs:

()
I, = BlcaY(gT7 03 0) {15 a, ailb})a
gr = <CL, b | a3T+1 = bST = 17 b_lab = U;l+3r> )
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(ii)
BiCay(H., 0,0, {1,b,b"'a}),

r+1 r+1 _ r
a,b|a® =0 =1,b 1ab:a1+3>,

s,
Hr
where 1 is a positive integer.

Remark 1.4. The graphs I, and ¥,. are actually those graphs what we have found in [19].
By [19], T',. is semisymmetric while ¥, is symmetric. To the best of our knowledge, the
graphs I, form the first known infinite family of cubic semisymmetric graphs of order
twice a power of 3.

From the above theorem and [19, Theorem 1], we may immediately obtain the follow-
ing result which gives a solution of Problem 1.1.

Corollary 1.5. Let p be an odd prime. A connected cubic non-abelian bi-p-metacirculant
is edge-transitive if and only if it is isomorphic to one the graphs given in Theorem 1.3.

Remark 1.6. The classification of cubic edge-transitive bi-Cayley graphs on abelian groups
has been given in [10, 23]. So our result actually completes the classification of all cubic
edge-transitive bi-p-metacirculants for each odd prime p.

2 Preliminaries
2.1 Definitions and notation

Throughout this paper, groups are assumed to be finite, and graphs are assumed to be
finite, connected, simple and undirected. For the group-theoretic and the graph-theoretic
terminology not defined here we refer the reader to [4, 21].

Let G be a permutation group on a set € and take o € (2. The stabilizer G, of « in
G is the subgroup of G fixing the point . The group G is said to be semiregular on €2 if
G, = 1forevery a €  and regular if G is transitive and semiregular.

For a positive integer n, denote by Z,, the cyclic group of order n and by Z, the mul-
tiplicative group of Z,, consisting of numbers coprime to n. For a finite group G, the full
automorphism group and the derived subgroup of G will be denoted by Aut(G) and G’,
respectively. Denote by exp(G) the exponent of G. For any x € G, denote by o(x) the
order of . For two groups M and N, N x M denotes a semidirect product of N by M. A
non-abelian group is called an inner-abelian group if all of its proper subgroups are abelian.

For a graph T', we denote by V' (I") the set of all vertices of T', by E(T") the set of all
edges of T', by A(T") the set of all arcs of ', and by Aut(T") the full automorphism group
of I'. For u,v € V(I'), denote by {u, v} the edge incident to u and v in T'. If a subgroup G
of Aut(T") acts transitively on V(T"), E(T") or A(T"), we say that T" is G-vertex-transitive,
G-edge-transitive or G-arc-transitive, respectively. In the special case when G = Aut(T")
we say that I" is vertex-transitive, edge-transitive or arc-transitive, respectively. An arc-
transitive graph is also called a symmetric graph. A graph I is said to be semisymmetric if
I' is regular and is edge- but not vertex-transitive.
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2.2 Quotient graph

Let I" be a connected graph with an edge-transitive group G of automorphisms and let IV be
a normal subgroup of G. The quotient graph Iy of T relative to N is defined as the graph
with vertices the orbits of N on V(I") and with two orbits adjacent if there exists an edge
in I" between the vertices lying in those two orbits. Below we introduce two propositions
of which the first is a result of [15, Theorem 9].

Proposition 2.1. Let p be an odd prime and T be a graph of valency p, and let G < Aut(T")
be arc-transitive on I'. Then G is an s-arc-regular subgroup of Aut(T") for some integer
s. If N < G has more than two orbits in V (T'), then N is semiregular on V(I'), 'y is a
symmetric graph of valency p with G /N as an s-arc-regular subgroup of automorphisms.

In view of [16, Lemma 3.2], we have the following proposition.

Proposition 2.2. Let p be an odd prime and T be a graph of valency p, and let G < Aut(T")
be transitive on E(I") but intransitive on V(I'). Then T is a bipartite graph with two
partition sets, say Vo and V1. If N < G is intransitive on each of Vo and V1, then N is
semiregular on V (I'), T'y is a graph of valency p with G/N as an edge- but not vertex-
transitive group of automorphisms.

2.3 Bi-Cayley graphs
Proposition 2.3 ([23, Lemma 3.1]). LetT" = BiCay(H, R, L, S) be a connected bi-Cayley
graph over a group H. Then the following hold:

(1) H is generated by R U LU S.

(2) Up to graph isomorphism, S can be chosen to contain the identity of H.

(3) For any automorphism « of H, BiCay(H, R, L, S) = BiCay(H, R%, L, S%).

(4) BiCay(H,R, L, S) = BiCay(H, L, R,S™1).

LetT" = BiCay(H, R, L, S) be a bi-Cayley graph over a group H. Recall that for each
g € H, R(g) is a permutation on V (T") defined by the rule

(2

and R(H) = {R(g) | g € H} < Aut(T"). For an automorphism « of H and z,y,g € H,
define two permutations on V(I') = Hy U H; as following:
5a,x,y: h() — (Sb'ha)l, hl — (yha)(), Vh € H,
Oa,g: ho — (ha)o, h,l > (gha)l, Yh S H.

Set
I={0nzy|a€Aut(H)st. R* =2 'La, L% =y 'Ry, S* =y 'Sz},
F={0n,|acAut(H)st. R* =R, LY =g 'Lg,S* =g~ '5}.

Proposition 2.4 ([24, Theorem 3.4]). Let I' = BiCay(H, R, L, S) be a connected bi-
Cayley graph over the group H. Then Npury(R(H)) = R(H) x F if I = 0 and
Nawmy(R(H)) = R(H){F,0a.0,y) if I # 0 and 645, € I. Furthermore, for any
da,z,y € I, we have the following:
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(1) (R(H),ba,z,y) acts transitively on V (T');

(2) if o has order 2 and x =y = 1, then I is isomorphic to the Cayley graph Cay(H,
R U«S), where H= H x ().

3 Some basic properties of metacyclic p-groups
In this section, we will give some properties of metacyclic p-groups.

Proposition 3.1. Any metacyclic p-group G (p an odd prime) has the following presenta-
tion:
G = <a, b | a2 1, T = apHs,ab = a1+pr> ,

where r, s, t,u are non-negative integers with u < r. Different values of the parameters

7, 8, t, u with the above conditions give non-isomorphic metacyclic p-groups. Furthermore,
the following hold:

(1) If |G'| = p", then for any m > n, we have
()P = 2P yP", Y,y e G.
(2) For any positive integer k and for any x,y € G,
" = ypk — (xfly)pk =1 (xyfl)pk =1.

Proof. By [22, Theorem 2.1], it suffices to prove the items (1) and (2). Since G’ is cyclic,
(1) follows from [9, Chapter 3, §10, Theorem 10.2 (c) and Theorem 10.8 (g)]. Item (2)
follows from [9, Chapter 3, §10, Theorem 10.2 (c) and Theorem 10.6 (a)]. O

Lemma 3.2. Let p be an odd prime, and let H be a metacyclic p-group generated by a,b
with the following defining relations:

-1 14p"
, b~ lab=al™",
where m,n, r are positive integers such that r < m < n + r. Then the following hold:

(1) Foranyi € Zym, j € ZLpn, we have
a't) = paid+e’)
(2) For any positive integer k and for any i € Zym, j € Lpn, we have
(Yah)k = R i o (14+p")

(3) For any positive integers t, k and any element x of H, ifa:pzt =1, then

ty\k t
24" — 14kt

(4) The subgroup of H of order p is one of the following groups:

<apm71>, <bpn71ai/prn71> (i € Zy).
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Proof. From [19, Lemma 14 (1) —(2)], we have the items (1) —(2).
For (3), the result is clearly true if & = 1. In what follows, assume & > 2. Since
P = 1, we have 2P = 1. Then

214" [CRAR () O 1T (p1) ORI TR (p") 2 O 10 (09) )
— O GO L CR(0)? L R

- . (xpt)Ci ) (xp”)Ci (mp’“)C;’i

t
=g kP

t
— wl—&-kp ,

and so (3) holds. (Here for any integers N > [ > 0, we denote by Cﬁ\, the binomial
coefficient, that is, C, = %)

For (4), let Q1 (H) = (x € H | o(x) = p). Since H is a metacyclic p-group, by [2,
Exercise 85], we have Q4 (H) = Z,, X Z,. It implies that H has p + 1 subgroups of order

p. Furthermore, the subgroup of H of order p is one of the following groups:

m—1 n—1 ,L-/ m—1 3
<ap > , <b” a'? > (i' € Zy),
as required. O

4 Inner-abelian bi-p-metacirculants of valency p

In this section, we focus on edge-transitive bi-Cayley graphs over inner-abelian metacyclic
p-groups of valency p. For convenience, a bi-Cayley graph over an inner-abelian metacyclic
p-group is simply called an inner-abelian bi-p-metacirculant.

In [19, Theorem 2], we gave a classification of cubic edge-transitive inner-abelian bi-
p-metacirculants.

Proposition 4.1 ([19, Theorem 2]). Let I" be a connected cubic edge-transitive bi-Cayley
graph over an inner-abelian metacyclic 3-group H. Then H = G, or H,, and T = T',.
or Y., where the groups G, H,, and the graphs T',., ¥, are defined as in Theorem 1.3. In
particular, H/H' = Zizr X Z3r or Zzr X Zgri1.

In this section, we shall prove the following theorem.

Theorem 4.2. Let H be an inner-abelian metacyclic p-group with p an odd prime, and let
T be a connected edge-transitive bi-Cayley graph over H of valency p. Then p = 3, and T’
is isomorphic to one of the graphs given in Theorem 1.3.

4.1 Two technical lemmas

Lemma 4.3. Let p be an odd prime and let T be a connected edge-transitive graph of
valency p. If G < Aut(T") is transitive on the edges of T, then for each v € V(T'),
|G| = pm with (m,p) = 1.

Proof. Since G is transitive on the edges of T, for each v € V(TI"), the order of a vertex
stabilizer G, must be divisible by p. Suppose, by way of contradiction, that |G, | is divisible
by p?. Let G be the subgroup of G, fixing the neighborhood I'(v) of v in ' pointwise.
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Then G, /G < Sp, forcing that p | |G5|. Then G contains an element o of order p.
Note that each orbit of («) has length either 1 or p. Since () fixes v and each vertex in
I'(v), the connectedness of T" implies that each orbit of (a) has length 1, and so &« = 1, a
contradiction. O

Lemma 4.4. Let H be a p-group with p an odd prime, and let ' = BiCay(H, R, L, S) be
a connected edge-transitive bi-Cayley graph of valency p. Then

(1) T is normal edge-transitive, R = L = 0, and S = {1,h, hh*,... hh"--- h‘*piz}
or some 1 h € Hand o € Aut(H) satisfying hh®h®" - b = 1 and
8
o(@) | p;
(2) if H has a characteristic subgroup K such that H/K is isomorphic to Zym X Zyn,
then |m — n| < 1.

Proof. Let A = Aut(T"), and let P be a sylow p-subgroup of A such that R(H) < P.
Since T" is edge-transitive, Lemma 4.3 gives that |A| = |R(H)|-p-m, where (p,m) = 1. It
follows that | P| = p|R(H)|, and hence P < N4(R(H)). Furthermore, for any e € E(T),
wehave |[A: A.| = |E(T')| = p|R(H)|, and so | A.| = m. It follows that P, = PNA, =1,
and hence |P : P.| = |P| = p|R(H)| = |E(T')|. Thus, P is transitive on the edges of IT".
Thus, IT" is normal edge-transitive.

Let N = N4(R(H)). Then N is transitive on the edges of I'. Since R(H) < N,
the two orbits Hy, H; of R(H) do not contain any edge of ', and so R = £ = . By
Proposition 2.3, we may assume that 1 € S. Since N is transitive on the edges of I'
and T" has valency p, Ny, has an element o, ; of order p for some o € Aut(H) and
1 # h € H. Furthermore, o, j cyclically permutes the elements in I'(19). So we have
L(1o) = {11, k1, (hh®)1, ..., (hh®---h®" )1} and AR - h®" "' = 1. This implies
that

S ={1,h,hh®, ... hh® - b "},

and h®" = h. Since T is connected, one has H = (S) = (h® | 0 < i < p—1). As
h®" = h, o? is a trivial automorphism of H. Consequently, we have o(a) =1orpand (1)
is proved.

For (2), without loss of generality, assume that H/K = ZLpm X Lpn With m > n,
where K is a characteristic subgroup of H. Let T' = (R(x) € R(H) | 27" € K). Then
T is characteristic in R(H) and R(H)/T = Zym-n. Propositions 2.1 and 2.2 implies
that the quotient graph I'r of T relative to T is a graph of valency p with N/T as an
edge-transitive group of automorphisms. Clearly, R(H)/T is semiregular on V (I'r) with
two orbits and R(H)/T < N/T, so 'y is a normal edge-transitive bi-Cayley graph over
R(H)/T 2 Zym-n of valency p.

So to complete the proof, it suffices to show that if H = Z,~ then m < 1. Suppose
to the contrary that H = Z,» with m > 2. Since H = <h0‘1 | 0 <i<p-—1), wehave
H = (h). Let h® = h* for some A € Z,.. Then

1= hho‘ho‘2 e hoﬂ’*l _ h1+>‘+>‘2+“'+>‘p71

)

and then
THA+A 4+ 4271 =0 (mod p™).
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It follows that AP = 1 (mod p™), and hence A = 1 (mod p). Let A = kp + 1 for some
integer k. Since m > 2, we have

L+ (kp+ 1)+ (kp+1)%+- +(kp+ 1)1 =0 (mod p?).
It follows that
L+ (kp+ 1)+ @2kp+1)+---+((p—Dkp+1) =0 (mod p?),

and hence

1
p+5p(p—1)kp=0 (mod p?).

A contradiction occurs. O

4.2 Proof of Thorem 4.2

Throughout this subsection, we shall always let H be an inner-abelian metacyclic p-group
with p an odd prime, and T" be a connected edge-transitive bi-Cayley graph over H of
valency p.

In view of Lemma 4.4(1) and since H is inner abelian, we may make the following
assumption throughout this subsection.

Assumption 4.5. T' = BiCay(H, 0,0, S), where S = {1, h, hh®,... hh™--- hap_Q}for
some 1 # h € H and o € Aut(H) satisfying hhohe” . he" ™ =1 and o(a) = p.

Proof of Theorem 4.2. Suppose to the contrary that p > 3. Since H is an inner-abelian
metacyclic p-group, by elementary group theory (see also [20] or [3, Lemma 65.2]), we
may assume that

H= <a,b e =" = 1,67 ab = apt+1> ,
where ¢t > 1,5 > 1. Note that H/H' = (aH') x (bH') = Zpt X Zps. By Lemma 4.4, we
R T A
- = ~p pt=ts -
H = <a, bla?" =" =1,b"tab= ap”“> :

Let T = (R(z) | € H,2?" ' = 1). Then T is characteristic in R(H) and R(H)/T is
isomorphic to Z,>. However, by the proof of Lemma 4.4, this is impossible.
If H/H' = (aH') x (bH') = Zy+ X Ly, then s =t and

H = <a,b e = =1,b"ab = apt+1> :

where ¢ > 1. We shall show that this is impossible in Lemma 4.6.
If H/H' = (aH') x (bH") = Zpt X Lpr+1, then s =t + 1 and

t+1

H= <a,b e = =10 ab = apt+1> :

where ¢t > 1. We shall show that this is impossible in Lemma 4.7. O
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Lemma 4.6. If H — <a,b la? ™ = = 1,67 ab = apt+1> (t > 0), thenp = 3.
Proof. Suppose to the contrary that p > 3. We first define the following four maps. Let

v:ia— a'tP b b, §:a— a,b— bHP,
o:a+— a,b— ba?, T:aw ba,b— 0.

Letzy = a'*P, 29 = 23 = a, x4 = ba, y1 = ya = b, y» = b'1P and y;3 = baP. Since
H is an inner-abelian metacyclic-p group, by Proposition 3.1 and a direct computation,
we have o(x;,) = o(a) = p'*L, o(y;,) = o(b) = p' and it is direct to check that z;,
and y;, have the same relations as do a and b, where i1 € {1,2,3,4}. Moreover, for any
i1 € {1,2,3,4}, we have (x;,,y;,) = H. It follows that each of the above four maps
induces an automorphism of H.

Set P = (0,7, 6, 7). By a direct computation, we have o(y) = p*,0(6) = p'~! and
o(c) = o(r) = p'. Furthermore, 70 = &7, v loy = oP™! and 6 o6 = of with
l(p+1)=1 (mod p'). As both v and § fixes the subgroup (b) while o does not, one has

(0,7,0) = () 3 ((7) X (0)) = Zpt X (Lt X Lpr—1).

Observing that (o,~,d) fixes the subgroup (a) setwise but 7 does not, it follows that
{(0,7,8) N (1) = 1, and hence |P| > p**~1. In view of [13, Theorem 2.8], Aut(H)
has a normal Sylow p-subgroup of order p**~!. It follows that P = (o,~,d,7) is the
unique Sylow p-subgroup of Aut(H). In particular, we have P = () (d){o) (7).

Recall that S = {1,h,hh*,... hh*: -~h“p72}. Assume that h = b%a” for some
u € Zyp and v € Zpi41. Since H = (S), we have o(h) = exp(H). It follows that
(v,p) = 1. Then the map ¢1: a — a,b — b induces an automorphism of H. Let
@ = (t%py)~L. Then ¢ € Aut(H) and h¥ = a. By Proposition 2.4(3), we have that
I' @ IV = BiCay(H,0,0,5?). Let 3 = ¢ tap. Then o, € Aut(I”) cyclically
permutates the elements in IV (1;). It follows that

5% = {1,a,aa’3,aaﬂa52,...,aaﬂaﬁz ...aB”*Z}’
B48° Bgr1
and aa”a” ---a = 1. Clearly, o(8) = o(a) = p, so § € P. We assume that

B =~idic*r! for some i, k,l € Zyr and j € Zye-1.
By Lemma 3.2(2) — (3) and Proposition 3.1(1), we have

Jars (Bla)tR) = pEn) gt 4.1
B2 Y bes (b- (Baypk)a+p = pl1+p) (bpkD g () @D
Let U1(H) = {2P | x € H}. Then U1(H) < Z(H) and
a—bla-w
: 4.2
g {b —b-w “2)

for some w, w’ € U1(H). Since I' is connected, by Proposition 2.3, we have H = (S%).
By Proposition 3.1(1), it follows that (I, p) = 1.
We shall finish the proof by the following steps.
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Step1: ¢ > 1. ,
Suppose to the contrary that t = 1. Then H = (a,b | a?” = b” = 1,b"tab = a'*P).
We shall first show that for any » > 1,

aﬂ" _ brla1+%r(r—1)k‘lp+irp (43)

By Equation (4.1) we have
a s blalt®
o

b — bakP

So Equation (4.3) holds when r = 1. Now assume that » > 1 and

o8 = Dl A (D) (r—2)klpti(r—L)p.

By a direct computation, we have
aﬁr _ (b(rfl)lalJr%(rfl)('r‘72)klp+i(7‘71)p)ﬁ

_ (bakp)(r—l)l(blal—o—ip)l—o—%(r—l)(r—Q)klp+i(r—1)p
_ b(rfl)la(rfl)lkpblal+%[(T*l)r‘)f(rfl)]klp«%irp
— b(r—l)l+la1+[%(7"—1)2—%(r—l)—&-(r—l)]klp—&-irp
— brlal-‘r%r(r—l)klp-i-irp

By induction, we have Equation (4.3).

Now we show that for any r > 1,

- a,B . (L’BT _ b%r(r+1)la(r+1)+[ér(r+1)(2r+1)l+%r(r+l)i+é(T—l)r(r-‘rl)kl]p. (44)

By Equation (4.3) and Lemma 3.2(1)&(3), we have

. 1 . . .
a- G,B —a- bla1+1p — bla(l+p) a1+1p — blal+lpa1+zp — bla2+(l+1)p.

So Equation 4.4 holds when » = 1. Now assume that > 1 and

a- aﬁ L aﬁr’I b%(r—l)rlar+[%(r—l)r(2r—1)l+%(r—l)ri+%(T—Q)(r—l)rkl]p.

By a direct computation, we have

ad’a® -
_ b%(r—l)rlar—&-[é(r—l)'r(27‘—1)l+%(7‘—1)7'i+%(r—2)(r—1)7‘kl}p . brla1+%7‘(7'—1)klp+i'rp
— par(r+ Dl {r+5 (r=1)r(@r—1)i+5 (r—1)rit+§ (r—2)(r—1)rkllp}-(1+4rip)+1+ r(r—1)kip+irp
— par(r+DLr(Lrlp) +g (1= r(2r=1)l+ 5 (r=1)rit g (r=2) (r=rkllp+1+ 57 (r—1)klp+irp
— par(r D (r+ )+ (r=1D)r(2r=1)+r2)ip+[5 (r=1)r+rlip+[g (r—2) (r=1)+ g (r—1)]rklp

— par (DL (D) +[gr(r+ 1) 2r+ )it gr(r+D)it g (r=1)r(r+1)kilp

By induction, we have Equation (4.4).
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Since p is a prime and p > 3, by Equation (4.4), we have

adPa? . a7 = pr (PPl ap g (= Dp(2p— D)t 3 (= Dpit g (p=2)(p—L)pkllp — P £ 1,

a contradiction.

Step 2: A final contraniction
Let Uy(H) = {zP" |« € H}. Then U2(H) < Z(H). By Equation (4.1), we have
af = p(Fin)l 1+ip | @,

pP = pltiptpkl ok o/

b

for some w,w’ € Us(H). Let m = il (mod p), n =i (mod p), f = j + kl (mod p)
for some m,n, f € Z,. Then

bmp+l np+1 |
3: {a = a w1 (4.5)

b bIPTighr . o)
for some w1, w) € Us(H).
We shall first prove the following claim.
Claim. Foranyr > 2, a®" = borPt2qdP, for some ¢y, d, € Zy, and w, € Uy(H).

Since ¢ > 1, for any positive integer 7y, by Lemma 3.2(1)&(3), we have
ab®® = pioq(1H+P) — pioglior’ _ piog . wp, 4.6)
for some wy € Uz (H). Then by Equations (4.5) and (4.6), we have

aBQ — (bfp+1akp . wfl)mp+l(bmz)+lanp+1 _wl)np-i-l B

w1
— b(2m+fl+nl)p+21a(2n+kl)p - o
for some wy € Uy(H). Take ca,ds € Zy, such that 2m + fl + nl = ¢ (mod p) and
2n 4+ kl = dy (mod p). If r = 2, then Claim is clearly true. Now assume that > 2 and
Claim holds for any positive integer less than r. Then

r—1
CL’B _ bcT71p+2lCLd”‘71p W1,

for some ¢,_1,d,—1 € Z, and w,_1 € Uz(H), and then
- (bfp+1akp . wll)crflp+21(bmp+lanp+1 . wl)drflp . wﬁ

r—1
_ b(cr,1+2fl+ld,‘,1)p+2la(2kl+dr,1)p - @y,

for some w, € Uy(H). Take ¢,,d, € Z, suchthat ¢,_1 +2fl+1d,_1 = ¢, (mod p) and
2kl 4+ d,—1 = d, (mod p). By induction, we complete the proof of Claim.
Now by our Claim, we have
aﬁp — bcpp+2ladpp

Sy = a,

for some ¢,,d, € Z, and w, € Us(H). It follows that c,p + 20 = 0 (mod p?), a
contradiction. This completes the proof of our lemma. O
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t+1

Lemmad.7. If H = <a,b la? =" =1, lab = ap"+1> (t > 0), thenp = 3.

Proof. Suppose to the contrary that p > 3. We first define the following four maps. Let

viar atP b b, §:a— a,b— bHP,
o:a—bPa,b— b, T:aw a,b ba.

Letx; = a'™P, 29 = 24 = a, 23 = bPa, 41, = y3 = b, yo = b'*P and y, = ba. Since
H is an inner-abelian metacyclic-p group, by Proposition 3.1 and a direct computation,
we have o(x;,) = o(a) = p'™t, o(y;,) = o(b) = pt and it is direct to check that x;,
and y;, have the same relations as do a and b, where i; € {1,2,3,4}. Moreover, for any
i1 € {1,2,3,4}, we have (x;,,y;,) = H. It follows that each of the above four maps
induces an automorphism of H.

Set P = {(0,7,4, 7). By a direct computation, we have o(y) = o(§) = p', o(c) = p'
and o(7) = p'T!. Moreover, we have v§ = 67, 100 = oP*! and v 1oy = o with
{(p+1) =1 (mod p'tt). As both v and § fixes the subgroup (a) while o does not, one
has

(0,7,8) = (0) 3 ((7) X (8)) = Ty 3 (Zyp X L),

Observing that (o,7,0) fixes the subgroup (b) setwise but 7 does not, it follows that
(0,7,8) N (T) = 1, and hence |P| > p**1. In view of [13, Theorem 2.8], Aut(H) has
a normal Sylow p-subgroup of order p***1. It follows that P = (o,~,§, ) is the unique
Sylow p-subgroup of Aut(H). In particular, we have P = ()(8) (o) (7).

Recall that S = {1, h, hh*, ..., hh* - -- h“p%} and o(«) = p. Assume that h = b*a”
for some u € Zy+1 and v € Zy41. Since H = (S), we obtain that o(h) = exp(H). It
follows that (u, p) = 1. Then there exists u’ € Z*,, such that u = u'v (mod p'*'). Let
© = 0% (6*)"1(r¥)~'. Then ¢ € Aut(H) and h¥ = b. By Proposition 2.4(3), we have
I' = BiCay(H,0,0,S5%). Let I" = BiCay(H, 0,0, 5%) and B = p~*ayp. Then o5, €
Aut (') cyclically permutates the elements in I”(1). It follows that bb” W =1
and

S€ = {1,b,b6° 0657, 0P b

Since o(3) = o(a) = p, we have 3 € P. Assume that 3 = 767 o*7! for some i, j, k € Zy:
and [ € Z,:+1. Then by Lemma 3.2(2) - (3) and Proposition 3.1(1), we have

a s (bal)(1HP) kpg(14p)" = p(1+p) kg (1+p) (1+Hlp)
51 b s (ba,l)(1+p)j _ b(1+p)j a(1+p)jl (47)
and then
avra-w
: 4.8
g {b — bal - w' (4.8)

for some w, w’ € Uy (H). Since I" 2 I is connected, we derive from Proposition 2.3 that
H = (5%). By Proposition 3.1(1), it follows that (I, p) = 1. We shall finish the proof by
the following steps.
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Step1:¢ > 1. , ,
Suppose to the contrary that t = 1. Then H = (a,b | a?" = b” = 1,b"tab = a'*P).
We shall first show that for any » > 1,

bﬁT — b1+(rj+%r(r71)kl)parl+%r(r+1)jlp+%r(rf1)(i+kl)lp+%r(r71)(r72)kl2p. 4.9)

By Equation (4.7), we have

a bkpa1+(i+kl)p
B: b — pltirgltilp,

Thus Equation (4.9) holds when » = 1. Now assume that » > 1 and

pf T — (=1t 5 (r=1)(r=2)kl)p
. gr= DI+ (r=D)rijlp+ 5 (r=1)(r=2) (i+kD)Ip+ 5 (r—1) (r—2) (r=3)kl*p
By a direct computation, we have
8 = (b1+jpal+jlp)1+((rfl)j+%(Tfl)(rf2)7€l)17
. (bkpal-i-(i-‘rkl)p)(r—l)l—&-%(r—l)rjlp—&-%(7"—1)(7“—2)(1‘+kl)lp+%(r—l)(r—2)(r—3)kl2p
_ b1+(rj+%(rfl)(r72)kl+(r71)kl)p . al+jlp+[(r71)lj+%(rfl)(r72)kl2]p
- @ T DAk P) + 5 (r=1)rjlp+ 5 (r—1) (r=2) (i+kD)Ip+ g (r—1) (r—2) (r—3)ki*p
— pltripHz (=1 (r—2)+(r—1)]kip
_a[l+(r—1)l]+[1+(r—1)+%(T—l)r]jlp+%r(r—l)(i+kl)lp+[%+é(r—3)](7“—1)(r—2)kl2p

— b1+(rj+%r(rf1)kl)parl+%r(r+1)jlp+%r(rfl)(iJrkl)lerér(rf1)(r72)kl2p'

By induction, we have Equation (4.9). Then by Equation (4.9), we have

b3 — plt(pitzp(p—D)kDp (it 5p(p+1)ilp+5p(p—1) (i+kDIp+gp(p—1)(p=2)k’p _ ), £ b,

a contradiction.

Step 2: A final contragiiction.
Let Uy(H) = {zP" | x € H}. Then U2(H) < Z(H). By Equation (4.7), we have

of = pEpgUtkDPH1L |

BB — pirtlgilp+l |

for some w, w’ € Us(H). Let f =i+ kl (mod p), n = j (mod p), m = jl (mod p)
for some m, n, f € Z,. Then

— pRpgfr+l . !
B: {“ oo (4.10)

b brrtlgmetl . oy

for some w1, w)] € Ua(H).
We shall first prove the following claim.
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Claim. Foranyr > 1, 08" = b+ 5 ko1 qrmp+ 22 (0 )l HE=RO=2 0 prt o
with w, € Uz (H).

If » = 1, then by Equation (4.10), Claim is clearly true. Now assume that > 1 and
Claim holds for any positive integer less than r. Then

b57'71 — b(r—l)np-‘ri(rfl);rf@klp+1

_ (r—=1)(r—2) (r=1)(r—2)(r—3) ;.72 _
a(r 1)mp4 —5—= (n—i—f)lp—‘,-i.3 Ep+(r—1)1 | D1,

for some w,_1 € Uz(H). Since ¢t > 1, for any positive integer g, by Lemma 3.2(1)&(3),
we have ‘
abio = pioq(1HP)" = piogltior” — piog . o0 4.11)

for some wy € Us(H). Then by Equations (4.10) and (4.11), we have

bﬁ" _ (bnp+1amp+l . wl)(rfl)np+wklp+l

. (bkpafp+1 . wll)(""*l)mp‘Fw(n+f)lp+%kl2p+(7"*l)l . ’WE .

_ b(rfl)np+7(rfl)2(rfz) klp4+np+1+k(r—1)lp | @, - a(rfl)nleri(rfl)z(TfQ)kl2p
. qmpH(r=1)mp+ U= (g ) p CREEDE=D k2 p ot (1) 14 (r—1) flp

— prnpt 7‘(7\;1>klp-‘,-1 . g"mPt 7\(7‘;1) (n+f)lp+%kl2p+rl .

W,
for some w, € Uz(H). By induction, we complete the proof of Claim.
Now by our Claim and o(3) = p, we have

8" — prp’+ kI 1 mp? + B (et f)lp? + EU =D k2 p? 4l w,=b

for some w, € Ua(H). It follows that pl = 0 (mod p?), a contradiction. This completes
the proof of our lemma. O

5 Proof of Theorem 1.3

We first prove a lemma.

Lemma 5.1. Let p be an odd prime, and let H be a metacyclic p-group. If T is a connected
edge-transitive bi-Cayley graph over H of valency p, then H is either abelian or inner-
abelian.

Proof. We may assume that H is non-abelian. By Proposition 3.1, the group H has the
following presentation:

rtstu s+t rts r
H:<a,b|ap =1,b° =a? ,ab:a1+p>,

where r, s, t, u are non-negative integers with u < rand r > 1.
Let I' = BiCay(H, R, L, S) be a connected edge-transitive bi-p-Cayley graph over
H of valency p. Let A = Aut(I'), and let P be a Sylow p-subgroup of A such that
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R(H) < P. From the proof of Lemma 4.4(1), we see that P is transitive on the edges of

I. Since H' = (aP") = Z-+u, we have

H/H' = <a,b |a?" =" =1,a = a> 2 Lpr X Lprtote,

where @ = aH' and b = bH'. By Lemma 4.4(2), we have s +¢ = 0 or 1, and so
(s,t) = (0,0), (1,0) or (0,1).

Letn = 2r+2s+wu+t. We use induction on n. If n = 1 or 2, then H is clearly abelian,
as desired. Assume n > 3. Let N be a minimal normal subgroup of P and N < R(H).
Since H is metacyclic, we have N = Z,, or Z,, X Z,. Suppose that N = Z,, X Z,,. Note that
R(H)'" = Zys+u. Let Q be the subgroup of R(H)' of order p. Since @ is characteristic in
R(H)" and R(H) is characteristic in R(H ), R(H )< P gives that Q<JP. By Lemma 3.2(4),
each subgroup of R(H) of order p is contained in N. It follows that Q < N, contrary to
the minimality of N. Thus N & Z,,.

Consider the quotient graph I'y of I" corresponding to the orbits of N. Clearly, N is
intransitive on both Hy and Hj, the two orbits of R(H) on V(T'"), and by Propositions 2.1
and 2.2, N is semiregular and T' is a graph of valency p with P/N as an edge-transitive
group of automorphisms. Clearly, I'y is a bi-Cayley graph over the group R(H)/N of
order 2 - p™ with ny < n. By induction, we have R(H)/N is either abelian or inner-
abelian. If R(H)/N is abelian, then R(H)" < N = Z,. It follows that R(H)" = 1 or
R(H)' = Z,, implying that H = R(H) is abelian or inner-abelian, as required.

In what follows, we always assume that R(H)/N is inner-abelian, and for any element
h € H, we use h to denote hN.

By Theorem 4.2, we have p = 3. Recall that (s, t) = (0,0), (1,0) or (0, 1).

Case 1: (s,t) = (0,0).
In this case, we have

artu r r ar
H:<a,b|a3 =1, :ag,ab:a1+3>.

Letz = aand y = ba~!.

y? = (ba=')* =1and

Since v*" = a®", by Proposition 3.1(2), we conclude that

Then

grtu

R(H)gH:<x,y|x :ygrzl,xy:x”3r>.
Recall that N = Z3 and N < R(H). By Lemma 3.2(4), N is one of the following four
rtu—1 r—1 r—1 ortu—1 r—1 o artu—1
groups: (% ), (7 ). (y7 2¥ ). (7 2T ).
r+u—1
First suppose that N # (23 i ). Then T has order 3"*“. We shall show that H/N
has the following presentation:
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Actually, if N = (y3 ), then we may take h = y. If N = (33 2% ""), then take
h = yx", and then by Lemma 3.2(2) - (3), we have

(yx3u)3”1 — y?f’lxB“[1+(1+3")+(1+3T)2+~--+(1+3T)3T’1*1]
_ ys“lxa“[1+(1+3T)+(1+2-3T)+m+(1+(3"*171)-3T)]
_ y37‘—1x3u.37‘71

r—1 u+r—1
=¥ 2P e N.

IfN = (3 223 7""), then take h = y223", and then by Lemma 3.2(2) - (3), we have
(a3 )3 = 2 )87 o (1437 )
_ ys“lx2-3“[1+(1+3T)+(1+2~3T)+---+(1+(3T*171)-3T)]

r—1 qu qr—1
— 3 233

37‘—1 2_3u+7‘—1

=y’ T € N.
Clearly, in each case, we have 7" = 7' So H /N always has the above presentation.
Since R(H)/N is inner-abelian, by [20] or [3, Lemma 65.2], we have u = 1. However,
by Proposition 4.1, there is no cubic edge-transitive bi-Cayley graph over R(H)/N, a
contradiction.
Suppose now that N = (23" """}, Then

o _ardu-1  _ar  — _—  _1ar
H/N:<:v,y\x‘3 =7 =1,% :z1+‘3>,

Since R(H)/N is inner-abelian, by [20] or [3, Lemma 65.2], we have © = 2. Then
H = <$,y ‘ .’L‘37.+2 = y37. = l,l‘y = $1+3r>,

where r > 1.

If » = 1, then by MAGMA [5], there is no cubic edge-transitive bi-Cayley graph over
H, a contradiction. If 7 > 2, then by Lemma 4.4(1), we have R = £ = (). Assume that
S = {1,g,h}. Since I is connected, by Proposition 2.3(1), we have H = (S) = (g, h).
It follows that o(g) = o(h) = exp(H) = 3"*2, and so H' = (z%") = (¢°") = (h*").
Moreover, by Lemma 4.4(1), there exists « € Aut(H) such that g® = g=th, h® = g~!
and o(«) | 3. Suppose that « is trivial. Then h = g~*, and then H = (g), a contradiction.
Thus, a has order 3. Assume that (g3 )* = g*3" for some A € Zg. Then (h3")® = 3",
Since ¢® = g~ 'h and h® = ¢!, we have ¢*3" = ¢~3"h3" and k3" = ¢~3". Then

A237 _ (g*3) = (g3 B3 ) = g AT AT = AT =8 p(mA-D)8

g g

It follows that g**+2+1):3" = 1 and s0 9 | A2 4+ X\ + 1, a contradiction.

Case 2: (s,t) = (1,0).
In this case, we have

r+u++1 r+1 r4+1 T
H:<a,b|a3 =1, =da ,ab=a1+3>.
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Letx = aandy = ba—1. Since ¥ = a3r+1, by Proposition 3.1(2), we obtain that
v = (ba™')*"" =1and

T T (ab)a _ (a1+sr)a*1 — g1t = 18T

Then i »
R(H)2H2<$,y|$3T “ :ygr :1’$y:$1+3T>,

Recall that N = Z3 and N < R(H). By Lemma 3.2(4), N is one of the following four
r+u r r r+u r artu
groups: (2 ), (), {y* &” " ). (y* &7 .
Suppose first that N # (2 ). Then 7 has order 3"+, We shall show that / /N
has the following presentation:

H/N=<E,E|:v =E3T:T,f7:fl+3r>.

Actually, if N = (33"), then we may take h = y. If N = (3" 23" "), then take h = yz3",
and then by Lemma 3.2(2) —(3), we have

(ya*")* = y37'x3"[1+(1+3")+(1+3T')2+.U+(1+3T.)3Ll]

_ y:srl,s“[1+(1+3T)+(1+243T)+---+(1+(321)-3"‘)}

T, (aT _ -
:y37‘x3u[3r+3 (32 b 37

gut

= y3rx " e N.
If N = <y3Tx2'3T+u>, then take h = yx23", and then by Lemma 3.2(2) — (3), we have

223" )ST 3"332-3“[1+(1+3"‘)+(1+3T)2+.--+(1+3T)3”1]

(y =y
— 3 23 ) F (142374 (1437 1):37)]
r wrgr | 37-(37—1) or
— 3 23 (3742 =1 37
= ysrl‘2‘3u+r S N
Clearly, in each case, we have " = z'*3". So H /N always has the above presentation.

Since R(H)/N is inner-abelian, by [20] or [3, Lemma 65.2], we have « = 0. Then
H = <.’,E,y | I3T+l = y3T+l = 17:Cy = :Cl+3r>,

where > 1. By [20] or [3, Lemma 65.2], H is inner-abelian, as required.
Suppose now N = (23" ). Then

R(H)/N = <§,? |2 = =17 = f1+37‘> .
Since R(H)/N is inner-abelian, by [20] or [3, Lemma 65.2], we have « = 1. Then

37‘«#2 37‘+1 1 37‘
H:<x,y|x =y =1zY=glT),
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where r > 1.

If r = 1, then by MAGMA [5], there is no cubic edge-transitive bi-Cayley graph over
H, a contradiction. If r > 2, then by Lemma 4.4(1), we have R = £ = (). Assume that
S = {1, g,h}. Since T is connected, by Proposition 2.3(1), we have H = (S) = (g, h). It
follows that o(g) = o(h) = exp(H) = 3"2. By Lemma 4.4(1), there exists & € Aut(H)
such that g% = g~'h, h* = g~ ! and o(«) | 3. Suppose that « is trivial. Then h = g1,
and then H = (g), a contradiction. Thus, « has order 3. Note that

O, (H) = <ZST |2 e H> = <x3> X <y3> > Zo x Zs

and g%, h%" € Q. (H). i i
If (¢°") = (h3"), then we may assume that (¢°")® = ¢g**3" for some A\ € Z$. Then

(lf;)“ = ?i)LT’\BT. Since g = ¢ 'h and h® = g~', we have ¢*3" = ¢=3"h3" and
h*° =g~ . Then
P (P = (g IR = g NI = A g (A

It follows that g +2+1):3" = 1 and s0 9 | A2 + X\ + 1, a contradiction.

Suppose (%) # (h*"). Then Q,.(H) = (¢* ,h%") and H' = (") = Zy. Assume
that 23" = ¢*3"h7*3" for some i,j € Zg. Then either (i,3) = 1 or (j,3) = 1. Since
H' = (2*"), we have (z3")* = (2%"). So (¢*3" h73")™ = ("3 h7"3")* for some k € Zj.
Then

gik-37‘hjk~3”‘ — (gi'STthB'")a — (ga)i{’)’“ (ha)j-BT — g—i~3rhi~3Tg—j~3r — g—(i+j)'3rhi~3r.

It follows that —(i + j) = ik (mod 9) and i = jk (mod 9). Then —(jk + j) = jk?
(mod 9), and so j(1+k+k?) =0 (mod 9), forcing that 3 | j. Furthermore, since i = jk
(mod 9), we have 3 | 4, a contradiction.

Case 3: (s,t) = (0,1).
In this case, we have

ru art1 or "
H:<a,b\a?’ =10 :a3,ab:a1+3>.

b 1+3

Letxz = b,y = b>a~!. Since a® = a'*3", we have b= 'aba~' = ¢*", and then

_ r Qr+1 Qr+1
aba" ' =ba® =03 =T

Since B3 = 43", by Proposition 3.1(2), we have

rudl rutl ru
933 3 — a3

=0
¥ = bbsa_1 _ (b)a_

— 1 y3r — (b3a71)37‘ — 1

_ bl+3r+1 _ 331+3“rl

) )

1 —
= aba~!

Then it -
R(H)%H:<a:,y|x3 B A >

Recall that N 2 Zz and N < R(H). By Lemma 3.2(4), N is one of the following four

rdu r—1 r—1 orfu r—1 o artu
A A A VA D N T S 2

groups: (x Y
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Suppose first that N # (23" "). Then Z has order 3"***1. We shall show that H/N
has the following presentation:

H/N _ <$,h | f3r+u+1 _ E3 - _ T,Tﬁ _ x1+37‘+1> .

Actually, if N = (4% '), then we may take h = y. If N = (43" 2% "), then take
h = yx3“+l, and then by Lemma 3.2(2) — (3), we have

—1
(yx3u+1)3r—l _ ygr—lm3u+1[1+(1+37‘+1)+(1+37‘+1)2+”_+(1+37‘+1)37 -1

— 3 BT AT (14237 e (13T 1) 37

r—1 r—1
37‘71 3u+1[3T71+3 -(3 —1) _3r+1]
= y €T 2
r—1 u+r
=% 2? e N.

If N = <y3r_1x2'3r+u>, then take h = y223""", and then by Lemma 3.2(2) - (3), we have
(y$2-3"+1)3“1 _ y3“1x2~3“+1[1+(1+3“‘+1)+(1+3"+1)2+-~+(1+3T+1)3“1*1]
_ yg“lnguﬂ[1+(1+3”“+1)+(1+2-3T+1)+---+(1+(3T*1—1)~37‘+1)}

_ y3r71x2vgu+l[3r71+ 37‘*1»(327‘*171) 37+

r—1 o qutr
=y 223 e N

Clearly, in each case, we have 7" = ' So H /N always has the above presentation.
Since R(H)/N is inner-abelian, by [20] or [3, Lemma 65.2], we have u = 1. However,
by Proposition 4.1, there is no cubic edge-transitive bi-Cayley graph over R(H)/N, a
contradiction.

Suppose now that N = (23" ""). Then

RN = (7,57 =% =177 =7").

Since R(H)/N is inner-abelian, by [20] or [3, Lemma 65.2], we have u = 2. However,
by Proposition 4.1, there is no cubic edge-transitive bi-Cayley graph over R(H)/N, a
contradiction. O

Now we are ready to finish the proof of Theorem 1.3.

Proof of Theorem 1.3. By Lemma 5.1, if H is non-abelian, then H is inner-abelian. By
Theorem 4.2, we have p = 3, and then by Proposition 4.1, I' is isomorphic to either I',. or
Y, as desired. O
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