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0 INTRODUCTION

Kinematic motion analysis and design of
mechanical systems lead naturally to system of
nonlinear algebraic and/or transcendental
equations. One of the most frequently occurring
problems in kinematics is to find solutions to this
system of equations [1] and [2]. The research of
analysis and synthesis for planar mechanisms refers
the solution of nonlinear equations and this has not
commendably resolved [3]. How to find out all
solutions of nonlinear equations quickly and
effectively is important to mechanisms analysis &
synthesis and engineering fields, so mathematics
worker and engineering expert have paid attention
to it. The solution approaches for such equations
can be broadly divided into two classes: closed-
form (analytical) techniques and numerical
(iterative) methods.

Analytical or closed-form solutions to
kinematics equations can be obtained by using
elimination theories based on resultants [4],
Gröbner-Sylvester hybrid method [1] and [5] to [7]
or Wu elimination [6] and [7] and so on. The
analytical solution approaches entail successive
elimination of problem unknowns to reduce a
multivariable system into a single variable equation
or triangular equations. These can find all solutions.

In elimination process with resultant, it may be
possible to express the resultant as a quotient of
one determinant divided by another. The divisor is
the extraneous factor. Since it is difficult to identify
whether or not extraneous factors exist, it is
impossible to insure that a resultant is devoid of
extraneous solutions. For homogeneous systems,
extraneous factors can be identified and eliminated
as demonstrated by Macaulay [8]. However,
problems arising in synthesis and analysis of
mechanism often result in a system of non-
homogeneous polynomials. Hence, Macaulay’s
approach is not suitable for such problems because
the system of equations has extraneous solutions
including solutions at infinity, and thus the
eliminant matrix is degenerate [1]. For kinematics
problems of  “reasonable” complexity [1], Wu
elimination method, Gröbner base method are quite
inefficient because of their excessive computation
times and exploding intermediate results [1] and
[8]. For a comprehensive contents of Gröbner base
method and Wu elimination method see [6] to [8].
Specially, in general, analytical or closed-form
solutions are effective to polynomial equations.

The numerical (iterative) methods mainly
include Newton method and its improved methods
[9] and [10], continuation iteration method [9] to
[11], interval analysis method [12], universal gray
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analysis method [13] to [15], optimum method [10]
and [16] and so on. These numerical methods are
adaptive to polynomials equations as well as non-
polynomials equations in kinematics. Using
numerical methods, a kinematics problem is
considered solved if a tight upper bound on the
number of solutions can be established, and an
efficient algorithm for computing all solutions can
be implemented. The commonly used iterative
methods are variants of the Newton, conjugate
gradient methods or optimum methods. These
methods require an initial guess to the solution. If
the initial guess is not close enough to a solution,
the iterations may converge slowly, converge to an
unacceptable solution or may diverge altogether,
and, in general, these methods can only find a
solution. However, Newton’s method is a valuable
tool and is used as the building block for numerical
continuous methods, interval iterative method or
universal gray method. Interval method can find
all solutions, but some algebraic nature of interval
mathematics cannot be extended and compiling
program is very complicated [14] and [17], so that
this limits its application. The universal gray
analysis method also can find all solutions of
kinematics problem [14] in which, algebraic nature
of universal mathematics can be extended like
general algebra and overcome the disadvantages
of interval analysis, but the universal number
operator is also complicated [13], so the efficiency
of solution-finding is not very high. Numerical
continuation (homotopy) methods have been used
in solving kinematics equations of motion for
planar as well as spatial mechanisms. If the system
of equations to be solved can be cast in a
polynomial form, numerical continuous methods
are capable of finding all possible solutions and
eliminating the need for a good initial estimate to
the solution. But computing efficiency is not high,
and it is difficult to deal with non-polynomial
equations in kinematics [10].

To overcome the difficulties of the above
approaches, it is necessary to explore innovate
approaches to find out all solutions quickly and
effectively. The Newton iteration technique
possesses two-order convergence speed, its
computing speed is fast, its iteration function is
clearly understood, and its dynamics specific
property is relatively easy to be hold, so that it is
widely used in engineering and science research.
But it is comparatively sensitive to initial value,

its calculation capacity is great, and it can only get
one solution. All the improved work on Newton
methods put the emphases on computing arithmetic
and the researchers do not notice that these
numerical iteration system are discrete dynamical
system resulted from numerical iteration process.
Recently, the finding-solution methods based on
chaos have made some progress. Xie and Chen [18]
had proposed an innovative chaos method for the
all solutions of nonlinear equations and Luo  [19]
had proposed an improved method for enhancing
its efficiency by rough and accurate iteration.
However, the chaos method related in [18] and [19]
assumed the lumped Julia points of Newton
iteration method to appear in the neighborhood
where the Jacobian matrix of resolved equation set
is zero. Nevertheless, it has not been tested and its
resolving procedure is complex. Recently,
Jovanonic et al. [20] proposed an innovative
Newton chaos iteration method to obtain all
resolutions of nonlinear equation set to mechanism
synthesis. The method assumes Newton iteration
method be a nonlinear discrete dynamic system to
obtain the chaos fractal sensitive region of the
Newton iteration method with the exclusive two-
cycle point to make inverse image iteration to find
Julia points and then take initial points in the
neighborhood of Julia points. But Luo [21] found
that its efficiency is to be further enhanced when
the Julia points are researched by using the
exclusive two-cycle point to operate inverse image
iteration. And thus, Luo [22] proposed an
innovative three-cycle chaos orbit method to find
the Julia points of non-linear equations in
kinematics, but its validity and adaptability to find
Julia points with three-cycle inverse image iteration
method are valuable to be researched ulteriorly. On
the other hand, multi-start technique is a sort of
technique in global optimization. The biggest
difficulty of Newton iterative method is how to
define initial value. To take chaos sequences as
initial points of Newton iterative method, it can
find all solutions of nonlinear equations. Liao et
al. [23] proposed two dimension chaos mapping
Newton iterative method which is applied to found
all solutions of linkage accurate points movement
synthesis.

To overcome the difficulties of approaches,
this paper presents a new method for solving
algebraic system of equations in kinematics, which
utilizes Hénon hyper-chaotic mapping system to
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produce sensitive initial points of Newton iterative
method and find all solutions of nonlinear
equations. After analyzing hyper-chaotic the
characteristic of Hénon hyper-chaotic mapping
system, the simulation is done with MATLAB
software, and the step and methods of finding
equations in kinematics are also given. Numerical
examples for linkage synthesis & approximate
synthesis are presented. At last, the comparison
with other methods to find all solutions of non-
linear equations in kinematics is given. The
examples show the new method is verified to be
correct and effective.

1 HÉNON  HYPER-CHAOTIC SYSTEM

Lyapunov exponent is one of effective
method depicting the Chaos specific property of
nonlinear system, and the number of Lyapunov
exponents is identical with the dimension n of
system state space. If one of the Lyapunov
exponents is positive, system is chaotic. If system
has two or more positive Lyapunov exponents,
system is hyper-chaotic. The more positive number
of Lyapunov exponents, the higher in-stability has
the system [24]. In general, if the systematic state
variable number is more (for high dimension
system, e.g. the discrete system, n > 2), it probably
appeares the unsteady level is higher.

The Ref. [25] designed a general Hénon
mapping:

�&� 

where, ni ,,3,2 �=  express the dimension of
system; k  is discrete time; a  and b  are adjustable
parameters. When i = 2, the above mapping is called
as famous Hénon  mapping. When fixed parameters

1.0,76.1 == ba and the dimensions vary from 2 to
10, after computing, the ref. [25] found that with
increasing n, the simple relation of  the number N of
positive Lyapunov exponents  with the system
dimension n  is 1−= nN , namely, when the system
dimension is larger of two, system is hyper-chaotic.
For 10>n  situation, we also have done simulating
study and we also obtained the same results 1−= nN .

For example, 
�@
�, we compiled program
MATLAB with time series method [24] and we
obtain four positive Lyapunov exponents, shown
in Figure 1. When 
�@
&!, the simulating result is
that the system has twelve positive Lyapunov
exponents with lesser values, shown in Figure 2.

2 NEWTON ITERATION FUNCTION

To find solution of nonlinear equations:
                                                  

  (2).

Newton iterative method can be described
as follows roughly:
(1) To select initial value x

0

(2) To take iteration by formation

                     (3),

where f(x
k
) is the function value of f(x) at the point

x
k
, f’(x

k
), is one-order derivative of f(x) at the

point x
k
, also called as Jacobian matrix of f(x

k
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Fig.1. Lyapunov exponent of Hénon maps with n=5
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and it is denoted by J. f(x) is Newton iteration
function value. When some conditions are
satisfied, Newton iterative method is two-order
convergent [9]. We must note that when using
Newton iterative method, we want to avoid f’(x

k
)

= 0 
otherwise singularity will be produced. To
improve the performance of Newton iterative
method, there have some improved methods, but
the improved methods pay attention to arithmetic
study and not mechanism study. In other words,
these methods avoid singularity and do not make
use of singularity.

3 NEWTON ITERATIVE METHOD BASED
ON HÉNON HYPER-CHAOTIC MAPPING

Based on hyper-chaotic mapping, the
process of the finding all solutions of nonlinear
equations is as follows:
(1) By formulation (1), to construct hyper-chaotic

set x0(i + 1, j) (i = 1, 2, ..., n, n + 1 is the variable
number of hyper-chaotic system, n is the
positive  number of Lyapunov exponents, n is
also the number of variables 
j = 1, 2, ..., N, N
is the length of hyper-chaotic sequences) and
obtain x0(i, j);

(2) Suppose the interval of x(i) is [ ( ), ( )]a i b i , to map
hyper-chaotic sequences to variable interval with

( , ) ( ( ) ( )) / 2 0( , )( ( ) ( )) / 2x i j b i a i x i j b i a i= − + +
and produce jth x(i, j) of x(i).

(3) To take jth x(i, j) of x(i)  as initial value of
Newton iterative method, and implement j time
operations of Newton iterative method with
formulation (3) to find all solutions x*. Note

that: in computing process, X is used to save
all solutions, when some solution x* is in X, x*

is abandoned, otherwise, x* is saved in X.

4 APPLICATION TO MECHANISM
SYNTHESIS

For four-linkage function mechanism
synthesis, in general, it’s input angles 1 jθ  and the
output angles 1 jϕ  satisfy some function relation,
we construct orthogonal system (shown in Fig. 3)
and take the coordinate of C point is (1,0). Suppose
the coordinates A

x
, A

y
, B

x
, B

y
 of pin-joined points A

and B are design variables 
denoted by �
&
 
�

�
 
�

!
, �

�

respectively.
According to constrained condition of the

invariable length of linkage and displacement
matrix, we can deduce the synthesis equation as
follows:

��� 

where j = 2  3 … m, m is point number of synthesis.

There have four design variables m-1 and
design equations in formulation (4), the most
accurate point synthesis number is five points.

Fig.2. Lyapunov exponent of Hénon maps with n = 13
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In most situations, the problem of
mechanism synthesis and approximate synthesis
can be transformed into an unconstrained optimum
problem, namely:

 (5).

And the essential condition of min objective
function is the grads ( ) / 0F∂ ∂ =x x , namely:

            
(6),

where m is synthesis point number.
For example, given plane four-linkage

mechanism synthesis problem, the data of input

1 jθ  and output 1 jϕ  are shown in Table 1. Using
Newton iteration method based on Hénon hyper-
chaotic sequences, we transform nonlinear
equations (4) into iterative form of formulation (3),
take variable intervals all [-20 
20]T, and produce
initial point of hyper-chaotic sequences with
random number method and for example, x

0 
=

[0.37948, 0.8318,
0.50281, 0.70947 
0.42889]T. To
take n = 5  for general  Hénon hyper-chaos system
expressed by formulation (1), and, with initial value
x

0 
of hyper-chaotic sequences, produce hyper-

chaotic sequences with four positive Lyapunov
exponents (to take the length N = 20), then map
variable intervals and obtain initial values of
Newton iterative method and obtain all solutions,
the first to fourth solution (Table 2). The solutions
are accordant with methods in [10], but it
dissipative time is 0.16 second less that time 0.4
second with Logistic chaos mapping Newton
iterative method (only initial points of Newton
iterative method produced by Logistic chaos
mapping). If we produce initial point x

0
 of hyper-

chaotic sequences with random number method and
for example, x

0 
= [0.28973, 0.34119, 0.53408 

0.72711 
 0.30929]T, the length of hyper-chaotic
sequences is N = 200, the accurate synthesis
problem is dealt with approximate synthesis
method in formulation (6), and results are shown
in Table 2, besides the first to fourth solution, there
have other approximate solutions. Notes that with
different initial point of hyper-chaotic sequences
and the length of hyper-chaotic sequences,
approximate solutions may be different.

5 CONCLUSIONS

In this paper, using Hénon hyper-chaos
sequences and mapping sequences into variable
intervals as initial values of Newton iterative
method, an innovative new method to find all
solutions of nonlinear equations in kinematics is
proposed. The computing steps are presented.
Numerical examples of mechanism synthesis and
approximate synthesis are given. It shows that this
method is effective and correct. This method
overcomes the shortcomings of the existing
methods, namely, extraneous solutions of resultant
method, low computing efficiency of existing
analytical solutions, and, low computing efficiency
to find all solutions with existing numerical
methods or only finding a solution with Newton
method & optimum method. Newton method is
adaptive to polynomials nonlinear equations as well
as the general non-polynomial non-linear
equations, so, the proposed method is also adaptive
to the general non-polynomial non-linear equations.
The hyper-chaos iterative method effectively
resolves the dependent on initial guess of Newton

2

1
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 Fig.3. The diagram of linkage mechanism

Table 1. Five group data of input and output

j � �� �� �� �� ��

)(0
1 jθ � �� ��� ���� ���� �	��

)(0
1 jϕ � �� �
� ��� ��� ���
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iterative method based on multi-start point
technique and hyper-chaos sequences. This method
also overcomes the deficiency of existing chaos
iterative method. Besides, compared with chaos
Newton iterative method, hyper-chaos Newton
iterative method has high computing speed and can
obtain all solutions of nonlinear equations. It can
quickly and effectively find out all solutions of
nonlinear equations in kinematics, set up basis for
other engineering application and optimization, and
provide beneficial idea for chaos characteristic
study of other iterative method.

Table 2. The results of synthesis
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