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Abstract

A signed graph is called integral if its spectrum consists entirely of integers, it is
r-regular if its underlying graph is regular of degree r, and it is net-balanced if the dif-
ference between positive and negative vertex degree is a constant on the vertex set (this
constant is called the net-balance and denoted %). We determine all the connected integral
3-regular net-balanced signed graphs. In the next natural step, for r = 4, we consider only
those whose net-balance is a simple eigenvalue. There, we complete the list of feasible
spectra in bipartite case for % 6= 0 and prove the non-existence for % = 0. Certain ex-
istence conditions are established and the existence of some 4-regular (simple) graphs is
confirmed. In this study we transferred some results from the theory of graph spectra; in
particular, we give a counterpart to the Hoffman polynomial.

Keywords: Signed graph, switching equivalent signed graphs, adjacency matrix, net-balanced signed
graph.

Math. Subj. Class.: 05C50, 05C22

1 Introduction
A signed graph Ġ is obtained from a (simple) graph G by accompanying each edge e
by the sign σ(e) ∈ {1,−1} (chosen in any way for any edge). The (multiplicative) sign
group {1,−1} can also be written {+,−}. We say that G is the underlying graph of Ġ.
The set of vertices of Ġ is denoted V (Ġ). The number of vertices and the number of edges
of Ġ are denoted n and m, respectively. Clearly, every graph can be interpreted as a signed
graph.
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The n × n adjacency matrix AĠ of Ġ is obtained from the standard (0, 1)-adjacency
matrix of G by reversing the sign of all 1’s which correspond to negative edges. The
eigenvalues of AĠ are real and form the spectrum of Ġ. A detailed introduction to spectra
of signed graphs can be found in [7, 10].

A graph is integral if its spectrum consists entirely of integers. The problem of identi-
fying such graphs was posed by Harary and Schwenk [3] in 1974. Since then, a number of
results concerning integral graphs have appeared in various references, including research
articles, thesis and book chapters (not listed here).

Integral signed graphs are defined in the same way. Transferring the problem to the
domain of signed graphs – to the author’s knowledge, no one has considered this problem
for signed graphs – results in various solutions, some of them having interesting and, at
first glance, interesting properties. For example, the signed graph illustrated in Figure 1
is integral and has only two eigenvalues: 2 and −2 (both with multiplicity 3). Moreover,
every switching equivalent signed graph is also integral (since it has the same spectrum;
see the next section for the details).

Figure 1: An integral signed graph. (Here and following, negative edges are dashed.)

Our results are announced in the abstract. In Section 2 we introduce the terminology
and notation, and give some preliminary results. Sections 3 and 4 are devoted to integral
signed graphs which are 3-regular and 4-regular, respectively. An existence condition and
certain integral 4-regular (simple) graphs are established in Section 5.

2 Preliminaries
We write d+i and d−i for the positive and negative vertex degree (i.e., the number of posi-
tive and negative edges incident with i). The existence of a positive (resp. negative) edge
between the vertices i and j is designated by i +∼ j (resp. i −∼ j).

A walk in a signed graph is a sequence of alternate vertices and edges such that the
consecutive vertices are endpoints of the corresponding edge. A walk is positive if the
number of its negative edges (with possible repetitions) is not odd. Otherwise, it is negative.
Since every cycle in a signed graph is a walk, we may talk about positive or negative cycles,
as well.

We say that a signed graph is bipartite or regular (of degree r) if the same holds for its
underlying graph. (There is a different approach for regularity in [10].) The spectrum of a
bipartite signed graph is symmetric with respect to the origin. The net-balance of a vertex
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i is defined by d+i − d
−
i . We also say that a signed graph is net-balanced if the net-balance

is a constant on the vertex set; in that case the net-balance is denoted %.
For U ⊂ V (Ġ), let ĠU be the signed graph obtained from Ġ by reversing the sign of

each edge between a vertex in U and a vertex in V (Ġ) \U . The signed graph ĠU is said to
be switching equivalent to Ġ. Switching equivalent signed graphs share the same spectrum.

The reverse rev(Ġ) of Ġ is obtained by reversing the sign of all edges of Ġ.
We use the following facts without proofs (for details, see [8, 10]):

• The eigenvalues of rev(Ġ) (with repetitions) are obtained by reversing the sign of
the eigenvalues of Ġ.

• Signed graphs Ġ and rev(Ġ) are switching equivalent if and only if Ġ is bipartite.

• A signed graph Ġ is switching equivalent to G (the underlying graph) if and only if
the vertices of Ġ can be divided into two sets (one of them possibly empty) in such a
way that an edge is negative if and only if it joins vertices from different sets.

• The spectrum of every net-balanced signed graph contains its net-balance.

It is known that the largest eigenvalue ρ of a signed graph does not exceed the largest
eigenvalue of its underlying graph. The proof follows by the next chain of (in)equalities
derived on the basis of the Rayleigh principle:

ρ(Ġ) = 2

∑
i
+∼j

xixj −
∑
i
−∼j

xixj

 ≤ 2

∑
i
+∼j

|xixj |+
∑
i
−∼j

|xixj |

 ≤ ρ(G), (2.1)

where x = (x1, x2, . . . , xn)
T is a unit eigenvector associated with ρ(Ġ). What we need

here is the opposite implication.

Lemma 2.1. For a connected signed graph Ġ, if ρ(Ġ) = ρ(G) then Ġ andG are switching
equivalent.

Proof. Since ρ(Ġ) = ρ(G), all the inequalities in (2.1) reduce to equalities. This, in
particular, means that |x| is an eigenvector associated with ρ(G), and so it holds xi 6= 0,
for all i. Applying switching with respect to the set of vertices that correspond to negative
coordinates of x, we arrive at the signed graph, say Ḣ , such that |x| is associated with
ρ(Ḣ), as well. (The matrix transformation is realized by AḢ = D−1AĠD, D being the
diagonal matrix of ±1 where the sign of a diagonal entry is determined by the sign of the
corresponding coordinate of x. Then, |x| = Dx.)

Since ρ(Ḣ) = ρ(G), it follows (by (2.1), with Ḣ and |x| in the roles of Ġ and x) that Ḣ
does not contain negative edges, i.e., Ḣ is a graph isomorphic to G, and we are done.

Connected integral regular net-balanced signed graphs of vertex degree 0, 1 or 2 are
easily determined. In what follows, we move up to r = 3 and r = 4.

Obviously, if Ġ is an integral net-balanced signed graph with % ≥ 0, then the re-
verse rev(Ġ) is also integral net-balanced with % ≤ 0, and vice versa. Thus, it is sufficient
to consider only those with % ≥ 0.
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3 Case r = 3

Recall that connected 3-regular graphs are determined in [2, 4]; there are 13 such graphs.
In what follows, we refer to the notation of the latter reference.

By Lemma 2.1, if an r-regular signed graph Ġ has r as an eigenvalue, then Ġ is switch-
ing equivalent to its underlying graph. If r does not belong to the spectrum of Ġ, but −r
does, then rev(Ġ) is switching equivalent to its underlying graph. This observation leads
to the following result.

Theorem 3.1. If a connected 3-regular net-balanced signed graph Ġ of non-negative
net-balance % is integral and at least one of the numbers 3 or −3 is its eigenvalue, then Ġ
is determined in the following way.

(a) If 3 is an eigenvalue of Ġ, then

(i) for % = 3, Ġ is one of the 13 connected 3-regular graphsG1, . . . , G13 obtained
in [4];

(ii) for % = 1, Ġ is switching equivalent to one of the graphs G2, G4, G5, G7, G10

or G12 of [4].

(b) If 3 is not an eigenvalue of Ġ, then

(i) case % = 3 cannot occur;

(ii) for % = 1, Ġ is switching equivalent to G9 or G13 of [4].

Proof. (a): By Lemma 2.1, Ġ is switching equivalent to its underlying graph, and then (a.i)
follows directly by the result of the corresponding reference.

(a.ii): Here, Ġ is obtained by identifying a perfect matching in one of G1, . . . , G13 and
reversing the sign of all edges in the matching. In addition, this reversing must produce a
switching equivalent graph. In particular, this means that the vertex set can be partitioned
into two sets such that an edge is negative if and only if it joins vertices from different sets.
Inspecting all 13 graphs, we conclude that such an action can be performed for the 6 graphs
listed. (The procedure is simplified by excluding the signed graphs which do not have the
net-balance as an eigenvalue.)

(b): Case (b.i) follows directly.
(b.ii): Here, Ġ is non-bipartite and 3 is an eigenvalue of rev(Ġ). Considering

G9, . . . , G13 as candidates for a graph which is switching equivalent to rev(Ġ), we arrive
at the 2 solutions: G9 and G13.

A transfer of a result from the domain of simple graphs is needed. For signed graphs Ġ1

and Ġ2, the (tensor) product Ġ1 × Ġ2 is the signed graph with the vertex set
V (Ġ1) × V (Ġ2) in which two vertices (u1, u2) and (v1, v2) are adjacent if and only if
ui and vi are adjacent in Ġi, for 1 ≤ i ≤ 2. The sign of an edge of Ġ1 × Ġ2 is equal
to the product of signs of the corresponding edges of Ġ1 and Ġ2. The adjacency matrix
of Ġ1 × Ġ2 is then identified with the Kronecker product AĠ1

⊗AĠ2
. Accordingly, if

λ1, λ2, . . . , λn are the eigenvalues of Ġ1 and µ1, µ2, . . . , µm are the eigenvalues of Ġ2,
then the eigenvalues of their product are λiµj (1 ≤ i ≤ n, 1 ≤ j ≤ m). In particular, if
Ġ is a connected integral non-bipartite signed graph, then Ġ ×K2 is a connected integral
bipartite signed graph, since the eigenvalues ofK2 are 1 and−1. The signed graph Ġ×K2

is called a bipartite double (of Ġ).
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Ġ2 Ġ4
Ġ5 Ġ7

Ġ9 Ġ12 Ġ13Ġ10

Figure 2: Representatives of signed graphs of Theorem 3.1(a.ii)&(b.ii).

Therefore, any non-bipartite signed graph Ġ can be extracted from the decompositions
of bipartite ones having the form Ġ×K2, and so the essential part in determining connected
integral signed graphs consists of searching for those that are bipartite. If, in addition, a
signed graph is regular then it has the same number of vertices in each colour class, and we
may assume that the number of its vertices is 2n.

Returning to connected integral 3-regular net-balanced signed graphs, it remains to
determine those that avoid ±3 in the spectrum. According to the previous observation, we
may consider the bipartite ones, so those with 2n vertices and the spectrum[

2m2 , 1m1, 02m0 , (−1)m1 , (−2)m2
]
,

where the exponents stand for the multiplicities.
Counting the difference between the numbers of positive and negative closed walks

and considering the spectral moments, we get m2 +m1 +m0 = n, 4m2 +m1 = 3n and
16m2 +m1 = 15n + 4q, where q is the difference between the numbers of positive and
negative quadrangles contained.

At this point, one could continue by the spectral moments of higher order to obtain the
feasible spectra, but this situation can easily be resolved in a different way. Solving the
previous system, we get m1 = −(n+ 4

3q) (and certain parametrizations of other multiplic-
ities which are not important). The last equality implies that q must be negative, that is our
signed graph, say Ġ, must contain a negative quadrangle. If every vertex is at distance at
most 1 from such a quadrangle, then Ġ has at most 8 vertices. Otherwise, if there exists a
vertex at distance 2 from a fixed negative quadrangle, then the vertex between them is ad-
jacent to only one vertex of the quadrangle (otherwise, the largest eigenvalue of that signed
subgraph would be greater than 2, and then the same would hold for Ġ as follows by the
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interlacing argument). So, Ġ contains a negative quadrangle with a pendant path of length
2. Considering the possible neighbourhoods of the vertices of such a subgraph and bearing
in mind the other conditions (3-regularity and net-balancedness), we conclude by hand that
the largest eigenvalue of Ġ must be greater than 2.

Therefore, it remains to consider connected signed graphs with at most 8 vertices.
This is easily performed by reversing the signs of edges of connected bipartite 3-regular
graphs with 4, 6 and 8 vertices (in each case, there is only one such graph). Obviously, the
net-balance cannot be equal to 3, and since Ġ is bipartite, it cannot be equal to −3, either.
The result is summarized in the next theorem.

Theorem 3.2. If Ġ is a connected integral bipartite 3-regular net-balanced signed graph
avoiding ±3 in the spectrum, then Ġ is the signed graph illustrated in Figure 3 or its
reverse.

Clearly, signed graphs obtained in the previous theorem are switching equivalent and
none of them is a bipartite double.

Figure 3: Integral signed graph from Theorem 3.2.

4 Case r = 4

The next natural case is made up of connected integral 4-regular net-balanced signed
graphs. We first recall that connected integral 4-regular graphs (so, signed graphs with
net-balance equal to 4) are not fully determined. What we do know are the feasible spectra
of such bipartite graphs, and [9] lists 828 such spectra (in the future this number could be
decreased). The existence of the corresponding graphs is confirmed for a small number of
those spectra – by the same reference, in 19 cases; in the next section we confirm 2 more.

Accordingly, it would be illusory to expect all the integral bipartite 4-regular signed
graphs to be identified, even if we impose that they are net-balanced. Considering the fea-
sible spectra, if ±4 is an eigenvalue, then they are the same as those listed in [9]. For
an integral 4-regular graph, the corresponding signed graphs can be obtained as in Theo-
rem 3.1. This will not be performed here; instead, we determine the feasible spectra of our
signed graphs that avoid ±4 in the spectrum, but with the additional condition that they
contain the net-balance as a simple eigenvalue. It occurs that there is a comparatively small
number of such spectra. Before that, we prove a ‘signed’ variant of the result concerning
the Hoffman polynomial of a graph [6, Theorem 2.1.6].
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Theorem 4.1. For a signed graph Ġ, if there exists a polynomial P such that P (AĠ) = J

(J being an all-1 matrix), then Ġ is a connected net-balanced signed graph.
Conversely, if in addition the net-balance % is a simple eigenvalue of Ġ, then the poly-

nomial exists and has the form

P (x) = n
∏ x− λ

%− λ
, (4.1)

where n is the number of vertices and the product goes over all distinct eigenvalues, ex-
cluding %.

Proof. The proof is similar to that of the original result, along with certain adaptations
tailored for signed graphs. For the sake of completeness, we give all the details. Denote
A = AĠ. The existence of P implies the identity AJ = JA. Since the (i, j)-entry of AJ
is d+i − d

−
i and the same entry of JA is d+j − d

−
j , we have that d+i − d

−
i is a constant on

the vertex set.
Clearly, Ġ cannot be disconnected, since for i and j belonging to different components

the (i, j)-entry of any power of A would be zero, giving P (A) 6= J .
DenoteW (x) = µ(x)

x−% , where µ stands for the minimal polynomial ofA. As µ(A) = O,
it follows (A − %I)W (A) = O, giving AW (A) = %W (A). Now, the unit vector j is an
eigenvector associated with %, but since this is the simple eigenvalue, the dimension of its
eigenspace is 1, and by the last identity, every column ofW (A) is a multiple of j. Moreover,
the symmetry of W (A) implies

W (A) = cJ, (4.2)

for some c 6= 0. Thus, the polynomial exists and, so far, has the form P (x) = 1
cW (x).

Further, the identity akAkj = ak%
kj (for a real ak) yields W (A)j = W (%)j, which

together with (4.2) gives cJj =W (%)j, i.e., nc =W (%), which finally gives (4.1).

This result covers net-balanced signed graphs which need not be regular. The converse
statement requires the multiplicity of % to be 1, which will be an essential condition in our
further considerations. Another consequence of (4.1), when Ġ is additionally integral, is
that n divides the product

∏
(% − λ); this condition was exploited in many searches for

integral regular graphs.
Let [

3m3 , 2m2 , 1m1 , 02m0 , (−1)m1 , (−2)m2 , (−3)m3
]

denote the spectrum of our connected bipartite signed graph that avoids the eigenvalues 4
and −4.

Theorem 4.2. If Ġ is a connected integral bipartite 4-regular signed graph with 2n ver-
tices, then the multiplicities of its eigenvalues are parametrized by

m3 =
1

180
(54n+ 26q + 3h), m2 =

1

30
(6n− 16q − 3h),

m1 =
1

4
(2n+ h) +

5

6
q, m0 = − 1

18
(8q + 3h),

where q and h respectively denote the difference between the numbers of positive and
negative quadrangles and hexagons contained.



110 Ars Math. Contemp. 17 (2019) 103–114

Proof. Considering the spectral moments up to the 6th order and counting the differences
between the numbers of positive and negative closed walks, we arrive at the following
Diophantine system:

3∑
i=−3

m|i|i
0 = 2n,

3∑
i=−3

m|i|i
2 = 8n,

3∑
i=−3

m|i|i
4 = 56n+ 8q,

3∑
i=−3

m|i|i
6 = 464n+ 144q + 12h.

(4.3)

where, say for the 3rd equation, the first term on the right-hand side counts closed walks
of length 4 traversing along at most 2 distinct edges. Observe that such walks are positive
independently of the edge signature. Similarly, the second term counts the same walks
traversing along quadrangles.

Solving this system for m3, . . . ,m0, we get the result.

Table 1: Feasible parameters of signed graphs described in Theorem 4.3.

n m m3 m2 m1 m0 q h

6 24 2 1 2 1 3 −14
10 40 4 1 0 5 15 −70
15 60 6 1 2 6 21 −92
20 80 8 1 4 7 27 −114
30 120 11 1 17 1 21 −62
30 120 12 1 8 9 39 −158
60 240 23 1 29 7 57 −194
60 240 24 1 20 15 75 −290
60 240 25 1 11 23 93 −386
60 240 26 1 2 31 111 −482

Include now the announced condition.

Theorem 4.3. A connected integral bipartite 4-regular net-balanced signed graph
whose net-balance is 2 and appears as a simple eigenvalue has one of the spectra shown
in Table 1. Each row contains one half of the number of vertices, the number of edges,
the multiplicities of positive eigenvalues, one half of the multiplicity of 0 and previously
defined parameters q and h.

Proof. Solving the system (4.3) for m2 = 1, we get

m3 =
1

18
(6n+ q − 3), m1 =

1

2
(2n− q − 5),

m0 =
1

9
(−3n+ 4q + 15) and h = 2n− 16

3
q − 10.
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Now, since the net-balance is a simple eigenvalue, it follows that 2n divides

3∏
i6=2, i=−3

(2− i) = 120,

giving a finite number of possibilities for n. Observing the expressions of m1 and m0, we
conclude that q satisfies

3

4
(n− 5) ≤ q ≤ 2n− 5,

giving a finite range for this parameter. Concerning the possible values for n and using the
previous inequalities, we arrive at solutions listed in the table.

The existence of the signed graph with data as in the first row is confirmed by hand.
Namely, we have considered connected bipartite 4-regular graphs with 12 vertices (there
are 4) and arguing as in the proof of Theorem 3.1(a.ii). The resulting solution is illustrated
in Figure 4.

Figure 4: Integral signed graph with spectrum [32, 2, 12, 02, (−1)2,−2, (−3)2].

Remark 4.4. What about non-bipartite signed graphs? Let Ġ be such a signed graph (with
all the remaining conditions as in Theorem 4.3). Although the multiplicity of 2 in the
spectrum of Ġ is 1, the same eigenvalue does not need to be simple in Ġ×K2. Therefore,
the feasible parameters of the bipartite double are given by Theorem 4.2. The number
of vertices (of Ġ × K2) now divides 240, and the numbers of quadrangles and hexagons
are bounded in terms of n (see [1]) giving the magnitudes for our parameters q and h.
Therefore, the sets of feasible spectra can be obtained, but there are many, and we skip
their presentation. Alternatively, one may consider the spectra of Ġ directly, and include
the odd spectral moments, but again, there are many.

Set now % = 0.

Theorem 4.5. There is no connected integral 4-regular net-balanced signed graph avoid-
ing ±4 in the spectrum whose net-balance is 0 and appears as a simple eigenvalue.
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Proof. First, such a signed graph cannot be bipartite (see the multiplicity of 0). Let Ġ be
a non-bipartite signed graph described in this theorem (if any). Then the number of its
vertices (denoted n) divides

3∏
i6=0, i=−3

(0− i) = 36,

i.e., the number of vertices of its bipartite double divides 72. In addition, 0 is an eigenvalue
of Ġ×K2 of multiplicity 2. Solving the system (4.3) for m0 = 2 and every possible n, we
arrive at exactly 9 solutions: one for n = 6, one for n = 9, one for n = 12, 2 for n = 18
and 4 for n = 36.

There is another condition to be included: the parameter q of Ġ ×K2 cannot be odd.
Indeed, by definition of the product, every quadrangle of Ġ produces its two copies in
Ġ × K2, and vice versa, every quadrangle of Ġ × K2 has a copy and both of them arise
from the isomorphic quadrangle of Ġ. Therefore, the parameter q of Ġ ×K2 is twice the
same parameter of Ġ, i.e., it cannot be odd.

Now, only the solution for n = 9 passes this test for q (with q = −6), which means
that Ġ could only have 9 vertices. Since for Ġ, q = −3, the number of quadrangles
in the underlying graph G must be odd, and this is not satisfied in the case of 6 (out of
16) connected 4-regular graphs with 9 vertices. For the remaining 10, one may choose
between a computation by hand (which reduces to searching for cyclic decompositions and
checking the spectra) or brute force performed by computer. In any case, there are no
solutions (note that some of those underlying graphs produce signed graphs satisfying all
but the last condition of the theorem – regarding the simplicity of 0).

Remark 4.6. In this section we restricted ourselves to net-balanced signed graphs whose
net-balance appears as a simple eigenvalue. Of course, there are examples of those that are
connected integral 4-regular and net-balanced, yet the net-balance is not a simple eigen-
value; at the end of the proof of Theorem 4.5, we mentioned that we met some of them.
Another example is a net-balanced 4-dimensional cube with negative quadrangles. Indeed,
its adjacency matrix can be written as (

A A∗

A∗ A

)
,

where A is the adjacency matrix of the cycle C8 and A∗ is obtained from A by reversing
the sign of all the entries corresponding to 4 non-adjacent edges. We have % = 2, and the
spectrum is given by [28, (−2)8].

5 An existence condition for bipartite regular graphs
Following our idea of [5], we establish an existence condition for bipartite r-regular graphs
with q = 0. Namely, the adjacency matrix of such a graph can be written in the form

AG =

(
O BT

B O

)
,

and then the top-left block BTB − rIn of A2
G − rI2n represents the adjacency matrix of

an r(r − 1)-regular graph, say H . Moreover, if r, λ2, . . . , λk are (distinct) non-negative
eigenvalues of G, then the eigenvalues of H belong to {r2 − r, λ22 − r, . . . , λ2k − r}.
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Therefore, in the search forG, we may check whetherH exists or not, and if it does not
then G does not exist, either. Conversely, if H exists then G can be reconstructed from it.

Accordingly, we confirm the existence of bipartite 4-regular graphs with 2 spectra listed
in [9].

Theorem 5.1. There exists a connected bipartite 4-regular graph with data

(15, 0, 10, 4, 0, 0, 210) and (16, 0, 12, 0, 3, 0, 192)

(both given in the form (n,m3,m2,m1, m0, q, h), where the parameters are defined in
Theorem 4.3).

Proof. Considering the first data for our graph, say G, we arrive at a putative 12-regular
graphH with 15 vertices and whose eigenvalues belong to {12, 0,−3}. Thus,H is strongly
regular (see [6, Theorem 3.4.7]). Moreover, since 0 is one of the eigenvalues, it must
be complete multipartite [6, Theorem 3.4.9]. This graph is unique, and we can use it to
construct G by obeying the following rules:

• the vertices of H correspond to the vertices of one colour class of G;

• the vertices from the same colour class of H do not have common neighbours in G;

• every two vertices from different colour classes of H have exactly one common
neighbour in G.

Finally, G is the incidence graph of a block design with points 1, 2, . . . , 15 arranged
into the following 15 blocks:

4 7 10 13

5 8 11 14

6 9 12 15

1 8 12 13

2 9 10 14

3 7 11 15

1 5 10 15

2 6 11 13

3 4 12 14

1 6 7 14

2 4 8 15

3 5 9 13

1 4 9 11

2 5 7 12

3 6 8 10

The second data is considered in the same way. Now, H has 16 vertices, its eigenvalues
belong to {12, 0,−4}, and thusH is again a unique complete multipartite graph. Using the
same method, we arrive at G determined by the following blocking:

1 5 9 13

2 6 10 14

3 7 11 15

4 8 12 16

1 2 7 8

3 4 5 6

9 10 15 16

11 12 13 14

1 3 10 12

2 4 9 11

5 7 14 16

6 8 13 15

1 4 14 15

2 3 13 16

5 8 10 11

6 7 9 12

The proof is complete.
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