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ABSTRACT

ARTICLE INFO

Production coordination is a common phenomenon in supply chains. Unlike
the existing literature, we examine the production coordination problem from
the perspective of asymmetric information: how a manufacturer (leading
firm) coordinates the relationships with its subsidiary firm(s) and, subse-
quently, how market returns influence the leading firm's expected utilities,
agency cost and the subsidiary firm's expected incomes. We develop an incen-
tive contract model with asymmetric information based on principal-agent
theory. Comparative analysis and simulations are conducted to test the model.
Results show that the leading firm's expected utilities and agency cost and the
subsidiary firm's expected incomes are significantly affected by the subsidiary
firm's capability, cost coefficient, absolute risk aversion factor and output
variance (common factors); sharp differences among the leading firm's ex-
pected utilities and agency cost and the subsidiary firm's expected incomes
were found due to different market returns. Thus, the proposed approach
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(incentive contract model) can help leading firms apply incentives to optimize
production modes to obtain production coordination while considering com-
mon factors; market returns differences are included in the new model, in
contrast to previous approaches.

© 2017 PEI, University of Maribor. All rights reserved.

1. Introduction

Production coordination is related to demand, inventory status, production plan, production
time, promotion plan, demand forecast and sharing transportation routes (Lee, 2000) [1]. With
the development of the supply chain, production coordination will become increasingly complex,
and production activities of the supply chain cannot be achieved until bodies of resources (the
principal: leading firm, and agent: subsidiary firm) are motivated. Therefore, the problem of
production coordination urgently needs to be solved. An optimizing algorithm and tools have
been developed to solve the production coordination problem; for example, Maticevic, et al.
(2007) used the theory of ERP (enterprise resource planning) to achieve internal supply chain
coordination for production[2]; Gong, et al. (2015) created a mathematical model and performed
a simulation for the resource sharing model's impact on supply chain efficiency[3]; Gali¢, et al.
(2016) put forward multiple criteria solver (MCS) optimizations to solve an asphalt supply chain
problem, and simulation results justified that the proposed model can eliminate the lack of an
original model [4].

Incentive theory is an important way to solve the production coordination problem. With the
background of the global manufacturing network, Jiao, You and Kumar (2006) established an
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agent-based (leading firms and subsidiary firms involved in production coordination) and con-
tracted-based (market demand) model, which is a useful method to address the production co-
ordination problem|[5]. Sahay (2003) believed that the mechanism design was important for the
production coordination, and the sharing of information, risk and revenue was essential [6].
With the help of cooperative game theory, Nagarajan and Sos‘ic’(2008) analyzed the integration
problem of production coordination and proposed the theory of ‘vision’, which provided a new
mode of production coordination[7]. Brintrup (2008) established an agent-based, target-based
and role-based model to select suppliers to reduce transaction time and increase corporate rev-
enue[8]. In order to meet customers' needs, Akanle and Zhang (2008) proposed optimizing the
configuration for production coordination, so they built an agent-based model to coordinate
bidding and obtained the optimum based on a genetic algorithm[9]. Yi, et al. (2016) combined
put options and selective returns in a proposed contract model and constructed a two-echelon
supply chain to analyze risk coordination in supply chains[10]. By applying bargaining theory,
Saha, et al. (2014) found that inventory-level and retail-price-dependent demand can play an
important role in supply chain coordination contracts[11]. Xu, et al. (2015) analyzed consumer
return behavior's effect on buy-back contracts in order to coordinate a robust supply chain[12].

To some extent, the focus of production coordination is principal-agent. In production coor-
dination, principal-agent theory can be developed to cope with the contract relations problem.
Principal-agent theory is derived from rational choice model, in which the principal's initial ac-
tions are available for agent(s) as incentives to help them make decisions that the principal pre-
fers. Principal-agent theory focuses on the responsive decisions of the agents to to the principal’s
goal and on how the responsive decisions can be mediated by their actions. In order to operate
an effective production coordination network, the leading firm should conduct a comprehensive
analysis of actors' (agents’) decisions (Compte and Jehiel, 2008) [13]. For the analysis of princi-
pal-agent problems in the production coordination network, we focus on the understanding of
different roles and their power positions (Kulp, 2002) [14]. In the view of adaptive contract de-
sign, Ho, et al. (2016) considered Bandit algorithms to solve repeated principal-agent problems
in crowd-sourcing markets[15]. When there exists asymmetric information between the princi-
pal and agent, the agent must try its best to achieve his own maximum benefit. With asymmetric
information, a distinct strategy should be determined due to the agent's hidden intentions. Con-
sequently, adverse selection and moral hazard arise (Herwig and Sascha, 2011) [16]. Therefore,
there is a need to formulate proper conduct regulations for production coordination in business
activities (Keser and Willinger, 2007) [17]. Rubin, et al. (2016) focused on the principal-agent
algorithm itself, and the results of a gift-exchange experiment showed that the introduction of
shocks can significantly reduce the likelihood that the agent will fulfill the contract[18].

To sum up, existing literatures focus mainly on resource configuration, production manage-
ment, the trust mechanism and the agent model, and the full qualitative descriptions of the prin-
cipal-agent problem (Herwig and Sascha, 2011) [16]. A wide spectrum of goals, such as wages
and premiums, are used as the utility function of the principal and agents (Mukherji et al., 2007)
[19]. However, there is a gap in the literature related to production coordination and market
returns' effect, that is, in asymmetric information, how a manufacturer (leading firm) coordi-
nates the relationships with its subsidiary firm(s) and, subsequently, how market returns influ-
ence the leading firm's expected utilities and agency cost and the subsidiary firm's expected in-
comes.

In this paper, based on principal-agent theory, the incentive contract model is constructed in
the context of asymmetric information. Additionally, a comparative analysis and simulations are
carried out for the leading firm’s expected utilities, the subsidiary firm’s expected incomes and
the leading firm’s agency cost. Thus, this chapter is organized as follows: we first conduct a com-
prehensive review that forms the theoretical foundation of this study. Section 2 discusses appli-
cations of principal-agent models to production coordination. Section 3 discusses solutions of
principal-agent models for production coordination. Section 4 presents the simulations. Section
5 concludes.
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2. Principal-agent model of production coordination
2.1 The factors related to the model

The principal-agent theory focuses on the rational choice model in which the agent has several
tasks to fulfill for the principal. In order to fulfill the tasks, the agent has free access to several
means and tools. However, the principal expects the agent to make decisions that the principal
prefers. Inevitably, objective conflicts between the principal and agent often arise, and both of
them want their maximum benefit; in particular, opportunistic practices of deceit and fraud are
possible. Mechanism design is effective way of tackling the principal-agent problem by looking
for the common factors related to both the principal and the agent in the context of asymmetric
information (Lal and Srinivasan, 1993) [20]. The factors related to both actors consist of the
leading firm'’s expected utilities, the subsidiary firm’s expected incomes and the leading firm'’s
agency cost. In this paper, one leading firm is assumed (the principal), and one subsidiary firm is
assumed (the agent).

(1) The leading firm's expected utilities

The leading firm provides products or services to its departments, the subsidiary firm is re-
sponsible for the provision of products or services, and the total utilities that the product or ser-
vice brings about will be owned by the leading firm. In order to stimulate the subsidiary firm, the
leading firm needs to pay for the subsidiary firm, which is called remuneration. Therefore, the
leading firm'’s utilities are obtained by deducting from the total utilities. The leading firm is risk
neutral, and its utilities can be made by market sales (considering the service price only) or prof-
its (considering the service cost and service price), but the market profit method is more scien-
tific.

(2) The subsidiary firm's expected incomes

The subsidiary firm can obtain incomes by gaining market share or other ways; at the same
time, it must pay a certain cost, including economic cost and risk cost, so the subsidiary firm is
risk averse, and it will not make enough efforts to conduct innovation due to the structure of
income; thus, it is not conducive to the leading firm’s utilities.

(3) The leading firm's agency cost

The subsidiary firm possesses private information, and it will avoid making efforts. Therefore,
the leading firm needs to monitor the subsidiary firm, thus guaranteeing that the subsidiary firm
makes as much effort as possible to increase the utilities of its products or services. However,
the monitoring will inevitably increase the leading firm’s agency cost, which includes the risk
cost and the incentive cost (referring to the different utilities that the subsidiary firm brings
about in the context of symmetric information and asymmetric information).

In the production coordination process, the leading firm wants to increase its own utilities
and decrease its agency cost, and the subsidiary firm tries its best to avoid working but wants to
gain market share. The goal of cooperative production is to look for the common factors related
to the leading firm’s expected utilities, the subsidiary firm’s expected incomes and the leading
firm’s agency cost. Based on common factors, the leading firm creates industry policy to realize
cooperative production (Fig. 1).
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Fig. 1 The common factors
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In Fig. 1, many factors affect the leading firm’s expected utilities, the subsidiary firm’s ex-
pected incomes and the leading firm’s agency cost in production coordination. The common fac-
tors related to the leading firm’s expected utilities, the subsidiary firm’s expected incomes and
the leading firm'’s agency cost can be calculated based on a mechanism design.

2.2 The improved model
(1) Market returns model 1 (the price p and cost c are not considered)

The utilities U (that yield Q) are the market gains when the subsidiary firm provides products or
services to the users with a certain level of effort, and U is subjected to the subsidiary firm'’s abil-
ity, market prosperity and market randomness. Therefore, U = Af (e) + B + 6,where A is the
subsidiary firm’s ability (4 > 0); e is the effort, f (e)is the function, and f’(e) > 0, which means
that marginal yields are positive and that yields are positive with subsidiary firm ability;
f"(e) < 0, which means that the rate of yields is decreasing; The constant B is market prosperi-
ty; 6 is market randomness, and 8~N (0, 52)(o?is the output variance).

Theorem 1: The linear relation of the model is still reasonable when f(e) = e.

Proof: If f(e) =e™, where 0 <7l <1, equation f(e) = e" is consistent with the re-
strictions above. Supposing E = e™ soU = AE + B + 6. Additionally, we can see the full linear
relations in expression e™ - E - U, soU = Af(e) + B + 0 is simplified asU = Ae + B+ 0
when f(e) = e.

The subsidiary firm generates sales with a certain level of effort, so the leading firm needs to
pay for the subsidiary firm’s work s(U) = a + BU,where « is the fixed income, § is the user’s
share gains.

Theorem 2: The subsidiary firm and the leading firm will obtain the same market gain share
when the gain in market share is normally distributed.

Proof: The leading firm wants B¢, while the subsidiary firm wants 3, (Br<B.), the third party
could supposedly decide the reasonable market share gain f when knowing frand f,,. By differ-
entiating frand S, we can obtain

) gy = () :
And B~N(u,02),s0

Bty < By” = By =1/ f(W)=VZro 2

The optimum market share gain for the subsidiary firm and the leading firm will be

b+ [Eo b= [Eo 3

Finally, the subsidiary firm and the leading firm will gain the same market share y (¢ = 0).
Therefore, the leading firm’s expected utilities are

EU-sU)=—a+EQ-BU=—a+ (1 —-pB)(Ae +B) (4)

The subsidiary firm’s direct cost is C(e) when providing products or services, and
C'(e) >0,C"(e) = 0.WesetC(e) =me™, wherem >0,72>1, andE =e",soC(e) = mE™
(r3 =72/r1 > 1).C(e) = mE" is consistent with the restrictions above, so C(e) = mE" can be
simplified as C(e) = bez/Z whenm = b/2,r3 = 2, where b is the cost coefficient.

In addition, the subsidiary firm must pay the risk cost when participating in collaborative in-
centive contracts, and the subsidiary firm’s certainty equivalent profits (I) can reflect its actual
income. Set the utilities u = —e”! (exponential distribution) for the subsidiary firm, where r is
the absolute risk aversion factor, and r > 0, z~N(m, nz). The subsidiary firm’s expected utilities
are
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+00 1 (z—m)2 r(m rnz)
E(u) =f —e T2 e % dz=—e 'V 2 5
oo V2nn )

E(w) =u(l), so _e—T(m—ﬁ) =—e™D, J=m- TZLZ . 8~N(0,02), so random variable
I, = a + (Ae + B + 0) — be?/2 obeys a normal distribution, and the subsidiary firm’s expected
profits are

El, = a + f(Ae + B) — be?/2 (6)

2
The variance of the subsidiary firm'’s profits is DI; = 26?2, and in equation | = m — % mis

the mean (EI;), nis the variance(DI), so the subsidiary firm'’s certainty equivalent profits are
I =a+ f(Ae + B) — be?/2—rB%c?%/2 (7

Where 8202 /2 is the risk cost. s is the lowest profit that the subsidiary firm requires, and
the subsidiary firm will not participate in an incentive contract when the equivalent profit is less
than s. Therefore, the prerequisite that the subsidiary firm participates in the incentive contract
is

a + B(Ae + B) — be?/2—rp?c% /2 = s (8)

Combined with our previous research [21], the production coordination model based on
principal-agent theory is
E(U-s(U)) = max{—a + (1 — B)(4e + B)}
{argmax{a+ﬁ(Ae+B) — be?/2 —rp?a?/2} 9
‘U a+p(le+B)—be?/2—rp%c?/2 =5
(2) Market returns model 2 (the price p and cost c are considered)
In model 1, the utilities U are calculated by yield Q; in this model, p is the price of products or
services,(p — ¢)Q is the user’s returns, and therefore, leading firm utilities are

EWU) =E((p—c)Q—-s(Q) =—-a+ 1 —-p)p—c)(de+B) (10)
The subsidiary firm'’s certainty equivalent profits are
I=a+f(—c)(de+ B)—be?/2—r(p — c)?B?c?/2 (11)

Additionally, the production coordination model based on principal-agent theory is

E(U-5s()) = max{—a + (1 — B)(p — c)(4e + B)}
. {argmax{a’ + B(p —c)(Ae + B) — be?/2 —r(p — ¢)?B?a?/2} (12)
‘U a+pBp-c)de+B)—be?/2—r(p—c)?B?c?/2>s

3. The solution for the production coordination model
3.1 Market returns model 1 (the price p and cost c are not considered)
(1) Symmetric information

The leading firm can monitor the subsidiary firm in the case of symmetric information, and the
leading firm will not motivate subsidiary firm. At the same time, the leading firm must pay the
least even if the subsidiary firm wants the most. Based on the game relations, the subsidiary firm
will gain the least in the end (s). Therefore, the cooperative production coordination model in-
cluding the leading firm and the subsidiary firm changes as follows:

Advances in Production Engineering & Management 12(1) 2017 55



Gong, Tang, Liu, Li

E(U — S(U)) = max{—a + (1 — B)(4e + B)}

13
s.t. a+ f(Ae+ B)—be?/2 —rp?c?/2 =5 (13)

The differentiation for e yields
{a + B(de + B) — be?/2 —rp%0?%/2 — s} =0 (14)

. A - . .
Soef = Tﬁ.ln the case of symmetric information, market share gains f§ cannot change regard-

less of whether the subsidiary firm works hard or not, and the leading firm will not motivate the
subsidiary firm to gain market share, and the subsidiary firm will obtain unchanged revenue in
the end. So, e; ~ e* = A/b, B is neglected. Then, aj ~ a* = s + A%/2b.

(2) Asymmetric information
In the case of asymmetric information, the subsidiary firm will try its best to increase s when
(a, B) is given. Do differentiation for e,

{a + f(Ae + B) — be?/2 —rf?c%/2 -5} =0 (15)

so e = Af/b. Then, the leading firm takes actions to increase its expected utilities when observ-
ing e, that is,
E(U — s(U)) = max{—a + (1 — B)(de + B)}

; {a+,8(Ae+B)—be2/2—r,8202/2 =s (16)
S b e =AB/b
The differentiation for § yields
{—a+(1-pB)Ae+B)} =0 (17)
so,
B1 = (A®> — Bb)/2A* (18)

Actually, a rational subsidiary firm will obtain s at most, that is,
a + B(Ae + B) — be?/2 —rB?c%/2 =s (19)

Both the subsidiary firm and the leading firm will determine 8, and market share gain f§ is
known by the leading firm and the subsidiary firm. The differentiation for g yields

{a + f(Ae + B) — be?/2 —rp?c?/2}' =0 (20)
S0,
B, = Bb/(rba? — A?) 1)

And B, = B, , B = (A% — 24?B,) /b, therefore,

B =1/(1+rba?/A?) (22)
a=s+be?/2 +rp%c?%/2 — f(Ae + B) (23)
e = A,B/b (24)

And s(U) = s + be?/2 + rB%0?/2. Eventually, the leading firm’s expected utilities (a, 3 are
known) are
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E(U—-5s(U)) =B —s+A?/2b(1 +rba?/A?%) (25)
The subsidiary firm’s expected incomes (o, § are known) are
E(s(U)) = s + A?/2b(1 + rbo?/A?%) (26)

The subsidiary firm’s expected profits must be s regardless of whether it works hard or not,
and the leading firm should motivate the subsidiary firm through expected incomes instead of
expected profits, so this paper will discuss the subsidiary firm’s expected incomes. In the case of
asymmetric information, the principal cannot observe the agent's effort. Therefore, there are
two additional kinds of agency costs compared with symmetric information: one is the risk cost;
another is the incentive cost. In the case of symmetric information, the leading firm’s risk cost is

0; in the case of asymmetric information, the leading firm'’s risk cost is
rf?o? ro?

2 rbaz)z (27)

2(1+23

The incentive cost refers to the difference between high expected revenue with symmetric in-

formation and low expected revenue with asymmetric information. For this reason, the subsidi-

ary firm works harder in the case of symmetric information than in the case of asymmetric in-

formation. Therefore, the leading firm’s expected utilities will decrease in the case of asymmetric
information. Therefore, the leading firm’s incentive cost is

br?g*/A?
E(L) =(Ae*+B—C(e*))—(Ae+ B —C(e)) == 28
@ =( () - ( ) == 30 11597 /475 (28)

Then, the leading firm’s agency cost is
2

ro
TC=R+E(L) = 29
¢ TEWL) 2(1 +rba?/A?) (29)
3.2 Market returns model 2 (the price p and cost c are considered)
Similarly, the leading firm’s expected utilities are
E(U = s(W)) = (p— O)B — 5 + —P— ) A7
p 2b(1 + rbo?/A%) (30)
The subsidiary firm'’s expected incomes are
(p —0)*A?
E(s(U)) = 31
(sW) =+ 25 T rhoz A7) (31)
The leading firm’s agency cost is
—¢)*ra?
TC=R+E(L) = (P =9 (32)

2(1 +rba?/A?)

4. The simulation

In order to clarify the factors’ relations, the paper conducts a mathematical simulation of the
leading firm’s expected utilities E(U — S(U)), the subsidiary firm’s expected incomes E(s(U))
and the leading firm’s agency cost TC (4, b,r, B,s,a? > 0) based on MATLAB.
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4.1 The simulation of the leading firm’s expected utilities E(U — s(U)), the subsidiary firm’s ability
A and the absolute risk aversion factor r

(1) Market returns model 1 (the price p and cost c are not considered)

The simulation setting is shown below: cost coefficient b = 0.5, output variance g% = 20000,
market prosperity B = 10000, subsidiary firm lowest profits = 100000.The MATLAB simula-
tion procedure is as follows: Initialization (B, s, the interval for A: i € [1000,11000], the interval
forr:j € [0,10000], array computations (inputi jand function), the interval check (ifi <
Max(i) and j < Max(j), computing continues, otherwise computing ends) The code for the
function is as follows (others omitted):

b(1,))

S, ) = ((a(1,i) *xa(1,i))/(1 + (10000 * L) *a(l, i))))) +(x—y) (33)

The relations between E(U - S(U)), A and r are shown in Fig. 2.

EW - s(U))

Fig. 2 The relations between E(U - S(U)), Aandr (1)

Fig. 2 indicates that E(U — s(U)) is positive with A4; E(U — s(U))is negative with r.
(2) Market returns model 2 (the price p and cost c are considered)

The simulation setting is shown below: p = 100, c = 50; the others are the same as above. The
code for the function is as follows (others omitted):

b(1,))
a(1,i)

SFG,j) = (2500 * (a(1, i) * a(1,0))/(1 + <1oooo * «a(l, i))))) +((50%x)—=y) (34)

The relations between E(U — s(U)), A and r are shown in Fig. 3. In Fig. 3, the results are simi-
lar to those in Fig. 2, but the magnitude of relations between E(U - S(U)), A and r is times
greater in Fig. 4 compared with Fig. 3, so p and c affect the model most.

Fig. 3 The relations between E(U — s(U)), Aand r (2)
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4.2 The simulation of the leading firm’s expected utilities E(U — s(U)), cost coefficient b, and
market prosperity B

(1) Market returns model 1 (the price p and cost c are not considered)

The simulation setting is shown below: subsidiary firm ability A = 5000, output variance
0? = 20000, subsidiary firm absolute risk aversion factor r = 500, subsidiary firm lowest
profit s = 100000.The code for the function is as follows (others omitted):

Sf(i,J) = (25000000/(2 * b(1,)) * (1 + 0.4 = b(1,))) + (a(1,i) — 100000) (35)

The relations between E(U — s(U)), B and b are shown in Fig. 4.

x 10

Fig. 4 The relations between E(U — s(U)), B and b (1)

Fig. 4 indicates that E(U — s(U)) is negative with b; E(U — s(U)) is positive with B.
(2) Market returns model 2 (the price p and cost c are considered)

The simulation setting is shown below: p = 100, ¢ = 50; the others are the same as above. The
code for the function is as follows (others omitted):

Sf(i,j) = (2500 * 25000000/ (2 = b(1,j) * (1 + 0.4 * b(1,/))) + (50 = a(1,i) — 100000) 36)

The relations between E(U - S(U)), B and b are shown in Fig. 5. In Fig. 5, the results are
similar to those in Fig. 4, but the magnitude of relations between E(U - S(U)), B and b is 104
times greater, so p and c affect the model most. Additionally, we find that E(U - s(U))is nega-
tive with s; E(U - s(U)) is negative with a?; and p and c affect the model most. Based on the
analysis above, the relations between factors (4, b, 7, B, s, 02), E(s(U)) and TC can be calculated
as well.

EWU - s(U))

Fig. 5 The relations between E(U — s(U)), B and b (2)
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To sum up, the leading firm’s expected utilities E(U - s(U)), the subsidiary firm’s expected
incomes E(s(U)) and the leading firm’s agency costTCare all affected by the subsidiary firm’s
ability A, the cost coefficient b, the absolute risk aversion factor r and the output
ance 0%; E(U — s(U)), E(s(U)) and TCdiffer (p — ¢)? times due to the market returns model 1

(the price p and cost c are not considered) compared with the market returns model 2 (the
price p and cost c are considered).

5. Conclusion

Production networks are an effective way to realize production coordination. The leading firm
and the subsidiary firm comprise production networks and enhance production networks' core
competencies if parties are united. In the production networks, the leading firm has a special
market position due to its access to critical resources. Additionally, the leading firm greatly de-
termines the goals followed by the subsidiary firm in production networks. Inevitably, objective
conflicts between the principal and agent often arise, as both of them want their maximum bene-
fit, and in particular, opportunistic practices of deceit and fraud are possible.

Mechanism design is an effective way to tackle the principal-agent problem by looking for the
common factors related to both the principal and the agent in the case of asymmetric infor-
mation. The paper develops a principal-agent theory for production coordination. The goal of
the principal-agent theory is to analyze the problems occurring between the leading firm and the
subsidiary firm and to find the common factors of production coordination, develop solutions for
these problems, and the needs of incentive contracts to fulfill the leading firm's requirements
and the subsidiary firm’s profit. The findings of the simulation help to illuminate the potential
behavioral uncertainties between the leading firm and the subsidiary firm and to apply the op-
timal kinds of measures in production coordination. The leading firm’s expected utilities, the
subsidiary firm’s expected incomes and the leading firm’s agency cost are all affected by the sub-
sidiary firm’s ability 4, cost coefficient b, absolute risk aversion factor r and output variance 2.
The leading firm’s expected utilities, the subsidiary firm’s expected incomes and the leading
firm'’s agency cost differ thousands of times due to the different market returns (the price p and
cost c are considered or not). The common factors related to both actors are the leading firm'’s
expected utilities, the subsidiary firm’s expected incomes and the leading firm’s agency cost; in
particular, the difference in market returns is included in the new model, in contrast to previous
approaches. Thus, the proposed approach (incentive contract model) can help the leading firm
apply incentives to optimize production modes to achieve production coordination while taking
into account these common factors and market returns.

In the model of Pareto loss, the leading firm and the subsidiary firm will make efforts to re-
negotiate jointly to increase the effort e (e = fA/b); in Pareto improvement, the utilities for the
leading firm and the subsidiary firm will increase. Therefore, we should improve the subsidiary
firm’s ability, reduce the subsidiary firm'’s cost coefficient, lower the subsidiary firm’s absolute
risk aversion, and pay attention to random market factors. The leading firm can take on incen-
tive measures to optimize production coordination based on the common factors.
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