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Abstract

For a simple graph G with n vertices and m edges, the inequality MlT(G) < M"’T(G),
where M;(G) and M>(G) are the first and the second Zagreb indices of G, is known as
Zagreb indices inequality. Recently Vukicevi¢ and Graovac [12], and Caporossi, Hansen
and VukicCevi¢ [3] proved that this inequality holds for trees and unicyclic graphs, respec-

tively. Here, alternative and shorter proofs of these results are presented.
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1 Introduction

The first and second Zagreb indices are among the oldest topological indices, defined in
1972 by Gutman et al. [5], and are given different names in the literature, such as the
Zagreb group indices, the Zagreb group parameters and most often, the Zagreb indices.
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Since then, they have been used to study molecular complexity, chirality, ZE-isomerism
and hetero-systems (see [!, 4, 8, 10, 14]).

In the following, let G = (V, E) be a simple graph with n = |V/| vertices and m = |E|
edges. These indices are defined as

Mi(G) =) d)* and My(G)= > d(u)d(v),

veV uveE

where d(u) stands for the degree of vertex u. For the sake of simplicity, we will often use
M and M, instead of M;(G) and My (G), respectively.

In 2003, an article [9] repopularized Zagreb indices, and since then a lot of work was
done on this topic. For more results concerning Zagreb indices see [7, 13]. Comparing the
values of these indices on the same graph was one very natural aim, which gave, and still
gives, very interesting results. At first the next conjecture was proposed [2]:

Conjecture 1.1. For all simple graphs G,

My (G) < Ms(G) (.0

n m

and the bound is tight for complete graphs.

If the graph is regular then this bound is tight, but it is also tight if G is a star. This
inequality holds for trees [12], graphs of maximum degree four, i.e. so called chemical
graphs [6] and unicyclic graphs [3], but does not hold in general. See [6, 12, 3, 11] for
various examples of graphs dissatisfying the inequality (1.1).

For a connected graph G, the cyclomatic number is v(G) = m — n + 1. Thus, every
tree has cyclomatic number 0. A graph whose cyclomatic number is 1 is called unicyclic.
Note that such a graph has precisely one cycle.

In chemistry trees, unicyclic graphs, bicyclic graphs, and so on, are very important
graphs since they represent classes of molecules. Trees are graph representation of acyclic
molecules like alkanes (also known as paraffins). Cycloalkanes are types of alkanes which
have one or more rings of carbon atoms in the chemical structure of their molecules, so
their graphs are unicyclic graphs, bicyclic graphs, etc.

In this paper we present alternative proofs concerning the Zagreb indices inequality for
trees and unicyclic graphs.

2 An alternative proof for trees and unicyclic graphs

As we said before, trees and unicyclic graphs satisfy M7 /n < Ms/m. Here, these results
are proven in a shorter way.

A star with k edges is called a k-star. A path of length & is called a k-path. Let p3(G) be
the number of 3-paths, p2(G) the number of 2-paths, and C3(G) is the number of 3-cycles
in G. Note that

ps(G) +3C5(G) = Y (d(v) = 1)(d(u) — 1), 2.1)

uvel

where uv in the summation is the middle edge of the (d(u) — 1) (d(v) — 1) corresponding
3-paths. Obviously, a 3-path corresponds to a 3-cycle when its endvertices coincide.
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M M.
Theorem 2.1. For any tree G # K3, it holds =L < 22 Moreover, equality holds if and
n m

only if G is a star.

Proof. 1f G is a k-star, then M7 = kn and My = km, by which we have equality in (1.1).
So assume now that G has at least two internal adjacent vertices v and v and that v is the
only internal neighbor of u. Observe that M1 =\, d(v)? = 2(p2(G) + m). We have

M= 3 {(d(“) — 1)(d(u) = 1) + (d(u) + d(v)) = 1| = p3(G) + My —m. (22)
weE

Now, since m = n — 1, we obtain

(n — 1)M1 < nMs
(n—1M; <nlps(G)+ M; — (n—1)]
2 02(G) + (n— 1)) — (n—1).

0 <p3(G)+—

n
Notice that p2(G) > 2 for every tree on at least 4 vertices. Now, we will prove that
p3(G) > n — 3, and this will establish the theorem. Let [y, ..., [; be the leaves adjacent
to u, and let w # u be a neighbor of v. To any vertex = at distance at least 2 from
u we associate the 3-path built from the first three edges of the shortest path from z to
ly. To any leaf [;, (i # 1), we associate the path from w to ;. These 3-paths being all
different, we associated a 3-path to any vertex except three, namely [;, u, v, which ensures
that p3(G) > n — 3. O

M M.
Theorem 2.2. For any unicyclic graph G, it holds =1 < =2 Moreover, equality holds
n m
if and only if G is a cycle.

Proof. Since G is an unicyclic graph, m = n, and so we need to show M; < M,. If G is
a k-cycle then M; = 4k = Ms, and we have equality in (1.1). So, assume that G is not a
cycle, C = x124 - - - 2327 is the unique cycle of G and z has a neighbor y ¢ V(C'). From
(2.1) and the left equality of (2.2), we have

Mg = pg(G) + 303(G) + M1 —m.

It is enough to show that M; + 1 < My which is equivalent to M7 < p3(G) + 3C3(G) +
M; — n — 1, and hence is equivalent to

n+1 < ps(G) +3C5(G). 2.3)

Now, remove the edge 1z from the cycle. Then G — x5 is a tree and p3(G — x1x2) >
n — 3. Including yz ;2223 we have at least n — 2 different 3-paths.

If C is a 3-cycle, then it is obvious that (2.3) holds. Now, assume [ > 4. Observe
that x129T324, X1T1T2T3, Tj—12;T1 T2 are 3-paths all distinct from the 3-paths described.
Hence, p3(G) > n + 1. This implies (2.3). O
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