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Abstract

In this note, we consider transitive permutation groups of degree 2p, where p is an odd
prime, that admit blocks of imprimitivity of size 2 but no blocks of imprimitivity of size p.
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Permutation groups of some special degrees have been a subject of investigation of sev-
eral distinguished authors, including Burnside who classified permutation groups of prime
degree (see for example [1, Corollary 3.5B]). A natural next step, a classification of prim-
itive permutation groups of twice a prime degree, was first attempted by Wielandt [9], and
completed as a consequence of the classification of finite simple groups.

Recently several authors have become interested in the study of imprimitive permutation
groups of some simple composite degrees. For example, permutation groups of prime-power
degree were investigated in [3, 4], while imprimitive permutation groups of degree twice a
prime were studied by Lefevre [5], Marusic [6], and Marusi¢ and Potocnik [7].

In this note we present a new result on imprimitive permutation groups of degree twice
a prime that serves as a crucial tool in the classification of homogeneously almost self-
complementary graphs of order four times a prime in [§]. We use standard terminology
and notation as introduced in [9] and [8].
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Theorem 1. Let p be an odd prime, V a set of size 2p, G a transitive permutation group on
V, and P a Sylow p-subgroup of G. Then P has two orbits on V, each of size p. Suppose
further that the orbits of P are not blocks of imprimitivity for G, but that there exists a G-
invariant partition B of V into blocks of size 2. Let K = Ker(G — GB) denote the kernel of
the induced action of G on B. Then one of the following occurs:

() |K| < 2, G® is a non-solvable 2-transitive group, and for every B € B and v € B the
stabilizer G,, acts transitively on the set V '\ B;
(ii) |K| > 4 and either
(@ p=3 |K|=4;or

(b) for any B, B' € B there exist a third block B" € B\ {B, B’} and a permutation
7 in K acting non-trivially on each of B, B’, and B .

In both cases, for any two blocks B, B' € B there exists a permutation in G fixing B pointwise
and B’ setwise but not pointwise. Moreover, in Case (ii) such a permutation exists in K.

Proof. Since the size of every P-orbit is a power of p and the size of a smallest P-orbit is p
by [9, Theorem 3.4], the group P has indeed exactly two orbits on V, each of size p. Now,
let B be a G-invariant partition of V' into blocks of size 2 and f: G — GP the natural group
epimorphism with kernel K. Since the order of K is a power of 2, the intersection K N P is
trivial and P = f(P) = PB. In particular, P is isomorphic to a p-subgroup of the symmetric
group Sym(p) and is therefore of order p. Choose a generator p of P and a pointv € V. Let
v’ denote the unique point in V' such that B = {v,v'} € B, and for all ¢ € Z,, let v; = VP,

v = v, and B; = {vi,v}}. Then B = {B; | i € Z,}. We shall first prove the following
statement:

(A): If GB is non-solvable, then it is 2-transitive, and for every B € Band u € B the
stabilizer G,, acts transitively on the set V' \ B. In particular, for any B, B’ € B there exists
a permutation in G fixing B pointwise and B’ setwise but not pointwise.

Assume therefore that G is non-solvable. Then it is 2-transitive by a well-known the-
orem of Burnside (see for example [1, Corollary 3.5 B]). Clearly, the set B = {(w,w") |
{w,w’} € B} is a self-paired G-orbital on V' (that is, an orbit of the natural action of G on
V2 with (w,w’) € B if and only if (w’,w) € B). Let us prove that there exists at least one
more self-paired G-orbital on V.

Suppose, on the contrary, that all other GG-orbitals are non-self-paired. This, in particular,
implies that every orbit of size 2 of every permutation in G has to be of the form {w, w'} € B.
Since G® is 2-transitive, there exists a € G swapping two blocks B;, B; € B. Moreover,
by taking an appropriate odd power of o, we may assume that the order of « is a power of
2. Since |B| is odd, « fixes setwise at least one block B’ € B. Since a has no orbits of size
2 on B; U By, its square a? fixes each of B; and B; setwise but neither of them pointwise,
while fixing B’ pointwise. Since G is 2-transitive, there exists an element 3 € G swapping
B’ and B;. However, observe that either 3 or a3 has two orbits of size 2 between B’ and
Bj, contradicting the assumption that there are no self-paired G-orbitals on V' other than B.

Now, let A be a self-paired G-orbital distinct from E, and let X = DiGr(V, A) be the
corresponding orbital digraph of GG. Since A is self-paired, X is in fact a graph. To show
that G,, acts transitively on V' \ B for any B € B and u € B, it suffices to prove that
A = {(u,v) | u,v € V,u # v}\ B, or equivalently, that X is isomorphic to the lexicographic
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Figure 1: Graphs L, M, and C.

product K, ¢ K»°. To this end, consider the sets A; ; of ordered pairs (u,v) € A such
that u,v € B; U By, i,j € Zp, i # j, and the corresponding graphs X, ; = DiGr(B; U
Bj,A; ;). Since GB is 2-transitive, all these graphs are isomorphic to the same bipartite
graph I". Moreover, since G acts transitively on the arcs of X, the graph I" is arc-transitive and
thus isomorphic to one of the graphs L, M, and C (see Figure 1). Let 7 be the permutation on
V preserving each block in B setwise but not pointwise. This permutation clearly commutes
with every permutation on V' preserving the partition 3. In particular, it centralizes the group
G, and therefore A7 is also a G-orbital (note that A™ = A if and only if I' € {M, C}). Let
A= AUA" and Y = DiGr(V,A’). Then G < Aut(Y). If the graph I" € {M, L}, then
Y is clearly a double cover over the complete graph K,,. However, by [6, Lemma 6.1], the
orbits of P on V form a system of blocks of imprimitivity for Aut(Y"), and therefore also
for G, contradicting our assumptions. This shows that I' = C and thus X = K K>C as
required. Hence for any B € B and u € B, we have that G,, acts transitively on V' \ B.
In addition, observe that for any two blocks B, B’ € B, the stabilizer G, of a vertex v in B
contains a permutation mapping a vertex in B’ to the other vertex in B’. Such a permutation
clearly fixes B pointwise and B’ setwise but not pointwise. The proof of Claim (A) is thus
completed.

We would like to mention here that claim (A) can also be proved by using some rather
different techniques, contained in [2, Theorem 2.4]; we thank the anonymous referee for
pointing this out.

Now consider the kernel K = Ker(G — G®). Suppose first that |K| < 2. If G is
solvable, then its Sylow p-subgroup P? is normal in GB by [1, Corollary 3.5B], and so its
preimage f~'(PB) = (P, K) is normal in G. Since K is normal in G and hence normalized
by P, which is of order p, the group (P, K) is cyclic of order p or 2p. In either case, P is
characteristic in (P, K') and therefore normal in G. Consequently, the P-orbits on V' form a
G-invariant partition of V', contradicting the assumption of the theorem. Hence G is non-
solvable and Claim (i) follows directly from (A).

We may therefore assume that |[K| > 2. Since K is an elementary abelian 2-group, we
have that |K| > 4. Let us first prove that for any two blocks in B there exists an element
in K acting trivially on any one of them and non-trivially on the other. If this is not the
case, then there exist two blocks B, B’ € B such that every element of K fixing B pointwise
also fixes B’ pointwise. Hence the pointwise stabilizers K () and K (py are the same. Let
§ € Zj, be such that B’ = B*". Then Kpy = Ky = K(B)ps, and since p°® generates
P, we can see that K (B) is normalized by P. Since, on the other hand, P acts transitively
by conjugation on {K g |B" € B}, it follows that K(gy = Kp) for every B"” € B,
and hence | K| = 2, which contradicts our assumption. Therefore, for any two blocks in B
there exists a permutation in K fixing the first block pointwise and the second setwise but not
pointwise.
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Now, if p = 3, then either | K| = 4 and we have Claim (a), or | K| = 8 and we have Claim
(b). We may therefore assume that p > 5. Let B, B’ € B be arbitrary two blocks. As we
have seen in the previous paragraph, there exist ¢, 1) € K such that ¢|g and ¢| g are trivial
permutations while ¢|ps and t| g are non-trivial. The product ¢ = ¢1) then acts non-trivially
on both B and B’. If ¥ acts non-trivially on any other block B” € B\ {B, B'}, then the
statement of the lemma holds. So we may assume that +J is trivial on all blocks in B\ {B, B'}.
Let 7 = 997 if B’ = Bf,let 7 = 90 if B’ = B* , and let 7 = 09” otherwise. It is
now easy to see that 7 acts non-trivially on B, B’, and at least two other blocks in 5. This
completes the proof of Claim (ii). O
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