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Abstract

Let I' = (G, o) be a signed graph, where o is the sign function on the edges of G.
The adjacency matrix of I is defined canonically. Let (K, 4,0), p < g, be a complete
bipartite signed graph with bipartition (U, V;), where U, = {u1,us,...,up,} and V, =
{v1,v2,...,94}. Let (K} 4,0)[Ur U V], 7 < pand s < g, be an induced signed subgraph
on minimum vertices r+ s, which contains all negative edges of the signed graph (K, 4, 0).
In this paper, we show that the nullity of the signed graph (K, 4, o) is at least p+¢—2k—2,
where k = min(r, s). The spectrum of a complete bipartite signed graph whose negative
edges induce either a disjoint complete bipartite subgraphs or a path is determined. Finally,
we obtain the spectrum of a complete bipartite signed graph whose negative edges (positive
edges) induce a regular subgraph H. It turns out that there is a relationship between the
eigenvalues of this complete bipartite signed graph and the non-negative eigenvalues of H.
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1 Introduction

A signed graph (or briefly sigraph) I" is an ordered pair (G, o), where G = (V(G), E(G))
is a graph (called the underlying graph), and o: E(G) — {—1,1} is a sign function
defined on the edge set of G. A signed graph is all-positive (resp. all-negative) if all of its
edges are positive (resp. negative) and is denoted by I' = (G, +) (resp. I' = (G, —)). The
sign of a cycle in a signed graph is the product of the signs of its edges. A signed cycle is
said to be positive (resp. negative) if its sign is positive (resp. negative). A signed graph is
said to be balanced if none of its cycles is negative, otherwise unbalanced.

Let A(G) = (a;;) be the adjacency matrix of G. The adjacency matrix of a signed
graph I' = (G, o) is a square matrix A(T") = A(G,0) = (afj), where af; = o (v;v;) aij.
For a matrix Z, the characteristic polynomial |z/ — Z| will be denoted by ¢(Z, x). If T
is a signed graph, we use ¢(I', z) instead of ¢(A(T"), z). The eigenvalues of A(T") are the
eigenvalues of the signed graph I'. The set of all distinct eigenvalues of I" along with their
multiplicities is called the spectrum of I'. If the distinct eigenvalues of I are p11 > --- > ug,

and their multiplicities are m (u1) , ..., m (u), then we write
g1
Spec(I') = .
pec(l) ( m () . om(ug) >
The nullity of a signed graph I' is the multiplicity of the eigenvalue 0 in its spectrum. It is
denoted by n(I").

Two signed graphs I'y = (G, 01) and T's = (G2, 02) are isomorphic if there is a graph
isomorphism f: G; — G that preserves signs of the edges. If §: V(G) — {+1,—1}is
the switching function, then switching of the signed graph I' = (G, o) by 6 means changing
o to 0¥ defined by

of (uv) = B(u)o (uv)d(v).

For more information about switching and recent work on signed graphs, we refer to

We note that the sign function for the signed subgraph is the restriction of the original
function. For I' = (G, o) and X C V(G), I'[X] denotes the signed subgraph induced by
X, whileT' — X = I'[V(G)\X]. Sometimes, we also write I' — I'[X] instead of I' — X.
Let (G, K™) (resp. (G, K™)) be the signed graph whose negative edges (resp. positive
edges) induce a subgraph K. As usual, K,, denotes the complete graph of order n. The
complete bipartite graph with two parts U, = {u1,us,...,u,} and Vy = {v1, v2,...,v4}
as a partition of its vertex set is denoted by K, ,. Also, P, denotes the path on n vertices.
Jrxs denotes an all-one matrix of size » x s and O, «s denotes an all-zero matrix of size
r X S.

In the recent years, several researchers have shown interest in signed graphs, including
complete bipartite signed graphs and complete signed graphs, which have a variety of ap-
plications, see [, 2] and the references therein.

The remainder of the paper is organized as follows. In Section 2, we give some pre-
liminary results which will be used in the sequel. In Section 3, we show that the nullity of
(Kp,q,0) is at least p + ¢ — 2k — 2, where k = min(r, s) and (K, 4,0)[U, U V], r <p
and s < g, is an induced signed subgraph on minimum vertices r + s, which contain all
negative edges of the signed graph (K, 4,0). In Section 4, we determine the spectrum of
a complete bipartite signed graph whose negative edges (positive edges) induce (i) disjoint
complete bipartite subgraphs and (ii) a path. In Section 5, we determine the spectrum of
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a complete bipartite signed graph whose negative edges (positive edges) induce an regular
subgraph H. Also, we obtain a relation between the eigenvalues of this complete bipar-
tite signed graph and the non-negative eigenvalues of H. For definitions and notations of
graphs, we refer to [10].

2 Preliminaries

Consider fi1, pt2, . - . , fiy, as the eigenvalues of the signed graph I'. If for each ¢ there exists
some j such that ; +u; = 0, then we say that the spectrum is symmetric with respect to 0.
It is well known that an unsigned graph which contains at least one edge is bipartite if and
only if its spectrum considered as a set of points on the real axis is symmetric with respect
to the origin. There exist nonbipartite signed graphs with this property as can be seen in
[14]. The following result can be seen in [7].

Lemma 2.1 ([7, Theorem 2.1]). Let I" be a signed graph of order n. Then the following
statements are equivalent.

(1) Spectrum of I is symmetric about the origin,

(i) ¢(T,z) =™ + ZLEJ (—1)Fcopa™ 2, where co, are non negative integers for all
k=1,2,...,|%]

(iii) I and —I" are cospectral, where —1' is the signed graph obtained by negating sign
of each edge of T'.

Consider the matrix M having the block form as follows.

A B -~ B B
5T B ... C C

M=\ : = . @1
5T c -.- B C
g Cc .. C B

where A € Rt 3 € R™* and B,C € R***, such that n = t + cs, with c being the
number of copies of B. The spectrum of this matrix can be obtained as the union of the
spectrum of smaller matrices using the following technique given in [9]. In the statement of

the following result, Spec(k) (Z) denotes the multi-set formed by k copies of the spectrum
of Z, denoted by Spec(Z).

Lemma 2.2. Let M be a matrix of the form given in (2.1) with ¢ > 1 copies of the block
B. Then

(i) Spec(B — C) C Spec(M) with multiplicity ¢ — 1,

(ii) Spec(M)\ Spec'®™V(B — C) = Spec (M’) is the set of the remaining t + s eigen-
values of M, where

w=( e mee e )

The next two results are concerned with the spectrum of special 2 x 2 block matrices.
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OI)XI) APXQ
AT

gXxp Oqu

Lemma 2.3. Ler X = (
q > p. Then

) be a real symmetric matrix of order p + q,

(i) m(0) > ¢ —p.

(i) £./; € Spec(X), where yu is an eigenvalue of a positive semidefinite square matrix
A,,XquTX >
Proof. By the Schur complement formula, the determinant of a 2 x 2 block matrix is given
by
’ A B

c D ’ =|D||A-BD™'C|,

where A and D are square blocks and D is nonsingular. So, we have

¢(X, @) = ’ _fif% _f}”q = 29 |(21y) = Apxq (1) Agyy
axp q
= a9 % (221, — ApxqAjxp)
=z7P¢ (AquA;rXp’ ).
This completes the proof. O

OPXP APXP

pxp  Upxp
+4 € Spec(X), where 1 is an eigenvalue of the square matrix Apyp.

Corollary 24. Let X = < ) be a real symmetric matrix of order 2p. Then

We conclude this section with the following remark.

Remark 2.5. Let (K, ,, o) be a complete bipartite signed graph with bipartition (U, V),
where U, = {u1,us,...,u,} and V; = {v1,v2, ..., v, }. Then with a suitable labelling of
the vertices of (K, 4, 0), its adjacency matrix is given by

o B
( P,q ) ( B(;I'Xp quq
In view of Lemma 2.3, we observe that the spectrum of (K, 4, 0) is related with the
spectrum of the matrix B« qB;r «p- Thus from here onwards, we focus on the matrix By,
and we call it as the spectral block of the adjacency matrix of the signed graph (K, 4, o).

3 Nullity of the signed graph (K, ,, o)

In this section, we obtain a lower bound for the nullity of I' = (K, 4, 0) for any sign
function o, subject to the given condition.

Theorem 3.1. Let (K, 4,0), p < ¢, be a complete bipartite signed graph and let
(Kp,q,0)[Ur UV, 7 < pand s < g, be its induced signed subgraph on minimum
vertices v + s, which contains all negative edges of the signed graph (K 4,0). Then
N((Kpq,0)) > p+q— 2k — 2, where k = min(r, s).
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Proof. Note that the order of (K, 4,0)[U, U V;] is r + s. With a suitable labelling of the
vertices of (K, 4, 0), the adjacency matrix is given by

O B
Aty = (27 e ).

where B, is the spectral block of the adjacency matrix of the signed graph (K, 4, 0). By
Lemma 2.3, we get

P(A(Kp g,0),2) = 2777 (ByxgByxp %) - 3.1)

Without loss of generality, we may assume that r < pand s < g. As (K, 4,0)[U, UVj]
is an induced signed subgraph on minimum vertices r + s, which contain all negative edges
of the signed graph (K, ,, o), we have

_ ers erq—s
Bp><q N < prrxs prrxqfs ’

where X, x5 is the spectral block of the adjacency matrix of the signed graph
(Kp,q,0)[Ur U V). The transpose of a 2 x 2 block matrix is given by

A B\ (AT C7
c p) ~\ BT DT )

Together with the fact that J,,, xp Jpxm = Ndmxm, this yields

X Jrscg— XTI Jsxp—
T rXxs rxXq—s SXT SXp—r
Bququp ( Jp rXs Jp rXq—s ) : ( Jq—sxr Jq—sxp—r )

_ ( ersszr (q_s) rX7r XrXstprr"f'(q_S)erpfr )
Tp—rxsXgxr + (@ = 8)Tp—rxr  STp—rxp—r + (@ = 8)Jp—rxp—r

_ ( ersszr (q—S) rX7r XrXstprr"" (q_S)erpfr )
Jp—rxsX sxr +(q—8)J, p—rxr qJp—rxp—r .

Now, it is easy to see that X, xsJsx1 + (¢ — 8)Jrx1 = Y + (¢ — 8)Jr-x1, where Y is
the column vector of the row sums of the matrix X, xs. Let Z = [Y + (¢ — s)J,x1 Y +

(g—8)Trx1 -+ Y+ (q¢—58)Jrx1] € R"*P~" be a matrix of order r x p — r. Then, we
have
Xyws X&o + (g —8)J Z
T XS5 gxr rXT
BPXquXp ( ZT qu—TXp—’(‘ - (32)

The matrix BquBqXp has a special kind of symmetry. Taking 4 = X,y X/, +
(¢ —8)Joxr, B=Y + (¢ — 8)Jrx1, B =[¢] and C = [g] in (2.1), from Lemma 2.2, we
get Spec? "1 (B —C) = Spec? " 1([0]) C Spec(B,x,B Again by Equation (3.1),

Equation (3.2) and Lemma 2.2, we obtain

P(A(Kpg,0),x) = 2%¢ (Z1,2%) (3.3)

where « = ¢+ p — 2r — 2 and

7, = ( XoxsXgsr +(@=8)Joxr VD=7V +(q—5)Jrx1) )
VP=T(Y +(g=5) )" q(p—) '

fIXP)
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Also, we have

T _ X Xoss + (0= 1) Joxs X dixg—s + (P —1)Joxg-s
BoaoBrxa =\ 7 x4 p—1)J J :
q—sXr<irxs p T) q—sXxs PJg—sxq—s

Now, X . Jrx1+ (p—7)Jsx1 = Y' + (p—1)Jsx1, where Y is the column vector of the

column sums of the matrix X, ;. Let Z' = [Y'+(p—7)Jsx1 Y+ (p—7)Jsx1 -+ Y+
(p —1)Jsx1] € R®*97° be a matrix of order s X ¢ — s. Then,

X o Xrss + (p—1)J, A
T — SXr“rTrXs sXs
BypBpxq = < ) 7T Dleovas ) (3.4)

Taking A = X, Xoss+(p—7)Jsxs, B =Y +(p—7)Jsx1, B = [p] and C = [p]in (2.1),
from Lemma 2.2, we get Spec?*~'(B — C) = Spec?*"([0]) C Spec(B,,,Bpxq)-
Note that the eigenvalues of BJX »Bpxq are given by the eigenvalues of BquBJXp, to-
gether with the eigenvalue 0 of multiplicity ¢ — p. Therefore, by Equation (3.1), Equa-

tion (3.4) and Lemma 2.2, we obtain
H(A(Kpg,0),2) =20 (Z2,27) (3.5)
where ( = q¢+p—2s—2and

7 :( XsT><rX7“><s+(p_7")JS><s Vi—=sY"+ (p—1)Jsx1) )
2T\ VE—s(Y + (0 1)Jexa)T plg — s) '

Hence the result follows by Equation (3.3) and Equation (3.5). O]

As (K, 4,0) is a bipartite signed graph, therefore its spectrum is symmetric about the
origin. Thus, the following is an immediate consequence of Theorem 3.1 and Lemma 2.1.

Figure 1: The signed graph (K46, 0).

Corollary 3.2. Let (K, ,,0), p < ¢, be a complete bipartite signed graph and let
(Kp,q,0)[Ur UVs], r < pand s < g, be its induced subgraph on minimum vertices r + s,
which contains all positive edges of the signed graph (K, 4,0). Then n((Kpq,0)) >
p+ q— 2k — 2, where k = min(r, s).

We end this section with an example which shows that the lower bound for the nullity,
given in Theorem 3.1, of (K, 4, o) is best possible.
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Example 3.3. Consider the complete bipartite signed graph (K4 ¢,0) as shown in Fig-
ure 1. Plain lines denote the positive edges and dashed lines denote the negative edges.
It contains an induced signed subgraph (K4 ¢,0)[Us, V4] on 6 vertices which contains all
negative edges of (K4,6,o). Here, we have p = 4, ¢ = 6 and k = 2. Therefore, by
Theorem 3.1, n((K4,6,0)) > 4. The spectral block of the adjacency matrix of the induced
signed subgraph (K4 6, 0)[Us, V4] is given as

-1 -1 -1 1
X2X4:<—1 1 -1 —1>'

Therefore, by Equation (3.3), we get

6 2 0
H(A(Kyg,0),z) =z 2 6 0 |,2?
0 0 12
Thus, it is easy to see that
(2v3 2v2 2 0 -2 —2V2 -2V3
Spec((K‘*vﬁ"’))( 11 14 1 1 1)

4 Spectrum of (K, ,, o) when negative edges induce either a disjoint
complete bipartite subgraphs or a path

We begin this section with the computation of the spectrum of the complete bipartite signed

graph (Kp o K, ) whose negative edges induce a subgraph K, ;.

Theorem 4.1. Let (Kp,q, K;S), p <gq r <pands < q, be a complete bipartite signed
graph whose negative edges induce a subgraph K, ; of order r 4 s. Then the spectrum of
(thq, K, ) is given as

B e 0 —p2  —H
Spec((Kpa Kr)) = (1 1 ptg-4 1 1 )

where

B \/pq +/p?¢®> —16rs(p —r)(q — s)
M1, B2 = 2 .

Proof. By Equation (3.3), we have

_ XT’XGXZX7+(q75)JT><T‘ \/pfrﬂ
¢((Kp7qu ) T)=1x ¢(< \/jﬁ"r alp—r) )ax2)7 4.1)

wherea =q+p—2r—2,8=Y 4+ (¢ — $)J-x1, and Y is the column vector of the row
sums of spectral block X, ; of the adjacency matrix of an induced signed subgraph K, g,
whose all edges are negative. Clearly, X,«s X/ . + (¢ — 8)Jrxr = —Jrxs X —Joxr +
(¢ — 8)Jrxr = ¢Jrxr and Y + (¢ — 8)Jprx1 = (¢ — 25)J-x1. Therefore, Equation (4.1)
takes the form

_ o Jrxr - —25)Jrx
¢ (Kpg Kps) 2) = d)(( W?Q—Zs)hxr \/piggg—r)@ 1 )’xQ
(4.2)
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For p # r, it can be easily seen that the real symmetric matrix

Zl _ ( quXr VD — T(q - 23)Jr><1 )
VP =7(q = 28)Jixr a(p =)

has rank 2. Now, let 21 and x5 be the non zero eigenvalues of Z;. We have
x1+ a2 =1tr(Z1) =rq+qlp—r)=pgq. 4.3)

Also,
ac? + m% = tr(le) =p?¢® — 16rs(p —r)(q — s). 4.4)
Equations (4.3) and (4.4), imply that

pg £ /P22 — 167s(p —)(q — 5)

Ty, T2 = > 4.5)
Thus, Equation (4.2) yields that
o} ((Kp,an ) yx) = aP T (ot — (2 + T2)2? + 2122),
where z; and x5 are given in Equation (4.5). This proves the result. O

As a consequence, we compute the spectrum of a complete bipartite signed graph whose
positive edges induce a complete bipartite subgraph.

Corollary 4.2. Let (Kp 0 KT ) p<gq,r<pands < q, beacomplete bipartite signed
graph whose positive edges induce a subgraph K, s of order v + s. Then the spectrum of
(Kp o KF ) is given as

M1 M2 0 —H2 —
Spec((Kp.q K7L,)) = (1 1 p+q—4 1 1 )

where

B \/pqi VP2 — 16rs(p —1)(q — s)
M1, h2 = 9 .

Now, we obtain the characteristic polynomial of the complete bipartite signed graph
(Kp,q, o) whose negative edges form the disjoint subgraphs K, , of different orders.

Theorem 4.3. Let (K, 4,0), p < q, be a complete bipartite signed graph whose negative
edges induce disjoint complete bipartite subgraphs of orders r1 + s1, ro + So, ..., Tk, + Sk
such that Zle =T, Zle s; = s, v < pand s < q. Then the characteristic polynomial
of (Kp,q,0) is given as

¢ ((KPJP U) ? Z‘) = J“p+q_2k_2¢ (Zla $2) )

where
ric11 T2C12 e TEClk c(q —2s1)
r1C21 T9C22 - TKC2k c(q — 2s2)
A
T1Ck1 T2Ck2 .. TkChk c(q — 2sy)
ric(q —2s1) roc(q—2s2) -+ rre(q—2sg)  q(p—71)

is a matrix of order k+1, c = \/p —r, ¢;; = qif i = j and ¢;; = q — 25; — 25; otherwise.
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Proof. Consider the matrix given in Equation (3.3)

Zl _ < XTXSX,;l—Xr—i_(q_S)JTXT_r vP_T(Y‘f'(q_S)erl) > (46)
VP =Y +(q—5)Jrx1) q(p =) ’
where Y is the column vector of the row sums of the spectral block X, s of the adjacency

matrix of an induced signed subgraph of (K, 4,c) which contains all its negative edges.
Hence, with a suitable relabelling of vertices of the induced signed subgraph, we have

_J’I‘l X S1 J’I‘1><82 e JTlXSk

J7'2><51 _‘]7'2><82 e ']7'2><Sk
Xr><s - . . . . 5

Jrkxsl Jrk><32 _Jrszk

where J, x5, 1s the spectral block of the adjacency matrix of the complete bipartite sub-
graph K. 5., 1 =1,2,... K, Zle r; = rand Zf:l s; = s. Now, it is easy to obtain

bllJTl X7r1 b12J’I‘1 XTro e blk‘]’l’l X7k

T b21JT2><T1 b22Jr2><T2 e kaJ’I‘QXTk
KrxsKowr = : : . : )

bk:lt]rk X711 bk2Jrk XTo e bk:k:Jrk X Tk

where, b;; = Zle s; = sif ¢ = jand b;; = s — 2s; — 25, otherwise. As 'Y is the column
vector of the row sums of the spectral block X, s, therefore the matrix Z; given in (4.6)
takes the form

c11dry xry c12Jr xry s Cikdry X7 C(q - 281)‘]7“1 x1
C21Jr2><r1 C22Jr2><r2 CQkJTQXTk C(q_ 252)Jr2><1
Zl = . . . . J
Cr1dry xrm Cr2Jry xro e Crke Iy xry, c(q — 2sk)Jry x1
c(g—2s1)Jixr,  c(q—282)J1xr, 0 c(@—286)J1xr,  q(P—T)J1x1

where ¢ = \/p —r, ¢;; = qif i = j and ¢;; = q — 2s; — 2s; otherwise. Clearly, the matrix
71 has equitable quotient matrix Z’, where

T1C11 T2C12 te TkCik c(q - 251)
T1C21 T2C22 e TEC2k c(q - 282)
7 =
T1Ck1 T2Ck2 e Tk Chk c(q — 2sy)
ric(q —2s1) roc(q—2s2) -+ rre(qg—2sg)  q(p—7)
Now by [18, Theorem 3.1], Spec(Z1) = Spec(Z') U ( ., E I ), where Z' is equitable
quotient matrix of Z; and is given as
rici r2C12 e TEClk c(q —2s1)
r1C21 T2C2 X TkC2k c(q — 2s2)
7' =
T1Ck1 T2Ck2 e TkChk c(q — 2sp)

rie(qg —2s1) rec(q—2s2) -+ rre(qg—2sk)  qlp—71)
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Figure 2: Signed graph whose negative edges induce two disjoint complete bipartite sub-
graphs.

where ¢ = \/p — 7, ¢;; = qifi = jand ¢;; = ¢ — 2s; — 2s; otherwise. As Spec(Z;) =
Spec(Z') U ( . E 2 ), therefore the result follows by Equation (3.3) and Equation (4.6).
O

An application of Theorem 4.3 can be seen in the following example.

Example 4.4. Consider the complete bipartite signed graph (K5 7, o) as shown in Figure 2.
Here, wehave p = 5, ¢ =7,711 = 2,51 = 2,79 = 2,85 =3, 7 =11 + 19 = 4 and
s = 81 + s3 = 5. Therefore, by Theorem 4.3, we get

14 -6 3
P(A(Ks57,0),2) = 25¢ -6 14 1 |,2?
6 2 7
Thus, it is easy to see that
450 337 182 0 —-1.82 -3.37 —-4.50
Spec((K{’v?"’))_( 11 1 6 1 1 1 )

The next corollary follows from Lemma 2.1 and Theorem 4.3 which gives the spectrum
of a complete bipartite signed graph whose positive edges induce the disjoint complete
bipartite subgraphs of different orders.

Corollary 4.5. Let (K, 4,0), p < q, be a complete bipartite signed graph whose positive
edges induce disjoint complete bipartite subgraphs of orders r1 + s1, ro + So, ..., Tk + Sk
such that Zle r, =T, Zle si =8, 7 < pands < q. Then the characteristic polynomial
of (Kp.q,0) is given as

¢ ((KPJP U) ,.’L‘) = $P+q—2k—2¢ (Z/7 xQ) 9

where
ricC11 T2C12 e TEClk c(qg —2s1)
r1C21 T2C22 . TKC2k c(q — 2s2)
7' =
T1Ck1 T2Ck2 . TkChk c(q — 2sy)
ric(q —2s1) roc(q—2s2) -+ rre(g—2sg)  q(p—71)

is a matrix of order k+1, c = \/p —r, ¢;; = qifi = j and ¢;; = q — 25; — 25; otherwise.
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We conclude this section with the following result whose proof can be obtained in a
similar way as in Theorem 4.3.

Theorem 4.6. (i) Let (prq, PQ_T), p < qandr > 1, be a complete bipartite signed graph
whose negative edges induce a path on 2r vertices. Then the characteristic polynomial of
(Kp,q. Ps,) is given as

d) ((Kl)vq’ PQ_T) ,l’) = mp+q72ri2¢ (Z/a 132) )

where
q gq—2 qg—6 ¢q—6 q—6 c(qg—2)
q—2 q ¢g—4 q-38 q-38 c(qg—4)
qg—=6 q—4 q q—4 : ;
7 = :
= q—6 g—8 ¢q—4 q g q-38 c(q—4)
. . . q—4 c(qg—4)
q—6 q—38 q—8 q—4 q c(g—4)
c(g—2) clg—4) ... clg—4) clg—4) clg—4) qp—r-1)

is a positive semidefinite matrix of order r + 1 and c = \/p —r — 1.

(i) Let (Kp7q,P2;+1), p < qand r > 1, be a complete bipartite signed graph whose
negative edges induce a path on 2r + 1 vertices with both pendent vertices of the path
Py, in Up. Then the characteristic polynomial of (prq, P, +1) is given as

d) ((Kl)vq’ P2_T+1) "1:) = mP+Q*2T*4¢ (Z/a $2) 9

where
q q—2 q¢—6 g—6 q—6 g—4  clg—2)
q—2 q g—4 q-38 q—8 q—6 clg—4)
q—6 q—4 q q—4 ; :
7 = q—6 q—8 q—4 q q-—38 q—6 c(qg—4)
: : . . . qg—4 qg—6 c(g—4)
q—06 q—38 q—38 q—4 q g—2 c(qg—4)
q—4 q—6 q—6 q—6 q—2 q c(qg—2)
c(g—2) clg—4) ... clg—4) clg—4) clg—4) clg—2) qp-7)

is a positive semidefinite matrix of order r + 2 and ¢ = \/p — .

(iii) Let (Kp,q, P2;+1), p < qand r > 1, be a complete bipartite signed graph whose
negative edges induce a path on 2r + 1 vertices with both pendent vertices of the path
Py, 11 in V. Then the characteristic polynomial of (vaq, P2_r+1) is given as

¢ ((Kp,m 2;+1) ,x) = mp+q_2r_2¢ (Z/a 332) )



12 Ars Math. Contemp. 24 (2024) #P4.08

where

q g—4 ¢—-8 q¢q-—8 q—8 clg—4)
q—4 q g—4 q-38 qg—8 clg—4)

q—38 q—4 q q—4

7' = :

= q—38 qg—8 gq—4 q - qg—8 clg—4)
: . g—4 c(g—4)
q—38 q—38 q—38 q—4 q c(q—4)
clg—4) clg—4) ... clg—4) clg—4) clg—4) qlp-71)

is a positive semidefnite matrix of order r + 1 and ¢ = \/p —r.

The next example gives the spectrum of a complete bipartite signed graph whose nega-
tive edges induce a path on 5 vertices.

Example 4.7. Let (K poar Ps ) ,p < g, be a complete bipartite signed graph whose negative
edges induce a path on 5 vertices with both pendent vertices of the path P5 in V. By
Theorem 4.6 (Part (iii)), the characteristic polynomial of (K P> P5_) is given by

ey ([T Y
¢ ((prq’ Py ) ,T)=1x ¢ q—4 q clqg—4) ,TT ),
clg—4) clg—4) qp—2)

where ¢ = \/p — 2. To determine the spectrum of (K, 4, P; ), it is enough to consider the

matrix . . A c(q B 4)
Z' = q—4 q c(q—4)
clg—4) clg—4) qlp—2)

Clearly, 4 is an eigenvalue of the matriz Z’ corresponding to an eigenvector (1, —1,0)".
To compute the other two eigenvalues of Z’, we use the fact that the sum and product of
the eigenvalues of Z’ are equal to the trace and determinant, respectively. Then, we obtain
the eigenvalues as

pq — 4+ /p*q% — 56pq + 128p + 96 — 240
5 .

Thus, the spectrum of (K, 4, P;") is given as

_ P ope 2 0 -2 —p2 —m
SpeC((Kp7q,P5 )):( 1 1 1 p4+qgq—6 1 1 1 )7

where

pg — 4 £ /p2q% — 56pq + 128p + 96¢ — 240
M1, 2 = B) .

5 Eigenvalues of (K, 4, H, )

p,q>° N

The complete bipartite signed graph I" whose negative edges induce a 1-regular graph of
different orders has been studied in [2]. In this section, we consider the complete bipartite
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signed graph (Kp’q, H n) p < ¢, whose negative edges induce an r-regular subgraph
H (not necessarily connected) of order n. We find a relation between the eigenvalues of
this complete bipartite signed graph and the non-negative eigenvalues of H. The other
eigenvalues of (K q, H, - ») are also determined. We start with the following lemma.

Lemma 5.1. Let (K bk, H 2 k,) be a complete bipartite signed graph whose negative edges
induce an r-regular subgraph H of order 2k. If the eigenvalues of H are iy = r > pg >

- > o = —, then —2u; is an eigenvalue of (Kk)k,Hng) foriv = 2,...,2k — 1.
Moreover, the other two eigenvalues of (Kk’k, H;Qk) are k — 2r and —k + 2r.

Proof. Let A(H,—) = —A(H) be the adjacency matrix of (H,—). Therefore, with a
suitable labelling of the vertices of (K Kok H, %), we observe that

A(Kk,kaHEQk) _ < Okxk  Akxk

Apxk Okx ) = A(Ky) = 24(H), (5.1)

where the (k — 2r)-regular symmetric matrix Ay is the spectral block of the adjacency
matrix of the signed graph (K, H;Qk). As the matrices A(K} 1) and A(H) commute,
therefore they are simultaneously diagonalizable. Let {x1, 23, ..., z2,} be an orthogonal
basis of R?* consisting of the eigenvectors of A(H) and A(Ky i) with 21 = Jogx1 =
(1,...,1)T € R?*, Then, we have

(A(Kp,k) — 2A(H))z1 = (k = 2r)a:.

Thus, (k — 2r) is an eigenvalue of A(K}y ) — 2A(H). To find the other eigenvalues of
A(Ky ) — 2A(H), we use the facts that Spec(A(Ky ) — 2A(H)) C Spec(A(Kkk)) +
Spec(—2A(H)) and the spectrum of (Kj, x, H, Y o%) is symmetric with respect to origin.
Thus,

(A(Kk,k) - 2A(H))1‘L = —2#1‘33,', 1= 2, 3, ey 2k —1

and
(A(Kk’k) — 2A(H))$2k = (—k + 27")1‘2k.

This proves the result. 0

The eigenvalues of a complete bipartite signed graph whose negative edges induce a
regular graph H is completely determined by the non-negative eigenvalues of H and can
be seen in the following result.

Theorem 5.2. Let (KpmH; 2k), p < q, be a complete bipartite signed graph whose
negative edges induce an r-regular subgraph H of order 2k. Then the following statements
hold:

() n((Kpq Hy o)) =p+q—2k—2.

(i) If the first k largest non-negative eigenvalues of H are p11 =1 > pio > -+ > p, >
0, then

(a) =£2pu; is an eigenvalue of (prq, H;Qk),fori =2,...,kwhenp+q > 2k +2.

(b) £ 2u; is an eigenvalue of (prlI’H;Qk)’ forv=2,...)k—1whenp+q <
2k + 2.
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Moreover, the other four eigenvalues of (Kp,q, H;zk) are

i\/pq+(k—2r)2—k2ie
2 )

where

0= \J(pa+ (k= 2)2 = K2)2 = 4((k — 20)2 + k(g — ) = SEZE) (g(p — ).

q

Proof. Consider the matrix which is given in Equation (3.3)

_ ersXs—l—xr+(q_S)err W(Y+(Q_S)JTX1)
AR < Vo —1(Y 4+ (q—58)Jrx1) " a(p—7) ) : (5.2)

where Y is the column vector of the row sums of the spectral block X, s of the adjacency

matrix of the induced signed subgraph (K R k) of (K o H 5 k) which contains all

the negative edges. By Equation (5.1), it is easy to see that 7 = s = k, X, s X/, = Aixk
and Y = (k — 2r)Jix1. Now, the matrix Z; takes the form

7, = ( AL+ (@ = k) e VP —E(g—2r)Jexa )
VP — k(g —2r)J,, q(p — k) '

The matrix A7, is (k — 2r)?-regular and hence commutes with (¢ — k).Ji . Thus, it is
easy to see that (k—2r)? —k(q— k) is an eigenvalue of A7 , + (q—k)Jxx corresponding
to an eigenvector Ji 1. Also, by Equation (5.1), Corollary 2.4 and Lemma 5.1, we have

(A2 + (0 — B) T )as = dplaiyi = 2, k,

where {1, xa, ..., Z} is an orthogonal basis of RF with 21 = Ji«1 and 145 1S non-negative
eigenvalue of H. Define y; = [z; 0]T € R¥*1 i =2 ... k. Then

Ziys = didys, i =2, k.

Therefore, 4uf, t = 2,...,k is an eigenvalue of Z;. Let a; and as be the other two
eigenvalues of Z;. We have

k
a4+ Y A =tr(Z1) = k(g —2r) +q(p— k)
=2
and
k
(k—2r)” + > 4p? =tr(A7 ) = k(k — 2r).
=2
This yields that
a1+ ag =pg+ (k— 27“)2 — k2 (5.3)

By the Schur complement formula, the determinant of a 2 x 2 block matrix Z; is given by

A%Xk+(q_k)Jka Vp_k(q_2T)JkX1 :lq(p_k)HMl
VP = k(g —2r)J/, q(p — k) ’



S. Pirzada et al.: On the eigenvalues of complete bipartite signed graphs 15

where M = A7, + (¢ — k) Jkxk — @kak. Now, clearly the eigenvalues of the
matrix A7, + (¢ — k) Jixk — @kak are (k —2r)2 +k(qg—k) — M and 4p2,
i =2,...,k, where p; is the non-negative eigenvalue of H. Thus, we have

k(q —2r)?

aran = ((k—2r)2 + k(g — k) — .

)a(p — k). (5.4)

Equations (5.3) and (5.4) imply that

pg+ (k—2r)?? —k*+6
2 )

ay, Qg =

where 0 = \/(pq + (k= 2r)2 = k)2 — 4((k — 2r)2 + k(g — k) — M2 (g(p — K)).
Hence, by Equation (3.3), we have 17((Kp,q7 H;Qk)) > p+ q — 2k — 2 and with the fact

that £« is an eigenvalue of (K, 4, H, ,,) whenever a? is an eigenvalue of Zi, the proof

follows. [

The eigenvalues of a complete bipartite signed graph whose positive edges induce a
regular graph H is completely determined by the non-negative eigenvalues of H as can be
seen in the following corollary.

Corollary 5.3. Let (an, Hj 2k), p < q, be a complete bipartite signed graph whose
positive edges induce an r-regular subgraph H of order 2k. Then the following statements
hold:

() n((Kp.g HYop)) 2 p+q—2k—2.

(i) If the first k largest non-negative eigenvalues of H are i1 =1 > po > -+ > p, >
0, then

(a) =& 2p; is an eigenvalue of (K, g, H',, ), fori =2,..., k whenp+q > 2k+2.

(b) £ 2u; is an eigenvalue of (prq,H:'%), fori=2,...)k—1whenp+q <
2k 4+ 2.

Moreover, the other four eigenvalues of (K4, H:’%) are

i\/pq-l—(k—Z?“)Q—in@
2 )

where
0=\ (pa + (k= 202 = £2)2 = 4((k = 2r)? + k(g — k) — M52 (q(p - k).

Finally, the necessary and sufficient condition for a complete bipartite signed graph
whose negative edges induce a regular graph to be nonsingular is given below.

Corollary 5.4. Let (KWPH;%) (Tesp.(Kp,q,H:%)) be a complete bipartite signed
graph whose negative edges (resp. positive edges) induce an r-regular subgraph H of
order 2k. Then the signed graph (Kp’q, H7-,2k) is nonsingular if and only if the graph H is
nonsingularandp=q=k #2rorp=q=k+ 1.
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Conclusion and future research work

In this paper, we obtained a lower bound for the nullity of a complete bipartite signed graph
and proved that

N((Kpg,0)) >p+q—2k—2, (5.5)

where & = min(r, s) and (K, 4,0)[U, UV, r < pand s < g, is an induced signed
subgraph on minimum r + s vertices, which contains all the negative edges of the signed
graph (K, 4,0). We showed that this lower bound is best possible for a complete bipartite
signed graph as shown in Figure 1. Therefore, the following becomes interesting.

Problem 1. To characterize all complete bipartite signed graphs for which the equality
holds in inequality (5.5).

Furthermore, we determine, (1) the spectrum of a complete bipartite signed graph whose
negative edges induce either disjoint complete bipartite subgraphs or a path, (2) the spec-
trum of a complete bipartite signed graph whose negative edges (positive edges) induce a
regular subgraph, along with a relation between the eigenvalues of this complete bipartite
signed graph and the non-negative eigenvalues of the regular subgraph. Thus, the following
becomes interesting.

Problem 2. To determine the spectrum of a complete bipartite signed graph whose negative
edges induce either co-regular graph, threshold graph, tree or k-cyclic graph.
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