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Abstract

Let m and n be two integers. In the paper we show that the orientable genus of the join
of a cycle C,, and a complete graph K, is [W] ifn=4andm >12,0orn > 5
and m > 6n — 13.
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1 Introduction

Let G and H be two disjoint graphs. The join of G with H, denoted by G + H, is the
graph obtained from the union of G and H by adding edges joining every vertex of G to
every vertex of H. A cycle with m vertices is denoted by C),,, and a complete graph with
n vertices denoted by K,.

Our investigation of the orientable genus of C,,, + K, is inspired by the problem of the
critical graphs on surfaces. A graph G is k-critical if x(G) = k but x(G’) < k for every
proper subgraph of G, where x(H) denotes the chromatic number of a graph H. If Gy is
k-critical and G is [-critical, it is known that G1 + G3 is (k + [)-critical. Since an odd
cycle is 3-critical and K, is n-critical, the join of an odd cycle and K, is (n + 3)-critical.
Also, there are only finite many k-critical graphs on a surface if & > 7 ([4, 6, 7, 13]). So
it is an interesting problem to explore the orientable genus of the join of an odd cycle (or a
cycle) and K,.
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Let us look back the history of studying the orientable genus of the join of two graphs.
Let K be the compliment graph of K. The complete bipartite graph K, ,, and K,, (n > 2)
can be viewed as K,,, + K,, and K1 + K,,_1, respectively. It is cheerful that the orietable
genera of K, and K, ,, have been determined ([10, 11]). Upon the orientable genus of
K,, + K, there are some results. Craft [3] verified that K,,, + K, has the same orientable
genus as that of K, ,, when n is even and m > 2n — 4. Ellingham and Stephens [5]
determined the orientable genus of K,, + K,, if niseven and m > n, orn = 2P + 2 for
p>3andm >n—1,orn =2P 4+ 1 forp > 3 and m > n + 1. Korzhik [8] contributed
many results on the orientable genus of K, + K, withm <n — 2.

Let m > 3 and n > 1 be two integers. If n = 1, then C,,, + K,, is a planar graph. If
n = 2, then C,,, + K, has a minor isomorphic to K. So the orientable genus of C},, + K>
is at least one. Since C,, + K5 can be embedded on the torus, the orientable genus of
Cwmn + Ko is one. If n = 3, then K, is exactly the cycle C3. Craft [2] has proved that
the orientable genus of Cy, + Cs is [™527. What is the orientable genus of Cy,, + K, if
n > 47 In the paper we shall show that the orientable genus of C,, + K, is [W}
ifn=4andm > 12,orn > 5and m > 6n — 13.

Since K, is a spanning subgraph of (), + K, a lower bound of the oreintable

genus of ', + K, is that of K, ,, which is [W} The key to determine the
orientable genus of C,,, + K, is the construction of an embedding of C,, + K, on the
orientable surface of genus [W] We mainly use two methods of adding tubes to
construct an embedding of C),, + K,,. Our general strategy of constructing an embedding
is as follows. First, we construct an embedding of a spanning subgraph of C,,, + K, which
contains C',, a spanning subgraph of K, and some edges between C,,, and K,, on some
orientable surface. Second, we apply the first method of adding tubes described in Section 2
to attach all the rest edges in K,, and some edges between C,,, and K,,. Third, we apply the
second method of adding tubes described in Section 2 to attach all the rest edges between
Cyn, and K,,.

The remainder of the section is contributed for some terms. The other undefined terms
can be found in [1, 9], or [14].

A surface is a compact connected 2-dimensional manifold without boundary. The ori-
entable surface S, (g > 0) can be obtained from a sphere with g handles attached, where g
is called the genus of Sy. A graph G is able to embed in a surface S if it can be drawn in
the surface such that any edge does not pass through any vertex and any two edges do not
cross each other. The orientable genus of a connected graph G, denoted by v(G), is the
smallest nonnegative integer g such that G can be embedded in the orientable surface 9.

An embedding II of a connected graph in a surface S is called 2-cell embedding if any
connected component of S — 11, called a face, is homeomorphic to an open disc. In a 2-cell
embedding of a connected graph G, the boundary of a face in II is a closed walk of G,
which is called the facial walk. If a facial walk is a cycle, then it is called a facial cycle.
Let v be a vertex of a graph G embedded on a surface. A local rotation 7, at the vertex v
is a cyclic permutation of the edges incident with v. Suppose that v is incident with edges

VU1, VU2, . . ., VUy, in this order. Then 7, can be written by u, us, . .., u,. Furthermore,
if 41,42, . .., are k continuous numbers in {1,2,...,n}, where 2 < k < n, then we call
Uiy, Wiys - - -, Uqy, @ segment of the local rotation at v.

A graph H is a supergraph of G if G is a subgraph of H. If a cycle with n (> 3) vertices
V1, Ve, ..., U, in this order, then it is written by v;vs ... v,v; and it is always oriented by

this order.
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2 Two methods of constructing embeddings

Let Dy and D5 be two facial cycles of a 2-cell embedding on a surface S such that the
orientation of D is the reverse of that of Ds. By adding a tube T to the surface .S between
D1 and D, we mean that we cut two holes A and A in S such that /\; is in the interior
of D; and orient the boundary of A; as that of D;, then the tube T" welds A; with Ay in
such a way that the rim of one of the ends of 7" coincides with the boundary of A; and the
rim of the other end of T" coincides with the boundary of A,.

Lemma 2.1. Suppose that G is a graph which has a vertex subset
{w07217z27"',zt}u{xi | i= 132a"'a2t}u{yj |] = 1723"'74t}7
where z1, za, . . ., 23 need not be different, and suppose that G contains no edges in the set

E' ={wox; |1 =1,2,...,2t} U{my; | i =1,2,...,2t;5 =1,2,...,4¢}
U({l‘i$i+1,...,xil‘2t|i:1,2,...,215—1}\{%22',1{1,‘27;|i:1,2,...,t}).

Suppose that 11 is a 2-cell embedding of G on the orientable surface S, with the following
properties:

(i) Fori = 1,2,...,t, Ro; = Woysi—3Ysi—2wo and Ry, ; = woyai—1yaiwo are facial
cycles of 1L

(ii) Fori=1,2,...,t, Qo = 2T2i—1%2:% is a facial cycle of 11 such that Q) ; has not
any common vertex with each of Ro 1, . .., Rot, Ry 1, ..., Ry 4.

Then there is a supergraph H of G satisfying the following conditions:

(i) E'is an edge subset of E(H).

(ii) H has an embedding on the orientable surface of genus g -+ 2t> such that it has a set
of t facial 3-cycles {Qy; | Qi = Y1, T2i—1Z2:Y1,, ¢ = 1,2,...,t}, where y;, is some

vertex in {Yai—3, Yai—2, Yai—1,Yai | 1 =1,2,...,t}.
wo
Tt 2t
Tot— b_/ §
L i
X
X1

Figure 1: A local structure in II.

Remark 2.2.
(1) A local structure of II is shown in Figure 1.

(2) An application of Lemma 2.1 to the construction of an embedding of C},, + K, is as
follows. After an embedding of a spanning subgraph of C,, + K, on some orientable
surface has been constructed, all the rest edges of K,, and some edges between C,
and K, can be attached by applying Lemma 2.1.
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Proof. We shall construct an embedding on the surface of genus g + 2¢2 from the embed-
ding II by applying the operation of adding tubes ¢ times. Every time 2¢ tubes are added to
the present surface.

Fori =1,2,...,t, the tube T ; is added between )y ; and Ry ;. Next, the five edges
WoT2is £2i—1Y4i—35 L2i—1Y4i—2, L2;Y4i—3 and T2iY4i—2 are drawn on To,i in the way shown
in (1) of Figure 2. Fori = 1,2,...,t, let Q6,i = Y4i_2T2i_1T2;Ydi_2.

2 T2i—1 T2 Y4i—2 T2i—1 T2

wWo  Y4i—-3 Y4i—2 Wo  Y4i—1 Y4i

(1) 2)
Figure 2: Two drawings of five edges on a tube.

Fori = 1,2,...,t, the tube Tj , is added between Q ; and Ry, ;. Next, the five edges
WoT2i—15 L2i—1Y4i—15 L2i—1Y4i> L2iY4i—1 and T2;Y4; are drawn on T(;,z in the way shown
in (2) of Figure 2.

Need to say that the rectangle represents a tube and that the two dot curves are identified
with each other in Figure 2. In the rest of the paper we always use a rectangle to represent
a tube and the two dot curves in the rectangle are always identified with each other.

For the convenience of argument, the way of drawing edges shown in (z) of Figure 2 is
called the drawing of Type-i for © = 1, 2. To help the readers to understand how those 2¢
tubes are added and how five edges are drawn on each tube, we give an example thatt = 5
which is shown in Figure 3. The diagrams in Figure 3 are partitioned into four columns
from left to right. The three rectangles in the first column respectively represent Tp 1,70 2
and T} 3 from top to bottom, and the two rectangles in the third column respectively repre-
sent T 4 and T} 5 from top to bottom. Similarly, the three rectangles in the second column
respectively represent T ;, Ty , and T} 3, and the two rectangles in the fourth column re-
spectively represent 7¢ 4 and Tj 5.

After those 2t tubes have been added, there are three sets of facial 3-cycles which are

X1 ={Q1, | Q1 = Yai—1T2i—1T2Yai—1,0 =1,2,...,t},

Vi = {Rl,i | Rl,i = T9;_1Y4i—3Y4i—2T2;—1,1 = 1,2,... ,t}, and
Vi =A{R1; | Ry ; = Toiyai1yaitai,i = 1,2,...,t}.

For the convenience of argument, we now define ¢ permutations. Fork = 0,1,...,t—1,
we define the permutation 7, on the set {1,2,...,¢} as follows. For: = 1,2, ... t,

(i) =i+ (=1 (mod t),

where 0 < i+ (—1)*1k <t —1.
Obviously, 79 is the identity mapping on {1,2,...,t}. For0 < k <t — 1, we define

/i 7(1)  (mod t), ifk=0,
T.\1) =
g 7071 Tk(1) (mod t), ifl1<k<t—1,
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21 x1 2 Y2 Ty x2 Z4 X7 g Y4 T7 zs

Wo n Y2 Wo Y3 Ya wo Y13 Y14 Wo Yis  Yie

) z5 Tg Z10 Yyis Ty x10

wo wo  Yir Y18 Wo Y19 Y20
23 Yo Ts  Te
wWo Y9 Y10 Wo Y11 Y12
Figure 3: The first operation of adding 2¢ tubes when ¢ = 5.
where 0 < 7;.(¢) <t — 1 and 797y - - - 7 is the product of 79, 71, ..., 7 in this order. For

example, 7071 (1) = 71 (19(1)) = 2.
Thus, Q1 ;, Ry,; and Rll,i can be alternately expressed as follows:
Qi = Yary(i)—1L2i—122i Y47 (i)~ 15
Ry = To2i-1Yary (i)—3Yars(i)—2T2i—1, and
/1,1' = L2iYarf(i)—1Y4r{ (i) T 2i-
‘We continue to add tubes, and consider two cases.
Case1l: t =1 (mod 2). In this case we firstly add ¢ tubes T4 1, . .., T ; to the present
surface such that 77 ; is between ()7 ; and Ry ;, (s)- Note that
Rl,n(i) = L2711 (4)—1Y47971 (1) —3Y41071 (i) —2L271 (i) — 15 ie.,
Ry 7, (i) = @27, (i) —1Yar] (i) —3Yar] (i) —2 %27, (i)—1-

Fori=1,2,...,1, the five edges ©2;—1Yar/ (i)—3> T2i—1Yar] (i) —2> T2iYdr] (i)—3> L2iYar] (i)—2
and x2;Tar (;)—1 are drawn on T3 ; in the way of the drawing of Type-1. Thus, there is a
set X7 of ¢ facial 3-cycles, where

X ={Q1; | Qi = Var()—2T2i1%2Yar! (i)—2,1 = 1,2,.. ., 1}

Next, the ¢ tubes 77 ;,..., 77 ; are added to the present surface such that 77 ; is between
1;and R} _ .. Then the five edges @2;—1ar (i)~ 1> T2i—1Yar{ (5)> T2iYar] () —1> T2iYar{ (i
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Ye x1 x2 Yyis  Tr zs Yyis 7 xg

T9 Yir Y1s 10 Y19 Y20

yr r3 Ty Yio T3 T4 Y9 9 z10 Y2 Zg x10

Ts Yo Y10 Te Yy Y12

Yyin T Ze Yia T Ze

x7 Y13 Y14 g Yis  Yie

Figure 4: The second operation of adding 2t tubes when ¢ = 5.

and w2;Ty,, ;) are drawn on Tl’ﬂ- in the way of the drawing of Type-2. For example, if
t = 5, the above operation of adding 2t tubes is shown in Figure 4. The order of diagrams
in Figure 4 is as that in Figure 3.

After those 2t tubes have been added, there are three sets X, Vo, and ) of facial
3-cycles which are

Xy ={Q2 | Qa,i = Yar/(i)-1T2i-1%2iYarl(i)—1,1 = 1,2, ..., 1},
Vo = {Ra, | Rai = T2i—1Yar!(i)—3Yar](i)—2T2i—1,1 = 1,2,...,t}, and
Vo ={R5; | Ry; = Toi¥Yar! (iy—1Yar) (i) T2ir 0 = 1,2,...,t}.

In general, if the s-th operation (s > 1) of adding 2t tubes has been applied, then there
are three sets of facial 3-cycles, i.e.,

X ={Qs;|1=1,2,...,t}, Vs ={Rsi|i=1,2,...,t}, and
y;:{R;7i|i:1,2,...,t}.

Next, we apply the (s + 1)-th of adding 2t tubes T 1, ..., s+, T¢ 1, - - -, Ts ; to the present
surface satisfying the following conditions.

MHIf1 < s < %, then the tube T ; is added between Qs ; and Ry ; (;), where

P = 17 2, e 7t. In this case Rsﬂ-s(i) = mQTS(i)flyll‘ré(i)73y4T;(i)72$2Ts(i)71' NeXt,
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the five edges
T2i—1Yar! (i) —35 T2i-1Yar! (5)—2 T2iYar/(i)-3
T2iYar: (i)—2, and T2iTor, (i)—1

are drawn on T ; in the way of the drawing of Type-1. After those ¢ tubes have been
added, there is a set X of ¢ facial 3-cycles, where

Xy =1{Q% | QLi = Yar/(i)—2T2i102:Yar; (i) 2, © = 1,2,...,t}.
For i = 1,2,...,t, the tube T} ; is added between Q) ; and R;

$,7s (1)
/

5,75 (1)

Note that
= Tor, (i)Yar! (i) —1Y4r! () Tar, (i)- Next, the five edges

T2i—1Y4r!(i)—15 L2i—1Y47! () T2iY4ar!(i)—1,
%2iYar: (i), and T2i—1T27, (i)
are drawn on TS/J- in the way of the drawing of Type-2.
After the (s + 1)-th operation of adding 2t tubes has been applied, there are three
sets Xs11, Vst1,and V. 41 of facial 3-cycles which are
Xoy1 = {Qs11, i = Yar (i) —1T2i-122iYarr (i)—1, 1 = 1,2, 1},
ys+1 = {Rs1i | Rst1,i = T2i-1Yar: (5)—3Yar: (iy—2T2i-1, i = 1,2,...,t}, and
Vo1 ={Riy1i | Riy1i = T2iYars (i) —1VYar: () T2, = 1,2, 1}

If % < s <t — 1, suppose that k and &’ are the maximum even and odd numbers

which are not more than ﬂ, respectively. There are two cases to consider.

Ifs = &1 Bl 42 L 4 &, then the tube T} ; is added between @) ; and
/

572 (1) Next, the ﬁve edges
L2i—-1Y47!(i)—15 L2i—1Y47! (i) L2iY4r!(i)—1,
X2iY4rr (i), and T2iTar, ()
are drawn on T ; in the way of the drawing of Type-1. After those ¢ tubes have been
added, there is a set X; of t facial 3-cycles, where
= {Qsz ‘ Qsz Yar!(3)T2i—1L2iY47! (3)5 1= 1727~-~7t}~
Fori = 1,2,...,t, the tube T;i is added between Qs’i and R, . (;)- Then the five
edges
L2i—1Y47!(3)—3» L2i—1Y4r!(i)—2> L2iY47!(3)—3s
T2iY4r(i)—2, and T2i—1T2r, (3)—1
are drawn on Tgl in the way of the drawing of Type-2. In this case there are three
sets Xs11, Vs+1, and y;H of facial 3-cycles which are
Xoy1 = {Qs+1,i | Qsv1,i = Yarr(4)—3T2i-12iYar(i)—3, 1 = 1,2,..., 1},
ys-‘,—l ={Rst1,i | Rst1,i = T2iYar: (i)—3Yar: (i)—2%2i, i = 1,2,...,t}, and

Vey1 = {R1i | Rer1i = i 1Yars (i) —1Var: () T2i-1, 1 = 1,2, ...},
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If s = &L 1, 14 30 HL 41/ then the tube T ; is added between Q. ; and
2 2 2 ) ,

R, - (7). Next, the five edges
L2i—1Y47!(i)-3> L2i—1Y47!(i)—25 L2iYar!(i)-3;

T2iY4rr(i)—2, and L2iT27(3)

are drawn on T ; in the way of the drawing of Type-1. After those ¢ tubes have been
added, there is a set X! of ¢ facial 3-cycles, where X7 is the same as in (1). For

i=1,2,...,t,the tube T} ,; is added between @ ; and Rls,‘rs(i)' Then the five edges
L2i—1Y4r!(i)—15 L2i—1Y4r!(i)> L2iYar!(i)—15
T2iY4r (i), and T2 1%27,(i)—1

are drawnon T, ; in the way of the drawing of Type-2. In this case there are three sets
Xot1, Vsy1, and Y, 11 of facial 3-cycles which are the same as in (1), respectively.

Need to say that x2; and xg; 1 are connected with w5, ;) and xa, (;)—1 in (2), respec-
tively. However, wo; and xo; 1 are connected with x5 (;)_1 and wa, (;) in (1), respectively.

The above operation of adding 2¢ tubes is not stopped until the ¢-th operation of adding
2t tubes has been applied. Let IT' be the obtained embedding. Then II’ has a set X; of ¢
facial 3-cycles, where

Xy = {Qui | Qui = Yari(i)—3T2i-12Z2Yari(i)—3, if t = T + &, or

Qt,i = Yari(i)—1T2i—1T2Yari ()1, it t = L + K}

Since there are 2t x t (= 2t?) tubes being used all together, II’ is an embedding on the
orientable surface of genus g + 2t2.

Let H be the graph corresponding to IT'. We need to show that H satisfies the demands
of the theorem. Before the proof, we give an example that ¢ = 5 to illustrate how all
50 tubes are added and how all desired edges are attached. The former two operations
of adding 10 tubes are shown in Figure 3 and Figure 4, respectively. The latter three
operations of adding 10 tubes are shown in Figure 5. Need to say that the five rectangles
in the first column upon (3) respectively represent 15 1, . .., T5 5, and the five rectangles in
the second column upon (3) respectively represent 75 4, ..., Ty 5 in Figure 5. Similarly, the
first column upon (4) respectively represent T3 1, . . ., T3 5, and the second column upon (4)
respectively represent 7% ;, ..., T3 5 in Figure 5. The order in (5) in Figure 5 is the same
as that in Figure 3.

We now show that H satisfies all demands of the theorem.

Claim 2.3. wq is connected with each of x1, 2, ..., Tos.
According to the first operation of adding 2t tubes, Claim 2.3 is obvious.
Claim24. Fori=1,2,...,2tand j = 1,2,...,4, x; is connected with y; in H.

For i = 1,2,...,2t, each of x9;_1 and xs; is connected with Yar! (i)—3> Ydr!(i)—25
Yarr(i)—1, and Yy, () after the (s + 1)-th operation of adding 2¢-tubes has been applied,
where 1 < s < ¢ — 1. Considering that any two of Yu,/(i)—3, Yar’(i)—25 Yar!(i)—1, and
Yar:(;) are distinet, it is sufficient to show the following proposition.
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Y7 T T2

Yyis  T1 T2

Y19 T1 T2 T2

Figure 5: The latter three operations of adding 2¢ tubes when ¢ = 5.
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Proposition 2.5. Fori =1,2,...,t, 7, (i) # 7/,(i) if 1 < s1,50 <t — 1land sy # so.

Assume for the sake of contradiction that there are two distinct number s; and s, such
that 7/ (i) = 7/, (i) for some i. Without loss of generality, suppose that s; > s5. Since
7i(i) = 1011 - T5(i) (mod t) and 7;(i) =i + (—1)7T!j (mod t), we have that

- 1)k+1 1)1
7! ( fz+zk0 k= fz+z I(modt).
Hence . )
SLo Nk+1g — 52 NI
Do CDFR=DC (DTN (mod t).
Thus,

S (-)Mk=0 (mod ).

k=s2+1
Since 1 < s7 <t — 1, we have that

3 (~DME#0 (mod ).

k=so+1
Then there is a contradiction. Thus, the proposition is verified.

Claim 2.6. H contains the edge set
{xi$i+1,...,$i$2t | 1= 1,2,...,2t— 1}\{.@21',11'21' | 1= 1,2,...,t}.

In fact, there are 2t edges being added such that each has the form xz; (k # 7) except
for the form xo;_1x9; after the (s + 1)-th operation of adding 2¢ tubes has been applied,
where 1 < s < ¢ — 1. So there are 2¢(¢ — 1) edges of the form z,x; being added after the
t-th operation of adding tubes has been applied. We now show that any two edges in those
2t(t — 1) edges are different. We need the following proposition.

Proposition 2.7. Suppose that s1 and sy are two distinct integers such that 1 < s1, 89 <
t— 1. Ifs1+ s2 =0 (mod t), then 74, (i) = 7, (7).

In fact,
T () =i+ ()" sy =i+ (=) (¢t —s9) =i+ (—1)' 255 (mod ).

Since t = 1 (mod 2), (=1)!7°2 = (=1)*2*1. So 74, (i) =i + (—1)*2"1sy (mod t). In
other words, 75, (¢) = s, (4).

According to the rule of the (s + 1)-th operation of adding 2t tubes, z2; and xo;_; are
respectively connected with zo, (;y—1 and zo, ;) if 1 < s < t— , and x9; and x9;_1 are
respectively connected with o, ;) and o, ()1 if £ < s < t — 1. By Proposition 2.7,
the pair of vertices connected with the pair of xgi_l and x9; in the so-th operation of
adding 2t tubes is the same as the pair connected with the pair of x5;_1 and zs; in the s;-th
operation of adding 2¢ tubes if s;1 + s3 = 0 (mod ¢) and 1 < s1,s2 < ¢t — 1. But the
methods of two connections are different.

We now view the pair of xo;_; and x; as a vertex w;, where ¢ € {1,2,...,t}. In
order to show Claim 2.6, it is sufficient to show that u,, is connected with u,, where p, q €
{1,2,...,t} and p # q. For the purpose, it is sufficient to show that there exists some k
such that 7 (p) = q or 7,(q) = p. By Proposition 2.7, it is sufficient to show that for any
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two distinct number 4,j € {1,2,...,t}, there exists some k € {1,2,..., %} such that
Tk(1) = j (mod ¢) or 7, (j) =4 (mod t).

Without loss of generality, suppose that j > i. If j — 4 = 1 (mod 2), there are two
cases to consider. If j — ¢ < tgl, let k = j — 4. Then

() =i+ ()" k=i+(j—i)=j (mod?).
SoT(i) =j.1f j —i> L letk =t — (j — i). Then
@) =i+ (- k=i—t4+j—i=j (modt).

So 7,(i) = j. If j —i = 0 (mod 2), there are two cases to consider. If j —i < 51, let
k = 7 —i. Then

m() =i+ (D) k=5 —(G—i) =i (modt).
Thus, 7:(j) = i. If j —i > 5L let k =t — (j — ). Then
() =+ (D) k=j+t—j+i=i (modt).

So T, ( J ) =1.
Therefore, u,, is connected with u4, where p # ¢. Thus, Claim 2.6 has been proved.

Case 2: t = 0 (mod 2). We proceed the similar argument to that in Case 1. Let A,
Vs, and V!, be the sets of facial 3-cycles defined in Case 1. When the (s + 1)-th operation
of adding 2t tubes T 1, ..., Ts 4+, 1% 1, - -, 1%, will be applied, it satisfies the following
conditions.

HIf1<s< % — 1, then the ways of adding 2¢ tubes and drawing the five edges are
similar to that in (1) of Case 1.

(2) If s = 5, we consider two cases. If 1 <14 < 3, then the tube Tt ; 1s added between
Q%_’ and R; 7+ (i) and the five edges
2

L2i—1Y47", (i)—3> L2i—1Y47', (4)—2> T2iY4r', (i)—3»
2 2 2
T2iYar’, (i)—2, and T2i—1T2r, ()—1
2 2

are drawn on T% ; in the way of the drawing of Type-1.

If % +1 < < t, then the tube T’ ; is added between Q%J and ng,r% (i)? and the
five edges

$2i71y47’% (i)—1> T2i— 1y4‘r (%) 332iy47-’%(i)717

:E2iy47—'% (i) and !1721‘1’27% (i)

are drawn on T% ; in the way of the drawing of Type-1.

After those ¢ tubes have been added, there is a set X'} of ¢ facial 3-cycles, where
2

! ! ! . e t
L= {Q%,i \ Qi = Yar) (i) -202i-1 820l () -2; ifi=1,2,...,3, or
2 2

t i = Yar!, (i) T2i— 196211/47 G, ifi=5+1,L+2...t—1}
2
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Next, if 1 < i < %, then the tube T% p is added between Q’% i and R'% ) and the
five edges

9621—11/47% (i)—1> x2¢_1y47% () 3321'947-’% (i)—1>

T2ilfar (i) and L2i=1T27 (i)

are drawn on T _ in the way of the drawing of Type-2. If % + 1 < ¢ < t, then the
Z

tube T'; . is added between @', , and Ry ., (;)» and the five edges
2 2 g
L2i—-1Y47, (i)—3» L2i—1Y47', ()—25 L2iYar', (i)—3>
2 2 2
T2iY4r/, (i)—2, and T2i—1%27, ()1
2 2

are drawn on Té i in the way of the drawing of Type-2. There are three sets X’ L1

y% 41, and y'% 41 of facial 3-cycles, where

Xiy = Q141 | Qrpri = Yar, () 1%2i-1%20Yar, (-1, f i = 1,..., 5, or
2 2
Qi1 = Yar), (i)-3T2i-1%2:Yar/, (5)—3, if i = 541,
2 2
Vi1 =A{Rsi1i | Rig1i = T2i1Yar, (i)—8Yar, (i)—2%2i—1, ifi =1,..., %, or
2 2
Ry i = Toi1Yar, ()—1Yar, (i) T2i-1 if i = S41,.. 0t
2 2
y%H = {R/%H,i | R%Hﬂv = x2iy47—’% (i)—1y47—’% (i) 245 ifi=1,..., %, or
R/%"Flﬂ: = L2iYfar, (i) -3Yar, ()22 ifi==%4+1,...,t}.
3 If % +1 < s <t —1, then the tube T} ; is added between @), ; and R’S (i) Since
R’S () has two forms, we say that

° R’S)n(i) is of Class 1 if R;Ts(i) has the form ;Y4 (5)—1Yars (i) T2i, and
o R

s 7. (i) 18 of Class 2 if R;TS(Z.) has the form Z2;Yar (i) —3Yar: (i)—2%2i-

Similarly, we say that

o R, (i) isof Class 1if R, ; (;) has the form 22;1Y4r/ (i)~ 1Y4r/ (i) @2i—1, and
. Rs,‘rs(i) is of Class 2 if RS’.,-S(Z*) has the form T2i—1Y4r! (i) —3Y4r! (1) —2L2i—1-

If R;,Ts(i) is of Class 1, then the five edges
L2i—1Y47!(i)—1> L2i—1Y4r!(i)> L2iYar!(i)—1,
T2iYar1 (i), and T2iTor, ()

are drawn on T ; in the way of the drawing of Type-1. If R/, () is of Class 2, then
the five edges

T2i—1Y4r! (i) 3 T2i—1Y4ar! (i) -2 T2iYar)(i)—3>

T2iYar:(i)—2, and T2iTor, ()



D. Ma and H. Ren: The orientable genus of the join of a cycle and a complete graph 235

are drawn on T ; in the way of the drawing of Type-1. Then there is a set X of ¢
facial cycles, where

Xy =1{Q4; | Qs,i = Yar/(iy—2T2i-122iYar; (i) 2, if R, , ;) is of Class 1, or
Q%,i = Yar/(i)T2i-1%2Yar: (i), if R, ;) is of Class 2}.

Next, the tube T ; is added between Q) ; and Ry ;. (). If R ; ;) is of Class 1, then

the five edges
L2i—1Y4r!(i)—1> L2i—1Y4r! (i) L2iYar!(i)—1s
T2iY4r! (i), and L2iT2r, (i)

are drawn on Ts”i in the way of the drawing of Type-2. If R, . (;) is of Class 2, then

the five edges
L2i—1Y47!(i)—3 L2i—1Y47!(i)—25 L2iYar!(i)-3>
T2iY4rr(i)—2, and T2iTar, ()

are drawn on Ty ; in the way of the drawing of Type-2. Then there are three sets
Xot1, Vsy1 and Y., of ¢ facial cycles, where

X1 = {Qs41.

Qs+1,i = Yar: (i)—222i—182iYar: (i) 2, if R ;) is of Class 1,
Or Qst1,i = Yar: (i) L2i—122iYars (i), if R’S’Ts(i) is of Class 2},
Vst1 = {Rsv1i | Rsv1i = T2i-1Yars (i) —3Yar: (i) —2T2i—1, if R - (5) is of Class 1,

or Rsi1,i = T2i—1Yar! (i)—1Y4r! (i) T2i—1, if Ry (5) is of Class 2},
Ver1 = ARei1,; | Rosr i = 20z (i) —3Yars (i)—2%2i, if R ;) is of Class 1,

or R;—&-l,i = xgiy47§(i),1y475/(i)x2i, if R;,Ts(i) is of Class 2}.

The above operation of adding 2¢ tubes is not stopped until the ¢-th operation of adding
2t tubes has been applied. Let II’ be the obtained embedding and let H the graph corre-
sponding to IT’. Clearly, I’ is an embedding on the orientable surface of genus g + 2t2,
and II" has a set X of ¢ facial 3-cycles in which each has the form Q;; = y;,x2;—1%2:Y1,,
where Y, € {y4j_3, Y45—2,Ydj—1, Y45 | j=12... ,t}.

In order to help readers to understand the procedure of adding tubes in this case, we give
an example that £ = 4 which is shown in Figure 6. For : = 1,2, 3, 4, the four rectangles
in the first column of (¢) respectively represent 7} 1, ..., T} 4 from top to bottom, and the
four rectangles the second column of (z) respectively represent Ti’)l, e sz‘/, 4 from top to
bottom.

We need to show that H satisfies the demands of the theorem. Obviously, wy is con-
nected with each of x1,xs,..., 29 in H. By the similar argument as in Case 1, one can
show that fori = 1,2,...,2tand j = 1,2, ...,4¢, x; is connected with y; in H.

Claim 2.8. H contains the edge set

{.’L‘iﬂji+1,...,$i$2t|i:172,...,2t—1}\{$2i,1$2i|i:1,2,...,t}.
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Y3 T

Y2 T ) i)

Yyio T3 T4

Ts5 Yo Y10 Te Y11 Y12
Y10 Ts L6 Y11 Y4 Ts L6

wo Y11 12 x7 Y13 Y14 zg Y15 Y16

(4)

Figure 6: The operations of adding 2¢ tubes when ¢ = 4.
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We proceed the similar argument to that in Claim 2.6. Obviously, there are 2¢(t — 1)
edges of the form xx; (K # 7) except for the form xo;_1x9; after the ¢-th operation of
adding 2¢ tubes has been applied. According to the rule of the (s + 1)-th operation of
adding 2¢ tubes, xg; and x2;—; are connected with xo, (;)_1 and xa, (4, respectively, if
1<s<i—-lors=Landi=1,2,...,L andzy and zo;_; are connected with 5, (;)
and wa, (;)—1, respectively, if% +1<s<t—1lors= % and i = % + 1,% +2,...,t.
We now consider the relation between 7, () and 7, (7), where 1 < s1,50 < t — 1 and
$1 4 s2 =0 (mod t). We have the following proposition.

Proposition 2.9. Suppose that s, and sy are two integers such that 1 < s1,80 <t — 1. If
s1+ 82 =0 (mod t), then 75, (t — i) =1 — 74, (1) or 75,(3) =t — 75, (t — ©).

In fact,

T (t—i) =t —i+ (=1)" sy =t — i+ (=1)752T (¢t — s5)
=t—i+(—1)"%sy (modt).

Since t =0 (mod 2), (—1)t7%2 = (—1)*2. So
To(t—i)=t—i+ (=1)%2sg=t— (i + (=1)%2Tlsy) =t — 7,,(i) (mod t).

In other words, 75, (t — i) =t — 74, (i), or 75, (1) =t — 75, (t — 9).

Thus, the pair of vertices of the form Tor,, (i)—1 and Tar,, (i) connected with the pair
of z9;_1 and x; in the (s3 + 1)-th operation of adding 2¢ tubes is the same as the pair of
vertices of the form To(t—r7,, (t—i))—1 and To_r  (t—s)) connected with the pair of x9;_1
and xo; in the (s1 + 1)-th operation of adding 2¢ tubes if 0 < 51,50 <t—1and s;1+s2 =0
(mod t). But the methods of two connections are different. We now view the pair of
x9;—1 and x9; as a vertex u;, where ¢ € {1,2,...,¢}. In order to show Claim 2.8, it is
sufficient to show that u, is connected with u,, where p,q € {1,2,...,t} and p # g¢.
For the purpose, it is sufficient to show that there exists some k such that 74, (p) = ¢ or
Tr(¢) = p. By Proposition 2.9, it is sufficient to show that for any two distinct numbers
i,j € {1,2,..., %}, there exists some k € {1,2,...,t} such that 7;,(i) = j or 7, (j) = i.

Without loss of generality, suppose that j > 4. If j —¢ = 1 (mod 2), let k = j — 4.
Then

(@) =i+ (- k=i+(j—i)=j (mod1).

So7,(i) =j.If j —i =0 (mod 2),let k = j — <. Then
() =i+ (1) k=j—(j—i)=i (mod ).

So 7 (j) = 4. Hence u,, is connected with u, for p # ¢. Thus, Claim 2.8 has been proved.
Therefore, the obtained embedding is as required. O

In the proof of Lemma 2.1, we apply the operation of adding 2t tubes ¢ times starting
from Xp, Vo and )} to construct an embedding of H, where Xy = {Qo,; | i =1,2,...,t},
Yo={Roili=1,2,...,t}, Yy ={Ry,; |i=1,2,...,t}. We call the above procedure
the operation of adding 2t* tubes starting from Xo, Yo and Y},. Lemma 2.10 below is an
analogue of Lemma 2.1. The vertex wq in Lemma 2.1 is replaced with two vertices wy, w(
in Lemma 2.10, and the others are not changed. The proof is similar to that in the proof of
Lemma 2.1, which is omitted here.
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Lemma 2.10. Suppose that G is a graph which has a vertex subset
{wy, wy, 21,20, .,z Ui | i=1,2,...,2t3 U{y; | 1 =1,2,...,4t},
where z1, 23, . . ., 23 need not be different, and suppose that G contains no edges in the set
E' ={w{@oi—1,wima; |i=1,2,...,t} U{zsy; | i =1,2,...,2t;5 =1,2,..., 4t}
U{{@izig1,. - sxizar | 1=1,2,...,26 = 1} \ {moi_129; | 1 = 1,2,...,t}).

Suppose that 11 is a 2-cell embedding of G on the orientable surface Sy with the following
properties:

(l) Fori = ]., 2, NN 7t, Roﬂ' = 'Ll}6y4i_3y4i_2U)0 and R/O,i = w8y4i_1y4iw0 arefacial
cycles of 1L

(ii) Fori=1,2,...,t, Qo = 2iT2i—1%2:%; Is a facial cycle of 11 such that Qy ; has not
any common vertex with each of Ro 1, ..., Rot, Ry 1, ., Ry 4

Then there is a supergraph H of G satisfying the following conditions:
(i) E’is an edge subset of E(H).
(ii) H has an embedding on the orientable surface of genus g + 2t> such that it has a set
of t facial 3-cycles {Qy; | Qi = Y1, T2i—1%2:Y1;, 0 = 1,2, ..., t}, where y;, is some
vertex in {Yai—3, Yai—2, Yai—1,Yai | 1 = 1,2,...,}.

We now introduce another method of constructing an embedding, which is used in the
proof of Lemma 2.11.

Lemma 2.11. Let k and [ be two positive integers. Suppose that G has a vertex subset
{w,z} U{z;,y; | =1,2,...,2l, 5 =1,2,...,2k},
and suppose that G contains no edges in
E' ={zy;|i=1,2,....2l, j=1,2,...,2k}.

If G has a 2-cell embedding 11 on the orientable surface Sy such that F; = wo;_1T2;w
and FJ’ = 2Y2j_1Y2;% are facial cycles in 1l fori = 1,2,...,land j = 1,2,...,k, then
there is a supergraph H of G with the following properties:

(i) E' is an edge subset of H.

(ii) H has an embedding on the orientable surface of genus g + kl such that it has a
set of | facial 3-cycles in which each has the form yp,To;_122;Yn,, where yp, €
{y,y2, - yar}

Proof. We construct an embedding from II as follows.

(1) Let Dy = Fi. Then the tube 77 ; is added between D ; and F}. Next, the four
edges £1Y1, £1Y2, T2y1 and x2y, are drawn on 77 ; in the way shown in Figure 7.
Let D12 = yi1x122y1, and let Q11 = xoy1y222. The tube T3 o is now added
between D 5 and Fy, and the four edges z1ys, T1Yy4, T2y3 and 2y are drawn on
it in the similar way as in Figure 7. Let D1 3 = y3z122y3 and Q1,2 = T2Y3yaT2.
Then D 3 and F} are dealt with as D o and F}, and so on. The procedure is not
stopped until F has been dealt with. Thus, we obtain k facial cycles Q1 1, . .., Q1,k.
where Q1 ; = 22Y2i—1Y2:T2. Moreover, both 21 and z are connected with each of

Y1592, -+ Y2k
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X1 ) w

®

Y1 Y2

Figure 7: The drawing of the four edges in 77 ;.

(2) Let Q1 = {Q1,1,Q1,2,---,Q1,k}. Then the tube T5; is added between F» and
Q1,1, and the four edges x3y1, T3y2, Tay1 and x4y are drawn on it in the similar
way as in Figure 7, and so on. The procedure is stopped till Q)1 ; has been dealt with.
Then we obtain a set of facial walks Q = {Q2,1,Q2,2, ..., Q2% } such that Q2 ; =
T4Y2i_1Y2ix4. Moreover, both x3 and x4 are connected with each of y1, ys, . . ., Y2k-

(3) Qs and Fj3 are dealt with in the similar way to that of Q; and F3, and so on. The
procedure is stopped till F; has been dealt with. Then x; is connected with each of
Y1, Y2, .-, Y2k for ¢ = 1,2, ...,2[, and there is a set of [ facial 3-cycles in which
each has the form yp,, x9,_122;yn,. Moreover, there are k[ tubes to be added to the
primitive surface all together. So the obtained embedding IT’ is one on the orientable
surface of genus g + kl. Let H be the graph corresponding to II’. It is easy to find
that £’ is an edge set of H. O

Let Fiy = {F1, Fs,..., Fi}, and let 75 = {F|, Fy,..., F}}. We call the procedure of
constructing an embedding in the proof of Lemma 2.11 the operation of adding tubes with
respect to F1 and Fs.

3 An upper bound for v(C,,, + K,,) if m is odd

From now on we always suppose that m > 3 and n > 4, that C};, = wjus . .. u,u1, and
that the vertex set of K, is {v1,va, ..., v, }. If no confusion occur, a face and its boundary
in an embedding are not distinguished in the rest of the paper.

Lemma 3.1. Suppose thatm =1 (mod 2) and n =0 (mod 4). If m > 4n — 5, then

mn=Y0n-3),

Y(Cm + Kp) < { 1

Proof. We shall construct an embedding of C),, + K,, on the oreintable surface of genus
[WW in the following steps.

(1) In the step we shall construct an embedding on a sphere in which each of v; and vo
is connected with each of uq, uo, ..., U, and each of u; and usy is connected with
each of vy, va, ..., V.

First, C,, is placed in the equator of the sphere, and both v; and v, are situated at the
northern pole and the southern pole, respectively. Second, each of v; and v5 joins to
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each of uy, us, ..., uny, and the path P = v3v, ... v, is placed in the interior of the
face vjujugv; such that vs is near to v;. Third, vs joins to vy, and each of u; and
ug joins to each of vs, vy, ..., v,. Thus, we obtain an embedding II; on the sphere,

which is shown in Figure 8.

VN

V2
Figure 8: The embedding II;.

In the step we shall add 7 tubes to the sphere such that u3 is connected with each of
V3, V4, - - - , Un, and vy joins to vs.

The tube T} is now added between the facial cycles usvzvqus and voususvs. Next,
the edge uovs is redrawn such that it is on 77 and a segment of local rotation at us in
clockwise is that vy, v1, u3, vs. Then there is a facial walk W1 = ugvausvsviugvy
v3usus. Let Z1 = usvauav3viusvavs. Then Wi = Zijusus.

The tube 75 is added between the facial cycle usvgv7us and Wi. Then the two edges
u9v7 and uovg are redrawn on 75 such that a segment of local rotation at us in clock-
wise is that ugz, v7, vg, v3. Thus, there is a facial walk Wy = Zjusvgu5usv8v7usus3.
Let Z2 = U2VgV5U2V8VT. ThUS W2 = Z1Z2UQU3.

For i = 3,4,..., %, the tube T; is added between the facial cycle uzvy;v4;—1u2
and W;_;. Next, both edges usv4,—1 and ugvy;_o are redrawn on 7; such that a
segment of local rotation at us in clockwise is that us, v4;_1, v4;—2 and v4;_5. Then
there is a facial walk Wi = Z1Z2 . ZZ‘_1UQU4i_2U4i_3UQU4iU4i_1U2U3. Let Zi =

U2V45—-2V4;—-3U2V4;V45—1- Thus, Wi = Z1Z2 ‘e Z7;UQ’LL3.

After the tube Tn has been added, there is a facial walk Wn =Z14y...Zn n_qUU3.
Fori = 2,3,..., %, each of vy;_3,v4;_2, v4;—1 and vy; appears in Z; once but it
does not appear in Z; if ¢ # j. Also, v, appears in Z; once, but it does not appear
inZ;ifj# 1. In the interior of the face W%, ug joins to each of vy, vs, ..., U,
and v1 joins to vy. For example, if n = 8, W5 and all added edges in the interior of
W, are shown in Figure 9. Let 11, be the embedding obtained from II; by the above

operation of adding tubes. Then II3 is an embedding on the surface of genus 7.

In the step we shall add 2( 5 — 1)? tubes to the present surface satisfying the following
conditions:

(i) vq is connected with each of vs, vy, ..., v,,
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Figure 9: W5 and all edges added in the interior of Ws.
(ii) fori =3,4,...,nand j = 4,5,...,2n — 1, v; is connected with u;, and
(iii) all edges in the set
{Uivi+1;~--,71ﬂ/n | 1= 3,...,’/1— 1}\{1}21'_;,_1’0%4_2 | 1= 1,...,%72}
are added.

For the above purpose, let

Xo ={Qo,i | Qoui = urvoi11v2i40u1, i =1,2,..., 5 — 1},

Yo = {Ro; | Roi = viugiaiz1vr, i =1,2,...,5 — 1}, and
! / / .

yo = {RO,Z' | RO,i = V1U442U4;43V1, © = 1, 2, ey % — 1}.

Then we apply the operation of adding 2(% — 1)? tubes starting from Xp, Vo, and
Y{. By Lemma 2.1, an embedding II5 is obtained which satisfies all the requirements
and contains a set Ag = {Ao,1, Ao2,..., Ao,z 1} of facial 3-cycles such that Ao ;
has the form wy, vo; +1v2uk,, Where uy, € {u; | j =4,5,...,2n —1}.

In the step we shall add 2(5 — 1) tubes to present surface satisfying the following
conditions:

(1) w9 is connected with v, vy, ..., Un,
(ii) fori=3,4,...,nand j = 2n,2n+1,...,4n — 5, v; is connected with u;.

For the above purpose, let

J— — ;o n
By = {Bo,i | Bo,i = voUzntai—aUoniai—3v2, i =1,2,..., % — 1}, and
/ / ! .
By ={By,; | By, = vauzntai—2Uzntai—1v2, 1 = 1,2,...,5 — 1}.

We now apply the operation of adding 2(% — 1)? tubes starting from Ao, By, and 5.
By Lemma 2.1, an embedding 11, is obtained which satisfies all the requirements
and contains a set F = {F, Fb, ..., F%_l} of facial 3-cycles such that F; has the
form wy, vo;41v2i 42w, Where uy; € {u; | 7 =2n,2n+1,...,4n — 5}. At last, all
edges of the form v;v; added in the above operations are deleted, since these edges
have been existed. Note that the deletion of these edges does not affect each cycle
in F.
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(5) If m = 4n — 5, then there is nothing to do. If m > 4n — 5, then we shall add

tubes to the present surface such that v; is connected with each of ug,, 4, . . ., uy, for
1=3,4,...,n.
Let

D ={D; | D; = vitani2i—6Uan+2i—501, § = 1,2,..., B=1nt8Y

We now use the operation of adding tubes respect to F and D. By Lemma 2.11,
there are w tubes being used, and v; is connected with u;, where
i€{3,4,...,n}and j € {4n —4,4n — 3,...,m}. Let II5 be the obtained embed-

ding. Then it is an embedding of C',, + K, on the surface of genus

n (n—2)2 (n-2)? (n—2)(m—4n—|—5)'

4Jr 2 + 2 + 4

By simple counting, we have that

n, (n—2? (n-2? nm-2)(m—4n+5) n (n—2)(m—3)
1T Tt 1 it

Since n =0 (mod 4),

"(m—2l(n—2)_‘ _ {nizw L (n=2)(m-3)

So

Y R B S 4

n (n—-22 m-22 (n-2)(m-—4n+5) _ {(m—2)(n—2)-‘.

Hence, v(Cp, + K,,) < [W] O
Lemma 3.2. Suppose thatm =1 (mod 2) and n =2 (mod 4). If m > 4n — 3, then

AC + K) < {(m?i(n?)w |

Proof. We construct an embedding of C),, + K, in the similar way to that in the proof of
Lemma 3.1.

(1) First, place C,,, v1, and v2 on a sphere and add edges as (1) in the proof of Lem-
ma 3.1. Let F} = wviujugvi, F5 = viususvy, and F3 = vjugqusvi. The path
P = wv7vg...v, is now placed in the interior of Fj, and each of u; and wuo joins
to each of vy, vg, ..., v,. Next, both v and v5 are placed in the interior of F», and
they join to each of uy and us, respectively. Similarly, both v4 and vg are placed in
the interior of F3, and they join to each of uy4 and us, respectively. Let II; be the
obtained embedding on the sphere, which is shown in Figure 10.

The edge usuy4 is now deleted from II;. Then the face viusuqv; and the face
voU3U4V2 are merged into a face Fy = viusvaugavi. Next, the edge vivo is drawn
in the interior of Fy. Let F5 = usvsugvsus and Fg = ugvausvgus. The tube T is
added between Fj and Fi. Then the five edges are drawn on 7} in the way shown in
(1) in Figure 11. Let F; = usvsugvgus and Fy = usvsusvsus. Next, the tube T5 is
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U1

=
NS

U2

Figure 10: The embedding IT;.

U2 V3 U3 Us U2 V3 Uq Vg

Uy V4 U5 Vg U3 V4 U5 Us

(1) 2)

Figure 11: The drawing of edges on T} or 5.

added between F%; and Fg. Then the five edges are drawn on 75 in the way shown in
(2) in Figure 11.

We observe that the local rotation at ug in clockwise is that w1, vy, . . ., v1, V3, U4, Vg,
vs, U3, V2. Let Fy = wugvgugvsue, which is a facial cycle (refer to (2) in Fig-
ure 11). Let Fig = ujv,ugu; (refer to Figure 10) if n > 6, or Fig = ujviusug
if n = 6. The tube T3 is now added between Fy and Fjy. Then the edges usvs
and wuqvy are redrawn on T35 such that a segment of the local rotation at wuo is that
U1, Vg, V4, Up, U3, U5. Thus, there is a facial walk W] = w3 us0403u205u506Ua U, U1 .
Next, w1 joins to each of v3, vy, vs, vg, and vs joins to vg. Then there are two facial
cycles Qo1 = u1vavsu; and Qo2 = U V5V6U].

If n = 6, there is nothing to do. If n > 6, then we shall add % tubes to the
present surface such that u; is connected with each of vs, vy, ..., v, fori = 3,4, 5.
Let Fi1 = viugvsuguy (refer to Figure 10). Fori = 1,2,...,25%, let F/ =

UgV4i+4V4i+5U2. The tube T7 is added between F| and Fi;. Then two edges usv4i+4
and ugv4;45 are redrawn on T7. There is a facial walk Wi = ugvsusviusvgvigus
vrvglg. Fori = 2,..., %, the tube 77 is added between F and W;_;, where
W;_1 is a facial walk which contains v7,...,v4; 12 after T/ ; has added. Next,
both ugvy;4+4 and ugvy;y5 are redrawn on 7T and a segment in the local rotation
at us in clockwise is that Ug(i—1)+5> Udi+4, Udi+5, and uz. After the tube Tﬁl%@

has been added, there is a facial walk W.-s which contains ug, v7,vs,..., V.
4
Moreover, each of v7,vs,...,v, appears in Wa.—s once. Next, uz joins to each
4
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of vy, vs,...,v,. There are "7_6 facial 3-cycles D1, Do, ... ,DnT—G, where D; =
U3V2i+5V2i4+6U3-

Let Fi9 = uqvqusuy (refer to Figure 10). Let F = {Fi2},andletD = {D1, Do, ...,
D n_s }. Using the operation of adding tubes with respect to D and F, each of u4 and

ug is connected with each of v7,vg,...,v,. By Lemma 2.11, there are %’6 tubes

being used. Also, there are ”Tfﬁ facial cycles Qo 3, . - ., Qo,% in which Qg ; has the
form wy, vg;41v2;42u,, Where u;, € {ug,us}. Let IIy be the embedding obtained
from II; by the above procedures. Then II, is an embedding on the surface of genus
3+ "T_G + "7_6 (= @). Moreover, u; is connected with each of vy, va, ..., v,
fori =1,2,...,5.

For:=1,2,..., "’;6, let Ry ; = v1U4i42U4443v1, and let Ré),i = V1U4i+4U4i+501 -
Let &y = {QO,H-? ‘ 1= 1,2,...,%76}, Vo = {RO,i | 1= 1,2,...,%76}, and
Vo = A{Ry,; | i =1,2,...,25°%}. Next procedures are similar to that in (4) and
(5) in the proof of Lemma 3.1. Note that W tubes are added to the present
surface such that v; is connected with u; for7 = 3,4,...,nand j = 6,7,...,m.
Thus, an embedding I13 of C,,, + K, on the surface of genus 3("4_2) + (7”_521("_2) is
obtained. Since n = 2 (mod 4), [(mfa(”*z)} = 3("4’2) + (m7521(”72). Thus, 113
is the desired embedding. Since the operation of adding n — 2 tubes is used twice, m
is atleast 5 + 4(n — 2) (= 4n — 3). O

Lemma 3.3. Suppose thatm =1 (mod 2) andn =1 (mod 2). Ifm > 6n — 13, then

ACom + K < {(W—QW—ZW |

4

Proof. We consider two cases.

Case 1: m = 1 (mod 4). In this case we construct an embedding of C,,, + K, in the
following steps.

)

2

The path P,, = wujus...u,, is placed in the equator of a sphere. The edge vivs
is situated in the northern pole and the vertex vs placed at the southern pole. Next,
each of v; and v3 joins to each of w1, us, ... s Umst, and each of v; and v5 joins to
each of Umds, Ums - oo U Also, v1 joins to vs, and vy joins to Umgs. Thus, an
embedding II; on the sphere is obtained. For example, the embedding II; is shown
in Figure 12 if m = 17.

In this step we shall construct an embedding on the surface of genus m74 such that
vg is connected with uq, us, ..., u m_1, V3 connected with Umts, Umds s« ooy U, and

w1 connected with u,,.

For ¢ = 1, 2, ey mTil, let Fi = V3U2;—-1U2;V3 and Fi/ = VoUm+41-2iUm+2—-2iV2.
The tube T} is added between F; and F7, and the five edges are drawn on T in the
way shown in (1) in Figure 13. The tube T is added between F» and F3, and the five
edges are drawn on 7 in the way shown in (2) of Figure 13.

Fori = 3,4,..., mT_l, the tube 7; is added between F; and F!. Then the four
edges U3l +2—2i,V3Um+1—2i, V2U2;—1, and voug; are drawn on 7; in the way shown
in (2) of Figure 13, but vyvs is not added. Thus, vs is connected with each of
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Figure 12: The embedding IT;.

U3 ul Uug V3 us U4

Vo Um—1 Um V2 Um—3 Um—2

(1) (2)

Figure 13: The drawing of edges on 7} or 75.

Umtd , Umt5, ..., Um,Va. Next, vy connected with each of uq,us,...,um-1. Let
2 2 2
IT; be the obtained embedding. Note that there are two sets 2y and Z, in II5, where

ZO = {Z(),i ‘ Zg,i = V2U2;-1U2;V2, ’L = 1, 2, ey mT—l} and
={Z0; | Zy; = v3Um+1—2iUmia—2vs, i = 1,2,..., "L},

In this step [”7_21 tubes will be added to the present surface such that v; is connected
With Um+1, Um+ts, Umss fori =4,5,...,n.

2 2 2
The path P = w4vs...v, is now placed in the interior of Z’ . _; such that vy

T

is near to v3. Then each of Umis and Umis joins to each of vy, vs,...,v,. For
1=1,2,..., ’—Ll] let D; = = Um+3 Vg V4i+1Umis .
If n =1 (mod 4), then [252] = 231, The tube 7T} is now added between D’ =

V2Umt1 U mts U and D;. Next, the edge u m3 Uy is redrawn on 77. Then we obtain
a facial walk W3 which contains Umt and vy. Fori = 2,3, ..., ”T’l, the tube 77 is
added between D; and W;_1, where W;_ is a facial walk which contains um+1 and
um+s obtained by adding the tube T;_;. Then two edges u m+8 Vg1 and ui+3 Vai
are redrawn on T}. After the tube 7', _, has been added, there is a facial walk W"n 1

which contains U m+1, Vg, ..., Up. Next Umt joins to v; if v; appears once in W n1
2
or a copy of v; if it appears more than once in Wi
4

Ifn =3 (mod 4), then [22] = 222 We add 22 tubes in the similar way to that

in the above paragraph. The difference is that two edge wm+3v4; 41 and wm43 Vg;yo
2 2
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are redrawn on T} fori = 1,2,. .., "4_3.
Let II3 be the embedding obtained from II5 by the above operation of adding tubes.
Clearly, Umir, Umds, and Umgs are connected with each of vy, vs, ..., vy,.
(4) In the step we proceed the similar argument as in (3) and (4) of the proof of Lem-
ma 3.1. Let
Xo ={Qo,i | Qo,i = UmysvVai2v2iatmes, i =1,2,..., n=3,

Vo={Zo;|i=1,2,...,%53}, and
Vo={Zp;1i=1,2,...,253}.

Then we apply the operation of adding 2(”773)2 tubes starting from Xp, Vo, and )}).
By Lemma 2.10, we have the following results:

(i) wvo is connected with each of vy, vg, ..., v,_1, and vs connected with each of
V5,V7y...,Un.
(i) Fori = 4,5,...,mand j = 1,2,..., %’3 v; is connected with wug;_1, uaj,

Um4-1-255 Um4-2—-25-
(iii) There is a set

{0iVig1,y o v |1 =1,2,...,n — 1} \ {vgvs, 0607, . . ., Un_10n }

(iv) There is a set
Ao = {401,402, ... ,Ao,%}

of facial cycles such that Ay ; has the form w;,ve;41v2;u;;, Where vu;, €

{’l,l,l7 ey un_3} U {um_n+4, ‘e ,’U,m}.
Unfortunately, v is not connected with each of vs,vr,...,v, and vs is not con-
nected with each of vy, vg,...,v,—1. In order to attach the edges vavs, ..., v20,,
V304, . .., V30,1, we apply the operation of adding 2(“52)? tubes again. Let

; ,—3
By = {Bo,i | Bo,i = V3Um—nt4—2im—nt5-2i03, i = 1,2,..., 252} and
/ / / . _3
By ={By, | By; = voun—at2itn-342V2, i = 1,2,..., "5}

We now apply the operation of adding 2(252)? tubes starting from Ay, By and B).
By Lemma 2.10, we have the following results:

(i) vo is connected with each of vs,v7,...,v,, and vz connected with each of
V4,06, -3 Un—1-
(i) For i = 4,5,...,nand j = 1,2,..., 252, v; is connected with w,_442;,

un—3+2j7 um—n+4—2j7 um—n+5—2j~
(iii) There is a set
£0 = {LO,la L072, e ,Lo,nT—S}

of "7_3 facial cycles such that L ; has the form wp,, v2;41v2iup,, Where up, €
. -3
{Un—a42j, Un—342j, Um—nt6-2j, Um-nt5-2; | J=1,..., %5}
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Need to say that all edges of the form v v; added in the above operations are deleted,
since they have been existed.

Fori = 1, 2, ‘e ang’ let Foﬂ‘ = V1U2n—7+2iU2n—6+42iV1 and Fé,i = V1Um—2n+7—2i
U, —2n+8—2iV1- Let 7y = {FO,i ‘ i = 1,2,..., nT—S}’ and let fé = {Fé,i |
i=1,2,...,252}. We apply the operation of adding 2(252)? tubes starting from
Lo, Fo, and F}. By Lemma 2.1, vy is connected with each of vg, vs, ..., v,, and
there is a set Ny = {No1,Nogz,---, N07%} of "7’3 facial cycles such that Ny ; has
the form wy,vaip1v2iuk,, Where up, € {U2n—7425, U2n—64+2jUm—2n+7—2j>
ji=1,..., ”;3}. Next, all added edges of the form v;v; (4,5 # 1)
are deleted, since they have been existed.

(5) In this step we proceed the similar argument to (5) in the proof of Lemma 3.1.
For: =1,..., %(mTil —3n + 9), let M; = V1U3n—10+2iU3n—9+2;V1, and Mll =

V1Um—3n+10—2iUm—3n+11+2iV1. Clearly, M’(m 1 is exactly the cycle

—3n+9)
V1Umts Umts V1. Since Umis and Umys are connected with each of vq,...,v,,
2

M, 1(m=1 g4 should be neglected Let

M =AM, M [i=1,., 5 (75 =30+ O \AMY ms g, 00}

Next, we apply the operation of adding tubes with respect to M and Ny. There are
[mfﬁ(”fi)fg](nfd) tubes being added to the present surface. Since m = 1 (mod 2)
andn =1 (mod 4), we have that

[(m—?i(n—m—‘ (m-3)(n-3) , m-1 [n—él—‘

and

[m—6(n—?;)—3](n—3)+m4—1+ PL—ZL—‘ +6(n—3)2

’—(m—2)(n—2) '|

Hence an embedding of C',, + K, on the surface of genus is obtained.

Need to say that the operations of adding 2(*%= 3)2 tubes are used three times, m

is at least 6(n — 3) (= 6n — 18). If um+1, Um+.3 Umss and My m—1_g, o) are
. . 2 2 2 2172

considered, m is at least 6n — 18 + 5 (= 6n — 13).

Case 2: m = 3 (mod 4). In this case we shall construct an embedding of C,,, + K, in
the similar way to that in Case 1.

(1) P,,, v1, ve, and vs are placed in a sphere as in Case 1. Next, each of v; and v3 is
connected with each of uy,uo,...,u mi1, and each of vy and v, is connected with
each of Um+3s, Um+s, ..., Up. AlsO, vo is connected with u m+1, and vs is connected
with um+32 Then we obtaln an embedding II; on the sphere. For example, II; is
shown in Figure 14 if m = 15.
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Figure 14: The embedding I1;.

As in (2) in Case 1, mT_3 tubes are added to the sphere satisfying the following
conditions:

(i) wq is connected with u,,,
(i1) v is connected with each of w1, us, ..., Um-3,
2

(iii) wvg is connected with each of U m+s , Umt7, ..., Up,.
2 2

Let II, be the obtained embedding. Then it is an embedding on the surface of the

m—3
genus =,

The path P = w405 ... v, is now placed in the interior of Vot m+1Um+3vs. Then
2 2

each of um+1 and um+s joins to each of vy, vs,...,v,. Forj = 1,2,..., ["T_ﬂ
2 2

let Dj = Wmi1v404i41Umer. If n = 1 (mod 4), then 251 (= [252]) tubes
2 2

T],T5,...,T_, are added to the present surface one by one such that  m+1 v5 is re-
4 2

drawn on 77, and Um1 Vg and Um1 Vgi1 are redrawn on T/ fori = 2,3,. .., ”T_l.

If n = 3 (mod 4), then 2 (= [2:2]) tubes T}, T3, . .. ,TQ# are added to the

present surface one by one such that ©m+1v4 is drawn on 77, and wm+1v4;43 and
2 2
n+1
1

Um+1Vy; are redrawn on T for i = 2,3,..., . As in Case 1, there is a facial
walk W[%W which contains Um_1,V4; -5 Vn and vy. Next, Um_1 joins to vj if
it appears once in W[%] or a copy of v; if it appears more than once in W[%],
where v; is a vertex in vy4,vs, ..., v, and ve. Let II3 be the obtained embedding.

Then it is an embedding on the surface of the genus mng + [”772]

In this step we proceed the similar argument as in (4) and (5) in Case 1. There are
W tubes being added to the present surface. The detail is omitted here. Let
I14 be the obtained embedding. Then it is an embedding of C,,, + K, on the surface
of genus T8 4 [222] 4 (m*‘n’iﬂ. Need to say that for the purpose that each

of vy, v9 and v3 is connected with vy, ..., v,, we need add at least 6(”T*3)2 tubes.
Since each of um-1, um+1 and um+s has been connected with each of vy, ..., v,,
2 2 2

m is at least 3 + 6(n — 3) (= 6n — 15).
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Since m = 3 (mod 4) and n = 1 (mod 2), we have that [W] =m=3 4
22 + %4("_3). So I14 is an embedding of C,,, + K, on the surface of genus

|'(m7221(n72)-|. 0

4 An upper bound for v(C,, + K,,) if m is even
In the section we shall study the orientable genus of C,,, + K, if m is even.

Lemma 4.1. Suppose thatm =0 (mod 2). If m > 8, then
m — 2
a2 [22]

Proof. We firstly construct an embedding on a sphere. C,,, vy, and vy are placed in the
sphere as in the proof of Lemma 3.1, and each of v; and vs joins to ui,us, ..., u,. Let
F) = viuqugvy and Fy = vougugvs. Next, the vertex vs is placed in the interior of F}
and is connected with to u;, ug, and v;, and the vertex v, is placed in the interior of F»
and is connected with ug, u4, and vs. At last, the tube T} is added between the facial cycle
vsuiuovs and the facial cycle vyusugqvy. Then six edges are drawn on 77 in the way shown
in (1) of Figure 15.

U1 U6 Uus

(2)

Figure 15: Two drawings of edges on 7} or 75.

Note that there are two edges connecting us and us. Let F3 = viusugvy and Fy =
vaUsUu3v2. We now delete the edge uous which is a common edge of F3 and Fy. Then Fj
and F); are merged into a facial cycle F5 = viusvousvi. Next, the edge vyve is drawn in
the interior of Fj.

Let Fs = ujvsvau; (refer to (1) of Figure 15), and let 7 = vjusugv;. The tube T5 is
now added between Fg and F%. Then the five edges are drawn on 75 in the way shown in
(2) in Figure 15. Let Fg = usvsvsus (refer to (2) of Figure 15), and let Fy = vaugurvs.
Then the tube 73 is added between Fg and Fy. Next, the five edges vsus, vsuz, vauz,
vaug and v4vy are drawn on 73 in the similar way to that in (2) in Figure 15. Thus, v; is
connected with v; if ¢ # j. If m = 8, there is nothing to do. If m > 8, let 7 = {F" |
F' = U7U31)4U7}, and let Q = {Qz | Qi = ’U1’U,7+27;u8+2i’01,7; = 1,27. ey mT—8} We
apply the operation of adding mng tubes with respect to F and Q to realize an embedding
of C’z1 + K4. Thus, there are -2 + 3 (= 2) tubes being used. Hence, (C, + K4) <
2. O

Lemma 4.2. Suppose that m = 0 (mod 2) and n = 0 (mod 2). Ifn > 6 and

m > 4n — 4, then
Y(Com + Ky) < {(m - 231(71 - Z)W :
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Proof. We construct an embedding of C,,, + K, in the following steps.

(D

2

3)

The cycle C,, and vertices v1,v2 are placed in a sphere as in the proof of Lemma 3.1.
Next, each of v; and vs joins to ui,us,...,u,. Let F} = vjujusv; and Fo =
viugugvi. The two vertices vy and vg are placed in the interior of Fy, and each of
uy and us joins to each of vy and vg such that there are two facial 4-cycles Fy =
uvgugvguy and Fy = wviujvgugvy. The two vertices vs and vs are placed in the
interior of F5, and each of u3 and u4 joins to each of v3 and v such that there are two
facial 4-cycle Fy = usvsuqvsug and D = ugugvsus. The path P = vrvs ... vy, is
placed in the interior of F} such that v; is near to vg. Next, each of u; and us joins
to each of v7, vg, . .., v,. The obtained embedding is denoted by II;.

In the step each of u1,us, us and uy will be connected with each of vs, vy, ..., vy,
and v; is connected with vo. For the above purpose, the tube 73 is firstly added
between F| and F}, and the five edges u1vs, ugvs, usva, usvs and ugug are drawn
on 77 in the way shown in (1) of Figure 16. Thus, there are two edges connecting
ug and uz. The edge usus which is the common edge of facial cycles vjusugvy
and vouousvsy is deleted. Then there is a facial cycle F3 = wvjugvousvy. Next,
v1 joins to ve in the interior of F3. The tube 75 is now added between the facial
cycles ujvqusvsuy and usvsugvgus (refer to (1) in Figure 16), and the six edges
U1V3, U2V5, U3Ve, U4V4, V304 and vsvg are drawn on 15 in the way shown in (2) of
Figure 16.

U1 V4 U Vg Ul V4 U3 Vs

U3 V3 U4 Vs U2 V3 Uq4 Vg

(1) (2)

Figure 16: Two drawings of edges on 77 or 75.

Fori=1,2,..., %55, let D; = ugva;y5vai46u2. Let D = {D; | i =1,2,..., 255}
and D' = {D}}. We apply the operation of adding tubes with respect to D and D’
such that both us and u,4 are connected with each of v7, vs, ..., v,. By Lemma 2.11,
there are "T’G tubes being used. Let I, be the obtained embedding.

We proceed a similar argument to that in (3) in the proof of Lemma 3.2. We shall add

W tubes to the present surface to realize an embedding 113 of C,,, + K.
The detail is omitted here. For the purpose that each of v; and vs joins to each of
V3, ..., Uy, 2(252)? tubes will be used by Lemma 2.1. So m is at least 4 + 4 x 252
(=4n —4).

Obviously, II3 is an embedding of C,, + K,, on the surface of genus 2 + ”T’G +

W. Since m =0 (mod 2) and n = 0 (mod 2), we have that

[(m?i(nQ)—‘ L, n=6, (m-a)n-2)

2 + 4

S0 4(Cry + k) <[220, =
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Lemma 4.3. Suppose that m = 0 (mod 2) and n = 1 (mod 2). If m > 6n — 14 and
n > 5, then

V(O + ) < {(m—ﬂ(n—?)w |

Proof. We proceed a similar argument to that in the proof of Lemma 3.3.

ey

(@)

3

Let P,, = ujus ... uy. Then P,,, v1, v2, and vs are placed in a sphere as in (1) in
the proof of Lemma 3.3. If m = 0 (mod 4), then each of v; and vs joins to each of
UL, U2, .., U such that vy u; and vsu; are in the upper side and lower side of P,,,
respectlvely Next each of v9 and v; joins to each of Umtz, Umid, ..o U such that
vau; and vy u,; are in the upper side and lower side of Pm, respectlvely Also, v1 joins
to v3. If m = 2 (mod 4), then each of v; and vz joins to each of uy,ug,...,um
such that vyu; and vzu; are in the upper side and lower side of P,,, respectively.
Next, each of v9 and v; joins to each of Umtz, Umid, .o, U such that vou; and
v1u; are in the upper side and lower side of Pm, respectlvely Also, vy joins to vs, v
joins to wz, and v3 joins to u mi2. Let II; be the obtained embedding on the sphere.

As in (2) in the proof of Lemma 3.3, there are 7 tubes being added to the sphere
if m = 0 (mod 4), m=2 tubes being added to the sphere if m = 2
(mod 4), such that each of vo and v3 is connected with all rest vertices in uy, us, . . .,
U, Also, u1 is connected with w,,,, and vs is connected with v3. Need to say that
fm4_2] =2 ifm =0 (mod 4), or [252] = ™22 if ;m = 2 (mod 4). Thus, there
are [ 2] tubes being used in the above procedure

Let P’ = v4V5...0,. If m = 0 (mod 4), then P’ is placed in the facial cy-
cle viuqusvy, and each of uq and wus is connected with vy, vs,...,v,. If m = 2
(mod 4), then P’ is placed in the facial cycle viumum vy, and each of um and
um 41 is connected with v4, s, . . ., Up.
Let
XO = {Q07i | QO,i = U2V2;42V2;4+3U2, = 1, 2, ey nT—B} ifm =0 (HlOd 4), or
XO = {Qo,i | QO,i = U%UQH_Q’U%_;,_:J,U%, 7 = 1, 2, ey ang} 1fm = 2 (HlOd 4)
Let

yo = {RO,i | R()’i = ’l}2U2i+1UQi’U2, ’L = ]., 2, ey n53}’ and

Vo =A{R0; | Ry; = v3tUmy1—2ilimia—2vs, i = 1,2,..., 253}

We apply the operation of adding 2("7_3)2 tubes starting from Xp, Vo and ). Next
procedures are similar to that in (4) in the proof of Lemma 3.3. Eventually, we obtain
an embedding of C},, + K,, by adding W tubes. Note that for the purpose
that each of vy, v and v3 is connected with each of vy, vs, . .., v,, we need to add at
least 3 x 2 x ”;3 tubes by Lemma 2.10. Thus, m > 6(n —3) +2+ 2 = 6n — 14 if
m =0 (mod 4),orm >6(n—3)+2=06n—16if m =2 (mod 4).

Sincem =0 (mod 2) andn =1 (mod 2), [(m7231(”72)1 = (m7221("73) +[m=27.
Since 2 = [22]if m = 0 (mod 4), or 252 = [™22] if ;m = 2 (mod 4),
the obtained embedding is an embedding of C), + K, on the surface of genus
|—(m—22L(n—2)-|' 0
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5 Conclusions
Lemma 5.1 ([10]). Ifm > 2 andn > 2, then

==,

V(Emn) = { 1

Considering that K, ,, is a subgraph of C), + K,,, Theorem 5.2 follows from Lem-
mas 3.1, 3.2, and 3.3, Lemmas 4.1, 4.2, and 4.3, and Lemma 5.1.

Theorem 5.2. Suppose that m and n are two integers. Then

(m—2)(n — 2)}

Y(Cm + Kp) = [ 4

if n > 4 and m, n satisfy one of the following conditions:

(1) m=1 (mod 2), n =0 (mod 2), and m > 4n — 5,
(2) m=1 (mod 2), n =1 (mod 2), and m > 6n — 13,
(3) m=0 (mod 2), n =0 (mod 2), and m > 4n — 4,
(4) m=0 (mod 2),n =1 (mod 2), and m > 6n — 14.

Obviously, the maximal value in 4n — 5,4n — 4,6n — 13 and 6n — 14 is 12 if n = 4,
or 6n — 13 if n > 5. The result below follows from Lemma 5.1 and Theorem 5.2 directly.

Corollary 5.3. Suppose that m and n are two integers. Let G1 be a spanning subgraph
of Cy, and let G4 be a spanning subgraph of K,,. If n = 4 and m > 12, orn > 5 and
m > 6n — 13, then
m—2)(n—2
@ = [0 =]

Since K, s+ (r > s > t > 3) is a spanning subgraph of C, + K., we have the
following result by Theorem 5.2.

Corollary 54. Ifr > s>t > 3andr > 6(s +t) — 13, then

(7‘—2)(5—!—75—2)—‘
1 .

’Y(Kr,s,t) = [

Therefore, Stahl and White’s conjecture ([12]) on the orientable genus of the complete
tripartite graph K, s ; holdsif r > s > ¢ > 3and r > 6(s +t) — 13.
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