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1 Introduction

The Oberwolfach problem was posed by Ringel in the 1960s and is first mentioned in
[16]. It concerns graph factorisations. A factor of a graph is a spanning subgraph and a
factorisation is a decomposition into edge-disjoint factors. A factor that is regular of degree
k is called a k-factor. If each factor of a factorisation is a k-factor, then the factorisation is
called a k-factorisation, and if each factor is isomorphic to a given graph F', then we say it
is a factorisation into F.

Let F' be an arbitrary 2-regular graph and let n be the order of F. If n is odd, then
the Oberwolfach Problem OP(F') asks for a 2-factorisation of K, into F, and if n is even,
then OP(F’) asks for a 2-factorisation of K,, — I into F', where K,, — I denotes the graph
obtained from K,, by removing the edges of a 1-factor.

The Oberwolfach Problem has been solved completely when F' consists of isomorphic
components [1, 3, 18], when F' has exactly two components [29], when F' is bipartite [5, 17]
and in numerous special cases. See [7] for a survey of results up to 2006. It is known that
there is no solution to OP(F) for F' € {C3UC3, C4UCs5, C3UC3UCs, C3UC3UC3UCs},
but a solution exists for every other 2-regular graph of order at most 40 [13].

In [8], it was shown that the Oberwolfach Problem has a solution for every 2-regular
graph of order 2p where p is any of the infinitely many primes congruent to 5 (mod 24),
and for every 2-regular graph whose order is in an infinite family of primes congruent to
1 (mod 16). In this paper we extend these results as follows. We show that OP(F’) has a
solution for every 2-regular graph of order 2p where p is any prime congruent to 5 (mod 8)
(see Theorem 4.2), and we obtain solutions to OP (F") for broad classes of 2-regular graphs
in many other cases (see Theorems 4.3 and 4.4). We also obtain results on the generalisation
of the Oberwolfach Problem to factorisations of complete multigraphs into isomorphic 2-
factors (see Theorem 5.4). Our results are obtained by constructing various factorisations
of complete graphs into circulant graphs in Section 2, and then showing in Section 3 that
these circulant graphs can themselves be factored into isomorphic 2-regular graphs in a
wide variety of cases.

2 Factorising complete graphs into circulant graphs

Let G = (G,-) be a finite group with identity e and let S be a subset of G such that
e ¢ Sand s € S implies s~ € S. The Cayley graph on G with connection set S,
denoted Cay(G'; S), has the elements of G as its vertices and g is adjacent to g - s for each
s € S and each g € G. A Cayley graph on a cyclic group is called a circulant graph.
We use the following standard notation. The ring of integers modulo n is denoted by Z,,
the multiplicative group of units modulo n is denoted by Z and, when b divides |Z|, the
subgroup {x% : z € Z%} of index b in Z? is denoted by (Z)®.

In this section we consider factorisations of K, for n odd (in Section 2.1) and of K,, — I
for n even (in Section 2.2) into circulant graphs. A 2-regular graph is a circulant if and
only if its components are all isomorphic. Thus, for each 2-regular circulant graph F, there
exists a factorisation of K, (if F' has odd order) or of K,, — I (if F' has even order) into
F; except that there is no such factorisation when F' € {C5 U C3,C3 U C3 U C5 U Cs}.
Considerably less is known for factorisations into circulant graphs of degree greater than
2. Some factorisations into Cay(Z,, ; £{1,2}) and Cay(Z,, ; +{1,2,3,4}) are given in [4]
and [8] respectively, and some further results, including results on self-complementary and
almost self-complementary circulant graphs, appear in [2, 14, 15, 26].
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2.1 Factorising complete graphs of odd order

In this subsection we will construct factorisations of complete graphs of odd order into
isomorphic circulant graphs by finding certain partitions of cyclic groups. Problems con-
cerning such partitions have been well studied, for example see [28], and existing results
overlap with some of the results in this subsection. In particular, Theorem 2.3 below is a
consequence of Lemma 3.1 of [24].

Lemma 2.1. Let s be an integer, let p = 1 (mod 2s) be prime, and let S = +{d;,d>, . ..,
ds} C L. Further, suppose a and b are integers such that 2abs = p — 1, let G = (Z;)b,
and let H = (Z;)bs. If dy,ds,...,ds represent the s distinct cosets of G/ H, then there
exists a 2s-factorisation of K, into Cay(Z, ; S).

Proof. For each x € Z, let xS = {zy : y € S}. Since p is prime, Cay(Z,;xS) =
Cay(Zy; S) forany & € Z, \ {0}. If there is a partition of Z;, into sets 21.5, 725, . . ., Tap.S
where z; € Z, \ {0} fori = 1,2,...,ab, then {Cay(Z,;x;S) : i = 1,2,...,ab} is the
required 2s-factorisation of K,,. We now present such a partition.

Let w be a generator of Z;,. Thus, H = WO, whs w2bs . wRamDbs apd ebs — ] ¢
H.Let A=w wb w?s . . w@=Dbs sothat H = AU—A (Ais aset of representatives
for the cosets in H of the order 2 subgroup of H). Since dy, ds, ..., d, represent distinct
cosets of G/H, it is easy to see that {xS : © € A} is a partition of G. Thus, if B is a
set of representatives for the cosets of Z; /G, then {xyS : x € A,y € B} is the required
partition of Z. O

Note that upon putting s = 1 in Lemma 2.1 we obtain the Hamilton decomposition

{Cay(Z,; {£1}), Cay(Z,; {£2}),..., Cay(Z,; {25 })}

of K,. We will be mostly interested in applications of Lemma 2.1 where the connec-
tion set S is £{1,2}, +{1,2,3}, £{1,3,4} or £{1,2,3,4}. The factorisations given by
Lemma 2.1 have the property that each factor is invariant under the action of Z,,. It is worth
mentioning that for S € {£{1,2}, £{1,2,3}, £{1, 3,4}, £{1,2,3,4}}, the construction
given in Lemma 2.1 yields every 2s-factorisation of K, into Cay(Z, ; S) with this prop-
erty. This follows from the results in [9] and [22], together with Turner’s result [30] that
for p prime Cay(Z,;S) = Cay(Z,;S’) if and only if there exists an o € Z3 such that
S =als.

Theorem 2.2. [fp = 1 (mod 4) is prime and 4 divides the order of k in Z, then there is a
factorisation of K, into Cay(Z, ; £{1, k}).

Proof. Apply Lemma 2.1 with S = +{1, k} taking G to be the subgroup of Z,, generated
by k, and H to be the index 2 subgroup of G. O

Theorem 2.3. If p = 1 (mod 6) is prime such that 2,3 ¢ (Z)* and 6 € (Z;)?, then there
is a factorisation of K,, into Cay(Z, ; £{1, 2, 3}).

Proof. 1t follows from 2,3 ¢ (Z%)* and 6 € (Z3)? that 1, 2 and 3 represent the three
cosets of Z7 /(Z)3. Thus, we obtain the required factorisation by applying Lemma 2.1
with b = 1. O

Theorem 2.4. If p = 1 (mod 6) is prime such that 2,3,6 ¢ (Z)%, then there is a factori-
sation of K, into Cay(Z, ; £{1,3,4}).
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Proof. Tt follows from 2,3,6 ¢ (Z)? that 1, 3 and 4 represent the three cosets of Z / (7).
Thus, we obtain the required factorisation by applying Lemma 2.1 with b = 1. O

The primes less than 1000 to which Theorem 2.3 applies are
7,37,139, 163, 181, 241, 313, 337, 349, 379, 409, 421, 541, 571, 607, 631, 751, 859, 877, 937,
and the primes less than 1000 to which Theorem 2.4 applies are
13,19,79,97,199, 211, 331, 373, 463, 487,673, 709, 769, 823, 829, 883, 907.

In the next theorem we show that there are infinitely many primes to which Theorem 2.3
applies, and also infinitely many primes to which Theorem 2.4 applies.

Theorem 2.5. There are infinitely many values of p such that p is prime, p = 1 (mod 6),
2,3 ¢ (Z3)% and 6 € (Z3)*, and there are infinitely many values of p such that p is prime,
p=1(mod6) and 2,3,6 ¢ (Z;)*.

Proof. Assume p = 1(mod 6). Let F,, be the field with p elements. We use standard
definitions and results from algebraic number theory, as found in [20]. The result essentially
follows from the Chebotarev Density Theorem.

Let w be a primitive cube root of unity, A = /2 be a cube root of 2 and p= /3 a cube
root of 3. Consider the following tower of fields:

Let Ok, O denote the rings of integers of K and L respectively. We may ignore the
finitely many ramified primes. Thus let p be a prime number, sufficiently large that it is
unramified in M, let p be a prime in K extending p and 3 a prime in L extending p. Let
K = Og/p and L. = O /B be the residue fields. We view K as embedded in L via the
map z +p — x +P. Asp =1 (mod 6), psplitsin K and K = Og/p ~ F,,.

Since M and L are splitting fields, M /K and L/K are Galois extensions. The Galois
group of M /K is Gal(M/K) ~ Zs x Zs generated by the maps a: A — Aw and 8: p —
pw. The Frobenius map of L/K is the map © — z!H. The Frobenius element cr'f is the
element of Gal(L/K) inducing the Frobenius map on IL./KK. (A priori o} could also depend
on the choice of B extending p, but this is not the case since Gal(L/K) is abelian; see [20,
11.2.1].) Define o} € Gal(M/K) analogously. Then o/ is the restriction of o/ to L by
[20, T1.2.3].

By definition of L, for all sufficiently large p = 1 (mod 6), 2 € (Z3)? if and only if
L = K. But L. = K if and only if a'f is the identity map, and it follows that 2 € (Z;j)3 if
and only if o) € (). Similarly, 3 € (Z3)? if and only if o) € () and 6 € (Z)? if and
only if o*é” € (af). In summary:

2,3¢ (Z3)3, 6 € (Z;)* <= o) €{aB a®p}.
2,3,6 ¢ (Z3)* —= o e{a?8,ap}.
The Chebotarev Density Theorem [20, V.10.4] implies that for each § € Gal(M/K), the

set of primes p of K (unramified in M) for which oé” = 6 is infinite. Thus each of the two
conditions for o)" displayed above holds infinitely often. O

It is possible to describe the primes in Theorem 2.5 more explicitly. Given p =
1 (mod 6), factoring the ideal pOf and taking norms, one shows there exist unique ¢, d €
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Z with d > 0, ged(c,d) = 1, ¢ = 2(mod 3) and 4p = (2¢ — 3d)? + 27d>. Let
t(p) = (¢ (mod 6), d(mod 6)). There are 9 possible values for t(p): (2,1), (2,3), (2,5),
(5,0), (5,1), (5,2), (5,3), (5,4) and (5,5). The Chebotarev density theorem implies that
each of the 9 possible (p) values occurs “equally often” (that is, for a subset of the primes
p = 1 (mod 6) of relative density 1/9). Using cubic reciprocity [19, Ch. 9] one calculates
that 2,3 ¢ (Z)3 and 6 € (Z7)® if and only if ¢(p) = (2,1) or (5,5), while 2,3,6 ¢ (Z)?
if and only if ¢(p) = (2,5) or (5,1). Each case occurs for 2/9 of the primes that are
1 (mod 6).

The above applications of Lemma 2.1 have all been with b = 1. We note however that
the conditions of Lemma 2.1 are never satisfied when S = +{1,2,3,4} and b = 1. This is
because 2 is a quadratic residue when p = 1 (mod 8), which means that both 1 and 4 are in
H. The factorisations of K, into Cay(Z, ; £{1, 2, 3,4}) in [8] were obtained by applying
Lemma 2.1 with b = 2 so that G and H have index 2 and 8, respectively, in Z;. Another
example where Lemma 2.1 can be applied with b # 1 is when p = 919, S = +{1, 2, 3},
a = 51 and b = 3. This yields a factorisation of Kg19 into Cay(Ze19; +{1,2,3}). Such a
factorisation cannot be obtained by applying Lemma 2.1 with b = 1 because 1, 2 and 3 are
all cubes in Zg, 4.

The following lemma can be used to obtain factorisations of K, for certain values of
p, in which some of the factors are isomorphic to Cay(Z, ; £{1,2,3}) and the others are
isomorphic to Cay(Z, ; £{1,2, 3, 4}).

Lemma 2.6. Let p be prime, let H be the subgroup of Z,, generated by {-1,6}, and
let d be the order of 2H in Z,, JH. If there exist nonnegative integers « and 3 such that

d = 3a+4p, then there is a factorisation of K, into a(p D copies of Cay(Zy;+{1,2,3})
and ﬂ(gigl) copies of Cay(Z, ; £{1,2,3,4}).

Proof. 1t is sufficient to partition Zj, into a(p D 6- tuples of the form +{z, 2z, 3z} and
% 8-tuples of the form +{z, 2z, 3z, 490}. Slnce d = 3o+ 40, there is a partition

({2 2 H 2 ) = 1 a)
{{2”_11{7 2”}17 21,-1-‘,-1]_]7 27'i+2H} t=a+1,...,a+ 5}

of {H,2H,...,2971H}. But6 € H implies 2" 'H =3-2"H fori = 1,2,...,a + 5.
Thus, we can rewrite our partition of {H,2H, ..., 29 1 H} as

{{H“2H“3HZ}’L: 1,7a}U{{HZ,2HZ,3H“4HZ}z:a—i—l,,a+ﬁ},

where H; = 2" H fori=1,...,a+ (.

Since —1 € H,fori =1,...,a, H; U2H; U 3H; can be partitioned into |2£‘ 6-tuples
of the form +{x,2z,3z}, and fori = a + 1,...,a + 8, H; U2H; U3H; U4H, can be
partitioned into | 8- -tuples of the form +{x, 2z 3x,4x}. If R is the set of all au of
these 6-tuples and S is the set of all 8 ‘7 of these 8-tuples, then R U S is a partition of the
subgroup G = H U2H U--- U 2%~ H of Z. Thus, if g1, g2,..., g (t = gl;Hll) represent
the cosets of Zj, /G, then

{giR:ReR,i=1,...,t}U{gS:S€S,i=1,...,t}
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is a partition of Z into tal%‘ = % 6-tuples of the form +{x, 2z, 3z} and tﬂl—gl =
81 (gd_l) 8-tuples of the form +{z, 2z, 3z, 4x}. This is the required partition of Z. O

Notice that any 6-factorisation of K, into Cay(Z, ; £{1,2,3}) given by Lemma 2.1
can also be obtained via Lemma 2.6. For if 1, 2, 3 represent the three distinct cosets of G/ H
(where G = (Z5)? and H = (Z3)*", and p — 1 = 6ab), then it follows that {—1,6} C H
and 2H has order 3 in G/H. This means that if H’' is the subgroup of Z,, generated by
{—1,6}, then H' < H and 3 divides the order d of 2H" in Z;/H’. Thus, we can obtain our
6-factorisation of K, into Cay(Z, ; +{1, 2, 3}) by applying Lemma 2.6 with o = % and
B = 0. Similarly, any 8-factorisation of K, into Cay(Z, ; {1, 2, 3,4}) given by Lemma
2.1 can be obtained by applying Lemma 2.6 with « = 0 and 5 = %.

However, Lemma 2.6 gives us additional factorisations such as the following. When
p = 101 we have H = +{1,6,14,17,36}, and 2H has order d = 10 in Zy/H. Taking
a =2 and § = 1, we obtain a factorisation of K¢ into 10 copies of Cay(Z, ; £{1,2,3})
and 5 copies of Cay(Z, ; £{1, 2, 3,4}). Of course, 101 is neither 1 (mod 6) nor 1 (mod 8),
so there is neither a 6-factorisation nor an 8-factorisation of K.

2.2 Factorising complete graphs of even order

In this section we construct factorisations of Ko, — I where the factors are all isomor-
phic to Cay(Zsap ; £{1,2}) or all isomorphic to Cay(Zs,;+{1,2,3,4}). We do this by
considering Ky, — I as a Cayley graph on a dihedral group and partitioning its con-
nection set to generate the factors. The dihedral group Do, of order 2p has elements
70,571,725+, Tp—1, 50,51, 52, - . - , Sp—1 and satisfies

TiTj =Titj, Ti-8j = Sitj, Si-Tj=S8i—j, 8i-8j="Ti_j
where arithmetic of subscripts is carried out modulo p.
Lemma 2.7. Ifp > 3 is prime, then

Cay (Dap s {r+i, 5, 5i4;}) = Cay(Zop ; £{1,2})

foralli € Z,\ {0} and all j € Z,.

Proof. An isomorphism is given by

ro TP T2 T3 ... T(p—1) 8j Sitj  S2i+j  S3itj .-+ S(p—1)itj

R $ 1 4 I 1

0 2 4 6 ... 2p-2 2-1 1 3 5 ... -3
O]

Lemma 2.8. Ifp > 5 is prime, then
Cay(Dap i {T4i, 74215 S5, ity 82i+5 S3i+j 1) = Cay(Zop; £{1,2,3,4})

foralli € Z,\ {0} and all j € Z,.
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Proof. An isomorphism is given by

ro Ti T2 T3 ... T(p—1) 8j Sitj  S2i4j  S3i+j - S(p—1)it+j

N 1 I 1 1 +

0 2 4 6 ... 2-2 2-3 2p—-1 1 3 ... -5
O

Theorem 2.9. For each odd prime p, there is a factorisation of Kop — I into Cay(Zap ;
+{1,2}).

Proof. The required factorisation is F = {X; : i € Z,, \ {0}} where
Xi = Cay(DQp ; {T:I:in Siy S*i})

fori € Z, \ {0}. Note that X; = X_; so |F| = p%l as required. Lemma 2.7 guarantees
that X; = Cay(Zs, ; £{1,2}) for each i € Z, \ {0}. Also, g is the identity of D5, and
each element of Dy, \ {ro, so} occurs in exactly one X;. Thus, F is a factorisation of
Cay(Dayp ; Doy \ {r0, s0}) = Ko, — I where the 1-factor I is Cay(Dayp ; {S0})- O

Following work of Davenport [10, Theorem 5] and Weil, a special case of a result due
to Moroz [23] yields the following. If p = 1 (mod 4) is prime and p > 8 x 109, then there
exists an integer x such that x, x + 1, © 4+ 2, x + 3 represent all four distinct cosets of
Z/(Z3)*. A computer search using PARI/GP [25] verifies in a few minutes that such an
also exists for all p < 8 x 10 with p = 1 (mod 4), with the exceptions p = 13 and p = 17.
Thus, we have the following result.

Lemma 2.10. [fp = 1(mod 4) is prime with p ¢ {13,17}, then there exists an x € Z,
such that x, x + 1, © + 2 and x + 3 represent all four distinct cosets of L3,/ (Z:%)*.

Theorem 2.11. If p = 5 (mod 8) is prime, then there is a factorisation of Ko, — I into
Cay(Zsap; +{1,2,3,4}); except that there is no factorisation of Kog — I into Cay(Zg, ;
+{1,2,3,4}).

Proof. We first observe that there is no factorisation of Kos — I into graph Cay(Zsap, ;
+{1,2,3,4}). If such a factorisation exists, then we can assume without loss of gener-
ality that the vertex set is Zgg and that Cay(Zag ; £{1,2,3,4}) is a factor. But no edge
of Cay(Zsgs ; £{7}) (for example) occurs in a complete subgraph of order 5 in Cay(Zog ;
+{5,6,7,8,9,10,11,12,13}). Since Cay(Zos;+{1,2,3,4}) contains a complete sub-
graph of order 5, it follows that there is no factorisation of K5 — I into graph Cay(Zap ;
+{1,2,3,4}).

Let p = 5 (mod 8) be prime with p # 13. By Lemma 2.10, there exists an z € Z such
that z, x + 1, 2 + 2 and « + 3 represent all four distinct cosets of Z3 /(Z7)*. By Lemma
2.8,

Cay(DQp ) {Tila T+2, Sz, Sx+1, Sx+2, 37;+3}) = Cay(ZQp 3 :I:{la 2a 37 4})

Now let H = (Z;;)4 act on the subscripts of the connection set {711,712, Sz, Sz+1, Sz+2,
sz+3} and consider the collection S, Ss, ..., Sp-1 of subsets of Dy, thus formed.
4
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We show that {Cay(Dsp;S;) 1 ¢ =1,2,..., ”4;1} is a factorisation of Ky, — I into
Cay(Zsap;+{1,2,3,4}). If h € H, then

Cay(DQp ) {rihv T+2h, Sha) Sh(a:Jrl); 8h(z+2)7 Sh(w+3)}) = Cay(ZZP ) :I:{lv 2a Sa 4})

by Lemma 2.8 (indeed this is true for any i € Z;) so it remains only to verify that we
have a decomposition of Ky, — I. To do this we observe that S, S3,...,S pt partitions
Doy, \ {ro, s0} (1o is the identity in D5, and Cay(Dap ; {so}) is a 1-factor in Ko,). We
have Hx UH(z + 1) UH (z +2) UH(z + 3) = Z, \ {0}. Also, since p = 5 (mod 8) we
have —1 € (Z3)?, —1 ¢ (Z;)* and 2 ¢ (Z})* (by the law of quadratic reciprocity). Thus,
{xh:he HtU{£+2h:he H} =7Z,\ {0}. So 51,52, .. -, Sp=1 does indeed partition
Dy, \ {ro, s0} and we have the required decomposition. O

3 2-factorisations of circulant graphs

In this section we present various results on 2-factorisations of circulant graphs, beginning
with a couple of known results. Lemma 3.1 was proved independently in [4] and [27], and
is a special case of a result in [6]. Lemma 3.2 was proved in [8].

Lemma 3.1. ([4, 27]) If n > 5 and F' is any 2-regular graph of order n, then there is a
2-factorisation of Cay(Z,, ; £{1,2}) into a copy of F and a Hamilton cycle.

Lemma 3.2. ([8]) If n > 9 and F is a 2-regular graph of order n, then there is a 2-
factorisation of Cay(Z,, ; +{1,2,3,4}) into F with the definite exceptions of F = C4UCj5
and F = C3 U C3 U C3 U C3 U (s, and the following possible exceptions.

(1) F=C3UC3U---UC3whenn = 3,6 (mod 9), n > 21.

(2) F=C4UC4U---UCywhenn =4 (mod 8), n > 20.

3) F=C3UC3U---UC3UCy whenn =1 (mod 3), n > 19.

4) F=C3UCyUCyU---UCywhenn =7 (mod 8), n > 23.

We now obtain results on 2-factorisations of Cay(Z,, ; £{1,2, 3}), but first we need
some definitions and notation. For each m > 1, the graph with vertex set {0, 1, ..., m+2}
and edge set {{i,7 + 1},{i + 1,i +3},{¢,i +3} : i = 0,1,...,m — 1} is denoted by
JL23 If F is a 2-regular graph of order m, and there exists a decomposition { Hy, Ha, H3}
of J12:3 into F such that

() V(Hy) ={0,1,....m+2}\ {m,m+1,m+ 2},
) V(H) = {0,1,...,m+2}\ {0,2,m + 1}, and
(3) V(Hs)=40,1,...,m+2}\ {0,1,m + 2},

then we shall write J%23 — F. Notice that for i = 1,2, 3, the subgraph H; of J.,?3
contains exactly one vertex from each of {0, m}, {1,m + 1} and {2, m + 2}.

Lemma 3.3. I[fn > 7 and F is a 2-regular graph of order n such that there exists a
decomposition J}23 — F, then there exists a 2-factorisation of Cay(Z,, ; £{1,2,3}) into
F.
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Proof. For each i € {0,1,2}, identify vertex i of J}:23 with vertex n + 4. The resulting
graph is Cay(Z,, ; +{1,2,3}) and the 2-regular graphs in the decomposition J}%3 — F
become the required 2-factors. O

Lemma 3.4. If F and F' are vertex-disjoint 2-regular graphs and there exist decomposi-
. 1,2,3 1,2,3 , . . 1,2,3
;OHSI;‘II\V(F)\ — Farch]W(F,)| — F", then there exists a decomposition JlV(F)|+\V(F’)| —>
Ur.

Proof. Let r and s be the respective orders of F' and F’, let { Hy, Hy, H3} be a decom-
position J}23 +— F and let { H;, H}, H}} be a decomposition J}23 s F’. Apply the
translation  — x + r to the decomposition {H{, H}, H,} to obtain a decomposition
{H{', HY, HY} of a copy of J1?:3 having vertex set 7,7 + 1,...,r + s + 2 (H/ being the
translation ofH fori € {1,2,3}). Itis clear that D = {H1 U H ,Hy UHY HsUHY
is a decomposmon Jr;f’ + F U F'. Properties (1)-(3) in the deﬁmtlon of J123 s F
ensure that H; and H]' are vertex-disjoint for ¢ € {1, 2,3}, and that

() V(HHUHY)={0,1,...,r+s+2}\{r+s,r+s+1,r+s+2},
(2) V(HUHY)={0,1,...,7+s+2}\{0,2,7 + s+ 1}, and
3) V(HsUHY)={0,1,...,r+s+2}\ {0,1,r + s + 2}.

Lemma 3.5. For eachm > 4, J1.23 — C,,,.

m

Proof. Form € {4,5,6}, Hy, H2, H3 are as defined in the following table.

m H, H, Hj

4 (0,172,3) (1,376,4) (2,4,3 5)
5 (0,1,2,4,3) (1,3,5,7,4) (2,3,6,4,5)
6 |(0,1,2,5,4,3) | (1,3,5,8,6,4) | (2,4,7,5,6,3)

For m > 7 and odd
e H; contains the edges {0,1}, {1,2}, {0,3}, {m — 2,m — 1} and {4, + 2} for
i€{2,3,...,m—3}

e H, contains the edges {1,3}, {m — 2, m}, {m,m+ 2}, {m —1,m+ 2}, {i,i+1}
fori € {4,6,...,m —3}and {4,743} fori € {1,3,...,m — 4}, and

e Hj contains the edges {2, 3}, {m—2,m+1}, {m—1,m}, {m—1,m+1}, {i,i+1}
fori € {3,5,...,m —4}and {4,i + 3} fori € {2,4,...,m — 3}.
For m > 8 and even
e H; contains the edges {0,1}, {1,2}, {3,4}, {0,3}, {2,5}, {m — 2,m — 1} and
{i,i+ 2} fori e {4,5,...,m — 3},

e M, contains the edges {1, 3}, {1,4}, {3,5}, {m—2,m}, {m, m+2}, {m—1,m+2},
{i,i+ 1} fori e {5,7,...,m — 3} and {4,7 + 3} fori € {4,6,...,m — 4}, and

e Hj contains the edges {2,4}, {m—2,m+1}, {m—1,m}, {m—1,m+1},{i,i+1}
fori € {2,4,...,m —4}and {4,i 4+ 3} fori € {3,5,...,m — 3}.

O
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Lemma 3.6. For m = 8 and for each m > 10, J %3 s C3 U C,y,_3.

Proof. Form € {8,10,11}, Hy, Ha, H3 are as defined in the following table.

m

8 | Hi=(4,6,7)U(0,1,2,5,3)
H, = (7,8,10) U (1,3,6,5,4)
Hs = (2,3,4) U (5,7,9,6,8)

10 | Hy = (7,8,9)U(0,1,2,4,5,6,3)
H, = (1,3,4) U (5,7,6,9,12, 10, 8)
Hs = (2,3,5)U(4,6,8,11,9,10,7)

11| Hy = (8,9,10)U(0,1,2,4,5,7,6,3
Hy = (1,3,4) U (5,6,9,11,13,10,7,8)
Hs = (2,3,5) U (4,6,8,11,10,12,9,7)

For m > 12 and even

e H consists of the 3-cycle (m — 3, m — 2, m — 1) and the (m — 3)-cycle with edges
{0,1}, {0,3}, {1,2}, {2,4}, {m — 5,m — 4}, {i,i + 1} fori € {4,6,...,m — 6}
and {¢,7+ 3} fori € {3,5,...,m — T},

e H, consists of the 3-cycle (1,3,4) and the (m — 3)-cycle with edges {5, 7}, {m —
5m—2}, {m—4,m—3} {m—2,m}, {m,m+2}, {m—1,m+ 2}, {i,i + 1}
fori € {5,7,...,m —7}and {i,i + 3} fori € {6,8,...,m — 4}, and

e Hj consists of the 3-cycle (2,3, 5) and the (m — 3)-cycle with edges {4,6}, {4, 7},
{m —2,m+ 1}, {m — 3,m}, {m — 1,m}, {m — 1,m + 1} and {4,7 + 2} for
i€ {6,7,...,m—4}.

For m > 13 and odd

e H, consists of the 3-cycle (m — 3, m — 2,m — 1) and the (m — 3)-cycle with edges
{0,1}, {0,3}, {1,2}, {2,4}, {3,6}, {4,5}, {5, 7}, {m — 5,m — 4}, {i,i + 1} for
i€{7,9,...,m—6}and {i,i + 3} fori € {6,8,...,m — T},

e H, consists of the 3-cycle (1,3,4) and the (m — 3)-cycle with edges {5,6}, {m —
5,m—2}, {m—4,m—3}, {m—2,m}, {m,m+ 2}, {m —1,m+ 2}, {i,i+ 1}
fori € {6,8,...,m — 7}and {i,i + 3} fori € {5,7,...,m — 4}, and

e Hj consists of the 3-cycle (2,3, 5) and the (m — 3)-cycle with edges {4,6}, {4, 7},
{m —2,m+ 1}, {m — 3,m}, {m — 1,m}, {m — 1,m + 1} and {4, + 2} for
i€ {6,7,...,m—4}.

O

Lemma 3.7. Let n > 7 and let F be a 2-regular graph of order n. If v3(F) < vs(F) +
St o vi(F) where vy, (F) denotes the number of m-cycles in F, then there exists a 2-
factorisation of Cay(Zy; £{1,2,3}) into F.

Proof. If n > 7 and F is a 2-regular graph of order n such that v3(F) < vs(F) +
i, vi(F), then F' can be written as a vertex-disjoint union of 2-regular graphs G4, Ga,
..., G where each G; is isomorphic to either

e C,, withm >4, or
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e O3UC,,_3 withm =8 orm > 10.

By Lemmas 3.5 and 3.6 we have a decomposition Jll"/Z(’g)‘ — G; fori = 1,2,...,t.

Applying Lemma 3.4 we obtain a decomposition .J}'23 — F, and from this we obtain the
required 2-factorisation of Cay(Z,; +{1,2,3}) into F' by applying Lemma 3.3. O

We can obtain an analogue of Lemma 3.7 for Cay(Z,, ; £{1,3,4}) by using simi-
lar methods, but we will require ' to have girth at least 6. The graph with vertex set
{0,1,...,m+3}andedge set {{i,i+1},{i+1,i+4},{i,i+4}:i=0,1,...,m—1}is
denoted by J}:34. We write J1>* — F when there exists a decomposition { Hy, Ho, H3}
of J1:3% into a 2-regular graph F such that

() V(Hy) =40,1,....m+3}\{m,m+1,m+2,m+ 3},
@) V(Hy) = {0,1,...,m+3}\ {0,3,m + 1,m + 2}, and
G3) V(H3) ={0,1,...,m+3}\{0,1,2,m + 3}.
Notice that for i = 1,2, 3, the subgraph H; of J 1> contains exactly one vertex from each

of {0,m}, {1,m + 1}, {2,m + 2} and {3, m + 3}. It is clear that the proofs of Lemmas
3.3 and 3.4 can be easily modified to give the following two results.

Lemma 3.8. If n > 9 and F is a 2-regular graph of order n such that there exists a
decomposition J}3* — F, then there exists a 2-factorisation of Cay(Zy, ; £{1, 3, 4}) into
F.

Lemma 3.9. If F and F' are vertex-disjoint 2-regular graphs and there exist decomposi-
. 1,3,4 1,3,4 ’ . . 1,3,4
;OnS;lV(F)‘ — FandJ‘V(F,)| — F', then there exists a decomposition JIV(F)IHV(F’)I —
U F.

Lemmas 3.8 and 3.9 allow us to obtain 2-factorisations of Cay(Z,, ; {1, 3,4}) via the
same method we used in the case of Cay(Z,, ; +£{1, 2, 3}), providing we can find appropri-
ate decompositions of .J};3%4. We now do this.

Lemma 3.10. Form = 6, m = 7 and each m > 9, J-3* — C,,.

m

Proof. Form € {6,7,9,10}, Hy, Hy, H3 are as defined in the following table.

H, Hos Hj
(0,1,5,2,3,4) (1,2,6,9,5,4) (3,6,5,8,4,7)
(0,1,2,3,6,5,4) (1,4,7,10,6,2,5) (3,4,8,5,9,6,7)

(0,1,2,3,7,6,5,8,4) (1,4,7,8,12,9,6,2,5) (3,4,5,9,8,11,7,10,6)
(0,1,2,3,6,9,5,8,7,4) | (1,4,8,9,13,10,7,6,2,5) | (3,4,5,6,10,9,12,8,11,7)

S|lo|~| o3

For m > 11 and odd

e H; contains the edges {0, 1}, {0,4}, {1,2},{2,3}, {3,7}, {5,6}, {m — 3,m — 2},
{m—=5m—1},{m —4,m — 1} and {i,7 + 4} fori € {4,5,...,m — 6},

e H, contains the edges {1, 4}, {1,5}, {2,5}, {2,6}, {4, 7}, {m,m+3}, {m—1,m+
35 {m—2,m—1}, {m—3,m}, {i,i+ 1} fori € {7,9,...,m—4} and {i,i+3}
fori € {6,8,...,m — 5}, and
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e Hjcontains the edges {3,4}, {3,6}, {4,5}, {m—1,m}, {m—2,m+1}, {m—1,m+
24, {m—4,m},{m—-3,m+1}, {m—2,m+2}, {i,i+1} fori € {6,8,...,m—5}
and {i,7+ 3} fori € {5,7,...,m — 6}.

For m > 12 and even

e [ contains the edges {0,1}, {0,4}, {1,2}, {2,3}, {3,6}, {4,7}, {5,6}, {5,9},
{m-5m-2h{m—4,m—3}, {m—4,m—1}, {m—2,m—1},{i,i + 1} for
i1 €{7,9,...,m—T}and {i,i+ 3} fori € {8,10,...,m — 6},

e H, contains the edges {1,4}, {1, 5}, {2,5}, {2,6}, {4,8}, {m — 6,m — 2}, {m —
5, m—4}, {m—5m—1},{m—-3,m—2}, {m—3,m}, {m—1,m+3}, {m, m+3},
{i,i+ 1} fori € {6,8,...,m — 8} and {i,7+ 3} fori € {7,9,...,m — 7}, and

e Hj contains the edges {3,4}, {3,7}, {4,5}, {5,8}, {6,9}, {m — 6, m — 5}, {m —
4, m}, {m—-3,m+1}, {m—-2,m+1}, {m—2,m+2}, {m—1,m}, {m—1,m+2}
and {i,i+ 4} fori € {6,7,...,m — T}.

O

Lemma 3.11. For each m > 14, J,1,713*4 — Cs U Chy_s.

Proof. Form € {14,15,16,17}, Hy, H>, H3 are as defined in the following table.

m
14

0,1,2,3,7,8,5,4) U (6,9,13,12, 11, 10)
8,11,14,17,13,10,9,12) U (1,4, 7,6,2,5)
7,10,14,13,16,12,15,11) U (3,4,8,9, 5, 6)
0,1,2,3,6,5,8,4) U (7,10, 14, 13,9, 12, 11)
1,4,7,8,9,6,2,5) U (10,11,14,18, 15,12, 13)
8,11,15,14,17,13,16,12) U (3,4,5,9, 10,6, 7)
0
1
3
0
1
3

15

1,5,6,2,3,7,4)U (8,9, 10, 11, 15, 14, 13, 12)
,2,5,9,6,7,8,4) U (10,13,16,19, 15,12, 11, 14)
,4,5,8,11,7,10,6) U (9,12, 16,15, 18, 14,17, 13)

1
2,5
4,5
1,2,3,7,6,5,4)U (8,9, 13,16, 12, 15, 14, 10, 11)
4,8
4,7

k]

17
,8,12,9,6,2,5) U (7, 10,13, 14, 17,20, 16,15, 11)

Hy = (
Hy = (
Hs = (
Hy = (
Hy = (
Hs = (
16 | Hi = (
Hy = (
Hs = (
Hy = (
Hy = (
Hs = (3,4,7,8,5,9,10,6) U (11,12,13,17, 16, 19, 15, 18, 14)

’
’

For m > 18 and even

e [ consists of the 8-cycle (0,1,5,6,2,3,7,4) and the (m — 8)-cycle with edges
{8,9},{9,10}, {10,11}, {8,12}, {m—5,m—1}, {m—4,m—3}, {m —3,m —2},
{m —2,m — 1} {i,i + 1} for i € {12,14,...,m — 6} and {4,¢ + 3} for i €
{11,13,...,m — 7},

e H, consists of the 8-cycle (1,2,5,9,6,7,8,4) and the (m — 8)-cycle with edges
{10,13}, {11,12}, {m —6,m —2}, {m —5,m—2}, {m —4,m —1}, {m — 3, m},
{m —1,m+ 3}, {m,m + 3} and {i,i + 4} fori € {10,11,...,m — 7}, and

e Hj consists of the 8-cycle (3,4,5,8,11,7,10,6) and the (m — 8)-cycle with edges
{9,12}, {9,13}, {m —4,m}, {m —3,m+ 1}, {m —2,m + 1}, {m — 2,m + 2},
{m—=1,m}, {m—1,m+2}, {i,i+ 1} fori € {13,15,...,m — 5} and {4,¢ + 3}
fori € {12,14,...,m — 6}.
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For m > 19 and odd

e M consists of the 8-cycle (0,1,2,3,7,6,5,4) and the (m — 8)-cycle with edges
(8,9}, {8,111}, {9,13}, {10, 11}, {10,14}, {12,15}, {12,16}, {m — 4,m — 1},
{m —3,m —2}and {i,i + 4} fori € {13,14,...,m — 5},

e M, consists of the 8-cycle (1,4,8,12,9,6,2,5) and the (m — 8)-cycle with edges
(7,10}, {7,11}, {10,13}, {11, 15}, {m — 4,m — 3}, {m — 3,m}, {m —2,m — 1},
{m—1,m+ 3}, {m,m+ 3}, {i,i + 1} fori € {13,15,...,m — 6} and {4, 7 + 3}
fori € {14,16,...,m — 5}, and

e Hj consists of the 8-cycle (3,4,7,8,5,9,10,6) and the (m — 8)-cycle with edges
(11,12}, {11,14}, {12,13}, {m — 4,m}, {m — 3, m+ 1}, {m — 2,m + 1}, {m —
2,m+2}, {m—1,m} {m—1,m+2},{i,i+ 1} fori € {14,16,...,m —5} and
{i,i+3} forie {13,15,...,m —6}.

O
Lemma 3.12. J,;>" — Cg U Cs U Cs.
Proof. Take

Hy =(0,1,2,3,6,5,8,4) U (7,10,9,12,13,14,15,11) U (16, 17, 18, 19, 23, 22, 21, 20),
H, = (1,4,7,8,9,6,2,5) U (10, 11,12, 15,16, 13,17, 14) U (18, 21, 24, 27, 23,20, 19, 22), and
Hs = (3,4,5,9,13,10,6,7) U (8,11, 14, 18, 15,19, 16,12) U (17, 20, 24, 23, 26, 22, 25, 21).

O

The following result is an analogue of Lemma 3.7 for 2-factorisations of Cay(Z, ;
+{1,3,4}).
Lemma 3.13. If n > 9 and F is a 2-regular graph of order n with girth at least 6, then
there exists a 2-factorisation of Cay(Z,, ; +{1,3,4}) into F.

Proof. If n > 9 and F is a 2-regular graph of order n with girth at least 6, then F' can
be written as a vertex-disjoint union of 2-regular graphs G1, Go, ..., G; where each G is
isomorphic to either

e C,, withm =6,7orm > 9,
o CyUC(C,,_g withm > 14, or
[ C8UCBUC8.

By Lemmas 3.10, 3.11 and 3.12 we have a decomposition Jllx’/?’(’é)‘ — Gifori=1,2,...,t.

Applying Lemma 3.9 we obtain a decomposition .J}**4 s F, and from this we obtain the
required 2-factorisation of Cay(Z,; £{1,3,4}) into F by applying Lemma 3.8. O

4 2-factorisations and the Oberwolfach Problem

In this section we use results from the preceding sections to obtain results on the Ober-
wolfach Problem (and an additional result on 2-factorisations of K,, — I into a number
of specified 2-factors and Hamilton cycles). We will also use the following corollary of
Lemma 3.2 which was proved in [8].
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Lemma 4.1. ([8]) If there exists a factorisation of K,, or of K,, —I into Cay(Z,, ; +{1, 2, 3,
4}), then OP(F) has a solution for each 2-regular graph F of order n, with the exception
that there is no solution to OP(Cy U Cs).

Theorem 4.2. If p = 5 (mod 8) is prime, then OP(F) has a solution for every 2-regular
graph F of order 2p.

Proof. The case p = 13 is covered in [13]. For p # 13, Theorem 2.11 gives us a fac-
torisation of Ky, — I into Cay(Zsy, ; £{1,2,3,4}) and the result then follows by Lemma
4.1. O

Theorem 4.3. Let P be the set of primes given by p € P if and only if p > 7 and neither
4 nor 32 is in the subgroup of Z,, generated by {—1,6}. Then P is infinite and if p € P,
then OP(F') has a solution for every 2-regular graph F' of order p satisfying vs(F') <
vs(F) + > vi(F) where v,,(F) denotes the number of m-cycles in F.

Proof. Let p be prime such that p = 1 (mod 6), 2,3 ¢ (Z3)* and 6 € (Z)?. Theorem 2.5
says that there are infinitely many such p. We shall show that p € P, which shows that P
is also infinite. We have —1 € (Z7)?, and this together with the fact that 6 € (Z5)® implies
that the subgroup of Z generated by {—1,6} is a subgroup of (Z%)?. Since it follows
from 2 ¢ (Z7)? that 4,32 ¢ (Z3)?, neither 4 nor 32 is in the subgroup of Z generated by
{—1,6}. Thatis,p € P.

Now let p be an arbitrary element of P and let G be the subgroup of Z; generated
by {—1,6}. The condition that neither 4 nor 32 is in G implies that the order d of 2G
in Zj, /G is neither 1, 2 nor 5, and so there exist non-negative integers « and 8 such that
d = 3a + 48. Thus, by Lemma 2.6 there is a factorisation of K, in which each factor is
either Cay(Z, ; +{1, 2, 3}) or Cay(Z, ; £{1, 2, 3,4}).

Let F be a 2-regular graph of order p satisfying v3(F) < v5(F)+>_" , v;(F). Lemma
3.7 gives us a 2-factorisation of Cay(Z,;=+{1,2,3}) into F, and Lemma 3.2 gives us
a 2-factorisation of Cay(Z,;£{1,2,3,4}) (the facts that p is prime and that v5(F) <
vs(F)+ Y7 . v;i(F) imply that F' is not amongst the possible exceptions listed in Lemma
3.2). The result follows. O

Theorem 4.4. Let P be the set of primes such that p € P if and only if p = 1 (mod 6)
and 2,3,6 ¢ (Z3)®. Then P is infinite and if p € P, then OP(F) has a solution for every
2-regular graph F' of order p with girth at least 6.

Proof. By Theorem 2.5, P is infinite. If p € P, then Theorem 2.4 gives us a factorisation
of K, into Cay(Z,;+{1,3,4}), and the result then follows by applying Lemma 3.13 to
each factor (7 ¢ P so Lemma 3.13 can indeed be applied). O

For each odd prime p, the following theorem states there is a 2-factorisation of Ko, — I
into prl prescribed 2-factors and %1 Hamilton cycles.

Theorem 4.5. If p is an odd prime and G1,Go, . ..,Gp—1 are 2-regular graphs of order

2p, then there is a 2-factorisation {F1, Fs, ..., Fy_1} of Kop — I such that F; = G, for

i:172,...7p771andFi isaHamiltoncycleforizp—;l,’%g,...,p—l.

Proof. By Theorem 2.9 there is a factorisation of Ky, — I into Cay(Z,;+{1,2}). By
Lemma 3.1, each copy of Cay(Z,, ; £{1,2}) can be factored into any specified 2-regular
graph of order 2p and a Hamilton cycle. The result follows. O
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5 Isomorphic 2-factorisations of complete multigraphs

The complete multigraph of order n and multiplicity s is denoted by skK,. It has s distinct
edges joining each pair of distinct vertices.

Lemma 5.1. If p is an odd prime and S = £{d;,da,...,ds} C ZZ, then there exists a
2s-factorisation of sK,, into Cay(Z, ; S).

Proof. The required factorisation is given by {Cay(Z,;w'S) : i = 0,1,..., %} where
w is primitive in Z, and w'S = {w's : s € S}. O

Theorem 5.2. If p is an odd prime and F is any 2-regular graph of order p satisfying
v3(F) < vs(F) + >0, vi(F), where vy, (F) denotes the number of m-cycles in F, then
there exists a 2-factorisation of 3K, into F.

Proof. The cases p = 3 and p = 5 are trivial so assume p > 7. By Lemma 5.1 there exists
a 6-factorisation of 3K, into Cay(Z, ; £{1,2,3}), and by Lemma 3.7 each such 6-factor
has a 2-factorisation into F'. O

Theorem 5.3. If p is an odd prime and F' is any 2-regular graph of order p, then there
exists a 2-factorisation of 4K, into F.

Proof. The cases p = 3 and p = 5 are trivial. Since solutions to OP(C%7) and OP(C3UC})
exist, the case p = 7 can be dealt with by taking four copies of these 2-factorisations of
K7. So we may assume p > 11. By Lemma 5.1 there exists an 8-factorisation of 4K,
into Cay(Z,;+{1,2,3,4}), and by Lemma 3.2 each such 8-factor has a 2-factorisation
into F'; except in the case where F' is one of the listed exceptions or possible exceptions
in Lemma 3.2. These are easily dealt with as follows. Since p is prime the only relevant
exceptions are F' = C3 U C3 U --- U C3 U Cy where the number of copies of Cj is at least
5,and F' = C3UCyUCy U ---UCy where the number of copies of C} is odd and at least
5. However, it is known that for each such F', there is a 2-factorisation of K, into F'; the
former case is covered in [11], and the latter case is covered in [21]. Thus, by taking four
copies of these 2-factorisations of K, we obtain the required 2-factorisations of 4K,. [

Theorem 5.4. Let p be an odd prime and let F' be a 2-regular graph of order p. If A\ =
0 (mod 4), then there exists a 2-factorisation of A\K,, into F. Moreover, if F satisfies
v3(F) < vs(F) + >0 v;(F), where vy, (F) denotes the number of m-cycles in F, then
the result also holds for A = 3 and for all A > 6.

Proof. For the given values of ), it is trivial to factorise AK, such that each factor is either
3K, or 4K, and with each factor being 4K, when A = 0 (mod 4). Thus, the result follows
by Theorems 5.2 and 5.3. O
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