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Abstract

Let D = (V, E) be a strongly connected digraph and let v and v be two vertices in

D. The maximum distance md(u,v) is defined as md(u,v) = max{d(u,v),d(v,u)},
where cf(u, v) denotes the length of a shortest directed u-v path in D. This is a metric. The
boundary, contour, eccentricity and periphery sets of a strongly connected digraph D with
respect to this metric have been defined. The boundary-type sets of the strong product of

two digraphs is investigated in this article.
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1 Introduction

Directed graphs or in short digraphs have immense applications in almost all areas of sci-
ence and even in sociology. A directed network is a network in which each edge has a
direction, pointing from one vertex to another. They can be represented as directed graphs.

Road traffic networks are the most frequently met examples of one-way networks. A
two-way street is one in which vehicles are allowed to travel in both directions. The advan-
tages of a one-way street network over a two-way street pattern are discussed in [14]. But
when one-way traffic is introduced in a two-way network, the distance between places in
one of the directions may increase. So the problem of designing a network is to minimize
the distance between places and the cost of construction.

The one-way problem was first studied by Robbins [13]. It finds applications in various
fields like computer science, biology, etc. In [2], directed graphs are used to analyze the
local properties of internet connectivity. Neurons are connected in intricate communication
networks established during development to convey sensory information from peripheral
receptors of sensory neurons to the central nervous system and to convey commands from
the central nervous system to effector organs [12].

The boundary-type sets of a graph, the boundary, contour, eccentricity, and periph-
ery sets of a graph were studied in [5] and [7]. It is very difficult to identify the various
boundary-type sets in large networks. So we try to decompose the network into smaller
networks and identify the boundary-type sets. The four standard graph products, namely
Cartesian, direct, strong, and lexicographic products can be extended to digraphs as well.
Marc Hellmuth and Tilen Marc developed a polynomial-time algorithm for determining the
prime factor decomposition of strong product of digraphs [11].

The directed distance defined in digraphs is generally not a metric. As we are concerned
with the problem of designing the network to minimize the distance between places at a
minimum cost, we consider the distance maximum distance or in short, m-distance which
is a metric that was introduced by Chartrand and Tian in [8]. It gives the maximum of the
directed distances in either direction and is denoted by md (u, v). So minimizing md (u, v)
results in minimizing the distance between the nodes in both directions. An undirected
graph G can be identified as a symmetric digraph, that is, one for which (u,v) € E(G) if
and only if (v,u) € E(G), and the metric md is the usual distance metric in undirected
graphs.

The boundary-type sets of the Cartesian product of two digraphs were studied in [6]. In
this paper, a similar study is conducted for the strong product of digraphs.

2 Preliminaries

A directed graph or a digraph D consists of a non-empty finite set V' (D) of elements called
vertices and a finite set E(D) of ordered pairs of distinct vertices called arcs or edges [1].
We call V(D) the vertex set and E(D) the edge set of D. We write D = (V, E) to denote
the digraph D with vertex set V' and edge set E. For an edge (u,v), the first vertex u of
the ordered pair is the tail of the edge and the second vertex v is the head; together they
are the endpoints. This definition of a digraph does not allow loops (edges whose head and
tail coincide) or parallel edges (pairs of edges with the same tail and the same head). The
underlying graph U D of a digraph D is the simple graph with the vertex set V(D) and the
unordered pair (z,y) € E(UD) if and only if either (x,y) € E(D) or (y,z) € E(D).
The following concepts are taken from [1].
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For a vertex v in a digraph D = (V, E), the neighborhoods are defined as follows:
Ni(w)={weV: (v,w) € E}, Np(w)={ueV:(uv)€E}.

The sets N}, (v), Nj, (v), and Np(v) = N, (v) U N, (v) are called the out-neighborhood,
in-neighborhood, and neighborhood of v. These neighborhoods are called open neighbor-
hoods of v. Similarly, we can define closed neighborhoods of v (neighbors including v).
The closed neighborhood of v is denoted by Np[v]. That is, Np[v] = Np(v) U {v}.

A directed path is a directed graph with V (P) # () with distinct vertices w1, us, . . . , ug
and edges ej, es,...,e,x—1 such that e; is an edge directed from u; to u;4q for 1 < ¢ <
k — 1. In this article, a path will always mean a ‘directed path’. A digraph is strongly
connected or strong if, for each ordered pair (u, v) of vertices, there is a path from u to v.
A digraph is weakly connected if its underlying graph is connected. A strong component of
a digraph D is a maximal induced subdigraph of D which is strong. If D1, Do, ..., D, are
the strong components of D, then V(D) UV (Dg)U---UV(Dy) = V(D) and V(D;) N
V(D;) = 0 for every i # j.

The length of a path is the number of edges in the path. The directed distance cf(u, v)
between two vertices u,v € V(D) is the length of the shortest directed path from u to
v, or infinity if no such path exists. Note that this distance is not a metric, as generally

d(u,v) # d(v, u).
So in [8], Chartrand and Tian introduced two other distances between the vertices u and

v in a strong digraph, namely the maximum distance md(u, v) = max{d(u,v), d(v,u)}

and the sum distance sd(u,v) = d(u,v)+d(v, u), both of which are metrics. In this article,
we deal with the maximum distance, md.

Remark 2.1. md(u,v) is denoted by d(u, v) hereafter.

The m-eccentricity of a vertex v, the m-radius and the m-diameter of a digraph D
are also defined in [8]. Consistent with our notation d(u,v) for maximum distance be-
tween the vertices u and v, we denote them respectively as ecc(v), rad(D), and diam(D).
Thus, ecc(v) = max,ecy(p)d(v,u), rad(D) = min,cy(p)ecc(v), and diam(D) =
max, ey (p) ecc(v), where ecc(v) denotes m-eccentricity of v.

If a digraph D is strongly connected, then the maximum distance between every pair
of vertices is finite, and hence the m-eccentricity of every vertex in D is finite. Otherwise,
D has more than one strong component, and the maximum distance between two vertices
lying in different strong components of D is infinity. So if D is not strongly connected,
then the m-eccentricity of every vertex in D is infinity.

2.1 Definitions of boundary-type sets

We define the boundary-type sets of a digraph D with respect to the metric maximum
distance. Most of the following definitions are analogous to the definitions in [7]. Let D
be a strong digraph and u, v € V(D). The vertex v is said to be a boundary vertex of u if
no neighbor of v is further away from u than v. Hereafter, we denote Np(v) and Np[v] by
N (v) and N [v], respectively.

A vertex v is called a boundary vertex of D if it is the boundary vertex of some vertex
u € V(D).

Definition 2.2. The boundary O(D) of D is the set of all of its boundary vertices
d(D) ={v e V(D) : Ju € V(D) such that Vw € N (v), d(u,w) < d(u,v)}.
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Given u, v € V(D), the vertex v is called an eccentric vertex of  if no vertex in V(D)
is further away from u than v; that is, if d(u, v) = ecc(u). A vertex v is called an eccentric
vertex of digraph D if it is the eccentric vertex of some vertex v € V(D).

Definition 2.3. The eccentricity Ecc(D) of a digraph D is the set of all of its eccentric
vertices

Ecc(D) = {v € V(D) : Ju € V(D) such that ecc(u) = d(u,v)}.

In a similar way, we can define the eccentricity of any proper subset W of the vertex
set V(D):

Ecc(W) = {v € V(D) : Ju € W such that ecc(u) = d(u, v)}.

A vertex v € V(D) is called a peripheral vertex of D if no vertex in V(D) has an
eccentricity greater than ecc(v); that is, if the eccentricity of v is equal to the diameter
diam(D) of D.

Definition 2.4. The periphery Per(D) of a digraph D is the set of all of its peripheral
vertices
Per(D) = {v € V(D) : ecc(u) < ecc(v),Vu € V(D)}
= {v e V(D) : ecc(v) = diam(D)}.

A vertex v € V(D) is called a contour vertex of digraph D if no neighbor vertex of v
has an eccentricity greater than ecc(v). The following definition is from [5].

Definition 2.5. The contour Ct(D) of a digraph D is the set of all of its contour vertices
Ct(D) = {v € V(D) : ecc(u) < ecc(v),Vu € N(v)}.
As in the case of undirected graphs [3] we have,
1. Per(D) C Ct(D) N Ecc(D),
2. Ecc(D) U Ct(D) C 9(D).

This is because a peripheral vertex is a vertex having the maximum eccentricity in the
digraph D and so every peripheral vertex in D is a contour vertex in D as well as the
eccentric vertex of a diametrical vertex in D.

If v is an eccentric vertex of a vertex u, then v is a boundary vertex of u. Also if v
is a contour vertex, then ecc(u) < ecc(v) for all u € N(v). So there exists some vertex
w € V(D) such that d(w, v) < d(w, v) for all u € N(v), and hence v is a boundary vertex
of w.

The open neighborhood N (v) can be replaced by the closed neighborhood Nv] in the
definitions of the boundary and the contour sets. This does not affect the definitions and
is necessary for proving the relationship between the boundary and the contour sets of the
strong product of two digraphs and its factors.
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3 Strong product of directed graphs

The strong product Dy K Do of two digraphs Dy and Dy with vertex sets V(D;) =
{uy,ug,y...,um} and V(D2) = {v1,va,...,v,} is the digraph having the vertex set
V(D1) x V(D3) and with arc set E(D; X Ds) defined as follows. A vertex (u;,v,.) is
adjacent to (u;,vs) in D1 X D if either

1. (u;,uj) € E(D1), vp = vs, OF
2. u; = uj, (v, vs) € E(D3), or
3. (ui,uj) € E(Dy), (vr,vs) € E(Do2).

The strong product of digraphs is commutative [10]. The distance between two vertices
(g9,h) and (¢’, 1) in the strong product G X H of two graphs G and H is given in [9] as
follows:

dGlXH((ga h)7 (gla h/)) = maX{de(g, g/)a dH(h’ h/)}

So in the case of two digraphs D; and Ds, it follows that the directed distance
JDlng((Uiyvr% (ijs)) = maX{d_'D1 (ui7uj)7JD2 (vr,vs) }-
Lemma 3.1. Let D1 and D5 be two strongly connected digraphs. Then
le XDy ((u’ia UT‘)a (Uj, US)) = ma‘X{dD1 (ui7 uj)7 dD2 (UT7 US)}v
eccp, ®p, (Ui, vr) = max{eccp, (u;), eccp, (vr) }.
Proof.
le X Doy ((ula vT‘)a (uja US))
= max{dp,wmp, ((u, vr), (uj, vs)), dp,mp, (15, vs), (ui, vp))}
D, (Ur, Vs) }, maX{le (uj, u;), dDz (vs, vr) }}

= max{max{dp, (us, u;),d

= maX{maX{le (us, J)’ 2 (Vr, Vs), dD1 (uj, ui), dDz (vs,vr)}}

= max{max{cfpl (ui, w ])7 (g, ui) )y max{dDZ (vr, vs), dDz (vs,vr)}}
(

= max{le (ula u]) dD2 Vr, Us >}
Hence it follows that
€CCp, XDy (Uz', Ur)
= max{dp,rp, ((ui, vr), (u;,0s)) : (uj,vs) € V(D1 W Do)}
= max{max{dp, (u;,u;),dp,(v,,vs)} : uj € V(D1),vs € V(D2)}
= max{max{dp, (u;,u;) : u; € V(D1)}, max{dp, (v, vs): vs € V(D2)}}

= max{eccp, (u;),eccp, (vr) }. O
Corollary 3.2. Let Dy and D4 be two strongly connected digraphs. Then

rad(D; X Dy) = max{rad(D;),rad(D2)},
diam(D; X Ds) = max{diam (D), diam(D3)}.
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Proof.

rad(Dy X Dy) = min ecc(ug, vy
( ! 2) (u,i,vr)EV(DlleDg) ( )

= u,;en\l/l(rllm) max{eccp, (u;),eccp, (vy)}
v €V(D2)

max{uiemvi(npl) ecc(u;), vremvi(%z) ecc(v,)}

= max{rad(D;),rad(D2)},

diam(D; X Dy) = ecc(ug, vy)

max
(ui,vr)€EV(D1KD2)

= a. a. ecc i), €ccC g
uig‘l/(}él)m X{ C Dl(uz)’ C D2(U7)}
v,-€V(D3)

= a. a. ecc ; a. ecc
mx{ui?v&i) (”Z)’v,.?vff)z) (vr)}

= max{diam(D1 ), diam(Ds)}. O

The strong product of two directed graphs is strongly connected if and only if both
the digraphs are strongly connected [9]. Also if G and H are two undirected graphs,
Namul(g,h)] = Nglg] x Ni[h] [9]. Since the neigbors of a vertex in a directed graph are
exactly its neighbors in the underlying graph, it follows that

Np,&p, [(ui; vr)] = Negn[(wi, vr)] = Nelu] x Nulop] = Np, [ui] X Np,[vr],

where G and H are the underlying graphs of D; and Do, respectively. In [4], Caceres
et al. presented a description of the boundary-type sets of two undirected graphs and the
description of the boundary is as follows.

For two graphs G and H, 0(GX H) = (0(G) x V(H)) U (V(G) x 9(H)). But this
result does not hold in the case of directed graphs.

Consider the strong product, D; X D5 of the digraphs D; and Dy in Figure 1. The
eccentricity of each vertex is displayed near the vertex in red color.

Per(Dl) = ECC(Dl) = Ct(Dl) = {ul, U4}7
Per(Dg) = ECC(DQ) = Ct(Dg) = {’1)1,’1}2}, and
Per(D1 X DQ) = ECC(Dl X DQ) = Ct(Dl X DQ)

= {(u1,v1), (ua,v1), (u1,v2), (us,v2)}.

8(D1) = {Ul,U4},
9(D2) = {v1,v2}, and
8(D1 X DQ) = {(’U,l,’Ul), (U4,U1), (Ul, 1]2), (U4,’U2)}.

The reason for (us, v1), (ug, va), (us,v1), (us,ve) ¢ (D1 K Dy) is explained after the
proof of Theorem 3.3.

Now we present the results concerning the boundary-type sets of the strong product of
two strongly connected digraphs. In all these results, D; and D, can be interchanged due
to the commutativity of strong product of digraphs.
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Dy

Figure 1: D1 X Ds.

We have, 8(D1 X Dg) - [6(D1) X V(DQ)} @] [V(Dl) X 8(D2)]

To this end, let (u;,v,) € O(D1 X Dy). Then there exists a vertex (u;,vs) €
V(D1 ® Dy) such that d((u;, vs), (wi,vr)) > d((uj,vs), (uk, vq)) for every (ug,vq) €
N{[(u;,vr)]. This implies, max{d(u;,u;),d(vs,v,)} > max{d(u;,ug),d(vs,vq)} for
every up € N[u;] and for every v, € Nlv,]. Hence d(uj,u;) > d(uj,uy) for ev-
ery up € Nlu;], or d(vs,v,) > d(vs,v,) for every v, € Nv,]. Thus, u; € 9(D) or
v € O(D3) or both. That is, if (u;, v,.) € (D1 X D), then at least one of the vertices u;
and v, must be a boundary vertex in the corresponding factor graph.

Theorem 3.3. Let Dy and Dy be two strongly connected digraphs. Then (D1 X Ds) =
A1 U A U Ag, where

A1 = 8(D1) X 8(D2)7

Ay = {(ui,vr) € V(Dl X DQ) tU; € 8(D1),vr ¢ 8(D2), and
v, € V(Ds) such that d(ve, vq) < ecc(u;), Yvg € Nlvp]},

Az = {(ui,v,.) S V(Dl X Dg) DU ¢ 8(D1),Ur S 8(D2), and
Juy € V(Dy) such that d(ug, uy) < ecc(v,),Vuy, € Nu;}.

Proof. Suppose that (u;,v,) € 9(Dy X D).
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Then there exists a vertex (u;,vs) € V(D1 K D) such that d((u;,vs), (ui, vr)) >
d((uj,vs), (uk,vq)) for all vertices (uy,vq) € N[(u;,v,)]. Since d((uj,vs), (us,vy)) =
max{d(u;j, u;), d(vs,v,)} and d((u;,vs), (ur,vq)) = max{d(u;,ur),d(vs,vq)}, we get
max{d(uj,u;),d(vs,v,)} > max{d(u;,ur), d(vs,vq)} for all uy € Nlu;], vy € Nlv,].
We distinguish four cases:

1. max{d(uj, u;),d(vs,vy)} = d(u;, u;) and d(vs, v,) > d(vs, vq) for all vy € N[v,];

2. max{d(u;, u;), d(vs,v,)} = d(uj,u;) and d(vs, v,) > d(vs, v4) does not hold for all
vg € Nvy);

3. max{d(u;,u;),d(vs,v)} = d(vs,v,) and d(uj, w;) > d(u;, ug) for all uy, € Nw;);

4. max{d(u;j,u;),d(vs,v,)} = d(vs,v,) and d(uj, u;) > d(uj, uy) does not hold for
all uy, € Nu;).

In cases 1 and 3, d(u;,u;) > d(uj,ug) for all up, € Nu,] and d(vs, v,) > d(vs, vg)
for all v, € N[v,]. Sou; € 9(D1), v, € O(D2), and hence (u;, v,) € A;.

In case 2, u; € 9(D1) and v, is not a boundary vertex of v, in Ds. If there exists any
vertex v; such that v, is a boundary vertex of vy, then we get (u;,v,) € A;. Otherwise,
since v, ¢ 9(D3), for every vertex v, € V(D3), there exists some vertex v, € N[v,] such
that d(v;, v,) < d(vi,vg). Hence if (u;, v,) is a boundary vertex of a vertex (ug,v;) in
Dy W Dy, then d((ug,vt), (us,vr)) = max{d(ue, u;), d(ve, vr) } = d(ue, u;) > d(vg, vy ),
for otherwise d(u¢,u;) < d(ve,vy) and so we get d((ug, ve), (Ui, vr)) = d(vg,v,) <
d(ve,vg) = d((ug, ve), (Ui, vq)), where (u;, vq) € N[(ui, vr)].

Let (ug, vq) € N[(ui,vr)]. Then d((ue, ve), (ug, vq)) = max{d(us, ug), d(ve, vg)}. If
(u;,v,) is a boundary vertex of (ug, v:), then max{d(ug, u;), d(ve, v,)} > max{d(ue, ug),
d(ve,vq)}. So the necessary condition for the vertex (u;, v,.) such that w; € 9(D1) and v, ¢
0(D3) to be a boundary vertex of the vertex (us, v¢) in Dy X Dy is d(ug, u;) > d(ve, vg)
for all v, € N[v,]. Since ecc(u;) > d(ug,u;) for all ug € V (D7), the necessary condition
becomes ecc(u;) > d(vg, v,) for all v, € N[v,]. Thus, (u;, v,) € As.

Thus in case 2, (u;, v,) € A1 U As.

In case 4, v, € 9(D-) and w; is not a boundary vertex of u; in Dy. As in case 2, it
follows that (u;,v,) € A1 U As.

Thus in all cases, we get (D1 X Do) C A; U Ay U As.

Conversely, suppose that (u;,v,) € A; U Ay U Ag. First let (u;,v,.) € A;. Then
u; € 9(D1) and v, € I(D3). So there exists vertices u; € V(Dy), vs € V(D2) such
that d(u;,u;) > d(uj,uy) for every uy € Nw], and d(vs,v,) > d(vs,v,) for every
vg € Nv.]. Hence in D1 ® Dy, d((u;,vs), (w5, vr)) = max{d(u;,u;),d(vs,v,)} >
max{d(uj, ug),d(vs,vq)} = d((uj,vs), (uk,vq)) for all vertices (ug,vq) € N[(ui,vy)].
ThllS, Al - 8(D1 X DQ)

Now let (u;,v,) € As. Then u; € 9(D1),v, ¢ O(D2) and there exists some vertex
vy € V(D3) such that d(v,,vq) < ecc(w;),forall v, € Nlv,]. Since u; € 9(D1), there
exists at least one vertex u; € V/(D1) such that d(u;,w;) > d(uj,uy) for every uy €
Nu;]. Of these vertices, let u;, be a vertex such that d(up,w;) = ecc(u;). Hence in
D1 X Do,

d((up,ve), (Ui, vr)) = max{d(up, u;), d(ve, vy)}
2 max{d(ub’ uk)7 d(v, Uq)} = d((ub7 vt)? (u, Uq))



B. S. Anand et al.: Boundary-type sets of strong product of directed graphs 283

for all (ug,vq) € N[(ui,v,)], since d(ve, vq) < ecc(u;) = d(up,u;) for all v, € Nlv,].
Thus, (u;, v,-) is a boundary vertex of (up, v¢) in Dy KX Dy and hence Ay C 9(D; X Ds).
By analogous arguments and since the strong product of digraphs is commutative, it
follows that A3 C 9(D; X D).
Hence A1 U A2 U A3 Q 8(D1 X DQ) O

Now consider Figure 1. ecc(vy) = ecc(vg) = 1. Nug] = Nus] = {u1, ua, uz, uq},
d(U1,U4) = 3, d(ul,ug) = d(ul,u;),) = d(UQ,U4) = d(U3,u4) = 2, and d(UQ,’U,g) = 1.
uz ¢ O(Dy) and hence (ug,v1), (uz,v2) ¢ (D1 X Ds), since there is no vertex u; €
V(Dy) such that d(ug,ur)) < 1 for all up, € NJug]. For similar reasons, (us,vi),
(U37’02) ¢ 8(D1 X DQ)

Consider the strong product of two connected undirected graphs. In the case of an
undirected graph, the maximum distance between two vertices is the usual distance between
the vertices. Also, since we deal with the distance between any two distinct vertices, it
doesn’t matter whether the undirected graphs are simple or not; that is, whether they contain
loops or parallel edges. So we state the result for any two connected nontrivial (not equal
to K1) undirected graphs.

Remark 3.4. The description for the boundary set of the strong product of two graphs
(undirected graphs) G and H presented in [4] holds only for the product of two nontrivial
graphs G and H. To this end, let H = K; = ({v},0). We have, (K1) = {v} (since
all vertices of a complete graph are boundary vertices of the graph), and hence 9(G) =
I(GR K;p) = (0(G) x {v}) U (V(G) x {v}) = V(G), which is not true in general.

Corollary 3.5. Let D and D be two nontrivial connected undirected graphs. Then

Proof. By Theorem 3.3, if D and D are two strongly connected digraphs, (D1 X Ds) =
A;UA3UAs. Since Dq and D5, are given to be two nontrivial undirected graphs, ecc(u;) >
1 for all u; € V(Dy), ecc(v,) > 1 for all v, € V(D3), d(u;, ug) = 1 for all uy, € N(u;),
and d(v,,v,) = 1 for all v, € N(v,.). Thus,

Al = 6(D1) X a(Dg),
Ay = {(’U,i,’l)r) S V(D1 X Dz) U € 8(D1),vr ¢ 8(D2)7 and

vy € V(D7) such that d(vy, vg) < ecc(u;), Vg € N(vy)}
= 8(D1) X V(DQ),

Az = {(us,v,) € V(D1 ® D3) : u; ¢ 9(D1), v, € I(D2), and
Jue € V(D1) such that d(ug, ug) < ecc(v,.),Vur, € N(u;)}
= V(D) x 9(D3).
Therefore, (D1 K D3) = AyUA; U Az = [0(D1) x V(D2)|U[V(Dy1) x0(Dg)]. O
Theorem 3.6. Let Dy and D be two strongly connected digraphs.
1. If diam(D;) < diam(Ds), then Per(D1 K D3) = V(D1) x Per(Dz).

2. If diam(D;) = diam(Dsy), then Per(Dy X Dy) = [Per(D;) x V(D3)] U
[V(Dl) X PeI‘(Dg)].
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Proof.
1. Let diam(Dy) = n. Let v, € Per(D3).

Then for all u; € V(Dy), ecc(u;,v,) = max{ecc(u;),ecc(v,)} = n. Hence
(us,vr) € Per(D; B Dg). Also if v, ¢ Per(D3), then since ecc(u;,v.) < n,
(u;,v,) ¢ Per(D1 X Ds). Hence it follows that Per(D1 X Ds) = V(D;) x Per(Ds).

2. Let diam(D;) = diam(D3) = n. If u; € Per(D;), then for all v, € V(D3),
(u;,v,) € Per(Dy X D), since ecc(u;, v) = max{ecc(u;), ecc(v,)} = n. Hence
(ui,v.) € Per(Dy X Ds). Similarly, if v, € Per(Dy), then for all u; € V(Dy),
(us,v,) € Per(Dy X Dy). Hence it follows that [Per(D;) x V(D3)] U [V(Dy) x
Per(Ds)] C Per(D; X D»).

Conversely, if (u;,v,) € Per(Dy ® Dy), then ecc(u;,v,) = max{diam(D),
diam(D3)} = n. Thus, at least one of ecc(u;) and ecc(v,.) must be necessarily
equal to n. Hence u; € Per(D;) or v, € Per(Ds3), and therefore, Per(D; X D) C
[Per(D;) x V(D2)| U [V (D1) x Per(D3)]. O

Theorem 3.7. Let Dy and D be two strongly connected digraphs.
1. If rad(D,) = rad(Dy), then

Ecc(D1 ¥ Dg) = [Ecc(D1) x V(D2)] U [V(D1) x Ecc(D2)].

2. If rad(D1) < rad(Dz), then

Ecc(D; K Dy) = U Ecc(u;) x V(Dy) | U[V(Dy) x Ece(Dy)].
ecc(u;)>rad(D2)

Proof.

1. First we will prove that Ecc(D; K Do) C [Ecc(D1) x V(D2)] U [V(D1) X
Ecc(Ds)]. Let (u;,v,) € Ecc(Dy ® Dy). Then there exists a vertex (uj,vs) such
that ecc(uj, vs) = d((uj,vs), (ui, vr)) = max{d(u;, u;),d(vs, v,)}. Since ecc(u;, vs) =
max{ecc(u;), ecc(vs)}, and ecc(u;) > d(uj,u;) and ecc(vs) > d(vs,vy), at least one of
ecc(u;) = d(uj,u;) and ecc(vs) = d(vs, v,) must hold. So necessarily u; is an eccentric
vertex of u;, or v, is an eccentric vertex of v,.

Hence (u;, v,) € [Ecc(D1) x V(D32)] U [V (D1) x Ecc(Dz)].

Let rad(D;) = rad(D2) = n. Let u; € Ecc(D;). Then there exists a vertex u; €
V(D1) such that ecc(u;) = d(u,, u;). Consider the vertex (u;, v,) € V(D1 K Ds), where
vy is an arbitrary vertex in Ds. Since rad(Ds) = n, there exists a vertex vy € V' (Ds) such
that ecc(vs) = n. Hence d(vs,v,) < n and so ecc(u;,vs) = max{ecc(u;),ecc(vs)} =
max{ecc(u;),n} = ecc(u;). Thus, d((u;,vs), (u;,vr)) = max{d(u;, u;),d(vs,v,)} =
ecc(u;) = ecc(uj,vs). So (u;, vy is an eccentric vertex of (u;, vs). Thusif u; € Ecc(Dy),
then (u;,v,) € Ecc(Dq ® Ds) for all v, € V(Dz). Similarly, we can prove that if v, €
Ecc(Dy), then (ug, vq) € Ecc(Dy X Ds) for all uy, € V(D).

Hence [Ecc(D1) X V(D2)|U [V(Dy) x Ecc(D2)] C Ecc(D; X D3), and so the result
holds.
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2. Letrad(D;) < rad(D3) = n. Letu; € V(D1), v, € V(D3). Here two cases arise:
Case 1. v, € Ecc(Ds).

Then there exists a vertex v, € V(D3) such that ecc(vs) = d(vs,v,). Let u, €
V(D1) be such that ecc(u,) = rad(D;). Then since rad(Ds) > ecc(up), ecc(up, vs) =
max{ecc(up),ecc(vs)} = ecc(vs). Also, d((up,vs), (ui,v)) = max{d(up,u;),

d(vs,vr)} = ecc(vs). Thus, (u;,v,) is an eccentric vertex of (u,,vs). So in this case,
V(D;) x Ece(Ds) C Ecc(D1 X Ds).

Case 2. v, ¢ Ecc(Ds).

Let vy € V(D) be such that ecc(vg) = rad(Dz2). Let Uece(u;)>rad(py) Bec(ui) = A.
Let up € A. Then there exists a vertex u, € V(D;) such that ecc(u,) > rad(Ds)
and ecc(up) = d(up,ur). Then d((up,vy), (uk,vr)) = max{d(up, ux),d(vg,vr)} =
d(up, ur) = ecc(up) = ecc(up, vq) and hence (uy,v,) is an eccentric vertex of (up,vy).
Hence in this case, Uece(y,)>rad(py) Ecc(i) x V(D2) € Ecc(Dy K Dy).

Thus, [Uecc(ui)Zrad(Dg) Ecc(u;) x V(D2)] U[V(Dy) x Ece(Ds)] € Ece(Dy K Ds).

Conversely, let (ux,v,) € Ecc(Dy X Dy). Then there exists a vertex (u;,vs) €
V(D1 ¥ D5) such that ecc(uj, vs) = d((u;,vs), (uk, vy)) = max{d(u;, ur), d(vs,v,)} =
max{ecc(u;), ecc(vs)}. If v, € Ecc(D2), we get (ug,v,) € V(D7) x Ecc(Da).

Hence suppose that (ug, v,) € Ecc(Dy X Ds) and v, ¢ Ecc(Ds). Then for all vs €
V(Da), ecc(vs) > d(vs,vr). Thus, ecc(uj,vs) = ecc(u;) = d(u;,ux). If possible,
suppose that uy & A = Uece(u,)>rad(p,) Ecc(ui). Thus, there is no vertex u; in Dy such
that ecc(u;) = d(u;, ux) and ecc(u;) > rad(D2). Hence if uy, is an eccentric vertex of u;
in D1, then d(u;, up) < rad(D2). We have, rad(D; X D,) = max{rad(D;),rad(D>)} =
rad(Ds). Thus, (ux,v,) cannot be the eccentric vertex of any vertex (uj,vs) € Di X Do,
since d((u;, vs), (ug, vr)) = max{d(u;, ux), (vs,v,)} # ecc(u;, vs) in this case. This is
a contradiction, and hence uj, € A. Hence (ug, vr) € Ueco(us)>rad(ps) Ecc(ui) X V(D2).

Hence Ecc(D1 M D2) C [Uece(us)srad(py) Ecc(ui) X V(Da)| U[V(D1) x Ecc(Dg)éi

Theorem 3.8. Let Dy and D be two strongly connected digraphs. Then Ct(Dy X Do) =
A1 U Ag U As, where

Ay = [Ct(D1) x Ct(Dy)],

A2 = {(ui,vr) € V(Dl X DQ) tu; € Ct(D1)7’UT ¢ Ct(Dg), and
ecc(vy) < ecc(u;) for all vy € Nlv,]},

Az = {(us,v,) € V(D1 ® D3) : u; ¢ Ct(D1),v, € Ct(D3), and
ecc(uy) < ecc(v,) for all u, € Nlu;]}.

Proof. (u;,v,) € Ct(Dy W D) if and only if ecc(u;, v,) > ecc(ug, vq) for all (ug,vq) €
N{(u;, v,)]; if and only if max{ecc(u;),ecc(v,)} > max{ecc(uy), ecc(vy)} for all uy, €
Nlu;] and v, € N[v,]; if and only if one of the following three cases holds.

1. max{ecc(u;),ecc(v,)} = ecc(u;) = ecc(vy). Then, ecc(u;) > ecc(ur) and
ecc(v,) > ecc(vy) for all uy, € Nw;] and vy € Nv,].

2. max{ecc(u;),ecc(v,)} = ecc(u;) > ecc(v,). Then, ecc(u;) > ecc(uy) for all
ug € Nlu;] and ecc(v,) < ecc(u;), ecc(vy) < ecc(u;) for all v, € N(v,.).
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3. max{ecc(u;),ecc(v,)} = ecc(vy) > ecc(u;). Then, ecc(v,) > ecc(vy) for all
vg € Nv,] and ecc(u;) < ecc(vy.), ecc(uy) < ecc(v,) for all uy, € N (u;).

In case 1, (u;,v,) € Ct(Dq X Dy).

In case 2, (u;,v.) € {(uj,v.) € V(D1 W D3) : u; € Ct(Dy),v, ¢ Ct(D2), and
ecc(vy) < ecc(u;) for all vy € Niv,|}.

In case 3, (uj,v,) € {(uj,v,) € V(D1 W Dy) : u; ¢ Ct(Dy),v, € Ct(D2), and
ecc(uy) < ecc(v,.) for all uy, € Nu;)}.

Thus we get, Ct(Dl X Dg) =A;UAyU As. O

Consider the contour set of the strong product of two connected undirected graphs. As
in the case of the boundary set, the result holds even when the undirected graphs are not
simple.

Corollary 3.9. Let Dy and D, be two connected undirected graphs. Then

Ct(Dy ® D) = {(us,vr) € V(D1 K Dy) : u; € Ct(Dy), v, ¢ Ct(Ds2), and
ecc(vy) < ecc(u;)}
U {(ui,vr) € V(D1 ® Dy) : u; ¢ Ct(Dy), v, € Ct(D2), and
ecc(u;) < ecc(vy)}
U [Ct(Dy) x Ct(D2)].
Proof. By Theorem 3.8, when D; and D5 are two strongly connected digraphs, Ct(D; X

Dy) = Ay U As U As. Since D; and D5 are given to be undirected graphs, eccentricity of
two adjacent vertices differ by atmost one. Hence

Ay = Ct(Dy) x Ct(Dy),

Ay = {(u;,v,) € V(D1 ® D) : u; € Ct(Dyq), v, ¢ Ct(D3), and
ecc(vy) < ecc(u;) for all vy € Nv, |}
= {(us,v.) € V(D1 ® D3) : u; € Ct(D1),v, ¢ Ct(D5), and
ecc(v,) + 1 < ecc(u;)}
= {(us,v,) € V(D1 ® D3) : u; € Ct(D1),v, ¢ Ct(D2), and ecc(v,) < ecc(u;)},

Az = {(us,v,) € V(D1 ® Dg) : u; ¢ Ct(Dy),v, € Ct(D3), and ecc(u;) < ecc(v,)},
since max,, ¢ n[u,;] €cc(ur) = ecc(u;) + 1. Hence it follows that

Ct(Dl X DQ) = {(ui,vr) S V(D1 X Dg) U € Ct(Dl),’UT §é Ct(Dg), and
ecc(vy) < ecc(u;)}
@] {(Ui7vr) S V(Dl X DQ) DU ¢ Ct(Dl),UT S Ct(DQ), and
ecc(u;) < ecc(vr)}
U [Ct(D1) x Ct(Dg)]. O

We have examined the boundary-type sets of the strong product of two strongly con-
nected digraphs D; and Ds. Now suppose that at least one of D; and D», say D1, is not
strongly connected. Then the eccentricity of every vertex in D; is infinity, and hence the
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eccentricity of every vertex in Dy X Dy is infinity. Thus, we have 9(D;) = Per(D;) =
Ecc(Dq) = Ct(D1) = V(D1), and 9(D1 X Dy) = Per(D; K Ds) = Ecc(Dy K Ds) =
Ct(Dy1 ® Dy) = V(D1) x V(Ds). Since rad(D;) = diam(D;) = oo, the expression
for Per(D; X Ds) in Theorem 3.6, and the expression for Ecc(D; X D) in Theorem 3.7
gives V(D1) x V(Ds). Since ecc(u;) = oo for all u; € V(Dy), the expression for
0(Dy ® D3) in Theorem 3.3, and the expression for Ct(D; X D) in Theorem 3.8 also
gives V(D) x V(D). Similar is the case when D5 and both D; and D5 are not strongly
connected.

Thus, the results derived for the boundary-type sets of the strong product of two strongly
connected digraphs D; and D- hold also when the digraphs D; and D5 are not even weakly
connected. So the results for the boundary-type sets of the strong product of two connected
undirected graphs hold for any two arbitrary undirected graphs.

4 Conclusion

In this article, the relationship between the boundary-type sets of the strong product of two
digraphs, and that of its factors is derived. As ‘maximum distance’ is the generalization
of the usual distance in an undirected graph, these results hold for undirected graphs also.
The results for the periphery and eccentricity sets of the strong product of two undirected
graphs turn out to be the same as the results in [4]. The results for the boundary and contour
sets in the undirected case, as described in [4], are also derived as special cases.
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