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Abstract

The aim of this paper is to complete the study and classification of spherical f-tilings by
scalene triangles 7" and isosceles triangles 7" within a subclass defined by the adjacency of
the lower side of T" and the longest side of 7”. It consists of eight families of f-tilings (two
families with one continuous parameter, one family with one discrete parameter and one
continuous parameter, and five families with one discrete parameter). We also analyze the
combinatorial structure of all these families of f-tilings, as well as the group of symmetries
of each tiling; the transitivity classes of isogonality are included.
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1 Introduction

A folding tessellation or folding tiling (f-tiling, for short) of the sphere S? is an edge-to-
edge finite polygonal tiling 7 of S? such that all vertices of 7 satisfy the angle-folding
relation, i.e., each vertex is of even valency and the sums of alternating angles around each
vertex are equal to 7.

F-tilings are intrinsically related to the theory of isometric foldings of Riemannian man-
ifolds, introduced by Robertson [10] in 1977. In several situations (beyond the scope of this
paper), the edge-complex associated to a spherical f-tiling is the set of singularities of some
spherical isometric folding.

The classification of f-tilings was initiated by Breda [2], with a complete classification
of all spherical monohedral (triangular) f-tilings. Afterwards, in 2002, Ueno and Agaoka
[11] have established the complete classification of all triangular monohedral tilings of the
sphere (without any restrictions on angles). Curiously, the triangular tilings of even valency
at any vertex are necessarily f-tilings. Dawson has also been interested in special classes of
spherical tilings, see [3, 4, 5], for instance. Spherical f-tilings by two noncongruent classes
of isosceles triangles have recently been obtained [6, 7].

The study of dihedral triangular f-tilings involving scalene triangles is clearly more
unwieldy and was initiated in [1]. In this paper we complete the classification of spherical
f-tilings by scalene triangles T' and isosceles triangles 7" resulting from the adjacency of
the lower side of T" and the longest side of 7".

From now on,

(1) T denotes a spherical scalene triangle with internal angles @ > 3 > + and side
lengths a > b > ¢;

(ii) T denotes a spherical isosceles triangle with internal angles (4, 0, £), 0 # ¢, and side
lengths (d, d, e),

as illustrated in Figure 1.

Figure 1: A spherical scalene triangle, T', and a spherical isosceles triangle, 7".

We shall denote by (7', T") the set, up to isomorphism, of all dihedral folding tilings
of S? whose prototiles are 7" and 7" in which the lower side of T is equal to the longest
side T".

Taking into account the area of the prototiles 7" and 7", we have

a+fB+y>m and 2§+¢e>T.

As o > 3 >, we also have a > T. In [8] it was established that any 7 € Q (T, T") has
necessarily vertices of valency four.
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We begin by pointing out that any element of 2 (7', 7") has at least two cells congruent
to T and T, respectively, such that they are in adjacent positions and in one and only one
of the situations illustrated in Figure 2.

I1 1.2 II

Casel: 6>¢ Casell: d<e¢

Figure 2: Distinct cases of adjacency.

In this paper we will consider the second case of adjacency. The next section con-
tains the main result of this paper. In Section 2 we describe the eight families of spherical
f-tilings that we may obtain from the second case of adjacency (Figure 2-II). The combi-
natorial structure of these tilings, the classification of the group of symmetries and also the
transitivity classes of isogonality are presented. The proof of the main result consists of a
long and exhaustive method and it is presented in Section 3.

2 Main result - Elements of 2 (7', T”) in the case of Adjacency II

Theorem 2.1. Let T and T’ be a spherical scalene triangle and a spherical isosceles
triangle, respectively, such that they are in adjacent positions as illustrated in Figure 2-1L
Within this case, the f-tilings of Q (T, T") are

Ls, DE(k>4), My, NP (k>6), P*(k>3), Q"(k>4), R* (k=06
and S* (k>7),
that satisfy, respectively:

() atdo+p=m =73, v= %, where a and 3 satisfy

Sin2(a+[3) (1 +2COS(C¥ _ﬂ)) =2sinasinf8 and [ € (g,arccos \/66> 5

() a+d=m 0+B+e=m ky=m §=0}(c), ¢ € (emin, (k_kl)w),k >4,

2sine cos? £ A/14+8cos T —1
1 _ 2 R k .
where §3(¢) = arctan —————— =  and €y = arccos
k T 2 ’
COS T — CO8” € 4

(i) a+d=m e=3, B+6+y=m 6 =1 cmd*ye(%,g);
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iv) a+06=m, £=73, B+35=m ky=m andéz&izarccos,/%cos%, k> 6;

v) ZJ”;:W’ 52% 26+26=m, B+o+ky=nm andd:é}z:arctan(seci),
Z ’.

Vi) at+d=m e=73,28+20+y=m B+o+ky=m, § =0t k> 4, where

-1
§p = arctan (sin (k= L s T ) ;

2% —1 k1

i) o+ =m, € = 5 26420 = 7w, ky =7 and o = az = Qarctan(cos%—i-
V1+cos? 1), k>6;

(viii) a+6=m =3, 26+20+y=m ky=m and 6 =6}, k > T, where

5 o k=Dm w
0, = arctan <51n g Sec k) .

For each family of f-tilings we present the distinct classes of congruent vertices in
Figure 3 (including the respective number of vertices in each tiling).

Particularizing suitable values for the parameters involved in each case, the correspond-
ing 3D representations of these families of f-tilings are given in Figure 4. In each case, we
present two perspectives in order to provide a more effective visualization of each f-tiling’s
combinatorial structure. Regarding the f-tiling P*, k > 3, it can be observed that, if we
consider the great circle that contains the four vertices surrounded by (53, 6,9, 8,7, 7, .-, Y)
(marked in red) as the equator line and rotating the southern hemisphere 90 degrees (around
the “vertical” axis) we obtain the f-tiling R?*. Also, it is interesting to relate the mono-
hedral edge-to-edge tilings 1'/1¢,+s and Ig, described by Ueno and Agaoka in [11] with
the families of f-tilings Q*, k > 4, and S*, k > 7, obtained by subdividing the prototypes
in the monohedral tilings into two triangles satisfying the conditions of Figure 2-II. Seeing
from another perspective, we obtain T'I14,+s and Ig,, eliminating the vertices surrounded
by («, «, d, ) (marked in green) and two suitable edges emanating from those vertices of
QF, k> 4,and S*, k > 7, respectively.
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Figure 3: Distinct classes of congruent vertices.
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Figure 4: Elements of Q(T,T") in the case of adjacency II.
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Figure 4: Elements of Q(T',T") in the case of adjacency II.

The combinatorial structure of the classes of spherical f-tilings mentioned in Theo-
rem 2.1, including the symmetry groups, is summarized in Table 1 (the analysis of the
symmetry groups is similar to that applied in previous articles, e.g. [9]). Our notation is as
follows:

e |V] is the number of distinct classes of congruent vertices;

e N and N are, respectively, the number of triangles congruent to 7" and 7", respec-
tively;

e G(1) is the symmetry group of each tiling 7 € €2 (T',7") and the index of isogonality
for the symmetry group is denoted by #isog.;

e (U, is the cyclic group of order n;
o V ~ (5 x (5 is the Klein group;
e D, is the n" dihedral group (it consists of n rotations and n reflections);

e O is the chiral group with 24 elements;
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3k .
. i(k) = 5 +1 if k even
SEEL 41 if k odd.

’ f-tiling ‘ o ‘ 8 ‘ ~ ‘ 5 ‘ e ‘|V\ ‘ Ny ‘ N ‘ G(r) ‘ #isog. ‘
Lp a(B) | ( 5, arccos %) % T—a—f b 3148 | 24 @) 3
D k>4|lr—-6| m-5-¢ z 55(8) | (Emins> Emax)| 3 | 4k | 4k Doy, 3
M, T = T — 27 (%, %) o 5 318 |8 \%4 3
Nk k>6|r—0 m— 35 z 87 z 4 | 4k | 8k Doy, 4
Pk k>3|1—6 z— & 53 z 4 | 8k | 8k |Ca x Ca x Ca| i(k)
OF k>4alr—g| LD _5 | = st z 4 |14k|14k % 4k —2
R*, k>6| of -3 z T—a z 4 |4k |4k | C2 x Dy 4
Sk k>7|n—g| EZDT 5 x 83 z 4 |8k |8k Do 4

Table 1: Combinatorial structure of the dihedral f-tilings of S? by scalene triangles T and
isosceles triangles 7" performed by the lower side of 7" and the longest side of T in the
case of adjacency II.

3 Proof of Theorem 2.1

In order to better understand the structure of each tiling and due to the complexity of a
global planar representation, in the following proof some f-tilings 7 are illustrated only by
a fundamental region F' that generates 7 by successive reflections and rotations of F'. Com-
paring the fundamental region F' with its associated f-tiling 7 (in Figure 4), it becomes clear
how it is generated. In two of the situations (tilings Q* and S*), instead of a fundamental
region, we illustrate planar representations that correspond to a half of the f-tilings.

In the case of adjacency II, any element of 2 (7',7”) has at least two cells congruent
to T and T’, respectively, such that they are in adjacent positions and in one and only
one of the situations illustrated in Figure 2. After certain initial assumptions are made, it
is usually possible to deduce sequentially the nature and orientation of most of the other
tiles. Eventually, either a complete tiling or an impossible configuration proving that the
hypothetical tiling fails to exist is reached. In the diagrams that follow, the order in which
these deductions can be made is indicated by the numbering of the tiles. For j > 2, the
location of tiling j can be deduced directly from the configurations of tiles (1,2,...,7—1)
and from the hypothesis that the configuration is part of a complete tiling, except where
otherwise indicated.

Observe that we have € > % (since we are considering the case of adjacency II). Also,
as e = c and using spherical trigonometric formulas, we get

cosy +cosacosf3  cose+ cos?é

sin asin 8 N sin’ & G

Proof of Theorem 2.1. Suppose that any element of Q (7,7") has at least two cells con-

gruent, respectively, to 7" and 7", such that they are in adjacent positions as illustrated in
Figure 2-1I.

With the labeling of Figure 5a, we have 6; € {e,d}. It is easy to verify that §; must

be d. In fact, if 6; = &, v; cannot have valency four (see side lengths), o +¢ + p > ,
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Figure 5: Local configurations.

Vp € {a, B8,0,e}, and if & + £ + ky = 7, k > 1, an incompatibility between sides cannot
be avoided.
Now, at vertex v (see Figure 5b) we must have

at+d<mT or at+d=m.

1. Suppose firstly that « + 6 < 7. If 3 = § and € + § = 7 (Figure 6a), we reach a
contradiction at vertex vo, as e + 8+ p > 7, for all p € {a, 8,7, d,£}. In fact, taking into
account the side lengths, vo cannot have valency four and also observe that e + 8 + p; >
a+B+vp1€{a,B,v},ande+ B+ p2 >e+d=m, ps € {0,e}.

Figure 6: Local configurations.

On the other hand, if ; = § and € + § < 7, we must have € + § + p < m, for some
pe{a,B,v Ifp=a,wegete >0 >a > >~;butthene+d+a >a++v>m,
which is not possible. If p = /3, we obtain § >  and o > ¢, which implies « +d§+p > m,
Vp, which is a contradiction. Finally, due to an incompatibility between sides, it is not
possibletohave e + 0 + ky=m, k > 1.

Therefore, §; = € and, due to the side lengths, we must have € + ¢ = 7, and obviously
a>6,withé e (5,%).

1.1 If a > e, at vertex vy (Figure 5b) we must have oo + 6 + ky = «, with & > 1, and
a > 3> 9 > . The last configuration extends to the one illustrated in Figure 6b.
If, at vertices vy and v3, we have

(i) B8+ 6+ d = m, we reach a vertex surrounded by six angles 4, implying 6 = § = {3,
which is not possible as 3 > ¢;
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(i) 8+ 6 + S = m, we obtain the configuration illustrated in Figure 7a. Taking into
account the edge lengths and the fact that 3 > ¢ > 7, at vertex vy we reach a
contradiction.

Note that it is easy to conclude that is not possible to include angles -y in the previous sums.

Figure 7: Local configurations.

1.2 Suppose now that o < €.

1.2.1 If § > ~, with the labeling of Figure 7b, we have 63 € {0,v}. Additionally is
important to note thate = 5 >a > 3> >7,0 > T and B+ > 7.

If 835 = 4, we obtain the configuration of Figure 8a. Observe that 6, cannot be J, as
d+0+d<d+d+a=mandd+0d+ 3+ p>m withp € {«,3,0,e}; pa cannot be v
due to an incompatibility between sides. Moreover, 6, cannot be 3, as § + J + 8 < 7 and
0+06+p+v>m.

Figure 8: Local configurations.

Now, at vertex v, we have necessarily 8+ 5+ S =mwor S+ 6 + ky =m, with k > 2.
These cases lead to the configurations illustrated in Figure 8b and Figure 9a, respectively.
In both cases, at vertex vs we reach a contradiction. In fact, due to the edge and angles
lengths there is no way to satisfy the angle-folding relation around this vertex.
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Figure 9: Local configurations.

If 63 = ~ (Figure 7b), at vertex v, we have necessarily +d+ 8 =morf+d+6 = .
These cases lead to the configurations illustrated in Figure 9b and Figure 10a, respectively.
In the first case, at vertex vs we have S +d0 +d < mand S+ + 0 + p > , for all
p € {a,B,7,06,e}. In the last case, at vertex vz we also reach a contradiction, as 6 = %

implies 3 = % and, due to the edge and angles lengths, it is not possible that this vertex
has valency greater than three.

Figure 10: Local configurations.

122 If § < v, thene = 5 > a > >~y >0 > 7. At vertex v; (Figure 7b) we must
have one of the following situations:

(1) a4+ 0+ o = m; in this case (Figure 10b), there is no way to satisfy the angle-folding
relation around vertex vs.

(i1) o+ & 4 & = m; as we can observe in Figure 11a, an incompatibility between sides at
vertex vz cannot be avoided.

(iii) a4+ & 4+~ = m; in this case (Figure 11b), there is no way to satisfy the angle-folding
relation around vertex vy4.
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Figure 11: Local configurations.

(iv) a+d+ p = m; in this situation, the last configuration extends to the one illustrated in

Figure 12a. Now, at vertex v, we have necessarily v+~ +p = 7, with p € {a, 8,7}
It is easy to verify that the two first cases lead to impossibilities. The last case
(p = ) leads to a continuous family of f-tilings formed by 72 tiles. Due to the large
dimension of the corresponding planar representation, we only illustrate its eighth
fundamental region in Figure 12b.

a b A eighth fundamental region of
Ls

Figure 12: Local configurations.

We denote this continuous family of f-tilings by £z, where

at+d+pB=m 2c=m and 3y=.

Using Equation (3.1), we get

sin?(a + B) (1 + 2cos(a — B)) = 2sinasin 8, with g < B < arccos ?

3D representations of Lz are illustrated in Figure 4a.
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us

2. Suppose now that & + § = w. We have a > § and o > 5 Infact, if @ < 4, we would
have e > 0 > a > > v, with § > 7, and consequently € + 02 > 7, 05 € {¢,5}.

2.1 If 62 = 0 (Figure 5b), then it is a straightforward exercise to prove that v = 7,
for some k£ > 4, and the complete planar representation derives uniquely as illustrated in
Figure 13.

30

Figure 13: Planar representation of Df, k> 4.

This family of f-tilings is denoted by D¥, where a+9 = 7, §+ 3 +¢ = 7w and ky = T,
with £ > 4. Using (3.1), we get

2sin € cos? 5
§ = dk(e) = arctan ————=, k >4,
Cos T —cos“ ¢
. _ \/14+8cos T —1 .
with € € (6min, (k k””), where €, = arccos f’”. 3D representations of Dg

and D? are given in Figures 4c — 4d.
22 If6y =¢,wehave 5 > dor 5 < 9.

2.2.1 If 8 > 6, we have a > g =&> o> 7 and the last configuration extends to the one

illustrated in Figure 14a. Now, we have 65 € {8, ,~}.

2.2.1.1 If 3 = B, at vertex vo we must have 6 + 5 + 8 + kv = 7, with k > 0. It is easy
to verify that k has to be zero, giving rise to the configuration of Figure 14b. At vertex vs
we obtain o + I_m =, with &k > 2. Taking into account Equation (3.1) and the relations
between angles, we get 2 cos % = cos d csc g. Consequently, we obtain sin§ < cosd and

0 < %, which is not possible.

2.2.1.2 If 3 = 6, at vertex vo we have § + 8+ 0 + kv = «, with &k > 0. Itis a
straightforward exercise to show that (i) if & = 0, although a complete configuration is
achieved, it leads to § = v = %, which is not possible; (ii) if £ = 1, again a complete

configuration is achieved, with § = 3= B + v, which is a contradiction; (iii) the case

k > 1 leads to an incompatibility between sides.

2.2.1.3 If 65 = ~, at vertex vy we must have one of the following situations:
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Figure 14: Local configurations.

(1) f4+0+ky=m,k > 1;thecasek > lleadstod = 8 = g, which is not possible, and
so k = 1. In this case we obtain the planar representation of Figure 15. We denote
this family of f-tilings by M, wherea +§ =7, 8+ 6+~ =mandy € (5,%).
Using Equation (3.1), we get § = .

Figure 15: Planar representation of M.,.

T T

3D representations of M., vy € (Zv g), are illustrated in Figure 4b.

(ii)) B+0+p5+kvy = m, k > 1; as we can observe in Figure 16a, we reach an impossibility
as there is no way to complete the sum of alternate angles around vertex vs.

Figure 16: Local configurations.
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(iii)) S+ 90+ + kv = 7, k > 1; in this case there is no way to satisty the angle-folding
relation around vertex vs.

222 If B < & (Figure 5b), it is easy to conclude that o > § =& > 0 > 8 > 7. Now,
with the labeling of Figure 16b we have 03 € {4, 8}.

2.22.1 If 3 = I, we obtain the configuration illustrated in Figure 17a. Note that 64
cannot be ¢, otherwise there is no way to satisfy the angle-folding relation around vertex
va. Also, 05 cannot be ¢, as it implies 5 = «. Now, at vertex vz, we have necessarily
30+ = . Infact, if 30 = , at vertex v, we obtain+d+ 3 < wrand d+0+S+p > 7,
p € {B,7}, as B+~ > 6. Then, the last configuration extends uniquely to a complete

b A kth fundamental region of N'*, k > 6.

Figure 17: Local configurations.

planar representation formed by 12k tiles. Due to its large dimension, we only illustrate
the kth fundamental region in Figure 17b. As 8 > -, using Equation (3.1), we must have
kv = m, with k£ > 6. We denote this family of f-tilings by N where a+6 = m,36+8 =
and kv = mw, k > 6. Moreover,

/1
6 = 0 = arccos §COS%, k > 6.

3D representations of N k for k = 6,7, are illustrated in Figures 4e — 4f.

2.2.2.2 If 3 = (3, we obtain the configuration of Figure 18a.

It is a straightforward exercise to prove that if vertex vy has valency six, we obtain
a+ky=m k>2,0r f+ 6+ =, and in either cases Equation (3.1) has no solution.
Moreover, this equation also has no solution if there is a vertex with a sum of alternate
angles of the form 3 + § + § = w. Now, we consider separately the cases 8, = 65 = ~,
94 :05 :B,and94 :Bandés =.

2.2.2.2.1 If 84 = 05 = =, vertex vo must have valency greater than eight. In fact, valency
eight implies the existence of a vertex with a sum of alternate angles of the form f446+9 =
.

Now, with the labeling of Figure 18b, if v, has valency greater or equal to ten and

* there is an additional angle S in the sum of alternate angles (note that is not possible
to have an additional angle 6, as 26 + 2(8 + ) > ), the last configuration extends
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Figure 18: Local configurations.

to the one illustrated in Figure 19a and there is no way to satisfy the angle-folding
relation around vertex vs.

Figure 19: Local configurations.

e B+ 0+ ky = m, with k > 3, we obtain the configuration illustrated in Figure 19b.
At vertex vs we must have one of the following situations:

®

(ii)

B 4+ 6 + € = m; this condition leads to a sum of alternate angles at vertex vy
containing € + ¢ + 8 + v > m, which is not possible;

B84+ 6+ 0+ 8 = m; in this case we obtain a complete planar representation
formed by 16k tiles. Due to its dimension, we only illustrate one octant of the
sphere (fundamental region) in Figure 20. Observe that one of the hemispheres
is obtained from the other through a 90 degree rotation. Note that if 0 = J,
we would obtain 8 + 30 = 7 and consequently no solution would exist for
Equation (3.1). We have § = arctan (sec2-), 8 = 2 — 0,7 = &, a =
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T—90, = g and £ > 3. We denote this f-tiling by Pk, k > 3, whose 3D
representations, for k = 3, 4, are presented in Figures 4g — 4h.

Figure 20: A eighth fundamental region of P*, k > 3.

(iii) B+ + 0 + B + B = m; in this case we have necessarily k > 4 and it gives
rise to a sum of alternate angles of the form « + E'y = 7, with k£ > 2. Due
to the angles relations, we have k = 2. Nevertheless, under these conditions,
Equation (3.1) has no solution.

@iv) B+ 90+ 0+ B+ v = 7; in this case we also have k& > 4 and we obtain a com-
plete planar representation formed by 28k tiles. Due to its large dimension,
we only illustrate one hemisphere in Figure 21. The other hemisphere is ob-

tained through a 180 degree rotation along the x axis and a reflection. We have

_ oo (B=D)m i _ (k=Dm — - _
6 = arctan <bln o1 SeCoi ), B = 554 0,7 =g a=7m—90

and ¢ = g We denote this f-tiling by Q. k > 4, whose 3D representations,
for k = 4,5, are presented in Figures 4i — 4;.

Figure 21: One hemisphere of ok k> 4.

(v) B+ 60 + d + § = m; under this condition, it is easy to verify that we achieve at
vertex vy (see Figure 19b) a sum of alternate angles containing § + 6 + 8 + 7,
butd+d+8+v<d+d+B+d=mandd+ 5+ B+~ +p>m,forall
pE {O[7ﬂ, 615}'

22222 1If 4 = 65 = [ (Figure 18a), it is easy to observe that vertex vy cannot be
surrounded by six consecutive angles [, as we obtain a vertex with a sum of alternate
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angles of the form « + v + p, with p € {«, 8, 0}, which is not possible. Moreover, it is not
possible to have angles  surrounding vs, as it gives rise to a vertex with a sum of alternate
angles containing « and 8. Taking into account these restrictions and analyzing the angles
relations and side lengths, at vertex vo we must have one of the following cases:

(1) B+ 0+ S+ = m; in this case we obtain the configuration illustrated in Figure 22a.

Figure 22: Local configurations.

Given the sums of alternate angles S; : +0++0 =mand So : B+ +ky =,
k > 3, itis a straightforward exercise to prove that at vertices vs and v4 we must have
only S; or a combination of S; and S, (note that we have symmetry, so order does not
matter). If we have a combination of S7 and S5, we obtain a complete representation
of f-tiling PE k> 3, previously achieved. On the other hand, if we have only S,
the last configuration extends to the one illustrated in Figure 22b. At vertices vs and
vg we must have only S7 or So. In the last case, as before we obtain the f-tiling Pk,
with & > 4. If S is the sum of alternate angles at vertices vs and vg, then we obtain
a complete representation formed by 8k tiles. A fundamental region is illustrated

in Figure 23. For each k£ > 6, we have a = 2arctan (cos % 4+ /1 + cos? %)

B=%—-0,7v=7%0=m—aande = 3. Wedenote this f-tiling by R¥, k > 6,
whose 3D representations, for k = 6, 7, are presented in Figures 4k — 41.

Figure 23: A 2kth fundamental region of RE k> 6.

(i) B+ 0+ B+ + B = m; this case leads to the following additional relations between
angles: a+vy+~ = 7 and ky = 7, with k£ > 8. Nevertheless, under these conditions,
(3.1) has no solution.
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22223 If 04 =  and 05 = ~y (Figure 18a), it is easy to observe that vertex vy cannot
be surrounded by the sequence (..., 03, 5,7,7,...), as we achieve a vertex with a sum of
alternate angles containing « 4+ (3, which is not possible as « + 5 + p > m, for all p. As
the sum of alternate angles surrounding vs must contain at least one angle -, taking into
account the previous restriction and analyzing angles relations and side lengths, at vertex
vo we have necessarily 8+ § + 5 + d + v = m, as illustrated in Figure 24.

Figure 24: Local configuration.

Note that 65 must be 3 (tile 23), as g = ¢ immediately leads to an impossibility. It
is a straightforward exercise to verify that at vertex vs we must have 5 + 6 + ky = 7,
withk > 4,or B+ 6 4+ 8+ 6 + v = w. In the first case, analyzing the symmetry of the
figure and all possible combinations of angles surrounding specific vertices, we obtain the
f-tiling oF k> 4, formerly achieved. In the last case, beside this family of f-tilings, we
also obtain a complete planar representation formed by 16k tiles. Due to its dimension, we
only illustrate one hemisphere in Figure 25. the other hemisphere is obtained through a 180
degree rotation along the x axis and a reflection.

Figure 25: One hemisphere of S*, k > 7.

We have § = arctan (sin (kgé)” sec i), 8= % -0,y =f,a=m—4and
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€ = 5. We denote this f-tiling by S k. k > 7, whose 3D representations, for k = 7,8, are
presented in Figures 4m — 4n. O
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