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Abstract

It is known that the problem of computing the adjacency dimension of a graph is NP-
hard. This suggests finding the adjacency dimension for special classes of graphs or obtain-
ing good bounds on this invariant. In this work we obtain general bounds on the adjacency
dimension of a graph G in terms of known parameters of G. We discuss the tightness
of these bounds and, for some particular classes of graphs, we obtain closed formulae.
In particular, we show the close relationships that exist between the adjacency dimension
and other parameters, like the domination number, the location-domination number, the
2-domination number, the independent 2-domination number, the vertex cover number, the
independence number and the super domination number.
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1 Introduction

The metric dimension of a general metric space was introduced in 1953 by Blumenthal [2,
p- 95]. A metric generator for a metric space (X,d) is a set S C X of points in the
space with the property that every point of X is uniquely determined by the distances from
the elements of S, i.e., S C X is a metric generator for X if for any pair of distinct
points z, 2’ € X there exists s € S such that d(z,s) # d(z’,s). A metric generator of
minimum cardinality in X is called a metric basis, and its cardinality, which is denoted
by dim(X), is called the metric dimension of X. The notion of metric dimension of a
graph was introduced by Slater in [23], where the metric generators were called locating
sets. Harary and Melter [11] independently introduced the same concept, where metric
generators were called resolving sets. Given a simple and connected graph G = (V, E),
we consider the function d: V' xV — NU{0}, where d(z, y) is the length of a shortest path
in G between u and v and N is the set of positive integers. Since (V, d) is a metric space, a
metric generator for a graph G = (V, E) is simply a metric generator for the metric space
(V,d) and we will use the notation dim(G) instead of dim(V") for the metric dimension
of G.

Several variations of metric generators have been introduced and studied, namely, re-
solving dominating sets [3], locating-dominating sets [24, 25], independent resolving sets
[5], local metric sets [18], strong resolving sets [22], adjacency generators [15, 16], k-
adjacency generators [6], k-metric generators [1, 7, 8], simultaneous metric generators [21]
etc. In this article, we are interested in the study of adjacency generators.

The notion of adjacency generator was introduced by Jannesari and Omoomi in [16]
as a tool to study the metric dimension of lexicographic product graphs. This concept has
been studied further by Fernau and Rodriguez-Velazquez in [9, 10] where they showed that
the (local) metric dimension of the corona product of a graph of order n and some non-
trivial graph H equals n times the (local) adjacency dimension of H. As a consequence
of this strong relation they showed that the problem of computing the adjacency dimension
is NP-hard. This suggests finding the adjacency dimension for special classes of graphs
or obtaining good bounds on this invariant. In this work we obtain general bounds on the
adjacency dimension of a graph G in terms of known parameters of G, while for some
particular cases we obtain closed formulae.

In order to introduce the concept of adjacency generator for a graph G = (V, E), we
define the distance function dy: V' x V' — NU {0}, where

da(z,y) = min{d(z,y), 2}.

An adjacency generator for a graph G = (V, E) is a metric generator for the metric space
(V,ds2). Hence, the adjacency dimension of G = (V, E), denoted by adim(G), equals the
metric dimension of (V, dz).

Notice that S C V is an adjacency generator for G = (V, E) if for every pair of vertices
x,y € V'\ S there exists s € S which is adjacent to exactly one of these two vertices = and
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y. Therefore, S is an adjacency generator for G if and only if S is an adjacency generator
for its complement GG. Consequently,

adim(G) = adim(G). (1.1)

From the definition of adjacency and metric bases, we deduce that S is an adjacency basis
of a graph G of diameter at most two if and only if S is a metric basis of G. In these cases,
adim(G) = dim(G). The reader is referred to [6, 10, 15, 16, 20] for known results on the
adjacency dimension.

The paper is organized as follows. Section 2 is devoted to study the variation of the
adjacency dimension of a graph by removing a set of edges. In particular, we wonder how
far can decrease the adjacency dimension by removing edges from a complete graph and
we obtain a lower bound on the adjacency dimension of any graph in terms of the order.
In Section 3 we show the close relationships that exist between the adjacency dimension
and other parameters, like the domination number, the location-domination number, the
2-domination number, the independent 2-domination number, the vertex cover number, the
independence number and the super domination number.

We will use the notation K,,, K, ,_,, Cy,, P, and N,, for complete graphs, complete
bipartite graphs, cycle graphs, path graphs and empty graphs of order n, respectively. We
use the notation u ~ v if v and v are adjacent vertices and G = H if G and H are isomor-
phic graphs. For a vertex v of a graph G, N(v) will denote the set of neighbours or open
neighborhood of v in G, i.e., N(v) = {u € V(G) : u ~ v}. The closed neighborhood,
denoted by N[v], equals N(v) U {v}. We also define deg(v) = |N(v)| as the degree of
v € V(G), as well as, § = min,ey(g){deg(v)} and A = max,cy () {deg(v)}. For the
remainder of the paper, definitions will be introduced whenever a concept is needed.

2 The effect of removing edges and bounds in terms of the order
The following theorem is an important tool to derive some of our results.
Theorem 2.1 ([16]). Let G be a graph of order n. Then the following statements hold.
(i) adim(G) = 1ifand only if n € {1,2,3}, G % K3 and G ¥ Ns.
(ii) adim(G) =n — lifand only if G 2 K,, or G = N,,.
(ili) Ifn > 3andt € {1,...,n — 1}, then adim(K; ,,—;) = n — 2.
(iv) Ifn > 4, then adim(P,) = adim(C,,) = [ 2%£2].

In this section we show the effect, on the adjacency dimension, of an operation which
removes a set of edges from a graph. Given a non-empty graph G = (V, E') and an edge
e € F wedenote by G — e = (V, E \ {e}) the subgraph obtained by removing the edge e
from G. In general, given a set of edges Ey, = {e1,...,ex} C E we denote by G — Ej, =
(V, E '\ E}) the subgraph obtained by removing the k edges in Ej, from G. By analogy we
define the supergraphs G + e = (V, EU {e}) and G + E}, = (V, E U E},), where {e} and
E, are sets of edges of the complement of G.

Theorem 2.2. Let G = (V, E') be a non-empty graph. For any set Ey, = {e1,...,ex} C E,

adim(G) — k < adim(G — Ej) < adim(G) + k.
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Proof. Since (G — Ey_1) — e, = G — E}, it is enough to prove that, for any e € F,
adim(G) — 1 < adim(G — e) < adim(G) + 1.

Let S be an adjacency basis of G — e, where e = zy. Since S U {y} is an adjacency
generator for G, we have that adim(G) < |SU{y}| < |S|+1 = adim(G —e) + 1. Hence,
adim(G) — 1 < adim(G — e).

Finally, let us observe that adim(G — e) = adim(G —e) = adim(G + e) <
adim((G+e) —e)+1 = adim(G) + 1 = adim(G) + 1. Therefore, the result follows. [

Since adim(G — Ei) = adim(G — Ei) = adim(G + Ej), we conclude that
adim(G — E;) = adim(G) — k if and only if the graph H = G + E}, satisfies
adim(H — Ey) = adim(H) + k. Therefore, in order to show that the inequalities above
are tight, we only need to consider one of them. For instance, adim(K,, —e) =n — 2 =
adim(K,,) — 1. With the aim of showing a more general example, let us consider s stars
H; = Ky,,r > 4, such that v; is the center and u;, ,...,u;, are the leaves of H;, for
i€ {l,...,s}. Lete; = uj,u,, G; = Hi+e; and M = {v;v;41 : 1 < i < s}, and
define G,.s = (V,E), where V = |J;_, V(G;) and E = (J;_, E(G;)) U M. It is read-
ily seen that adim(G, s) = s(r — 1) — 1, while for any k < s and E, = {e1,...,ex},
adim(G, s — Ey) = s(r — 1) — 1 + k = adim(G, ) + k.

N N

Figure 1: The set of black-colored vertices is an adjacency basis of G4 3.

N AN N7

Figure 2: The set of black-colored vertices is an adjacency basis of G4 3 — Es.

Figure 1 shows the graph G4 3, while Figure 2 shows the graph G4 3 — E». In this case,
adim(G4,3 - EQ) =10= adim(G4,3) + 2.

All graphs of order n are obtained by successive elimination of edges from a complete
graph (or by successive addition of edges to an empty graph). We know from Theorem 2.1
that for any graph G of order n, adim(G) < n — 1 and the equality holds if and only if
G = K, or G & N,,. Hence, by Theorem 2.2 we conclude that adim(K,, —e) =n — 2
for every e € E(K,). Now we wonder how far can decrease the adjacency dimension
by removing edges from K, i.e., which is the lower bound for the adjacency dimension
in terms of the order of the graph. This problem is addressed in Propositions 2.3 and 2.4.
Before stating it we need to introduce the following notation.

Given a positive integer s, let G’ be the family of all graphs of order s and G the
family of all graphs of order 2°. We can assume that the graphs in G’ are defined on



S. Bermudo et al.: The adjacency dimension of graphs 391

Figure 3: A graph G € G5 constructed from G’ = N3 € G’ and G” = (K3 U Ng) € G”.

S = {z1,...,zs} and the graphs in G” are defined on the set {1,2}* of binary words of
length s. Let G, be the family of graphs constructed from G’ and G” as follows. We say that
G € G, if and only if there exist G’ € G’ and G’ € G” such that V(G) = V(G UV (G")
and E(G) = E(G')U E(G") U E*, where E* is the set of edges connecting vertices of G’
with vertices of G” in such a way that ; is adjacent to y € {1,2}* if and only if the i-th
letter of y is 1. Notice that S is an adjacency generator for every G € G,. Figure 3 shows
a graph G € G constructed from G’ = N3 € G’ and G” = (K3 U Ng) € G”.

The following inequality appeared recently in [15], but we characterize here all graphs
satisfying the equality.

Proposition 2.3. For any graph G of order n,
22dim(&) 1 3dim(G) > n. (2.1
Furthermore, a graph G of order n = 2° + s satisfies adim(G) = s if and only if G € Gs.

Proof. As we mentioned before, the inequality was proved in [15]. By definition of Gj, if
G € Gs, then {x1,...,24} is an adjacency generator. Now, if adim(G) = r < s, then
Equation (2.1) leads to n = s + 2° > r + 2" > n, which is a contradiction. Therefore,
G € G, leads to adim(G) = s.

Conversely, suppose that G has order n = 2° + s and adim(G) = s. In this case, for
any adjacency basis S = {z1,..., 2} of G, the function ¢): V(G)\S — {1, 2}° defined
by

¥(x) = (do(z,21), ..., do(z, xs)),
is bijective, as it is injective and |V (G) \ S| = 2°. Hence, taking G’ € G’ as the subgraph of
G induced by S, G” € G” as the subgraph of G induced by V(G) \ S and E* as the set of
edges connecting vertices in S with vertices in V/(G)\ S, we can conclude that G € G;. O

Proposition 2.4. For any graph G of order n, adim(G) > FTIE(?))W :

Proof. If G is a graph with order n and adim(G) = k, since

n§2k+k§2’“+2k—1:2k<1+;):sz),

we conclude that k& > 11115(2?'3) ) O
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The bound above is tight. It is achieved, for instance, for the family G of graphs
constructed prior to Proposition 2.3. These graphs have order n = s + 2° and metric
dimension s. To check the tightness of the bound we only need to observe that % >
251, for every positive integer s. Examples of graphs of small order for which the bound
is achieved are the path P3, the cycles C,. (4 < r < 6), and the cube Q3 = KyOK5Ko,
as adim(P3) = 1, adim(Cy) = adim(C5) = adim(Cs) = 2 and adim(Qs3) = 3.

By Theorem 2.1, for any non-complete and non-empty graph of order n, adim(G) <
n — 2. The characterization for graphs G such that adim(G) = n — 2 appeared recently
in [15].

Theorem 2.5. Let G be a connected graph of order n > 5. Then adim(G) = n — 2 if and
only if one of the following conditions holds.

(i) G= Ky, forsomet € {1,...,n— 1}
(i) G2 K, —¢ + Ny, forsomet € {2,...,n —2}.
(i) G= (K1 UKy)+ Ky —t—1, forsomet € {2,...,n —2}.

We conclude this section with a characterization of all graphs G satisfying that
adim(G) = 2, which also appeared in [15].

Theorem 2.6. Let G be a connected graph of order n. Then adim(G) = 2 if and only if
one of the following conditions holds for G (or G).

(b) n=4and G % K,.

©n=5and G % K5, G 2 Ky5_ fort € {1,...,4}, G ¥ Ks_ + N, and
G%# (KWUK) + Ky fort € {2,3}.

(d) n=6and G € Go.

3 Relationship between the adjacency dimension and other parame-
ters

Aset D C V(G) is a dominating set of G if N(z)ND # () for every vertex z € V(G)\ D.
The domination number, ~v(G), is the minimum cardinality among all dominating sets of
G. A dominating set of cardinality v(G) is called a v(G)-set. The reader is referred to the
books [12, 13] on the domination theory.

The following result is immediate from Equation (1.1) and the fact that at most one
vertex of GG is not dominated by the vertices in an adjacency generator of G.

Remark 3.1 ([10]). For any graph G,

adim(G) > max{y(G),v(G)} — 1.

The bound above is tight. For instance, it is attained by the corona graphs K, ® Kj,
r > 3, as adim(K, ©® Ky) =r — 1 and (K, ©® K1) = r. Another example is any graph
G € G with v(G) = s+ 1. A particular case is shown in Figure 3.
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A locating-dominating set is a dominating set D that locates/distinguishes all the ver-
tices in the sense that every vertex not in D is uniquely determined by its neighbourhood
in D, ie., N(u) N D # N(v) N D for every pair of vertices u,v € V(G) \ D. The
location-domination number of G, denoted A(G), is the minimum cardinality among all
locating-dominating sets in G. A locating-dominating set of cardinality A(G) is called a
A(G)-set. The concept of a locating-dominating set was introduced and first studied by
Slater [24, 25] and studied, for instance, in [4, 14, 19] and elsewhere.

Since every locating-dominating set is an adjacency generator and any adjacency basis
S dominates at least all but one vertex in V(G) \ .S, we deduce the following remark.

Remark 3.2. For any graph G,
adim(G) < A\(G) < adim(G) + 1.

Furthermore, A(G) = adim(G) + 1 if and only if no adjacency basis of G is a dominating
set.

In general, for non-connected graphs we can state the following remark.

Remark 3.3. Let {G1, ..., G} be the set of components of a graph G. If there exists at
least one component where no adjacency basis is a dominating set, then

k
adim(G) = =1+ Y \(G)).

Otherwise,
k

adim(G) = Y " A(Gi) = ) _ adim(G;).
i=1 i=1
Furthermore, if there are exactly ¢ > 1 components where no adjacency basis is a dominat-
ing set, then

k
adim(G) =t — 1+ Y _ adim(G,).
i=1
According to the two remarks above, tight bounds on adim(G) impose good bounds
on A(G). In any case, the problem of obtaining the location-domination number of a graph
G from the adjacency dimension of G, forces us to know whether G has dominating basis
or not. Therefore, we can state the following open problem.

Problem 3.4. Characterize the graphs where no adjacency basis is a dominating set.

In order to show some families of graphs where every adjacency basis is a dominating
set, we proceed to state the following lemma obtained previously in [20].

Lemma 3.5 ([20]). Let G be a connected graph. If has diameter D > 6, or G = C, with
n > 7, or G is a graph of girth g > 5 and minimum degree § > 3, then for every adjacency
generator B for G and every v € V(G), B € N(v).

Theorem 3.6. Let G be a connected graph. If G has diameter D > 6, or G = C,, with
n > 7, or G is a graph of girth g > 5 and minimum degree § > 3, then

adim(G) = \(G).
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Proof. Let G be a graph satisfying the hypothesis and let S be an adjacency basis of G. By
Lemma 3.5 we deduce that S is a dominating set of G and, since S is an adjacency basis of
G, we can conclude that S is a locating-dominating set of G. Therefore, adim(G) = \(G),
as required. [

Theorem 3.7. Let G be a graph of order n and maximum degree A. If Aln(2) < In (2—”)
then adim(G) = \(G).

Proof. Let S be an adjacency basis of G. If Aln(2) < In (22 ), then Proposition 2.4 leads

n(2»
to deg(u) < A < 111(1(;)) < |S] for every u € V(G) \ S, concluding that S is a locating-

dominating set of G. Therefore, adim(G) = A\(G). O

|-

The following result is a direct consequence of the theorem above.

ln(g)

Corollary 3.8. Let G be a graph of order n and minimum degree 0. If § > n— [ ln(é)
then adim(G) = A(G).

Theorem 3.9. Given a graph G of order n, the following assertions hold.
(i) If G has at most one isolated vertex, then adim(G) < n — v(G).
(ii) If G has at most one vertex of degree n — 1, then adim(G) < n — v(G).
(iil) If G has no isolated vertices, then \(G) < n — v(G).

Proof. In this proof, the number of edges of a graph H will be denoted by m(H). Let
G be a graph having at most one isolated vertex and let S be a y(G)-set such that for any
~v(G)-set S’ it is satisfied m((S)) > m((S’)). We shall show that V(G)\ S is an adjacency
generator. Suppose to the contrary that V' (G) \ S is not an adjacency generator. In such
a case, there exist z,y € S such that for every z € V(G) \ S, either z,y € N(z) or
x,y ¢ N(z). As a result, neither = nor y has any private neighbour (with respect to .S) in
V(G) \ S. We can assume that z is not an isolated vertex. Now, if N(x) NS # (, then
S\ {z} is a dominating set, which is a contradiction. If N(z) NS = 0, then taking any
z € N(z) we have that S" = (S \ {z}) U {2} is a v(G)-set such that m({S")) > m((S)),
which is a contradiction. Therefore, V (G) \ S is an adjacency generator, and so (i) and (ii)
follow.

Furthermore, if G has no isolated vertices, then the complement of every v(G)-set is a
dominating set, which implies that V(G) \ S is a locating-dominating set. Therefore, (iii)
follows. O

The bounds above are tight. For instance, bounds (i) and (iii) are achieved by G =2 K,,,
G = Pyand K, 4 (2 < p < ). Bound (i) is also achieved by G = K; U K, (r > 2), as
adim(K; UK,) =r —1and v(K; U K,) = 2, and (iii) is also achieved by any corona
graph G = H ® K1, as in this case A(G) = |V (H)| = v(G) = §. Obviously, bound (i) is
achieved by a graph G if and only if bound (ii) is achieved by G.

We now emphasize two well-known bounds on the domination number.

Theorem 3.10 ([26]). For any graph G of order n and maximum degree A > 1,

7(G) 2 {AZJ'
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A graph invariant closely related to the domination number is the 2-packing number. A
set S C V(QG) is a 2-packing if for each pair of vertices u,v € S, N[u] N N[v] = 0. The
2-packing number p(G) is the cardinality of a maximum 2-packing.

Theorem 3.11 ([13]). For any graph G,
V(G) = p(G).

The following result is a direct consequence of combining Remark 3.1 and Theo-
rems 3.9, 3.10 and 3.11.

Theorem 3.12. Let G be a non-empty graph of order n, maximum degree A and minimum
degree ). The following assertions hold.

(a) adim(G) > max { {%—‘ , P‘Zﬁ;l—‘ } .
(b) adim(G) > max{p(G), p(G)} — 1.

(c) If 6 > 1, then \(G) < n — max {p(G), L\fj_l—‘ }

(d) If G has at most one isolated vertex, then adim(G) < n — max {p(G)7 {L] }

(e) If G has at most one vertex of degree n — 1, then

adim(G) < n — max {p(G), [n = 5} } .

Bound (a) is achieved by complete graphs, while bounds (b) and (c) are achieved by the
corona graphs K,. © K1, r > 3, as in this case adim(K, © K;) = r—1land p(K, © K;) =
r = MK, ® K1). Bounds (c) and (d) are achieved by G = K,,. Obviously, bound (e) is
achieved by a graph G is and only if bound (d) is achieved by G.

Aset S C V(G) is a k-dominating set if [N (v) N S| > k forevery v € V(G) \ S.
The minimum cardinality among all k-dominating sets is called the k-domination number
of G and it is denoted by 75(G). A set S C V(G) is an independent k-dominating set if
it is both an independent set and a k-dominating set. The minimum cardinality among all
independent k-dominating sets is called the independent k-domination number of G and it
is denoted by % (G).

Theorem 3.13. If G is a non-trivial graph which does not have cycles of length four, then
AG) < 72(G).

Proof. Let S be a 2-dominating set. If S is not an adjacency basis, then there exist u,v €
V'\ S such that N(u) NS = N(v) NS. Since |[N(v) N S| > 2, there exists a cycle with
four vertices, which is a contradiction. O

The inequality above is tight. For instance, for the graph shown in Figure 4 we have
that adim(G) = A(G) = 12(G) = 4.

Theorem 3.14. Let G be a graph which does not have cycles of length four, and let S be a
v2(G)-set. If there exists s € S such that N[s]NS # N(x) N S for every x € N(s)\ S,
then adim(G) < y2(G) — 1.



396 Ars Math. Contemp. 22 (2022) #P3.02 / 387-402

Figure 4: The set of black-colored vertices is an adjacency basis and a 2-dominating set.
Hence, adim(G) = A\(G) = 12(G) = 4.

Proof. Let s € S suchthat N[s] NS # N(x) NS forevery z € N(s) \ S. Let us see that
S’ = S\ {s} is an adjacency generator. Suppose to the contrary, that S’ is not an adjacency
generator. In such a case, there exist u,v € V(G) \ S’ such that N(u) N S’ = N(v) N S’.
We differentiate three cases for these two vertices.

Case 1: u = s. In this case v ¢ N(s) and so [N (v) N S’| > 2. Hence, there exists a cycle
with four vertices, which is a contradiction.

Case 2: u & N|s]. Since |N(u) NS’| > 2, there exists a cycle with four vertices, which is
a contradiction.

Case 3: u,v € N(s). Since |N(u) N S| > 2, there exists a cycle with four vertices, which
is a contradiction.

Therefore, the result follows. O

In the next result we are assuming that any acyclic graph has girth g = +oc.

Corollary 3.15. Let G be a graph of minimum degree § > 1. Then the following assertions
hold.

() If G has girth g > 5, then adim(G) < v(G) — 1.

(ii) If G has an independent 2-dominating set and does not have cycles of length four,
then adim(G) < i3(G) — 1.

The bounds above are tight. For instance, for 3 < k < 7 we have that i5(Coy) =
’)/Q(C'Qk) =k and adim(Cgk) =k—-1.

Recall that a set S of vertices of G is a vertex cover of G if every edge of G is incident
with at least one vertex of S. The vertex cover number of G, denoted by 5(G), is the
smallest cardinality of a vertex cover of G. We refer to a 5(G)-set in a graph G as a vertex
cover of cardinality 8(G). The largest cardinality of a set of vertices of G, no two of

which are adjacent, is called the independence number of G and it is denoted by o(G).

The following well-known result, due to Gallai, states the relationship between the
independence number and the vertex cover number of a graph.

Theorem 3.16. (Gallai’s theorem) For any graph G of order n,
a(G) + B(G) = n.

A leaf is a vertex of degree one and a strong support vertex is a vertex which is adjacent
to more than one leaf.

Theorem 3.17. Let G be a graph of order n without isolated vertices. If G does not have
neither cycles of four vertices nor strong support vertices, then

AMG) < B(G) =n— a(G).
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Proof. Let S be a B(G)-set. Since V(G) \ S is an independent set and G does not have
isolated vertices, S is a dominating set. Suppose to the contrary that S is not an adjacency
generator. In such a case, there exist u,v € V(G) \ S such that N(u) NS = N(v)NS. If
|N(v)NS| > 2, then there exists a cycle with four vertices, which is a contradiction. Now,
if IN(v) N S| = {w}, then w is a strong support vertex, which is a contradiction again.
Therefore, the results follows. O

To see that the above inequality is tight, we can consider the graph shown in Figure 4. In
this case, the set of black-colored vertices is a 5(G)-set and adim(G) = A(G) = 8(G) =
n—o(G) =4.

Aset S C V(G) is called a super dominating set of G if for every vertex u € V(G)\ S,
there exists u’ € S such that N (u')\ S = {u}. The super domination number of G, denoted
by Ysp(G), is the minimum cardinality among all super dominating sets in G. A super
dominating set of cardinality v, (G) is called a 75, (G)-set. The study of super domination
in graphs was introduced in [17].

Theorem 3.18. For any graph G,
AG) < 75p(G).
Furthermore, if G has minimum degree 6 > 3 and does not have cycles of length four, then
ANG) < 7p(G) — 1.

Proof. Let S be a v, (G)-set, C = V(G) \ S and the function f: C — S where f(u)
is one of the vertices in S satisfying that N(f(u)) \ S = {u}. Since, f(u) distinguishes
u € C fromany v € C'\ {u}, we conclude that S is a locating-dominating set of G. Hence,
A(G) < 18] = 3p(G).

Assume that G has minimum degree § > 3 and does not have cycles of length four. Let
A = f(C) be the image of f and B = S \ A. We differentiate the following two cases.
Case 1: There exists u € C such that N(u) N B # 0. We claim that S" = S\ {f(u)} is
a locating-dominating set. Since N(f(u)) N C = {u} and deg(f(u)) > 3, we have that
IN(f(uw)) N S’| > 2. Hence, S’ is a dominating set. Now, every v € C'\ {u}

is distinguished from u by f(v) € S’. Finally, if f(u) and v € C are not distinguished
by some vertex in S’, then v, f(u) and two vertices belonging to N(f(u)) N S’ form a
cycle of length four, which is a contradiction. Therefore, S’ is a locating-dominating set,
and so A(G) < || = vp(G) — 1.
Case 2: N(u) N B = () for every u € C. Notice that |[N(f(u)) N.S| > 2 for every u € C.
Let u,v € C be two adjacent vertices. We claim that S = (S \ {f(w), f(v)}) U {v}
is a locating-dominating set. Obviously, S’ is a dominating set. Now, u is distinguished
from any v’ € C\ {u,v} by f(u') € S, and v distinguishes f(u) from f(v). Notice
also that if z € C'\ {u, v}, then |[N(x) N (S’ \ {v})| = 1 and, since u ~ v, we have that
f(u) # f(v), which implies that [N (y) N (S"\ {v})| > 2 for every y € {f(u), f(v)}.
Thus, if 2 € C\ {v} andy € {f(w), f(v)}, then N(x)NS" # N(y)NS’. In summary, S’
is a locating-dominating set and, as a result, A\(G) < |S'| = vp(G) — 1. O

To show that the inequality A\(G) < ~4p(G) is tight we consider the following cases:
AKy) = ’YSp(Kn) =n—-1 NKin1) = VSp(Kl,n—l) =n-1L NKrn) =
Yop(EKpm—r) =n—2for2 <r <m—2and \(H © Ny) = vsp(H © N;) = |V (H)|t. For
the Petersen graph, shown in Figure 5, we have that A(G) = 4, (G) — 1 = 3.
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Figure 5: This figure shows three copies of the Petersen graph. The set of black-coloured
vertices, on the left forms an adjacency basis, on the center forms a A(G)-set, while on the
right forms a 4, (G)-set.

Lemma 3.19. Let G be a graph with two adjacent vertices x,y € V(G) such that
deg(x) = 1 and deg(y) = 2. If G = G — {z,y}, then adim(G) < adim(G’) + 1
and vsp(G) = vsp(G') + 1.

Proof. If S is an adjacency basis of G’, then SU{x} is an adjacency generator of G, which
implies that adim(G) < adim(G’) + 1.

Assume that D’ is a vy, (G')-set and uw € V(G’) is adjacent to y in G. If u € D',
then D’ U {y} is a super dominating set of G, while if « ¢ D’, then D’ U {x} is a super
dominating set of G. Therefore, 75, (G) < Y5p(G’) + 1. Now, let D be a s, (G)-set and
v e N(y)\{z}. Ifz,y € D,thenv ¢ D and (DU {v})\ {x,y} is a super dominating set
of G’, which implies that s, (G') < Y5p(G) — 1. Now, if [D N {z,y}| = 1, D\ {=z,y} is
a super dominating set of G’ and 50 Y, (G') < Y5p(G) — 1. O

We know that adim(Py) = A(Py) = vsp(Ps) = 2, adim(K,,) = AMK,,) = vsp(Ky) =
n—1,adim(K, 4) = MKp q) = vsp(Kpq) =p+q—2(2 < p < g). We proceed to show
that for the remaining graphs, adim(G) < 75, (G) — 1.

Theorem 3.20. For any connected graph G ¢ {Py, K,,, K, 4}, with2 < p < g,
adim(G) < vp(G) — 1.

Proof of Theorem 3.20. Let G be a connected graph such that G ¢ {Py, K,,, K, ;} for
2<p<gq IfG = G - {x,y}, where deg(z) = 1 and deg(y) = 2, then we have the
following:
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o If G’ = Py, then adim(G) = 2 < 3 = 75, (G).

o If G' =2 K, then adim(G) =1 < 2 = 5, (G).

e If G' 2 K,,_2 (n > 5), then adim(G) =n — 3 < n — 2 = 74, (G).
cIfG'2K,,2<p<gq,thenadim(G)=p+q¢—2<p+qg—1=n,(G).

Hence, by Lemma 3.19 we only need to consider the case where G does not have vertices
of degree one which are adjacent to vertices of degree two.

Let D be a ., (G)-set, C = V(G)\ D and f: C' — D a function such that, for every
u € C, f(u) is one of the vertices in S satisfying that N(f(u))\ S = {u}. Let A = f(C)
be the image of f and B = S\ A. Notice that D, = C U B is also a ., (G)-set, so any
condition given on A could be also considered on C.

Suppose to the contrary that adim(G) > s, (G). With the assumptions above in mind,
we proceed to prove the following eight claims.

Claim 1. For any vertex z € C, |[N(z) N C| < 1and [N(f(z)) N A|] < 1.

Proof of Claim 1. If there exist y, z € C such that f(y), f(z) € N(f(x)) N A, then z and
f(x) are distinguished by f(y); z and any v € C \ {z} are distinguished by f(u); while
f(z) and any u € C'\ {z} are distinguished by f(y) or by f(z). Hence, D \ {f(x)} is an
adjacency generator, which is a contradiction.

If IN(x) N C| < 1, then we proceed by analogy to the proof above using D, instead
of D. O

Claim 2. For any vertex € C, deg(z) > 2 and deg(f(z)) > 2.

Proof of Claim 2. Suppose that there exists z € C such that deg(z) = 1. If N(f(z)) N
B = (), then (by the connectivity of G) Claim 1 leads to deg(f(x)) = 2, which is a
contradiction with our assumptions. Now, if there exists v € N(f(x)) N B, then f(x) and
x are distinguished by v; forany y € C'\ {z}, f(y) and f(x) are distinguished by y; while
f(y) and «x are distinguished by y. Thus, D. \ {«} is an adjacency generator, which is a
contradiction.

If deg(f(x)) = 1, then we proceed by analogy to the proof above using D instead of
D.. O

Claim3. Letz € C. If N(z)NC = Qor N(f(z))NA = (), then N(z)NB = N(f(z))NB.

Proof of Claim 3. If N(f(x)) N A = (), then for any z € C'\ {«}, f(x) and z are distin-
guished by f(z). Since D\{ f(z)} is not an adjacency generator, N (f(z))NB = N(z)NB.
A similar argument works for the case N(z) N C = (. O

Claim4. Letz,y € C. If N(f(z)) N A = {f(y)}, then N(f(x)) N B = N(y) N B and
N(f(y))NB = N(x)NB.

Proof of Claim 4. Since D \ {f(z)} is not an adjacency generator, if N(f(x)) N A =
{f(y)},then N(f(z))NB = N(y)NB. Furthermore, by Claim 1, N(f(z))NA = {f(y)}
leads to N(f(y)) N A = {f(x)}, and since D \ {f(y)} is not an adjacency generator, we
have that N(f(y)) N B = N(z)N B. O

Claim 5. If v € B, then |[N(v) N Al =1and |[N(v)NC| = 1.
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Proof of Claim 5. If v € B and N(v) N A = (, then v and any = € C are distinguished
by f(z). Now, if v € B and and there exist y, z € C such that f(y), f(z) € N(v) N A,
then v and any = € C are distinguished by f(y) or by f(z). In both cases, D \ {v} is an
adjacency generator, which is a contradiction. Therefore, | N (v) N A| = 1. By analogy we
deduce that [N(v) N C| = 1. O

Claim 6. If v, vy € B are adjacent vertices, N(v1) N A = {f(z)} and N(v1)NC = {y},
then N(v2) N A= {f(y)} and N(v2) N C = {z}.

Proof of Claim 6. Assume that vy, v, € B are adjacent vertices, N(v1)NA = {f(x)} and
N(vi)NC = {y}. Since D\ {v1} is not an adjacency generator and f(z) distinguishes vy
and z for every z € C'\ {z}, we have that z € N (v3). Thus, by Claim 5, N (v2)NC = {x}.
Furthermore, since D \ {v2} is not an adjacency generator and v; distinguishes vo and z
for every z € C'\ {y}, we have that f(y) € N(v2). Hence, by Claim 5 we conclude that
N(w2) N A = {f(y)}. O

Claim 7. If there exists z € C such that N(z) N C = @ and N(f(z)) N A = {, then
|C| =1 and G is a complete graph.

Proof of Claim 7. Assume that there exists a vertex z € C such that N(z) N C = () and
N(f(z))n A = 0. By Claim 3, N(z) " B = N(f(z)) N B. Let B, = N(z)N B,
which is nonempty, as G is connected and G % K. If there exist two nonadjacent vertices
Uy, Vs € By, then D\ {v,} is an adjacency generator because = and v, are distinguished by
vy, and any u € C'\ {z} is distinguished from v, by f(u). Therefore, X = {z, f(z)}UB,
induces a complete graph. Now, by the connectivity of G, if V(G) # X, then there
exist two adjacent vertices b,b’ € B such thatb € B, and b’ € B\ B,. In such a case,
applying Claim 6 for x = y, we conclude that b’ € B,, which is a contradiction. Therefore,
V(G) = X, |C| =1 and G is a complete graph. O

Claim 8. If there exist 2,y € C such that N(f(x)) N A= {f(y)}, then G = K, ,, where
2<p<g

Proof of Claim 8. We differentiate two cases.

Case I: N(z) N C = {y}. Since the subgraph induced by U = {z, f(x),y, f(y)} is
isomorphic to K22, V(G) \ U # 0. By Claims 1, 4 and 3, every vertex in V(G) \ U
which is adjacent to some vertex in U has to belong to By = BN N(f(z)) N N(y) or to
By = BN N(z) N N(f(y)). Notice that B; N By = 0. Let X; = {z, f(y)} U By and
Xo = {f(x),y} U Bs. Let us see that G is a complete bipartite graph. Firstly, if there exist
two adjacent vertices u € V(G) \ (X7 U X3) and v € By U Bs, by the definition of By
and By, we know that u ¢ A U C. Hence, if v belongs, for instance, to B;, by Claim 6,
u € Bs, which is a contradiction. Consequently, V(G) = X; U X5. Secondly, if there
exist two adjacent vertices u, v € B, by Claim 6, either v € By and v € By or u € By and
v € Bj. Finally, if there exist two nonadjacent vertices © € By and v € By, since v and x
are distinguished by v, while w and any z € C'\ {«} are distinguished by f(z), we have that
D\ {u} is an adjacency generator, which is a contradiction. Therefore, G = (X; U X5, E)
is a complete bipartite graph with | X;| > 2 and | X5| > 2.

Case 2: For any z,y € C such that N(f(z)) N A = {f(y)}, the subgraph induced by
{z, f(x),y, f(y)} is not isomorphic to K3 . By Claim 2, for every x € C, deg(z) > 2
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and deg(f(z)) > 2. Since adim(Cy,) = | 242 | forn > 4 and yp(Cy) = [% ] forn > 3,
we have that adim(C,) < 74,(Cy,) — 1 for any n > 5. Hence, G % C, and so B # ).
By Claim 7, for every z € C either N(z) N C # @ or N(f(z)) N A # 0. Suppose that
there exist z,y € C such that y ¢ N(z) and N(f(x)) N A = {f(y)}. If there exists
be BNN(z)NN(f(y)),then D" = (DU {y}) \ {b}, is also a vs,(G)-set. In such
a case, we define a new function f': (C U {b}) \ {y} — D’ where f'(b) = f(y) and
f'(w) = f(w) forevery w € C'\ {y}. Since the subgraph induced by {z, f'(z), b, f'(b)} is
isomorphic to K> 2, we can conclude the proof using again Case 1. Analogously, suppose
that there exist z,y € C such that f(y) ¢ N(f(z)) and N(z) N C = {y}. If there exists
b€ BNN(z)NN(f(y)), then we can take the v5,(G)-set D' = (D, U{f(x)}) \ {b} and
f(AU{b}) \ {f(z)} — D’ where f'(b) = z and f'(f(z)) = z forevery z € C'\ {z}
to obtain a subgraph isomorphic to K5 ». Applying again Case 1 we get the result. O

End of Proof of Theorem 3.20. O

The bound above is tight. For instance, for any graph H, adim(H ® N;) =
vsp(H @ Ny) — 1 = |V(H)|t — 1 and for the Petersen graph shown in Figure 5 we have
adim(G) = vp(G) — 1 = 3.
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