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Abstract

We describe the adjacency matrix and the distance matrix of the wreath product of two
complete graphs, and we give an explicit computation of their spectra. As an application,
we deduce the spectrum of the transition matrix of the Lamplighter random walk over a
complete base graph, with a complete color graph. Finally, an explicit computation of the
Wiener index is given.
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1 Introduction

The construction of new graphs starting from smaller factor graphs is a very natural and
fruitful technique, largely developed in literature for its theoretical interest in several bran-
ches of Mathematics — Algebra, Combinatorics, Probability, Harmonic Analysis — but
also for its practical applications. Among the standard products we find, for instance,
the Cartesian product, the direct product, the strong product, the lexicographic product
[22, 23, 30, 31]. More recently, the zig-zag product was introduced [29], in order to pro-
duce expanders of constant degree and arbitrary size; in [10, 14], some combinatorial and
topological properties of such products, as well as connections with random walks, have
been investigated.

It is worth mentioning that many of these constructions play an important role in Ge-
ometric Group Theory, since it turns out that, when applied to Cayley graphs of two finite
groups, they provide the Cayley graph of an appropriate product of these groups (see [1],
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where this correspondence is shown for zig-zag products, or [15], for the case of wreath
and generalized wreath products).

Spectral properties of graph products have been object of an intensive study in the
last decades, both for their algebraic and combinatorial interest, and for applications to
Probability, Computer Science, and Mathematical Chemistry. The spectrum of a graph is
defined as the spectrum of its adjacency matrix; similarly, the distance spectrum of a graph
is defined to be the spectrum of its distance matrix (see Section 2). The reader can refer,
for instance, to the monograph [5] for an exhaustive treatment of spectra of graphs. We
also want to mention the papers [24, 25, 34], where the distance spectrum of some graph
compositions has been studied.

A related topic of research is the Wiener index, which is defined as the sum of the dis-
tances between all the unordered pairs of vertices of the graph. This index was introduced
by Wiener [36] and, due to the wide range of applications, it is nowadays largely stud-
ied. In particular, it is one of the most frequently used topological indices in mathematical
chemistry, as molecules can be represented by means of undirected graphs. For this rea-
son, it has a strong correlation with many physical and chemical properties of molecular
compounds, whose properties do not only depend on their chemical formula, but also on
their molecular structure [13]. There exists a wide range of fields such as communication,
facility location, cryptology, architecture where the Wiener index of a graph is of great
interest. A large number of papers is devoted to the study of the Wiener index of graphs,
sequences of graphs, products of graphs. In [12] the Wiener index of trees is investigated.
In [16] the Wiener index and the related Hosoya polynomial are studied for a family of
circulant graphs. See also the paper [9], where the Wiener index is studied on an increasing
sequence of finite graphs, introduced in [6], and whose limit graphs have been studied in
[7], which approximates the Sierpinski carpet fractal. In [17, 18] the study of Wiener index
is developed for some graph compositions.

In the present paper, we focus our attention on a different kind of graph product known
in literature, namely the wreath product of two graphs (see Definition 2.1). This con-
struction is nowadays largely studied, and different generalizations have been introduced
[15, 19]. Notice that this construction is interesting not only from an algebraic and combi-
natorial point of view, but also for its connection with Geometric group theory and Prob-
ability, via the notions of Lamplighter group and Lamplighter random walk (see, for in-
stance, [3, 21, 32, 33, 37]). Notice that in a previous paper joint with D. D’ Angeli [8],
we introduced a matrix operation, called wreath product of matrices (recalled in Defini-
tion 2.2), which is a matrix analogue of the wreath product of graphs, since it provides
the adjacency matrix of the wreath product of two graphs, when applied to the adjacency
matrices of the factors (Theorem 2.3 below).

Let us denote by K, the complete graph on n vertices. In this paper, the wreath product
K, U K,, is studied. In Proposition 3.1, we describe in detail distances in K, { K,,, and
we deduce its diameter in Corollary 3.2. Moreover, in Proposition 3.4 we show that the
graph K, ! K, is not distance-regular. After describing in detail the adjacency matrix of
the wreath product K, ! K,, of two complete graphs, we are able to explicitly compute
its spectrum by using a reduction argument, allowing to reduce our computations to the
study of the spectrum of smaller matrices, whose size is the cardinality of the vertex set
of the first graph (Theorem 3.7); we then deduce the spectrum of the transition matrix of
the Lamplighter random walk with base graph K, and color graph K, (Corollary 3.9). In
Proposition 3.10, we provide the distance matrix of K, K, and its spectrum is determined
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in Theorem 3.11 by means of a second reduction argument. Finally, in Theorem 3.13, the
Wiener index of the graph K, ! K,,, is computed.

Notice that the spectrum considered in the present paper concerns the “walk or switch”
Lamplighter random walk. The analogous question for the so called “switch-walk-switch”
Lamplighter random walk has been solved in [26, 27]. A common framework for such
computations has been established in [20].

2 Preliminaries

Let G = (V, E) be a finite undirected graph, where V' denotes the vertex set, and E is the
edge set consisting of unordered pairs of type {u,v}, with u,v € V. If {u,v} € E, we
say that the vertices u and v are adjacent in G, and we use the notation v ~ v. A path in

G is a sequence uq, u1, . . ., ug of vertices such that u; ~ u;y1, foreach: =0,...,¢ — 1.
We say that such a path has length ¢. The graph is connected if, for every u,v € V, there
exists a path ug,uy,...,u in G such that ug = u and wy, = v. For a connected graph

G, we will denote by d(u,v) the geodesic distance between the vertices u and v, that is,
the length of a minimal path in G joining u and v. The diameter of G is then defined as
diam(G) = maxy yev{d(u,v)}.

Recall now that the adjacency matrix of an undirected graph G = (V, E) is the square
matrix A = (@ v )u,vev. indexed by the vertices of G, whose entry a,, ,, equals the number
of edges connecting u and v. As the graph G is undirected, A is a symmetric matrix and
so all its eigenvalues are real. The spectrum of G is then defined as the spectrum of its
adjacency matrix. The degree of a vertex u € V is defined as deg(u) = ) .y Gup. In
particular, we say that G is regular of degree d, or d-regular, if deg(u) = d, foreachu € V.
In this case, the normalized adjacency matrix A’ of G is obtained as A’ = éA.

We recall now the definition of wreath product of graphs.

Definition 2.1. Let G; = (V4, Ey) and Go = (V2, Es) be two finite graphs. The wreath
product Gy 1 Gy is the graph with vertex set VQV1 xVi={(f,v)| f: V1 = Vo, v eV},
where two vertices (f,v) and (f’,v’) are connected by an edge if:

/

(1) (edges of type I either v = v' =: T and f(w) = f'(w) for every w # T, and
f@) ~ f'(v) in Gy;
(2) (edges of type II) or f(w) = f'(w), for every w € Vi, and v ~ v’ in Gj.

It follows from the definition that, if G; is a regular graph on n; vertices with degree d;
and G, is regular graph on no vertices with degree ds, then the graph G1 1 Go is a (d; + d2)-
regular graph on nynj* vertices.

It is a classical fact (see, for instance, [37]) that the simple random walk on the graph
G11G5 is the so called Lamplighter random walk, according to the following interpretation:
suppose that at each vertex of Gy (the base graph) there is a lamp, whose possible states
(or colors) are represented by the vertices of Gy (the color graph), so that the vertex (f,v)
of Gy 1 G, represents the configuration of the |V;| lamps at each vertex of Gy (for each
vertex u € Vi, the lamp at w is in the state f(u) € V), together with the position v of
a lamplighter walking on the graph G;. At each step, the lamplighter may either go to a
neighbor of the current vertex v and leave all lamps unchanged (this situation corresponds
to edges of type Il in G1 ¢ Go), or he may stay at the vertex v € Gy, but he changes the state
of the lamp which is in v to a neighbor state in G5 (this situation corresponds to edges of
type I in Gy ¢ G2). For this reason, the wreath product G; ! Gs is also called the Lamplighter
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graph, or Lamplighter product, with base graph G; and color graph Gs. Also notice that the
model described above is often called “walk or switch” Lamplighter random walk.

It is worth mentioning that the wreath product of graphs represents a graph analogue
of the classical wreath product of groups [28], as it turns out that the wreath product of
the Cayley graphs of two finite groups is the Cayley graph of the wreath product of the
groups, with a suitable choice of the generating sets. In the paper [15], this correspondence
is proven in the more general context of generalized wreath products of graphs, inspired
by the construction introduced in [2] for permutation groups. Also notice that in [19] a
different notion of generalized wreath product of graphs is presented.

In the paper [8], the following matrix construction involving wreath products is intro-
duced. Let M., «,(C) denote the set of matrices with m rows and n columns over the com-
plex field, and let I,, be the identity matrix of size n. We recall that the Kronecker product of
two matrices A = (asj)i=1,...mij=1,.... € Mmxn(C)and B = (bpi)n=1,...pik=1,..,q €
M q(C) is defined to be the mp x ng matrix

anB alnB
A®B = :

amlB o amnB

We denote by A®" the iterated Kronecker product A ® - - - ® A, and we put A®" =1,
—_——
n times

Definition 2.2 ([8]). Let A € M,,»,,(C) and B € M,;,xm(C). Foreachi =1,...,n, let
C; = (ehk)nk=1,...n € Mpxn(C) be the matrix defined by

(1 ifth=k=i
€hk = 0 otherwise.

The wreath product of A and B is the square matrix of size nm™ defined as
AB=1I%" ®A+ZI§_1 ®BRIY " ®C;
i=1
In [8] the following theorem, which shows the correspondence between wreath products
of matrices and wreath products of graphs, is proven.

Theorem 2.3. Ler A} be the normalized adjacency matrix of a di-regular graph G, =
(Vi, E1) and let A} be the normalized adjacency matrix of a da-regular graph Go =

(Va, E5). Then the wreath product ( dli”l o A’l) 2 ( dl‘ff o A’z) is the normalized adjacency

matrix of the graph wreath product G1 ! Go.

For a finite connected graph G = (V, E), the distance matrix D = (dy )u,vev Of G
is, by definition, the square matrix indexed by the vertices of G, such that d,, ,, = d(u,v).
The matrix D is symmetric by definition, so that its spectrum is real. The spectrum of D is
usually called the distance spectrum of the graph G.

We complete this preliminary section by recalling the definition of Wiener index of a
finite connected graph G = (V, E)). The Wiener index of G is defined as the sum of the
distances between all the unordered pairs of vertices, i.e.,

WG =5 3 d(uw),

u,veV
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where d(u, v) denotes the usual geodesic distance between w and v.

In Section 3, we will construct the adjacency matrix and the distance matrix of the
graph K, ! K,,, and we will compute their spectra. Finally, we will provide an explicit
computation of the Wiener index of K, ! K,,.

3 The wreath product K,, ! K,,,

From now on, we will focus our attention on the wreath product K, ! K,,, where K,, =
(Vn, Ey) is the complete graph on n vertices, that is, the graph on n vertices in which every
pair of distinct vertices is connected by a unique edge. Notice that K, is a regular graph
0 ifu=w

1 ifu v for each pair u, v of

of degree n — 1, with diameter 1, where d(u,v) = {

vertices.

Figure 1: The complete graph Kg.

In particular, the adjacency matrix of K, is given by Ad,, = J,, — I,,, where .J,, denotes
the uniform square matrix of size n, whose entries are all equal to 1. Moreover, it follows
from Theorem 2.3 that the adjacency matrix of the graph K, ! K, is the matrix

Ady 1 Adyy = IS © Ady + Y IS © Adp 0 IS ® (3.1)

i=1

with C; as in Definition 2.2. Notice also that, by definition, K,, ! K,,, is an (n + m —
2)-regular graph on nm'™ vertices. A vertex of K, ! K,, will be usually denoted by
(Y15 -+, Yn)xi, where y; € V,,, foreach j = 1,...,n, and z; € V,,. In the lamplighter
interpretation, we can think that the lamp placed at the j-th vertex x; of K,, has color y;,
with y; € V,,,, and the lamplighter is in position ;.

Moreover, it follows from the definition of wreath product of graphs that two vertices
u= (Y1,...,Yn)x; and v = (yi, ..., y, )xx have distance 1 if either there exists a unique
index j € {1,...,n} such that y; # y’ and z; = x; or y; = y; for each j, and x; # w}
(observe that z; ~ x, in K, if and only if x; # xy, as the graph K, is complete).

We are going to develop an explicit analysis of the variability of the distances between
two vertices in the graph K, 1 K, Letu = (y1, ..., yn)z; and v = (y), ..., y,, )zx be two
vertices of K, ! Kp,. Put J = {1,2,...,n} and define the partition J = J , LI J;, ,, by

I, ={ieJ y =y} Jro={j€J:y #y}. 3.2)

Note that the cardinality |J&7U| can be interpreted as the Hamming distance between the
“lamp strings” (y1, ..., yn) and (y], ..., y, ). The following proposition holds.
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Proposition 3.1. Leru = (y1,...,yn)z; and v = (Y}, ..., y.,)xx be two vertices of K,
K., and let Jgﬁv and J&ﬂ) as in (3.2). Then

ﬂww={0 fimk ep g,

1 ifi#k
1 ifi=k=j.
d(u,v) =4 3 ifi#j.#k if Juw = {74}
2 ifi=jguFkiori#j.=k

More generally, for 2 < |J&’v\ <n:

2“]&,1;| + 1 lfk‘,Z € ‘]8,1)
d(u,v) = 2|1, ifieJl, keld) orield, kell,
Q\Ji’v|—1+§ik ifi,ke]&m
. (1 ifi=k
with 6 —{ 0 ifi k.

Proof. First of all observe that, if Jiv = (), we have y; = y; for each j € J, so that u and
v coincide if ¢ = k, whereas they are adjacent, by an edge of type Il in K, ¢ K,,,, if i # k.

Suppose now J; , = {j.}. In the first case, the vertices u = (Y1,...,Yj.,-- -, Un)Zj,
and v = (Y1, .-, Yj - Yn)Ts,, With y; # y;_, are adjacent in K, ! Ky, In the second
case, when i # j, # k, the path

(yla"wyj*w"?yn)xi'\’ (yla""yj*7"'7yn)xj* ~ (yla"'ay;’*a"'ayn)xj* ~
~ (yl,“'ay;'*a"'ayn)xk

is a path of minimal length joining u and v. In the third case, when i = j, # k, the path

(ylv"'aij*"ayn)mj* ~ (yla"'ay;‘*a"'vyn)xj* ~ (yla"wy;‘*w"ayn)xk

is a path of minimal length joining u and v; the case i # j, = k is similar.

Now let 2 < [J; ,| = h < n, with J; , = {j1,...,jn}. In other words, the n-tuples
(y1,-..,yn) and (¥, ...,y ) differ exactly in h places, indexed by the elements j1, . .., jp,
of J, . In the first case, the path

(yla"'7y,717"'ayn)xi ~ (yla"'7yj1,"'ayn)$j1 ~ (yla"'ayé'lw"?yn)le ~
~ W Yy Un) Ty~ (Yo Yy s Yo Un) Ty, ™
~ (yla“-ay;'la---7y;‘h,17-~-ay;‘h7--~7yn)mjh ~

/ / /
~ (ylv'"ayjla"'vyjhflv"'ayjha"-vyn)xk

is a minimal path joining » and v, and it has length 2h 4 1. In the second case, when
i€ J), k€ J&,v’ we can assume, without loss of generality, because K,, is complete,
that j;, = k, so that the last step is not necessary, and a path of minimal length connecting
u and v has length 2h; a similar argument works in the case i € J, .k € Jg . Finally,
ifi #kand i, k € J&yv, we can assume that j; = ¢ and j, = k. Now, a path of minimal
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length joining u and v is given by

! /
(y17"'7yj17"'5y’ﬂ)xj1 ~ (ylﬂ"'7yj17"'7yn)xj1 ~ (ylﬂ"'ayjlw"vyN)sz ~
/ Vi
N(ylv"'ayjlw"7yj27"‘7yn)xj2 N Y
’ / / )
~ (yl,...,yjl,...,y]é...,yjhil,...,yn)x]hi1 ~
/ Vi A
~ (yl,...,yjl,...,yj2...7yjh_17...,yn)acjh ~
! ! !
~ (yl,...,yjl,...,yjhil,...,yjh,...,yn)xjh

and has length 2h — 1. In the special case ¢ = k, we need one more step in order to reach
the final vertex x;, = x;, by means of an edge of type Il in K, ! K,,. O

Corollary 3.2. The diameter of the graph K, ! K,, is 2n.

Proof. Tt follows from the proof of Proposition 3.1 that the maximal distance d(u, v) be-
tween two vertices v and v of K, { K, is equal to 2n, and it is obtained when the vertices
u, v have the form

u:(ylw"vyn)xi U:(yiw"vy;z)xka

with y; # y;-, foreach j = 1,...,n and x; = x. In fact, we get in this case
d(u,v) =2|Jy )| =1+ 6 =2n— 141 =2n.
O
Now, for each i = 0,1, ...,2n, and every vertex u of K,, { K, we denote by S;(u)

the sphere of radius ¢ centered at w, that is:
Si(u) ={v e V(K1 K,y,) @ d(u,v) =i}

Because of the complete symmetry of the graph, it is clear that the integer s; = |.S;(u)| does
not depend on the particular choice of the vertex u. We recall below the classical definition
of distance-regular graph (see, for instance, [4], or [5, Chapter 12] for some results about
spectral properties of distance-regular graphs, also in connection with association scheme
theory).

Definition 3.3. A connected graph G is said to be distance-regular if it is regular and, for
any two vertices u, v at distance ¢, there are exactly ¢; neighbors of v in S;_1(u) and b;
neighbors of v in S; 11 (u).

If d is the diameter of G, the sequence {bg, b1, ...,bq—1;¢1,Ca, ..., cq} is usually called
the intersection array of G; notice that the integers ¢y and b, are undefined.

Proposition 3.4. For every n, m, the wreath product K, ! K,, is not distance-regular.

Proof. Consider two vertices of type © = (y1,...,yn)x; and v = (y1,...,Yn)T;, With
j # i, so that d(u,v) = 1. Now, the neighbors of v having distance 2 from u are exactly
the vertices of type (Y1, .., Y} -, Yn)T;, With yg # y;: the number of such vertices is
m — 1. On the other hand, consider the vertex w = (y1,..., Y}, ..., Yn)Ti, With ¥ # y;,
so that we still have d(u,w) = 1. Tt is clear that the neighbors of w having distance 2
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from w are exactly the vertices of type (y1,...,9,...,yn)z;, With z; # x;, and they are
precisely n — 1. This implies that the coefficient b; cannot be defined, and this is sufficient
to conclude that K, ! K,,, is not distance-regular.

Also in the case n = m, the graph is not distance-regular. In order to show that, it
suffices to consider the vertices © = (Y1, .-, Un—1,Yn)Tn and v = (Y1, .-, Yh_1, Yn)Tns
with y; # y; foreach j = 1,...,n — 1, so that d(u,v) = 2n — 1, according to Proposi-
tion 3.1. Now, the neighbors of v having distance 2n from u are exactly the vertices of type

Yy s Yh_1,Yh ) Tn, With ¢/, # y,,: the number of such vertices is n — 1.

On the other hand, consider the vertices w = (y1,...,yn)x; and z = (y1,...,¥;,)Z;,
with y’ # y; foreach j = 1,...,n and z; # x;, so that we still have d(w, 2) = 2n— 1. In
this case, the unique neighbor of z having distance 2n from w is the vertex (v}, ..., y, );.
This implies that the coefficient by, 1 cannot be defined, and this is sufficient to conclude
that K, ! K, is not distance-regular. O

Example 3.5. Consider the graph K3 K depicted in Figure 2, where the vertices of
K5 and K5 are identified with the sets {0, 1,2} and {0, 1}, respectively. The adjacency
matrices of the graphs K3 and K are, respectively,

1

0

011 0
Ad3 = 1 0 1 and Ad2 = < 1
1 10

so that the matrix wreath product

Ads 1 Ady = IE" ® Ads + Ady @ I, @ I, ® Cy +
+ I RAd @I, RCy+ Ih ® I ® Ads ® Cy

is the adjacency matrix of the graph K3 K5. The graph K3 K> is regular of degree 3, and
its diameter is 6.

3.1 Spectrum of the graph K,, | K,,

In this section, we will give an explicit description of the spectrum of the graph K, ?
K, which is, by definition, the spectrum of its adjacency matrix Ad,, ! Ad,, described in
Equation (3.1). In order to develop our analysis, we need to recall the definition of circulant
matrix. A (complex) circulant matrix C' of size m is a square matrix with m rows and m
columns, of type

c=| + .o : with¢; € C,¥i=0,...,m—1. (3.3)

C1
Cc1 e e Cm—1 Co

The reader can refer to [11] as an exhaustive monograph on circulant matrices.
The following theorem has been proven in [8], by using the spectral analysis developed
in [35] for block circulant matrices.
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000, 0 100,0

000,1 000, 2 100, 2 100,1

001,0 101,0
» * 101,2

001, 2 r/////. .\\\\\\
001,1 ¢ b 101, 1

011,1 ¢ p 111,1
011,2 . . 111,2
011,0 111,0
010, 1 010, 2 110, 2 110,1
010, 0 110,0

Figure 2: The graph K3 Ks.

Theorem 3.6. Let A be a square matrix of size n, and let B be a circulant matrix of size
m as in (3.3). Then the spectrum X of the matrix A B is obtained by taking the union of
the spectra ¥;, .. ;. of the m™ matrices of size n given by

-ain
n m-—1

Mil,ig,...,in — A+ Z Z Cime't,

t=1 i=0

where i; € {0,1,...,m — 1}, foreveryj=1,...,n, andp:exp(%i)

In particular, Theorem 3.6 can be applied in order to determine the spectrum of the
adjacency matrix

Ad V Adyy = 12" @ Ady + 318 @ Addp 0 12 0 C,
i=1
since the matrix Ad,, is a circulant matrix, withcy = Oand¢; = 1, foreachi =1,...,m—
1. When listing eigenvalues and their multiplicities in the next theorem, and in the rest of
the paper, we will write A" to say that the eigenvalue A has multiplicity h; the multiplicity
will be omitted when it is equal to 1. We obtain the following result.

n\ 1)k
Theorem 3.7. The spectrum ¥ of the graph K, 1 K, is ¥ = |, _, Z,(c") (m=1) , with
Yo = {(—2)"_1; n— 2}
Si = {(m —g)kl; (—g)nmhot MY S’L_")QHW} . k=1..,n-1
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and
Shn={(m-2""" m+n-2}.

Proof. By virtue of Theorem 3.6, the spectrum of K, ! K, is obtained by taking the union
of the spectra X;, . ;, of the matrices

7271,

n m-—1
Mil,ig,...,in _ Adn+z Cipmct,
t=1 i=0
where i; € {0,1,...,m — 1}, for each j = ,n, and p = exp (2;;) Notice that
co=0andc; =1foreachi=1,...,m— 1. Moreover, the following identity holds:
m- 1 { -1 ifi, =0
p‘t)”l 1 .
i1 W_].:—l lflt#o

since p is an m-th root of unity. Therefore, the matrix M 1-%2:+in can be rewritten as

M’il,ig,‘..,in — Adn+ Z ( —1 Ct Z Ct

t:ig=0 t:i+#0
= I—I—Z —1Ct th+zct +ZCt
t:i,=0 11,0 t:i,=0 t:i,=0
= Jo—2I,+m Y Ci
t:i:=0

By using iterated conjugations with appropriate elementary permutation matrices, it can
be shown that the spectrum of the matrix M %2:-in only depends on the number k of

indices equal to O in the n-tuple (41,42, ...,1,), but it is independent of the particular
position of such indices. As a consequence, for each k£ = 0,1,...,n, we can reduce
to investigate the spectrum of the matrix M +0@+1:in  corresponding to the n-tuple
0,...,0,4k41,...,9n), withi; # 0 foreach j = k +1,...,n. We have:
——
k times
—1+m 1 ‘e ‘e ce 1
1 1
MO" 0,k 4150 in 1 1 71+m 1
-1 1
1
1 1 -1

Then we can write M0+0ik+1in = J 4 Q. where Q = meZl C, — 21I,, is the
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diagonal matrix

—24m

—24m

Now we have:

det(AL,, — MOOiikstrin)

det (M, — J,, — Q)
= det (M, — Q) (I, — (M, — Q)" J,))
= det(\l, — Q) -det (I, — (AL, — Q)" J,) .

It is clear that
det(\, — Q) = (A — (m —2))* - (A +2)"F, (3.4)

Now it can be seen that the matrix (AI,, — Q)’lJn is the matrix of rank 1, whose first k
rows are constant, with entries all equal to m, whereas the remaining n — k rows are

constant, with entries all equal to %H Therefore, (A, — Q)_lJn has n — 1 eigenvalues

k

equal to 0, and one eigenvalue equal to >m=y t ’;—jr’; This implies that the matrix

I, — (M, — Q)~'J, has n — 1 eigenvalues equal to 1, and one eigenvalue equal to 1 —
k n—=~k .

3—(m=2) ~ Atz SO that:

k n—=k

det (I — (A, — Q)™ ) SR Wy ey Sl W

(3.5)

By gluing together (3.4) and (3.5), we obtain:

det( AL, — MO Okttminy — (X — (m —2))F=1. (A 4 2)" k=L
A2+ (d—m—n)A+mn+4—km—2n—2m).

For the particular value k = 0, we get:
det(Al,, — Min) = (A +2)""1 - (A= (n —2));
for the particular value & = n, we have:
det( AL, — M%) = (A= (m—2))"""- (A= (m +n —2)).
The claim follows, if we observe that, foreach k = 0,1, . .., n, the spectrum of ¥; must be

considered (}) - (m — 1)"~* times, corresponding to the number of n-tuples (i1, . .., i)
with k indices equal to 0, and the remaining indices varying in {1,...,m — 1}. O
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Example 3.8. Consider the graph K3 K4, so that n = 3 and m = 4. The spectrum of the
matrix Ads ! Ady consists of the following eigenvalues:

27 9
. oll, 127. 81. (34417 . (3£V33
9y 2775 17 (_2) ’ ( 2 ) ) ( 2 ) .
The corresponding matrices M2+ of size 3, with iy, i9, i3 € {0, 1,2, 3}, have eigenval-
ues:

(@) (—2)2;1, for k = 0. For instance, this is the case of the matrix

MY o= 1 -1 1

(b) —2; 3i§/ﬁ , for k = 1. For instance, this is the case of the matrix

. 3 1 1
MOV = J, 2, +4C, = 1 -1 1
1 1 -1
(©) 2; 3i§/§, for k£ = 2. For instance, this is the case of the matrix
. 3 1 1
MO0t = Jy — 2034+ 4(C1+C) = 1 3 1
1 1 -1
(d) 22;5, for k = 3. This is the case of the matrix
— 3 11
MO’O’O=J3—213+4(C1+CQ+03)=J3+2I3= 1 3 1
1 1 3

Corollary 3.9. The spectrum X! of the transition matrix of the Lamplighter random walk
p n n—k
with base graph K,, and color graph K., is ' =, _, E;C(k)'(m_l) , with

svo_ (2 o
0 — m+n—2 ! m4n—2

s {( m—2 )’“‘1, ( 5 )"—k—l. m+n4i\/m}

k m-+n—2 » \ T m+tn—2 2(m+n—2)

fork=1,...,n—1, and

m={ ()" i1}

Proof. 1t suffices to take into account that the transition matrix of the Lamplighter random
walk on the base graph K, with color graph K,,, is the normalized adjacency matrix of
the graph K, ! K,,,, which is a regular graph of degree m + n — 2. O
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3.2 Distance spectrum and Wiener index of the graph K,, | K,,,

The aim of this section is to describe the distance matrix of the graph K, ! K,,, together
with its spectrum. Moreover, we will exhibit an explicit computation of the Wiener index
of the graph.

Proposition 3.10. The distance matrix of the graph K,, ! K,,, is the matrix
D= > Adly @ Ad2 @ - @ Adlr @ Ay iy i s (3.6)
(i15-10n ) €{0,1}7

where we put Ad?n = I, and the matrix A;, ;, ... i, is the square matrix of size n, indexed
by the vertices of K, defined as follows. Let {i1, ..., i,} = IoU I, with Iy = {i; : i; =
0} and I = {i; : i; = 1}. Then, for any pair of vertices x; and xj, of K:

(a) Ay, i, =Ad, =J,— L, if[; = 0;

1 ifi=k=17,
(b) Aiy i, (xiwp) =8 3 ifiFj.Fk if Iy = {ij. };
2 ifi=jguFtkioritj.=k
2|Il‘+1 l:fiJ{?EIO
(C) Ail,...,in(wi;xk): 2|Il‘ l'fZ-EIQ,k'EIl; OriEIl,kEIO

2|Il‘_1+5ik ifi,kelh
if2§|]1|§n,where(5ik:{(l) gz;:

Proof. Observe that, for each j = 1,...,n, the index i; € {0, 1} establishes whether the
color of the lamp at the j-th vertex x; of K, is changed. More precisely, the index i; = 0
produces the matrix Ad?n = I, as j-th term of the Kronecker product, so that we are not
changing the color of the lamp in that position; conversely, the index 7; = 1 provides the
matrix Ad,, as j-th term of the Kronecker product, so that we are changing the color of the
lamp in that position, with any other color, as K, is the complete graph. Therefore, for any
fixed n-tuple (i1, .. .,i,) € {0,1}", the contribution A ® Ad2®- - -@Adir @Ay, 4y,
to D must take into account the distances between vertices u, v of K, { K,,, corresponding
to lamp configurations which differ exactly at the places indexed by ;. Therefore, if
the configurations of lamps corresponding to the vertices u = (y1,...,yn)z; and v =
(Y- yn)z, of K, U Ky, differ at exactly |I;] vertices of K, indexed by I, the last
contribution in the Kronecker product is an n X n matrix, whose entry (z;,xj) must be
equal to the distance d(u, v). Then the claim follows from Proposition 3.1. O

As in the case of the adjacency matrix Ad,, ! Ad,,, the spectrum of the matrix D can be
computed by using a reduction argument. In fact, the matrix D in (3.6) has the following
block circulant structure

Dy Dy Dy - Dpy
Dpm_i Do Dy :
D= Y Dy . : (3.7)
Dy
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with
Dy = Z AdZ @ - @ Adly ® Ag i,
(i25-.,in)€{0,1}"
D; = Z Adffl®~~~®Adi,”;®A17i2 ,,,,, i, foreachi=1...,m—1

(i2,...,in)€{0,1}"

Then the spectral analysis of block circulant matrices developed in [35] ensures that the
spectrum of D can be obtained by taking the union of the spectra of the following m
matrices of size nm™1:

_ m—1
Din = Z phl]thl
h1=0
_ 3 Ad2 @@ Adlr @ Ay, iy +

(i2,...,in)€{0,1}"

m—1
DM Y AdR e @ AdG® A, L,
hi1=1 (i2,..0y0n ) €{0,1}7

m—1
> Ad2 ® - ® Adir ® (Ao + > p’“flALm,,,in) :
(i2,...,in)€{0,1}7 hi=1

with j; € {0,1,...,m — 1}. Observe that each of these matrices is still a block circulant
matrix, with blocks of size nm™~2, given by

m—1
Dy = > Ad @ @ Adlr @ (Ao,o,ig,...,in + phllel,Oyiz,m,in> ;
(ig,...,in)e{o,l}TL h1=1
m—1
D; = Z Adp @ - ® Adyr @ (Ao,l,ig,...,in + Z Phl]lAl,l,ig,...,in>
(i3,0yin)€{0,1}7 hi=1

fort =1,...,m — 1. Therefore, the same argument can be repeated, so that the spectrum
of D is obtained by taking the union of the spectra of the following m? matrices of size

nm" 2
m—1
5]%]’2 — haja pt
- p hy —
ho=0

m—1
= D Adp®-9Ad;e <A0,0’i3w~77f'n + > phllel,O,is,u.,in> +
(3,.-,in ) €{0,1}7 h1=1

m—1
n Z i Z Adl @ ® Adln®
ho=1 (i37---,in)e{071}n

m—1
W
® | Ao,1,is,...00 + E PUIYAY 1y i

hi1=1
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= Y, Adpe--®Ade (Ao,o,is,...yi,ﬂr
(i3,...,in)€{0,1}7

m—1 m—1
hij hoj
+ Z PN AL g, in T Z P2 A0 g, it

hlil hg:l

m—1 m—1
S S )
hi=1 ho=1
with (j1, j2) € {0,...,m — 1}2. This reduction argument can be iterated further, until we

. . . m—1 hjs — -1 if js 7& 0
get blocks of size n. Once again, notice that ), " p { m—1 ifj, =0, We
thus have proven the following theorem.

Theorem 3.11. The distance spectrum X of the graph K, ! K,, is obtained by taking the
union of the spectra ;. ;. of the m™ matrices of size n:

n m—1 ts
5j17---7jn — Z H (Z phsjs> Ail,...,in7

(i1ye.0yin)€{0,1}7 s=1 \hy=1
(jla"'ajn) S {0,...,7’)1* 1}71’

where, if we put Iy = {i; : i; =0} and I, = {i; : i; = 1}, we have:

AO ..... 0 :Adna
1 l.fZ.,kEIl
Aihm,i"(mi,azk) = 3 lfi, k€ Iy fOl" |Il‘ =1;
2 ifieli,kely;,orielykel
and
2|Il|+1 lfi,kEIO
Ai1 11111 1n(ﬂfl,$k): 2|Il| l:fiEIo,kEIl;iEIl,kEIo

2|Il| — 1406 ifikelh

1 ifi=k

0 ifi#k.
Example 3.12. Let us consider the explicit example K3 K3. The distance matrix of this
graph is

f0r2 < |Il| < n, with Oik, = {

D:.[3®13®13®A000+13®13®Ad3®AOOl+Ig®Ad3®I3®A010+
+13® Adz ® Ads ® Ap11 + Adz @ Is ® I3 @ A1gp + Ad3 ® I3 @ Ads ® Ajg1+
+ Ads ® Ads ® Is ® Aj10 + Ads ® Ads ® Ads ® Aq11,

with

AOOO =

== O
—_ O
O = =
2
[}

=

|

DWW
DWW
=N N
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3 2 3 5 4 4
Ap1o = 2 1 2 Ap11 = 4 4 3
3 2 3 4 3 4
1 2 2 4 4 3
AlOO = 2 3 3 A101 = 4 5 4
2 3 3 3 4 4
4 3 4 6 5 5
Ajio=1| 3 4 4 A= 5 6 5
4 4 5 5 5 6

The spectrum of D consists of the following eigenvalues:
312; 15%; 0%8; (—3)'8; (—24 4 3v/43)S.
‘We have, for instance:

D220 = Agoo + 24001 — Aoro — 24011 + 24100 + 44101 — 24110 — 4411, =

-21 -9 -18
= -9 -9 -9
—-18 -9 -21

whose eigenvalues are —3 and —24 4 3+/43.

Next, we pass to the computation of the Wiener index W (K, ! K,,) of the graph K, ?
K,,. It follows from the definition of the Wiener index that W (K ,0/{,,,) is given by the sum
of all the entries of D, divided by 2, due to the fact that each contribution d(u, v) appears
twice, as the matrix D is symmetric. Keeping in mind the block structure of the distance
matrix D described in (3.7) and the fact that each block D;, fori =0, ..., m—1, appearing
in (3.7) can be recursively regarded as a block circulant matrix, until one gets elementary
blocks of size n represented by matrices of type A;, .., , we obtain the following result.

,,,,,

Theorem 3.13. The Wiener index of the graph K,, | K, is
WK,V Ky) = #(2771”712 —nm" = 2n*m" "t £ m" 4 2nm T —m T —m).
Proof. First of all, for every n-tuple (i1,...,i,) € {0,1}", put:
isyin = D Aigyeein (@, 7))
T, 2;EVn

Now observe that, by definition of the matrices A4;, ., ,the sumd;, only depends on
the cardinality of the sets Jo = {i; : i; = 0} and I = {i; : i; = 1}, while it is independent

consln

from the particular position of the indices. Therefore, for every £k = 0,1, ..., n, it makes
sense to define:
de= Y Ay 10, 0@,

Moreover, by performing a direct computation which uses the explicit description of the
matrices A;, . ;. given in Theorem 3.11, we are able to determine:
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(@) do =n(n—1);
(b) di =1+4(n—1)+3(n—-1)%
() dp = 2k +1)(n — k)2 +4k*(n — k) +2k> + k(k — 1)(2k — 1) for2 < k < n.

Now we have to establish the number of contributions of type dj, to W (K, K,;,), for every
k. First of all, a factor equal to (") appears, taking into account all the p0551ble choices
of k indices equal to 1. Moreover, a second factor given by m™(m — 1) appears, since
a fixed n-tuple (i1, ...,%,) containing k indices equal to 1 (see Equation (3.6)) produces
m™(m — 1)"' blocks of size n, within the matrix D, which are equal to A;h“_,gn, due to the
fact that, when we change the color of a lamp, we have m — 1 possibilities for the choice
of the new color. This implies that

_mh k
W(K, 0 K, 220( ) —1)*dy,. (3.8)
By explicitly computing the sum in (3.8), we get the claim. O

Example 3.14. Consider the case of K30 K3. Theorem 3.13 gives W (K3 K3) = 12636,
with dg = 6; d; = 21; dy = 35; d3 = 48.
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