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Abstract. This is a discussion on fermion fields, the internal degrees of freedom of which are
described by either the Grassmann or the Clifford anticommuting ”coordinates”. We prove
that both fields can be second quantized so that their creation and annihilation operators
fulfill the requirements of the commutation relations for fermion fields. However, while
the internal spins determined by the generators of the Lorentz group of the Clifford objects
S and S°° (in the spin-charge-family theory S®® determine the spin degrees of freedom
and S°° the family degrees of freedom) are half integer, the internal spin determined by
sab (expressible with Sab 4 §aby g integer. Nature "made” obviously the choice of the
Clifford algebra, at least in the so far observed part of our universe. We discuss here the
quantization — first and second — of the fields, the internal degrees of freedom of which are
functions of the Grassmann coordinates 0 and their conjugate momenta, as well as of the
fields, the internal degrees of freedom of which are functions of the Clifford y“. Inspiration
comes from the spin-charge-family theory ([1,2,9,3], and the references therein), in which
the action for fermions in d-dimensional space isequal to [ dix E % (P y*poath) + h.c.,
with poa = f¥aPoa + 3¢ {Pey Ef*a}, Poa = Pa — 35 Waba — 35%° Dava. We write the
basic states as products of those either Grassmann or Clifford objects, which allow second
quantization for fermion fields, and look for the action and solutions for free fields also in the
Grassmann case in order to understand why the Clifford algebra “wins in the competition”
for the physical (observable) degrees of freedom.

Povzetek. Avtorja obravnavata razliko med fermionskimi polji, katerih interne prostostne
stopnje opiSemo bodisi z Grassmannovimi bodisi s Cliffordovimi antikomutirajo¢imi “ko-
ordinatami”. DokaZeta, da lahko v obeh primerih pois¢emo kreacijske in anihilacijske
operatorje, ki zado$¢ajo komutacijskim relacijam za fermionska polja v drugi kvantizaciji.
Obe vrsti opisa fermionskih polj se vseeno bistveno razlikujeta: notranji spini, dolo¢eni
z generatorji Lorenztove grupe Cliffordovih objektov $¢° in $¢° (v teoriji spinov-nabojev-
druZin dolo¢ajo $° spinsko kvantno 3tevilo ter s tem spine in naboje kvarkov in leptonov,
$9* pa dolocajo druZinska kvantna $tevila), imajo polteviléen spin, medtem ko je notanji
spin, ki ga dolo¢ajo S®° (izrazljivi z $** + S?), celosteviléen. Narava je otitno “izbrala”
Cliffordovo algebro (vsaj v opazljivem delu vesolja). Avtorja obravnavata prvo in drugo
kvantizacijo polj, katerih notranje prostostne stopnje opiseta s funkcijami Grassmannovih

* This article is the expanded part of the talk presented by N.S. Manko¢ Borstnik at the
21°* Workshop “What Comes Beyond the Standard Models”, Bled, 23 of June to 1 of July,
2018.
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koordinat 8 in ustreznih konjugiranih momentov, pa tudi polja, katerih notranje prostostne
stopnje so opisane s funkcijami Cliffordovih koordinat y®. Uporabo za opis fermionov
v Grassmannovem prostoru je navdihnila teorija spinov-nabojev-druzin ([1,2,9,3], in refer-
ence v njih), v kateri akcijo v d-razseZnem prostoru opise eden od avtorjev (N.S.M.B.) z
[ d'% E I (D y*poah) + h.c., s kovariantnim odvodom poa = f*apoa + 55 {Pes Ef*a}—,
Pox =Pa— 35 Waba — 35%° Dav«. Bazna stanja i¢eta kot produkt bodisi Grassmannovih
bodisi Cliffordovih “koordinat”, ki dopus¢ajo drugo kvantizacijo, ponudita akcijo za prosta
polja tudi v primeru Grassmannovih koordinat, da bi bolje razumela, zakaj je v tekmi za
fizikalne prostostne stopnje “zmagala” Cliffordova algebra.

Keywords: Second quantization of fermion fields, Spinor representations, Kaluza-
Klein theories, Discrete symmetries, Higher dimensional spaces, Beyond the stan-
dard model

PACS:11.30.Er,11.10.Kk,12.60.-i, 04.50.-h

9.1 Introduction

This paper is to look for the answers to the questions: Why our universe “uses” the
Clifford rather than the Grassmann coordinates, although both lead in the second
quantization procedure to the anti-commutation relations required for fermion
degrees of freedom? Is the answer that the Clifford degrees of freedom offer the
appearance of families, the half integer spin and the charges as observed so far for
fermions, while the Grassmann coordinates offer the groups of (isolated) integer
spin states with the charges in the adjoint representations and no families? Can the
choice of the Clifford degrees of freedom explain why the simple starting action of
the spin-charge-family theory of one of us (N.S.M.B.) [9,3,5,8,4,6,7] is doing so far
extremely well in manifesting the observed properties of the fermion and boson
fields in the observed low energy regime?

The questions are too demanding that this paper could offer the answers. We
are trying only to make first steps towards understanding them.

Our working hypothesis is that “nature knows all the mathematics”, accordingly
therefore also both — the Grassmann and the Clifford ”coordinates”. In a trial to
understand why Grassmann space “was not the choice of nature” to describe the
internal degrees of freedom of fermions, we see that y*’s and ¥%’s of the spin-
charge-family theory enable to describe not only the spin and charges of fermions,
but also the existence of families of fermions (in the first and second quantized
theory of fields).

This work is a part of the project of both authors, which includes the fermion-
ization procedure of boson fields or the bosonization procedure of fermion fields,
discussed in Refs. [11,12,14] for any dimension d (by the authors of this contri-
bution, while one of them, H.B.EN. [13], has succeeded with another author to
do the fermionization for d = (1 4 1)), and which would hopefully help to better
understand the content and dynamics of our universe.

In the spin-charge-family theory [9,3,5,8,4,6,7] — which offers explanations
for all the assumptions of the standard model, with the appearance of families, the
scalar higgs and the Yukawa couplings included, offering also the explanation for
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the matter-antimatter asymmetry in our universe and for the appearance of the
dark matter — a very simple starting action for massless fermions and bosons in
d = (1 + 13) is assumed, in which massless fermions interact with only gravity,
the vielbeins f*, (the gauge fields of moments p,) and the two kinds of the spin
connections (Wqb« and Wqbv«, the gauge fields of the two kinds of the Clifford
algebra objects vy and ¥¢, respectively).

A = J dix E % (Wy*poa) + hec. +
J d9x E («R+ &R), (9.1)

with poq = f*qPon + ;*E{pzx) Ef), Poa = P — %Sabwaba - %gabwaboc and
R = %{foc[afﬁb] (wabzx,ﬁ — Wcanx wcbﬁ)} + he, R = %{f(x[afﬁb] ((I)abcx,ﬁ -
WDcax Dpp)} + h.c.. The two kinds of the Clifford algebra objects, y* and ¥,

v, v0h = = {74,9°)4,
¥4, v° =0. 9.2)

anticommute (y® and y® are connected with the left and the right multiplication of
the Clifford objects, there is no third kind of the Clifford operators). One kind of the
objects, the generators S = }(ya v® —vy® y%), determines spins and charges of
spinors of any family, another kind, $¢° = %(f/a ¥°—¥°¥9), determines the family
quantum numbers. Here ! f*[afBbl — fxafBb _ fabfBa There are correspondingly
two kinds of infinitesimal generators of the Lorentz transformations in the internal
degrees of freedom — S¢° for SO(13,1) and $°° for S~0(13, 1) — arranging states
into representations.

The scalar curvatures R and R determine dynamics of the gauge fields — the
spin connections and the vielbeins, which manifest in d = (3 + 1) all the known
vector gauge fields as well as the scalar fields [5] which explain the appearance
of higgs and the Yukawa couplings, provided that the symmetry breaks from the
starting one SO(13,1) to SO(3,1) x SU(3) x U(1).

The infinitesimal generators of the Lorentz transformations for the gauge
fields — the two kinds of the Clifford operators and the Grassmann operators —
operate as follows, Eq. (9.25)

{Sab’ ,Ye}_ — i (nae 'Yb 7nbe,ya),
{89, 971 =i y* —n®y9),
{Sab) ee}i —_— (nae eb _nbe ea) ,

b

{Mab’ Ad...e...g}i 1 (nae Ad ...... g _nbe Ad...a...g)) (93)

! £*, are inverted vielbeins to e® with the properties e®«f%, = 5%, e% Py = 85, E =
det(e“). Latin indices a, b, .., m,n, .., s, t, .. denote a tangent space (a flat index), while
Greek indices «, f, .., 1, v, ..0, T, .. denote an Einstein index (a curved index). Letters from
the beginning of both the alphabets indicate a general index (a, b, c,.. and «, 3,7V, ..),
from the middle of both the alphabets the observed dimensions 0, 1,2,3 (m,n,.. and
I, v, ..), indexes from the bottom of the alphabets indicate the compactified dimensions
(syt,.. and 0, T, ..). We assume the signature n®® = diag{1,—1,—1,--- , -1}
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where M“® are defined by a sum of L*? plus either $°° or $¢°, in the Grassmann
case M“® is L 2P 4 S which appear to be M@P= [P + §ab 4 §ab ag presented
later in Eq. (9.26).

We discuss in what follows the first and the second quantization of the fields,
the internal degrees of freedom of which are determined by the Grassmann coor-
dinates 0, as well as of the fields, the internal degrees of freedom of which are
determined by the Clifford coordinates y¢ (or ¥¢) in order to understand why
"nature has made a choice” of fermions of spins and charges (describable in the
spin-charge-family theory by subgroups of the Lorentz group expressible with the
generators $S°) in the fundamental representations of the groups (which interact
in the spin-charge-family theory through the boson gauge fields — the vielbeins
and the spin connections of two kinds), rather than of fermions with the integer
spins and charges. We choose correspondingly either 6¢’s or y*’s (or ¥¢’s, either
Y%’s or ¥*’s [6,7,9]) to describe the internal degrees of freedom of fields.

In all these cases we treat free massless fields; masses of the fields in d =
(3 + 1) are in the spin-charge-family theory due to their interactions with the grav-
itational fields in d > 4, described by the scalar vielbeins or spin connection
fields [[1,2,9,3,5,8,4,6,7], and the references therein].

9.2 Observations helping to understand why Clifford algebra
manifests in the observabled = (3 + 1)

We present in this section properties of fields with the integer spin in d-dimensional
space, expressed in terms of the Grassmann algebra objects, and the spinor fields
with the half integer spin, expressed in terms of the Clifford algebra objects. Since
the Clifford algebra objects are expressible with the Grassmann algebra objects
(Egs. (9.17, 9.18)), the norms of both are determined by the integral in Grassmann
space, Egs. (9.28,9.31) 2.

a. Fields with the integer spin in Grassmann space

A point in d-dimensional Grassmann space of real anticommuting coordinates
04, (a=0,1,2,3,5,...,d), is determined by a vector

(091 =(0°0",0%,0%,0°,...,0%).

A linear vector space over the coordinate Grassmann space has correspondingly
the dimension 24, due to the fact that (0%1)? = 0 for any a; € (0,1,2,3,5,...,d).

Correspondingly are fields in Grassmann space expressed in terms of the
Grassmann algebra objects

d

B=D) Gayas.a,0%0%...0%[bog >, ai<ai, (9.4)
k=0

2 These observations might help also when fermionizing boson fields or bosonizing fermion
fields.
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where |po4 > is the vacuum state, here assumed to be [poq >= [1 >, so that
%Id)Og >= 0 for any 0. The Kalb-Ramond boson fields aq, q,...a, are antisym-
metric with respect to the permutation of indexes, since the Grassmann coordinates
anticommute

{69,0%), =0. (9.5)

The left derivative %ﬁ on vectors of the space of monomials B(0) is defined as
follows

0 _ 0B(0)
004 B(6) = 00, ’
0 0
{aea,aeb}JrB—O,forallB. (9.6)

Defining p°¢ = i% it correspondingly follows

P, p%) =0, {p°,0%) =in°®, 9.7)

The metric tensor n®° (= diag(1,—1,—1,...,—1)) lowers the indexes of a vector
{09} 04 =Map 0°, the same metric tensor lowers the indexes of the ordinary vector
x of commuting coordinates.

Defining 3
(ea)T — 0 T]aa — _ipeanaa (9 8)
00, ’ ’
it follows
(o) =n"e8%,  (pP)1 = —in°“e" 99)
3. , . .

Making a choice for the complex properties of 8¢, and correspondingly of %, as
follows

{ea}* = (60)61)_82)63)_65)665-"»_9(1_1)66‘))
0 ., 0 0 0 0 0 0 0 0
(5e-V =

— 9.10
200’007’ 00,°005° 005’005’ " aed,ﬁaed)’ (9.10)

it follows for the two Clifford algebra objects y* = (6% + %), and ¥* =1i(0¢ —
% ), Egs. (9.17, 9.18), that y¢ is real if 8¢ is real, and imaginary if 6¢ is imaginary,
while y@ is imaginary when ¢ is real and real if 6¢ is imaginary, just as it is
required in Eq. (9.23).

We define here the commuting object v&, which will be useful to find the
action for Grassmann fermions, Eq. (9.37), and the appropriate discrete symmetry
operators for this purpose — (Cg, 7g, Pg) in ((d — 1) 4+ 1)-dimensional space-time

3 In Ref. [2] the definition of 0°T was differently chosen. Correspondingly also the scalar
product needed a (slightly) different weight function in Eq. (9.28).



180 N.S. Manko¢ Borstnik and H.B.F. Nielsen

and (Cn, Tar, Pa) in (3 4 1) space-time — while following the definitions of the
discrete symmetry operators in the Clifford algebra case [21]

)
a _ _Jp%naa_—_
e = (1—20% aea)
= —in*" vy,
&, v2)- =0. (9.11)

Index ¢ is not the Lorentz index in the usual sense. Y& are commuting operators —
{y&,y2}_ =0forall (a,b) — as expected. They are real and Hermitian.

ve =vE, (&) =v8. (9.12)
Correspondingly it follows: yCGlTyg =1,vg¢v¢ = L I represents the unit operator.
By introducing [2] the generators of the infinitesimal Lorentz transformations

in Grassmann space as

Sab _ (eapeb o ebpea)’
(9.13)

one finds

{Sab, SCd}, — i{sadnbc + SbCT]ad _ Sacnbd _ den(w}’
Sab]L — T]aanb‘bsab . (914)

The basic states in Grassmann space can be arranged into representations with
respect to the Cartan subalgebra of the Lorentz algebra as presented in Ref. [2,15].
The state in d-dimensional space, for example, with all the eigenvalues of the
Cartan subalgebra of the Lorentz group of Eq. (9.84) equal to either i or 1 is:
(60 —03)(0" +102)(0° +10°) - (0971 +1i09)|dpog >, with [pog >=[1 >. All the
states of the representation, which start with this state, follow by the application
of those S¢°, which do not belong to the Cartan subalgebra of the Lorentz algebra.
S°7, for example, transforms (6° —62)(0' +102)(0° +16°) --- (097" +109)[pog >
into (0903 +10'102)(05 +16°) - - (897! +109)|dpo g >, while S°! —iS°? transforms
this state into (6° + 03)(0" —102)(0° +16°) -+ (097" +109)|dog >.

b. Fermion fields with the half integer spin and the Clifford objects

Let us present as well the properties of the fermion fields with the half integer
spin, expressed by the Clifford algebra objects

d
F= Z Qajas...ax yal,yaz .. -Vakhboc >, i < Qi1 (9.15)
k=0

where [, > is the vacuum state. The Kalb-Ramond fields aq, q,...a, are again in
general boson fields, which are antisymmetric with respect to the permutation of
indexes, since the Clifford objects have the anticommutation relations, Eq. (9.2),

(v, v = m®. (9.16)
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A linear vector space over the Clifford coordinate space has again the dimension
294, due to the fact that (y®+)? =n%% for any a; € (0,1,2,3,5,...,d).

One can see that y¢ are expressible in terms of the Grassmann coordinates
and their conjugate momenta as

v = (0% —1ip99). (9.17)
We also find ¥¢
¥4 =1i(0%4+1p9), (9.18)
with the anticommutation relation of Eq. (9.16) for either y* and y¢
Y =m®®, v, 7" =0. (9.19)
Taking into account Egs. (9.8, 9.17, 9.18) one finds
(Y =y, (39T =yonee,
Yoyt =0, vy =1, ¥yt =0, 09T =1, (9:20)

where [ represents the unit operator. Making a choice for the 8¢ properties as
presented in Eq. (9.10), it follows for the Clifford objects

{‘Ya}* = (YO)Y] ) *‘Y2>‘Y3) 71/5’1/6’ ceey *Ydi] )Yd) )
{T/a}* = (_T/O) _?1 af/za _73»1’75» _?6) ---)T/d71 ) _T/d) y (921)

All three choices for the linear vector space — spanned over either the coordi-
nate Grassmann space, or over the vector space of v¢, as well as over the vector
space of ¢ — have the dimension 2¢.

We can express Grassmann coordinates 0% and momenta p°¢ in terms of y©
and y¢ as well *

0 = S (v* —17°),

— N =

= — (y4 +iy9). 22
500 = 3 (Y ) 022)
It then follows a%bean >=1%1 >,

Correspondingly we can use either y* or ¥¢ instead of 6¢ to span the vec-
tor space. In this case we change the vacuum from the one with the property
%M}og >=0to P, > with the property [2,7,9]

< ll)och/ahboc >=0, T/am)oc >= :L‘Yahboc >y ’Y/a’ybhboc >= _“L’Yb’yahboc >,
’T/af/bm)oc > |a7£b = _'Ya'YbN)oc >, 'T/af’bm)oc > |a:b = T]abm’oc > . (923)
* In Ref. [28] the author suggested in Eq. (47) a choice of superposition of y* and ¥¢, which

resembles the choice of one of the authors (N.S.M.B.) in Ref. [2] and both authors in
Ref. [16,17] and in present article.
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This is in agreement with the requirement

YO F(Y) boe >i=
(v +aa, YY" +Ca,a, YOV Y 4+ 4+ Aayag YEYY ¥4 ) [Woe >,
VEF(Y) o >=(1aoy® —iaq, v" v* +iaaa¥" vy v+ +

=1 Qayag Y ¥ Y ) boe > (9.24)

We find the infinitesimal generators of the Lorentz transformations in Clifford
space

Sab — %(yayb —YbYa), SabT :naanbbsab ,

gab — %(f/a?b o T/b,f/a) , gubT _ nc1anbb§c1b , (925)

with the commutation relations for either S¢® or §¢° of Eq. (9.14), if S¢? is replaced
by either S° or 59°, respectively, while

Sab _ Sab + gab
- )

(sab §edy —o, (9.26)
The basic states in Clifford space can be arranged in representations, in which
any state is the eigenstate of the Cartan subalgebra operators of Eq. (9.84). The
state, for example, in d-dimensional space with the eigenvalues of either S°3, S'2,
§56,...,8471dor§03 812 /856 [§d-Tdequalto (i, 1,1,...,1)is (YO —y3) (v"+
y2)(v> +1y®) -+ (Y4 ! +1iy9), where the states are expressed in terms of y©. The
states of one representation follow from the starting state by the application of
S2®, which do not belong to the Cartan subalgebra operators, while $¢°, which

operate on family quantum numbers, cause jumps from the starting family to the
new one.

9.2.1 Norms of vectors in Grassmann and Clifford space

Let us look for the norm of vectors in Grassmann space

d
B=) daa,..a,0%0%...0%|dog >
k=0

and in Clifford space

d
F = Z aa] az...ax Ym'Yuz .. "Yakhl)OC >)
k=0

where |[pog > and |poc > are the vacuum states in the Grassmann and Clifford
case, respectively. In what follows we refer to Ref. [2].

a. Norms of the Grassmann vectors
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Let us define the integral over the Grassmann space [2] of two functions of
the Grassmann coordinates < B|C >, < B|6 >=< 0|B >, by requiring

{de¢, e}, =0, Jdea =0, Jde“ea =1,

Jddee°e1.-.ed:1,
ddo = de?...de°,

0
w =TT 20,

404, 9.27)

with %ﬂec = n““. We shall use the weight function w = ﬂﬂzo(%ek +0%) to
define the scalar product < B|C >

d
<B|IC>= Jdd”xddea w < B|0 >< 0|C >= Zjdd”xbﬁ]mbkcb,mbk ,
k=0

(9.28)

where, according to Eq. (9.8), follows:

d
< Bl0 >=< dogl D_(—1)P af, o, PO mor o pliinaran,
p=0

The vacuum state is chosen to be [p,4 >= |1 >, as taken in Eq. (9.4).
The norm < B|B > is correspondingly always nonnegative.

b. Norms of the Clifford vectors

Let us look for the norm of vectors, expressed with the Clifford objects
F = ZS Qarase.ar YTV o Y [Woe >, where [pog > and o > are the two
vacuum states when the Grassmann and the Clifford objects are concerned, respec-
tively. By taking into account Eq. (9.20) it follows that

ai,,az

(Y@ryez . y®)t =y

ax ax a azaz.,a

LyfamfzaaySimfrar, (9:29)
since y*y® =n®.

We can use Egs. (9.27, 9.28) to evaluate the scalar product of two Clifford
algebra objects < y|F >=< (09—ip®?)|F > and equivalently for < (0¢—ip®?)|G >.
These expressions follow from Egs. (9.17, 9.18, 9.20)). We must then choose for
the vacuum state the one from the Grassmann case — [Poc >= |Ppog >=[1 >. It
follows

d
<FG>= Jdd*%d‘lf)‘1 w < Fly ><v|G >= ZJdd*‘x ag, .y bby.. by -
k=0

(9.30)

{Similarly we obtain, if we express F= ZSZO Garas..a Y V2 .Y boc >
and G = ZEZO bb]bz...bk T/bbf/bz .. 'S/bkkboc > and take M)oc >= |¢Og >= |1 >/
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the scalar product

d
<FG>= Jdd_‘xdde‘1 w < Fy><9G >= Z J A XA, a, Gbyby )
k=0
(9.31)

Correspondingly we can write

Jddea (,U(Cla1 az...ax ymyaz . -Yak)T(acnaz...ak YQIYQZ B ~Yak) _
atllaz...ak aa]dz...ak . (932)

The norm of each scalar term in the sum of F is nonnegative.

c. We have learned that in both spaces — Grassmann and Clifford — norms of
basic states can be defined so that the states, which are eigenvectors of the Cartan
subalgebra, are orthogonal and normalized using the same integral.

Studying the second quantization procedure in Subsect. 9.2.3 we learn that
not all 24 states can be represented as creation and annihilation operators, either
in the Grassmann or in the Clifford case, since they must — in both cases — fulfill
the requirements for the second quantized operators, either for states with integer
spins in Grassmann space or for states with half integer spin in Clifford space.

9.2.2 Actions in Grassmann and Clifford space

Let us construct an action for free massless particles in which the internal degrees
of freedom will be described: i. by states in Grassmann space, ii. by states in
Clifford space. In the first case the internal degrees of freedom manifest the integer
spin, in the second case the internal degrees of freedom manifest the half integer
spin.

While the action in Clifford space is well known since long [22], the action in
Grassmann space must be found. We shall represent it here. In both cases we look
for actions for free massless states in ((d — 1) + 1) space °. States in Grassmann
space as well as states in Clifford space will be organized to be — within each of
the two spaces — orthogonal and normalized with respect to Eq. (9.27). We choose
the states in each of two spaces to be the eigenstates of the Cartan subalgebra
— with respect to S¢° in Grassmann space and with respect to $¢° and 5% in
Clifford space, Eq. (9.84).

In both spaces the requirement that states are obtained by the application of
creation operators on the vacuum states — b? obeying the commutation relations
of Eq. (9.48) on the vacuum state [¢poq >= [1 > in Grassmann space, and Bf‘
obeying the commutation relation of Eq. (9.60) on the vacuum states [{oc >,
Eq. (9.67), in Clifford space — reduces the number of states, in Clifford space more
than in Grassmann space. But while in Clifford space all physically applicable
states are reachable by either $®° (defining family members quantum numbers)

®In (3 + 1) space the mass is due to the interaction of particles with the scalar fields, with
which the particles interact in ((d — 1) + 1) space.
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or by $2° (defining family quantum numbers), the states in Grassmann space,
belonging to different representations with respect to the Lorentz generators, seem
not to be connected.

a. Action in Clifford space

In Clifford space the action for a free massless object must be Lorentz invariant
a, 1 i a
A =1 d% 3 WY v*pad) + hec., (9.33)

Pa = i 32, leading to the equations of motion

Ypab* > =0, (9.34)

which fulfill also the Klein-Gordon equation

YPaY Pulby > = pipaly >=0,
(9.35)

for each of the basic states (p¢ >. Correspondingly v° appears in the action since
we pay attention that

Sab'[‘ YO _ VO Sab
- )
STy% =057,
S = e TWar(3THLE) (9.36)

We choose the basic states to be the eigenstates of all the members of the
Cartan subalgebra, Eq. (9.84). Correspondingly all the states, belonging to different
values of the Cartan subalgebra — they differ at least in one value of either the
set of S4P or the set of $¢°, Eq. (9.84) — are orthogonal with respect to the scalar
product defined as the integral over the Grassmann coordinates, Eq. (9.27), for
a chosen vacuum state. Correspondingly the states generated by the creation
operators, Eq. (9.65), on the vacuum state, Eq. (9.67), are orthogonal as well (both
last equations will appear later).

b. Action in Grassmann space

We define here the action in Grassmann space, for which we require — simi-
larly as in the Clifford case — that the action for a free massless object
0 .1
T
W) 3 (6% aq +1"0%pa)d}t, (9.37)
is Lorentz invariant. We use the integral also over 8¢ coordinates, with the weight
function w from Eq. (9.27). Requiring the Lorentz invariance we add after ¢ the
operator Y& (y& = (1 — 26‘169%)), which takes care of the Lorentz invariance.
Namely

A = %{J d4x d0 w ($T(1 —26°

sabf (1 —zeoi) (1 —zeoi) sab

060 060
) d o
ST (1 —ZGOW) = (1 —290@)5 T

S — e 3 Wan(LUTH8%T) (9.38)
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while 0¢, % and p¢ transform as Lorentz vectors. The equation of motion follow
from the action, Eq. (9.37),

T 9909 \ga 9009 ygayt 0 _
21020025700 4+ (12002109 ) pa6f > =0, (939)

as well as the Klein-Gordon equation

(1260 210°p)! 0°puld > = p*pald >=0, (9.40)
for each of the basic states ip{* >.

c. We learned:

In both spaces — in Clifford and in Grassmann space — there exists the action,
which leads to the equations of motion and to the corresponding Klein-Gordon
equation for free massless particles. In both cases we use the operator, which does
not change the Clifford or Grassmann character of states.

We shall see that, if one identifies the creation operators in both spaces with
the products of odd numbers of either 6 (in the Grassmann case) or y¢ (in
the Clifford case) and the annihilation operators with their Hermitian conjugate
operators, the creation and annihilation operators fulfill the anticommutation
relations, required for fermions. The internal parts of states are then defined by the
application of the creation operators on the vacuum state. But while the Clifford
algebra defines spinors with the half integer eigenvalues of the Cartan subalgebra
operators of the Lorentz algebra, the Grassmann algebra defines states with the
integer eigenvalues of the Cartan subalgebra.

9.2.3 Second quantization of Grassmann vectors and Clifford vectors

States in Grassmann space as well as states in Clifford space are organized to be
— within each of the two spaces — orthogonal and normalized with respect to
Eq. (9.27). All the states in each of spaces are chosen to be eigenstates of the Cartan
subalgebra — with respect to S*° in Grassmann space, and with respect to $°
and $¢ in Clifford space, Eq. (9.84).

In both spaces the requirement that states are obtained by the application
of creation operators on vacuum states — 6? obeying the commutation relations
of Egs. (9.42, 9.48) on the vacuum state |4 >= |1 > for Grassmann space, and
'6{" obeying the commutation relation of Eq. (9.60) on the vacuum states \p,c >,
Eq. (9.67), for Clifford space — reduces the number of states arranged into the
representations of the Lorentz group. The reduction of degrees of freedom depends
onwhether d = 2(2n+1) or d = 4n, nis a positive integer. The second quantization
procedure with creation operators expressed by the product of Grassmann or
Clifford objects requires that the product has an odd number of objects.

We shall pay attention in this paper almost only to spaces with d = 2(2n+1) °.

® The main reason that we treat here mostly d = 2(2n + 1) spaces is that one Weyl
representation, expressed by the product of the Clifford algebra objects, manifests in
d = (1 4+ 3) all the observed properties of quarks and leptons, if d > 2(2n +1),n = 3.
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We define in Grassmann space creation operators by an odd number of factors
of superposition of 0¢’s and annihilation operators by Hermitian conjugation of the
corresponding creation operators. In Clifford space we define creation operators by
an odd number of factors of superposition of y*’s and the annihilation operators
by Hermitian conjugate creation operators. Each basic state is a product of factors
chosen to be eigenstates of the Cartan subalgebra of the Lorentz algebra.

But while in Clifford space all physically applicable states are reachable
either by S¢° or by 5¢?, the states, belonging to different groups with respect to
the Lorentz generators, in Grassmann space two different representations of the
Lorentz group are not connected by the Lorentz operators.

Let us construct creation and annihilation operators for the cases that we use
a. Grassmann vector space, b. Clifford vector space. We shall see that from 2¢
states in either of these two spaces there are reduced number of states generated
by the creation operators, which fulfill the requirements for the creation and their
Hermitian conjugate annihilation operators.

a. Quantization in Grassmann space

There are 2¢ states in Grassmann space, orthogonal to each other with respect
to Eq. (9.27). To any coordinate there exists the conjugate momentum. We pay
attention in what follows mostly to spaces with d = 2(2n+1), although also spaces
with d = 4n will be treated. In d = 2(2n+1) spaces there are 4% states, Eq. (9.51),
divided into two separated groups of states, all states of one gzrozup reachable from
a starting state by S®°. These states are Grassmann odd products of eigenstates
of the Cartan subalgebra. We use these products to define the creation operators
and their Hermitian conjugate operators as the annihilation operators, fulfilling
requirements of Eq. (9.41, 9.42). Let us see how it goes.

If 591 is a creation operator, which creates a state in the Grassmann space
when operating on a vacuum state o4 > and '6? = (B? T)T is the corresponding an-
nihilation operator, then for a set of creation operators B? " and the corresponding
annihilation operators 5? it must be

Bie‘d)og > = O»
6oy > #0. (9.41)
We first pay attention on only the internal degrees of freedom — the spin.
Choosing 5% = 5 it follows
BET =09,
0
0 _
/6(1 - J0a )

(68,60} lbog > = Sabldog >,
69,60} bog > =0,
{657, 60 L dog > =0,
610 [bog > = 8% dog >,
6 oy > =0. (9.42)
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The vacuum state |4 > is in this case [1 >.

The identity I (I = I) can not be taken as a creation operator, since its
annihilation partner does not fulfill Eq. (9.41).

We can use the products of superposition of 6%’s as creation and products
of superposition of %’s as annihilation operators provided that they fulfill
the requirements for the creation and annihilation operators, Eq. (9.48), with the
vacuum state [¢oq >= |1 >. In general they would not. Only an odd number of 6¢
in any product would have the required anticommutation properties.

It is convenient to take products of superposition of vectors 0 and 0° to
construct creation operators so that each factor is the eigenstate of one of the Cartan
subalgebra member of the Lorentz algebra (9.84). We can start with the creation
operators as products of § states Biibi = % (09 4 €0°t). Then the corresponding
annihilation operators have ¢ factors of Bgibi = %(% + e*%bi), e =1, if
N%i% =nbibiand e = —1,if @19 £nbibi,

In d =2(2n + 1), nis a positive integer, we can start with the state

697 > = (i)i (0° —03)(0" +162)(0° +1i0°)--- (897" +109)1 > . (9.43)
7
The rest of states, belonging to the same Lorentz representation, follows from the
starting state by the application of the operators S¢f, which do not belong to the
Cartan subalgebra operators.
Let us add that in d = 4n we should start with the state

N

|d)191 > |4n ==
1 .4
(—)271(0° —03)(0" +102)(0° +10°)--- (0973 + 1097204041 > . (9.44)
V2

Again the rest of states, belonging to the same Lorentz representation, follow from
the starting state by the application of the operators S¢, which do not belong to
the Cartan subalgebra operators.

i. Taking into account Egs. (9.8, 9.9, 9.43) one can propose the following
starting creation operator and the corresponding annihilation operator

BNt = (\}2)‘2‘ (6% —03)(08" +102)(6° +16°)--- (094" +i09),
o1 _l.e, 3 23 3 2
b = (5" (Gga ~t5ea) (G0 ~ 35

ford=2(2n+1),

BN — (i)%—‘ (00 —03)(8" +16%)(6° +10°)--- (0973 +ipd-2)pd-Tpd

V2
1 4 ) d d ) 0 0
o1 __ o L1 1 —
b = (27 e gea 7 Beas ~aea ) (Gae ~ Bes)
ford =4n. (9.45)

The rest of the creation operators belonging to this group in either d = 2(2n+1) or
in d = 4n follows by the application of all the operators S¢¥, which do not belong
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to the Cartan subalgebra operators. The corresponding annihilation operators
follow by the Hermitian conjugation of a particular creation operator. One finds,
for example for d =2(2n + 1),

1 .4
B = (—) %1 (0°0° +1070%)(0° +1i0°)--- (097 +109),
; (ﬁ) ( )( ) ( )
1 4 d d 0 9 0 9
01 _ PR 7_1 1 —1
5 = (5" (e ~igea) " (5g5 200 ~ 0z 207
(9.46)
For d = 4n one finds equivalently
/BjEHT — (\}2)32 (9093 +19192)(95 _'_196) (edff’) _’_iedfz) ed719d)

1 .4, 0 0 d d 0 9 0 9
g1 — (L )42 i i _
7 =3 BeageaT (Geas ~igeaz) (55 e ez dar)

(9.47)

It was taken into account in the above two equations that S°! transforms (% )2(0%—
93)(0' +1i08?) into % (0°0% +10'02) and that any S%¢ (a # c), which does not be-
long to Cartan subalgebra, Eq.(9.82), transforms (\%)2 (0% +10°)(0° +1i04) (a # ¢
anda #d,b # cand b # d,n% =n"?) into %(eaeb + 0°04). The states are
normalized and the simplest phases are chosen.

One finds that S (0 + €0°) = Fi %(9‘1 +€0%), e =1 forn®® =1 and
e = iforn®® = —1, while either S%° or S¢¢, applied on (090" + €0°04), gives
zZero.

Although all the states, generated by creation operators, which include one
(I + €090°) or several (I + €0910°1) ... (I + €09x0%), are orthogonal with re-
spect to the scalar product, Eq.(9.28), their Hermitian conjugate values include
I, which, when applying on the vacuum state [¢po4 >= |1 >, does not give zero.
Correspondingly such creation operators do not have appropriate annihilation
partners, which would fulfill Egs. (9.41, 9.42).

However, creation operators which are products of several 0’s, let say n with
n=24... %71 — always of an even number of 6’s, since S2P is a Grassmann even
operator, 091 - - - 0% (factors 090° can be “eigenstates” of the Cartan subalgebra
operators provided that S belong to the Cartan subalgebra: S**096°|1 >= 0)
— can appear in the expression for a creation operator, provided that the rest of
expression has an odd number of factors (% —n (with "eigenvalues” either (+1 or
—1) or (+i or —i), as can be seen in the states of Egs. (9.45, 9.46, 9.47)). Then such
creation and annihilation operators fulfill the relations, we skip the index 1 in 6"
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and in b} 1

{69,677} 1dpog > = 8ij bog >,
(69,69} |bog > =0 ldog >,
{677,611 pog > =0 ldog >,
/B?T'd)og > = |¢p; >
6 lhog > =0ldog > . (9.48)

It is not difficult to see that states included into a representation, which started
with 697 as presented in Eq. (9.45) for d = (2n + 1)2 and 4n spaces, have the
properties, required by Eq. (9.48):

i.a.Inany d-dimensional space the product 52 - - - &=, with all different
a; (also if all or some of them are equal, since (5 g -)? =0),if applied on the vacuum
|1 >, is equal to zero. Correspondingly the second equation and the last equation
of Eq. (9.48) are fulfilled.

i.b. In any d space the product of different 6¢s — 6¢1692 ... 09+ with all
different 8’s (a; # a;) for all a; and a; — applied on the vacuum |1 > is different
from zero. Since all the 0’s, appearing in Egs. (9.45, 9.46, 9.47) are different, forming
normalized states, the fourth equation of Eq. (9.48) is fulfilled.

i.c. The third equation of Eq. (9.48) is fulfilled provided that there is
an odd number of 0% in the expression for a creation operator. Then, when in
the anticommutation relation different 8¢’s appear (like in the case of d = 6
{6°0305,0'020°}, ), such a contribution gives zero. When two or several equal 0’s
appear in the anticommutation relation, the contribution is zero (since (8¢)? = 0).

i.d. Also for the first equation in Eq. (9.48) it is not difficult to show that it is
fulfilled only for a particular creation operator and its Hermitian conjugate: Let us
show this for d = 1+3 and the creation operator % (0°—03) 8702 and its Hermitian
conjugate (annihilation) operator: %{ 2 2 (35 — =37), %(60 —03)0'0%),.
Applying (35 — 5%3) on (8° — 82) gives two, while -3 —2+ applied on 662
gives one.

ii. There is additional group of creation and annihilation operators which
follows from the starting state

02
b7 > L22nt+1) =

(21309 1 0%)(0" +102)(6% +105) - - - (093 + 109-2) (94~ + i09) ,

V2
ford=2(2n+1),
M)]OZ > |4n =
(\}2)%‘—‘ (0° +03)(0" +162)(0° +i0°)--- (0973 +1p9-2) o194
ford =4n. (9.49)

These two states can not be obtained from the previous group of states, presented
in Egs. (9.43, 9.44) by the application of S¢f, since each S¢ changes an even number
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of factors, never an odd one. Correspondingly both starting states form a new
group of states, the firstin d = 2(2n + 1), the second in d = 4n. All the rest states
of this new group of states in either d = 2(2n + 1) or in d = 4n follow from the
starting one by the application of S¢. The corresponding creation and annihilation
operators are

1 4
bor = (5" (0° +03)(0" +10%)(6% +16°) - - (09T +ip9),
1 4, 0 d o 2
02 _ (' 9 s
or = (77)° (Gga ~igea) (g0 T g3 )

ford =2(2n+1),

1
bo7 = (—=)2 7" (0°+0%)(0" +107)(0° +1i0°) -~ (0973 + 1097 2)9 04,

V2
1 4 0 0 0 0 0 0
02 _ (1 y4q s
01 — (\/Z)Z aed aed—] ( aed—3 1 aed—z) ( aao + 663)’
ford =4n. (9.50)

As in the first case all the rest of creation operators can be obtained from the
starting one, in each of the two kinds of spaces, by the application of $%¢, and
the annihilation operators by the Hermitian conjugation of the creation operators.
Also all these creation and annihilation operators fulfill the requirements for the
creation and annihilation operators, presented in Eq. (9.48).

One can choose as the starting creation operator of the second group of
operators by changing sign instead of in the factor (0° —03) in the starting creation
operator of the first group in any of the rest of factors in the product. In each case
the same group will follow.

Let us count the number of states with the odd Grassmann character in
d=2(2n+1).

There are in (d = 2) two creation ((0° = 0', for n®®* = diag(1,—1)) and
correspondingly two annihilation operators (%5 F —27), each belonging to its
own group with respect to the Lorentz transformation operators, both fulfill
Eq. (9.48).

It is not difficult to see that the number of all creation operators of an odd
Grassmann character in d = 2(2n + 1)-dimensional space is equal to ﬁ.

We namely ask: In how many ways can one put on $ places d different
6%’s. And the answer is — the central binomial coefficient for x# 17 — with all
x different. This is just 2. But we have counted all the states with an odd

2°2°

Grassmann character, while we know that these states belong to two different
groups of representations with respect to the Lorentz group.

Correspondingly one concludes:There are two groups of states in d = 2(2n+ 1)
with an odd Grassmann character, each of these two groups has

d!
!

(9.51)

N —
[N][9
Nl

members.
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In d = 2 we have two groups with one state, which have an odd Grassmann
character, in d = 6 we have two groups of 10 states, in d = 10 we have two groups
of 126 states with an odd Grassmann characters. And so on.

Correspondingly we have in d = 2(2n + 1)-dimensional spaces two groups

of creation operators with 1 % members each, creating states with an odd
ESEY

Grassmann character and the same number of annihilation operators. Creation
and annihilation operators fulfill anticommutation relations presented in Eq. (9.48).
The rest of creation operators [and the corresponding annihilation operators]
have rather opposite Grassmann character than the ones studied so far — like 6°0!
sorsoslind = (1+1) (6° F03)(6" £16%) [(53+ Fi537)(55s F 5971, 6°636'62
T 39T 395 aoslind = (3+1).
All the states |¢? >, generated by the creation operators, Eq. (9.48), on the vac-
uum state |4 > (= |1 >) are the eigenstates of the Cartan subalgebra operators

and are orthogonal and normalized with respect to the norm of Eq. (9.27)

—
Q| @
[eVer)

< PPIPY > =8y (9.52)

If we now extend the creation and annihilation operators to the ordinary
coordinate space, the relations among creation and annihilation operators at one
time read

X), 67T (X))} [dog > = 8} 8(X — X')dog >,
{69(x), 59 (X)}s [dog > = 0 |bog >
B3, 6T (%)} 1dog > =0 [dog >,
69 (X)|pog > =0 Idog >
lpog >=11>. (9.53)

Again the index 1 or 2 in (697, 671") or in (692, 671?) is kept.
b. Quantization in Clifford space

In Grassmann space the requirement that products of eigenstates of the Cartan
subalgebra operators represent the creation and annihilation operators, obeying
the relations of Eq. (9.48), reduces the number of states from 24 (allowed in the
first quantization procedure) to two isolated groups of J E 5‘ - (There is no operator

that determines the family quantum number and would connect both isolated
groups of states.)

Let us study what happens, when, let say, y%’s are used to create the basis
and correspondingly also to create the creation and annihilation operators.

Let us point out that y¢ is expressible with 0¢ and its derivative (y“
(0 + ae )), Eq. (9.17), and that we again require that creation (ann1h11at1on)
operators create (annihilate) states, which are elgenstates of the Cartan subalgebra,
Eq. (9.84). We could as well make a choice of ¢ = 1(0¢ — ) instead of y*’s to
create the basic states 7. We shall follow here to some extent Ref. [19].

7 In the case that we would choose ¥%’s instead of y*’s, Eq.(9.17), the role of ¥* and y*
should be then correspondingly exchanged in Eq. (9.92).
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Making a choice of the Cartan subalgebra eigenstates of $*°, Eq. (9.84),

T]Cla b ab 1
Y )y (k]:= 3

(v* + (1 + v ay®y, (9.54)

ab
where k? =n%n’?, recognizing that the Hermitian conjugate values of (k) and
ab
(k] are

cxb]L ab c1bJr ab
(k) =n*® (=k), [k] =[], (9.55)

while the corresponding eigenvalues of sab, Eq. (9.56), and Sab, Eq. (9.101), are

ab ab _1 ab ab ab_l ab
ST (k) = 2k(k), S [kl= zk[k]

- ab k ab " ab k ab

§ab (k) = 5 (), §a® [k]= —3 [, (9.56)
we find in d = 2(2n + 1) that from the starting state with products of odd number
of only nilpotents

03 12 35  d-3d-2 d-1d
Wi > heneny = FH)EE) - () (#) Woe >, (9.57)

having correspondingly an odd Clifford character 8, all the other states of the same
Lorentz representation, there are 271 members, follow by the application of $¢4
(which do not belong to the Cartan subalgebra) on the starting state °, Eq. (9.84):
SCAp] > [22ns1) = ! > [22n41)-

The operators 54, which do not belong to the Cartan subalgebra of Eq. (9.84),

generate states with different eigenstates of the Cartan subalgebra (5%, §2, §5¢,

,§4-1d) we call the eigenvalues of their eigenstates the “family” quantum
numbers. There are 27~ families. From the starting new member with a different
“family” quantum number the whole Lorentz representation with this ”family”
quantum number follows by the application of S¢f: S¢f Sc¢dppl > |, 5. =
Iwi > [3(2n+1)- All the states of one Lorentz representation of any particular
”family” quantum number have an odd Clifford character, since neither $¢¢ nor
Scd both with an even Clifford character, can change this character.

We are interested only in states with an odd Clifford character, in order that
the corresponding creation operators defining these states when being applied
on an appropriate vacuum state, and their annihilation operators, will fulfill
anticommutation relations required for spinors with half integer spin. We shall
discuss the number of states with an odd Clifford character after defining the
creation and annihilation operators.

8 We call the starting statein d = 2(2n + 1) [y > |2(zn+1), and the starting state in d = 4n
Ill)} > ‘4n~

? The smallest number of all the generators $*¢, which do not belong to the Cartan subal-
gebra, needed to create from the starting state all the other members, is 291 _ 1. This is
true for both even dimensional spaces — 2(2n + 1) and 4n.
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For d = 4n the starting state must be the product of one projector and 4n — 1
nilpotents applied on an appropriate vacuum state, since we again require that
the corresponding creation and annihilation operators fulfill the anticommutation
relations.

Let us start with the state

03 12 35  d-3d-24d-1d
Wi >lan = (F)(H(H) - () [H [boe >, (9.58)

All the other states belonging to the same Lorentz representation follow again by
the application of $¢¢ on this state )] > |45, while a new family starts by the
application of SCdlll)} > |4n and from this state all the other members with the
same “family” quantum number can be generated by S¢*S¢d on [} > |45,: S¢75¢4
W] > lan =) > lan.

All these states in either d = 2(2n + 1) space or d = 4n space are orthogonal
with respect to Eq. (9.27).

However, let us point out that (y¢)" = y9n2?. Correspondingly it follows,

abf ab abl ab

Eq. (9.55), that (k) =n%® (—k), and [k] =[K].

Since any projector is Hermitian conjugate to itself, while to any nilpotent
ab
(k) the Hermitian conjugated one has an opposite k, it is obvious that Hermitian

conjugated product to a product of nilpotents and projectors can not be accepted
as a new state 1°.

The vacuum state [\, > ought to be chosen so that < Poc[Poc >= 1, while

03 12 56 78

all the states belonging to the physically acceptable states, like [+i][+][—][—]
d-3d-2 d-14d

(+) (+) Woc >in d = 2(2n + 1), must not give zero for either

d = 2(2n + 1) or for d = 4n. We also want that the states, obtained by the

application of ether $¢¢ or §¢¢ or both, are orthogonal. To make a choice of the

vacuum it is needed to know the relations of Eq. (9.88). It must be

abJr ab
<Wocl- (k) ool (K)o boe > = Sk
abJr ab
<1-')oc|"'[k} "'|"'[k/]"'|1~boc>:6kk’)
qu ab
<ocl- [ o] (k) - lboe > = 0. (9.59)

Our experiences in the case, when states with the integer values of the Cartan
subalgebra operators were expressed by Grassmann coordinates, teach us that the
requirements, that creation and annihilation operators must fulfill, influence the
choice of the number of states, as well as of the vacuum state.

03 12 35 d—3 d—2d—14d
10 We could as well start with the state ip] > Lansn =(=)(=)=) -+ (=) (=) Woe >
03 12 35 d—3 d—2d—1d
for d = 2(2n + 1) and with [P} > |an =(—1)(=)(=) -+ (=) [=] [Poc > in the case of

d = 4n. Then creation and annihilation operators will exchange their roles and also the
vacuum state will be correspondingly changed.
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Let us first repeat therefore the requirements which the creation and annihila-
tion operators must fulfill

(687,607 hoe > = 8% Skhboc >,
(68 B2 Woe > = Oloe >,
B0 oe > = Ohboc >,
B oc > = Opoc >,
B Tpoe > = (Y >, (9.60)

paying attention at this stage only at the internal degrees of freedom of the states,
that is on their spins. Here («, 3, ... ) represent the family quantum number de-
termined by $¢¢ and (i,j, .. .) the quantum number of one representation, deter-
mined by $%¢ and index v is to point out that these creation operators represent
Clifford rather than Grassmann objects. In what follows we shall skip the index v,
since either states or creation and annihilation operators carry two indexes, while
in Grassmann case there is no family quantum number.

From Egs. (9.57, 9.58) is not difficult to extract the creation operator which,
when applied on the vacuum state for either d = 2(2n + 1) or d = 4n, generates
the starting state .

i. One Weyl representation

We define the creation B}T — and the corresponding annihilation operator
bl = (B;T)T — which when applied on the vacuum state \p,. > create a vector of
one of the two equations (9.57, 9.58), as follows

1 03 12 56 d—14d
b= () - (1),
d—-14d 56 12 03
bl:= (=) - (),
ford =2(2n+1),
1 03 12 56 d-3d-2 d-1d
= () - ) M,
; d—1,dd—2 d—3 56 12 03
bl:= [ () - (D),
ford =4n. (9.61)

We shall call the B}TN)OC >, when operating on the vacuum state, the starting
vector of the starting ”family”.

Now we can make a choice of the vacuum state for this particular “family”
taking into account Eq. (9.88)

03 1256 d-1d
Woe >=[—l[-]I-]--- [-] 0>,

03 12 56 d—

Woe > = [HIH[-] -+ [H] [+] 10>,
ford =4n, (9.62)
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1 is a positive integer, so that the requirements of Eq. (9.60) are fulfilled. We
see: The creation and annihilation operators of Eq. (9.61) (both are nilpotents,
(6;12 = 0and (b1)? = 0), b}" (generating the vector ] > when operating on the
vacuum state) gives ﬁ} Tle)oC > 0, while the annihilation operator annihilates the
vacuum state b}y >= 0, giving {b], B}Thllboc >= o >, since we choose the
appropriate normalization, Eq. (9.54).

All the other creation and annihilation operators, belonging to the same
Lorentz representation with the same family quantum number, follow from the
starting ones by the application of particular $%¢, which do not belong to the
Cartan subalgebra (9.82).

We call By the one obtained from B}T by the application of one of the four

generators (S°1, S92, S31, $32). This creation operator is for d = 2(2n + 1) equal to
. 031235 a-1d . 031256 d-1d
By =[] (+) --- (+) , whileitis for d = 4n equal to b} =[—i][-](+) --- [+] .

All the other family members follow from the starting one by the application of
different S¢', or by the product of several S9™.
We accordingly have

1 a e 1
b oc SePLSeB) T,
b] oc b]Sef..sab, (9.63)

with $4T =naanbbgab We shall make a choice of the proportionality factors so
that the corresponding states [\p] >= Bngll)oc > will be normalized.
We recognize that [19]:

ia. (6!")2=o0and (6])2 =0, foralli.

ab cd

To see this one must recognize that S2¢ (or $¢, $¢4, S*4) transforms (+)(+) to
ab cd
[—][—], that is an even number of nilpotents (+) in the starting state is transformed

into projectors [—] in the case of d = 2(2n + 1). For d = 4n, $%¢ (or SP¢, ¢4 /§bd)
ab cd ab cd
transforms (+)[+] into [—](—). Therefore for either d = 2(2n + 1) or d = 4n at

least one of factors, defining a particular creation operator, will be a nilpotent. For

d =2(2n + 1) there is an odd number of nilpotents, at least one, leading from the
dg d—1d
starting factor (+) in the creator. For d = 4n a nilpotent factor can also be (—)
d—1d d-14d
(since [+] can be transformed by $¢¢~, for example into (—) ). A square of

at least one nilpotent factor (we started with an odd number of nilpotents, and
oddness can not be changed by S°?), is enough to guarantee that the square of
the corresponding (b!")2 is zero. Since 6! = (b!")1, the proof is valid also for
annihilation operators.

ib. 6!/Thoe ># 0and bW >= 0, for all i.

To see this in the case d = 2(2n + 1) one must recognize that ! distinguishes
from 6} in (an even number of) those nilpotents (+), which have been transformed

[ back,
d-14d

into [—]. When [ ] from 'B " meets [ ] from [P, >, the product gives ]
1
and correspondingly a nonzero contribution. For d = 4n also the factor [+] can
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d—14d
be transformed. It is transformed into (—) which, when applied to a vacuum
d-1d d-1d d-14d
state, gives again a nonzero contribution ( (—) [+] = (—) , Eq. (9.88)).
In the case of b} we recognize that in BET at least one factor is nilpotent; that

of the same type as in the starting BJ{ — (4+) — or in the case of d = 4n it can be
d—14d
also (—) . Performing the Hermitian conjugation (BET)T, (+) transforms into (—),
d-1d d-14d d—1dd—14d
while (—) transformsinto (+) in 'Bg. Since (—)[—] gives zero and (+) [+]
also gives zero, b! [ >= 0.

i.c. {B”,Bﬁh =0, for each pair (i,j).

1
There are several possibilities to be discussed. A trivial one is, if both B:T and

B;T have a nilpotent factor (or more than one) for the same pair of indexes, say
(lfl—l). Then the product of such two (j—l) (]fl—l) gives zero. It also happens, that Bi”
has a nilpotent at the place (kl) ([0—3} e (:}) e T[in] -+-) while 6]1 fhasa nilpotent
at the place (mn) ([0—3] [k—l} (Tr—L|—n) -+-). Then in the term 'BET'B;T the product
mnmn kl kl

[—](+) makes the term equal to zero, while in the term 'B; TB;T the product [—](+)
makes the term equal to zero. There is no other possibility in d = 2(2n + 1). In

03 ij a-14d
the case that d = 4n, it might appear also that B:T =[] (+) -+ [+] and
w03 ij a-1d ) TN d—1dd—14d
'6]. =[-]---[-] -+ (=) . Then in the term /Bi Bj the factor [+] (—) makes

ij i
it zero, while in '6)1 TBET the factor [—](+) makes it zero. Since there are no further
possibilities, the proof is complete.
id {b], 'B; }+ = 0, for each pair (i,j).

1
The proof goes similarly as in the case with creation operators. Again we treat

several possibilities. 61 and B]] have a nilpotent factor (or more than one) with the
same indexes, say (k—l). Then the product of such two (k—l)(k—l) gives zero. It also
happens, that b! has a nilpotent at the place (kl) (- - - 0. (k—l) e [0—3]) while b]
has a nilpotent at the place (mn) (- - - (m—T3 e [k—l] e [0—3]). Then in the term b! B} the
product (k—l) [k—l] makes the term equal to zero, while in the term 'B)‘ b} the product
(h:n) 1[11—? makes the term equal to zero. In the case that d = 4n, it appears also that

d—14d ij 03 a—1d i 03
bl = [+ - (=) [-land 8]] = (+) ---[-]--- [-]. Then in the term 336; the
i i d-1d d-14d

factor (—)[—] makes it zero, while in 6; B{ the factor (+) [+] makes it zero.
ie. {Bz ) B]'”L}+|L|)oc >= 6ij N’oc >
To prove this we must recognize that b! = 6;5¢7..5¢* and b]T = Sb..S¢7};.
Since any b! e >= 0, we only have to treat the term b} 'B).]T. We find b! 6; T
lm 03 03 lm :
(=) --- (—)Sef .. sabstm L gPT (1) ... (4) ... If we treat the term B{Bif,
generators S¢f ... SaPSIM ... SPT are proportional to a number and we normalize
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< Poelb! QTN)OC > to one. When S¢f ... SabSlm ... SPT are proportional to several

' 03 kl np
products of $¢4, these generators change b," into (+) --- [-] --- [-] -- -, making
Kl Kkl
the product b! 6; I equal to zero, due to factors of the type (—)[—]. In the case of

d—1d d-14d
d =4nalsoafactor [+] (—) might occur, which also gives zero.

We saw and proved that for the definition of the creation and annihilation operators,
Eq. (9.61), for states in Eqs. (9.57, 9.58) and further for all the rest of creation and
annihilation operators, Eq. (9.63), and for the choice of the vacuum states, Eq. (9.62),
all the requirements of Eq. (9.60) are fulfilled, provided that creation and correspondingly
also the annihilation operators have an odd Clifford character, that is that the number of
nilpotents in the product is odd.

For an even number of factors of the nilpotent type in the starting state and
accordingly in the starting '6} !, an annihilation operator b! would appear with all
factors of the type [—], which on the vacuum state (Eq.(9.62)) would not give zero.

ii. Families of Weyl representations

Let 6% " be a creation operator, fulfilling Eq. (9.60), which creates one of the
(24/2=1) Weyl basic states of an a—th “family”, when operating on a vacuum state
[Woe > and let b = (b )T be the corresponding annihilation operator. We shall
now proceed to define b T and 6% from a chosen starting state (9.57, 9.58), which
6}* creates on the vacuum state [P >.

When treating more than one Weyl representation, that is, more than one
”family”, we must take into account that: i. The vacuum state chosen to fulfill
requirements for second quantization of the starting family might not and it will
not be the correct one when all the families are taken into account. ii. The products
of §9°, which do not belong to the Cartan subalgebra set of the generators 5¢°,
when being applied on the starting family {1, generate the starting member ¢
of each of the remaining families. There is correspondingly the same number of
“families” as the number of vectors of one Weyl representation, namely 2¢/2-1,
Then the whole Weyl representation of a particular family ¢ follows again with
the application of S¢f, which do not belong to the Cartan subalgebra of S%° on
this starting « family state.

Any vector [p$ > follows from the starting vector, Egs. (9.57, 9.58), by the
application of either $¢f, which change the family quantum number, or S9", which
change the member of a particular family (as it can be seen from Egs. (9.90, 9.102))
or with the corresponding product of ¢ and 5¢f

W& > oc §9P .. §efppl >oc §ab ... Sefgmn . gPry ] > (9.64)
Correspondingly we define '/Bf‘ 1 (up to a constant) to be

BT o §ab...Gefgmn . gprpli
oc MM gPThTgab L gef, (9.65)

This last expression follows due to the property of the Clifford object ¥¢ and
correspondingly of $¢°, presented in Egs. (9.92, 9.93).



9 Why Nature Made a Choice of Clifford and not Grassmann Coordinates? 199
For b% = (b3")f we accordingly have
b = (6T oc sef... sabplgpr...gmn (9.66)

The proportionality factor will be chosen so that the corresponding states [{p* >=
Bf‘ "poe > will be normalized.
We ought to generalize the vacuum state from Eq. (9.62) so that b* Moe >#0

and b% [, >= 0 for all the members i of any family «. Since any $¢9 changes
ef gh ef gh ab ab ab ab ab
(+) (+) into [+] [+] and [+] T =[+], while (+) T (+)=[-], the vacuum state (P, >

from Eq. (9.62) must be replaced by

N’oc >=
03 12 56 d-1d 03 12 56 d—1d 03 12 56 a-1d
U H e D I 410>
ford =2(2n + 1),
Woc >=
03 12 35 d-3d-2d-1d 03 12 56 d-3d-2 d-1d
Y| B e B o B B e N £ S S
for d = 4n, (9.67)
n is a positive integer. There are 271 summands, since we step by step replace all
ab ef 03 12 35 a—1d 03 12 35
possible pairs of [] - - - [-] in the starting part [-i][-][-] --- [-] (or [—i][-][-]
d—3d-2d-1d ab

ef
[-] [+] )into [+] - -+ [+] and include new terms into the vacuum state so
that the last 2n + 1 summands have for d = 2(2n + 1) case, n is a positive integer,

only one factor [—] and all the rest [+], each [—] at different position. For d = 4n
a-14d 03 12 35 d-3d-2d-14
also the factor [+] in the starting term [—i][-][-] --- [-] [+] changes to
d-14d
[~] . The vacuum state has then the normalization factor 1/v24/2-1,

There is therefore
2971281 (9.68)

number of creation operators, defining the orthonormalized states when applying
on the vacuum state of Egs. (9.67) and the same number of annihilation operators,
which are defined by the creation operators on the vacuum state of Egs. (9.67).
Sab connect members of different families, S®° generates all the members of one
family.

We recognize that:

ii.a. The above creation and annihilation operators are nilpotent — (6{1 H2 =
0 = (b2)2 — since the ”starting” creation operator B}T and annihilation operator
b¢ are both made of the product of an odd number of nilpotents, while products
of either S@° or $%° can change an even number of nilpotents into projectors. Any
b " is correspondingly a factor of an odd number of nilpotents (at least one) (and
an even number of projectors) and its square is zero. The same is true for Bf

ii.b. All the creation operators operating on the vacuum state of Eq. (9.67)
give a non zero vector — 6? f [Woc ># 0 — while all the annihilation operators
annihilate this vacuum state — b% o >= 0 for any « and any i.
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It is not difficult to see that 6{1 [Woe >= 0, for any « and any i. First we
recognize that whatever the set of factors S™™ - .. SP™ appear on the right hand

side of the annihilation operator b} in Eq. (9.66), it leaves at least one factor []
ab ab
unchanged. Since /5} is the product of only nilpotents (—) and since (—)[—]= 0,

this part of the proof is complete.

Let us prove now that b "Wee ># 0 for any « and any i. According to
Eq. (9.65) the operation S™" on the left hand side of b, with (m,n,..), which
does not belong to the Cartan subalgebra set of indices, transforms the term

03 12 lm nk d—1d 03 12 lm nk d—1d
[ - [ - ] -+ [ (or the term [~i][] -+ [] -+ [] -+ [+] ) into
03 12 lm nk d—1d 03 12 lm nk
the term [—i][—] --- (+) --- (+) --- [-] (or into the term [—i][—] --- (+) --- (+)
d—1 lm lm nk nk

------ [+] d) and 'B}T on such a term gives zero, since (+)(+)= 0 and (+)(+)= 0.
Let us first assume that S™™ is the only term on the right hand side of B}T and
that none of the operators from the left hand side of '/B}T in Eq. (9.65) has the
indices m, n. It is only one term among all the summands in the vacuum state

(Eq. (9.67)), which gives non zero contribution in this particular case, namely the
03 12 lm nk d—1d 03 12 lm nk d—1d

term [—i][—] -+ [+] -+ [+] .-+ [-] (ortheterm [—i][—] - [4+] - [+] ------ [+] ).
lm nk lm nk lm lm

S™™ transforms the part--- [+] -+ [+] --- into--- (=) --- (=) - - - and since (+)(—)

gives n't ET], while for the rest of factors it was already proven that such a factor
on B}T forms a by giving non zero contribution on the vacuum, Eq. (9.62), the
proof is complete.

It is also proved that what ever other S@° but S™™ operate on the left hand side
of B}T the contribution of this particular part of the vacuum state is nonzero. If the
operators on the left hand side have the indexes m or n or both, the contribution on
this term of the vacuum will still be nonzero, since then such a S™P will transform

lm lm lm lm
the factor (+) in B}T into [-] and [-](—) is nonzero, Eq. (9.88).

It was proven that Bf‘ i operating on the vacuum [, > of Eq. (9.67) gives a
nonzero contribution. The vacuum state has namely a term which guarantees a non
zero contribution for any possible set of S™™ - . - SPT operating from the right hand

side of B}T (that is for each family) (what we achieved just by the transformation
cd gh cd gh
of all possible pairs of [—], [-] in the vacuum into [+], [+]). (When we speak about

03
[] also [1] is understood.) It is not difficult to see that for each “family” of 2%~
families it is only one term among all the summands in the vacuum state p,c >

of Eq. (9.67), which gives a nonzero contribution, since whenever [+] appears on a
ab ab
wrong position, that is on the position, so that the product of (+) from b' and [+]

from the vacuum summand “meet”, the contribution is zero.

ii.c. Any two creation operators anticommute: {b{* 8 Bjﬁ' . =o. According
to Eq. (9.65) we can rewrite {B?T, BjﬁT}Jr, up to a factor, as {S™" - - - SWB} fgab ... gef
gm'n’...gp'r'pliga’d’ . ge’") Whatever the product $¢P - .. Sefgmn’ ... gp’r’
(or $a'®"...ge'f'gmn .. sp7) js it always transforms an even number of (+) in 6}
into [—]. Since an odd number of nilpotents (+) (at least one) remains unchanged
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in this right B}T after the application of all the S° in the product in front of it, or
a-1d a-1d
[+] transformsinto (—) , and since the left B}T is a product of only nilpotents

(+)in d = 2(2n + 1), or an odd number of nilpotents and [+] for d = 4n, while
d—1dd—14d
[+] (=) =0, the anticommutator for any two creation operators is zero.

ii.d. Any two annihilation operators anticommute: {6, 3][3 }+ = 0. According
to Eq. (9.66) we can rewrite {b%, 'BJ-B}+, up to a factor, as {SOP ... Sefplsmn ... SPT,
Sa’d’...ge'f'glgmn’ .. g’} Whatever the product S™™ ... SPTSa’®’ ... ge'f’
(or S™'M...SP'r'gab .. Gef) js it always transforms an even number of (—) in b]

into [+]. Since an odd number of nilpotents (—) (at least one) remains unchanged
da-1d
in this b] after the application of all the S®? in the product in front of it or [+]
a-14d
is transformed into (—) , and since b] on the left hand side is a product of

only nilpotents (—) for d = 2(2n + 1) (or an odd number of nilpotents and [+]
ab ab ab ab
for d = 4n), while (—)(—)= 0 and [+][-]= 0, the anticommutator of any two
annihilation operators is zero.
ii.e. Forany creation and any annihilation operator it follows: {b%, '6)[3 Ny Woe
5“5% [Woc >. Let us prove this. According to Egs. (9.65, 9.66) we may rewrite
b, B]-BT}+ up to a factor as

{Sab . Sefg}smn . Spr’sm’n' . Sp'r'B}Tsa'b' . Se'f’}+_

We distinguish between two cases. It can be that both S™™ ... §prsmn’ ... gp'r’
and S’ ...§e'f'sab ... §ef are numbers. This happens when « =  and i = j.
Then we follow i.b.. We normalize the states so that < Ppp¥ >=1.

The second case is that at least one of products S™ --- SPTS™'™" ... §P'T" and
i o ab ab ab ab
ga'b’...ge'fgab. .. gef s not a number. Then the factors like (—)[—] or [+](—) or
ab ab
(+)[+] make the anticommutator equal to zero. And the proof is completed.

Let us extend the creation and annihilation operators to the ordinary coordi-
nate space

{68(x), BT (%) |boc > = 558} 5(X — X")|doc >,
{63(x), 68 (X)}s[doe > =0 loc >,
{657 (x), 68T (')} boc > = O ldoc >,
b5 (X)doc > =0 o >,
BT (X)|Poc > = Wh¥(¥) >, (9.69)

with the vacuum state |¢,. > defined in Eq. (9.67).

c. Discrete symmetries in Grassmann space and in Clifford space in d
and in d = (3 + 1) space

Let EL [W,,] be the creation operator creating a fermion in the state ¥,, (which
is a function of X) and let ¥}, (X) be the second quantized field creating a fermion
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at position X either in the Grassmann or in the Clifford case. Then
WIW,] = J W) Wy () a4V, (9.70)
describes on a vacuum state a single particle in the state ¥
(Winy,] = J Wi (X)W, (%)d 4 Vx}vace >
so that the anti-particle state becomes

{CWI [Wpos] = J Vo (X) (CWEOS(x))d! 4 D} vac > .

We distinguish in d-dimensional space two kinds of dicsrete operators C, P and T
operators with respect to the internal space which we use.
In the Clifford case we have [21]

Cn= [T v K,

yeed
T =7 ] v* KL,
vaeR
P =4I,
Lox =—x%, Lox%=(—x%%), IgX=—X,
Ig,x% = (x%, —x", —x%, —x3,x%,x%, ..., x%). (9.71)

The product [ [ y® is meant in the ascending order in y<.
In the Grassmann case we correspondingly define

CG = IiI ‘Yg K)

yEeJye
Te=vs ] v&KlLo,
YgERYS
—1
PV =42 Ik, 9.72)

v¢ is defined in Eq. (9.11) as

0
ve = (120" ), (9.73)
00,
VVhﬂeIXXa =X /Ixoxa': 0_X0>£))I§%::'_{/
Ig,x® = (X%, —x', —x%, —x3,x%,x®, ..., xY).

Let be noticed, that since y& (= —in*®y“y?) is always real as there is y¢iy®,
while y¢ is either real or imaginary, we use in Eq. (9.72) y¢ to make a choice of
appropriate y¢. In what follows we shall use the notation as in Eq. (9.72).
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Let us define in the Clifford case and in the Grassmann case the operator
“emptying” [7,9] (arxiv:1312.1541) the Dirac sea, so that operation of “emptyingn”
after the charge conjugation Cy in the Clifford case and “emptyingc” after the
charge conjugation Cg in the Grassmann case (both transform the state put on
the top of either the Clifford or the Grassmann Dirac sea into the corresponding
negative energy state) creates the anti-particle state to the starting particle state,
both put on the top of the Dirac sea and both solving the Weyl equation, either in
the Clifford case, Eq. (9.34), or in the Grassmann case, Eq. (9.39), for free massless
fermions

‘emptying," = H v*K in Clifford space,
Rya

‘emptying ." = H v¢ K in Grassmannspace, (9.74)
Rya

although we must keep in mind that indeed the anti-particle state is a hole in the
Dirac sea from the Fock space point of view. The operator “emptying” is bringing
the single particle operator Cy in the Clifford case and Cg in the Grassmann case
into the operator on the Fock space in each of the two cases. Then the anti-particle
state creation operator — ¥ [W,] — to the corresponding particle state creation
operator — can be obtained also as follows

Wi W, fvac > = Cy W[, ] vac >= J W (R) (Cr ¥y (%)) A4 Vx Jvac >,
Cy ="emptying" - Cx (9.75)

in both cases.
The operators C4 and Cg

Cy ="emptying\" - C,  Cg ="emptying,s" - Cqg, (9.76)

operating on ¥, (X) transforms the positive energy spinor state (which solves
the corresponding Weyl equation for a massless free fermion) put on the top of
the Dirac sea into the positive energy anti-fermion state, which again solves the
corresponding Weyl equation for a massless free anti-fermion put on the top of
the Dirac sea. Let us point out that either the operator "emptying, " or the operator
"emptying, " transforms the single particle operator either C3, or Cg into the
operator operating in the Fock space.

We use the Grassmann even, Hermitian and real operators yg, Eq. (9.11), to
define discrete symmetry in Grassmann space, first in ((d + 1) — 1) space and then
in (3 4 1) space, as we did in [21] in the Clifford case. In the Grassmann case we
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do this in analogy with the operators in the Clifford case [21]

CnG = H ’YEKIX6X8...X‘1 )
YEERY™

TNG :'y% H KLooLisy7  ya—1,
—Yglej—yln

d
d—1
Pne ' =ve [T velk,
s=5

I I s
(CNG = YaG )Ix6x8...xd )

YEERYS
d
d—1
CNGPI(\IG = Y% ]__[ YSG I)?g Ixsxs...xd y
Y E€TJYS,s=5
d—1
CNGTNGpl(\]G g H v& LK. (9.77)

YGEIV®

Let us try to understand the Grassmann fermions in the case d = 5+ 1,
before the break, as well as after the break of d =5+ 1into d = 3 + 1, when the
fifth and the sixth dimension determine the charge in d = 3 + 1. There are two
decuplets in this case [15], both of an odd Grassmann character, which can be
second quantized. The two triplets in the first decuplet— (P}, i, pl) and (P},
Pl Pl) — both solving the Eq. (9.39) for massless free fermions in Grassmann
space with the space function e *P«*", The Grassmann even opoerator operator
Cn GPI(\]dg ") transforms P! with p® = (Ip°, 0,0, [p3|,0,0) into the antiparticle state
11)%, with the positive energy |p0| and with —|p3 |, for example. Correspondingly
transforms Cy G’P](\,dg " the particle state ] with the positive energy and into the
antiparticle state P} with the positive energy, and the particle )} into the positive
energy antiparticle state ). All belong to the same representation.

Applying the Grassmann even operators on one of the states of one the de-
cuplets — Ca (= Y2v%, Eq. (9.72)), CnaPiG ) (= YEvEYEYE L1y, K, Eq. (9.72))
— one remains within the same decuplet. To get the positive energy antiparticle
states the operator empting,, in (d — 1) + 1 and empting, ; ind = (3 + 1) are
needed, Egs. (9.74, 9.76). The reader can find more discussions in Refs. [15,21].

d. What do we learn in the second quantization procedure in Grassmann
and in Clifford space

We proved that basic states in both spaces can be written by creation operators
operating on an appropriate vacuum state. The creation and annihilation operators
fulfill in both spaces anticommutation relations as required for fermions, Eqs (9.48,
9.60).

In both spaces the creation operators are chosen to create states that are
eigenstates of the corresponding Cartan subalgebra of the Lorentz algebra, the
generators of which are $¢°, Eq. (9.13), for the Grassmann case and (5¢?, 54?),
first generating spins and the second families, Eq. (9.25), for the Clifford case.
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I decuplet[S®*[ST?[S>®
1/(6° —03)(0T +192)(95+1e )il 1] 1
2 (8°9° +10706%)(6° +16°)| O o] 1
3 (e°+e3)(9‘ 192)(95+196) —i|=1] 1
4[(6° —03)(6" —i6%)(8° —16%)| i| —1]—1
5 (0°6° —i0 92)(95 16%)] o] o] —1
6/(8° +0%)(0T +16%)(6° —i8%)] —i| 1] —1
7 (8° —0%)(0" ez+95 6) il o] o
8 0° +03%) (0762 —0%0%) —i[ 0] ©
9 (0%0° +19596)(91 +1ez) of 11 o

10 (0°6% —i0°0°%)(0" —i0%)| o[ 1] o0

11 decuplet[S®*[ST?[S>®

1/(6° +08%)(8" +192)(95+1e =il 1] 1
2 (8°9° —i070%)(6° +16°)| O o] 1
3[(6° —6%) (0" —192)(65 +196) —1] 1
4[(6° + 83)(6" —i67)(8° —16°%)| —i| —1] =1
5 (8°0% + i’ 92)(95 10%)] o] o] —1
6[(0° —03) (0T +16%)(6° —i0%)] i| 1] —1
7 8° +0%)(0" ez+95 6) —i| o] o
8 8°—0%) (0762 —0°6%)[ i| o] o
9 (0%9% — 19596)(e‘+1ez) of 1] o
10 (8°0% +i6°0°%)(8" —i0%)| o[ —1] ©

Table 9.1. The creation operators of the decuplet and the antidecouplet of the orthog-
onal group SO(5, 1) in Grassmann space are presented. Applying on the vacuum state
|po >= |1 > the creation operators form eigenstates of the Cartan subalgebra, Eq. (9.84),
(8°%,S'2, 856). The states within each decouplet are reachable from any member by S The
product of the discrete operators Cng (= [ [;r,s VY& Ix6x5. xa) P](\‘dgl) =ve T vilss)
transforms, for example, P! into YL, P! into YL and ! into P}. Solutions of the Weyl
equation, Eq. (9.39), with the negative energies belong to the "Grassmann sea”, with the
positive energy to the particles and antiparticles.

While in the Grassmann case the vacuum state is simple, [poq >= [1 >, in the
Clifford case the vacuum state is a sum of products of 22~ projectors, Eq. (9.67).

In 2(2n+1)-dimensional spaces there are in the Clifford case 2% states in one
representation reachable from (any) starting state by S°°, while $¢° transform each
of these states changing its family quantum number. There are correspondingly
291 x 297 states reachable with either S° or §%°. Each state is obtained by
the corresponding creation operator on the vacuum state and is annihilated by its
Hermitian conjugate operator.

In2(2n+ 1) dimensional spaces there are in the Grassmann case two de-
coupled groups with ¥ EE d ; states in each representation. Each of states can be

obtained by the Correspondmg creation operator and is annihilated by its Her-

mitian conjugated operator. While all of 27~ x 27! states in Clifford space are
reachable by even Clifford objects, either Sab or §2b in Grassmann space the two
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groups of representations can not be reached by an even number of Grassmann
objects.

9.3 Conclusions

We have learned in the present study that one can use either Grassmann or Clifford
space to express the internal degrees of freedom of fermions in any even dimen-
sional space, either for d = 2(2n + 1) or d = 4n. In both spaces the creation opera-
tors and their Hermitian conjugated annihilation operators fulfill the anticommuta-
tion relation requirements, needed for fermions, provided that they are expressed
as odd products of either Grassmann (09, (0¢)" = %n“a, Eq. (9.8)) or Clifford
objects (either y¢ = (6 + %), Eq. (9.17) and correspondingly v = yn®¢, or
¥ = 1i(0% — %), Eq. (9.18), and correspondingly ¥4 = ¥9n%¢). But while in
the Clifford case states appear in the fundamental representations of the Lorentz
group, carrying half integer spins, the states in the Grassmann case are in adjoint
representations of the Lorentz group. The Clifford case, offering two kinds of
the Clifford objects (y® and ¥¢), enables to describe besides the spin degrees of
freedom of fermion fields also their family degrees of freedom. The Grassmann
case offers only one kind of objects. Assuming that “nature has both choices” for
describing the internal degrees of freedom of fermion fields, the question arises
why Grassmann choice is not chosen, or better, why the Clifford choice is chosen.

In the case that spin degrees in d > 5 manifest as chargesind = (3 + 1),
fermions in the Grassmann case manifest charges in the adjoint representations.
On the other hand in the Clifford case — this is used in the spin-charge-family
theory, which takes the Lorentz group SO(13, 1) — the spin and charges appear in
the fundamental representations of the corresponding groups, offering also the
family degrees of freedom.

We present in this paper the action describing free massless particles with the
internal degrees of freedom describable in Grassmann space, Egs. (9.37, 9.38). The
action leads to the equation of motion analogous to the Weyl equation in Clifford
space, fulfilling the Klein-Gordon equation.

Since the Clifford objects y* and ¥ are expressible with the Grassmann
coordinates 0 and their conjugate moments 53, either basic states in Grassmann
space, Eq. (9.4), or basic states in Clifford space, Eq. (9.15), can be normalized with
the same integral, Eq. (9.27, 9.28, 9.30).

To understand better the difference in the description of the fermion internal
degrees of freedom with either Clifford or Grassmann space, let us replace in the
starting action of the spin-charge-family theory, Eq. (9.1), using the Clifford algebra
to describe fermion degrees of freedom, the covariant momentum poq = %4
Poos Pox = P — %Sabwabzx - %gaba)abcx/ with Pox = Pa — 1§ Saanbcxl where
§ab = Sab 4 §ab EFq. (9.26), and Qqpq are the spin connection gauge fields
of S (which are the generators of the Lorentz transformations in Grassmann
space!), while f*4 po« replaces the ordinary momentum when massless objects
start to interact with the gravitational field through the vielbeins and the spin
connections. Let us add that varying the action with respect to either wqp« O Wb«
when no fermions are present, one learns that both spin connections are uniquely
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determined by the vielbeins ([9,3,5] and references therein) and correspondingly
in this particular case Wby = D abe -

Let us use instead of p, in the action for free massless fields using Grassmann
space to describe the internal degrees of freedom, Eq. (9.37), the above covariant
momentum poq = ¥4 (Pa — 3 S*°Qab«). One finds in this case that the repre-
sentations of the Lorentz group in d = 2(2n 4+ 1) = 13 + 1 and their subgroups
SO(7,1),SU(3) and U(1) are all in the adjoint representations of the groups.

The spin-charge-family theory (using Clifford objects) offers the explanation
for all the assumptions of the standard model of elementary fields, fermions and
bosons, vector and scalar gauge fields, with the appearance of families included,
explaining also the phenomena like the existence of the dark matter [10], of the
matter-antimatter asymmetry [4], offering correspondingly the next step beyond
both standard models — cosmological one and the one of the elementary fields.

We do notice, however, that the Grassmann degrees of freedom do not offer the
appearance of families at all.

We also notice that the second quantization procedure allows in d = 2(2n+1)-
dimensional space for each member of a Weyl representation in Clifford space
(for each of 251 ”family member”) 221 “families”, all together therefore 29 Tx
27" basic states which can be second quantized, according to this paper. From 2¢
Clifford objects, only those of an odd Clifford character contribute to the second
quantization — half of them as creation and half of them as annihilation operators,
291 projectors from the rest of objects form the vacuum state.

We notice that in case of Grassmann space and d = 2(2n + 1) only twice two
isolated groups of J # states of an odd Grassmann character can be second

quantized.

To come to the low energy regime the symmetry must break, first from
SO(13,1) to SO(7,1) x SU(3) x U(1) and then further to SO(3, 1) xSU(3) x U(1), in
both spaces, in Grassmann and in Clifford. In Clifford case there are two kinds of
generators and correspondingly two kinds of symmetries. We learned in Refs. [23—-
25] that when breaking symmetries only some of families stay massless and
correspondingly observablein d = (34 1).

This study is indeed to learn more about possibilities that “nature has”. One
of the authors (N.S.M.B.) wants to learn: a. Why is the simple starting action of
the spin-charge-family theory doing so well in manifesting the observed properties
of the fermion and boson fields? b. Under which condition can more general
action lead to the starting action of Eq. (9.1)? c. What would more general action,
if leading to the same low energy physics, mean for the history of our Universe? d.
Could the fermionization procedure of boson fields or the bosonization procedure
of fermion fields, discussed in Ref. [12] for any even dimension d (by the authors
of this contribution, while one of them (H.B.EN. [13]) has succeeded with another
author to do the fermionization for d = (1 4 1)) tell more about the ”decisions” of
the universe in the history?

Although we have not yet learned enough to be able to answer these questions,
yet we have learned at least that the description of the fermion internal degrees
of freedom in Grassmann space would not offer families, and would not be in
agreement with the spin and charges and other observations so far. We also learned
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that if there are no fermion present only one kind of dynamical fields manifests,
since either w b« OF Wqb« are uniquely expressed by vielbeins ([9] Eq. (C9) and
references therein), which could mean that the appearance of the two kinds of the
spin connection fields might be due to the break of symmetries.

9.4 Appenix: Lorentz algebra and representations in Grassmann
and Clifford space

The Lorentz transformations of vector components 8¢, y¢, or ¥¢, which all could
be used to describe internal degrees of freedom of fields with the anticommutation
relations of fermions, and of vector components x“, which are real (ordinary)
commuting coordinates:

0/9 = A% 0%, /¢ =A% VP, 7/¢ =A% ¥° and x® = A%, xP, leave forms
Uayaz..a; 09092...0%,  dajayieay Y'Y ¥, Qajagiia YHYO2LY®
and bq,a,..q x'x%2...x%, i=(1,...,d), invariant.

While ba,a,...a; (= Nayb;Nasb, - - -TNagb; b21P2-P1) is a symmetric tensor
field, @a,as...a: (= Ma;byMasbs -« -Naib; a1 P2+-P1) are antisymmetric tensor Kalb-
Ramond fields.

The requirements: x @ x *1qp =X xMcq, 0/%0"Peqr, =00%%.q, V' Y Peqp =
Yv%ecq and ¥4 Peqp = ¥V %€ecq lead to A%y A g Mae = Npa. Heren®® (in our
casen® = diag(1,—1,—1,...,—1)) is the metric tensor lowering the indexes of
vectors ({x*} = n*xyp, (8%} =" By, {y*} =N yp and {7°} = n°® ¥1) and eqp
is the antisymmetric tensor. An infinitesimal Lorentz transformation for the case
with detA = 1, A% > 0 can be written as A%, = dp +w%y, where wy, + wp ¢ = 0.

According to Egs. (9.17, 9.18, 9.25) one finds, Eq. (9.3),

{,ya)gcd}_ =0= {T/av SCd}— )
{ya’ SCd}, _ {ya) SCd}, —1i (T]aCYd _nadYC) ,
{,T/a’ SCd}, _ ‘ﬁ/a) SCd}f =i (nac,?d _nad,T/CJ . (978)

Comments: In cases with either the basis 6¢ or with the basis of Y or ¥¢ the scalar
products — the norms < B|B > and < F|F > (where < 8|B >, Eq. (9.4), and < y|F >,
Eq. (9.15), are vectors in Grassmann and Clifford space, respectively) — are non
negative and equal to 3¢ _ [ d4""xb§ by, b,

9.4.1 Lorentz properties of basic vectors

What follows is taken from Ref. [2] and Ref. [9], Appendix B.
Let us first repeat some properties of the anticommuting Grassmann coordi-
nates.
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An infinitesimal Lorentz transformation of the proper ortochronous Lorentz
group is then

50¢ = —Ewabs“’ec = w09,
5Y© = *%wabsabyc = wqy?,
§7¢ = —=wap S = W v,
ox¢ = —%wabL“bxc = W x*, (9.79)

where wqp are parameters of a transformation and v and ¥ are expressed by 6¢
and 33— in Egs. (9.17, 9.18).
Let us write the operator of finite Lorentz transformations as follows

S = e zWan(STTHL) (9.80)

We see that the Grassmann 0¢ and the ordinary x¢ coordinates and the Clifford
objects Y and ¥¢ transform as vectors Eq. (9.80)

0/ — e b Wan(89THLT) ge L4 wap (S0 1Y)
i
=0°— Ewab{sab) eC}_ + o= oc —+ wcaeu + ... = /\Caea)

x'¢ = A°gx* y Y/C =A%qv?, f//c =Ny, (9.81)

Correspondingly one finds that compositions like y*p, and ¥%pq, here p, are
Pi (= ia%), transform as scalars (remaining invariants), while $*° wgp. and
Sab @ qpe transform as vectors.

Also objects like

1
R = E foc[afﬁb] (wabcx,[?) — Wean wcbﬁ)

and

< 1 - - -
R = 3 fclapBbl (waboc,ﬁ - wcaocwcbﬁ)

from Eq. (9.1) transform with respect to the Lorentz transformations as scalars.
Making a choice of the Cartan subalgebra set of the algebra S¢°, S¢? and §¢°,
Egs. (9.13,9.17,9.18),

503,812,556, . ,Sd_1 d)
803,312,556, . ,Sdi] d)
§03’§12’§56’._. )Sd*] d) (982)

one can arrange the basic vectors so that they are eigenstates of the Cartan sub-
algebra, belonging to representations of S¢°, or of $¢® and $%°, with ab from
Eq (9.82).
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9.5 Appendix: Technique to generate spinor representations in
terms of Clifford algebra objects

We shall briefly repeat the main points of the technique for generating spinor
representations from Clifford algebra objects, following Ref. [16]. We advise the
reader to look for details and proofs in this reference.

We assume the objects v¢, Eq. (9.17), which fulfill the Clifford algebra, Eq (9.16).

{ya’yb}+ =1 Zﬂab» for a,b €{0,1,2,3,5,---,d}, (9.83)
for any d, even or odd. I is the unit element in the Clifford algebra, while {y¢,y°}. =
YoyP £ yPye

We accept the “Hermiticity” property for y%’s, Eq. (9.20), y¢T = neaye,
leading to yelye =1 Assuming the relation of Eq. (9.17) this last relations follow.

The Clifford algebra objects S®° close the Lie algebra of the Lorentz group
{Sab Sed} = j(nadsbe 4 pbegad _pacgbd _pbdgac) Onpe finds from Eq.(9.20)
that (Sﬂb)T — naanbbsab and that {Sab) Sac}+ — %naanbc'

Recognizing that two Clifford algebra objects $@°, S¢4 with all indexes differ-
ent commute, we select (out of many possibilities) the Cartan sub algebra set of
the algebra of the Lorentz group as follows

SOd,S12,S35,"' ’Sdfz d*]) if dzzn’

§12/835 ... sd=1d  4§f d=2n+1. (9.84)

To make the technique simple, we introduce the graphic representation [16]
as follows

ab._ ] a naa b

09: = 3 (v + Ty,

id: = 1+ Lyayr (9.85)
2 k ’

where k? =n%n®". One can easily check by taking into account the Clifford alge-

bra relation (Eq. (9.83)) and the definition of S*° (Eq. (9.25)) that if one multiplies
ab ab
from the left hand side by S°° the Clifford algebra objects (k) and [K], it follows

that

ab ab
5% (k)= 5k (K],

ab ab

Sab [K]= %k (k] . (9.86)

ab ab
This means that (k) and [k] acting from the left hand side on anything (on a

vacuum state (o), for example) are eigenvectors of S°P.

We further find
ab ab b ab ab
v (k) =n** [kl v® (k) = —ik [—k],

ab ab ab ab
ve k] =(—k), y? [k] = —ikn®® (—k) . (9.87)
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ab cd . ab cd abcd . ab cd ab cd

It follows that S*¢ (k)(k)= —3n®*®n° [—k][—k], S*¢ [K][k]= $ (—k)(—k), S¢ (k)[K]
. ab cd ab cd 3 ab cd

—5n*¢ [=kl(—k), $¢¢ [k](k)= 3m°° (—k)[—k]. It is useful to deduce the following

relations

ab ab ab ab ab ab ab ab ab ab
(k) (k) =0, (K)(=k)=n** [k, (=K)(k)=n""[-k], (=k)(=k)=0,
abab ab ab ab ab ab ab ab ab
[kllk] = [k, [k][—kl]=0, [—klk]=0, [—Kk][—kl=[-kI,
ab ab ab ab ab ab ab ab ab ab
(K)[kl =0, [kI(k)=(k), (—k)[kl=(—k), (—=k)[=kl=0,
ab ab ab ab ab ab ab ab ab ab
() [k = (k), [kl(—k)=0, [—kl(k)=0, [—KI(—k)=(—Kk) .

(9.88)

We recognize in the first equation of the first row and the first equation of the

second row the demonstration of the nilpotent and the projector character of the
ab ab
Clifford algebra objects (k) and [k, respectively.

Whenever the Clifford algebra objects apply from the left hand side, they always
ab ab ab ab ab ab
transform (k) to [—K], never to [kl, and similarly [k] to (—k), never to (k).

We define in Eq. (9.62) a vacuum state p,. > so that one finds

abTab abTab
<(k) (K)>=1, <[k [k >=1. (9.89)

Taking the above equations into account it is easy to find a Weyl spinor
irreducible representation for d-dimensional space, with d even or odd. (We advise
the reader to see Ref. [16].)

For d even, we simply set the starting state as a product of d/2, let us say, only
ab
nilpotents (k) for d = 2(2n+1), Eq. (9.57), or nilpotents and one projector, Eq. (9.58),

for d = 4n, one for each S of the Cartan subalgebra elements (Eq. (9.84)),
applying it on the vacuum state, Eq. (9.62). Then the generators $®°, which do not
belong to the Cartan subalgebra, applied to the starting state from the left hand
side, generate all the members of one Weyl spinor.

od 12 35 d—1d—2
(koa)(k12)(k3s5) - -+ (ka—1 a—2) Woc >,
od 12 35 d—1d—2

[—koall=k12](k3s5) -+ (ka—1 a—2) Woc >,
od 12 35 a—1a-2

[—koal(k12)[=k35] - -+ (ka—1 a—2) WPoc >,

od 12 35 d—1d—2
(koa)[—ki2]l=k3s5] - - [=ka—1 a—2] Woc >,

ford =2(2n+1), n = positive integer. (9.90)
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od 12 35 a—1d-2
(koa)(ki2)(k3s5) - -+ [ka—1 a—2] Woc >,
od 12 35 d—1d—2

[—koall=k12](k3s5) - - - [ka—1 a—2] Woc >,
od 12 35 d—1d-—2

[—koal(k12)[—k3s5] - - [ka—1 a—2] [Woc >,

od 12 35 d—1d-2
(koa)[=ki2ll=kss] - -+ [ka—1 a—2] Wboc >,
ford =4n, n = positive integer. (9.91)

9.5.1 Technique to generate “families” of spinor representations in terms of
Clifford algebra objects

When all 2¢ states are considered as a Hilbert space, we found in this paper that
for d even there are 2¢/2~" “families members” and 2¢/2~" ”families” of spinors,
which can be second quantized. (The reader is advised to se also Ref. [2,26,16,17,27,9].)
We shall pay attention on only even d.

One Weyl representation form a left ideal with respect to the multiplication
with the Clifford algebra objects. We proved in Ref. [9], and the references therein
that there is the application of the Clifford algebra object from the right hand side,
which generates “families” of spinors.

Right multiplication with the Clifford algebra objects namely transforms
the state with the quantum numbers of one ”“family member” belonging to one
“family” into the state of the same ”family member” (into the same state with
respect to the generators S%° when the multiplication from the left hand side is
performed) of another “family”.

We defined in Ref.[17] the Clifford algebra objects ¥“’s as operations which
operate formally from the left hand side (as y“’s do) on any Clifford algebra object
A as follows

yeA =i(—)MAye, (9.92)

with (—)(A) = —1, if A is an odd Clifford algebra object and (—)*) =1, if A is an
even Clifford algebra object.

Then it follows, in accordance with Egs. (9.17, 9.18, 9.19), that Y@ obey the
same Clifford algebra relation as y©.

(VOY® +yPye)A = (1) VPAGYT 4y =T- %A (9.93)
and that y@ and y® anticommute
(Voy® +yPya)A = i(—) A (—yPAye +yPAY?) = 0. (9.94)
We may write

{y*,v°} =0, while {ye,yb}, =1.21°". (9.95)
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One accordingly finds
- ab ab ab _ ab ab b ab
¥ (K==t (k) y* =—in** kI, v® (k):=—i(k)y> =—k K,
5 ab ab ab . ab ab b ab
yelkl:i= ikly*= 1i(k), yb [kl:= i[kly®> =—kn%® (k) . (9.96)

If we define

. i 1
S0 =2 B4Y = ;v =70, (9.97)
it follows
< 1
SUPA = AZ(V"V“ —v%y®), (9.98)

manifesting accordingly that S@° fulfil the Lorentz algebra relation as $¢° do.
Taking into account Eq. (9.92), we further find

{gab)sab}i :0) {gab’y(:}i :0) {Sab)f/c}* =0. (999)
One also finds

{Se*1_ =0, {¥%T}_ =0, for d even,

rd: =12 J[ (v, if d=2n, (9.100)
where handedness I' ({I; S} = 0) is a Casimir of the Lorentz group, which

means that in d even transformation of one “family” into another with either $¢°
or ¥ leaves handedness I' unchanged.

We advise the reader also to read [2] where the two kinds of Clifford algebra
objects follow as two different superpositions of a Grassmann coordinate and its
conjugate momentum.

We present for $¢° some useful relations

_ ab k ab _ ab k ab o ab cd 1 abcd
5§ (k) = 5 (K, St [k = —5 [, S (k) (k) = 5n 0 [K][K],
_ abcd i abcd _ ab cd i ab cd _ ab cd i ab cd
S Kkl = —5 (k)(k), 5% (k)k] = =" [kl(k), S [kl(k) = 5n* (k)[k] .
(9.101)

We transform the state of one “family” to the state of another ”“family” by
the application of $%¢ (formally from the left hand side) on a state of the first
“family” for a chosen a, c. To transform all the states of one “family” into states
of another “family”, we apply 59 to each state of the starting “family”. It is,
of course, sufficient to apply $%¢ to only one state of a “family” and then use
generators of the Lorentz group (S%°) to generate all the states of one Dirac spinor

d-dimensional space.
ab ab
One must notice that nilpotents (k) and projectors [k| are eigenvectors not

only of the Cartan subalgebra S° but also of $¢°. Accordingly only $¢¢, which
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”

do not carry the Cartan subalgebra indices, cause the transition from one ”family
to another “family”.
The starting state of Eq. (9.90) can change, for example, to

od 12 35 d—1d-2
[koallki2](k3s5) - - (ka—1 a—2), (9.102)

if 5°1 was chosen to transform the Weyl spinor of Eq. (9.90) to the Weyl spinor of
another “family”.

References

1. N. Manko¢ Borstnik, “Spin connection as a superpartner of a vielbein”, Phys. Lett. B
292 (1992) 25-29.

2. N. Manko¢ Borstnik, “Spinor and vector representations in four dimensional Grass-
mann space”, |. of Math. Phys. 34 (1993), 3731-3745.

3. N.S. Mankoc¢ Borstnik, “Spin-charge-family theory is offering next step in understand-
ing elementary particles and fields and correspondingly universe”, Proceedings to
the Conference on Cosmology, Gravitational Waves and Particles, IARD conferences,
Ljubljana, 6-9 June 2016, The 10*" Biennial Conference on Classical and Quantum Rela-
tivistic Dynamics of Particles and Fields, J. Phys.: Conf. Ser. 845 012017 [arXiv:1409.4981,
arXiv:1607.01618v2].

4. N.S. Manko¢ Borstnik, "Matter-antimatter asymmetry in the spin-charge-family theory”,
Phys. Rev. D 91 065004 (2015) [arxiv:1409.7791].

5. N.S. Manko¢ Borstnik, D. Lukman, “Vector and scalar gauge fields with respect to
d = (3 + 1) in Kaluza-Klein theories and in the spin-charge-family theory”, Eur. Phys. ]. C
77 (2017) 231.

6. N.S. Manko¢ Borstnik, “The spin-charge-family theory explains why the scalar Higgs
carries the weak charge +7 and the hyper charge F1”, Proceedings to the 17" Work-
shop "What comes beyond the standard models”, Bled, 20-28 of July, 2014, Ed. N.S.
Mankoc¢ Borstnik, H.B. Nielsen, D. Lukman, DMFA ZaloZnistvo, Ljubljana December
2014, p.163-82 [ arXiv:1502.06786v1] [http:/ /arxiv.org/abs/1409.4981].

7. N.S. Manko¢ Borstnik N S, “The spin-charge-family theory is explaining the origin
of families, of the Higgs and the Yukawa couplings”, J. of Modern Phys. 4 (2013) 823
[arxiv:1312.1542].

8. N.S. Manko¢ Borstnik, H.B.F. Nielsen, “The spin-charge-family theory offers under-
standing of the triangle anomalies cancellation in the standard model”, Fortschrite der
Physik, Progress of Physics (2017) 1700046.

9. N.S. Manko¢ Borstnik, “The explanation for the origin of the Higgs scalar and for the
Yukawa couplings by the spin-charge-family theory”, J.of Mod. Physics 6 (2015) 2244-2274,
http:/ /dx.org./10.4236 /jmp.2015.615230 [http:/ /arxiv.org/abs/1409.4981].

10. G. Bregar and N.S. Manko¢ Borstnik, “Does dark matter consist of baryons of new
stable family quarks?”, Phys. Rev. D 80, 083534 (2009) 1-16.

11. N.S. Manko¢ Borstnik, H.B.F. Nielsen, “Fermionization in an Arbitrary Num-
ber of Dimensions”, Proceedings to the 18'" Workshop “What comes beyond
the standard models”, Bled, 11-19 of July, 2015, Ed. N.S. Manko¢ Borstnik, H.B.
Nielsen, D. Lukman, DMFA ZaloZznistvo, Ljubljana December 2015, p. 111-128
[http:/ /arxiv.org/abs/1602.03175].

12. N. S. Manko¢ Borstnik, H.B. Nielsen, “Fermionization, Number of Families”, Proceed-
ings to the 20'™™ Workshop “What comes beyond the standard models”, Bled, 9-17 of
July, 2017, Ed. N.S. Manko¢ Borstnik, H.B. Nielsen, D. Lukman, DMFA ZaloZnistvo,
Ljubljana, December 2017, p.232-257.



13.

14.
15.
16.
17.

18.
19.

20.

21.

22.
23.

24.

25.

26.

27.

28

9 Why Nature Made a Choice of Clifford and not Grassmann Coordinates? 215

H. Aratyn, H.B. Nielsen, “Constraints On Bosonization In Higher Dimensions”, NBI-
HE-83-36, Conference: C83-10-10.2 (Ahrenshoop Sympos.1983:0260), p.0260 Proceed-
ings.

H.B. Nielsen, M. Ninomya, ”"Dirac sea for bosons, LII”, Progress of the theoretical
Physics, 113, 606 [hepth/0410218].

D. Lukman, N.S. Manko¢ Bor$tnik, “Representations in Grassmann space”, to appear
in arxiv.

N.S. Manko¢ Borstnik, H.B.E. Nielsen, . of Math. Phys. 43, 5782 (2002) [hep-th/0111257].
N.S. Manko¢ Borstnik, H.B.F. Nielsen, J. of Math. Phys. 44 4817 (2003) [hep-th/0303224].
N.S. Mankoc¢ Borstnik and H.B. Nielsen, Phys. Rev. D 62, 044010 (2000) [hep-th/9911032].
N.S. Manko¢ Borstnik and H.B. Nielsen, “Second quantization of spinors and Clifford
algebra objects”, Proceedings to the 8" Workshop “What Comes Beyond the Standard
Models”, Bled, July 19 - 29, 2005, Ed. by Norma Manko¢ Borstnik, Holger Bech Nielsen,
Colin Froggatt, Dragan Lukman, DMFA ZaloZnistvo, Ljubljana December 2005, p.63-71,
hep-ph/0512061.

“Why nature made a choice of Clifford and not Grassmann coordinates”, Proceedings to
the 20" Workshop “"What comes beyond the standard models”, Bled, 9-17 of July, 2017,
Ed. N.S. Manko¢ Borstnik, H.B. Nielsen, D. Lukman, DMFA ZaloZnistvo, Ljubljana,
December 2017, p. 89-120 [arXiv:1802.05554v1v2].

N.S. Manko¢ Borstnik and H.B.F. Nielsen, “Discrete symmetries in the Kaluza-Klein
theories”, JHEP 04:165, 2014 [arXiv:1212.2362].

P.A.M. Dirac Proc. Roy. Soc. (London), A 117 (1928) 610.

D. Lukman, N.S. Manko¢ Borstnik and H.B. Nielsen, ”An effective two dimensionality
cases bring a new hope to the Kaluza-Klein-like theories”, New J. Phys. 13:103027, 2011.
D. Lukman and N.S. Manko¢ Borstnik, “Spinor states on a curved infinite disc with non-
zero spin-connection fields”, J. Phys. A: Math. Theor. 45:465401, 2012 [arxiv:1205.1714,
arxiv:1312.541, hep-ph/0412208 p.64-84].

D. Lukman, N.S. Manko¢ Borstnik and H.B. Nielsen, “Families of spinorsin d = (1+5)
with a zweibein and two kinds of spin connection fields on an almost s, Proceedings
to the 15" Workshop “What comes beyond the standard models”, Bled, 9-19 of July,
2012, Ed. N.S. Manko¢ Borstnik, H.B. Nielsen, D. Lukman, DMFA ZaloZnistvo, Ljubljana
December 2012, 157-166, arxiv.1302.4305.

A.Borstnik Brac¢i¢, N. Manko¢ Borstnik,“The approach Unifying Spins and Charges
and Its Predictions”, Proceedings to the Euroconference on Symmetries Beyond the
Standard Model”, Portoroz, July 12 - 17, 2003, Ed. by Norma Manko¢ Borstnik, Holger
Bech Nielsen, Colin Froggatt, Dragan Lukman, DMFA ZaloZnistvo, Ljubljana December
2003, p. 31-57, hep-ph/0401043, hep-ph/0401055.

A. Borstnik Brac¢i¢, N. S. Manko¢ Borstnik, “On the origin of families of fermions and
their mass matrices”, hep-ph/0512062, Phys Rev. D 74 073013-28 (2006).

M. Pavsi&, "Quantized fields 4 la Clifford and unification” [arXiv:1707.05695].



