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Abstract

Let G be a graph on n vertices and consider the adjacency spectrum of G as the or-
dered n-tuple whose entries are eigenvalues of G written decreasingly. Let G and H be
two non-isomorphic graphs on n vertices with spectra S and 7', respectively. Define the
distance between the spectra of G and H as the distance of S and 7" to a norm N of the
n-dimensional vector space over real numbers. Define the cospectrality of G as the min-
imum of distances between the spectrum of GG and spectra of all other non-isomorphic n
vertices graphs to the norm N. In this paper we investigate copsectralities of the cocktail
party graph and the complete tripartite graph with parts of the same size to the Euclidean
or Manhattan norms.

Keywords: Spectra of graphs, cospectrality of graphs, adjacency matrix of a graph, Euclidean norm,
Manhattan norm.

Math. Subj. Class. (2020): 05C50, 05C31

1 Introduction and results

All graphs considered here are simple, that is finite and undirected without loops and mul-
tiple edges. Let G be a graph with vertex set {v1,...,v,}. The adjacency matrix of G is
an n x n matrix A(G) = [a,;] such that a;; = 1 if v; and v; are adjacent, and a;; = 0
otherwise. By the eigenvalues of G, we mean those of its adjacency matrix. We denote by
Spec(@) the multiset of the eigenvalues of the graph G.

Richard Brualdi proposed in [24] the following problem:

Problem ([24, Problem AWGS.4]). Let G,, and G/, be two non-isomorphic graphs on n
vertices with spectra

M>XA>->), and N, >N, >- >N
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respectively. Define the distance between the spectra of G,, and G, as

n

MG, Gp) = (A= A)? (oruse Y |\ — X))
=1

i=1
Define the cospectrality of GG, by
cs(Gy) = min{\(G,, G}): G, not isomorphic to G, }.

Let
cs, = max{cs(Gy,): Gy, a graph on n vertices}.

This function measures how far apart the spectrum of a graph with n vertices can be from
the spectrum of any other graph with n vertices.

Problem A. Investigate cs(G,) for special classes of graphs.
Problem B. Find a good upper bound on cs,,.

In [15], Jovanovi¢ et al. studied the spectral distance between certain graphs to the
(*-norm ie. o(Gp, Gl) = >oi—; |A; — Aj|. In [1], Abdollahi et al. completely answered
Problem B to any ¢”-norm by proving that cs,, = 2 for all n > 2, whenever 1 < p < oo
and cs,, = 1 to the £*°-norm. In [2, 20], the authors studied Problem A to the Euclidean
norm (the ¢?-norm) and determined the cospectralities of classes of complete graphs and
complete bipartite graphs. In [3] we compute the cospectralities to the £'-norm of complete
graphs and complete bipartite graphs with parts of the same size. In [4, 10, 11, 13, 14, 16,
17, 18], Problems A or B are studied based on different matrix representations. To find
some applications of the cospectrality of graphs, we refer to [6, 25, 27].

In this paper we study Problem A and investigate the cospectralities of C P, and K, ,, ,,
(n > 3), to the *- and ¢*-norms i.e. o(G,,Gl) = >y |\ — | and X\(G,,,G),) =
i (A — Xj)?, respectively. We find some conditions for the eigenvalues of a graph H
such that cs(G) = o(G, H) and G is isomorphic to CP, or K,, ,, . Also we give some
computational results and conjectures to find cs(C' P,,) and cs(K, p n)-

In the last section we consider cospectralities of null graphs, complete graphs and com-
plete bipartite graphs using the /P-norm for p > 2 and we see that similar known conclu-
sions using with £ and ¢?-norms (see [2, 3, 11, 20]) hold more or less valid.

Let us first introduce some notations. For a graph G, V(@) and E(G) denote the vertex
set and edge set of G, respectively; By the order of G we mean the number of vertices;
Denote by G the complement of G. The degree of a vertex of a graph is the number of
edges that are incident with the vertex and A is the maximum degree of the vertices. An
r-regular graph is a graph where all vertices have degree 7.

For two graphs G and H with disjoint vertex sets, G + H denotes the graph with the
vertex set V(G) U V(H) and the edge set E(G) U E(H), i.e. the disjoint union of two
graphs G and H. The complete product (join) GVH of graphs G and H is the graph
obtained from G 4+ H by joining every vertex of G with every vertex of H. In particular,
nG denotes G + - - - + G and V,,G denotes GV - - - VG. The coalescence G- H is obtained

———— ———

by the disjoint union of two graphs G and H by identifying a vertex u of G' with a vertex v
of H.
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For positive integers n1, . . . , ¢, K, ... n, denotes the complete multipartite graph with
{ parts of sizes ny,...,ny. Let K,, denote the complete graph on n vertices, nK; = K,
denote the null graph on n vertices and P,, denote the path with n vertices. The cocktail
party graph C'P,, has 2n vertices and it is a complement of nK»>. Soforn =1,CP; = K 1
and for n > 2 we have CP,, = KQ’_._72.

Since C'P,, and K, ,, ,, are reguer graphs, by Propositions 3 and 6 of [9], C'P, and
K, n.n are determined by their spectrum. So we can compute the values of cs(C'P,,) and
cs(Kpnon)-

Our main results are as follows.

Theorem 1.1. Ifn > 2 and cs(CP,) = o(CP,, H) for some graph H with eigenvalues
AL 2> oo > Aop, then

(1) If H is a connected graph, then 2n — 3 < A\ < 2n — 1. Otherwise 2n —3 < A\ <
2n — 2 and H has two connected components such that one of them is K.

2) 0< A <1,

B 1< N< %,forany integeri, 3 <i<n+1l,andifn > 13, then 0 < \3 < %,
4) =3 < Ay < -1,

5 3< N < T,for any integer i, n + 3 < 1 < 2n.

Theorem 1.2. Let n > 4 and cs(K, nn) = 0(Kp nn, H) for some graph H with eigen-
values \y > -+ > Agn. Forall € > 0, there exists N € N such that for all n > N, we
have

(D) 2n—¥3 =< <2+ 45,

) V2-1< X< ? + % or Ao = 0and H = tK, + K, 4 for some positive integers
P, q and r such that at least one of them is greater than 1,

() 0< A3 <L 4e,
4) —?—%</\i<?—F%,foranyim‘egeri,4§i§3n—2,

(5) —n— ¥ =5 <dgur < —n+ G435,

6 —n—L <y, <—n+Lye

2 Cospectrality of cocktail party graphs

In this section cs(C'P,) is investigated to the ¢!~ and ¢?-norms. We need the following
results in the sequel. The proofs of next two results are similar to those of Lemma 2.2 and
Corollary 2.3 of [18]. We give them here for the reader’s convenience.

Lemma 2.1. Letay; > as > -+ > ay and by > by > --- > b, be two sequences with
Yo ai =Y i by =0. If there exist some 1 < j < n and a real positive number « such
that |a; — b;| > «, then Y |a; — b;| > 20
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Proof. Without loss of generality, we may assume that a; — b; > «. Suppose that a;, >
bil,...,ais szs andaisﬂ <b oy A4, gbin,then

= Viggqy e

D lai—bil = (@i, —bi)+ > (bi, —ai,)
=1 t=1 t=s+1
= 2Z(ait - bit)
t=1
> 2(aj — by)
> 2. O

Corollary 2.2. Leta; > as > -+ > ap and by > by > -+ > by, be two sequences with

S iai =Y i b =0. Ifthere exist 1 < j1 # jo < n and a real positive number o
such that aj, — b;, + aj, — bj, > a, then Yy ., la; — b;| > 2.

Proof. 1f either aj, — bj, > a or aj, — bj, > «, then by Lemma 2.1, the result holds. So
we may assume that 0 < aj, —bj, < aand 0 < aj, —bj, < a. Letd}; = aj, + aj,,
b, = bj, +bj,, af = a; and b = b; for i # j1,j2. S0 > iy, ah =300 2, b0 =0
and a;, — b > . Thus the result follows from Lemma 2.1. O

Theorem 2.3. Let G be a graph with eigenvalues Ay > -+ > \,. If cs(G) = (G, H) for
some graph H with eigenvalues N} > --- > X, then for all integers i and j, 1 < j < i <
n,

(D [N =N <1,
2) Ai— N <3

Proof. By Theorem 1.1 of [1], cs,, = 2 forall n > 2, so cs(G) < 2. Now the result follows
from Lemma 2.1 and Corollary 2.2. O

Theorem 2.4 ([5, Theorem 1]). Let G be a simple graph of order n without isolated ver-
tices. If \o(G) is the second largest eigenvalue of G, then

(1) X2(G) = —1ifand only if G is a complete graph with at least two vertices,
(2) X2(G) = 0if and only if G is a complete k-partite graph with2 < k <n — 1,
(3) there exists no graph G such that —1 < A\2(G) < 0.

Theorem 2.5 ([21, Theorem 3.8]). Let G be a graph of order n. If A\3(G) < 0, then G has
at least n — 12 eigenvalues —1.

Theorem 2.6 ([7, Theorem 3.2.1]). Let A\ be the greatest eigenvalue of the graph G, and
let d and A be its average degree and maximum degree, respectively. Then

d< )\ <A.

Moreover, d = )\, if and only if G is regular. For a connected graph G, \; = A if and only
if G is regular.
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Proof of Theorem 1.1. Since

Spec(CP,) ={2n—2,0,...,0,—-2,..., -2},
\_V_J~___rr_4
we have
n+1 2n
o(CPy, H) =20 =2 = Ai|+ > _ [Nl + D 12+ Al.
i=2 i=n+2

If cs(CP,) = o(CP,, H), then by Theorem 1.1 of [1], cs(C'P,,) < 2. By Theorems 2.3,
2.4, 2.5 and Corollary 2.2, we obtain (2) — (5) and 2n — 3 < \; <2n — 1.

If H is a connected graph and \; = 2n — 1, then by Theorem 2.6, H = K,,, a
contradiction. So 2n — 3 < A} < 2n — 1. Now suppose that H is not connected. Let
Hy, ..., Hy be the connected components of H. There exists an unique i, 1 < 7 < k,
such that \;(H) = A(H;). We can assume that \{(H) = A\(H;). Thus \(H;) <
X(H) < 1, forevery j,2 < j < k. So \M(H;) =0o0r \(H;) =1,2<j <k
Since —1 < A\3(H) < %, there exists at most one connected component with A, (H,) = 1,
2 < j < k. Therefore H = H, + tK; or H =2 Hy + K5 + sK;, for some integers ¢ > 0
and s > 0. By Theorem 2.6, 2n — 3 < A\ (H) = A\ (Hy) < A < 2n — 1, where A is the
maximum degree of the vertices of H. If A = 2n — 1, then, by Theorem 2.6, H1 = K>, a
contradiction. Let A = 2n — 3. Therefore by Theorem 2.6, H; & Ks,, 5, a contradiction.
Now suppose that A = 2n — 2. If \; (H;) = 2n — 2, then by Theorem 2.6, Hy = Ks,,_1,
a contradiction. Hence we can assume that H & H; + K and 2n — 3 < \(H) < 2n—2.
This completes the proof. O

Remark 2.7. Let H be a connected graph with m edges. If cs(CP,,) = o(CP,, H), then,
by Theorem 1.1 and Theorem 1 in [26], it is not hard to see that 2n? — 5n +4 < m <
2n? — n.

Now we find o(CP,, (CP,_1 v K1) - K2) and A(CP,,,CP, \ e) and propose two
conjectures. We need the following results.

Theorem 2.8 ([7, Theorem 2.1.8]). If G1 is ri-regular with ny vertices, and G is ro-
regular with ng vertices, then the characteristic polynomial of the join Gy <7 Gg is given
by

}%h(x)}%ﬁ(x)
(x —1r)(x —12)
Theorem 2.9 ([7, Theorem 2.2.3]). Let G - H be the coalescence in which the vertex u of
G is identified with the vertex v of H. Then

Pa.p(z) = Pg(2)Py—y(z) + Pg—y(2)Pr(2) — 2 Pg—y(x) Py_y(z).

Lemma 2.10. [f (CP,_1 v K1) - K5 is the coalescence of Ko with CP,,_1 <7 K1 with its
vertex of maximum degree as distinguished vertex, then for n > 3,

Pa,ga, () = ((x = r)(z —r2) — nin2).

Spec((CPn_l \V4 Kl) ! KQ) = {Ihx?a()? < '5071735 727 e 772}7
—— —_———

n—1 n—2

such that x1 > w3 > 0 > x3 are the roots of the polynomial ¥ + (4 — 2n)z? +
(1 —-2n)x +2n —4.
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Proof. Since Pop, ,(z) = 2" (x4 2)""?(x — 2n + 4) and Py, () = z, Theorem 2.8
implies that
Pep, oK, (z) = 2" Yz +2)""2(2® + (4 — 2n)x + 2 — 2n).
Since P, (z) = 2% — 1, it follows from Theorem 2.9,
Pep, vory) k(@) =" Nz +2)""2(2® + (4 — 2n)2® + (1 — 2n)z + 2n — 4).

Thus (CP,-1 v K1) - K2 has n — 1 and n — 2 eigenvalues 0 and —2, respectively. The
remaining eigenvalues are the roots of the polynomial 23 + (4 —2n)z? +(1—2n)z+2n—4.

If
)"

[N
Wl

a= (8n3 —30n2 + 24n + 8 4 3(—60n* + 312n® — 648n? 4 6061 — 237)

4., 10 13
b= —op24 —p— =
"t T g

r = ((8n% — 30n% 4 24n + 8)° + 540n* — 2808n? + 5832n° — 5454n + 2133)
1
3

o=

)

3(60n* — 312n% + 648n> — 6061 + 237)*
0 = — arctan .
8n3 — 30n2 + 24n + 8
Then
g2 _4,a 3
'3 373 4
2n 4 3b r 3b r
= (2 D eosh - VB(Z — Dysing
=g -3t(G 7 V(g — ) sinf.
2n 4 3b r 3b r
= (2 eosh 22 ysing
T3 =g~ 3 (5~ g)eost+ VA(G — p)sin
This completes the proof. O

Lemma 2.11. lim,,_ U(CPn, (CPh—1 vV Ky) - Kg) = 2, whenever (CP,_1 7 K1) -
K is the coalescence of Ko with CP,_1 7 Ky with its vertex of maximum degree as
distinguished vertex.

Proof. By Lemma 2.10 and using the symbolic computational software Maple [19] (see
https://data.amc-journal.eu/cospectrality/maplecodel.mw), the result follows. O

Theorem 2.12 ([7, Theorem 2.1.5]). Let G, H be graphs with ny, no vertices respectively.
The characteristic polynomial of the join G 7 H is given by the relation

Payu(z) = (=1)" Pg(x) Pg(—z — 1) + (=1)" Pu (2) Pg(—z — 1)
— (—1)”1+”2P§(—:z: - 1)Pgz(—z —1).
Lemma 2.13. Forn > 3 and any edge e,
V5-1 V5 + 1 }
a5 5 3 2,.’1}3 )
2 ———
3

n—2 n—

Spec(C’Pn\e):{xl, ,0,...,0,9,— -2, .., =
2 ——

where 11 > 0 > x9 > x3 are the roots of the polynomial x> — (2n — 5)z% — (6n — 9)x —
2n + 2.
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Proof. For any edge e, CP,\e=P,yCP,_5. Let G = Pyand H = CP,,_5. Thus
G =Gand H = (n — 2)K5. We have

Pg(z) = Pg(z) = 2* — 32% + 1,
Py(z) = (z — 2n+6)a" " 2(z +2)" %,
Py(z) = (22 - 1)" "
Therefore
Poppe = Pagr(z) = 2" ?(z + )" 3 (22 a—1) (2%~ (2n—5)22— (6n—9)z—2n+2).

It follows C'P,, \ e has n — 2 and n — 3 eigenvalues 0 and —2, respectively. The remaining
eigenvalues are ¥5=1 — Y51 and the roots of z° — (2n — 5)a2 — (6n — 9)z — 2n + 2. If

a= (64n — 48n? — 312n + 404

w\»-A

+12(—240n* + 528n° + 396n2 — 1740n + 1137)%) 7,
4

2
b= —§n2 + §(n +1),

r = ((64n® — 48n” — 312n + 404)°
1
+ 34560n* — 76032n° — 57024n> + 250560n — 163728)°,

(12(240n4 — 5280 — 39602 + 1740n — 1137)* )

0 = = arct
3 aretan 6413 — 4802 — 3120 + 404

Then
g =2n_5 a_ 6b
73 376 4’
2n 5 3b r 3b T
$2—?_§+(7_ﬁ) se—ﬁ(——ﬁ)sm@
2n 5 3b r 3b T
m3—?—§+(7_ﬁ) SH+\/§(7_E)SH16
and we are done. O

Lemma 2.14. lim,, ., A(CP,,CP, \ e) = 10 — 41/5.

Proof. By Lemma 2.13 and using the symbolic computational software Maple [19] (see
https://data.amc-journal.eu/cospectrality/maplecode2.mw), the result follows. 0

We have the following conjectures:
Conjecture 2.15. For every integer n > 2, c¢s(CP,)) = o(CP,, H) for some graph H if
and only if H = (CP,_1 7 K1) - Ko, whenever (CP,,_1 7 K1) - K3 is the coalescence of
Ky with CP,,_1 7 Ky with its vertex of maximum degree as distinguished vertex.
Conjecture 2.16. For every integer n > 4, cs(CP,) = MCP,, H) for some graph H if
and only if H = CP, \ ¢, for any edge e.

Forn =2andn = 3,¢cs(CP,) = AM(CP,, H) ifand only if H = (CP,,_1 v K1) - K.
Our computational results confirm Conjectures 2.15 and 2.16 for all graphs of order at most
10.
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3 Cospectrality of complete tripartite graphs

In this section we investigate cs( K, n.n.n ), forn > 3, to the £'- and ¢2-norms. First we need
the following results.

Theorem 3.1 ([12, Theorem 9.1.1]). Let G be a graph of order n and H be an induced
subgraph of G with order m. Suppose that \1(G) > -+ > A\(G) and \y(H) > -+ >
Am(H) are the eigenvalues of G and H, respectively. Then for every i, 1 < i < m,

Theorem 3.2 (See [23] and also [8, Theorem 6.7]). A graph has exactly one positive eigen-
value if and only if its non-isolated vertices form a complete multipartite graph.

Lemma 3.3 ([22, Lemma 7]). A2((K; + KTVS)VE) <V2—1(r < s)ifand only if one
of the conditions 1 — 10 holds:

M r>1,s>r,q=1; 6) r=2,s=53<q<4
@) r=1,s>1q¢>2 (7N r=26<s<8,q=3;
B)r=2s>2q=2 8 r=3,5=3,2<q<4;
4 r=22<s<3,q>3; O r=34<s<7q¢=2
B)r=2,s=4,3<q<T; (10) r=4,5s=4,q=2.

Lemma 3.4 ([22, Lemma 8]). A\o((K; + K, )VK,,) <V2—1(r <s, p < q)ifand
only if one of the conditions 1 — 5 holds:

Hr=Ls=1Lp=>1q=p;
@) r=1,s=21<p<2,qg<p;
B)r=1,s=2,p=3,3<q< T,
@ r=1,s=2p=4,q=4;
G r=1s=3,p=1q¢g=1.

Theorem 3.5 ([22, Theorem]). Let G be a graph without isolated vertices and let \o(G)
be the second largest eigenvalue of G. Then 0 < A2(G) < V2 — 1 if and only if one of the
following holds:

(D) G = (ViK1 + K2))VEn, .,

() G = (Ky + K, s)VK,, and parameters q, r and s satisfy one of the conditions
(1) — (10) from Lemma 3.3,

(3) G = (K1 + K, 3)VK, ,, and parameters p, q, r and s satisfy one of the conditions
(1) = (5) from Lemma 3.4.

Lemma 3.6. Letn > 3 and 1 > 0 > xo > x3 be the roots of the polynomial 3 —
(3n% — 1)x — 2n3 + 2n. Then

Spec(anl,n,nJrl) = {ZCl, 0,...,0,z2, 373}
3n—3
n—
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Proof. Since Pk, . ()= a2 ”1’]“(1 - Zl = ) Hi.c:l(z +ny),
Pr, 1 i (@) = 2373 (2 — (3n? — Da — 2n® + 2n).
Thus K1 ».n+1 has 3n — 3 eigenvalues 0 and 3 eigenvalues

a?+9n° -3
R

—r 1—-3n r 1—3n%\ .
x2—<6+ o )cos@ \f<6 o >51r197

_ 1— 2 _ 1— 2
T3 = <6r+ 23” >cos€+\/§<6r+ 2:)” )sin&,

1
2703 — 27n + 3(—81n* + 54n? + 3)2> ,

where

ol

o=

nfnJr n- — n- — s
27 27 729n* — 486n2 — 27

1
1 4 4 2 _ 2
arctan <(8 n odn 3) > O

0= In3 —9In

O-’)M—‘ T~

1 2v3
Lemma 3'7‘ hmn—)oo U(Kn,n,na Kn—l,n,n-i—l) - ?f

Proof. Since Spec(K,, nn) ={2n,0,...,0,—n, —n}, by Lemma 3.6 and using the com-
——

3n—3
putational software Maple [19] (see https://data.amc-journal.eu/cospectrality/
maplecode3.mw), the result follows. O
Proof of Theorem 1.2. Note that
3n—2
(K H) =120 = M|+ D Al + [0+ Asnoa| + |0+ Asnl.
i=2

By Lemma 3.7, for all ¢ > 0, there exists N € N such that for all n > N, ¢s(Ky, 5.0) <
2T\/§ + €. By Lemma 2.1, Corollary 2.2, Theorems 2.4 and 2.5, we obtain (1), (3) — (6) and

0< A < @ + 5. Suppose that 0 < Ay < v/2 — 1. Hence Theorem 3.5 can be applied.
Case 1: H = (Vi(K1 + K3))VEK,, . n, 1ft > 2, then (K1 + K2)V(K; + K») is an
induced subgraph of H. Since

Spec((Ky + K2)V(K; + K3)) = {3.73205, 41421, .26795, —1, —1, —2.41421},

by Theorem 3.1, A3,—o < —1, a contradiction. Now, suppose that ¢t = 1. If m =
1, then H = (K; + K3)VKs3,_3. We have Py (z) = 23" *f(z), whenever f(z) =
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% — (9n — 8)z% — (6n — 6)x + 3n — 3. So the non-zero eigenvalues of H are the roots of
f(z) = 0. By computing the roots, it implies that A3,,_; = —1, a contradiction. Therefore
m>2.1Ifng = =ny, =1,then H = (K + K3)VKjz,—3. So (K1 + K2)V K> is an
induced subgraph of H. Since

Spec((K + K2)VK,) = {3.32340, .35793, -1, —1, —1.68133},

by Theorem 3.1, A3,—2 < —1, a contradiction. Now, we can assume that n; > 2, for some
1 <i < m. Thus (K; + K2)V K] 2 is an induced subgraph of H. Since

Spec((Ky + K2)VK 5) = {4.06779, .36162,0, —1, —1.24464, —2.18477},

by Theorem 3.1, A3,,_2 < —1, a contradiction.

Case 2: H = (K, + K, ;)VK, and parameters ¢, and s satisfy conditions 1-10 from
Lemma 3.3. We have Py (z) = 2" ~* f(x) whenever f(x) = 2* — (¢+qr+gs+rs)z? —
2grsx + qrs. The non-zero eigenvalues of H are determined by equation f(z) = 0. By
computing the roots, we have A\; = —A3,, and Ay = —\3,,_1, a contradiction.

Case 3: H = (K1 + K, 5)VK, 4, and parameters p, ¢, r and s satisfy conditions 1-5 from
Lemma 3.4. In this case, H can be isomorphic to one of these graphs: (K + K1 2)V K35,
(K1+K12)VEKy4and (K + K11)VEK,  whenever g > p > land p+¢g = 3n— 3. All
of these graphs have (K + K1,1)V K] 2 as an induced subgraph. Since

Spec((Ky + K11)VK, 2) = {4.06779,.36162,0, —1, —1.24464, —2.18477},

by Theorem 3.1, A3,,_2 < —1, a contradiction.
SovV2—1< X < ? + % or Ay = 0. If Ay = 0, then, by Theorem 3.2, there are
some positive integers k, n1, ..., ny and an integer ¢t > 0 such that H = tK; + K,

1y
If k =1, then H = K3, a contradiction. If £ = 2, then H = tK,; + K, ;. Since
Spec(H) = {V/rs,0,...,0,—/rs},
——
3n—2
Asn—1 = 0, a contradiction. Thus & > 3. Suppose that £ > 4. If ny = --- = ny = 1, then
H =2 tK, + Ks,_+. We have
Spec(H) ={3n —¢t—-1,0,...,0,—1,...,—1}.
———
t 3n—t—1

Hence A3, = —1, a contradiction. If there exists an unique 7, 1 < ¢ < k, such that n; > 2,

then K 1,12 is an induced subgraph of H. Since
Spec(K11,1,2) = {3.64575,0, -1, —1,—1.64575},

by Theorem 3.1, A3,_2 < —1, a contradiction. Thus there exist 4 and j such that n;,n; >
2. Hence H has K 2.2 as an induced subgraph. We have

Spec(K1 1.0.0) = {4.37228,0,0, —1, —1.37228, —2}.

So by Theorem 3.1, A3,,_2 < —1, a contradiction. Therefore we can assume that k¥ = 3 and
H = tK i+ K, q.r, for some positive integers p, g and r. If p = ¢ = r = 1, then, by similar
argument given in k > 4, we have A3, = —1, a contradiction. So H = tK + K, 4, such
that at least one of p, ¢ and r is greater than 1. This completes the proof. O
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Lemma 3.8. limy, 00 A(Kpnn, Kn—1,nn41) = 3
Proof. By Lemma 3.6 and using the symbolic computational software Maple [19] (see

https://data.amc-journal.eu/cospectrality/maplecode4.mw), the result follows. O

The graph H in Figure 1 is the only unique graph such that o (K3 3 3, H) and A(K3 3 3,
H) have the minimum possible values. For n > 4, we have the following conjectures:

Conjecture 3.9. For every integer n > 4, c¢s(Ky, n.n) = 0(Kp nn, H) for some graph H
l:fand Of’lly lfH = Kn—l,n,n—{—l-

Conjecture 3.10. For every integer n > 4, cs(Kp, n.n) = MK nn, H) for some graph
Hifandonly if H = K, _1 5 nt1.

Figure 1: The graph which is closest to K3 3 3 both in the ¢!~ and ¢2-norm.

4 Cospectrality of some families of graphs using £7-norm for p > 2

Let p > 2 be an arbitrary positive integer. First we determine the cospectrality of the null
graphs on n vertices.

Theorem 4.1. For every integern > 2, cs(nK1) = 2. Moreover, cs(nK1) = \P) (nK,, H)
for some graph H if and only if H =2 Ko + (n — 2)K;.

Proof. It is not hard to see that A(P) (nK, Ky 4+ (n — 2)K;) = 2. Let H be a simple
graph of order n. Thus cs(nk;) = \?)(nK, H) < 2. So |\ (H)| < ¥/2, where \;(H)
is the greatest eigenvalue of H. Since the greatest eigenvalue of a graph is always non-
negative and H 2 nK7, we have 0 < \(H) < ¥/2. Moreover, there is no graph whose
greatest eigenvalue lies in the intervals (0,1) and (1,v/2). Hence A\;(H) = 1. Thus

In the following we show that the minimum value of A\(P)(K,,, H) occurs whenever
H =~ K, \ e, where K, \ e is the graph obtaining from K, by deletion one edge e. First
we need the following results.
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Lemma 4.2. \(*)(Ky, Ky \ e) = 2 and for every integer n > 3 and every edge e of K,
AP(K,, K, \e) <2

Proof. Itis easy to see that (") (K3, K2\ €) = 2. By Corollary 3.4 and Lemma 3.6 in [2],
one can obtain the result. O]

Theorem 4.3. For every integer n > 2, ¢s(K,,) = \P)(K,,, H) for some graph H if and
only if H = K, \ e for any edge e, where K, \ e is the graph obtaining from K, by deletion
one edge e.

Proof. Forn = 2and n = 3, Itis easy to see that cs(K,,) = AP (K,,, K,, \ ). Letn > 4.
We show that if H is not isomorphic to K, and K, \ e, then \P)(K,,, H) > 2.
Let Ay > --- > )\, be the eigenvalues of H. Therefore

AP (K, H) = M =+ 1P+ [N+ 17
i=2
One can obtain this if one of the following cases holds, then A?)(K,,, H) > 2.
Case I: M —n+1< —/2.
Case 2: My +1> /2.
Case 3: A3 > 0.

Now suppose that none of the above cases occurs. Thus we can assume that Ay >n — 1 —
V2, M0 < V2 —1and \3 < 0. If \y < 0, then, by Lemma 3.9in [2], H = K,_; + K,
and \P)(K,,, H) = 2.

Now suppose that Ay > 0. Since 0 < g < V2-1<1 by Theorem 2 in [5], there
exists an integer ¢ such that H =~ tK; + (K7 + KQ)VKn_3_t where 0 <t <n —4.

Ifn —3 —t > 1, then (K; + K3)V K> is an induced subgraph of H. Since

Spec((Ky + K2)VE3) = {2.85577,0.32164,0, —1, —2.17741},

by Theorem 3.1, A3 > 0, a contradiction. If n —3 —¢t = 1, then H = (n — 4)K; +
(K1 + K2)VKj;. Since

Spec(H) = {2.17009,0.31111,0, ...,0, —1,—1.48119},
4

AP)(K,,, H) > 2. Therefore by Lemma 4.2, cs(K,,) = A?)(K,,, K,, \ e). This completes
the proof. O

In the following, we investigate the cospectrality of complete bipartite graphs. The
proofs of Lemmas 2.5 and 2.7 and Theorem 2.8 in [20] are also working for p > 2, an
arbitrary positive integer. First we need the following results, the "¢ —version" of Lemmas
2.5 and 2.7 in [20].

Lemma 4.4. Let m and n be two positive integers and G be a graph of order m + n. If G
has K112 or (K1 + K2)V K7 as an induced subgraph, then AP (@, Kpn) > 1
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Lemma 4.5. Let m and n be two positive integers and G be a graph of order m + n.

Suppose that there are no positive integers r, s and a non-negative integer t such that G =
K, + K. If \2(G) < V2 — 1, then \P) (G, K., ) > 1.

Theorem 4.6. Let m and n be two positive integers such that (m,n) # (1,1). Then
cs(Km,n) = )\(p) (Km,ru Kr,s + tKl)u

for some integers r,s > 1l andt > 0 suchthatr + s+t = m+nandr,s # m,n.
Moreover, if cs(Kp, ) = /\(”)(Kmm7 H) for some graph H, then H = K, ; + hK1, where
1,5 > 1and h > 0 are some integers so thati + j + h =m + n.

Proof. 1t is easy to see that cs(K72) = )\(p)(Kl,g, K11+ Ki). So we can assume that
m+mn > 4. Leti,j7 > 1and h > 0 be some integers such that i + j + h = m + n.
Thus \P)(K,, n, K; ; + hKy) = 2|\/mn — \/ij|P. By Lemma 2.4 in [20], there are
some positive integers r and s such that » + s < m + n and {r,s} # {m,n} so that
[vmn — \/rsP < (%)p. Lett = m +n —r — s. Hence we obtain \?)(K,, ,,, K, . +
tK1) < (v/2 — 1)P. Therefore cs(K,, ) < (V2 — 1) < 1. Now suppose that H is a
graph such that ¢s(K,, ) = AP)(K,, ,,, H). Thus A\??)(K,, ,, H) < (v/2 — 1)P. Let
A2 (H) be the second largest eigenvalue of H. So we have [\o(H)| < v/2 — 1. Since
A(p)(Km,n, H) < 1, by Lemma 4.5, there are some integers 7, s > 1 and ¢ > 0 such that
H = K, + tK;. This completes the proof. O

Theorem 4.7. Let n > 1 be an integer. Then, the following hold:
(1) CS(KLl) = )\(p)(KLl,QKl) = 2,
(2) CS(KLQ) = )\(p)(Kl,g,KLl + Kl) = 2|\@— 1

p)
) Ifn > 3 is a prime number, then

n—3

5 K1) =2lVn+1-Vnl,

cs(K1n) = AP (K1, Ky na +

4) Ifn > 3 is not a prime number, then
es(Ky1n) = ANP(Ky 0, Ko+ (n+1—7—5)K;) =0,
where r and s are some positive integers such thatr,s < nandn = rs.
Proof. The method is similar to that of Theorem 2.10 in [20]. O
By Theorem 4.6, one can easily obtain the following results.

Theorem 4.8. For every integern > 2, c¢s(K,, ) = 2In—+v/'n? — 1|P. Moreover, ¢s(K,, )
= \P)N(K,, ., H) for some graph H if and only if H = K,,_1 ny1.

Theorem 4.9. For every integer n > 2, cs(Kp pi1) = 2vVnZ +n — vn2+n— 2P,
Moreover, cs(Kp ni1) = A®) (Kyn,nt1, H) for some graph H ifand only if H = K,,_1 p12.
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