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Abstract

This paper concerns the positive part U, q+ of the quantum group U, (;IQ) The algebra
U; has a presentation involving two generators that satisfy the cubic g-Serre relations.
We recently introduced an algebra Z/{,;|r called the alternating central extension of Uq+ . We
presented Z/l; by generators and relations. The presentation is attractive, but the multitude
of generators and relations makes the presentation unwieldy. In this paper we obtain a
presentation of Z/l;r that involves a small subset of the original set of generators and a very
manageable set of relations. We call this presentation the compact presentation of Z/{qJr .

Keywords: q-Onsager algebra, q-Serre relations, q-shuffle algebra, tridiagonal pair.

Math. Subj. Class. (2020): 17B37, 05E14, 81R50

1 Introduction

The algebra U, (f?[g) is well known in representation theory [15] and statistical mechanics
[20]. This algebra has a subalgebra Uq+ called the positive part. The algebra U, q+ has a
presentation involving two generators (said to be standard) and two relations, called the
g-Serre relations. The presentation is given in Definition 2.1 below.

Our interest in U, q+ is motivated by some applications to linear algebra and combina-
torics; these will be described shortly. Before going into detail, we have a comment about g.
In the applications, either ¢ is not a root of unity, or ¢ is a root of unity with exponent large
enough to not interfere with the rest of the application. To keep things simple, throughout
the paper we will assume that ¢ is not a root of unity.
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author thanks Kazumasa Nomura for giving this paper a close reading and offering many valuable comments.
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Our first application has to do with tridiagonal pairs [17]. A tridiagonal pair is roughly
described as an ordered pair of diagonalizable linear maps on a nonzero finite-dimensional
vector space, that each act on the eigenspaces of the other one in a block-tridiagonal fashion
[17, Definition 1.1]. There is a type of tridiagonal pair said to be g-geometric [18, Defini-
tion 2.6]; for this type of tridiagonal pair the eigenvalues of each map form a ¢?-geometric
progression. A finite-dimensional irreducible U, q+ -module on which the standard genera-
tors are not nilpotent, is essentially the same thing as a tridiagonal pair of g-geometric type
[18, Theorem 2.7]; these U;r—modules are described in [18, Section 1]. See [13, 24] for
more background on tridiagonal pairs.

Our next application has to do with distance-regular graphs [1, 14, 32]. Consider a
distance-regular graph T' that has diameter d > 3 and classical parameters (d, b, «, 8)
[14, p. 193] with b = ¢ and o = ¢ — 1. The condition on « implies that I is formally
self-dual in the sense of [14, p. 49]. Let A denote the adjacency matrix of I, and let A*
denote the dual adjacency matrix with respect to any vertex of I [19, Section 7]. Then by
[19, Lemma 9.4], there exist complex numbers 7, s,r*,s* with r,7* nonzero such that
rA + sl, r*A* 4+ s*I satisfy the ¢-Serre relations. As mentioned in [19, Example 8.4],
the above parameter restriction is satisfied by the bilinear forms graph [14, p. 280], the
alternating forms graph [14, p. 282], the Hermitean forms graph [14, p. 285], the quadratic
forms graph [14, p. 290], the affine Eg graph [14, p. 340], and the extended ternary Golay
code graph [14, p. 359].

Our next application has to do with uniform posets [23, 27]. Let GF(b) denote a finite
field with b elements, and let IV, M denote positive integers. Let H denote a vector space
over GF(b) that has dimension N + M. Let h denote a subspace of H with dimension M.
Let P denote the set of subspaces of H that have zero intersection with h. For z,y € P
define x < y whenever x C y. The relation < is a partial order on P, and the poset P
is ranked with rank V. The poset P is called an attenuated space poset, and denoted by
Ap(N, M) [21], [27, Example 3.1]. By [27, Theorem 3.2] the poset A, (N, M) is uniform
in the sense of [27, Definition 2.2]. It is shown in [21, Lemma 3.3] that for A, (N, M)
the raising matrix R and the lowering matrix L satisfy the g-Serre relations, provided that
b=q>%

Our last application has to do with g-shuffle algebras. Let F denote a field, and let =, y
denote noncommuting indeterminates. Let V' denote the free associative F-algebra with
generators x,y. By a letter in V' we mean z or y. For an integer n > 0, by a word of length
n in V we mean a product of letters vy vs - - - v,. The words in V' form a basis for the vector
space V. In [25, 26] M. Rosso introduced an algebra structure on V, called the g-shuffle
algebra. For letters u, v their g-shuffle product is u x v = uv + ¢{*“*)vu, where (u,v) = 2
(resp. (u,v) = —2) if u = v (resp. u # v). By [25, Theorem 13], in the g-shuffle algebra
V the elements x, y satisfy the g-Serre relations. Consequently there exists an algebra
homomorphism f from U, (;r into the g-shuffle algebra V, that sends the standard generators
of U(;r to x, y. By [26, Theorem 15] the map f is injective.

Next we recall the alternating elements in U, q+ [30]. Let vyvy - - - v, denote a word in
V. This word is called alternating whenever n > 1 and v;_1 # v; for 2 < i < n. Thus the
alternating words have the form - - - zyxy - - - . The alternating words are displayed below:

Z, Ty, TYTrYr, LYTYTYZL,
Y, yry, yryry, yryryxry,
Yy, yryx, yryryx, Yyryryrye,
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LY, ryry, TYryry, LTYTYryxy,

By [30, Theorem 8.3] each alternating word is contained in the image of fj. An element
of U, ;r is called alternating whenever it is the f-preimage of an alternating word. For ex-
ample, the standard generators of U, ; are alternating because they are the f-preimages of
the alternating words z, y. It is shown in [30, Lemma 5.12] that for each row in the above
display, the corresponding alternating elements mutually commute. A naming scheme for
alternating elements is introduced in [30, Definition 5.2].

Next we recall the alternating central extension of U, q+ [29]. In [30] we displayed two
types of relations among the alternating elements of U_; the first type is [30, Proposi-
tions 5.7, 5.10, 5.11] and the second type is [30, Propositions 6.3, 8.1]. The relations
in [30, Proposition 5.11] are redundant; they follow from the relations in [30, Proposi-
tions 5.7, 5.10] as pointed out in [2, Propositions 3.1, 3.2] and [5, Remark 2.5]; see also
Corollary 6.3 below. The relations in [30, Proposition 6.3] are also redundant; they follow
from the relations in [30, Propositions 5.7, 5.10] as shown in the proof of [30, Proposi-
tion 6.3]. By [30, Lemma 8.4] and the previous comments, the algebra U, j is presented by
its alternating elements and the relations in [30, Propositions 5.7, 5.10, 8.1]. For this presen-
tation it is natural to ask what happens if the relations in [30, Proposition 8.1] are removed.
To answer this question, in [29, Definition 3.1] we defined an algebra L{q+ by generators and
relations in the following way. The generators, said to be alternating, are in bijection with
the alternating elements of U,j . The relations are the ones in [30, Propositions 5.7, 5.10].
By construction there exists a surjective algebra homomorphism Z/{j - U ; that sends
each alternating generator of Z/{;r to the corresponding alternating element of U;’ . In
[29, Lemma 3.6, Theorem 5.17] we adjusted this homomorphism to get an algebra isomor-
phism U, — U ®@F[z1, 22, . . .|, where {2, }72; are mutually commuting indeterminates.
By [29, Theorem 10.2] the alternating generators form a PBW basis for Z/{; . The algebra
Uy is called the alternating central extension of U,

We mentioned above that the algebra Z/{(;Ir is presented by its alternating generators and
the relations in [30, Propositions 5.7, 5.10]. This presentation is attractive, but the multitude
of generators and relations makes the presentation unwieldy. In this paper we obtain a
presentation of L{; that involves a small subset of the original set of generators and a very
manageable set of relations. This presentation is given in Definition 3.1 below; we call it
the compact presentation of L{; . At first glance, it is not clear that the algebra presented in
Definition 3.1 is equal to L{q+ . So we denote by U/ the algebra presented in Definition 3.1,
and eventually prove that Y = Z/{q+ . After this result is established, we describe some
features of L{q+ that are illuminated by the presentation in Definition 3.1.

Our investigation of Z/I(;r is inspired by some recent developments in statistical mechan-
ics, concerning the g-Onsager algebra O,. In [9] Baseilhac and Koizumi introduce a current
algebra A, for Oy, in order to solve boundary integrable systems with hidden symmetries.
In [12, Definition 3.1] Baseilhac and Shigechi give a presentation of .4, by generators and
relations. This presentation and the discussion in [12, Section 4] suggest that A, is related
to Oy in roughly the same way that L{(;|r is related to U, ; . The relationship between A, and
O, was conjectured in [7, Conjectures 1, 2] and [28, Conjectures 4.5, 4.6, 4.8], before be-
ing settled in [31, Theorems 9.14, 10.2, 10.3, 10.4]. The articles [3, 4, 6,7, 8,9, 10, 11, 12]
contain background information on O, and A,,.

Earlier in this section, we indicated how UJ has applications to tridiagonal pairs,
distance-regular graphs, and uniform posets. Possibly L{; appears in these applications,
and this possibility should be investigated in the future.
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This paper is organized as follows. In Section 2 we review some facts about U, q+ . In Sec-
tion 3, we introduce the algebra ¢/ and give an algebra homomorphism U, ; — U. In Sec-
tion 4, we introduce the alternating generators for I/ and establish some formulas involving
these generators. In Sections 5, 6 we use these formulas and generating functions to show
that the alternating generators for U/ satisfy the relations in [30, Propositions 5.7, 5.10].
Using this result, we prove that i = Z/l(;r . Theorem 6.2 and Corollary 6.5 are the main
results of the paper. In Section 7 we describe some features of Z/I,j that are illuminated
by the presentation in Definition 3.1. Appendix A contains a list of relations involving the
generating functions from Section 5.

2 The algebra U+

We now begin our formal argument. For the rest of the paper, the following notational
conventions are in effect. Recall the natural numbers N = {0,1,2,...}. Let F denote a
field. Every vector space and tensor product mentioned is over [F. Every algebra mentioned
is associative, over [F, and has a multiplicative identity. Fix a nonzero ¢ € [F that is not a
root of unity. Recall the notation

n

q"—q"

— n € N.
q9—9q

[nlq =
For elements X, Y in any algebra, define their commutator and g-commutator by
[X,Y]= XY - YX, [X,Y], =q¢XY — ¢ 'Y X.
Note that
(X, [X,[X,Y]g]g1] = X°Y — [3],X°Y X + 3], XY X? - Y X°

Definition 2.1 ([22, Corollary 3.2.6]). Define the algebra U; by generators Wy, W and
relations

(Wo, [Wo, [Wo, Wilglg-1] = 0, (Wi, Wy, [Wh, Wolglg-1] = 0. 2.1

We call U, ;r the positive part of U, (;[2) The generators Wy, Wi are called standard. The
relations (2.1) are called the ¢-Serre relations.

We will use the following concept.

Definition 2.2 ([16, p. 299]). Let A denote an algebra. A Poincaré-Birkhoff-Witt (or PBW)
basis for A consists of a subset 2 C A and a linear order < on (2 such that the following is
a basis for the vector space A:

a1az -+ - an nENv a17a27"‘aan€Q; a1§a2§"'§an'

We interpret the empty product as the multiplicative identity in .A.

In [16, p. 299] Damiani obtains a PBW basis for U;’ that involves some elements

{En5+ao}zo:07 {En5+a1}$f:0> {Enﬁ}zo:r (2.2)
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These elements are defined recursively as follows:

Eoo = Wo, Eq, = Wi, Es = q *WhWo — WoWy (2.3)
and forn > 1,
[EéaEn—le a] [En—l(S « ,E(;]
Ené-&-ag = (—_)1-’_05 En6+a1 = ()—+_ia (24)
q+q q+q
En5 = q72E(n—1)6+o¢1 WO - WOE(n—1)6+a1 . (25)

Proposition 2.3 ([16, p. 308]). A PBW basis for U(;“ is obtained by the elements (2.2) in
the linear order

Euoy < Estay < Eosta, < - < Es < Eas < E35 <+ < Eosyay < Esia, < Eq.

The elements (2.2) satisfy many relations [16]. We mention a few for later use.
Lemma 2.4 ([16, p. 300]). Fori,j € Nwithi > j the following hold in U;r.

(1) Assume thati — j = 2r + 1 is odd. Then

EistaoEjsta0 = 4 *EjstanFistao
,
(@ —q Zq CE(+0)5+a0 Bli—t)5+a0s
=1
Ej5+alEi5+a1 = q_QEi5+a1Ej5+a1
.,
(@ =0 T Ei—tstar EGoysran-
=1

(i1) Assume thati — j = 2r is even. Then

j7i+1(

EistooBistay = 0 EjstayBistao — @ 4= 4 VEL ysta

T

— (=0 ¢ H*EGi05ra0Ei-t)5tans

(=1
EjstorEistar = ¢ *Eisyar Ejsra, — ¢ (g — qil)E(2r+j)6+a1
r—1
— (@ =a ) " *Ei—tystra EGre)sran-
(=1
Lemma 2.5. The following (i) — (iii) hold in U;’.
(i) (See [16, p. 307].) For positive 1,j € N,
EisEjs = EjsEjs. (2.6)

(i) (See[16, p.307].) Fori,j € N,

[Eis+aos Ejstarle = —0E(i4j+1)5- 2.7
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(iii) Fori € N,

Wa 0+

[0,7+10 ZE&H%E@ £)8+ao> 2.8)
1-4 £=0

Ezé « ,W

[17111 ZE(Z 05 +r Bestan- 2.9)
1-4 £=0

Proof. (iii) To verify (2.8) and (2.9), use Lemma 2.4 to write each term in the PBW basis
for U, (;F from Proposition 2.3. We give the details for (2.8). Referring to (2.8), let A denote
the right-hand side minus the left-hand side. We show that A = 0. This is quickly verified
for ¢ = 0, so assume that ¢ > 1. For ¢ even (resp.+ odd) write ¢ = 27 (resp.7 = 21 + 1).
Using Lemma 2.4 we obtain A = Z;:O 0 Egs 1 on B (i—0)5+a,, Where for i even,

-3
ap=14q2— Q_1+ q —,
- q—gq
4
aw=14+¢"=(*—¢ )Y = (g+q g (Q<L<r—1,
k=1
oap=1-(q—q" qu * gt
and for ¢ odd,
-3
ap=1+q?— q71+ q
q—q "' q-—q
14
a=1+¢2-("—q Zq —(g+q Mgt (a<e<y).
=1

For either case apy = 0 for 0 < ¢ < r, so A = 0. We have verified (2.8). For (2.9) the
details are similar, and omitted. O

3 An extension of Uj

In this section we introduce the algebra ¢{. In Section 6 we will show that I/ coincides with
the alternating central extension U, of U

Definition 3.1. Define the algebra i/ by generators Wy, W, {G’ k+1 }ken and relations
) [WO, [WO’ [WO’ Wl]Q]q’l] =0,
(i) [le [W1, [Wla WO]q]q*] =0,

(i) (G, Wr] = qHoyletl,

q27q72

(IV) [WO, él] =4q [WO’["WO7Y2VI](I]7

q9°—q
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(v) fork > 1,

[[[ék’ Wo]q’ Wl]qy Wl]

(Grg1, W1] = (1—¢2)(®2—q2) ’
(vi) fork > 1,
- [Wo, [Wo, [Whék]q]q]
W 7(; = )
Wo, Gr41] (1—q2)(¢% —q72)
(vii) for k,¢ € N,
[Gri1, Gega] = 0.

For notational convenience define Gy = 1.

Note 3.2. Referring to Definition 3.1, the relation (iii) (resp. (iv)) is obtained from (v)
(resp. (vi)) by setting k& = 0.

Lemma 3.3. There exists a unique algebra homomorphismb: U, q+ — U that sends Wy —
WO and Wy — W1.

Proof. Compare Definitions 2.1, 3.1. O

In Corollary 6.7 we will show that b is injective. Let (W, W7) denote the subalgebra
of U generated by Wy, W1. Of course (Wo, W) is the b-image of U,. For the elements
(2.2) of U; , the same notation will be used for their b-images in (W, W7).

4 Augmenting the generating set for L/

Some of the relations in Definition 3.1 are nonlinear. Our next goal is to linearize the
relations by adding more generators.

Definition 4.1. We define some elements in I/ as follows. For k € N,

(G, Wolg

W, = O, @.1)
q—dq
Wi, G

Wit = %, (4.2)
q—4q
. Wi, W

Grt1 = Gr+1 + M (4.3)

l—q

For notational convenience define Go = 1.

Lemma 4.2. For k € N the following hold in U:
GiWo = q > WoGk + (1 — ¢ )Wy,
GiWi = @WiGy + (1 — ¢*) Wit

Proof. These are reformulations of (4.1) and (4.2). O



370 Ars Math. Contemp. 22 (2022) #P3.01 / 363-386

The following is a generating set for U:

{W_k}ken, {Wh1tren, {Grt1}ren, {Gri1}ren. 4.4

The elements of this set will be called alternating. We seek a presentation of U/, that
has the above generating set and all relations linear. We will obtain this presentation in
Theorem 6.2.

Next we obtain some formulas that will help us prove Theorem 6.2. We will show that
forn € N,

Ekston 1
Wi = Z ’“‘”( = ()Qk) 7 45)
k=0
N ErstaoGnor(—1)"¢**
W_, = 4.6)
kZ:O (q—q by

We will prove (4.5), (4.6) by induction on n. Note that (4.5), (4.6) hold for n = 0, since
Wy = E,, and Wy = E,,. We will give the main induction argument after a few lemmas.
For the rest of this section k and ¢ are understood to be in N.

Lemma 4.3. Pick n € N, and assume that (4.5), (4.6) hold for n,n — 1,...,1,0. Then
[Wo, Wn+1] = [an, Wl] (47)
Proof. The commutator [Wy, W,,11] is equal to

WoWnt1 — Wi Wo

_ Xn: WoEys o, Gnr(=1)Fg" Xn: Ekstor Gk Wo(=1)"¢*
)

= (q—q 1) = (q—q 1)
_ zn: WoEks+a,Gnor(—1)"¢"
= (¢ —q 1)
B Zn: Epstay (07 WoGnr + (1 — ¢ 2)Wi_yp) (1) ¢*
(q—q71)%*
_ i WoPEkstar — ¢ 2 Ersta, Wo)Groi(—1)*¢* B Z ErstasWi—n(—1)F¢g"?
—~ (q—q b2k = (g—q )Pt
_ i (k+1)8 CN*'n k(= 1) _ Z Esta, Wi— n( )qu !
= (a—g ) = (=g
_ zn: Er41)5Gn-1(—1)*q
— (g—q )
_ Z Eysta, (1) ¢" ! "z_f Ets+aoGn-r-e(=1)"¢"
— (q—q )t (¢—q 1)

+1 6Gn - Cnp(—1)q"!
_ Z p ) P Z( q2€Ek6+a1E€5+ao>(pl)2p1.
vt q—dq

p=0 p=0
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The commutator [W_,,, W] is equal to

W_, Wy — W1W,

_ Z Emao n—sWi(=1)* g% Z Wi BgstayGnor(=1)*¢*
(¢—q 1) part (¢—q 1)
_ zn: Epstao (@PWiGnt + (1 — @) Wi_ps1) (—1)Fg3*
(=g 1)
B Z W1 By o Gnr(—1)F g
= (g —q 1)
_ z": (4 Ers+acWi — WiEksiay)Gnor(—1)kg%*
= (¢—q1)*
B Z ErsraoWa-r+1(=1)*¢* !
= (g —g71)%t
_Z B 1)5Gnr(=1DF ¢ I Erogag Wnoksr (—1)Fg*
prd (g —q71)%* = (g =g 1)t
)kq3k+2

Ee+1)sGn—k(—
_Z (g —q 1)

n—k -
_ Z Ek6+ag k 3k+1 Z Eé<5+a1Gn—k—£(*1)£qE

—g-1)2k—1 —g-1)2¢
k=0 q q ) =0 (q q )
= _ i E(p+1)5Gn—p(* )pq3p+2
= (g —q=1)%
Gp(—1)PgPt!
- Z( Z q kEk5+aoE£5+a1> (;Dﬁ
p=0 \k-+0=p q—4q
By these comments
CpG, q°
W W] = Wi, W] = 3 CCnp 1P
— (¢—q7")
=
where for 0 < p < n,
Co=Epins+a ' (a—a") D ¢ Broror Brstao
k+e=p
— " EBpins —a(a—a7") Y ¢ BroranBiston

k+l=p

371

= (1= ¢ Epins — (1= 0% > (¢ Erssar Brsrao — BestaoErotar)

k+¢=p

_ (1 _ q2p+2)E(p+1)5 _ (1 _ q2) Z q%E(er1)5
k+0=p
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P

< ¢+ — (1 - ¢?) Zqz )E(p+1)5
=0

0.

The result follows. O
Lemma 4.4. Pick n € N, and assume that (4.5), (4.6) hold for n,n — 1,...,1,0. Then

(G, E5) = 0. 4.8)
Proof. Using Lemma 4.3,

0 o YV W) W, Wy00)
= [[Gny Wolgs W] — [Wo, [Wi, Gl

=[G, [Wo, W]
= —q[Gn, Es].
O
Lemma 4.5. Pick n € N, and assume that (4.5), (4.6) hold for n,n — 1,...,1,0. Then
(W_,,Wy] =0. 4.9)

Proof. The commutator [W_,,, Wp] is equal to

W_,Wo —WoW_,

_ Z Ek5+a0Gn Wo(— )k 3k B i WOEk6+a0én—k<_1)kq3k
paurt (g —q71)* et (q—q O
S Bl -
(q—q 1)
_ZWOE’““%Gn K(=1)Fg
P (q—q1)2*
:i [WO’Ek‘erao]qén k(= 1)k 1 3k 1 +ZEk6+a0Wk n( )kqsk—l
P (q—q1)* D)2k-1
_ i [(Wo, ErstaglgGni(—1)F g1
(g —q 1)

ES
I
<

n n—k A
+ Z Ek6+ozo( 1)kq3k ! Z E£5+040Gn*k*l(_l)zq3€
— 1 _ 4—1\2¢

o (g-gq )t & (a—q7")
Wo, pd+ag an ( 1)p ! Sp !

(=g 1)

+ Z( Z Ek5+aoE€5+ao> GF o= ))2p3p1 1'

p=0 \k+{¢=p

n

M

p=0
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By these comments

" 1)1) 1q3p 1
(Wen, Wol :Z ( g 1)1
where
Wo, o
Sp [Ofﬂ Z Ek5+aoE€5+ao (0 <p< n)
q—dq K iep
By (2.8) we have S}, = 0 for 0 < p < n. The result follows. O

Lemma 4.6. Pick n € N, and assume that (4.5), (4.6) hold for n,n — 1,...,1,0. Then
[Wn+1a Wl] =0. (4.10)
Proof. The commutator [W,, 11, W1] is equal to

Wn+1W1 - W1Wn+1

_ Z Eké—i—al nkWi(=1)*¢* zn: W1 Eks o, Gnor(—1)"¢*
(¢—q 1) = (¢—q 1)
& Erstan (PWiGng + (1= ) Wi_pg) (—1)F¢F
Z (¢—q )%
B Z Wi sty Gnr(=1)*¢"
k=0 (¢ —q71)*
Zn: [Exstar, WilgGnok(=1)"¢" ! _zn: Eysta, Wa—k1(=1)*F¢"
prs (¢—q 1) — (q—q 1)*1
_ zn: [Ekstar, WilgGnok(—=1)Fg" !
(¢ —q 1)

=
Il
=]

n—k ~
_ Z Brsro, (1) ¢! 3 Ets oy Gt (=1)‘q"
1\2k—1
= (a—q')?

=0 (q — q—l)ze
= i [Epstars Wi]gGnop(—1)PgPt?
p=0 (q—q1)*
; én— —1)Pgrtt
B Z Z Eks+ar Etstay %.
p=0 \k-+l=p (g—q 1)

By these comments

n

TGn ( )qurl
(Wosa Wil = 3 20 = iy

p=0
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where

[Ep6+a1 3 Wl

T:
b q—q

E Erstor Ers+an
k+4=p

By (2.9) we have T}, = 0 for 0 < p < n. The result follows.

Proposition 4.7. The equations (4.5), (4.6) hold in U for n € N.
Proof. The proof is by induction on n. We assume that (4.5), (4.6) hold for

n,n—1,...,1,0, and show that (4.5), (4.6) hold for n + 1. Concerning (4.5),

qu én—i—l - q_l én-‘,—l Wl

Wigo = q—q-1
_ [Grgr, W
= W1Gns1 — q 1@
q—q
5 [[[Gs Wolgs Wilgs Wh|
- W Gn -
T =22 - ¢72)
= WGy — Wen, Wilo, W)
(¢—q"(¢*>—q7?)
~ [[an,Wl],Wl]q
=WiGpi1 —
BT = (@ q7?)
~ [[WO,Wn+1]7W1]q
=W, Gn -
P =g (@ -7
. [(Wo, Wiy, Wii1]
=WiGpy1 —
B g = (@ - q7?)
- q[Es, W]
=WiGpi1 +
BT = (@ - ¢72)
[Es, Erstoy Gnot)(—1)*¢*
= W1Gny1 + )
1Gn41 QI;J (q q )2k+1(q2,q72)
E(;,Engral]ank(_l)qu
= W1Gri1 + qkz% (¢ —q 212 — ¢ 2)
E(k+1)6+a1Gn R(—1)F g
= W1Gpi1 + Z (q— g 1)z
k=0
a1 Gn1 2 (q—q D)2
% Ek5+a1Gn+1 k(— 1)qu
= — 2k :
~ (¢g—q71)

We have shown that (4.5) holds for n 4+ 1. Concerning (4.6),

by (4.2)

by Definition 3.1(v)

by (4.1)

by Lemma 4.3

by Lemma 4.6

by (2.3)

by (4.5) and induction

by Lemma 4.4

by (2.4)

by (4.1)
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~ [WOv G’n+1]
= WoGnar ==
5 Wo, [Wo, (W1, Gnlgldl .. )
= WoGri1 — 2 [Wo, ! P Nl by Definition 3.1(vi
T T TP — a ) Y v
_ ~ 2 [W07 [WO7 Wn+1} ]
- I/I/v()(;’rH*l —q (q — q_l)(q2 _ q_qz) by (42)
A [WOa [W07 Wn—&-l“
=WoGni1 — ¢* 2
T g— g (@ -7
WL o [Wo, [W_p, Wi]]
=WoGni1 — q G—q (g = q—q2) by Lemma 4.3
_ ~ 2 [W7n7 [WO7 Wl} ]
= WoGrni1 — ¢ = = qu) by Lemma 4.5
~ 2
=WoGns+1+¢* W, o] by (2.3)

(q —q )(¢?—q7?)

[EkotaoGni, Es](—1)F¢**
= WoGhns1 +4¢° Z 21 —2
= (a—q )*(¢® —q7?)

[Erstas Es)Gnor(—1)Fg*

by (4.6) and induction

= WoGni1 +¢° by Lemma 4.4
e kzo (=g )" * —q7?) g
By 1)5 400 Grog(—1)FH1g3H+3
= WoGi1 + Z (4 T by (2.4)
k=0
- BroragGrr—k(—1)F¢%
- Ea G’ll + 20 i —
o~n+tl ; (q—q )%
_ ni:l EystaoGnii—n(—1)*¢*
P (¢g—q 1)
We have shown that (4.6) holds for n + 1. O
Lemma 4.8. The following relations hold in U. Forn € N,
[W07 Wn—&-l} = [ —ny Wl]a [G’H,)E5] = 0
[wan WO] = 07 [Wn+17 Wl} 0.
Proof. By Lemmas 4.3 — 4.6 and Proposition 4.7. 0

Lemma 4.9. The following relations hold inU. For k € N,
(i) [Grr, Wil = W1, Grpalys
(i) [Wo, Gir1lg = [Grrr, Wolg.

Proof. (i) We have

[le W—k]

-2 Wil = W1, Gy

q

[Grt1, Whlq — (W1, Grpalq = |Gra1 +
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= (¢+ ¢ )[Crsr, W1] — [[Wf’vzl]’zwl]q
= (g4 ¢ H[Cry1, W] — HWT,_VI;@(;, Wi

[Hék7 WO]q> Wl]qv Wl]

=(¢+ q_l)[ék—s-h W] — 1—q¢2(qg—qh

=0.
(i1) We have
- - Wi, Wi -
[Wo, Gry1lq — [Grt1, Wolg = |Wo, Gryr + W = [Grv1, Wolq
q

B . Wo, [Wo, W,

= (¢+ ¢ )[Wo, Grs1] — o EOQ;HHQ
B . Wo, [Wo, W,

= (¢+q ")[Wo, Gr1] — o [1 _Oq_QkH]Q]

N -1 A [W ) [W ) [W17 ék}q}q]
- (Q+q )[W07Gk+1] - (10—q82)(q—q*1)

=0. O

5 Generating functions

The alternating generators of I/ are displayed in (4.4). In the previous section we described
how these generators are related to W, and W;. Our next goal is to describe how the
alternating generators are related to each other. It is convenient to use generating functions.

Definition 5.1. We define some generating functions in an indeterminate ¢. Referring to

(4.4),
G(t) =Y Gnt", G(t) =Y Gut",
neN neN
W= (t) =Y W_t", W) =Y Wpat™,
neN neN

Lemma 5.2. For the algebra U,

e LA GO Tl o),
Wo. W= (8] =0, R e ACUREl)
and
O _ gy, W, Gt _ gy,
qa—9q q—9q
W W 1] =0, W =) - én)
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Proof. Use Definition 4.1 and Lemmas 4.8, 4.9. O

For the rest of this section, let s denote an indeterminate that commutes with ¢.

Lemma 5.3. For the algebra U,

(W= (s),W-(®)] =0,  [W'(s),W"(t)] =0,

(W= (), WH(t)] + [ (s), W™ (1)] =0,

s[W™(s), G(1)] + t[G(s), W™ (1)] = 0,

(W= (), G(t)] + t[G(s), W™ ()] = 0,

s[W(s), G(t)] + t[G(s), W (#)] = 0,

s[W(s), G(t)] +t[G(s), WH (1)) = 0,

[G(s).G()] =0,  [G(s),G(1)] =0,

[G(s), G)] + [G(s), G(1)] = 0

and also

W= (s5), G(t)]g = W™ (1), G(s)lg, [G(s), WH(t)]g = [G(t), W (s)]q,
[G(s), W= ()]g = [G(), W ()], (W (s), G(8)]g = W (1), G(5)]gs
t7HG(s), G(1)] = sTHG(1), G()] = aW ™~ (1), WH(s)lg — alW ™ (), WF (1),
G (s), G(1)] = sHG(), G ()] = aW (1), W (8)lg — aW (), W ()],
[G(s), Gy = [G(1), G(s)]g = at[W ™ (£), W (s)] — gs[W ™~ (s), WH(1)],
(G (), G(D)]q = [G(1), G(s)]g = gt W (£), W™ (5)] — gs[W ™ (s), W™ (1)].

Proof. We refer to the generating functions A(s, t), B(s,t),...,S(s,t) from Appendix A.
The present lemma asserts that for the algebra U/ these generating functions are all zero.
To verify this assertion, we refer to the canonical relations in Appendix A. We will use
induction with respect to the linear order

I(s,t), M(s,t),N(s,t),A(s,t), B(s,t),Q(s,t), D(s,t), E(s,t), F(s,t),
G(s,t), R(s,t),S(s,t), H(s,t), K(s,t), L(s,t), P(s,t),C(s,t), J(s,1).

For each element in this linear order besides I(s,t), there exists a canonical relation that
expresses the given element in terms of the previous elements in the linear order. So in
U the given element is zero, provided that in I/ every previous element is zero. Note that
in U we have I(s,t) = 0 by Definition 3.1(vii). By these comments and induction, in
U every element in the linear order is zero. We have shown that in I/ each of A(s,1),
B(s,t),...,S8(s,t) is zero. O

6 The main results

In this section we present our main results, which are Theorem 6.2 and Corollary 6.5.
Recall the alternating generators (4.4) for U.
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Lemma 6.1. The following relations hold inU. For k, ¢ € N we have

[Wo, Wisa] = Wi, Wi] = (1 — ¢ )(Gry1 — Grpa), (6.1)
[Wo, Grsilq = [Gra1, Wolg = (4 — ¢ )Woi—1, (6.2)
[Gry1, Wil = W1, Grglg = (¢ — ¢ 1) Wiesa, (6.3)
Woi Wl =0,  [Wis1, Wera] =0, (6.4)
(W_i, Weia] + [Wiy1, Wo] = 0, (6.5)
W, o] + [Grpr, W_g] = 0, 6.6)
(W_k, Goga] + [Gryr, W_g] =0, (6.7)
Wit1, Geyr] + [Gryr, Wega] = 0, (6.8)
(Wii1, Gesa] + [Gryr, Wega] = 0 (6.9)
[Grt1,Gey1] =0, (Gra1,Geya] =0, (6.10)
[Ghi1, Gega] + [Grar, Gea] =0 (6.11)
and also
W_i,Gelq = [W-r, Gilg, (G, Weta]q = [Go, Wil (6.12)
(G, Wetlg = [Ge, W_ilq, Wei, Gilg = Wi, Gelg, (6.13)
[Gi, Goia] = [Gr, Grya] = qlW_r, Wisalg — a[W_i, Weyaly, (6.14)
Gk, Gera] = [Gr, Giya] = aWer1, Woilg — (W1, Wiy, (6.15)
[Giy1, Gealg — [Gevr, Grialg = dIW—0, Wieia] — q[W_i, Weya], (6.16)
[

Gri1,Grrilg — [Gosts Grrlg = dWest, Wei—1] — W1, Woy_1]. (6.17)

Proof. The relations (6.1) — (6.3) are from Definition 4.1 and Lemmas 4.8, 4.9. The rela-
tions (6.4) — (6.17) follow from Definition 5.1 and Lemma 5.3. L]

Theorem 6.2. The algebra U has a presentation by generators

{W_k}ren, {Wh1 Fren, {Grt1}ren, {Gri1}ren
and the relations in Lemma 6.1.

Proof. 1t suffices to show that the relations in Definition 3.1 are implied by the relations in
Lemma 6.1. The relation (iii) in Definition 3.1 is obtained from the equation on the left in
(6.3) at k = 0, by eliminating G; using [Wy, W1] = (1 — q_2)(é1 — G1). The relation (iv)
in Definition 3.1 is obtained from the equation on the left in (6.2) at k = 0, by eliminating
G using [Wo, W1] = (1 — ¢2)(G1 — G4). For k > 1 the relation (v) in Definition 3.1
is obtained from the equation on the left in (6.3), by eliminating G11 using [W_, W1] =
(1 — ¢ 2)(Ghy1 — Gy1) and evaluating the result using [Gr, Wol, = (¢ — ¢~ )W _.
For k > 1 the relation (vi) in Definition 3.1 is obtained from the equation on the left in
(6.2), by eliminating Gy using [Wo, Wi41] = (1 — q_g)(ékﬂ — G+1) and evaluating
the result using [W7, ék]q = (¢ — ¢ Y)Wy41. The relation (vii) in Definition 3.1 is from
(6.10). The relation (i) in Definition 3.1 is obtained from [Wy, W_4] = 0, by eliminating
W_; using G, Wol, = (¢ — ¢~')W_, and evaluating the result using Definition 3.1(iv).
The relation (ii) in Definition 3.1 is obtained from [W;, W3] = 0, by eliminating W5 using
[W1,G1], = (¢ — ¢~ )W, and evaluating the result using Definition 3.1(iii). O
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It is apparent from the proof of Theorem 6.2 that the relations in Lemma 6.1 are redundant
in the following sense.

Corollary 6.3. The relations in Lemma 6.1 are implied by the relations listed in (i) — (iii)
below:

(1) (6.1)-(6.3);
(ii) (6.4)withk =0and £ =1;
(iii) the relations on the right in (6.10).

Proof. By Lemma 6.1 the relations (6.1) — (6.17) are implied by the relations in Defini-
tions 3.1, 4.1. The relations listed in (i) — (iii) are used in the proof of Theorem 6.2 to
obtain the relations in Definition 3.1. The relations listed in (i) imply the relations in Defi-
nition 4.1. The result follows. O

The relations in Lemma 6.1 first appeared in [30, Propositions 5.7, 5.10, 5.11]. It was
observed in [2, Propositions 3.1, 3.2] and [5, Remark 2.5] that the relations (6.1) — (6.11)
imply the relations (6.12) — (6.17). This observation motivated the following definition.

Definition 6.4 ([29, Definition 3.1]). Define the algebra Z/{q+ by generators

{W_k}ren, {Whi1ren, {Grt1}ren, {Gri1}ren

and the relations (6.1) — (6.11). The algebra Z/l; is called the alternating central extension
of U, ;r .

Corollary 6.5. We have U = U.
Proof. By Theorem 6.2, Corollary 6.3, and Definition 6.4. 0

Definition 6.6. By the compact presentation of Z/{qJr we mean the presentation given in
Definition 3.1. By the expanded presentation of Z/l,;r we mean the presentation given in
Theorem 6.2.

Corollary 6.7. The map b from Lemma 3.3 is injective.

Proof. By Corollary 6.5 and [29, Proposition 6.4]. O

7 The subalgebra of L{; generated by {ék_,_l} kEN

Let 3 denote the subalgebra of Z/{j generated by {ékﬂ} reN- In this section we describe
G and its relationship to (Wo, W7 ).

The following notation will be useful. Let 21, 29, . . . denote mutually commuting inde-
terminates. Let F[z1, 2o, . . .] denote the algebra consisting of the polynomials in z1, 2o, . . .
that have all coefficients in [F. For notational convenience define zy = 1.

Lemma 7.1 ([29, Lemma 3.5]). There exists an algebra homomorphism Z/l(;r —
Flz1, 22, . . .] that sends

W_, — 0, Wyt1 — 0, Gp — 2, Gp — 2zn

forn € N.
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Proof. By Theorem 6.2 and the nature of the relations in Lemma 6.1. O

Corollary 7.2 ([29, Theorem 10.2]). The generators {ék+1}keN of G are algebraically
independent.

Proof. By Lemma 7.1 and since {zy1 }ren are algebraically independent. O
The following result will help us describe how G is related to (Wo, Wh).

Lemma 7.3. Forn € N,

alGn—k(fl)k+1qk+1
(q _ q—1)2k—1 ’

n
~ x ErstaoGn-r(—1)Fg* !
GaWo = WG + > =

=1

N - " E
CaWy = WG, + Y 2%
k=1

(7.1)

(7.2)

Proof. To obtain (7.1), eliminate W, from (4.5) using (4.2), and solve the resulting
equation for G,,W;. To obtain (7.2), eliminate W_,, from (4.6) using (4.1), and solve the
resulting equation for G,,Wj. O

Shortly we will describe how G is related to (W, W;). This description involves the
center Z of L{; . To prepare for this description, we have some comments about Z. In
[29, Sections 5, 6] we introduced some algebraically independent elements 2, Zo, . . . that
generate the algebra Z. For notational convenience define Zy = 1. Using {Z,,}nen We
obtain a basis for Z that is described as follows. For n € N, a partition of n is a sequence
A = {\;}22; of natural numbers such that \; > \; 11 fori > landn = Z;’il ;. The set
A,, consists of the partitions of n. Define A = U, enA,,. For A € A define Z, = H;’il Zy,;-
The elements {7} xca form a basis for the vector space Z. Next we describe a grading
for Z. Forn € N let Z,, denote the subspace of Z with basis {Z)}ca,, - For example
Zy = F1. The sum Z = ZHGN Z, is direct. Moreover Z,.2; C Z,, 5 for r,s € N.
By these comments the subspaces { Z,, },,cn form a grading of Z. Note that Z,, € Z,, for
n € N. Next we describe how Z is related to (Wy, W7).

Lemma 7.4 ([29, Proposition 6.5]). The multiplication map

(Wo, W) ® Z — U

wR 2z wz

is an algebra isomorphism.

For n € N let U, denote the image of (W, W1) ® Z,, under the multiplication map. By
construction the sum Z/l(;r =D nenUn is direct.

In the next two lemmas we describe how G is related to Z.

Lemma 7.5 ([29, Lemmas 3.6, 5.9]). Forn € N,

n—1

Gn €Y (Wo,W1)Z, Gn—Zn €Y (Wo,W1)Z.
k=0 k=0
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For \ € A define G, = 12, G’A By Corollary 7.2 the elements {C;')\}AGA form a basis
for the vector space G.

Lemma 7.6. Forn € Nand A € A,,

n n—1
GAGZUIC’ é,\—Z,\EZUk.
k=0
Proof. By Lemma 7.5 and our comments above Lemma 7.4 about the grading of Z. O

Next we describe how G is related to (W, W1).

Proposition 7.7. The multiplication map

(Wo, W) @ G = U

w g wg
is an isomorphism of vector spaces.

Proof. The multiplication map is F-linear. The multiplication map is surjective by
Lemma 7.3 and since L{; is generated by Wy, W1, G. We now show that the multiplicaton
map is injective. Consider a vector v € (Wy, W1) ® G that is sent to zero by the multi-
plication map. We show that v = 0. Write v = )\, ax ® G, where a, € (Wo, W)
for A € A and a) = 0 for all but finitely many A € A. To show that v = 0, we must
show that a) = 0 for all A\ € A. Suppose that there exists A € A such that ay # 0. Let
C denote the set of natural numbers m such that A,, contains a partition A with ay # 0.
The set C' is nonempty and finite. Let n denote the maximal element of C'. By construction
ZAeAn ax ® Zy is nonzero. By Lemma 7.4,

Z axZx # 0. (7.3)

AEA,

By construction

n n—1
0= Z(I)\é,\ = Z Z aké,\ = Z a,\é,\+z Z a,\é,\. (7.4)

AEA k=0 A€Ay AEA, k=0 A€y

Using (7.4),

Z a)\Z,\ = Z a) Z)\ —G)\ Z Z a)\G)\ (7.5)

AEA, AEA, k=0 A€y

The left-hand side of (7.5) is contained in U/,,. By Lemma 7.6 the right-hand side of (7.5)
is contained in ZZ;& Uy;. The subspaces Uf,, and Zz;é U}, have zero intersection because
the sum ), Uy, is direct. This contradicts (7.3), so ay = 0 for A € A. Consequently
v = 0, as desired. We have shown that the multiplication map is injective. By the above
comments the multiplication map is an isomorphism of vector spaces. O
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Appendix A

Recall the algebra U/ from Definition 3.1. In this appendix we list some relations that hold
in . We will define an algebra I/ that is a homomorphic preimage of U{. All the results
in this appendix are about /" .

Define the algebra ¥ by generators

{W_i}en, {Wit1}ren, {Grs1}ren, {Grt1}ren

and the following relations. For k£ € N,

(Wo, Wita] = [Wop, Wi] = (1 = ¢72)(Gry1 — Gipa), (A1)
[Wo, Grrlg = [Gryr, Wolg = (g — ¢ )W, (A2)
[Grt1, Whlq = (W1, Grslq = (a — ¢ ) Wi, (A.3)
[Wo, W_i] =0, (W1, Wit1] = 0. (A4)

For notational convenience, define Go = 1 and G‘O =1.

For UV we define the generating functions W~ (t), W (), G(t), G(t) as in Defini-
tion 5.1. In terms of these generating functions, the relations (A.1) — (A.4) become the
relations in Lemma 5.2. Let s denote an indeterminate that commutes with ¢. Define

A(s, t) = [W™(s), W™ (1),

B(s,t) = [W*(s), WH(t)],

C(s,t) = [W(s), WH ()] + [WF(s), W™ (1),

D(s,t) = s[W™~(s), G(t)] + t[G(s), W™ (1)),

E(s,t) = s[W~(s), G(t)] + t[G(s), W~ (#)],

F(s,t) = s[W(s), G(t)] + t[G(s), W (1)),

G(s,t) = s[WH(s), G(t)] + t[G(s), W (1),

H(s,t) = [G(s), G(1)],

I(s,t) = [G(s), G(1)],

J(s,1) = [G(s), G(1)] + [G(s), G(1)]
and also
K(s.1) = W= (). G0 ~ W= (). (s,
L(s,t) = [G(s), WF ()]q — [G(t), W (s)]g,
M (s,t) = [G(s), W~ ()]q = [G(1), W (s)],,
N(s,t) = W (s), G(0)]y — W (2),G(5)],,
P(s,t) = t7'[G(s), G(t)] = s [G(8), G(s)] = (W™ (£), W ()]g + a[W™ (), WF (D),
Qs t) = t71G(s), GO)] = s [G(1), G(s)] — (W (), W (8)]g + a[W(5), W ()]
R(s,t) = [G(s), G(t)]g — [G(1), G()]g — qt[W ™ (£), W ()] + gs[W (), W (2)],
S(s:t) = [G(s), G(D)]q = [G(1), G()]g — gtV T (1), W ()] + as[W* (s), W~ (t)].
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By linear algebra,

(04+0)(P(s.0) + Qo) = (™' + (R +5(5.8) ) o
(@~ s (@ — st g ! W
(g + g (Rl5.1) + S(s.8)) — (s + ) (P(s.1) + Q(s.1))

0= (@ =50 — st 1)q 2 | (Ao

Using Lemma 5.2 we routinely obtain

C(s,t) =

[(Wo, A(s, t)] = 0 [(Wo, B(s, t)] _ G(s,t) — F(s,t),

1—qg2 st
[V[/]-Oa_cq(sv;)] _ E(Svt) t;D(SJ)’ [W(;?i)((]&lt)]q _ (S —‘rt)A(S,t),
W — (s + D) A(s, 1), W — S(s,8) = (g4 g Y H(s, 1),
G0 T 55,0 (a0, e g
[I(S,t),Wo]qz N s [WO,J(S7t)] _ s . s
q_q_l _M(7t)7 q_q_1 M(7t) K(7t)
and

Wo.K(s.0 WLy p (ot ot

q2—q*2 _A(’t)v qiqfl P( ?t) ( +1 )H(at)a
[M(S,t),Wo]q [N(Svt)vwo]q _ s _ (s} “\[(s
qg_q_g _A(Svt) q_q_1 _Q( 7t) ( +t )I( 7t)a
PO (s, — (a+ a5 B )
B0 Q0L (M) g+ a5 D),
B0 OL () (B(sut) — D)
[ng’f(j’?] = M(s,1) — K(s,1)
and

Wi, A(s, )] D(s,t) — E(s, ) -
Lol Dol (Wi, B(s, )] =,

[W/11,_Cq(s,2t)] _ F(s,zﬁ);ﬁG(s,t)7 [D(ls,_t)q,V;/l]q — Rls,t) — (q+q ) H(s,1),
PLODh — Risty -+ i, 0T (),
[WlaG(S7t)]q — (s s [H(57t)aW1]q2 — L(s

q_q,l _( +t)B(?t)7 q_q,l _L(7t)7
OV 10Ol _ o1, W TGN s, 1)~ (s,

qg—q! q—q
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and
[K(S,t),Wﬂq _ s _ 871 —1 s [L(S,t),Wﬂq _ s
q_q_l _P(vt) ( +t )H(7t)’ qg_q_g B(at)v
[W17M<S,t)]q o s _ 8_1 -1 s [W17N(S’t)]q — s
By i) Gl SO R S —E g "Bl
PO ()20 — (a0 s G
00 (4 N Gst) — (a4 a7 P (),
[Wl’R(Svt)] — IL(s . s [Wl,S(S,t)] — (5! -1 s _ s
qQ*q*Q _L( 7t) N( ’t)> qiqfl ( +t )(F( 7t) G( 7t))

We just listed 38 relations, including (A.5), (A.6). These 38 relations are called canonical.



