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Abstract

In 3-dimensional Euclidean space there exist two exceptional polyhedra, the rhombic
dodecahedron and the rhombic triacontahedron, the only known polytopes (besides poly-
gons) that are edge-transitive without being vertex-transitive. We show that these poly-
hedra do not have higher-dimensional analogues, that is, that in dimension d > 4, edge-
transitivity of convex polytopes implies vertex-transitivity.

More generally, we give a classification of all convex polytopes which at the same time
have all edges of the same length, an edge in-sphere and a bipartite edge-graph. We show
that any such polytope in dimension d > 4 is vertex-transitive.

Keywords: Convex polytopes, symmetry of polytopes, vertex-transitive, edge-transitive.
Math. Subj. Class. (2020): 52B15, 52B11

1 Introduction

A d-dimensional (convex) polytope P C R is the convex hull of finitely many points.
P is said to be vertex-transitive resp. edge-transitive if its (orthogonal) symmetry group
Aut(P) C O(R?) acts transitively on its vertices resp. edges. For a general overview over
the state of the art regarding symmetries in convex and abstract polytopes we refer to [9].

It has long been known that there are exactly nine edge-transitive polyhedra in R? (see
e.g. [6]). These are the five Platonic solids (tetrahedron, cube, octahedron, icosahedron and
dodecahedron) together with the cuboctahedron, the icosidodecahedron, and their duals,
the rhombic dodecahedron and the rhombic triacontahedron (depicted in this order):

*This article appears as Chapter 6 in the second author’s doctoral thesis [11]. The authors thank the anonymous
referees for their careful reading and their many remarks that led to an improvement of the article in several ways.
Corresponding author.
E-mail addresses: frank.goering @mathematik.tu-chemnitz.de (Frank Goring),
martin.h.winter@warwick.ac.uk (Martin Winter)
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Little is known about analogous questions in higher dimensions. Branko Griinbaum writes
in “Convex Polytopes” [5, page 413]

No serious consideration seems to have been given to polytopes in dimension d > 4
about which transitivity of the symmetry group is assumed only for faces of suitably
low dimensions, [...].

Even though families of higher-dimensional edge-transitive polytopes have been stud-
ied, to the best of our knowledge, no classification of these has been achieved so far.
Equally striking, all the known examples of such polytopes in dimension at least four are
simultaneously vertex-transitive. In dimension up to three, certain polygons (see Figure 1),
as well as the rhombic dodecahedron and rhombic triacontahedron are edge- but not vertex-

<OV 00

Figure 1: Some examples of edge-transitive 2n-gons with 2n € {4, 6,8} (the same works
for all n). The polygons depicted with black boundary are not vertex-transitive.

transitive. No higher dimensional example of this kind has been found. In this paper we
prove that this is not for lack of trying:

Theorem 1.1. In dimension d > 4, edge-transitivity of convex polytopes implies vertex-
transitivity.

As immediate consequence, we obtain the classification of all polytopes that are edge-
but not vertex-transitive. The list is quite short:

Corollary 1.2. If P C R% d > 2 is edge- but not vertex-transitive, then P is one of the
following:

(1) a non-regular 2k-gon (see Figure 1),
(i1) the rhombic dodecahedron, or
(iii) the rhombic triacontahedron.

Theorem 1.1 is proven by embedding the class of edge- but not vertex-transitive poly-
topes in a larger class of polytopes, defined by geometric regularities instead of symmetry.
In Theorem 2.4 we show that a polytope P C R? which is edge- but not vertex-transitive
must have all of the following properties:

(i) all edges are of the same length,



F. Goring and M. Winter: The edge-transitive polytopes that are not vertex-transitive 193

(ii) it has a bipartite edge-graph Gp = (V1 U V,, E), and
(iii) there are radii < 72, so that ||v|| = r; forallv € V.

We compile this into a definition: a polytope that has these three properties shall be called
bipartite (cf. Definition 2.1). The edge- but not vertex-transitive polytopes then form a sub-
class of the bipartite polytopes, but the class of bipartite polytopes is much better behaved.
For example, faces of bipartite polytopes are bipartite (Proposition 2.5), something which
is not true for edge/vertex-transitive polytopes'. Our quest is then to classify all bipartite
polytopes. The surprising result: already being bipartite is very restrictive:

Theorem 1.3. If P C R?, d > 2 is bipartite, then P is one of the following:
(1) an edge-transitive 2k-gon (see Figure 1),
(ii) the rhombic dodecahedron,
(iii) the rhombic triacontahedron, or

(iv) a T-permutahedron for some finite reflection group T C O(R?) (see Definition 2.10;
some 3-dimensional examples are shown in Figure 2).

Figure 2: From left to right: the As-, B3 and Hs-permutahedron.

The I'-permutahedra are vertex-transitive, and all the other entries in the list are of
dimension d < 3. This immediately implies Theorem 1.1.

Remarkably, despite the definition of bipartite polytope being purely geometric, all
bipartite polytopes are highly symmetric, that is, at least vertex- or facet-transitive, and
sometimes even edge-transitive.

Overview

In Section 2 we introduce the central notion of bipartite polytope and prove its most relevant
properties: that being bipartite generalizes being edge- but not vertex-transitive, and that
all faces of bipartite polytopes are again bipartite. We then investigate certain subclasses of
bipartite polytopes: bipartite polygons and inscribed bipartite polytopes. We prove that the
latter coincide with the I'-permutahedra, a class of vertex-transitive polytopes. It therefore
remains to classify the non-inscribed cases, the so-called strictly bipartite polytopes. We

IFor example, consider a vertex-transitive but not uniform antiprism. Its faces are non-regular triangles, which
are thus not vertex-transitive. Alternatively, consider the (n, n)-duoprism, n # 4, that is, the cartesian product
of a regular n-gon with itself. This polytope is edge-transitive, but its facets are n-gonal prisms (the cartesian
product of a regular n-gon with an edge), which are not edge-transitive.
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show that the classification of these reduces to the classification of bipartite polyhedra, i.e.,
the case d = 3.

From Section 3 on the investigation is focused on the class of strictly bipartite poly-
hedra. We successively determine restrictions on the structure of such, e.g. the degrees of
their vertices and the shapes of their faces. This quite elaborate process uses many clas-
sical geometric results and techniques, including spherical polyhedra, the classification of
rhombic isohedra and the realization of graphs as edge-graphs of polyhedra. As a result,
we can exclude all but two cases, namely, the rhombic dodecahedron, and the rhombic
triacontahedron. Additionally, we shall find a remarkable near-miss, that is, a polyhedron
which fails to be bipartite only by a tiny (but quantifiable) amount.

2 Bipartite polytopes

From this section on let P C R?, d > 2 denote a d-dimensional polytope of full dimension
(i.e., P is not contained in a proper affine subspace). By F(P) we denote the face lattice
of P, and by Fs5(P) C F(P) the subset of 6-dimensional faces.

Definition 2.1. P is called bipartite, if
(i) all its edges are of the same length ¢,

(ii) its edge-graph is bipartite, which we write as Gp = (V1 U V3, E), and
(iii) there are radii 71 < 79 so that ||v]| = r; forall v € V.

If r1 < 7o, then P is called strictly bipartite. A vertex v € V; is called an i-vertex. The
numbers 71, ro and ¢ are called the parameters of a bipartite polytope.

Remark 2.2. Since P is full-dimensional by convention, Definition 2.1 only defines full-
dimensional bipartite polytopes.

To extend this notion to not necessarily full-dimensional polytopes, we shall call a
polytope bipartite even if it is just bipartite as a subset of its affine hull where we made
an appropriate choice of origin in the affine hull (note that whether a polytope is bipartite
depends on its placement relative to the origin and that there is at most one such placement
if the polytope is full-dimensional). This comes in handy when we discuss faces of bipartite
polytopes.

Remark 2.3. An alternative definition of bipartite polytope would replace (iii) by the con-
dition that P has an edge in-sphere, that is, a sphere that touches each edge of P in a single
point (this definition was used in the abstract). The configuration depicted below (an edge
of P connecting two vertices v1 € V; and vy € V5) shows how any one of the four quanti-
ties r1, 72, £ and p (the radius of the edge in-sphere) is determined from the other three by
solving the given set of equations:

U1
‘
pr+ i =i
p PG =13
U2 QoAb =1
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There is a subtlety: for the edge in-sphere to actually touch the edge (rather than only
its affine hull outside of the edge) it is necessary that the perpendicular projection of the
origin onto the edge ends up inside the edge (equivalently, that the triangle conv{0, vy, v}
is acute at v1 and v9). One might regard this as intuitively clear since we are working with
convex polytopes, but this will also follows formally as part of our proof of Proposition 3.7
(as we shall mention there in a footnote).

This alternative characterization of bipartite polytopes via edge in-spheres will become
relevant towards the end of the classification (in Section 3.9). Still, for the larger part of
our investigation, Definition 2.1(iii) is the more convenient version to work with.

2.1 General obsevations

Proposition 2.4. If P is edge- but not vertex-transitive, then P is bipartite.

This is a geometric analogue to the well known fact that every edge- but not vertex-
transitive graph is bipartite. A proof of the graph version can be found in [4]. The following
proof can be seen as a geometric analogue:

Proof of Proposition 2.4. Clearly, all edges of P are of the same length.

Fix some edge e € F;(P) with end vertices vy, ve € Fo(P). Let V; be the orbit of v;
under Aut(P). We prove that V; UV, = Fo(P), V1 N V2 = & and that the edge graph G p
is bipartite with partition V; U V5.

Let v € Fo(P) be some vertex and € € F1(P) an incident edge. By edge-transitivity,
there is a symmetry 7' € Aut(P) that maps € onto e, and therefore maps v onto v; for
some i € {1,2}. Thus, v is in the orbit V;. This holds for all vertices of P, and therefore
Vi UVa = Fo(P).

The orbits of v; and vo must either be identical or disjoint. Since Vi U Vo = Fy(P),
from V; = V4 it would follow V; = Fy(P), stating that P has a single orbit of vertices.
But since P is not vertex-transitive, this cannot be. Thus, V; N Vo = &, and therefore
ViU Ve = Fy(P).

Let ¢ € F1(P) be an edge with end vertices ¥; and U2. By edge-transitivity, € can be
mapped onto e by some symmetry 7' € Aut(P). Equivalently {701,702} = {v1,v2}.
Since v; and v belong to different orbits under Aut(P), so do ¥; and ¥2. Hence ¢ has
one end vertex in V7 and one end vertex in V5. This holds for all edges, and thus, Gp is
bipartite with partition V; U V5.

It remains to determine the radii 7y < r9. Set r; := ||v;|| (assuming w.l.o.g. that
|lv1]] < ||v2|]). Then for every v € Vj there is a symmetry 7' € Aut(P) C O(R?) so that
Tv; = v, and thus

[oll = [ITvill = l[vill = rs. O

Bipartite polytopes are more comfortable to work with than edge- but not vertex-
transitive polytopes because their faces are again bipartite polytopes (in the sense as ex-
plained in Remark 2.2). Later, this will enable us to reduce the problem to an investigation
in lower dimensions.

Proposition 2.5. Let o € F(P) be a face of P. Then it holds

(i) if P is bipartite, so is o.
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(ii) if P is strictly bipartite, then so is o, and v € Fo(0) C Fo(P) is an i-vertex in P if
and only if it is an i-vertex in o.

(iii) if r1 < 7o are the radii of P and p1 < po are the radii of o, then there holds
W+ p; =17,
where h is the height of o, that is, the distance of aff (c) from the origin.

Proof. Properties clearly inherited by o are that all edges are of the same length and that
the edge graph is bipartite. It remains to show the existence of the radii p; < ps compatible
with the bipartition of the edge-graph of o.

Let ¢ € aff(o) be the orthogonal projection of 0 onto aff (). Then ||c|| = h, the height
of o as defined in (iii). For any vertex v € Fy(o) which is an i-vertex in P, the triangle
A := conv{0, ¢, v} has aright angle at c. Set p; := ||v — ¢|| and observe

pi = v —cl* = vl = llel|* = 7 — h*. ()

P —

In particular, the value p; does only depend on ¢. In other words, o is a bipartite poly-
tope when considered as a subset of its affine hull, where the origin is chosen to be ¢ (cf.
Remark 2.2). This proves (i), and (x) is equivalent to the equation in (iii). From (x) also
follows r1 < ro < p1 < p2, which proves (ii). O

The following observation will be of use later on.

Observation 2.6. Given two adjacent vertices vy, vy € Fo(P) with v; € V;, and if P has
parameters 1, 72 and £, then

2 = lvr — 1)2||2 = Hv1||2 + ||112H2 —2(vy,vg) = r% + TS — 211719 cos £ (v1,v2),

This can be rearranged for cos £(v1,v2). While the exact value of this expression is not
of relevance to us, this shows that this angle is determined by the parameters and does not
depend on the choice of the adjacent vertices v; and vs.

2.2 Bipartite polygons

The easiest to describe (and to explicitly construct) are the bipartite polygons.

Foremost, the edge-graph is bipartite, and thus, a bipartite polygon must be a 2k-gon
for some k£ > 2. One can show that the bipartite polygons are exactly the edge-transitive
2k-gons (cf. Figure 1), and that such one is strictly bipartite if and only if it is not vertex-
transitive (or equivalently, not regular). We will not make use of these symmetry properties
of bipartite polygons.

The parameters 71, ro and ¢ uniquely determine a bipartite polygon, as can be seen by
explicit construction:
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One starts with an arbitrary 1-vertex v € R? placed on the circle S, (0). Its neighboring
vertices are then uniquely determined as the intersections S,.,(0) N Sy(v). The procedure
is repeated with the new vertices until the edge cycle closes (which only happens if the
parameters are chosen appropriately).

The procedure also makes clear that the interior angle «; € (0,7) at an i-vertex only
depends on ¢, but not on the chosen vertex v € V;.

Corollary 2.7. A bipartite polygon P C R? is a 2k-gon with alternating interior angles
ay,an € (0,7) («; being the interior angle at an i-vertex), and its shape is uniquely
determined by its parameters (up to congruence).

The exact values for the interior angles are not of relevance. Instead, we only need the
following properties:

Proposition 2.8. The interior angles a1, aa € (0, ) satisfy
o1+ ax = 20zfeg and ag < afeg <ai, 2.1
k

where oy, = (1 — 1/k)m is the interior angle of a regular 2k-gon, and the inequalities
are satisfied with equality if and only r = 72.

Proof. The sum of interior angles of a 2k-gon is 2(k—1), and thus kay +kay = 2(k—1),
which, after division by k, yields the first part of (2.1).

For two adjacent vertices vy, vy € Fo(P) (where v; € V;), consider the triangle A :=
conv{0, v1, va} whose edge lengths are 71, 72 and ¢, and whose interior angles at v; resp.
vy are o /2 resp. aia /2. From 1y < rg (resp. 1 < 72) and the law of sine follows a; > g
(resp. a1 > ). With ag + ag = 2afeg this yields the second part of (2.1). O

Observation 2.9. For later use (in Corollary 3.18), consider Proposition 2.8 with 2k = 4.

In this case we find,
T

2
that is, o7 is never acute, and « is never obtuse.

as < - < ay,

2.3 Thecase r; = ra

We classify the inscribed bipartite polytopes, that is, those with coinciding radii r; = r5.
This case is made especially easy by a classification result from [10]. We need the following
definition:

Definition 2.10. Let I' ¢ O(R) be a finite reflection group and v € RY a generic point
w.rt. I' (i.e., v is not fixed by a non-identity element of I'). The orbit polytope

Orb(T',v) := conv{Tw | T € T} C R?
is called a I"-permutahedron.
The relevant result then reads

Theorem 2.11 (Corollary 4.6. in [10]). If P has only centrally symmetric 2-dimensional
faces (that is, it is a zonotope), has all vertices on a common sphere and all edges of the
same length, then P is a I'-permutahedron.
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This provides a classification of bipartite polytopes with r; = rs.

Theorem 2.12. If P C R? is bipartite with r, = ry, then it is a T'-permutahedron.

Proof. If 11 = ro, then all vertices are on a common sphere (that is, P is inscribed). By
definition, all edges are of the same length. Both statements then also hold for the faces of
P, in particular, the 2-dimensional faces. An inscribed polygon with a unique edge length
is necessarily regular. With Corollary 2.7 the 2-faces are then regular 2k-gons, therefore
centrally symmetric.

Summarizing, P is inscribed, has all edges of the same length, and all 2-dimensional
faces of P are centrally symmetric. By Theorem 2.11, P is a I'-permutahedron. O

I'-permutahedra are vertex-transitive by definition, hence do not provide examples of
edge- but not vertex-transitive polytopes.

2.4 Strictly bipartite polytopes

It remains to classify the strictly bipartite polytopes. This problem is divided into two
independent cases: dimension d = 3, and dimension d > 4. The detailed study of the case
d = 3 (which turns out to be the actual hard work) is postponed until Section 3, the result
of which is the following theorem:

Theorem 2.13. If P C R? is strictly bipartite, then P is the rhombic dodecahedron or the
rhombic triacontahedron.

Presupposing Theorem 2.13, the case d > 4 is done quickly.

Theorem 2.14. There are no strictly bipartite polytopes in dimension d > 4.

Proof. 1t suffices to show that there are no strictly bipartite polytopes in dimension d = 4,
as any higher-dimensional example has a strictly bipartite 4-face (by Proposition 2.5).

Let P C R* be a strictly bipartite 4-polytope. Let e € F;(P) be an edge of P.
Then there are s > 3 cells (aka. 3-faces) o1, ...,05 € F3(P) incident to e, each of which
is again strictly bipartite (by Proposition 2.5). By Theorem 2.13 each o; is a rhombic
dodecahedron or rhombic triacontahedron.

The dihedral angle of the thombic dodecahedron resp. triacontahedron is 120° resp.
144° at every edge [3]. However, the dihedral angles meeting at e must sum up to less than
27. With the given dihedral angles this is impossible. O

3 Strictly bipartite polyhedra

In this section we derive the classification of strictly bipartite polyhedra. The main goal is to
show that there are only two: the rhombic dodecahedron and the rhombic triacontahedron.

From this section on, let P C R? denote a fixed strictly bipartite polyhedron with radii
r1 < ro and edge length ¢. The 2-faces of P will be shortly referred to as just faces of P.
Since they are bipartite, they are necessarily 2k-gons.

Definition 3.1. We use the following terminology:

(i) aface of P is of type 2k (or called a 2k-face) if it is a 2k-gonal polygon.
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(ii) an edge of P is of type (2k1,2ks) (or called a (2k1, 2k )-edge) if the two incident
faces are of type 2k, and 2k, respectively.

(iii) a vertex of P is of type (2k1, ..., 2ks) (or called a (2k1, ..., 2ks)-vertex) if its incident
faces can be enumerated as o1, ..., 0, so that g; is a 2k;-face (note, the order of the
numbers does not matter).

We write 7(v) for the type of a vertex v € Fy(P).

3.1 General observations

In a given bipartite polyhedron, the type of a vertex, edge or face already determines much
of its metric properties. We prove this for faces:

Proposition 3.2. For some face o € F5(P), any of the following properties of o determines
the other two:

(1) its type 2k,
(i) its interior angles oy > .
(iil) its height h (that is, the distance of aff (o) from the origin).

Corollary 3.3. Any two faces of P of the same height, or the same type, or the same interior
angles, are congruent.

Proof of Proposition 3.2. Fix a face o € Fa(P).

Suppose that the height h of ¢ is known. By Proposition 2.5, a face of P of height h is
bipartite with radii p? := 72 — h? and edge length ¢. By Corollary 2.7, these parameters
then uniquely determine the shape of o, which includes its type and its interior angles. This
shows (ili) = (i), (ii).

Suppose now that we know the interior angles oy > a9 of o (it actually suffices to
know one of these, say ). Fix a 1-vertex v € V; of ¢ and let w1, ws € V5 be its two
adjacent 2-vertices in o. Consider the simplex S := conv{0, v, w;,wy}. The length of
each edge of S is already determined, either by the parameters alone, or by additionally
using the known interior angles via

lwi — w2 |* = flwr — v + [lwz — vl* = 2(w1 — v, w2 —v)
= 20%(1 — cos £ (w1 — v, wy — v)).
a1

Thus, the shape of S is determined. In particular, this determines the height of the face
conv{v, wy,ws} C S over the vertex 0 € S. Since aff{v, w;, ws} = aff(c), this deter-
mines the height of ¢ in P. This proves (ii) = (iii).

Finally, suppose that the type 2k is known. We then want to show that the height h
is uniquely determined.? For the sake of contradiction, suppose that the type 2k does not

2The reader motivated to prove this himself should know the following: it is indeed possible to write down
a polynomial in h of degree four whose coefficients involve only 71,72, £ and cos(w/k), and whose zeroes
include all possible heights of any 2k-face of P. However, it turns out to be quite tricky to work out which zeroes
correspond to feasible solutions. For certain values of the coefficients there are multiple positive solutions for h,
some of which correspond to non-convex 2k-faces. There seems to be no easy way to tell them apart.
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uniquely determine the height of the face. Then there is another 2k-face o’ € Fo(P) of
some height b’ # h. W.l.o.g. assume h > h'.

Visualize both faces embedded in R?, on top of each other and centered at the origin as
shown in the figure below:

0101

The vertices in both polygons are equally spaced by an angle of 7/k (cf. Observation 2.6)
and we can therefore assume that the vertex v; of o (resp. v, of ¢’) is a positive multiple
of (sin(im/k),cos(iw/k)) € R? fori € {1,...,2k}. There are then factors §; € R, with
’Ug = 6111‘.

The norms of vectors vy, vo, d1v1 and dov are the radii of the bipartite polygons o and
o’. With Proposition 2.5(iii) from h > b’ follows ||v1|| < ||61v1|| and |lve|| < ||02v2], and
thus, () d1,d2 > 1. W.Lo.g. assume &1 < ds.

Since both faces have edge length ¢, we have ||v; — vs|| = ||[d1v1 — dav2|| = £. Our
goal is to derive the following contradiction:

(%) (%)
/= H’Ul — UQH < (51”1)1 — ’UQH = ||(51’U1 — (51’[)2” < ||(51’U1 — (52’02” = g,

To prove (), consider the triangle A with vertices d1v1, d2v2 and d1vs:

011

U1

Since o is convex, the angle « is smaller than 90°. It follows that the interior angle of A at
d1v9 is obtuse (here we are using d; < d3). Hence, by the sine law, the edge of A opposite
to &1 vy is the longest, which translates to (). O

As a consequence of Proposition 3.2, the interior angles of a face of P do only depend
on the type of the face (and the parameters), and so we can introduce the notion of the
interior angle o € (0, ) of a 2k-face at an i-vertex. Furthermore, set ¢, := (¥ —a¥)/27.
By Proposition 2.8 we have € > 0 and

1 1
a’fz(l—g—i—ek)w, a’;:(l—%—ek)ﬂ'.
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Definition 3.4. If 7 = (2kq, ..., 2k,) is the type of a vertex, then define

K(1) ::Zk%" E(T) ::Zeki.

Both quantities are strictly positive.
Proposition 3.5. Let v € Fo(P) be a vertex of type 7 = (2k1, ..., 2k).
() IfveVy, then E(t) < K(1) — land s = 3.
(i) Ifv e Vo, then E(T) > s —2 — K(7).

Proof. Let 01,...,0, € F2(P) be the faces incident to v, so that o; is a 2k;-face. The
interior angle of o at v is a/, and the sum of these must be smaller than 27. In formulas

S

om > Zlafj => (1 - k}] + ekj)w = (s — K(7) + E(1)),

j=1

where = is the plus sign for ¢ = 1, and the minus sign for ¢ = 2. Rearranging for E(v)
yields (x) FE(1) > s — 2 — K(7). If i = 2, this proves (ii). If i = 1, note that from the
implication k; > 2 = K(7) < s/2 follows

)
5 < —E(T)+K(T)+2§0—|—g+2 —  s<d

The minimum degree of a vertex in a polyhedron is at least three, hence s = 3, and (x)
becomes (i). O

This allows us to exclude all but a manageable list of types for 1-vertices. Note that a
vertex v € V] has a type of some form (2k1, 2ks, 2k3).

Corollary 3.6. For a l-vertex v € V; of type T holds K (1) > 1+ E(7) > 1. One checks
that this leaves exactly the options in Table 1.

T K(7) r

(4,4, 4) | 3/2 LoelLoh
(4,4, 6) | 4/3 I & I5(3)
(4,4, 8) | 5/4 I © I5(4)
(4,4,2k) | 1+1/k | I @ I2(k)
(4,6, 6) | 7/6 As = Ds
(4,6, 8) | 13/12 | Bs
(4,6,10) | 31/30 Hs

Table 1: Possible types of 1-vertices, their K-values and the I" of the I'-permutahedron in
which all vertices have this type.



202 Ars Math. Contemp. 23 (2023) #P2.01 / 191-219

The types in Table 1 are called the possible types of 1-vertices. Each of the possi-
ble types is realizable in the sense that there exists a bipartite polyhedron in which all
1-vertices have this type. Examples are provided by the I'-permutahedra (the I of that
I"-permutahedron is listed in the right column of Table 1). These are not strictly bipartite
though.

The convenient thing about I'-permutahedra is that all their vertices are of the same
type. We cannot assume this for general strictly bipartite polyhedra, not even for all 1-
vertices.

3.2 Spherical polyhedra

The purpose of this section is to define a second notion of interior angle for each face. These
angles can be defined in several equivalent ways, one of which is via spherical polyhedra.

A spherical polyhedron is an embedding of a planar graph into the unit sphere, so that
all edges are embedded as great circle arcs, and all regions are convex®. If 0 € int(P), we
can associate to P a spherical polyhedron P° by applying central projection

R3\ {0} = S1(0), @

[l

to all its vertices and edges (this process is visualized below).

The vertices, edges and faces of P have spherical counterparts in P obtained as pro-
jections onto the unit sphere. Those will be denoted with a superscript .S . For example,
if e € F1(P) is an edge of P, then e denotes the corresponding “spherical edge”, which
is a great circle arc obtained as the projection of e onto the sphere.

We still need to justify that the spherical polyhedron of P is well-defined, by proving
that P contains the origin:

Proposition 3.7. 0 € int(P).

Proof. The proof proceeds in several steps.

Step 1: Fix a 1-vertex v € V; with neighbors wy, wy, ws € Vo, and let u; := w; — v
be the direction of the edge conv{v,w;} emanating from v. Let 0;; € F2(P) denote the
2k-face containing v, w; and w,. The interior angle of o;; at v is then £(u;, u;), which by
Proposition 2.8 and k£ > 2 satisfies

1
L, uz) > (1 - E)ﬂ' > g = (u;,u;) <O0.

Step 2: Besides v, the polyhedron P contains another 1-vertex v’ € Vj. It then
holds v/ € v 4 cone{uy, us,us}, which means that there are non-negative coefficients

3Convexity on the sphere means that the shortest great circle arc connecting any two points in the region is
also contained in the region.
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a1,az,a3 > 0, at least one positive, so that v + ayu; + asus + azus = v'. Rearranging
and applying (v, -) yields

ar{v,ur) + az(v,uz) + az(v,us) = (v,v") — (v,v) (*)

=r?cos £(v,v') —r? < 0.

The value (v,w;) is independent of ¢ (see Observation 2.6). Since there is at least one
positive coefficient a;, from () follows (v, u;) < 0.4

Step 3: By the previous steps, {v, u1, ug, us } is a set of four vectors with pair-wise neg-
ative inner product. The convex hull of such an arrangement in 3-dimensional Euclidean
space does necessarily contain the origin in its interior, or equivalently, there are positive
coefficients ag, ..., az > 0 with apv + ajuy + asus + asus = 0 (for a proof, see Proposi-
tion A.1). In other words: 0 € v + int(cone{us, ug, us}).

Step 4: If H (o) denotes the half-space associated with the face o € F2(P), then

0 € v + int(cone{uy, us, ug}) = ﬂ int(H(0)).

a~v

Thus, 0 € int(H (o)) for all faces o incident to v. But since every face is incident to a
1-vertex, we obtain 0 € int(H (o)) for all o € F»(P), and thus 0 € int(P) as well. O

The main reason for introducing spherical polyhedra is that we can talk about the spher-
ical interior angles of their faces.

Let 0 € F3(P) be a face, and v € Fy(o) one of its vertices. Let a(o, v) denote the
interior angle of & at v, and 3(c, v) the spherical interior angle of o at v*. It only needs
a straight-forward computation (involving some spherical geometry) to establish a direct
relation between these angles: e.g. if v is a 1-vertex, then

2
sin?(¢5) - (1 — cos B(o,v)) = (%) - (1 = cosa(o,v)),
2
where ¢ denotes the arc-length of an edge of P* (indeed, all edges are of the same length).
An equivalent formula exists for 2-vertices. The details of the computation are not of
relevance, but can be found in Appendix A.2.

The core message is that the value of a(o, v) uniquely determines the value of 5(c, v)
and vice versa. In particular, since the value of (o, v) = aFf does only depend on the
type of the face and the partition class of the vertex, so does (o, v), and it makes sense to
introduce the notion 3¥ for the spherical interior angle of a 2k-gonal spherical face of P
at (the projection of) an i-vertex. Thus, we have
B = gl o=l ER g =k, (3.1)

where we use Proposition 3.2 for the last equivalence.
Observation 3.8. The spherical interior angles 3 have the following properties:

(1) The spherical interior angles surrounding a vertex add up to exactly 2z. That is, for
an i-vertex v € Fo(P) of type (2k1, ..., 2k;) holds
Bit 4o+ B =2m.

“Note that this provides the formal proof mentioned in Remark 2.3, namely, that the triangle conv{0, v1, va}
is acute at v1 and va.
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(i) The sum of interior angles of a spherical polygon always exceed the interior angle
sum of a respective flat polygon. That is, it holds

1
kAR 4 kBE > 2k — ) = B+ pE > 2(1 - E)w.

This has some consequences for the strictly bipartite polyhedron P:

Corollary 3.9. P contains at most two different types of 1-vertices, and if there are two,
then one is of the form (4, 4,2k), and the other one is of the form (4,6, 2k") for distinct
k # k' and 2k’ € {6,8,10}.

Proof. Each possible type listed in Table 1 is either of the form (4, 4, 2k) or of the form
(4,6, 2K") for some 2k > 4 or 2k’ € {6,8,10}.

If P contains simultaneously 1-vertices of type (4, 4,2k ) and (4, 4, 2ks), apply Ob-
servation 3.8(i) to see

i 3.1
B+ Qg = gl =gl S k=
If P contains simultaneously 1-vertices of type (4, 6,2k} ) and (4, 6, 2k}), then

ki (4) K K} K,  (3.1)
B%+ﬂ?+ﬁ1 :B%+5§+512 = B' =08 = K =k

N~

Finally, if P contains simultaneously 1-vertices of type (4, 4, 2k) and (4, 6, 2k’), then

(1) / / . 3.1
B+Brpr gt = o =552 & kK. O
N—_——
£ 0by (3.1)
Since each edge of P is incident to a 1-vertex, we obtain

Observation 3.10. If P has only 1-vertices of types (4,4, 2k) and (4, 6, 2k’), then each
edge of P is of one of the types

(4,4), (4,2k), (4,6), (4,2k") or (6,2K').

froma (4, 4, 2k)-vertex from a (4, 6, 2k”)-vertex

Corollary 3.11. The dihedral angle of an edge e € F1(P) of P only depends on its type.

Proof. Suppose that e is a (2k1, 2ks)-edge. Then e is incident to a 1-vertex v € V; of
type (2k1,2ko, 2k3). By Observation 3.8(i) holds B¥¢ = 27 — gk1 — k2, which further
determines k3. By Proposition 3.2 we have uniquely determined interior angles aft, af?
and o3,

It is known that for a simple vertex (that is, a vertex of degree three) the interior angles
of the incident faces already determine the dihedral angles at the incident edges (for a
proof, see the Appendix, Proposition A.2). Consequently, the dihedral angle at e is already
determined. O

The next result shows that I'-permutahedra are the only bipartite polytopes in which a
1-vertex and a 2-vertex can have the same type.
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Corollary 3.12. P cannot contain a 1-vertex and a 2-vertex of the same type.

Proof. Letv € Fo(P) be a vertex of type (2k;, 2ks, 2k3). The incident edges are of type
(2k1,2ks), (2k2,2ks) and (2ks, 2k1) respectively. By Corollary 3.11 the dihedral angles
of these edges are uniquely determined, and since v is simple (that is, has degree three), the
interior angles of the incident faces are also uniquely determined (cf. Appendix, Proposition
A.2). In particular, we obtain the same angles independent of whether v is a 1-vertex or a
2-vertex.

A 1-vertex is always simple, and thus, a 1-vertex and a 2-vertex of the same type would

have the same interior angles at all incident faces, that is, a’f = 0/2“ for each incident
2k-face. But this is not possible if P is strictly bipartite (by Proposition 2.5(ii) and Propo-
sition 2.8). O

3.3 Adjacent pairs

Given a 1-vertex v € V; of type 71 = (2k1, 2kq, 2k3), for any two distinct 4, j € {1,2,3},
v has a neighbor w € V5 of type 7o = (2k;, 2k;, *, ..., *), where * are placeholders for
unknown entries. The pair of types

(7’1,7‘2) = ((2k1,2k272k3), (2]@;,2]6]',*,...,*))

is called an adjacent pair of P. It is the purpose of this section to show that certain adjacent
pairs cannot occur in P. Excluding enough adjacent pairs for fixed 7; then proves that the
type 11 cannot occur as the type of a 1-vertex.

Our main tools for achieving this will be the inequalities established in Proposition 3.5 (i)
and (ii), that is

® (i)
E(T1)<K(Tl)—1 and E(T2)>S—2—K(TQ),

where s is the number of elements in 75. For a warmup, and as a template for further

calculations, we prove that the adjacent pair (71, 72) = ((4,6,8), (6, 8,8)) will not occur
in P.

Example 3.13. By Proposition 3.5(i) we have

(@) 1 1 1
(%) e2+e3+es=E(m) <K(7'1)—1:f+§—|—7—1:—.
On the other hand, by Proposition 3.5(ii) we have
2 1 1 1
< E(Tg)=63+64+ € < —,
—— =~

12
<1/12  <1/12

which is a contradiction. Hence this adjacent pair cannot occur. Note that we used () to
upperbound certain sums of €; in ().

An adjacent pair excluded by using the inequalities from Proposition 3.5(i) and (ii) as
demonstrated in Example 3.13 will be called infeasible.
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The argument applied in Example 3.13 will be repeated many times for many different
adjacent pairs in the upcoming Sections 3.5, 3.4, 3.6, 3.8, and we shall therefore use a
tabular form to abbreviate it. After fixing, 71 = (4, 6, 8), the argument to refute the adjacent
pair (11, 72) = ((4,6,8), (6,8, 8)) is abbreviated in the first row of the following table:

?
To S—Q—K(Tg) < E(TQ)

(6, 8, 8) 2/12 jﬁ (63 + 64) + €4 < 2/12
(6,8,6,6) 9/12 £ (es+es)+tes+es <3/12

The second row displays the analogue argument for another example, namely, the pair
((4,6,8),(6,8,6,6)), showing that it is infeasible as well. Both rows will reappear in the
table of Section 3.5 where we exclude (4, 6, 8) as a type for 1-vertices entirely. Note that
the terms in the column below F(7) are grouped by parenthesis to indicate which subsums
are upper bounded via Proposition 3.5(i). In this example, if there are n groups, then the
sum is upper bounded by n/12.

The placeholders in an adjacent pair ((2k1, 2k, 2ks), (2k;, 2k;, *, ..., %)) can, in theory,
be replaced by an arbitrary sequence of even numbers, and each such pair has to be refuted
separately. The following fact will make this task tractable: write 7 C 7/ if 7 is a subrype
of 7/, that is, a vertex type that can be obtained from 7 by removing some of its entries.
We then can prove

Proposition 3.14. If (71, 72) is an infeasible adjacent pair, then the pair (11, 74) is infea-
sible as well, for every 75 D To.

Proof. Suppose o = (2k1, ..., 2ks), T4 = (2k1, ..., 2ks, 2kg11, ..., 2ks) D T2, and that the
pair (71, 74) is not infeasible. Then 73 satisfies Proposition 3.5(ii)

ki o
B(ry) > —2-K() , 20

. 1
—  B(n)>s—2-K(m)+ > (1—5—%) > 52— K(7).
i=s+1 4
But this is exactly the statement that 74 satisfies Proposition 3.5(ii) as well, i.e., that the pair
(71, T2) is also not infeasible. 0

By Proposition 3.14 it is sufficient to exclude so-called minimal infeasible adjacent
pairs, that is, infeasible adjacent pairs (71, 72) for which (71, 73) is not infeasible for any
74 C To.

A second potential problem is, that we know little about the values that might replace
the placeholders in 75 = (2k;,2k;,*,...,*). For our immediate goal, dealing with the
following special case is sufficient:

Proposition 3.15. The placeholders in an adjacent pair ((4,6,2k"), (6,2k', *, ..., *)) can
only contain 4, 6 and 2k’.

Proof. Suppose that P contains an adjacent pair
(11,72) = ((4,6,2k"), (6,2K', 2k, *, ..., %))

induced by a 1-vertex v € V; of type 71 with neighbor w € V5 of type 72. Suppose further
that 2k ¢ {4,6,2k’}. The vertex w is then incident to a 2k-face, and therefore also to a
1-vertex u € V; of type (4,4, 2k) (u cannot be of type (4,6, 2k) because of k # k' and
Corollary 3.9). This configuration is depicted below:
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Note that w is also incident to a 4-face, and thus (6, 2k’, 2k, 4) C 7.
By Proposition 3.5(i) the existence of 1-vertices of type (4,4, 2k) and (4, 6, 2k") yields
inequalities
1 1 1
€2+62+6k<E and 62+63+6k/<y—6. 3.2)
Since 7 has T := (6, 2k’, 2k, 4) as a subtype, by Proposition 3.14 it suffices to show that
the pair ((4, 6, 2k"), (6, 2k’, 2k, 4)) is infeasible. This follows via Proposition 3.5(ii):
7 1 1
S o4-2-K
6 k¥ ™)
(i7) 621 1 1
< E(T):€2+€3+Ekl+ € < -+ = - =,
—— ~— k K 6
<1/k'=1/6  <1/k
which rearranges to 1/k + 1/k’ > 2/3. Recalling 2k’ € {6,8,10} = k' > 3 (from
Corollary 3.9) and 2k & {4,6,2k'} = k > 4 shows that this is not possible. O

3.4 The case 1, = (4,6,10)
If P contains a 1-vertex of type (4, 6, 10), then it contains an adjacent pair of the form
(11,72) = ((4,6,10), (6,10, *, ..., %)).

We proceed as demonstrated in Example 3.13. Proposition 3.5(i) yields e +€3+¢5 < 1/30.
By Proposition 3.15 the placeholders can only take on values 4, 6 or 10. The following table
lists the minimally infeasible adjacent pairs and proves their infeasibility.

.
Ty s—2—K(m) < E(mr)

(6,10, 6) 4/30 £ (e3+es)tes < 2/30
(6,10, 10) 8/30 £ (es+es)+es < 2/30
(6,10,4, 4) 14/30 £ (es+e3+es) e <2/30

By Proposition 3.14 we conclude: the placeholder in 72 = (6, 10, %, ..., %) can contain
no 6 or 10, and at most one 4. This leaves us with the option 75 = (4, 6, 10), which is the
same as 7; and therefore not possible by Corollary 3.12. Therefore, P cannot contain a
1-vertex of type (4, 6, 10).

3.5 Thecase 3 = (4,6,8)
If P contains a 1-vertex of type (4, 6, 8), then it also contains an adjacent pair of the form

(11,72) = ((4,6,8), (6,8, %, ..., %)).

We proceed as demonstrated in Example 3.13. Proposition 3.5(1) yields ea+€3+¢4 < 1/12.
By Proposition 3.15 the placeholders can only take on values 4, 6 or 8. The following table
lists the minimally infeasible adjacent pairs and proves their infeasibility.
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?
Ty s—2—-K(m) < E(m)

(6, 8, 8) 2/12 7( (63 + 64) + €3 < 2/12
(6,8,4,4) 5/12 £ (e2+e3+eq)+eo < 2/12
(6,8,4,6) 7/12 £ (e2+es+eq)+es <2/12
(6,8,6,6) 9/12 £ (e2+e3+es)+e3+e3 <3/12

By Proposition 3.14 we conclude: the placeholder in 75 = (6, 8, , ..., *) can contain no 8,
and at most one 4 or 6, but not both at the same time.

This leaves us with the options 72 = (4,6,8) and 75 = (6,6,8). In the first case,
71 = T9 which not possible by Corollary 3.12. In the second case, there would be two
adjacent 6-faces, but P does not contain (6, 6)-edges by Observation 3.10 with 2k’ = 8.
Therefore, P cannot contain a 1-vertex of type (4, 6, 8).

3.6 Thecase ™, = (4,6,6)
If P contains a 1-vertex of type (4, 6,6), then it also contains an adjacent pair of the form
(11,72) = ((4,6,6), (6,6, *, ..., %)).

We proceed as demonstrated in Example 3.13. Proposition 3.5(i) yields €3 + €3+ €3 < 1/6.
By Proposition 3.15 the placeholders can only take on values 4 or 6. The following table
lists the minimally infeasible adjacent pairs and proves their infeasibility.

Ty s—2—K(m) ; E(12)

(6,6,4,4) 2/6 £ (ea+e3tes)te <2/6
(6,6,6,4) 3/6 £ (e2+e3+e3)tes <2/6
(6,6,6,6) 4/6 £ (es+e3)+(e3s+ez) <2/6

By Proposition 3.14 we conclude: the placeholder in 72 = (6,6, %, ..., *) can contain at
most one 4 or 6, but not both at the same time.

This leaves us with the options 75 = (4,6,6) and 72 = (6,6,6). In the first case we
have 71 = 7o, which is not possible by Corollary 3.12. Excluding (6,6, 6) needs more
work: fix a 6-gon o € F»(P). Each edge of ¢ is either of type (4, 6) or of type (6,6) (by
Observation 3.10). Each 1-vertex of o (which must be of type (4, 6, 6)) is then incident to
exactly one of these (6, 6)-edges of . Thus, there are exactly three (6,6)-edges incident
to o (see Figure 3). On the other hand, each 2-vertex of ¢ is incident to an even number
of (6,6)-edges of o (since if a 2-vertex is incident to at least one (6,6)-edge, then we
have previously shown that its type must be (6, 6,6), implying another incident (6, 6)-
edge). Therefore the number of (6, 6)-edges incident to o must be even (see Figure 3), in
contradiction to the previously obtained number three of such edges.

Consequently, P cannot contain a 1-vertex of type (4,6, 6).

Observation 3.16. It is a consequence of Sections 3.6, 3.5, 3.4 that P cannot have a 1-
vertex of a type (4,6,2k") for a 2k’ € {6,8,10}. By Corollary 3.9 this means that all
1-vertices of P are of the same type 71 = (4, 4, 2k) for some fixed 2k > 4.

It is worth to distinguish the case (4, 4,4) from the cases (4, 4, 2k) with 2k > 6.



F. Goring and M. Winter: The edge-transitive polytopes that are not vertex-transitive 209
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Figure 3: Possible distributions of (4, 6)-edges (gray) and (6, 6)-edges (thick) around a
6-gon as discussed in Section 3.6. The top row shows conﬁguratlons compatible with the
conditions set by 1-vertices (black), and the bottom row shows the configurations compat-
ible with the conditions set by the 2-vertices (white).

3.7 Thecase Ty = (4,4,4)

In this case, all 2-faces are 4-gons, and all 4-gons are congruent by Proposition 3.2. A
4-gon with all edges of the same length is known as a rhombus, and the polyhedra with
congruent rhombic faces are known as rhombic isohedra (from german Rhombenisoeder).
These have a known classification:

Theorem 3.17 (S. Bilinksi, 1960 [2]). If P is a polyhedron with congruent rhombic faces,
then P is one of the following:

(1) a member of the infinite family of rhombic hexahedra, i.e., P can be obtained from a
cube by stretching or squeezing it along a long diagonal,

(i1) the rhombic dodecahedron,
(iii) the Bilinski dodecahedron,
(iv) the rhombic icosahedron, or
(V) the rhombic triacontahedron.

The figure below depicts these polyhedra in the given order (from left to right; including
only one instance from the family (i)):

QS

The rhombic dodecahedron and triacontahedron are known edge- but not vertex-transitive
polytopes. We show that the others are not even strictly bipartite.

Corollary 3.18. If P is strictly bipartite with all 1-vertices of type (4,4,4), then P is one
of the following:

(i) the rhombic dodecahedron,
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(ii) the rhombic triacontahedron.

Proof. The listed ones are edge-transitive but not vertex-transitive. Also they are not in-
scribed. By Proposition 2.4 they are therefore strictly bipartite.

We then have to exclude the other polyhedra listed in Theorem 3.17. The rhombic
hexahedra include the cube, which is inscribed, hence not strictly bipartite. In all the other
cases, there exist vertices where acute and obtuse angles meet (see the figure). So this vertex
cannot be assigned to either V; or V5 (cf. Observation 2.9), and the polyhedron cannot be
bipartite. O

These are the only strictly bipartite polyhedra we will find, and both are edge-transitive
without being vertex-transitive.

3.8 Thecase m, = (4,4,2k),2k > 6

If P contains a 1-vertex of type (4,4, 2k) with 2k > 6, then it also has an adjacent pair of
the form

(11,72) = ((4,4,2k), (4, 2k, *, ..., %)).

We proceed as demonstrated in Example 3.13. Proposition 3.5(1) yields eo + €2+ €5 < 1/k.
Since (4,4, 2k) is the only type of 1-vertex of P, there are only 4-faces and 2k-faces and the
placeholders can only take on the values 4 and 2k (note that we do not use Proposition 3.15
for this). The following table lists some inequalities derived for infeasible pairs:

?
To ‘ 8_2_K(T2) < E(TQ)
(4,2k,4,4,4) 1-1/k < (ea+ex+er)+(eate) <2/k
(4,2k, 4,4, 2k) 3/2—2/k < (e2+er+ep)+(e2+er) <2/k

One checks that these inequalities are not satisfied for 2k > 6. Proposition 3.14 then states
that the placeholders can contain at most two 4-s, and if exactly two, then nothing else.
Moreover, 7o must contain at least as many 4-s as it contains 2k-s, as otherwise we would
find two adjacent 2k-faces while P cannot contain a (2k, 2k)-edge by Observation 3.10.
We are therefore left with the following options for 75:

(4,4,2k), (4,4,4,2k) and (4,2k,4,2k).

The case 7o = (4, 4, 2k) is impossible by Corollary 3.12. We show that o = (4, 4, 4, 2k)
is also not possible: consider the local neighborhood of a (4, 4,4, 2k)-vertex (the high-
lighted vertex) in the following figure:



F. Goring and M. Winter: The edge-transitive polytopes that are not vertex-transitive 211

Since the 1-vertices (black dots) are of type (4, 4, 6), this configuration forces on us the ex-
istence of the two gray 6-faces. These two faces intersect in a 2-vertex, which is then
incident to two 2k-faces and must be of type (4, 2k, 4, 2k). But we can show that the types
(4,4,4,2k) and (4, 2k, 4, 2k) are incompatible by Observation 3.8(i):
(.1)

52+52+52+ﬁ2 524‘52"‘524‘52 — B5=0 == 4=2k>6.
Thus, (4,4, 4, 2k) cannot occur.

We conclude that every 2-vertex incident to a 2k-face must be of type (4, 2k, 4, 2k).
Consider then the following table:

?
Ty ‘S—Z—K(Tg) < E(m)
(4,2k,4,2k) | 1-2/k < (eatete)te <2k

The established inequality yields 2k < 6, and hence 2k = 6. We found that then all 1-
vertices must be of type (4,4, 6), and all 2-vertices incident to a 6-face must be of type
(4,6,4,6).

3.9 Thecase ; = (4,4,6)

At this point we can now assume that all 1-vertices of P are of type (4,4, 6) and that each
2-vertex of P that is incident to a 6-face is of type (4,6, 4, 6). In particular, P contains a
2-vertex w € V5 of this type. Since there is no (6, 6)-edge in P, the two 6-faces incident to
w cannot be adjacent. In other words, the faces around w must occur alternatingly of type
4 and type 6, which is the reason for writing the type (4, 6, 4, 6) with alternating entries.
On the other hand, P contains (4, 4)-edges, and none of these is incident to a (4, 6, 4, 6)-
vertex surrounded by alternating faces. Thus, there must be further 2-vertices of a type
other than (4, 6, 4, 6), necessarily not incident to any 6-face. These must then be of type

(4") :=(4,...,4), forsomer > 3.
——

T

Proposition 3.19. r = 5.

Proof. If there is a (4")-vertex, Observation 3.8(i) yields 35 = 27 /r. Analogously, from the
existence of a (4, 6, 4, 6)-vertex follows

3 ()

282 1203 Yor — 5;”:%:(1—3)77

2 T

Recall kB¥ + kB% > 2m(k — 1) from Observation 3.8(ii). Together with the previously
established values for 32 and (33, this yields

_ _ 2
2 > M:(l_z)m and
om(3_1) 38 1 3 (3-3)
“T)_se
7> T ()

Since the 1-vertices are of type (4,4, 6), Observation 3.8(i) yields

©og2 4 g3 'Y (1 - %)W'F (1 + g)7r: (g - g)w.

3 r r
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Figure 4: The edge-graph of the final candidate polyhedron.

And one checks that this rearranges to r < 6.

This leaves us with the options 7 € {3,4,5}. If r = 4, then 33 = /2 = f3,
which is impossible by Equation (3.1). And if 7 = 3, then (3.3) yields 5{ > , which is
also impossible for a convex face of a spherical polyhedron. We are left with r = 5. O

To summarize: P is a strictly bipartite polyhedron in which all 1-vertices are of type
(4,4,6), and all 2-vertices are of types (4,6, 4,6) or (4°), and both types actually occur in
P. This information turns out to be sufficient to uniquely determine the edge-graph of P,
which is shown in Figure 4.

This graph can be constructed by starting with a hexagon in the center with vertices
of alternating colors (indicating the partition classes). One then successively adds further
faces (according to the structural properties determined above), layer by layer. This process
involves no choice and thus the result is unique.

As mentioned in Remark 2.3, a bipartite polyhedron has an edge in-sphere. Thus, P is
a polyhedral realization of the graph in Figure 4 with an edge in-sphere. It is known that
any two such realizations are related by a projective transformation [8]. One representative
Q C R3 from this class (which we do not yet claim to coincide with P) can be constructed
by applying the following operation  to each vertex of the regular icosahedron:

The operation is performed in such a way, so that

* the five new “outer” vertices of the new 4-gons are positioned in the centers of edges
of the icosahedron.

* the edges of each new 4-gon are tangent to a common sphere centered at the center
of the icosahedron
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The resulting polyhedron () looks as follows:

One can verify that ) has indeed the desired edge-graph.

It is clear from the construction that @ has an edge in-sphere, and any two of its 4-
gonal or 6-gonal faces are congruent (as we would expect from a bipartite polyhedron).
Like-wise, P has an edge in-sphere and the same edge-graph. Hence, P must be a pro-
jective transformation of ). However, any projective transformation that is not just a re-
orientation or a uniform rescaling will inevitably destroy the property of congruent faces.
In conclusion, we can assume that P is identical to ) (up to scale and orientation).

It remains to check whether @ is indeed a bipartite polyhedron. For this, recall that any
two of the following properties imply the third (cf. Remark 2.3):

(1) @ has an edge in-sphere.

(i) @ has all edges of the same length.

(iil) for each vertex v € Fy(Q), the distance ||v|| only depends on the partition class of
the vertex.

Now, @ satisfies (i) by construction, and it would need to satisfy both (ii) and (iii) in order
to be bipartite. The figure certainly suggests that all edges of @ are of the same length.
However, as we shall show now, () cannot satisfy both (ii) and (iii) at the same time, and
thus, can satisfy neither. In particular, the edges must have a tiny difference in length that
cannot be spotted visually, making () into a remarkable near-miss (we will quantify this
below).

For what follows, let us assume that (ii) holds, that is, that all edges of () are of the same
length, in particular, that all 4-gons are rhombuses. Our goal is to show that ||v|| depends
on the type of the vertex v € V5 (not only its partition class), establishing that (iii) does not
hold.

For this, start from the following well-known construction of the regular icosahedron
from the cube of edge-length 2 centered at the origin.
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(0,¢,1)
(0, -, 1) (1,0,)
z
Y
x
(=, 1,0) (¢,1,0)
(1,0, )

(-1,-3,51)

The construction is as follows: insert a line segment in the center of each face of the cube
as shown in the left image. Each line segment is of length 2¢, where ¢ ~ 0.61803 is the
positive solution of ¢? = 1 — ¢ (one of the numbers commonly knows as the golden ratio).
The convex hull of these line segments gives the icosahedron with edge length 2.

It is now sufficient to consider a single vertex of the icosahedron together with its inci-
dent faces. The image below shows this vertex after we applied *.

: Y
T

The image on the right is the orthogonal projection of the configuration on the left onto
the yz-plane. This projection makes it especially easy to give 2D-coordinates for several
important points:
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)

C(0,1) R(p, 1)

w

B(2p —
Q(=¢,1) ’

[N

A(dp —3,3p—1)

 0(0.0)

P(—1,0)

The points A and C are 2-vertices of @ of type (4°) and (4, 6, 4, 6) respectively. Both
points and the origin O are contained in the yz-plane onto which we projected. Conse-
quently, distances between these points are preserved during the projection, and assuming
that @ is bipartite, we would expect to find [OA| = |OC| = r,. We shall see that this
is not the case, by explicitly computing the coordinates of A and C in the new coordinate
system (y, z).

By construction, C = (0,1) and |OC| = 1. Other points with easily determined
coordinates are P, Q, R, S, T (the midpoint of R and S) and U (the midpoint of Q and
S).

By construction, the point B lies on the line segment QT. The parallel projection
of a rhombus is a (potentially degenerated) parallelogram, and thus, opposite edges in the
projection are still parallel. Hence, the gray edges in the figure are parallel. For that reason,
the segment UB is parallel to PQ. This information suffices to determine the coordinates
of B, which is now the intersection of QT with the parallel of PQ through U. The
coordinates are given in the figure.

The rhombus containing the vertices A, B and C degenerated to a line. Its fourth
vertex is also located at B. Therefore, the segments CB and BA are translates of each
other. Since the point B and the segment CB are known, this allows the computation of
the coordinates of A as given in the figure.

We can finally compute |OA|. For this, recall () p?" = Fb,, o — @Fb,_1, where F),
denotes the n-th Fibonacci number with initial conditions fy = F; = 1. Then

[OA? = (49— 3)> + (3p — 1)
= 25¢p? — 30¢ + 10
©o5(1 — ) — 300 + 10

= 35 — 55¢

*)

=1+ (34— 550) Z1+ "% > 1,
and thus, () cannot be bipartite. Remarkably, we find that

|0A| = /1 + 90 ~ 1.00405707

is only about 0.4% larger than |OC| = 1, and so while Q is not bipartite, it is a remarkable
near-miss.
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Since P was assumed to be bipartite, but was also shown to be identical to @), we
reached a contradiction, which finally proves Theorem 2.13, and the goal of the paper is
achieved.

4 Conclusions and open questions

In this paper we have shown that any edge-transitive (convex) polytope in four or more
dimensions is necessarily vertex-transitive. We have done this by classifying all polytopes
which simultaneously have all edges of the same length, an edge in-sphere and a bipartite
edge graph (which we named bipartite polytopes).

The obstructions we derived for being edge-transitive without being vertex-transitive
have been primarily geometric and less a matter of symmetry (a detailed investigation of
the Euclidean symmetry groups was not necessary, but it might be interesting to view the
problem from this perspective). We suspect that dropping convexity or considering com-
binatorial symmetries instead of geometric ones will quickly lead to examples of “just
edge-transitive structures”. For example, it is easy to find embeddings of graphs into R
with these properties.

Slightly stronger than being simultaneously vertex- and edge-transitive is being tran-
sitive on arcs, that is, on incident vertex-edge pairs. This additional degree of symmetry
allows an edge to be not only mapped onto any other edge, but also onto itself with reversed
orientation. While there are graphs that are vertex- and edge-transitive without being arc-
transitive (the so-called half-transitive graphs, see [7]), we believe it is unlikely that this
distinction is necessary for convex polytopes.

Question 4.1. Ts there a polytope P C RY that is edge-transitive and vertex-transitive,
but not arc-transitive?

In a different direction, the questions of this paper naturally generalize to faces of higher
dimensions. In general, the interactions between transitivities of faces of different dimen-
sions have been little investigated. For example, already the following question seems to
be open:

Question 4.2. For fixed k € {2,...,d — 3}, are there convex d-polytopes for arbitrarily
large d € N that are transitive on k-dimensional faces without being transitive on either
vertices or facets?

Of course, any such question could be attacked by attempting to classify the k-face-
transitive (convex) polytopes for some k € {1, ...,d — 2}. It seems to be unclear for which
k this problem is tractable (for comparison, £ = 0 is intractable, see [1]), and it appears
that there are no techniques applicable to all (or many) & at the same time.
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A
A.1 Geometry

Proposition A.1. Given a set xy, ..., x4 € R\ {0} of d+ 1 vectors with pair-wise negative
inner product, then there are positive coefficients oy, ..., g > 0 with

ooxo + -+ agrg = 0.

Proof. We proceed by induction. The induction base d = 1 which is trivially true.
Now suppose d > 2, and, W.l.o.g. assume ||xo|| = 1. Let 7 be the orthogonal projec-
tion onto xg, that is, mo(u) := u — zo (o, u). In particular, for i # j and 4,57 > 0

(mo(xi), mo(x5)) = (@i, x5) — (X0, @) (w0, ;) <O.
—_——— S —

<0 <0 <0

Then {7 (x1), ..., mo(w4)} is a set of d vectors in z3- = R4~! with pair-wise negative inner
product. By induction assumption there are positive coefficients a1, ...,ag > 0 so that
OZ17T()({,E1) + -4 Oszr()(l'd) =0.

Set ag := — (g, 121+ - -+ agzg) > 0. We claim that  := zgag+ - - -+ agag = 0.
Since R? = span{xo} @ x7, it suffices to check that {xg,z) = 0 as well as my(z) = 0.
This follows:

(xo, ) = ap (xo, x0) + (To, 121 + - -+ + aqrq) =0,
N——

=1 =
mo(x) = ap mo(20) + crmo(21) + -+ - + agmo(wa) = 0. O
~ ~;

Proposition A.2. Let P C R? be a polyhedron with v € Fo(P) a vertex of degree three.
The interior angles of the faces incident to v determine the dihedral angles at the edges
incident to v and vice versa.

Proof. For wy,wy,ws € Fo(P) the neighbors of v, let u; := w; — v denote the direction
of the edge e; from v to w;. Let o;; be the face that contains v, w; and w;. Then £ (u;, u;)
is the interior angle of o;; at v.

The set {uy, u2, us} is uniquely determined (up to some orthogonal transformation) by
the angles £ (u;, u;). Furthermore, since P is convex, {u1, us, uz } forms a basis of R?, and
this uniquely determines the dual basis {n12, n2s, n31 } for which (n;;, u;) = (n;;,u;) =
0. In other words, n;; is a normal vector to o;;. The dihedral angle at the edge e; is
then m — £(n;j,n;i), hence uniquely determined. The other direction is analogous, via
constructing {uy, ug, us} as the dual basis to the set of normal vectors. O

A.2 Computations

The edge lengths in a spherical polyhedron are measured as angles between its end ver-
tices. Consider adjacent vertices v, v5 € Fo(P®), then the incident edge has (arc-)length
05 = L(v7,v5) = £L(v1,v2).

It follows from Observation 2.6 that these angles are completely determined by the
parameters, hence the same for all edges of Ps.



F. Goring and M. Winter: The edge-transitive polytopes that are not vertex-transitive 219

Proposition A.3. For a face o € F5(P) and a vertex v € Fo(0), there is a direct relation-
ship between the value of a(o,v) and the value of 3(o,v).

Proof. Let wy,wy € V5 be the neighbors of v in the 2k-face o, and set u; := w; — v. Then
£(uy,uz) = a(o,v). W.lo.g. assume that v is a 1-vertex (the argument is equivalent for a
2-vertex).
For convenience, we introduce the notation x(6) := 1 — cos(6). We find that
(x) 202 - x(a(o,v)) = £2 + 0% — 207 cos(£ (uy,us))
= flua|l? + lluzll? = 2(us, uz)
= lur — w2|* = [Jwi — welf?
= flwi|l? + llw2]l* — 2{w1, w2)
=12 473 —r3cos £(wi,wp) = 2r3 - x(£ (w1, ws)).
The side lengths of the spherical triangle wiv w3 are £ (wy,ws), £ and £°. By the
spherical law of cosine® we obtain
cos £(wy,wy) = cos(£%) cos(£°) + sin(£%) sin(£%) cos(B(o, v))
= cos?(0%) + sin®(£) (cos(B(o,v)) — 1 + 1)
= [cos?(£5) + sin?(£%)] + sin? (£5) (cos(B(o,v)) — 1)
=1 —sin?(¢*) - x(B(o,v))
ONg

= sin?(6%) - x(B(0,v)) = x(L(wr, w)) & (5)2 x(a(o,v). 0

Scos(c) = cos(a) cos(b) + sin(a) sin(b) cos(7y), where a, b and c are the side lengths (arc-lengths) of a

spherical triangle, and +y is the interior angle opposite to the side of length c.
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Abstract

In this paper we show that the generalized majorization of partitions of integers has a
surprising completing-squares property. Together with the previously obtained transitivity-
like property, this enables a compelling diagrammatical interpretation. Apart from purely
combinatorial interest, the main result has applications in matrix completion problems, and
representation theory of quivers.
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a = (ay,...,as) we shall assume that a; := +oo, for i < 0, and a; := —oo, for i > s.
The following notation will be used throughout the paper

= (a17 7as‘> (11)
= (b1,...,bk), (1.2)
=(c1,-.,Cm), (1.3)

di,y ... dmts), 1.4
g17~--,gm+k) (1.5)
:(f17~-~>fm+k+s) (16)

Arguably, the most famous comparison between two partitions of integers is a classical
majorization in Hardy-Littlewood-Polya sense [16]. In this paper we deal with its gener-

alisation given in [2,9, 10]. More precisely, we compare three partitions of integers in the
following way:

Definition 1.1. Let b, ¢ and g be partitions (1.2), (1.3) and (1.5), respectively. If

Ci 2 Git+k, i:l,...,m, (1.7)
h; h;

> g ch<2b“ j=1,....k (1.8)
=1 =1

m-+k

ZmchﬁZbi, (1.9)
1=1 =1 =1

where
hj = min{i|ci_j+1 <gi}7 i=1,...k,

then we say that g is majorized by c and b. This type of majorization we call the general-
ized majorization, and we write
g <'(c,b).

The generalized majorization generalizes the classical majorization. Indeed, if m = 0,
i.e. if the partition c is empty, the generalized majorization becomes the classical majoriza-
tion between the partitions g and b. Many intrinsic, purely combinatorial properties of
generalized majorization, including generalizations of some of the well-known properties
of the classical majorization, have been obtained in [10, 11, 14]. These results demonstrate
rich structure of generalized majorization as an independent combinatorial object.

Apart from purely combinatorial interest, this relationship between three partitions of
integers naturally appears in Matrix and Matrix Pencils completion problems [2,7,9, 12],
as well as in Representation Theory of Quivers [22], and Perturbation Theory [1, 12].

In this paper we go further, and show that generalized majorization, apart from transitivity-
like property that has been shown in [10, Theorem 8], also has certain completing-squares
property. This novel property of generalized majorization is motivated by the study of two
problems given below, that naturally appear both from matrix pencils completions, and
representation theory of quivers point of view.

The first problem has appeared in [9, 11] and turned out to be very challenging and the
key point in solving many perturbation and completion problems of Matrix Pencils, see
e.g.[6,7,9,12,13].
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Problem 1.2 (Double general majorization problem). Let a, b, d, and g be partitions
(1.1), (1.2), (1.4) and (1.5). Find necessary and sufficient conditions for the existence of a
partition f = (f1,..., fintk+s), such that

f<'(d,b) and f<'(g,a). (1.10)

We note that in the case of classical majorization there always exists a minimal partition
of a given sum, i.e. for any two partitions of the same length and total sum, there exists
a partition that is majorized by both of them. However, here the problem is much more
complicated, and involved. A complete solution to Problem 1.2 was obtained in [11, 14]:

Theorem 1.3 ([14, Theorem 3]). Let a, b, d, and g be partitions (1.1), (1.2), (1.4) and
(1.5). There exists a partition f = (f1, ..., fmtk+s), such that

f<'(d,b) and f<'(g,a)

if and only if
m+s k m+k s

Zdi—FZbi: Zgi—FZai
1=1 i=1 =1 =1

and the condition (g, d, b, a) holds.

The explicit form of the condition Q(g, d,b,a) is given in [11, 14], and consists of
inequalities between the elements of the partitions g, d, b, a. These involve very technical
explicit definition of certain sets S and A, and we dismiss it here. We refer the interested
reader to [11, 14] for all details and properties on these sets, and for the explicit form of Q.

The second problem has showed its importance when studying bounded rank one per-
turbations of matrix pencil [12]. Also, it naturally appears in the study of the possible
Kronecker invariants of a partially prescribed Matrix Pencil, see e.g. [13, 17]. Apart of the
case k = s = 1 which has been solved in [12], the following problem is still open:

Problem 1.4 (Pseudo double majorization problem). Let a, b, d, and g be partitions (1.1),
(1.2), (1.4) and (1.5). Find necessary and sufficient conditions for the existence of a parti-
tion ¢ = (c1, ..., ¢m), such that

g <'(c,b) and d <’ (c,a). (1.11)

The goal of the paper is to prove the relationship between the double majorization Prob-
lem 1.2 and pseudo double majorization Problem 1.4. In Theorem 3.2, as the main result
of the paper, we prove that Problem 1.4 implies Problem 1.2. That is, we prove that for
four partitions a, b, d, and g as in (1.1), (1.2), (1.4) and (1.5), the existence of a partition
c satisfying (1.11) implies the existence of a partition f satisfying (1.10). In addition, we
explicitly construct such partition f. This is a surprising, and nontrivial property of the
generalized majorization. Also, in Section 4 we give a counterexample that the converse
does not hold.
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This purely combinatorial result has several interpretations. First, let us introduce some
diagrammatics into the story, and denote general majorization by an arrow, i.e. let us denote

g <" (c,b)

by

©

Now, as a direct corollary to our main result we obtain the following commutative diamond-
like diagram:

In other words, the lower half of the square (represented by full lines) can always be com-
pleted to a full square. More details on diagrammatics are given in Section 4.2.

In addition, the above completion up to a commutative diagram is related to various
classical Linear Algebra problems. First of all, both Problems 1.2 and 1.4 naturally appear
as cornerstones in solving the classical General Matrix Pencils Completion Problem [17].
In particular, a solution to Problem 1.2 is a key result in obtaining a full description of the
possible Kronecker invariants of a quasi-regular matrix pencil with a prescribed subpencil
in [13]. For similar contributions and importance of Problems 1.2 and 1.4 in matrix pencils
completion problems see [6,7,9]. The close relationship between Problems 1.2 and 1.4
obtained in this paper, should have a significant impact in obtaining a complete solution of
the General Matrix Pencils Completion Problem. Similar applications are expected in the
study of representation of Kronecker quivers, [22].

Another area of applications of results on generalized majorizations is in Bounded Rank
Perturbation problems [3-5, 18-21]. In the case when partitions a and b are both of length
one (i.e. when s = k = 1), Problems 1.2 and 1.4 have been addressed and solved separately
in [12], and were crucial in solving the rank one perturbation problem for matrix pencils. It
is expected that the main result of this paper should lead to a solution of the arbitrary rank
perturbation problem in the future. Some steps in this direction have already been done
in [8]. Indeed, in [8] we have studied and resolved the classical bounded rank perturbation
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problem for quasi-regular matrix pencils (pencils with full normal rank). For all details
on matrix pencils see [15]. This is a very general result in low rank perturbation theory,
and has been open for a long time. The milestone in its solution is the main result of the
paper — Theorem 3.2. It allows to choose a special, preferred form of the low rank matrix
pencil that performs the perturbation. We expect more impact of Theorem 3.2 in the study
of bounded rank perturbations of different classes of matrix pencils in the future.

2 Partitions and generalized majorization

For any two partitions a = (a1,...,as) and b = (b1, ..., b;) by aUb we mean a partition
obtained as a non-increasing ordering of {a1,...,as,b1,...,bx}. If a > b are nonnegative
integers, then we assume » ./ a; := 0.

Now we shall list some of the basic properties of the auxiliary numbers, h;, that ap-
pear in the definition of the generalized majorization. Below we use the notation from
Definition 1.1.

Since h; = min{i|c;—;41 < g;}, for j =1,..., k, we have

m+k+1>hg>--->hy>hy >0, 2.1

and so in particular
h;j>j, j=1,....m+k. 2.2)

Also from the definition of h; we have

Ci—jy1 > gi, for i<h;, forany j=1,...,k. 2.3)

We notice that in Definition 1.1, if (1.9) is satisfied, then (1.8) is equivalent to the following:

m+k m k
Yoogiz Y et Yy b j=l..k @4
i=h;+1 i=hj—j+1 i=j+1

The generalized majorization implies weak majorization given by the following definition:

Definition 2.1. If partitions b, ¢, and g from (1.2), (1.3), and (1.5), respectively, satisfy

conditions (1.7), (2.4) and
m-+k

Zgz >Zcz+zbzv

then we say that g is weakly majorized by c and b, and we write
g <" (c,b).

Lemma 2.2 ([7, Theorem 2.5]). Let a, b, d, and g from (1.1), (1.2), (1.4), and (1.5),

respectively, satisfy
m-+s m-+k

Zd +Zb _z:g,+z:aZ
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If there exists a partition f = (f1, BN fm+k+s) such that

f<"(d,b) and f <" (g,a), (2.5)
then there exists a partition £ = (f1,..., fmtk+s) Such that

f<'(db) and f<' (g a). 2.6)

Moreover, if the partition T satisfying (2.5) consists of nonnegative integers, and

m-+s k

Z d; + Z b; > 0,
=1 i=1

then there exists a partition f consisting of nonnegative integers satisfying (2.6).

We also cite the result from [10] which shows the transitivity property of generalized
majorization. More on this topic is given in Section 4.

Theorem 2.3 ([10]). Let a, b, d and f be partitions (1.1), (1.2), (1.4) and (1.6), respec-
tively. If
f<'(d,b) and d~<'/(c,a),

then
f <’ (c,aUb).
3 Main result

We start this section by giving one auxiliary result:

Lemma 3.1. Let a, b, d and g be the partitions (1.1), (1.2), (1.4) and (1.5), respectively.
Letc = (¢, .., cm) be a partition such that

d<'(c,a) and g =<' (c,b). (3.1)

Lethj = min{ilc;—j41 < g;}, j = 1,...,k and hj = min{ilc;—j11 < d;}, i =1,...,s.
Letg = (g1, .., 4.,) be a partition obtained from g after removing gp, , . . . , gn,, i.e.

{giw”»g;n} = {g17"'5g7"+k}\{ghl""7ghk}7

and letd’ = (di,...,d,,) be a partition obtained from d after removing dj, , ... ,d;, , i.e.

{di,....d,} ={di, ..., dmys} \{dp,,- -, dz_}.

Then
¢; > max(g;,d}), i=1,...,m. (3.2)

Proof. Fixi € {1,...,m}. Let hg := 0, hg41 := m + k + 1. Then there exists j €
{0,...,k} such that

hj+1—(j+1)2i>hj—j.
This is true since hy41 > hy, and s0 hyy1 — (w4 1) > hy —u, forallu = 0,..., k, as
wellas hg —0=0and hy11 — (kK +1) =m.
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Then
hjp1>i+7>hy,
and so by the definition of g’ we have
Gitj = gi-
If j < k, by (2.3) we have that ¢;_; > g; forall I < h;,1, and so
Ci > Givi =g
If j = k, by (3.1) and definition of the generalized majorization, we again obtain
Ci > Gitk = Yitj = ;-
By replacing the partitions g’ by d’ we shall also obtain
¢ > d.

Altogether we have obtained (3.2), as desired. O

Now we can give the main result of the paper:

Theorem 3.2. Let a, b, d and g be partitions (1.1), (1.2), (1.4) and (1.5), respectively. If

there exists a partition ¢ = (c1, . .., ) Such that

d<'(c,a) and g='(c,b), (3.3)
then there exists a partition f = (f1, ..., fimyrys) such that

f<'(d,b) and f<'(g,a). 3.4

Proof. By the definition of the generalized majorization (Definition 1.1) and by (2.4), we
have that (3.3) is equivalent to:

¢G> givk,  i=1,...,m, (3.5)
m+k m k

>ogi— Y = > b, j=1,...k (3.6)
i=hj+1 i=hj—j+1 i=j+1

m+k

m k
dgi=Y i+ b (3.7)
=1 i=1 =1

and
c; > diys, 1=1,...,m, (3.8)
m-—+s m s
Soodi— > =Y a, j=1,...,s, (3.9)
i=h;+1 i=hj—j+1 i=j+1
m-—+s m

Zdizz:ci—i—zs:ai, (3.10)
i=1 i=1 i=1
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where
h]‘ = min{i|ci_j+1 <gi}7 ] = 1,...,k,
and -
hj = min{i\ci_ﬂ_l <di}, j7=1,...,s
Equalities (3.7) and (3.10) together give

m-+s m-+k
Zd +Zb —Zgz—&-Zaz (3.11)
Let us denote by g’ = (g1,...,9,,) a partition obtained from g after removing
{Ghys---+9n, }- Also, let us denote by d’ = (di,...,d,,), a partition obtained from d
after removing {dj,...,d;_}. By Lemma 3.1 we have that
¢ > max(gi,d), i=1,...,m. (3.12)
In order to prove the existence of a partition f = (f1, ..., fim+k+s) satisfying (3.4), by

(3.11) and by Lemma 2.2 it is enough to prove the existence of a partition f = ( fi, ..
fmak+s) satisfying

)

f<"(d,b) and f <" (g,a). (3.13)
We shall define the partition f = (fi,..., fmikss) as a non-increasing ordering of
integers min(gy,dy), ..., min(g,,,d,), gns- - Ghy> diyy s - - -5 dp, s i€

f:= {min(g}, dy), ... min(gy,, d;)} U{gn,, - gn} ULda, - dp, }-

By Definition 2.1, we are left with proving the following:

Gi > fivs, i=1,...,m+k, (3.14)
m—+k+s m+k
o iz > gl-i-Za“ j=1,...,s, (3.15)
i=l;+1 i=lj—j+1 i=j7+1
m+k+s B m+k
S fiz Z g,+za“ (3.16)
=1
di > fivk, izl... ,m—+ s, (3.17)
m+k—+s m-+s
SNoohiz Y di+t Z bi,  j=1,....k, (3.18)
i=l;+1 i=l;—j+1 i=j+1
m+k+s m+s

Z fi > Z d; +sz, (3.19)

where -
lj = min{i‘gi,jqu < fi}7 i=1...,s,



M. Dodig and M. Stosi¢: Double generalized majorization and diagrammatics 229

and - -
lj = min{i|di,j+1 < fl}, 7=1,... k.

In fact, we shall prove only (3.14) — (3.16). By replacing the partition g by d, and the
partition a by b, the formulas (3.17) — (3.19) will follow.

To that end, let us denote by £ = (f1,..., f +) the following partition:

' := {min(gy, d1), ..., min(g},,dp,)} U{gn,,-- - gn, }-

Then L
foIU{dﬁl, ,dﬁ },
and so - -
f{z its, t=1,....m+k. (3.20)
Since

g:g/u{ghn---aghk}v

we also have B
g >fl, i=1,...,m+k. (3.21)

Altogether, (3.20) and (3.21) give (3.14). By the definition of f we have

m-+k+s

m k s
Mo fi=) min(g,d)+ > gn + > dy,
i=1 i=1 i=1 i=1
m m m k s
= Zg; + Zdi — Zmax(g;d;) + Zghi + Zdﬁi
i=1 i=1 i=1 i=1 i=1

m—+k m-—+s m

= Z gi + Z d; — Zmax(g}dé)
=1 =1 i=1

By applying (3.12), we get

m-+k+s m-+k m-+s m

Z fi> Zgi+zdi_zcia
i=1 =1 =1 i=1

which by (3.10) gives (3.16), as desired.

Hence, we are left with proving (3.15). First, we introduce by convention hq := 0, and
hit1 = m—+k+1. Now, fixj € {1,...,s}. Letu; € {0,...,k}anda; € {0,...,m+k}
be such that

Ghu, 2 Ay > Gho i1 (3.22)
G, > di, > Goy11- (323)

Then
hu_7.+1 > ay > hu7 (3.24)

From the definition of h; we have that h; > 4, for all ¢ = 1,...,k, (see (2.2)). This,
together with (3.24) gives
Qj 2> Uj.
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Also, by the definition of g’, from (3.22) and (3.23) we obtain that
Gory—u; Z iy > Yoy (3.25)
Moreover, from the definition of Bj, and from (3.12), we have that

= = !
dp; > Chy—jr1 2 G, —j41-

Thus,
sz,-—uj > g%j*j+1’
and so
Otj — Uj S }_Lj — ]
Hence,
min(a; — uj, hj — j) = a; — u;. (3.26)
Next, we shall prove that
lj =05+ 7, (3.27)
and
fi; = dj,- (3.28)

(Recall that [; = min{i|g;—;+1 < fi}). Indeed, we have:

9hs >0 > ghuj > di_tj > Ja;+1, (3.29)
dﬁl > 2> dﬁ];l > dﬁj > Ja;+1, (3.30)
91> 2 Goymuy 2 diy > Gagtts (3.31)
d, > > d;}j—j > dj,, > Gaj+1- (3.32)

From the definition of f, and by (3.26), we have that there are at least u; + j +
min(a; — uj, h; — j) = a; + j elements of f that are bigger or equal than dp,,- Therefore
fa].ﬂ- > dﬁj > ga;+1,and so l; < oy + j.

For the other inequality, first suppose that f;, > dp,- Then among { fi.-o, fi; ), there
would be at most j — 1 dj’s, while all other elements would be less than or equal to some
of the elements of the partition g. Therefore, we would have that for all z = 1,...,{
fi < Ji—(j—1)» and so fl < gi;—j+1, which contradicts the definition of /5.

Hence ﬁj < d,;j , and so by (3.23) and the definition of /;

Jo

Jo; = di, = fi; > Gi—j+1,

and so [; > «; + j. Altogether, this proves (3.27) and (3.28).
In addition, by (3.29) — (3.32), we have also shown that

Ly @+ J uj j—u;
MoF Z fi=Y dn,+Y gn + Y min(gd). (3.33)
=1 i=1 i=1 i=1 i=1
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Now, we have

m-+k—+s m-+k—+s s k m
r r . / /
E fi= E fi= E dp,, + E gh; + E min(g;, d;)
i=l;+1 i=aj+j+1 i=j+1 i=u;+1 i=aj—uj+1
s k m m
/ !
= § dp, + § 9n; + E 9 + E d;
i=j+1 i:ujJrl i:aj7u1-+1 i:aj7u1-+1
m

— Y max(g,dp).

i=aj—uj+1

We note that by (3.22), (3.23) and (3.25) we have

k m m+k m-+k
!
2ot D= > = ) o
i=uj+1 i=a;—uj+1 i=a+1 i=lj—j+1
Also,
s m m
' rogl
Z dp, + Z d; — Z max(g;, d;) =
i=j7+1 i:l)éj—Uj+1 i:l)éj—Uj+1
s Ej*] m
D dat Y di+ > d
i=j+1 i=aj—uj+1l  j=h;—j+1
ijj m
gl I
- Z max(g;, d;) — Z max(g;, d;).
i=aj—u;+1 i=h;—j+1

Foralli € {aj —uj+1,...,h; — j}, by (3.32) and (3.25) we have
d; > dy, > g;,
and so
max(g},d}) = d.
We also have

s m m+s
S odp+ Y di= d;.
i=j+1 i=hj—j+1 i=h;+1
Altogether we have
m-+tk-+s m-+k m-+s m
£ gt
S Rm 3wt d- > maxdd)
i=lj+1 i=lj—j+1  i=h;+1  i=h;—j+1
m-+k m-+s m

> Z gH—Zdi— Z Ci,

i=lj—j+1 i=h;+1 i=hj—j+1

where the last inequality follows from (3.12). Finally by (3.9) we obtain (3.15), as desired.
This finishes our proof. O
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Remark 3.3. We note that if both d and g are partitions consisting of nonnegative integers,

such that
m-+s k

D dit ) biz0,
i=1 i=1
then by Lemma 2.2 the partition f also consists of nonnegative integers.
In the course of the proof of Theorem 3.2, we have also proved the following result

Corollary 3.4. Let a, b, d and g be partitions (1.1), (1.2), (1.4) and (1.5), respectively.

Letc = (c1,. .., Cm) be a partition such that

d <" (c,a) and g <" (c,b), (3.34)
then there exists a partition £ = (f1, ..., fm+k+s) such that

f<"(d,b) and f<" (g a). (3.35)

Also, by Theorem 2.3 we have

Corollary 3.5. Let a, b, d and g be partitions (1.1), (1.2), (1.4) and (1.5), respectively. If
there exists a partition ¢ = (c1, . .., Cp,), such that

d <'(c,a) and g=<'(c,b)
then there exists a partition £ = (f1,..., fm+k+s) such that
f <" (c,aUb).

Finally, by combining Theorem 1.3 with the result of Corollary 3.4, we obtain necessary
conditions for the pseudo double majorization problem.

Corollary 3.6. Let a, b, d and g be partitions (1.1), (1.2), (1.4) and (1.5), respectively. If
there exists a partition ¢ = (cq, . .., Cp,), such that

d <" (c,a) and g <" (c,b)
then the condition (g, d, b, a) holds.
4 Some comments and more on diagrammatics of generalized ma-
jorization
4.1 A counter example for the converse of Theorem 3.2
In the following example we show that the converse of Theorem 3.2 does not hold:

Example 4.1. Let us consider the following partitions of integers:

d=(7,2,1) “.1)
g=(7,2,1) 4.2)
a=(31) 4.3)
b=(2,2) (4.4)



M. Dodig and M. Stosi¢: Double generalized majorization and diagrammatics
The partition
f=(4,4,3,2,1)

satisfies
f<'(g,a) and f<'(d,b).

Indeed, (4.6) is equivalent to

mln(gl7dz) Zfi+27 izl?"'53>

5 3 2
Zsz Z gi+zai; j:1727

i=l;+1 i=lj—j+1 i=j+1

5 3 2 3 2
Zfz‘ :Zgi+zai = Zdi—i-zbi;
i=1 i=1 i=1 i=1 i=1

233

4.5)

(4.6)

A.7

(4.8)

(4.9)

5 3 2
SNoohiz > di+ > b j=12, (4.10)

i=l;+1 i=l;—j+1 1=j+1

where
11:Z1=2, 12=Z2=3.

By (4.1) — (4.5) we directly get that all of (4.7) — (4.10) hold. Hence we have (4.6), as

announced.

However, there is no partition c satisfying

g <'(¢c,b) and d<'(c,a). 4.11)

Indeed, by the definition of generalized majorization, we would have that such a partition

¢ would be of length one, i.e. ¢ = (¢ ) for certain integer ¢, and that

3 2 3 2
C1=Zgi—zbizzdi—zai=6
i=1 i=1 i=1 i=1

Then
h1 = min{ile; < ¢;} = 2,
and hence we would need that

1

3 2
Z gi = Z CiJFZbi

i=h1+1 i=h1—1+1 i=1+1

which gives
g3 = 1 Z 62 = 27

which is a contradiction. Hence there is no partition c satisfying (4.11), as announced.
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4.2 Diagrammatics

By using diagrammatics introduced in Section 1, Theorem 2.3 implies the following transitivity-
like property of the generalized majorization:

®

®

T as

= ar U
T o

(D)

The main result of the paper, Theorem 3.2, can be described diagrammatically, by stating
that every diagram of the form

@
N

can be completed to a square

®

a'ﬂ “\b
® (@
\ A
(©)

The two properties allow various combinations. For example, by combining the result from
Theorem 3.2 with the result from Theorem 2.3 we can get the following. Let c, u, w, g, d,
az, az, by and by be partitions such that

u <’ (g»al)a u <’ (c7b1)7 w =<’ (0732)7 w <’ (d7b2)7

ie.
¥ N %
Then by Theorem 3.2 there exists a partition f such that

f < (waz) and f <’ (w,by).

Diagrammatically this gives
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O O
SN AN
© (@)

Finally, by Theorem 2.3, such f satisfies
®
N
©,

a:a1Ua2, b:blubg.

where

5 Conclusions

In this paper we study new properties of generalized majorization. The main result of
the paper is the proof that the generalized majorization has a completing-squares prop-
erty. More precisely, we have introduced pseudo double majorization problem for two
pairs of partitions (Problem 1.4), and we relate it with double majorization problem (Prob-
lem 1.2). In particular, we prove that the existence of a partition c satisfying (1.11) implies
the existence of a partition f satisfying (1.10). By introducing diagrammatical interpreta-
tion of generalized majorization, our main result has an elegant geometric interpretation,
which also complements the previous results on transitivity-like property of generalized
majorization [10].

Finally, the obtained results are expected to have strong impact in solving the General
Matrix Pencil Completion Problem, as well as in solving Bounded Rank Perturbation Prob-
lems for matrix pencils.
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Abstract

In this paper, we give a classification of orientably regular hypermaps with an automor-
phism group that is a minimal Frobenius group. A Frobenius group G is called minimal if
it has no nontrivial normal subgroup N such that G/N is a Frobenius group. An orientably
regular hypermap H is called a Frobenius hypermap if Aut(#) acting on the hyperfaces
is a Frobenius group. A minimal Frobenius hypermap is a Frobenius hypermap whose
automorphism group is a minimal Frobenius group with cyclic point stabilizers. Every
Frobenius hypermap covers a minimal Frobenius hypermap. The main theorem of this
paper generalizes the main result of Breda D’ Azevedo and Fernandes in 2011.

Keywords: Frobenius hypermap, Frobenius group.

Math. Subj. Class. (2020): 57M15, 05C25, 20F05

1 Introduction

Let S be a compact and connected orientable surface. A topological hypermap H on S is a
triple (S; V; E'), where V and F denote closed subsets of S with the following properties:

(1) B =V n Eis afinite set. Its elements are called the brins of H;
(2) V U FE is connected;

(3) the components of V (called the hypervertices) and of E (called the hyperedges), are
homeomorphic to closed discs;

(4) the components of the complement S\ (V u E) are homeomorphic to open discs, and
they are called the hyperfaces of H.

*The Authors thank the referees for their helpful comments.
fCorresponding author. Supported by NSFC (No. 12101535) and NSES (No. ZR2020MA044).
E-mail addresses: pktide@163.com (Kai Yuan), wang_ yan@pku.org.cn (Yan Wang)
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The following Figure 1 shows a topological hypermap on torus with 9 brins, 3 hy-
pervertices (black components), 3 hyperedges (grey components) and 3 hyperfaces (white
components).

Figure 1: A hypermap on torus.

An important and convenient way to visualize hypermaps was introduced by Walsh in
[13]. The Walsh representation of a hypermap as a bipartite graph embedding on S can
be described as follows. At the centre of each hypervertex place a white vertex and at the
centre of each hyperedge place a black vertex. If a hypervertex intersects a hyperedge then
we join the corresponding white vertex and black vertex by an edge. In this way we obtain
a bipartite graph. This bipartite graph is said to be the underlying graph of H. Figure 2 is
the Walsh representation of the hypermap in Figure 1.

) 4
\ 4

Figure 2: The Walsh representation.

An algebraic hypermap is a quadruple H = (G, B, po, p1), where G is a finite group
which is generated by two elements pg, p1 and acts transitively on a finite set 5. By [3],
there is a one-to-one correspondence between topological and algebraic hypermaps. The
finite group G is the monodromy group of H, denoted by Mon(#). In the Walsh repre-
sentation, GG is a permutation group acting on the set of edges, po, p1 generate the cyclic
permutations of the edges going around the white resp. black vertices in a positive sense,
and each cycle of pgp; bounds a hyperface in a negative direction. A permutation o of B
is called an automorphism of the hypermap H = (G, B, po, p1) if it is G-equivariant, i.e.
if

a(g(b)) = g(a(b))
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foreverybe B and g € G.

Since apga™! = pgand ap;a~! = py, o induces a permutation on the cycles of py and
p1- So, in the Walsh representation, Aut(#) induces a subgroup of the automorphism group
of the underlying graph of H, and Aut(#) preserves the hypervertex set and hyperedge set,
respectively. A hypermap is called regular if G acts regularly on B. In this case, Aut(H)
is isomorphic to G which acts regularly on B as well.

For a regular hypermap H = (G, B, po, p1), the set B can be replaced by G, so that
Mon(#) and Aut(#H) can be viewed as the right and left regular multiplications of G,
respectively. So, # can be denoted by a triple H = (G; po, p1), where G = {pg, p1). In
this way, the hypervertices (resp. hyperedges and hyperfaces ) correspond to right cosets
of G relative to {pg), (resp. {p1) and {pop1)). In [4], the hypermap H = (G} po, p1) is
denoted by (G a,b) where a = p;~1po~! and b = py. From now on, we denote a regular
hypermap H by the triple H = (G} a,b), and then the hyperfaces (resp. hypervertices and
hyperedges) correspond to left cosets of G relative to subgroups {a) (resp. <b) and {ab)).
LetH = (G;a,b) and H' = (G';a’, V') be two orientably regular hypermaps. If there is an
epimorphism p from G to G’ such that a” = o’ and b = I/, then H is called a covering of
H' or H covers H'. Given a group G, (G;a1,b1) = (G;az,bs) if and only if there exists
an automorphism o of G such that a{ = ay and b = bs.

A (face-)primer hypermap is an orientably regular hypermap whose automorphism
group induces faithful actions on its hyperfaces, see [4]. The classification of regular hy-
permaps with given automorphism groups isomorphic to PSL(2, ¢) or PGL(2, ¢) can be
extracted from [12] by Sah. Moreover, Conder, Poto¢nik and Sirafi extended Sah’s investi-
gation to reflexible hypermaps, on both orientable and nonorientable surfaces, and provided
explicit generating sets for projective linear groups, see [1]. In [2], Conder described all
regular hypermaps of genus 2 to 101, and all non-orientable regular hypermaps of genus 3
to 202.

The study of primer hypermaps was initiated by Breda d’Azevedo and Fernandes in
2011. In [4], the authors classified the primer hypermaps with p-hyperfaces for a prime
number p, where their automorphism groups are Frobenius groups. Thereafter, they de-
termined all regular hypermaps with p-hyperfaces, see [5]. In [7], Du and Hu classified
primer hypermaps with a product of two primes number of hyperfaces. Recently, Du and
Yuan characterized primer hypermaps with nilpotent automorphism groups and prime hy-
pervertex valency, see [8].

A Frobenius group is a transitive permutation group G on a set {2 which is not regular
on (), but has the property that the only element of G which fixes more than one point is
the identity element. A Frobenius group G is called minimal if it does not have a nontrivial
normal subgroup N such that G/N is a Frobenius group. A regular hypermap H is called
a Frobenius hypermap if Aut(?{) acting on the hyperfaces is a Frobenius group. Clearly,
‘H is a primer hypermap. A minimal Frobenius hypermap is a Frobenius hypermap whose
automorphism group is a minimal Frobenius group with a cyclic point stabilizer. Clearly,
every Frobenius hypermap covers a minimal Frobenius hypermap.

This paper has three sections. In the first section, a quick overview of orientably regu-
lar hypermaps is given. In Section 2, we introduce minimal Frobenius groups. In the last
section, we give a classification of orientably regular minimal Frobenius hypermaps. Fur-
thermore, the main theorem of this paper generalizes the main result of Breda D’ Azevedo
and Fernandes, see [4].
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2 Minimal Frobenius groups

We refer the readers to [10] for standard notation and results in group theory. Set (r,s)
to denote the greatest common divisor of two positive integers r and s. We denote the
orders of an element x and of a subgroup H of G as |z| and |H |, respectively. A semidirect
product of a group N by a group H is denoted by N : H. Let Z,, = {0,1,--- ,m — 1}
and Z, = {k | k € Zy, and (k,m) = 1}.

Let G be a Frobenius group on 2. A subgroup K of G is called the Frobenius kernel
if K acts regularly on €. Each point stabilizer is called a Frobenius complement of K in
G. In the following, we give some interesting results about Frobenius groups and primitive

groups.

Proposition 2.1 ([6, P86]). Let G be a Frobenius group on Q) and o € ), K be the
Frobenius kernel, and H be a Frobenius complement. Then:

(1) K is a normal and regular subgroup of G.

(ii) For each odd prime number p, the Sylow p-subgroups of H are cyclic, and the Sylow
2-subgroups are either cyclic or quaternion groups. If G is not solvable, then it has
exactly one nonabelian composition factor, namely As.

(iii) K is a nilpotent group.

Proposition 2.2 ([6, Corollary 1.5A.]). Let G be a group acting transitively on a set §)
with at least two points. Then G is primitive if and only if each point stabilizer G, is a
maximal subgroup of G.

Lemma 2.3. Assume G < Sym(2) has a regular normal subgroup R, where Q) has at least
two points. Then G is primitive if and only if no nontrivial subgroup of R is normalized by
Gy, for each a.

Proof. By Proposition 2.2, G is primitive if and only if G, is a maximal subgroup of G.
Because R is a regular normal subgroup of G, G = G,R and G, n R = {1}.

We claim that G, is maximal if and only if no nontrivial subgroup of R is normalized
by G,. Suppose GG, is not maximal, then there exists a proper subgroup K of G such that
G, < K. Itfollowsthat K = K nG = K nG4R = Go(K n R). In this case, K n R is
a proper subgroup of R which is normalized by G,,. Conversely, suppose that there exists
a proper subgroup H, normalized by G, of R. Thus G, H is a proper subgroup of G and
so G is not maximal. I

Corollary 2.4 follows directly from Lemma 2.3.

Corollary 2.4. Assume G < Sym(Y) has a regular normal subgroup R, where Q) has at
least two points. If R is abelian, then G is primitive if and only if no nontrivial normal
subgroup of G is contained in R.

Lemma 2.5. Let K be the Frobenius kernel of a Frobenius group G which acts on a set .
If N is a normal subgroup of G, then either N < K or K < N.

Proof. Assume that N is not a subgroup of K. Set a € ). Since N is a normal subgroup

of G,wehave N = (| J N¢) u (N n K) and so N is a subgroup of N, K. Let |[N,| =
geK
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m,|K| =nand [N n K| =t. Then, |N| =n(m—1)+t. Since N < N,K and N, < N,
weget N = N n NoK = No(N n K). So, |[N| = mt which implies n(m — 1) + t =
mt. Note that m > 1, then n = t. Therefore, N n K = K and K is a proper subgroup of
N. ]

Proposition 2.6 ([11, Lemma 2.3]). Let K be the Frobenius kernel of a Frobenius group
G. If N is a normal subgroup of G and N < K, then G/N is a Frobenius group.

Proposition 2.7 ([11, Corollary 2.6]). Let G = K H be a Frobenius group, where K is the
Frobenius kernel and H is a Frobenius complement. For each h € H, h # 1, and for each

k € K, the orders of h, kh and hk are equal, that is |h| = |kh| = |hk|.

Based on Lemma 2.5 and Proposition 2.6, we give the following definition of minimal
Frobenius groups.

Definition 2.8. A Frobenius group G is called minimal if it does not have a nontrivial
normal subgroup N such that G/N is a Frobenius group.

Lemma 2.9. If G is a minimal Frobenius group acting on a set () with the Frobenius kernel
K, then K is an elementary abelian p-group and G is primitive.

Proof. If G is minimal, then by Proposition 2.6 no nontrivial normal subgroup of G exists
in K. Note that K is a nilpotent group. Let P be a Sylow p-group of K, ®(P) be the
Frattini subgroup of P and L be the p’-Hall group of K. Both ®(P) and L are characteristic
subgroups of K. So, L = ®(P) = 1 which implies that K is an elementary abelian p-
group.

Because no nontrivial normal subgroup of G is contained in K and K is abelian, it
follows that G is primitive by Corollary 2.4. O

Lemma 2.10. If G is a primitive group acting on a set ) with non-trivial abelian point sta-
bilizers, then G is a Frobenius group and its Frobenius kernel K is an elementary abelian

p-group.

Proof. It suffices to show that for any two distinct points o, 5 € 2, Go "Gz = 1. Let J =
Go N Gg. Since G is primitive, G = (G, Gg). Note that G, and G are abelian, so J is
a normal subgroup of G. Because o’ = {a}, for any g € G, we have a9’/ = a’9 = {a9}.
That is to say J fixes every point of €2, so J = 1 and G is a Frobenius group. Furthermore,
as point stabilizers are maximal, the Frobenius kernel K must be an elementary abelian
p-group . ]

Corollary 2.11 follows from Lemma 2.9 and 2.10 directly.

Corollary 2.11. Let G be a permutation group with cyclic point stabilizers. Then, G is a
minimal Frobenius group if and only if G is a primitive group.

For a prime number p and an integer n, an integer m (m > 1) is called a primitive
divisor of p™ — 1 if m divides p” — 1, but it does not divide p® — 1 for any s < n.

The following Proposition 2.12 can be obtained from some results in
[10, Kapitel II: 3.10, 3.11, 7.3].

Proposition 2.12. For a prime number p and a positive integer n, set G = GL(n, p).
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(i) The group G contains a cyclic Singer-Zyklus group S = {(x) of order p™ — 1, and
Cq(S) = S. Moreover, Ng(S) = S : (y) = (x,y | a?" 1 =y = 1,2Y = aP),
and |Ng(S)| = n(p™ — 1). Take an element g € S, if |g| is a primitive divisor of
p" — 1, then Ng({g)) = N¢(S),Cc({g)) = S and {g) is an irreducible subgroup.

(ii) Let L be a cyclic irreducible subgroup of G. Then L is conjugate to a subgroup of
S, and |L| is a primitive divisor of p™ — 1.

The following lemma generalizes Lemma 3.3 in [9]. The proof is similar to that of
Lemma 3.3, so we omit it.

Lemma 2.13. Let X =T : {x)andY = T : {y) be two subgroups of A = AGL(n,p) =
T : G, where G = GL(n,p), T is the translation subgroup, and x,y are nontrivial ele-
ments in G. If o is an isomorphism from X to'Y mapping {x) to {y), then, there exists an
element u € G such that o = I(u)|x, where I(u) is the inner automorphism of A induced

by u. In particular, u € Ng({x)) if {x) = {y).

3 Classification of minimal Frobenius hypermaps

For a prime number p, an integer n > 1 (n > 2 if p = 2) and a primitive divisor m of
p"™ — 1, let S be the cyclic Singer-Zyklus group of GL(n, p), {a) be a subgroup of S with
order m and T be the translation subgroup of AGL(n, p). Define a group M of order mp™
as

M=T:{a)y<T:S<AGL(n,p) =T : GL(n,p).

By Proposition 2.12, {a) is an irreducible subgroup. Hence M is a primitive group, and
consequently M is a Frobenius group by Lemma 2.10.

Let F' be a minimal Frobenius group acting on a set Q (|Q2| > 2) with cyclic point
stabilizers, and K be its Frobenius kernel. By Lemma 2.9, K is an elementary abelian
p-group and F is a primitive group. Set |K| = p", and then |Q}| = p™. Take an element
a € Q and assume |F,,| = k. By Proposition 2.12, k is a primitive divisor of p™ — 1, and
GL(n,p) has only one conjugacy class of irreducible cyclic subgroups of order k. Hence
AGL(n,p) has only one conjugacy class of subgroups isomorphic to F' which implies
F = M =T :{a)y when k = m. These discussions give the following Theorem 3.1.

Theorem 3.1. Let F' be a minimal Frobenius group with cyclic point stabilizers of order
m. Then, F =~ T : {a), where T is elementary abelian of order p" for some prime number
p and an integer n = 1, m is a primitive divisor of p™ — 1 and |{a)| = m. Clearly,
|F'| = mp™.

Lemma 3.2. Let M = T : {a) be the group defined as in the first paragraph of this section.
IfH = (M; R, L) is a Frobenius hypermap, then H is isomorphic to

H(p’n’m’i7j) = (M;ai7ajb)7

where 1 # b e T, m is a primitive divisor of p™ — 1, j € Ly, i € Z%, and (i,p) = 1. More-
over, different parameter pairs (i, j) give non-isomorphic hypermaps with p"™ hyperfaces,

each of valency m. Furthermore, there are %(m)

the Euler’s totient function.

non-isomorphic hypermaps, where ¢ is
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Proof. Let G = GL(n,p) and then M < AGL(n,p) = T : G. Since M is a Frobenius
group, M has only one conjugacy class of subgroups of order m. So we can assume R = a’
for some ¢ € Z* . Remember that S is the cyclic Singer-Zyklus group of GL(n, p) and {a)
is a subgroup of S. So, M is a normal subgroup of 7" : S. Since S fixes a and acts
transitively on 7'\{1} by conjugation, we may fix L = a’b, where j is calculated modular
m.

If there exists an automorphism o of M such that (a’)” = a? and (a?b)® = a’'b, then
b? = a®b for some € € Z,,. Clearly, the orders of b and a“b are equal. While according to
Proposition 2.7, the two elements a“b and o have the same order which is coprime with
that of b if € # 0 modulo m. So, b = b. By Lemma 2.13, there exists an element u € G
such that o = I(u)|r, where u € Ng({a)). According to Proposition 2.12,

Ne((ay) = S : (yy = (w,y | 2P ~h =y = 1,2¥ = aP),

where S = (x). Because b° = b, it follows that u = y*, where ¢ is calculated modular n.
So, a? = aV' =a?. Asa result, we may assume (i,p) = 1in R = a®. As a result, we get

%Em) non-isomorphic hypermaps (M;a’, a’b), where ¢ is the Euler’s totient function.
Clearly, (M;a®, a’b) has p™ hyperfaces, each of valency m. O

By Theorem 3.1, the automorphism group of a minimal Frobenius hypermap is isomor-
phic to M = T : {a), where |T'| = p™ and |{a)| = m. Consequently, we give the following
classification theorem of minimal Frobenius hypermaps.

Theorem 3.3. H is a minimal Frobenius hypermap if and only if H is isomorphic to
7-l(p7 n,m, 7:7 ]) = (M7 ai, G,jb),

where M is a group defined as in the first paragraph of this section, m is a primitive divisor
of p" — 1, j € Ly, i € ZX, and (i,p) = 1. Moreover; different parameter pairs (i, j) give
non-isomorphic hypermaps with p™ hyperfaces, each of valency m. And, there are %Sm)

non-isomorphic minimal Frobenius hypermaps, where ¢ is the Euler’s totient function. /
According to Corollary 2.11, we have the following Proposition 3.4.

Proposition 3.4. If H is a regular hypermap, then H is a minimal Frobenius hypermap if
and only if Aut(H) acts primitively on the hyperfaces.

The next Proposition 3.5 follows from Lemma 2.5.
Proposition 3.5. Every Frobenius hypermap covers a minimal Frobenius hypermap.

The H-sequence of a hypermap H is a sequence [|v], |e|, | f|; V, E, F’; |Aut(H)]|], where
[v],lel,|f],V, E and F stand for the hypervertex valency, hyperedge valency, hyperface
valency, number of hypervertices, number of hyperedges and number of hyperfaces of #,
respectively.

Corollary 3.6. The H-sequence of the minimal Frobenius hypermap H(p,n,m,i,j) =
(M;at,a’b) is

(1) [p’m’m;mpnfl’pn’pn;mpn]forj =0

n—1

(i) [m,p,m;p™, mp"~ ", p"mp"™] for j = m —i;
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(iii) [ﬁ, e R (m, 7)p™, (m,i+ j)p™, p*;mp™] for j # 0 and j # m — 1.
Proof. The sequence is determined by the first three entries, namely |a?b|, |a**7b| and |a‘|.
These entries can be easily calculated according to Proposition 2.7. O
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Abstract
We study (v, k, A)-symmetric designs having a flag-transitive, point-primitive automor-

phism group, with v = m? and (k,\) = ¢ > 1, and prove that if D is such a design with
m even admitting a flag-transitive, point-primitive automorphism group G, then either:

(1) D is a design with parameters ((2t +s5—1)2, w, fi—;f) with s > 1 odd, or

S
(2) G does not have a non-trivial product action.

We observe that the parameters in (1), when s = 1, correspond to Menon designs.

We also prove that if D is a (v, k, \)-symmetric design with a flag-transitive, point-
primitive automorphism group of product action type with v = m! and [ > 2 then the
complement of D does not admit a flag-transitive automorphism group.
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1 Introduction

If D = (P,B) is a (v, k, \)-symmetric design, a flag of D is an ordered pair (p, B) such
that p € Pisapointof D, B € Bisablock of D,andp € B. The order of Disn = k— .

There are some symmetric designs in which the parameters are related in some special
way, such as Hadamard designs in whichv = 4n + 3,k =2n 4+ 1,and A = n (n € Z7),
and Menon designs, in which v = 4t2, k = 2t> — ¢, and A = ¢2 — ¢ for some positive
integer t. These last ones will be relevant in the present work.

If G = Aut(D), then G is point-transitive if it is transitive on P (the set of points of
D), and it is flag-transitive if it is transitive on the set of flags of D. If G is point-transitive,
it can either be point-primitive, that is, there is no G-invariant non-trivial partition of P, or
point-imprimitive, which is when there is a non-trivial partition of the points of D invariant
under the action of G.

Primitive groups are classified by the O’Nan-Scott Theorem, we will use the classifi-
cation in [4] by Liebeck, Praeger, and Saxl, with five types, namely affine, almost simple,
product, simple diagonal, and twisted wreath.

Buekenhout, Delandtsheer, and Doyen proved in [1] that if a 2-design with A = 1
(linear space) admits a point-primitive, flag-transitive automorphism group G, then it must
be of affine or almost simple type. O’Reilly-Regueiro proved the same result for symmetric
2-designs with 2 < A\ < 4 in [5, 6]. All designs in this paper will be 2-designs.

In [7], Tian and Zhou extended this result to A < 100, and conjectured that it holds
for all values of A\. Having an upper bound on ), in [7] they ruled out the simple diagonal,
product, and twisted wreath action by finding possible groups and/or sets of parameters
of designs and then ruling them out by arithmetic constraints and the use of GAP [2].
Additionally, in [3, 8, 9, 10], Zhou et al. have tackled this issue from different perspectives,
and have ruled out the product action for flag-transitive (v, k, A) symmetric designs in
which A > (k, )\)2, as well as, for those cases in which )\ is prime.

We have tried to prove that if D is a (v, k, \)-symmetric design with v = m? even and
any A admitting a point-primitve, flag-transitive automorphism group G, then G does not
have a product action. In this paper we present our results, namely, a parametrisation for
such designs which in some cases correspond to Menon designs.

In 1998, Zieschang proved in [11] that if a (not necessarily symmetric) 2-design in
which (r, \) = 1 (where r is the number of blocks incident with any given point) admits a
flag-transitive group G, then G is of affine or almost simple type. Given this result, in our
work we will assume (k, \) =t > 1.

2 Product action

We start with a result from [5], which will be useful later.

Corollary 2.1. If G is a flag-transitive automorphism group of a (v, k, X)-symmetric design
D = (P, B), then k divides A(v — 1, |Gy|) for every point-stabiliser G..

The next lemma gives us an arithmetic condition that will be used throughout this work.

Suppose that the group G has a product action on the set of points P. Then there is a
finite set I" with |I'| > 5 and a group H acting primitively on I, with an almost simple or
simple diagonal action, such that

P=T'and G < H' x S, = HwrS;, with [ > 2.
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Lemma 2.2. If G is a point-primitive group acting flag-transitively on a (v, k, \)-symmetric
design D = (P, B), with a product action on P, then k divides \(|T'| — 1) and v = |T'|' <
A2(|T] —1)2

Proof. Takex € P = Il Ifz = (71, ---s71), define for 1 > j > [ the Cartesian line of the
jt" parallel class through z to be the set:

Gw,j = {(71) ey V=157 Vi+1, 7’Yl)|’7 € F}7

(So there are [ Cartesian lines through ).

Denote |I'| = m.

Since G is primitive, G is transitive on the [ Cartesian lines through z. Denote by A
the union of those lines (excluding z). Then A is a union of orbits of G, and so every
block through z intersects it in the same number of points. Hence k divides AI(|T'| — 1).
Also, k2 > A(m! — 1), 50 (m! — 1) < \I?2(m — 1)2.

Hence

v=ml < N%*m—1)% 2.1
O

3 Results

In this section we will only consider | = 2, further work may be done for greater values
of [.
2
When [ = 2, m = " 22 o
(m+1)r2 +2r —4X\(m —1) =0 (3.1)

solving for  we have

2+ /4+16Am —1)(m+1)  —1+/1+4\(m2 —1)
"= 2(m + 1) - m+ 1

therefore 2k 1)
=2 3.2
TS (3.2)

Suppose that (k,A) = ¢ > 1 (the case where (k,\) = 1 was done by Paul-Hermann
Zieschang [11]), so there exist positive integers a and b such that

k=at, X\=bt. (3.3)
Then, by Lemma 2.2 we have
2A(m —1
k= L7 (3.4)
T

and substituting (3.3) in the last one and also in k(k — 1) = A(v — 1) we obtain

a = M) (3.5)

a(at — 1) = b(m? - 1). (3.6)
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From (3.5) we can see that a divides b(m — 1). But (k, \) = ¢ so t = (at, bt) implies
(a,b) = 1. Therefore a divides m — 1, that is, there exists a positive integer s such that
m — 1 = as and substituting in (3.5), we obtain r = 2bs. Then since (a, b) = 1, this forces
s=(m—1,3).

We have te following results with respect to the new parameters a and s.

Lemma3.1. Let D be a (v, k, \)-symmetric design with v = m? admitting a flag-transitive,
point-primitive automorphism group with product action. If k = at and A = bt with
t=(k,\), thena # 1.

Proof. If a = 1then k = t and A = kb with b > 1. This is a contradiction because k > A,
therefore a # 1. O

Lemma 3.2. Let D be a (v, k, \)-symmetric design withv = m? admitting a flag-transitive,
point-primitive automorphism group with product action. If k = at and X\ = bt with
t = (k, ), then (a,s) = 1 where s is a positive integer such that m — 1 = as and r = 2bs.

Proof. Note (3.2) can be rewritten as:
r
r—i—lzk—(m—l)a
Using the expressions k& = at, A = bt, m — 1 = as and r = 2bs we obtain 1 =
a(t — bs?) — 2bs and here we can see that (a,s) = 1. O

The fact that the parameter s = 1 is a necessary and sufficient condition for Menon
designs is seen in the following result:

Lemma3.3. Let D be a (v, k, \)-symmetric design withv = m? admitting a flag-transitive,
point-primitive automorphism group with product action. If t = (k, \) and s € Z is such
that m — 1 = as and r = 2bs, then s = 1 if and only if v = 42, k = 212 — t, and
A=12—t.

Proof. Suppose first that s = 1, so m — 1 = a which implies kK = (m — 1)¢. We also have

2 =b,s0 A = 5t. Now from m = aﬁf’"ﬁ’\ we obtain
b+t+1
= = 3.7
- (3.7)
then
2b+1
=m-1= . 3.8
a=m b 3.8)
r2
Now if t = bthen A = th = b = T and substituting in (3.1) we obtain
r2(m+1)+2r —r*(m —1) =0,s0 r(r + 1) = 0.
This forces » = 0 or = —1, which is a contradiction and so ¢ # b. From (3.8) we

havet — b > 1.
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Suppose that £ — b > 1, and let x > 1 be an integer such that ¢ = b 4 z. We will prove
that = is an odd number. If x = 2y for some y € Z, then t = b + 2y, and substituting in

(3.8) we obtain
2b+1
a =

2y
which is a contradiction since a € Z, so x is odd. Therefore there exists a positive integer
y such that x = 2y + 1 > 1 and with this we obtain ¢ = b + 2y + 1, substituting in (3.8)
results in

)

2b+1
a= .
2y +1

Using the last expression for a together with a > b we obtain 2b+ 1 > b(2y + 1) which
results in

1> b(2y — 1). (3.9)

But we assumed ¢t —b > 1sox = 2y + 1 > 1, thatis, 2y — 1 > —1. This together with
the expression (3.9) implies that the equation 2y — 1 = 0 should hold. But that implies
Yy = %, which is a contradiction since we assumed y € Z.

From the above we can conclude that b = ¢ — 1 and this implies A = ¢(¢ — 1). Then
substituting this expression in (3.8) we have

a=20t—-1)+1=2t—1,

sok =t(2t — 1) and m = a + 1 = 2t, therefore v = m? = 4¢2.

Now, suppose that we have a symmetric design with parameters v = 4t2, k = 2t — ¢
and A = t?> —t. Thena = 2t — 1 and b = ¢t — 1. In addition, we have m = 2t and all of
these combined imply m — 1 = 2t — 1 = a. Butm — 1 = as, and so s = 1. Hence the
result. O

Remark 3.4. When we fix m — 1 and we vary 5 we get many possible values for A that

. . 2 . . . .
satisfy the equation m = %, at this point we observe that if m — 1 is a power of an

odd prime, then the parameters satisfy the conditions of Menon designs.

Lemma 3.5. Let D be a (v, k, \)-symmetric design withv = m? admitting a flag-transitive,
point-primitive automorphism group with product action such that t = (k,\) and s € Z*
such that m — 1 = as and r = 2bs. If m — 1 = p® with p an odd prime and d € N, then
v=4t% k=2t> —t and A\ = 1> — t.

Proof. From m — 1 = as = p? then we have the following possible cases:

1. s =p’and a = p%—* for some natural number i < d.
This case is not possible because this would imply that (a,s) = p’ for some natural
number 7, and this contradicts Lemma 3.2.

2. a = p* and s = p?* for some natural number i < d.
This case is not possible because this would imply that (a, s) = p’ for some natural
number j, contradicting Lemma 3.2.

3. s=planda = 1.
This is not possible because it contradicts Lemma 3.1.
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4. a =pPand s = 1.
Recall that s = 1 (Lemma 3.3), so in this case v = 4t2, k = 2t2 —tand A =
2 — t (these are the conditions for Menon designs). With this we have proved the
lemma. u

Remark 3.6. We cannot claim the previous result for any odd m — 1 because the parame-
ters (4900, 3267, 2178), (16900, 2752, 448) and (44100, 8019, 1458) are counterexamples
to that possible generalisation. However we have neither confirmed nor discarded the exis-
tence of designs with these parameters. These (and Menon designs) are the only admissible
parameters for v < (210)2.

Recall the definition of the Cartesian lines from Lemma 2.2. In the case we are study-
ing, when [ = 2, there are two Cartesian lines through any point in the design, so we have
two possibilities. Either:

(i) there exists a point x and a block that contains it such that it intersects only one
Cartesian line through z, or

(ii) for any point x in the design, every block that contains it intersects each one of the
Cartesian lines through z.

We now study these cases separately. Although there are similarities between both
proofs, due to their length and enough differences we present two theorems for clarity.

Theorem 3.7 (Case (i)). Let D be a (v, k, \)-symmetric design with v = m? admitting a
flag-transitive, point-primitive automorphism group with product action. If there exists a
flag (x, A) in the design such that A intersects only one Cartesian line through x then r + 1
divides k.

Proof. Let (x, A) be the flag such that A intersects a Cartesian line through z := (ag, bo).
Suppose that A intersects the second Cartesian line through z.

First, let us prove that for any element of the block A, A intersects only the second
Cartesian line through that point. We have, two subcases: either a pointy € A is in the sec-
ond Cartesian line through x, or a point y € A is not in the second Cartesian line through z.

First subcase: we can see that if we take a point y € A so that it is also in the second
Cartesian line through x, then y = (ao, ) for some v € I'. In this way, the set of elements
in the second Cartesian line through y which are also in A is the same as the intersection
of A with the second Cartesian line through z. Also, since by Lemma 2.2 the size of the
intersection of A with the second Cartesian line through x is r 4 1, the size of the set of
elements in the second Cartesian line through y which are also in A is  + 1, and since the
size of the intersection of A with the Cartesian lines through any point is  + 1, there are
no more elements of any of the two Cartesian lines through ¥ in A. In particular, there are
no elements of the first Cartesian line through y in A and so the statement is proved for this
subcase.
Second subcase: Now we are going to take y € A such that it is not in the second Cartesian
line through x, in particular y # x, soif y := (a1, b1) then a; # ag. Let us consider the flag
(y, A). Since the group G is flag-transitive, there is a g € G such that g(z, A) = (y, A),
that is, g(x) = y, so

g(ao,bo) = (al,b1)7 (310)
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this implies g|r(ag) = a;. So, for any p € I" such that (ag, ) € A we have g(ag, p) =
(a1,v) for some v € I'. Thus the element g € G sends every element of the second
Cartesian line through x which is also in A to an element of the second Cartesian line
through y which is also in A. In this way A intersects only the second Cartesian line
through y. This is true for any y which is not in the second Cartesian line through = and
by Lemma 2.2 the size of this intersection is 7 + 1 and with this the statement the second
subcase is proved.

Let Ay be the set of points in the second Cartesian line through = which are also in A,
including z, the size of this set is 7 + 1. Now let us take an element ;7 € A\ Ag. By
previous arguments A intersects only the second Cartesian line through x1, therefore, if A
is the set of points in the second Cartesian line through x; that are in A including z; then
the size of this set is also  + 1. In the same way as before, we take x5 € A\ (Ap U A;)
and define the set A as the set of points in the second Cartesian line through x5 that are in
A including x5 and again its size is r + 1.

The process is continued in this way until no more points can be taken in A, thus we
get a set of points xg, x1, ..., z; € A along with a collection of sets Ay, Ay, ..., A; for some
natural number ¢, such that A; is the intersection of the second Cartesian line through x;
with A. So, the size of A; is 7 + 1 for all j. Also, A = Uij) A; and by construction if
xg # xp then Ay # Aj, with1 < g, h <.

It remains to prove that each pair of sets in this collection is disjoint, that is, if A, # Ay
are two sets in the collection that was previously constructed, we must prove that A,N Ay =
O with1l < e, f <4, e # f. Suppose that there exists an element p € A. N Ay, with
Ze := (Ge,be) and x ¢ := (as,bys). Then p = (ac, p) = (ay,v) for some p, v € I'. We can
see that a. = ay, which implies that . is in the second Cartesian line through x¢. This is
a contradiction since A, # Ajy.

From all of the above we can conclude that we obtain a partition of the block A. We
know that the size of A is k, and on the other hand A = Ugig Aj.

They are all disjoint and the size of each A; isr+1,s0 k = i(r + 1), and r + 1 divides
k. O

Let (z, A) be a flag such as in Theorem 3.7, that is, A intersects only the second Carte-
sian line through x. We count the number of flags (y, C') such that z € C and y # x is in
the second Cartesian line through z.

The number of these flags is the same as the number of blocks that contain = as well as
elements of the second Cartesian line through x, (we denote this number by z), multiplied
by the number of elements of the second Cartesian line through x (excluding x) which are
in these blocks, that is, r, therefore the number of such flags (y, C) is zr.

On the other hand, x and y are together in A blocks and there are m — 1 points of the
second Cartesian line through x, so when we count these flags (y, C') we obtain A(m — 1).

The above implies the equation zr = A(m — 1), but the equation kr = 2A(m — 1)
also holds, hence z = g and since z € N, k is even. This means that half of the blocks
that contain x intersect with the second Cartesian line through = and the other half intersect
with the first Cartesian line through x. This is possible since the previous argument is also
valid for the first Cartesian line through .

In the following theorem we examine Case (ii).

Theorem 3.8 (Case (ii)). Let D be a (v, k, \)-symmetric design with v = m? admitting a
flag-transitive, point-primitive automorphism group with product action. If for every point
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x in the design, every block that contains it intersects with the two Cartesian lines through
x, then % + 1 divides k.

Proof. Letx = (ag, bo) be an arbitrary point in the design, and let A be a block containing
x, then there are r; elements of the first Cartesian line through x (excluding =) in A and
there are 75 elements of the second Cartesian line through « (excluding z) in A. The
numbers r; and o satisfy the equation » = ry + 75, by Lemma 2.2.

If C is another block containing x, then it must intersect the two Cartesian lines through
2. Since G acts transitively on the flags, there is an element ¢ € G such that g(z, A) =
(z,C) and from this we can see that g(x) = z, that is, g|r fixes ag and by.

First, we will prove that g sends the elements of the first Cartesian line through x
which are also in A to elements of the first Cartesian line through x which are also in
C. Let (u,bg) be an element of the first Cartesian line through a which is also in A.
Then g(u,bo) = (v,bg) € C for some v € T since g|r fixes by. Similarly g sends the
elements of the second Cartesian line through 2 which are also in A to elements of the
second Cartesian line through @ which are also in C. Let(ag, 1) be an element of the first
Cartesian line through x which is also in A, then g(ag, 1) = (ag,v) € C forsome v € T’
since g|r fixes ag. Therefore the block C' has as many elements of the first Cartesian line
through x as A, and as many elements of the second Cartesian line through x as A. The
above is true for every block that contains x.

Now let us count the number of flags (y, C') of the design such that y # x is an element
of the first Cartesian line through = and C' is a block containing x. Every block contains 1
elements of the first Cartesian line through x, when we exclude x, and there are k blocks
containing . All of them intersect the first Cartesian line through z, therefore there are kr;
flags of this type. On the other hand y and x are together in A blocks and there are m — 1
elements of the first Cartesian line through x (excluding x), hence there are A(m — 1)
flags of this type. This yields the equation kr;y = A(m — 1), but from Lemma 2.2 the
equation kr = 2A(m — 1) also holds and we conclude that r; = 5. Howeverr; + 72 =1,
so the intersection of every block containing x with the second Cartesian line through x
(excluding x) has r = 7 elements.

The above is true for every x, that is, for every point in the design, every block that
contains it intersects the first Cartesian line through that point in 7 other points and the
same holds for the second Cartesian line through that point (excluding the point itself).

In what follows we will consider A to be the set of points of the second Cartesian
line through 2 which are also in A including z itself. The number of elements in that set
is 5 + 1. Let us consider z; € A\ Ag so from the previous paragraphs A intersects the
second Cartesian line through z; in 5 elements, thus if A; is the set of points of the second
Cartesian line through 1 which are also in A including x; itself, the number of elements
in Ay is § + 1. Now we take an element 2 € A\ (Ap U A;) in the same way as before,
and let As be the set of points of the second Cartesian line through x5 which are also in A
including x5 itself. The number of elements in As is 5+ 1L

We can continue this process in this way until there are no more elements in A, (ev-
erything is finite), so we obtain a collection of points xg,z1,...,z; € A and a collection
of sets Ao, A1, ..., A; for some natural number ¢ such that for all j = 0,...,7 A; is the
intersection of the second Cartesian line through z; with A, and A; has § + 1 elements. By
construction, A = Jj—; A; and the construction implies that if z, # x then A, # Ay,
with1 < g,h <.
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It remains to prove that every two sets in this collection are disjoint, that is, we must
prove thatif Ac # Ay then A.NAy =0 (withl <e, f <iande # f). Suppose there is an
element p € A, N Ay, with z. := (a.,be) and z¢ := (ay,bs). Then p = (a., ) = (ay,v)
for some p,v € I'. We can see that a, = ay, which implies that z. is in the second
Cartesian line through x ¢, a contradiction since A, # Ajy.

Therefore we have a partition of the block A = (J;Z; A;. The size of [ J;_; 4, is
i(5 4 1) since they are all disjoint, and the size of A is k, therefore & = i(5 4+ 1) and § + 1
divides k. O

Now we will present some consequences of Theorem 3.8.
Corollary 3.9. With the same hypotheses of Theorem 3.8, 5 + 1 divides m.

Proof. From (3.2) we have
k="lm + r +1
2 2 ’

and there is an integer p such that k = p(g + 1). Substituting in the previous equation we
obtain (p — 1) (5 + 1) = Zm. Since (5 +1,%) = 1, 5 + 1 necessarily divides m. O
Corollary 3.10. With the same hypotheses of Theorem 3.8, 5 + 1 divides .

Proof. There is an integer p such that £ = p(g + 1), and substituting this and (3.2) in
k(k—1) = A(m —1)(m+ 1), we obtain

rs (gﬂ) —Am —1).

By Corollary 3.9, g + 1 divides m, so (% +1,m— 1) =1and g + 1 divides . O
Since t is the greatest common divisor of k£ and ), the following holds:

Corollary 3.11. With the same hypotheses of Theorem 3.8, 5 + 1 divides t.

Proof. Since 5 + 1 divides k and A, and also (k, \) = t we conclude § + 1 divides ¢. [

In the next results, we will introduce a particular case in which we have obtained the
parameters of a Menon design, as a consequence of Corollary 3.11. Since 5 + 1 divides
t > 1, we will first consider the case in which ¢ is a prime number. The following result is
a first approach to our main result.

Lemma 3.12. Let D be a (v, k, \)-symmetric design with (k,\) =t > 1 a prime number
and v = m?, admitting a flag-transitive, point-primitive automorphism group G. If for
every point x in the design, every block that contains it intersects the two Cartesian lines
through x, then either G does not have a product action or D is a Menon design.

Proof. From Corollary 3.11, we have 5 + 1 divides ¢. Since ¢ is a prime we obtain 5 = 0
org +1=*t.
If 5 = 0 then from (3.2) we have k — 1 = 0 and this is impossible.

If on the other hand § + 1 = ¢, then m = % sO

bs? + s+t
m=———

11
t — bs? G.1D
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which implies ¢t > bs?. If t = bs? then A = b?s? = %. Substituting this in (3.1) we
obtain

r2(m+1) +2r —r*(m — 1) = 0, therefore (r + 1) = 0,

sor = 0 or r = —1 which is a contradiction, so ¢ > bs?.
This forces t = 5 +1 =bs+1 > bs®,s01 > bs(s — 1) and s = 1. From Lemma 3.3,
v=4t2 k = 2t2 — t and A = 2 — ¢, which are the parameters of a Menon design. O

Remark 3.13. The triples of parameters (4900,3267,2178), (16900, 2752, 448), and
(44100, 8019, 1458), do not correspond to Menon designs but they satisfy all known nec-
essary arithmetic conditions on the existence of a symmetric design with v even, so we do
not prove the conjeture for v < (210)? (we have not tried computational methods).

Lemma 3.14. Let D be a (v, k, \)-symmetric design with (k,\) =t > 1 and v = m? <
(210)% with m even admitting a flag-transitive point-primitive automorphism group G,
then either G does not have a non-trivial product action or one of the following conditions
holds:

1. D is a Menon design with parameters (4t%,2t> — t,t> —t), where t > 1, or

2. D has parameters (16900, 2752, 448).

Proof. For m < 210 the admissible parameters that do not satisfy the conditions of Menon
designs and in which k — X is a square are (4900, 3267,2178), (16900, 2752, 448), and
(44100, 8019, 1458). For these, 5 + 1 is 47,22 and 39 respectively, so they do not satisfy
Theorem 3.8. Now for those parameters r + 1 is 93, 43 and 78 respectively. The first and
third of them do not satisfy Theorem 3.7, but the parameters (16900, 2752, 448) do. Thus,
these are the only possible parameters for m? < (210)2.

In this case, k is even, which is consistent with Theorem 3.7. We also have s = 3 so
from Lemma 3.3 we know that these parameters cannot correspond to a Menon design. [

Remark 3.15. The triple (16900, 2752, 448) does not correspond to a Menon design since
s = 3, although it satisfies all the arithmetic conditions for a symmetric design. We make
no claim as to whether such a design exists, but perhaps it is not the case that when [ = 2
only Menon designs are possible (if at all).

The following is our main result, the proof follows Cases (i) and (ii) from
Theorems 3.7 and 3.8, that is, either: there is a flag (x, A), such that the block A inter-
sects only one Cartesian line through x (Case (i)), or for every point x, every block that
contains it intersects both of the Cartesian lines through = (Case (ii)). The proof based on
Case (i) is similar to the proof of the case in which m — 1 is the power of an odd prime.
In this sense it is a generalisation of this proof, but because of the existence of the param-
eter s this generalisation was not obtained in an obvious way. For this reason, we need an
additional arithmetic condition, which is found in Corollary 3.11.

In the proof based on Case (ii) we also obtain an arithmetic condition for a and so
also for k. We believe we do not necessarily obtain parameters for Menon designs for an
arbitrary A when we study symmetric designs admitting a flag-transitive point-primitive



E. O’Reilly-Regueiro et al.: A parametrisation for symmetric designs . .. 257

automorphism group with product action when [ = 2. This case also gives us a parametri-
sation of (v, k, \) in terms of ¢t and s, and if s = 1 then the parameters correspond to Menon
designs, that is, our parameterisation is a generalisation of the parameterisation of Menon
designs.

Theorem 3.16. Let D a (v, k, \)-symmetric design admitting a flag-transitive, point-
primitive, automorphism group G with (k,\) =t > 1 and v = m? with m even. Then
either:

(1) G does not have a non-trivial product action, or
I - _mge Pt
(1) D is a design with parameters ((215 +s5—1)2 M7 2) with s > 1 odd.
S

When s = 1 D is a Menon design and if s > 1 then t is even.

Proof. From the hypotheses and from Lemma 2.2 there are two possible cases. For any
given point, either each block that contains it intersects the two Cartesian lines through it,
or there is a point such that a block containing it only intersects one Cartesian line through
it. As we have seen, the latter implies that every block intersects only one Cartesian line
through each point it contains.

First we will study this last case. Here, Theorem 3.7 is satisfied, so r + 1 divides k with
r > 1 an integer such that kr = 2X\(m — 1). This implies there is an integer p such that
k=p(r+1). Alsok — 1= 5(m+ 1) holds, so k = £m + 5 + 1, and therefore

m—1=(r+1)(m+1-2p).

Then r 4 1 divides m — 1, butm — 1 = as = x(r + 1) where x := m + 1 — 2p and
since r = 2bs we have (r 4+ 1,s) = 1 so r + 1 divides a. Also a divides r 4+ 1 which forces
7+ 1 = a, and this implies k = (r + 1)¢. This all implies ¢ — bs? =1,s0b= ts%l, and we
obtain the parameters A = 51, k = 25=2¢ ¢y = (2t 4+ s — 1)2.

The proof of Theorem 3.7 states that k should be an even number and since 7 + 1 is an
odd number then ¢ should be an even number. Since m = 2¢ 4+ s — 1 and m is an even
number then s is an odd number.

The triple (16900,2752, 448) satisfies the conditions we obtained, with ¢ = 64 and
s = 3, so this is not a Menon design.

When s = 1 we obtain the parametrisation for Menon designs with ¢ an even number.

Now suppose that for every point, every block that contains it intersects both Cartesian
lines through it. Here the hypotheses of Theorem 3.8 hold and from Corollary 3.11, there
exists > 1 such that

t = (g+1)x:(bs+1)x. (3.12)
From (3.11) we obtain m = s(isjé)ﬁt = S“"“*j;{*l;g’gs“)“”, that is
s+ T
Using (3.12) we obtain
t—bs? = x4 bs(z — s), (3.14)

which we divide into the following cases:
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.z <s
From Lemma 3.12, we have t —bs? > 0, and from (3.14) z > bs(s—x) > bz (s—x).
Since x < sthen 1 > b(s— x) > 0, but this cannot be the case since b(s — z) should
be an integer.

2. s<x
From (3.13), s+ > t —bs?. If s+ = t — bs® we have from (3.13) that m = ngl

soas =m—1= g = bs and therefore a = b, but (a,b) = 1soa = 1 this is

impossible by Lemma 3.1. Therefore s + 2 > t — bs?, and from (3.14) we have
s+ax>x+bs(x—s)sol > b(x—s) > 0and this is also imposisble since b(x — s)
is an integer.

3.s=zx
From (3.12), s divides ¢, and from (3.2) at — bs(as + 2) = 1, so (t,s) = 1 and
therefore s = 1. Also from Lemma 3.3, v = 4t%, k = 2t2 — t, and A = ¢ — ¢

This concludes the proof. O

The parameters of Menon designs are not the only ones we can obtain when we assume
that the automorphism group of the design has a product action on the points of the design,
and the parameters (16900, 2752, 448) are an example of this. However we note that a
design with the possible parameters which arise and do not correspond to Menon designs
must satisfy that each block only intersects one Cartesian line through each point in that
block.

It is not the case that the way in which we consider product action to obtain possi-
ble Menon designs does not work because here is a potential counterexample, but rather
that with this theorem we give explicit expressions for the parameters v, k, A, in terms of
parameters s, ¢, and when s = 1 they do correspond to Menon designs.

4 One further result

Here we present an additional result for any [ > 2.

Theorem 4.1. Let D a (v, k, \)-symmetric design with v = m! admitting a flag-transitive,
point-primitive, automorphism group G with a non-trivial product action. Then the com-
plement of the design is not flag-transitive.

Proof. Suppose that D’ is the complement of the design D, so its parameters are
(W, K N) = (v,v — k,v — 2k + \). If we also assume D’ is flag-transitive, then the
following equation holds:

(w—k)w—k-1)=@w=2k+N)(m-1DmT+m24+...+1). @D

If D has a point-primitive automorphisms group G, then D’ has the same point-primitive
automorphisms group G and we can consider the Cartesian lines through a point, since G
is transitive on the points of D’. Thus &’ divides A'l(m — 1), so there is an integer p such
that

(v—FKk)p=1Iv—-2k+X)(m-1). 4.2)
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Substituting this in (4.1) we obtain

lw=—k)(w—-1—k)=@w—-kpm =t +m!=2+ .. 4+1)
so ((m—1)(mt4+m2 4 +1)—k)=pm"t+m!72+ .. +1),

hence
Ik=qm" ™ +m' 2+ ... 4+1) (4.3)
withg =1(m —1) —p > 0.
But for D we know that k = Mm=1) and k(k —1) = A(v—1) so
k(k—1) = l(nf’"l)(ml ~1)
and we obtain a generalisation of (3.2):
I(k—1)=r(m~ +m' ™2+ .. +1). (4.4)

If we substitute (4.3) in (4.4) then

gm' " w4 ) == w4 )
so (q—r)(m!Tt4+mlT2 4 41) =1,

and therefore m' =1 + m!=2 4+ .. +1<lifm>landl>mi 1 4+mi—24+ . +1>1,
which is impossible.
We conclude m < 1, but this is a contradiction since m > 5. O
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Abstract

An {-cycle system F of a graph I is a set of ¢-cycles which partition the edge set of
I". Two such cycle systems F and F’ are said to be orthogonal if no two distinct cycles
from F U F’ share more than one edge. Orthogonal cycle systems naturally arise from face
2-colourable polyehdra and in higher genus from Heffter arrays with certain orderings. A
set of pairwise orthogonal ¢-cycle systems of I" is said to be a set of mutually orthogonal
cycle systems of I'.

Let p(¢,n) (respectively, 1/(¢,n)) be the maximum integer p such that there exists a
set of © mutually orthogonal (cyclic) ¢-cycle systems of the complete graph K,,. We show
that if £ > 4 is even and n = 1 (mod 2¢), then p/(¢,n), and hence (¢, n), is bounded
below by a constant multiple of n/¢2. In contrast, we obtain the following upper bounds:
pl,n) <n—2;u,n) < (n—2)(n-—23)/(2(¢ —3)) when £ > 4; u(¢,n) < 1 when
¢ > n/v/2; and p/(£,n) < n — 3 when n > 4. We also obtain computational results for
small values of n and /.
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1 Introduction

We say that a graph I decomposes into subgraphs I'y, I's, ... | T, if the edge sets of the T';
partition the edges of . If F = {TI’; | 1 < ¢ < ¢} where I'; & H foreach 1 < i < t,
then we say that F is an H-decomposition of I'. An {-cycle system of a graph T is a
decomposition of I" into ¢-cycles. In the case where I is the complete graph K, we say
that there is an ¢-cycle system of order n. Necessary and sufficient conditions for the
existence of an ¢-cycle system of order n were given in [1, 26]; see also [6]. Namely, at
least one ¢-cycle system of order n > 1 exists if and only if 3 < ¢ < m,n(n—1) =0
(mod 2¢) and n is odd.

Two £-cycle systems F and F’ of the same graph I are said to be orthogonal if, for all
cycles C € Fand C' € F', C and C’ share at most one edge. A set of pairwise orthogonal
{-cycle systems of " is said to be a set of mutually orthogonal cycle systems of I'. In
this paper we are interested in the maximum g such that there exists a set of x4 mutually
orthogonal ¢-cycle systems of order n; we denote this value by (¢, n).

In the array below we exhibit a set of four mutually orthogonal cycle systems of order
9. We have determined computationally that 1(4,9) = 4; i.e., this set is maximum.

{(1,2,3,4),(1,3,6,5),(1,6,2,7),(1,8,2,9),(2,4,7,5), (3,5,8,7),(3,8,6,9),
(4,5,9,8),(4,6,7,9)},
{(1,2,6,8),(1,3,5,7),(1,4,8,5),(1,6,5,9),(2,3,6,4), (2,5,4,9),(2,7,3,8),
(3,4,7,9),(6,7,8,9)},
{(1,2,8,7),(1,3,4,6),(1,4,9,8),(1,5,3,9),(2,3,8,5), (2,4, 5,6),(2,7,5,9),
(3,6,9,7),(4,7,6,8)},
{(1,2,9,3),(1,4,6,9),(1,5,4,7),(1,6,3,8),(2,3,7,6),(2,4,8,7),(2,5,6,8),
(3,4,9,5),(5,7,9,8)}.

Orthogonal cycle systems arise from face 2-colourable embeddings of graphs on sur-
faces, which satisfy two conditions natural to polyhedra and similar phenomena: each pair
of faces share at most one edge and each edge belongs to exactly two faces.

Let 1K, be the multigraph in which each edge of K, is replaced by p parallel edges. A
decomposition F of [, into a subgraph H is said to be super-simple if no two copies of H
share more than one edge, and completely-reducible if F partitions into p decompositions
of K,,. It follows that a set of ;1 mutually orthogonal cycle systems of K, is equivalent to
a completely-reducible super-simple decomposition of p K, into cycles; see [12] for more
details.

In the case ¢ = 3, observe that a pair of ¢-cycle systems is orthogonal if and only if
the cycle systems are disjoint. It is not hard to see that there are at most n — 2 pairwise
disjoint triple systems of order n; a set of systems which meets this bound is called a large
set of disjoint Steiner triple systems, or LTS(n). An LTS(7) does not exist [13]; however

E-mail addresses: andrea.burgess@unb.ca (Andrea C. Burgess), nickc @waikato.ac.nz (Nicholas
J. Cavenagh), dapike@mun.ca (David A. Pike)
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in [23, 24], it is shown that an LTS(n) exists if and only if » > 7andn =1 or 3 (mod 6),
except for a finite list of possible exceptions. The exceptional cases are all solved in [27].

In this paper, we are often interested in cyclic cycle systems of the complete graph
K,,. Let G be an additive group of order n and suppose K,, has vertex set G. Given a
cycle C = (cg,c1,-..,co—1) in Ky, for each element g € G, define the cycle C' + g =
(co+g,c1+9,...,c0-1+g). We say that a cycle system F of K, is G-regular if, for any
C € F and g € G, we have that C' 4+ g € F. In the case that G is a cyclic group, we refer
to a Z,-regular cycle system as cyclic. In a cyclic cycle system F, the orbit of the cycle
C € Fis the set of cycles {C + g | g € Z,}; a cyclic cycle system can be completely
specified by listing a set of starter cycles, that is, a set of representatives for the orbits of
the cycles under the action of Z,,.

The existence problem for cyclic cycle systems has attracted much attention. Clearly,
in order for a cyclic ¢-cycle system of odd order n to exist, we must have that 3 < ¢ < n
and ¢ divides n(n —1)/2. However, additional conditions for existence also come into play.
There is no cyclic ¢-cycle system of order n when (¢,n) € {(3,9), (15,15)}; { =n = p™
for some prime p and integer m > 2; or ¢ < n < 2¢ and ged(¢, n) is a prime power [7, 9].
Buratti [7] has conjectured that a cyclic ¢-cycle system of order n exists for any other
admissible pair (¢, n); this conjecture is still open. The existence problem for cyclic cycle
systems of the complete graph has been solved in a number of cases, including whenn = 1
or ¢ (mod 2¢) [8,9, 22, 25, 28] (see also [4, 5, 18]), £ < 32 [31, 32], £ is twice or thrice a
prime power [30, 31, 32], or £ is even and m > 2/ [29].

We explore the maximum g’ such that there exists a set of 1/ mutually orthogonal cyclic
¢-cycle systems of order n; this value is denoted by p/(¢,n). Pairs of orthogonal cyclic
cycle systems of the complete graph arise from Heffter arrays with certain orderings. A
Heffter array H(n; k) is an n X n matrix such that each row and column contains k filled
cells, each row and column sum is divisible by 2nk + 1 and either x or —x appears in the
array for each integer 1 < = < nk. A Heffter array is said to have a simple ordering if,
for each row and column, the entries may be cyclically ordered so that all partial sums are
distinct modulo 2nk + 1. The following was first shown by Archdeacon [2] as part of a
more general result; consult [11] to see this result stated more explicitly.

Theorem 1.1. If H(n; k) is a Heffter array with a simple ordering, then there exists a pair
of orthogonal cyclic decompositions of Konk4+1 into k-cycles. In particular,
w(k,2nk +1) > 2.

Thus the following is implied by existing literature on Heffter arrays.
Theorem 1.2 ([3, 11, 14, 17]). Let n > k. Then p'(k,2nk + 1) > 2 whenever:

* k€{3,5,7,9} and nk = 3 (mod 4);

* k=0 (mod 4);

e n=1 (mod 4) and k =3 (mod 4);

e n=0 (mod 4) and k = 3 (mod 4) (for large enough n).

With an extra condition on the orderings of the entries of a Heffter array, these orthogo-
nal cycle systems in turn biembed to yield a face 2-colourable embedding on an orientable
surface. Face 2-colourable embeddings on orientable surfaces have been studied for a va-
riety of combinatorial structures [16, 19, 20, 21]. Recently, Costa, Morini, Pasotti and
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Pellegrini [15] employed a generalization of Heffter arrays to construct pairs of orthogonal
{-cycle systems of the complete multipartite graph in certain cases.

In [12], it is shown that for every graph H and fixed integer £ > 1, for sufficiently
large n (satisfying some elementary necessary divisibility conditions), there exists a set of
k pairwise orthogonal decompositions of K, into H (i.e., no two copies of H share more
than one edge). Aside from this quite general asymptotic result, to our knowledge, sets of
mutually orthogonal ¢-cycle systems of size greater than 2 have not been studied for ¢ > 4.

In this paper, our focus for cyclic cycle systems is in the case n = 1 (mod 2¢), for
which it is possible to construct a cyclic /-cycle system with no short orbit. In particular,
we will find lower bounds on (¢, n) by constructing sets of mutually orthogonal cyclic
even cycle systems. Specifically, we show that if £ is even and n = 1 (mod 2¢), then
@' (¢,n) is bounded below by a constant multiple of n/¢?, i.e., p/(¢,n) = Q(n/¢?). Our
main result is as follows.

Theorem 1.3. [f¢ > 4iseven,n =1 (mod 2¢) and N = (n — 1)/(2¢), then

p(l,n) > p'(¢,n) >

3

al+b

where
) 4,-2), if¢=0 (mod 4),
(a,) = {(24, ~18), iff=2 (mod 4).

In Section 2, when ¢ = 4, we improve the bound of Theorem 1.3 to u(¢,n) >
1 (€,n) > 4N (Lemma 2.1). Section 3 establishes some notation and preliminary results.
The general result for £ = 0 (mod 4) is proved in Section 4 (Theorem 4.3), while the
bound for £ = 2 (mod 4) is proved in Section 5 (Theorem 5.5). In contrast, in Section 6
we establish upper bounds, namely p(¢,n) <n —2; p(f,n) < (n—2)(n—3)/(2(¢£ — 3))
for ¢ > 4; p(¢,n) < 1forf > y/n(n—1)/2; and p/(¢,n) < n — 3 for n > 4. Finally,
computational results for small values are given in the appendix.

2 Mutually orthogonal 4-cycle systems

Clearly n = 1 (mod 8) is a necessary condition for a decomposition of K, into 4-cycles,
cyclic or otherwise. Let [a, b, ¢, d],, denote the Z,,-orbit of the 4-cycle (0, a, a+b, a+b+c),
where a+ b+ c+d is divisible by n. Observe that [a, b, ¢, d],, = [-d, —¢, —b, —a],,. Where
the context is clear, we write [a, b, ¢, d],, = [a,b,¢,d]. Let D,, = {1,2,...,(n — 1)/2};
that is, D, is the set of differences in Z,,. We consider Z,, as the set +D,, U {0}.

By observation, the maximum size of a set of mutually orthogonal cyclic 4-cycle sys-
tems of Kg is ¢/(4,9) = 2. Two such systems are [1,—2,4, —3]g and [1,—3,4, —2]o. In
the non-cyclic case, an exhaustive computational search indicates that the maximum size of
a set of mutually orthogonal 4-cycle systems of Ky is 1(4,9) = 4; see the example given
in Section 1.

Lemma 2.1. Ifn = 1(mod 8) and n > 17, then there exists a set of (n — 1)/2 mutually
orthogonal cyclic 4-cycle systems of order n. In particular, p'(4,n) > (n — 1) /2.

Proof. We first describe how to construct a set of (n — 5)/2 mutually orthogonal cyclic
4-cycle systems; then we add two more by making some adjustments.
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Let N = (n—1)/8. Foreach,j with1 < i < j < 2N, let C; ; and C{J be the pair
of orbits of 4-cycles:

Next, let F1, Fy, ... Foy_1 be a set of 1-factors which decompose the complete graph on
vertex set {1,2,...,2N}.
For each 1-factor F7},, the sets

fk = U C,L,j and \/T'.]i = U CIIJ
{i,j}€F {i,j}€F
1<j 1<j

each describe a cyclic decomposition of K, into 4-cycles. Observe that the set of such
decompositions constitutes a mutually orthogonal set of size AN — 2 = (n — 5)/2.

We next make an adjustment to extend this set. Without loss of generality, let F} =
{{1,2},4{3,4},...,{2N — 1,2N}}. Replace F; and Fj with:

Fo={[4i —3,—(4i —2),—(4i —1),4i] | 1 <i < N},
Flo={[4i —3,4i,—(4i — 1), —(4i — 2)] | 1 <i < N}.

Then, we can add another pair of cyclic decompositions, orthogonal to each decomposition
in{F., Fi., Fo,...,Fan—1,F4,..., Fyn_1} given by:

Fon :={[1,-3,4N,—(4N —2)]} U {[4i+1,—(4i + 3),4i,—(4i —2)] | L <i < N}
and
an = {[1,—(4N — 2),4N, =3]y U {[4i + 1, —(4i — 2),4i,—(4i + 3)] | 1 <i < N}.

(Note that orthogonality requires [N > 2 at this final step.) O

In the case n = 17, we have computationally determined that 11/(4,17) = 10, which
improves on the bound given in Lemma 2.1. A set of ten mutually orthogonal cyclic 4-cycle
systems of order 17 is given in the appendix.

We exhibit the methods of the previous proof in the case n = 25. We start with a
1-factorization of Kg:

Fr={{1,2},{3,4},{5,6}},
F, = {{173}7 {276}7 {475}}v
Fy = {{174}7 {275}7 {376}}7
Fy={{1,5},{2,3},{4,6}},
Fs = {{1,6},{2,4},{3,5}}.

The resulting 12 mutually orthogonal cyclic 4-cycle systems of order 25 are given by:
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F.={[1,-2,-3,4],5,-6,-7,8],[9, —10, —11,12]},
F.={[1,4,-3,-2],[5,8,—7,-6],[9, 12, 11 ,—10]},
Fy = {[1,6,—2,—5],[3,12 4,-11],[7,10, -8, -9},
Fy={[1,-5, —2,6],[3, —4,12],[7,-9, —8,10]},
F3=1{[1,8,-2,-7],[3,10, 4 -9],[5,12, -6, —11]},
Fy = {[1,—7, 2,8],[3 -9, —4,10], [5, — 6,12]},
Fy=1{[1,10, -2, —9],[3,6,—4,—5],[7,12, 8,—11]},
Fir=A{[1,-9,-2,10],[3, -5, —4,6], [7, —11, -8, 12]},
Fs = {[1,12, -2 711],[3,8,74,77],[5,10 —6,-9]},
Fi={1,-11,-2,12],[3, -7, —4,8],[5, -9, —6, 10},
Fs ={[1,-3,12,-10],[5, —7,4,—2],[9, — 11,8, —6]},
Fo={[1,-10,12,-3],[5, -2, 4, -17],[9, 6,8, —11]}.

Through computational means we determined that this collection of 12 mutually or-
thogonal cyclic 4-cycle systems of order 25 is maximal. However, it is not maximum, as
we also established computationally that z/(4, 25) > 17.

3 Preliminary lemmas for cycle length greater than 4

In this section, we introduce notation and basic results which will be needed later to con-
struct mutually orthogonal cycle systems with even cycle length ¢ > 6.

Henceforth, for any integers a and b with a < b, [a, b] is the set of integers {a,a +
1,...,b}. Fora,b € R with a < b, we also use the notation (a, b) to denote the set of
integers strictly between a and b.

Let the vertices of the complete graph K, be labelled with [0, n — 1], where n is odd.
Then the difference associated with an edge {a, b} is defined to be the minimum value in the
set {|a — b|,n — |a — b|}. Let e and es be two edges of differences d and e, respectively.
Then we may write e; = {a,a + d (mod n)} and e; = {b,b + e (mod n)}, where
a,b € [0,n — 1] are uniquely determined. We define the distance between e, and e to be
the minimum value in the set {|a — b|,n — |a — b|}. Given a cycle C' with vertices in Z,,
the set AC is defined to be the multiset of differences of the edges of C'.

The idea is to construct cyclic systems using so-called balanced sets of differences.
The following definitions and lemma appear in [10].

Definition 3.1. If D = {dy,ds,...,dax} is a set of positive integers, with d; < d;11 for
€ [1,2k — 1], the alternating difference pattern of D is the sequence (s1, S, ..., Sk)

where s; = dg; — dg;_1 for every i € [1, k|. Furthermore, D is said to be balanced if there
exists an integer 7 € [1, k] such that Y], 's; = Zf:TH 5

Definition 3.2. Let D = {d;,da, ..., ds } be a balanced set of positive integers. Let 4y,
da, ..., 095 be the sequence obtained by reordering the integers in D as follows:

d; ifl1 <i<2r—1,
(2‘ = di+1 lf2T S 7 S 2]{3— 1,
dor ifi = 2k.
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Setcy = 0and ¢; = 22;1(—1)]1% for 1 < 4 < 2k — 1. We then define C'(D) :=
(cos 1y C2k-1).

Lemma 3.3 (Lemma 3.2 of [10])). Let k > 2. If D is a balanced set of 2k positive integers,
then C(D) is a 2k-cycle satisfying AC(D) = D and vertex set V(C(D)) C [—d,d'],
where d = max D and d' = max(D \ {d}).

Corollary 3.4. Let k > 2 and n = 1 (mod 4k). Suppose that the set [1,(n — 1)/2]
partitions into sets D1, Da, ..., D, _1)/ak), each of which is balanced and of size 2k.
Then cycles C'(D;), i € [1, (n — 1)/(4k)], form a set of starter cycles for a cyclic 2k-cycle
decomposition of K,,, in particular, the set

{C(Di) +jli€[l,(n—1)/4k],j € [0,n—1]}
is a cyclic decomposition of K, into 2k-cycles.
Proof. Let i € [1,(n — 1)/2k]. Since D; C [1,(n — 1)/2], Lemma 3.3 implies that

V(C(D;)) C [-(n—1)/2,(n — 1)/2]. Thus the vertices of V (C(D;)) are distinct in Z,.
The result follows. O

Our general strategy will be to show that a pair of cyclically generated cycle systems is
orthogonal by showing that the sets of differences from any two cycles in different orbits
share at most one element. To this end, the following lemma will be used in Sections 4
and 5.

Lemma 3.5. Let 5, N > 0 and suppose there exist integers d and d’' such that d,d’ €
(N/2 = 6N,N/2 +6N). If « and &' are integers such that 1 < a < o < (1 — 2§)/49,
then ad < o'd'.

Proof. Note that if § > -, then the result is vacuously true since (1 — 25)/45 < 2. So we

E s
assume § < % For each positive integer s, define

I, ={si| NJ2— 6N <i < N/2+6N;i € R}.

Let m = [252%], and let S = [1,m]. Observe that o, o’ € S. Now, § < 1/(4m + 2)

implies that:

m(1 + 20)
= m(N/2+ 6N)

(m+1)(1 — 26)

<
< (m+1)(N/2 — 6N).

It follows that for each s € .S, every element of I is strictly less than every element of
Isiq. Since ad € I, and o’d’ € I, it follows that ad < o'd’. O

The following variation of Lemma 3.5 will be used in Section 5.

Corollary 3.6. Let 6, N > 0 and suppose there exist integers d and d' such that d,d’ €
(N/3—=0N,N/3+N). If a and o' are integers such that 1 < o < o/ < (1 — 36) /66,
then ad < o/d’.

Proof. If m is a positive integer, m < (1 — 34)/64 implies that
m(N/3+0N) < (m+1)(N/3 —46N).

The remaining argument is similar to the previous lemma. O
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4 Orthogonal sets of 4k-cycle systems with & > 2

Our aim in this section is to prove Theorem 4.3. In particular, for each ¥ > 2 and n = 1
(mod 8k), we will show that p’(n, 4k) = Q(n/k?). That is, we construct a set of mutually
orthogonal 4k-cycle decompositions of K, of size at least cn/k? where c is a constant. In
particular, the number of mutually orthogonal decompositions constructed is

n—1 1l
8k(16k — 2) ’
thus we have at least two orthogonal decompositions whenever

n—1

_nol oy
Sk(16k —2) ~ °

or equivalently n — 1 > 32k(8k — 1).

Let N and k be positive integers and let n = 8kN + 1. For each integer d € (N/2 —
N/(16k—2), N/2) (there is at least one such integer whenever N > 16k —2), we construct
a cyclic 4k-cycle decomposition of K, which we will denote by F(d).

The first d starter cycles in F(d) use the set of differences [1, 4kd]. Fori € [1,d], let

Sqi = {i,d+i,2d +1i,...,(4k —1)d +i}.

Observe that the set Sy ; is balanced, with 7 = k, for each i € [1,d].

Henceforth in this section, let e := N — d. (In effect, e is a function of d.) Observe that
e € (N/2,N/2 + N/(16k — 2)). The remaining e starter cycles in F(d) use differences
[4kd 4+ 1,4kN]. For i € [1, €], take

T,, = {4kd+i,4kd + e + i, 4kd + 2e + i, ..., 4kd + (4k — 1)e + i}.

Observe that the set T ; is balanced for each ¢ € [1,e], where 7 = k. Moreover, since
4kd + 4ke = 4k N, we have that

d e
(U Sd,i> U (U T) = [1,4kN],
i=1 i=1
so by Corollary 3.4, the set of cycles
F(d) :={C(Sas) | i € [1,d]} U{C(Te;) | i € [L,e]}

is a set of starter cycles for a cyclic 4k-cycle system of order n = 8kN + 1.
In order to show that we have constructed an orthogonal set of decompositions, we will
make use of the following, which is a direct consequence of Lemma 3.5.

Lemma 4.1. Suppose d,d’ € (N/2 — N/(16k — 2), N/2) such that d # d', and let
e=N-—dande' =N —d. Let a, &/ € [1,4k — 1]. Then no two of ad, o/d’, ae and o€’
are equal. Moreover, if o < o then ad < o'd' and ae < '€,

Lemma 4.2. Suppose d,d’ € (N/2 — N/(16k — 2), N/2) such that d # d'. Then the
decompositions F(d) and F(d'), as defined above, are orthogonal.
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Proof. In what follows, d # d’, e = N —d and ¢ = N — d'. Observe that e,e’ €
(N/2,N/2+ N/(16k — 2)).

It suffices to show that if C is a cycle from F(d) and C’ is a cycle from F(d'), then C
and C” share at most one difference. Equivalently, we will show that:

(i) Foranyi € [1,d] andi’ € [1,d'],

Sai N Sarir| < 1;

(ii) Foranyi € [1,e]andi’ € [1,¢€],

Te;NTe | <1;and

(i) Foranyi € [1,d]andi’ € [1,¢€'],

SaiNTer ] <1

To show (i), suppose to the contrary that {x,y} C Sgq; NS¢ with x < y. Thus
y—x = ad = o/d for some v, o’ € [1,4k—1], contradicting Lemma 4.1. The justification
of (ii) is similar. For (iii), if z,y € Sq; N Ter i with x < y, then y — x = ad for some
a € [1,4k — 1] (since z,y € Sq;) and y — x = &'¢’ for some o’ € [1,4k — 1] (since
x,y € Ter iv), s0 ad = o€, which again contradicts Lemma 4.1. O

We note that the existence of two distinct integers in (N/2 — N/(16k — 2), N/2) is
guaranteed when N > 4(8k — 1),i.e.n — 1 > 32k(8k — 1).
Since n = 8Nk + 1, we have the following theorem.

Theorem 4.3. Let k > 2 and n = 8Nk + 1. There is a set of mutually orthogonal cyclic
4k-cycle systems of order n of size at least

N 1 n—1 1
16k—2 — 8k(16k—2)

Thus, ifn =1 (mod 8k),

n—1

> >__ - -

1.

5 Orthogonal sets of (4k + 2)-cycles

In this section, we show that for positive integers k£ and n = 1 (mod 8k+4), ' (n, 4k+2) =
Q(n/k?). Specifically, we construct

{(81@ + 47; (;61k +30) 1}

mutually orthogonal cyclic (4k + 2)-cycle decompositions of K,,. Thus we have at least
two orthogonal decompositions whenever

n—1
(8k + 4)(96k + 30)

> 2,

or equivalently n — 1 > 48(2k + 1)(16k + 5).
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Let N and k be positive integers and let n = 2(4k+2)N +1. Foreachd = N (mod 2)
with d € (N/3 — N/(48k + 15), N/3) (there is at least one such integer whenever N >
48k+15), we form a cyclic (4k+2)-cycle decomposition F(d) of K,,. Lete = (N —d)/2,
and observe that N/3 < e < N/3 + N/(2(48k + 15)) < N/3 + N/(48k + 15). Thus
e€ (N/3,N/3+ N/(48k + 15)).

Fori € [1,d], let

Sgin = {i,d+i,2d+i,...,(4k—1)d+i} and Sy, 5 = {4kN +4e+i, (4k+2)N —i+1},

and let Sd,i = Sd,i,l U Sd,i’Q.

Now, when constructing the cycles containing differences in Sy ;, instead of
(4k + 2)N — i + 1, we will use the negative of this difference modulo n, that is, the
value

8k +4)N +1— (dk +2)N —i+1) = (4k + 2)N +i.

We construct a starter cycle C’(Sy;) using the set of differences Sy ; but in a slightly
different way to Lemma 3.3.

C"(S44) =(0,—i,d, —d — i, kd, —kd — i, (k + 2)d,
—(k+1)d—1i,(k+3)d,—(k+2)d—1,...,2kd, —(2k — 1)d — 1,
(4k + 2)N — (2k + 1)d, —(2k + 1)d — ).
(Note that in the case k = 1, C'(Sq;) = (0, —%,d, —d — i,4N + e — d, —3d — ©).)

Lemma 5.1. Let i € [1, d]. Working modulo n, the ordered sequence C'(Sq ;) is a (4k+2)-
cycle with difference set Sq ;.

Proof. To see that no vertices are repeated (modulo n) within the sequence C’(Sg,;), it
suffices to observe that:

— 4k +2)N < —(2k +1)d—i < —(2k —1)d —i < —(2k —2)d —i < - --
<—d—-i<—-i<0<d<2d<---<kd<(k+2)d<(k+3)d<--<2kd
< (4k+2)N — (2k+ 1)d < (4k + 2)N.
By inspection, and since (4k + 2)N — (2k + 1)d = 4kN + 4e — (2k — 1)d and
n—((4dk+2)N —i+1) = (4k 4+ 2)N + 1, the set of differences of the edges of the cycle
C/(Sdﬂ') is Sd71‘. O

Note that

Sqi = [1,4kd] U [4kN + 4e + 1,4kN + de 4+ d] U [(4k + 2)N — d + 1, (4k + 2)NJ;

-

1=1

since 4kN + 4e + d = (4k + 2) N — d, we have that

d
| S = [L,4kd] U [4kN + e + 1, (4k + 2)N].

i=1
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For j,¢ € [1, €], let

Tejy = {4kd + j,4kd+ e+ j, ..., 4kd + (4k — 1)e + 5},

Tej2 = {4kN + j,4kN + 2e + j},

Uepn = {4kd + ke + 0,4kd + (4k + 1)e + €, ..., 4kd + (8k — 1)e + £},
Uey2 = {4kN + e+ (,4kN + 3e + (},

andsetTe j =T, ;1 UT, joand Ugp = Ueg g1 U U 2.
The sets T, ; and U, ¢ are each balanced with 7 = k + 1. We have that

Uz, |u <U Ue,g> = [4kd + 1,4kd + 8ke] U [4kN + 1,4kN + 4e]
j=1 /=1

= [4kd + 1,4kN + 4e],

since 4kd + 8ke = 4kN. Observe that for fixed d,

d e e
(U Sd,Z) ul Uz, | U (U Ue,g> = [1, (4k + 2)N],
i=1 j=1 =1

and thus by Corollary 3.4 and Lemma 5.1, the set of cycles
F(d) ={C"(Saq) i € [Ld} U{C(Te) | € [Lel} U{C(Ue,) [ £ € [L €]}

is a set of starter cycles for a (4% + 2)-cycle decomposition of K,,.

In order to show that the decompositions F(d), d € (N/3 — N/(48k + 15), N/3),
are orthogonal, we will make use of the following lemma which is directly implied by
Corollary 3.6.

Lemma 5.2. Suppose there exist integers
N N N N
d.d ! - - 4
hee s (3 18k+15 3 48k+15>

such that d # d' and e # €'. Let a,o/ € [1,8k + 2]. Then ad # o'd’ and ce # o€’
Moreover, if o < o, then ad < o'd' and ae < o'¢€’.

Lemma 5.3. Suppose that Bd + i = B'd + i/, where 3,8 € [0,4k — 1], i € [1,d],
i’ € [1,d'] and d' < d. Then either 3’ = for ' =5+ 1.

Proof. From Lemma 5.2, (5 + 1)d < (8 + 2)d’. Now,
(B-—1d +i <pd <pd<pd+i

and
Bd+i< (B+1)d< (B+2)d < (B+2)d +1i;

hence
(B-1)d +4i <Bd+i< (B+2)d +7. O
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Lemma 5.4. Letd # d' such that d,d’ = N (mod 2) and

LN N N N
’ 3 48k+15"3  48k+15)°
Lete = (N —d)/2and e’ = (N —d')/2. Leti € [1,d], i € [1,d'], j,¢ € [1,¢e] and
', 0 € [1,€]. Then for each X € {Sqi,Tec ;j,Uec¢} and eachY € {Sq i, Ter jr,Uer o},
|X NY| <1 with the exception Sg; NSy ; = {7, (4dk +2)N +i}.

Proof. Recall from the start of this section that e, e’ € (N/3, N/3 + N/(48k + 15)). In
what follows, we frequently apply Lemma 5.2 to d,d’, e and ¢’. To prove the lemma, it
suffices to show the following:

(i) SqiNSa;= {i7 (4k+2)N — i+ 1} and if 7 # ¢/ then ‘Sd,z‘ N Sd’,i’| <1
(i) ‘Te,j n Te/7j/| <1, |Ue,z n Ue/’gll < 1and |Te’j N Ue/,g/‘ <1
(iii) ‘Sdﬁ' N Te’,j" < 1and |Sd,i N Ue/,g/| <1.
Proof of (i). In this case, we may assume without loss of generality that d’ < d. We note
that
4kN + 4e’ + 4" > 4kN > 4kd > (4k — 1)d + i and
4kN + de+i > 4kN > 4kd' > (4dk — 1)d’ + ¢,

$0 Sqi1NSairo=Swi1MNSaiz=0.

Now, supposing that [Sy ;1 N Sy i 1| > 2, it follows that for some z, (z,z + ad) =
(x,z + o/d") where o, € [1,4k — 1]; thus ad = &/d’, in contradiction to Lemma 5.2.
Next, supposing that |Sg; 2 N Sq 7 2| > 2, then either

(a) 4kN +4e+i=4kN +4e¢' + ¢ and (4k+2)N —i+ 1= (dk+2)N —i¢' + 1, or
(b) 4kN +4e+i= (4k+2)N — ' + 1 and 4kN + 4¢’ + ¢’ = (4k+2)N —i + 1.

In both cases, it is straightforward to check that ¢ = ¢/, a contradiction.

Thus if \SdeSdgM > 2, it must be that |Sd,i71ﬁSd/7i/71| = 1land |Sd7¢7205d/,i/,2| = 1.
If ¢ = ¢ then {i, (4k + 2)N — i + 1} C Sy4; N Sy ;7. Moreover, recalling that Sy ;1 N
Sd/’i/’g = Sd’,i’,l n Sd,i,2 = (), it follows that |Sdﬂ‘ N Sd’,i’| = 2. Hence if ¢ = 4/, then
Sai N Sa i = {i,(4k + 2)N — i + 1}. We now assume that ¢ # ¢’. From Lemma 5.3,
|Sa,i1 NS, 1| = 1implies that either

(a) Bd+1=pBd +17,or
(b) Bd+i=(B+1)d +4
for some 3, 3’ € [0,4k — 1]. Now suppose that also |Sg ;.2 N Sy i 2| = 1. Since i # ¢/,
we note that (4k + 2)N — i+ 1 # (4k + 2)N — i’ + 1. Also, it cannot be the case that
4kN + 4e +i = (4k + 2)N — i’ + 1, since
4kN +4e+i= (4k+2)N —2d +i < (4k+2)N —d < (4k +2)N — d’
< (4k+2)N —i < (4k +2)N — i’ + 1.

Now suppose that 4kN + 4e + i = 4kN + 4¢’ +¢'. Then 2d — i = 2d' — 7. If (a)
is true, then (8 + 2)d = (8 + 2)d’; since 8 + 2 > 0, we have d = d’, a contradiction.
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On the other hand, if (b) is true, then (8 + 2)d = (8 + 3)d’, contradicting Lemma 5.2.
Thus the only remaining possibility is that 4kN + 4e’ + i’ = (4k + 2)N — i + 1, so that
1+i = 2N —4e’+1 = 2d' +1is odd. Since d and d’ have the same parity, this contradicts
(a), so it must be that (b) is true. It follows that

(B+3)d —Bd+1=2i<2d.
Thus (5 + 3)d’ < (B +2)d — 1 < (5 + 2)d, contradicting Lemma 5.2. O

Proof of (ii). We first note that the largest element in T¢ j 1 UUe ¢ 1 is 4kd+ (8k —1)e+ ¢,
while the smallest element of T¢ j 2 U U, ¢.2 is 4kN + j. Since

dkd + (8k — 1)e + € < 4kd + 8ke = 4kN < 4kN + j,

it follows that Te,j,l n Te/7j/,2 =0, Uc’gJ N Ue/72172 = () and Te,j,l n Ue/7zl72 = (.

Now, if |Te,j’1 n Te/’j/72| > 2, |Ue_’z’1 n Ue/,Z/,1| > 2or |T57j’1 N Ue’,j’,l‘ > 2, then
for some z, (x,2 + ae) = (z,z + &’e’), where a, ' € [1,8k — 1]. Thus ae = o€/,
contradicting Lemma 5.2. If [T, jo N Ter jro| > 2, [Uep2 NUer 2] > 201 [Tep2 N
Ue/7g/72| > 2, then it follows that e = €/, a contradiction.

ThllS, if |Te,jnTe’7j’| 2 2, it must be that |Te,j,1mTe’,j’,1| = land ‘TeJ’QmTe/J’/’Q‘ =1.
Since |1, ;1N j# 1| = 1, we have that for some o, &’ € [0,4k—1], 4kd+ae+j = 4kd'+
o’e’ + j', which implies that (8k —a)e —j = (8k — /)¢’ —j'. Since |T¢ joNTer jr o = 1,
then 4kN + Be+j = 4kN + '’ + 5" where 3, 3’ € {0,2}. Hence (8k —a+ 3)e = (8k —
o’+/3")e’, which contradicts Lemma 5.2 since (8k—a+/f), (8k—a/+0') € [4k+1, 8k+2].
We conclude that [T ; N T, /| < 1.

In a similar way, the assumption that |Ue ¢ 1NUe¢ ¢ 1| = 1 and |Ue ¢ 2NUe 7 2| = 1leads
to a contradiction, as does the assumption that |7, ; 1 N Ue 1] = 1and |Te 2 NUer 41 2| =
1. We conclude that |U. y N Uer /| < 1and [Te j N Uer o] < 1.

Next, suppose that |Ue g1 NUer ¢1| = 1 and |Ue g2 N Uer ¢ 2] = 1. Since |Ug 1 N
Ue ¢ 1] = 1, we have that for some o, o/ € [4k, 8k — 1], 4kd + ae+{¢ = 4kd' + o'’ + 1/,
which implies that (8k — a)e — ¢ = (8k — )¢’ — £. Since |Uec g2 N Uer g7 2| = 1, then
4kN + Pe + £ = 4kN + ('¢’ + ¢ where 3, 8" € {1,3}. Hence (8k — a + B)e = (8k —
o' + (3')e’, which contradicts Lemma 5.2 since (8k — o+ 3), (8k — o/ + ') € [2,4k + 3].

Finally, suppose that [T, j 1 N Uer ¢ 1| = 1 and [T, jo N Uer ¢ 2| = 1. Since [T, ;1 N
Ue 1] = 1, we have that for some o € [0,4k — 1], o' € [4k,8k — 1], 4kd + ae +
j = 4kd + o'e¢’ + ¢/, which implies that (8k — a)e — j = (8k — /)¢’ — ¢'. Since
|Te j2 N Ue pro| =1, then 4kN + fe + j = 4kN + p’e’ + ¢/, where 5 € {0,2} and
B" € {1,3}. Hence (8k —a+ f)e = (8k — o’ + ’)€’, which contradicts Lemma 5.2 since
4k+1<8k—a+B8<8k+2and2 <8k —a' + B <4k +3. O

Proof of (iii). Note that since
(4k —1)d +1i < 4kd < 4kN < 4kN +j' < 4kN +¢e + 0,
then Sg ;1 N Ter joo =0 and Sy;1 NUe ¢ 2 = ). Moreover,

akd' + (4k — 1)e’ + j' < 4kd' + 4ke’ < 4kd + (8k — 1)e’ + ¢ < 4kd' + 8ke' = 4kN
< 4kN + 4e + 1,

and so Sd’i’Q n Te/,j/J = () and Sd,i,2 N Ue/’g/,l =0.
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By Lemma 5.2,
(4k — 2)d + i < (4k — 1)d < 4kd' < 4kd' + 7'
It follows that |Sq; 1 N T, ;71| < 1. Also, since d < N/3 < €/,
(4k — 1)d + i < 4kd < 4ke’ < 4kd' + 4ke' + 0,

and thus Sy ;1 NUe o1 = 0.
Now, using Lemma 5.2, we also have that

4kN +¢€ + 0 < 4kN +2¢" < 4kN +2¢' +j' < 4kN + 3¢’ < 4kN +4e < 4kN +4e+1,

and s0 Sq ;2 NTe joo =0 and Sy N Ue ¢ 2| < 1. It follows that [Sq,; N T, /| < 1
and |Sd,i N Ue/_[/‘ <1. O

End of Proof of Lemma 5.4. O

Theorem 5.5. Let k > 1 and n = (8k + 4)N + 1. There is a set of mutually orthogonal
cyclic (4k + 2)-cycle systems of order n of size at least

_N 1| = n—1 ~1
96k + 30 | (8k + 4)(96k + 30) '
Thus, ifn =1 (mod 2(4k + 2)), then

-1
> > - o
p(n, 4k +2) > p'(n, 4k +2) > {(Sk + 4)(96k + 30) 1}

Proof. The number of integers strictly between N/3 — N/(48k + 15) and N/3 with the
same parity as N is at least [ N/(96k + 30) — 1]. Note that there are at least two distinct
integers of the same parity as [V in this interval whenever

N > 2
96k + 30 ’

or equivalently n — 1 > 48(2k + 1)(16k + 5). It thus suffices to show that for distinct
integers d and d’ with the same parity such that

N N N
dde(~>- N~ XN
! €<3 48k:+15’3)’

the decompositions F(d) and F(d’) are orthogonal.

In turn, it suffices to deal with the exceptional case from Lemma 5.4. From Lemma 5.1,
the edges of differences i and (4k + 2)N — ¢ + 1 within C’(Sy,;) are {0,—i} and
{(4k+2)N — (2k+1)d, —(2k+1)d — i}, which are at distance (4k+2)N — (2k+1)d+1.
Similarly, the edges of differences ¢ and (4k +2)N —i+1 within C'(Sy ;) are {0, —i} and
{(4k+2)N — (2k+1)d’, — (2k+1)d’' —1i}, which are at distance (4k+2)N — (2k+1)d’ +1.
If the pairs of edges within cycles generated from the starters C’(Sg;) and C’(Sy ;) co-
incide, then we must have that (2k + 1)d = (2k + 1)d’ (mod n). But n and 2k + 1 are
coprime, sod = d'. O
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6 Concluding remarks

The main results of this paper have been to establish lower bounds on the number of mu-
tually orthogonal cyclic /-cycle systems of order n. For upper bounds on the number of
systems (not necessarily cyclic in nature) we have the following lemmata.

Lemma 6.1. If there exists a set of p mutually orthogonal (-cycle systems of order n, then
w<mn-—2 Thatis, u({,n) <n —2.

Proof. Consider a vertex w in K,,. The vertex w belongs to precisely (n — 1)(n — 2)/2
paths of length 2 in K,, where w is the center vertex of the path. Moreover, each such path
belongs to at most one ¢-cycle from any set of 1z mutually orthogonal ¢-cycle systems. The
number of cycles in one ¢-cycle system which contain vertex w is equal to (n —1)/2. Thus
u(n —1)/2 < (n—1)(n — 2)/2. The result follows. O

Lemma 6.2. Let ¢ > 4. Then

(n—2)(n-23)
< -7/~ 7
u(l,n) < 20—3)
Proof. Suppose there exists a set { F1, Fa, . .., F, } of mutually orthogonal /-cycle systems

of K,. Consider an edge {v,w} in K,. Then for each i € [1, ], there is an ¢-cycle
C; € F; containing the edge {v, w}. Let H be the clique of size n — 2 in K, not including
vertices v and w. Then the intersection of C; with H is a path P; with £ — 3 edges.
Moreover, orthogonality implies that the paths in the set {P; | i € [1, u]} are pairwise
edge-disjoint. Thus, (¢ — 3)u is bounded by the number of edges in H; that is, (¢ — 3)u <
(n—2)(n—23)/2. O

Observe that Lemma 6.2 improves Lemma 6.1 only if £ > (n + 3)/2. If £ > n//2, it
is not even possible to find a pair of orthogonal cycle systems, as shown in the following
lemma.

Lemma 6.3. [f2(%> > n(n — 1) then u(f,n) < 1.

Proof. Suppose there exists a pair { F1, F2} of mutually orthogonal ¢-cycle systems of K.
Then F; and F» each contain n(n — 1)/(2¢) cycles of length £. Let C be a cycle in F.
By the definition of orthogonality, each edge of C' intersects a unique cycle in F5. Thus
¢ < n(n—1)/(2¢), contradiction. O

When the systems are required to be cyclic, Lemma 6.1 can be slightly improved.

Lemma 6.4. Let n > 4. If there exists a set of ' mutually orthogonal cyclic -cycle
systems of order n, then ' < n — 3. That is, ' ({,n) < n — 3.

Proof. Since p/(¢,n) < u(¢,n), Lemma 6.1 implies that ¢/ (¢,n) < n — 2. Suppose, for
the sake of contradiction that p/(¢,n) = n — 2. Thus there exists a set of n — 2 orthogonal
cyclic decompositions of K,, where the vertices are labelled with elements of Z,. Let
a € [1,(n — 1)/2]. Suppose that the path (—a, 0, a) of length 2 does not occur in a cycle
from one of these decompositions. Then the total number of paths of length 2 containing
0 which appear in one of the cycles is less than (n — 1)(n — 2)/2. However, there are
(n — 2)(n — 1)/2 cycles containing vertex 0, contradicting the condition of orthogonality.
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Let C, be the cycle containing the path (—a,0,a) and let F be the decomposition
of K, containing C,. Since our decomposition is cyclic, there is also a cycle C' € F
containing (0, a, 2a); since C’ and C, share an edge we must have C’ = C,. Inductively,
C, = (0,a,2a,...). In particular C; = (0,1,2,...,n — 1) and thus { = n. But since
w,n)=n—22>2andn > (n—1)/2, there is a cycle C"" # C, in a decomposition
F' # F containing a repeated difference a € [1, (n — 1)/2]. The cycle C” shares two
edges with C|,, contradicting the condition of orthogonality. O

It is worth noting that for certain congruencies the upper bound in Lemma 6.4 can be
made significantly smaller. For example, if n = 3 (mod 6) then 1'(3,n) = 1, because in
this case any cyclic decomposition necessarily contains the cycle (0,7n/3,2n/3).

In the appendix we give computational results for 1/ (¢, n) when £ and n are small. As
yet we are unaware of any instances for which the bound of Lemma 6.4 is tight, and so we
ask if equality ever occurs.

Question 1. For which values of ¢ and n, if any, is @/ (¢,n) =n — 3?
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Appendix

We computed sets of mutually orthogonal cyclic ¢-cycle systems of order n = 2¢ + 1 for
small values of ¢, and in so doing we empirically determined or bounded ' (¢,2¢ 4+ 1) in
these cases. Recall from Lemma 6.4 that p/(¢,2¢ + 1) < 20 — 2.

Note that for any cyclic ¢-cycle system of order 2¢ + 1, the cycles of the system com-
prise a single Zoy1-orbit. To find sets of mutually orthogonal cyclic ¢-cycle systems of
order 2¢ + 1, we first determined the orbit for each possible system and then constructed a
graph in which each system is represented as a vertex and adjacency denotes orthogonality.
Maximum cliques were then sought. The results for 3 < ¢ < 11 are summarised in Table 1.
For 9 < ¢ < 11, we found cliques of order 8 but we do not yet know whether larger cliques
exist (the computational task becomes increasingly challenging as the number of systems
grows).

We now present examples of the Zoy 1-orbits for the sets of mutually orthogonal cyclic
{-cycle systems of order 2¢ + 1 that we found. Each orbit is represented by the differences
that occur on the edges of its cycles, using notation from Section 2.

{=3,n="7

[172773}’ [157372]
{=4,n=9

[17 _27 _374]’ [1747 _37 _2}
(=5mn=11

[1> _2747 37 5]9 [17 37 —2,5, 4]’ [1747 5, _273]’ [17 9, 3747 _2}
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| ¢ [ n=20+1]No.of Cyclic Systems [ z/(¢,2¢ +1) |

3 7 2 2

4 9 6 2

5 11 24 4

6 13 168 5

7 15 1344 8

8 17 11136 8

9 19 128304 >8

10 21 1504248 >8

11 23 19665040 >8

Table 1: Number of mutually orthogonal cyclic /-cycle systems of order 2¢ + 1.

{=6,n=13
[1,2,3,—4,5,6],[1, -4, —2,3,—5,—6], [1,5, 3,6, —4,2], [1, =5, —4, 3, —6, 2], [1,6, 3,2, 5,
{=T7,n=15

279

—4]

[1,2,6,—4,—7,—3,5], [1, =2, -3, —5, —4,7,6], [1,3,4, —2,6, —5, — 7], [1, —3,4, 2, =5, —6, 7],

[17 57 _37 _77 _47 67 2]7 [17 67 77 _47 _57 _37 _2}, [17 77 _67 _5, 27 47 _3], [17 _7, _57 67

{=8,n=17

[1,2,3,4,—6,~7,—5,8], [1, -2, —3,8,5,—6,4, —7], [1,3,7, -8, —6,2, —4, 5],
[17 737 757 65 47 787 77 72], [15 47 57 27 737 67 777 78]7 [17 57 775 67 787 737 27 4]5
[1a 767 787 25 57 747 77 3}’ [13 787 777 57 737 45 27 6]

(=9,n=19

[1a 27 35 47 57 767 777 95 8]’ [17 727 35 745 773 67 87 95 5]5 [17 57 85 735 77 767 747 97 2]’
[1a _57 _77 _67 _87 _23 _43 37 9]7 [17 63 _33 _97 27 _77 43 _53 _8]7
[1,-6,8,—7,—3,—5,—2,4,-9], [1,7,3,6,—8,9, —5,2,4], [1,9, 7, 8,4,3,5,2, —6]

0=10,n =21

[2345 ~7,6,9,-10,8], [1,-2,3,—4,5,—6,8, -9, —7, —10],

(1,3, ~10,9, -6, 8,4, 7], [1, =6, —10,7, —3,9, =5, -2, —8, —4],
1,7, 9 85643210][1—8 —5,3,-6,-9,7,—10,2,4],
[1,10,3,6,—7,5,—8,—2,4,9], [1,—10, 3,5, —4, -9, -2, —7,8, —6]
(=11,n=23

[1,2,3,4,5,6,7,8,9,—10,11], [1, 2,3, 4,5, —6,7, —11, 10,9, 8],
[1,3,2,—4,-5,—11,-6,10,8, —7,9], [1, -3, 10,6,4,7,9,11,8, -2, =5,
[1,-4,8,6,3,5,—9,—2,10,—11,—7], [1,5,—11, -8, 3,9, —7, 2,6, —4, 10],
[1,10,-7,—8,3,-5,9,4,6,—11,—2], [1,—11,5,—7,4,2, -9, —6,8, 10, 3]

—2,4,3]



280 Ars Math. Contemp. 23 (2023) #P2.05 / 261-280

Below we present examples of mutually orthogonal cyclic 4-cycle systems of orders 17 and
25; these are mentioned in Section 2.

(=4,n=17

{[1,2,3,-6],[4,—5,-7,8]}, {[1, —2,-3,4],[5,8,-7,—6]}, {[1, -3, -8, —7],[2,4, 5, 6]},
{[174a _7 2] [3 578’ _6]}’ {[17_478?_5]7 [277>_3>_6}}’ {[1a5>27 _8]7[37_47 _67 7]}’
{11, -5,-3,7],[2,—6,8, —4]}, {[1, -6, —3,8],[2, =4, 7, —5]}. {[1, =7, -8, —3], 2,6, 5, 4]}
{[1, -8, 6 —4],[2,5,3,7]}

(=4,n=25

{[1,2,3,-6],[4,—5,12, —11],[7, -8, —9,10]},
{[1,-2,-3,4],[5,—6,-7,8],[9, 10, —11, 12]},

{[1,3,4,-8],[2,5,7,11],[6, —9, —10, —12]}, {[1, —3, —4, 6], [2, =5, —7, 10], [8, —11, —9, 12]},
{[1,4,2,-17],[3, -5, —9,11], [6, —8, —10,12]}. {[1, —4, —2, 5], [3,6, 7, 9], [8, =12, —11, —10]},
{[1,5 3,-9],[2, —4,10,—8],[6,12, =7, —11]}, {[1, =5, —3, 7, [2, 6,4, —12], [8, 11, —10, —9]},
{[1,7,-10,2], 3, —11, —4,12],[5,9, -8, —6]}. {[1, =7, =8, —11], [2, 12, 5, 6], [3, 10, —4, —9]},
{1, [ [ 1}
{l
{I
{I

IhA
1A
1,8,4,12],[2, —10, -6, —11], 3, —7,9, —5]}, {[1, =8, 11, —4], [2, 12, 3, 7], [5, 10, —6, —9] }
1,-9,-3,11],[2, -6, —4, 8], [5,12, 10, —7]}
1,-10,11,-2],[3,8, -5, —6], [4, 712 9]}, {[1, —11,-12, -3}, [2,8,10,5], [4, —6,9, -7},
1,12, -3,-10],[2,7, =5, —4],[6, 11, -9, —8]}, {[1, —12,8,3],[2,9, =4, 7], [5, 11, —6, —10] }

]
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Abstract

Let I' = (V, E) be a graph. The square graph I'? of the graph I is the graph with the
vertex set V(I'?) = V in which two vertices are adjacent if and only if their distance in
I is at most two. The square graph of the hypercube @,, has some interesting properties.
For instance, it is highly symmetric and panconnected. In this paper, we investigate some
algebraic properties of the graph Q2. In particular, we show that the graph Q? is distance-
transitive. We show that the graph Q)2 is an imprimitive distance-transitive graph if and
only if n is an odd integer. Also, we determine the spectrum of the graph Q2. Finally, we
show that when n > 2 is an even integer, then 2 is an automorphic graph, that is, Q2 is a
distance-transitive primitive graph which is not a complete or a line graph.

Keywords: Square of a graph, distance-transitive graph, hypercube, automorphism group, Johnson
graph, automorphic graph.

Math. Subj. Class. (2020): Primary 05C25, 94C15

1 Introduction

In this paper, a graph I' = (V| E) is considered as an undirected simple graph where
V = V(T) is the vertex-set and E = E(T") is the edge-set. For all the terminology and
notation not defined here, we follow [1, 3, 5, 6, 9].

Let I' = (V,E) be a graph. The square graph T'? of the graph T' is the (simple)
graph with vertex set V' in which two vertices are adjacent if and only if their distance in
I is at most two. It is easy to see that Aut(I') < Aut(I'?), where Aut(I") denotes the
automorphism group of the graph I'. Thus, if the graph I' is a vertex-transitive graph, then
I'? is a vertex-transitive graph. A graph I of order n > 2 is Hamilton-connected if for any
pair of distinct vertices u and v, there is a Hamilton u-v path, namely, there is a u-v path

*The author is thankful to the anonymous reviewers for their valuable comments and suggestions.
E-mail address: smortezamirafzal @yahoo.com (Seyed Morteza Mirafzal)

©@@® This work is licensed under https://creativecommons.org/licenses/by/4.0/
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of length n — 1. It is clear that if a graph I' is Hamilton-connected then it is Hamiltonian.
A graph I" of order n > 2 is panconnected if for every two vertices v and v, there is a
u-v path of length [ for every integer | with d(u,v) < I < n — 1. Note that if a graph
I" is panconnected, then it is Hamilton-connected. It is a well known fact that when a
graph T is 2-connected, then its square I'? is panconnected [4, 7]. Using this fact, and an
algebraic property of Johnson graphs, recently it has been proved that the Johnson graphs
are panconnected [10].

Let n > 2 be an integer. The hypercube @, is the graph whose vertex-set is {0, 1}",
where two n-tuples are adjacent if they differ in precisely one coordinate. This graph has
been studied from various aspects by many authors. Some recent works concerning some
algebraic aspects of this graph include [14, 17, 24, 28]. It is a well known fact that the
graph @), is a distance-transitive graph [1, 3], and hence it is edge-transitive. Now, using a
well known result due to Watkins [27], it follows that the connectivity of (),, is maximal,
that is, n. Like the hypercube Q,,, its square, namely, the graph Q2 has some interesting
properties. For instance, when n > 2, then @,, is 2-connected. Now using a known result
due to Chartrand and Fleischner [4, 7], it follows that Q% is a panconnected graph. Also,
since @, is vertex-transitive, the graph Q2 is vertex-transitive, as well. Hence Q2 is a
regular graph and it is easy to check that its valency is n+(%)=("3"). If n = 2, then Q2 is
the complete graph K. When n = 3, then Q2 is a 6-regular graph with 8 vertices. This
graph is isomorphic with a graph known as the coktail-party graph C'P(4) [1]. It can be
shown that when n = 4, then the graph Q2 is a 10-regular graph with 16 vertices, which is
isomorphic to the complement of the graph known as the Clebsch graph [9].

In this paper, we determine the automorphism group of the graph Q2. Then we show
that Q2 is a distance-transitive graph. This implies that the connectivity of the graph Q2
is maximal, namely, its valency ("'2"1) Also, we will see that the graph Q2 is an imprim-
itive distance-transitive graph if and only if n is an odd integer. A graph I is called an
automorphic graph, when it is a distance-transitive primitive graph which is not a com-
plete or a line graph [1]. In the last step of the paper, we show that the graph Q2 is an
automorphic graph if and only if n is an even integer.

2 Preliminaries

The graphs I'y = (V4, E1) and T's = (Va, E») are called isomorphic, if there is a bijection
a: Vi — Va such that {a,b} € Ej if and only if {a(a), a(b)} € Es for all a,b € V5.
In such a case the bijection « is called an isomorphism. An automorphism of a graph I’
is an isomorphism of I' with itself. The set of automorphisms of I" with the operation of
composition of functions is a group called the automorphism group of I' and denoted by
Aut(T).

The group of all permutations of a set V' is denoted by Sym(V') or just Sym(n) when
|V | = n. A permutation group G on 'V is a subgroup of Sym(V'). In this case we say that
G acts on V. If G acts on V' we say that G is transitive on V (or G acts transitively on V')
if given any two elements u and v of V, there is an element /5 of G such that §(u) = v. If
T is a graph with vertex-set V' then we can view each automorphism of I" as a permutation
on V and so Aut(T") = G is a permutation group on V.

A graph T is called vertex-transitive if Aut(I") acts transitively on V' (I"). We say that T’
is edge-transitive if the group Aut(I") acts transitively on the edge set F, namely, for any
{z,y},{v,w} € E(T), there is some 7 in Aut(T"), such that 7({z,y}) = {v, w}. We say
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that ' is symmetric (or arc-transitive if for all vertices u, v, z,y of I' such that v and v are
adjacent, and also, x and y are adjacent, there is an automorphism 7 in Aut(I") such that
m(u) = x and w(v) = y. We say that I is distance-transitive if for all vertices u, v, x,y of
I such that d(u,v) = d(x,y), where d(u,v) denotes the distance between the vertices u
and v in T, there is an automorphism 7 in Aut(I") such that 7(u) = z and 7(v) = y.

A vertex cut of the graph I' is a subset U of V' such that the subgraph I' — U induced
by the set V' — U is either trivial or not connected. The connectivity x(I") of a nontrivial
connected graph I' is the minimum cardinality of all vertex cuts of I". If we denote by 6(I")
the minimum degree of I, then x(I") < 6(T"). A graph I" is called k-connected (for k € N)
if [V(T')| > k and T’ — X is connected for every subset X C V(T') with |X| < k. Ttis
trivial that if a positive integer m is such that m < x(T"), then T is an m-connected graph.
We have the following fact.

Theorem 2.1 ([27]). If a connected graph T is edge-transitive, then k(I') = 6(T'), where
d(T') is the minimum degree of vertices of T.

Let n,k € N with ¥ < n, and let [n] = {1,...,n}. The Johnson graph J(n,k) is
defined as the graph whose vertex setis V = {v | v C [n],|v| = k} and two vertices
v,w are adjacent if and only if |v N w| = k — 1. The class of Johnson graphs is a well
known class of distance-transitive graphs [3]. It is an easy task to show that the set of
mappings H = {fp | 0 € Sym([n])}, fo({z1,...,xx}) = {0(z1), ..., 0(zk)}, is a subgroup
of Aut(J(n,k)) [9]. It has been shown that Aut(J(n,k)) = Sym([n]) if n # 2k, and
Aut(J(n,k)) = Sym([n]) X Zs, if n = 2k, where Zs is the cyclic group of order 2
[3, 13, 18].

Although in most situations it is difficult to determine the automorphism group of a
graph I and how it acts on its vertex and edge sets, there are various papers in the literature,
and some of the recent works include [8, 11, 13, 14, 15, 16, 17, 19, 20, 21, 22, 23, 26, 28].

Let GG be any abstract finite group with identity 1, and suppose €2 is a subset of GG, with
the properties:

D)zeQ=az"1eqQ,
(i) 1¢ Q.

The Cayley graph T' = Cay(G; () is the (simple) graph whose vertex-set and edge-set are
defined as follows:

V(D) = G, B(T) = {{g.h} | g~'h € Q.
It can be shown that the Cayley graph I' = Cay(G; 2) is connected if and only if the set 2
is a generating set in the group G [1].

The group G is called a semidirect product of N by @, denoted by G = N x Q, if G
contains subgroups NV and @) such that:

(i) N <G (N is a normal subgroup of )
(i) NQ = G; and

(i) NNQ = 1.
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3 Main results

The hypercube Q,, is the graph whose vertex set is {0, 1}", where two n-tuples are adja-
cent if they differ in precisely one coordinate. It is easy to show that Q,, = Cay(Z53;5S),
where Zs is the cyclic group of order 2, and S = {e; | 1 < i < n}, where ¢; =
(0,...,0,1,0,...,0), with 1 at the ith position. It is easy to show that the set H = { 4|0 €
Sym([n])}, fo(z1,...,2n) = (Tg(1), .-, To(n)) is a subgroup of the group Aut(Q,). It is
clear that H 2 Sym([n]). We know that in every Cayley graph I' = Cay(G; S), the group
Aut(T") contains a subgroup isomorphic with the group G. In fact, if € Z7, and we
define the mapping f,(v) = = + v, for every v € V(Q,,), then f, is an automorphism of
the hypercube @,,. Hence Z% is (isomorphic with) a subgroup of Aut(Q,,). It has been
proved that Aut(Q,,) = (Z%,Sym([n])) = Z% x Sym([n]) [14]. It is clear that when I is
a graph then Aut(T") is a subgroup of Aut(I'?). Thus we have Aut(Q,) < Aut(Q?). In
the sequel, we wish to show that the graph Q2 is a distance-transitive graph, and for doing
this we need the automorphism group of Q2. When n = 3, then Q2 is isomorphic with the
coktail-party graph C' P(4). The complement of this graph is a disjoint union of 4 copies
of K. Thus Aut(Q3) = Sym([2]) wr; Sym([4]), where I = {1,2,3,4} [3, 22] (for an
acquaintance with the notion of wreath product of groups see [6]). Now it can be checked
that this graph is a distance-transitive graph. Hence, in the sequel we assume that n > 4.
It is easy to see that for the graph Q2 we have, Q? = Cay(Z35;T), T = S U Sy, where
S1={e; +ej|i,j €[n]i#j} Let A= Aut(Q?) and Ay be the stabilizer subgroup of
the vertex v = 0 in A. Since Q? is a vertex-transitive graph, then from the orbit-stabilizer
theorem we have |[A| = |Ag||V(Q2%)| = 2"|Ap|. The following lemma determines an
upper bound for | Ag|.

Lemma 3.1. Letn > 4 and A = Aut(Q?). Let Ag be the stabilizer subgroup of the vertex
v =20. Then |Ao| < (n+ 1)L

Proof. LetT' = Q2. We know that I' = Cay(Z%;T), T = SU Sy, where S = {e; | 1 <
i <n}and S; = {e; + ¢ 4,j € [n],7 # j}. Let f € Ag. Then f(T) = T. Let G
be the subgraph of I" which is induced by the subset 7. Let h = f|r be the restriction
of the mapping f to the subset T'. It is clear that h is an automorphism of the graph
G. Tt is easy to see that the mapping ®: A9 — Aut(G), which is defined by the rule
®(g) = g|r, is a group homomorphism. Thus we have kef(otb) = im(®), and hence we
have |Ag| = |ker(®)||im(P)|. Since im(P) is a subgroup of Aut(G), then we have
|[Ao| < | ker(®)|| Aut(G)|. If we show that | Aut(G)| < (n + 1)! and ker(®) = {1}, then
the lemma is proved. Hence in the rest of the proof we show that:

@ |Auwt(G)| < (n+ 1),
(i) ker(®) = {1}.

(i) We give two proofs for proving this claim. The first is more elementary than the second,
but we need some parts of it in the proof of (ii). The second is based on the automorphism
group of the Johnson graph J(n, k).

Proof 1 of (i). Consider the graph G. In T = V(G), consider the subgraphs induced by
the subsets Cp = S ={e;| 1 <i<n}, C; ={ej,e;+e| 1 <j<n,i#j},1<i<n
(we also denote by C; the subgraph induced by the set C; ). It is clear that Cy is an n-
clique in the graph G. Note that if ¢; + e, and e; + e, are two elements of C;, then we have
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(e; +e.) — (e; +es) = e, + es € T. Hence each C; is also an n-clique in the graph G. It
can be shown that each C;, 0 < i < n is a maximal n-clique in G. It is clear that if i £ 0,
then Cy N C; = {e;}. Moreover, if ¢, j € {1,...,n} and i # j, then C; N C; = {e; +¢;}.
Let M be a maximal n-clique in the graph G. It is not hard to show that M = C; for
some j € {0,1,...,n}. If a is an automorphism of the graph G, then a(C}) is a maximal
n-clique in the graph G. Hence the natural action of a on the set X = {Cy, C1,...,C,} is
a permutation on X . Let GG; be the graph with the vertex set X in which two vertices v and
w are adjacent if and only if v N w # (. Now, it is clear that G; = K, 1, the complete
graph on n + 1 vertices, and hence Aut(G;) = Sym(X). Let a € Aut(G) be such that
a(C;) = C;, foreach j € {0,1,...,n}. Noting that Co N C; = {e;}, 7 # 0, we deduce that
a(x) = z for every x € Cy. Note that the vertex e; + e; is the unique common neighbor of
vertices e; and e; in the graph G which is not in Cy. This implies that a(e; +e;) = e; +¢;.
Therefore we have a(v) = v for every v € T. Now it is easy to see that the mapping
m: Aut(G) — Aut(Gy) defined by the rule w(a) = f,, where f,(C;) = a(C;) for every
C; € X, is an injection and therefore we have (n + 1)! > | Aut(G)]|. O

Proof 2 of (i). Consider the graph G. We show that this graph is isomorphic with the
Johnson graph J(n + 1, 2). We define the mapping

fV(G) = V(J(n+1,2),

by the rule:
i,n+1hifv=e;
e ={} A
27]}7 Zf U—€i+€j

It is clear that f is a bijection. Let {v, w} be an edge in the graph G. Then we have three
possibilities:

(D) {v,w} ={ei,e;}, Q) {v,w} = {ei ei +ex}, Q) {v,w} = {e; +er,e; + €5}

Now, we have (1) f({vvw}) = {{Z’n + 1}’{j7n + 1}}’ @) f({vvw}) = {{Z’n +
13, {i,k}}, 3) f({v,w}) = {{i,k},{j, k}}. It follows that f is a graph isomorphism.
Hence, Aut(G) = Aut(J(n+1,2)). Since Aut(J(n+1,2)) = Sym([n+ 1]) [3, 13, 18],
then we have Aut(G) = Sym([n + 1]). O

(ii) we now show that ker(®) = {1}. Let f € ker(®). Then f(0) = 0 and h = f|r
is the identity automorphism of the graph G. Hence f(x) = x for every x € T. Note
that when © € T, then w(z) € {1, 2}, where w(x) is the weight of z, that is, the number
of 1s in the n-tuple z. Let x € V(T') and w(x) = m. We show by induction on m, that
f(z) = =. Ttis clear that when m = 0,1,2, then the claim is true. Let the claim be
true when w(z) < m, m > 2. We show that if w(z) = m + 1, then f(z) = z. Let
Yy = €, + ..+ €, +e€,,, beavertex of weight m + 1. Letv =y +e;, +e;,,.,.
Since W (v) = m — 1, thus f(v) = v. Let N be the subgraph of I" which is induced by
the set N (v). Since I' is vertex-transitive, then G = N. Also, since f(v) = v, then the
restriction of f to N (v) is an automorphism of the graph N. In N (v) we define the subsets
My={v+e|l<i<n}, M;={v+e,v+e+e|1<j<nj#i},1<i<n.lIt
can be check that the subgraph induced by each M; is a maximal n-clique in the graph V.
Also, My N M; = {v + e; }. Moreover, v + e; + ¢; is the unique common neighbor of the
vertices v + e; and v + e; in the graph N which is not in M. If € My, then f(x) = z,
because w(x) < m. This implies that f(M;) = M;. Now, by an argument similar to what
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is done in Proof 1, we can see that f(z) = x for every x € N(v). Since y € N(v), we
have f(y) = y. We now conclude that f is the identity automorphism of I". Hence we have
ker(®) = {1}. O

Theorem 3.2. Letn > 4 and T = Q2 be the square of the hypercube Q,,. Then we have
Aut(T) 2 Z% x Sym([n + 1]).

Proof. Let Ag be the stabilizer subgroup of the vertex v = 0 in the group Aut(T"). We know
from Lemma 3.1, that |Ag| < (n+ 1)!. Let T'and X = {Cy, ..., C,, } be the sets which are
defined in the proof of Lemma 3.1. Note that Z7 is a vector space over the field Z2 and Cj,
0 < i < n,is abasis for this vector space. Let f;: Cy — C; be a bijection. We can linearly
extend f; to an automorphism e(f;) of the group Z3. It is clear that e(f;) € Ag. We
know that every automorphism of the group Z5 which fixes the set 7" is an automorphism
of the graph I'. We can see that when x,y € C; and x # y then x +y € T. Thus we
have e(f;)(e, + es) = e(fi)(er) + e(fi)(es) € T. Hence we have e(f;)(T) = T. Since
the number of permutations f; is n!, hence the number of automorphisms of e(f;) is n!.
Note that when i # j, then e(f;) # e(f;). Now since 0 < ¢ < n, then we have at least
(n+1)(n!) = (n + 1)! distinct automorphisms in the group Ag. Thus by Lemma 3.1, we
have |Ag| = (n + 1)!. We saw, in the proof of Lemma 3.1, that A is isomorphic with a
subgroup of Sym([n + 1]). Hence we deduce that Ay = Sym([n + 1]).

We know, by the orbit-stabilizer theorem, that |V (I")||Ag| = | Aut(I")|. Thus we have
| Aut(I')| = 2™[(n+1)!]. Forevery v € Z%, the mapping f,(z) = v+, forevery « € Z%,
is an automorphism of the graph I. It is easy to check that L. = {f,| v € Z} } is a subgroup
of Aut(T") which is isomorphic with Z%. Also it is easy to check that LN Ay = {1}. Hence
we have |[LAg| = |L||Ao| = 2"[(n + 1)!] = | Aut(T")|. This implies that Aut(I") = LA,.
Also we can see that for every v € Z% and every a € Ag we have ™ f,a = f, (v)- Thus
we deduce that L is a normal subgroup of Aut(I'). We now conclude that

Aut(T) = L x Ag = Z% x Sym([n + 1]). O

The graph Q? has some interesting properties. In the next theorem, we show that Q2
is distance-transitive.

Theorem 3.3. Let n > 4 be an integer. Then the graph Q? is a distance-transitive graph.

Proof. Let v and w be vertices in Q2. It is easy to check that d(z,y) = [@] Hence

we have d(z,0) = (#1 Let D be the diameter of Q2. it follows from the first two
sentences that D = [%]. Let Ag be the stabilizer subgroup the vertex v = 0 in Aut(Q?2).
Since the graph Q? is a vertex-transitive graph, it is sufficient to show that the action of
Ag on the set I';, is transitive, where I'y, is the set of vertices at distance & from the vertex
v = 0. Let 2 and y be two vertices in I',. There are two possible cases, that is,

(i) w(x) =w(y) or
(i) w(z) # w(y).

() Let w(z) = w(y). We know that w(x) € {2k, 2k — 1}. Without loss of generality, we
can assume that w(z) = 2k. Letx = e;, + ... + €;,, and y = e, + ... + ej,,. There are
VETtices €y, ..y €z, o, and €y, .oy €y, in Q2 such that

{€iry o €ings €ays s €y o} = Co ={e1, €2, ent ={€j1, ., €ju0, €yrsoons €y i |
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Let f be the permutation on the set Cp which is defined by the rule, f(e;.) =e;,.,1 <r <
2k, and f(es,) = ey,,1 <1 < n — 2k. We now can see that e(f)(z) = y, where e(f) is
the linear extension of f to Zy (see the proof of Theorem 3.2).

(ii) Let w(z) # w(y). Without loss of generality we can assume that w(z) = 2k — 1
and w(y) = 2k. Letx = ¢, + ...+ e, , andy = e;, + ... + ¢;,,. Note that y =
(6]'1 + ej2k) + (€j2 + ejZk) +o+ (ejZk,—2 + 6]'%) + (ej2k—1 + ejZk)' There are vertices
€arys oo Canoppy AN €y = €5, €40, i€y, 1IN Q2 such that

{eil 3oy Cigg_1y Cmys ooy emn—2k+1} = Cy,
{ejl T €jagr €y T Cjagr-or T oy oy T+ €hops €y ejzk}u

{eyl 1 €ys T Cjaps ey CYn—_2kt1 + e.j2k:} = Cij

We now define the bijection g from Cy to Cj,, by the rule g(e;.) = e;. + ej,,, and
g(ez,) = ey, g(ex,) = €y, +€j,,, 1 # 1. Let e(g) be the linear extension of g to Z3. This

yields that e(g) is an automorphism of the graph Q2 such that e(g)(z) = y. O

Theorem 3.3 implies many results. For instance, we now can deduce from it the fol-
lowing corollary, which is important in applied graph theory and interconnection networks.

Corollary 3.4. Letn > 4 be an integer. Then the connectivity of the graph Q? is maximal,
namely, n+(g) (its valency).

Proof. By Theorem 3.3 the graph Q2 is distance-transitive, then it is edge-transitive. Thus,
it follows from Theorem 2.1, that the connectivity of the graph Q2 is its valency, namely,
n+(3). O

A block B, in the action of a group G on a set X, is a subset of X such that BNg(B) €
{B, 0}, for each g in G. If G is transitive on X, then we say that the permutation group
(X, G) is primitive if the only blocks are the trivial blocks, that is, those with cardinality 0, 1
or | X|. In the case of an imprimitive permutation group (X, G), the set X is partitioned
into a disjoint union of non-trivial blocks, which are permuted by G. We refer to this
partition as a block system. A graph I is said to be primitive or imprimitive according to
the group Aut(I") acting on V' (I") has the corresponding property. In the sequel, we need
the following definition.

Definition 3.5. A graph I' = (V| E) of diameter D is said to be antipodal if for any
u,v,w € V such that d(u, v) = d(u, w) = D, then we have d(v,w) = D or v = w.

Let I';(x) denote the set of vertices of I" at distance ¢ from the vertex z. Let I be a
distance-transitive graph. From Definition 3.5 it follows that if I'p(x) is a singleton set,
then the graph T is antipodal. It is easy to see that the hypercube (), is antipodal, since
every vertex u has a unique vertex at maximum distance from it. Note that this graph is at
the same time bipartite. We have the following fact [1].

Proposition 3.6. A distance-transitive graph T of diameter D has a block X = {u} U
T'p(u) if and only if T is antipodal, where T'p(u) is the set of vertices of T at distance D
from the vertex u.

Also, we have the following important fact [1].
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Theorem 3.7. An imprimitive distance-transitive graph is either bipartite or antipodal.
(Both possibilities can occur in the same graph.)

We now can state and prove the following fact concerning the square of the hypercube

Qn.

Corollary 3.8. Let n > 4 be an integer. Then, the square of the hypercube Q,,, namely, the
graph Q2 is an imprimitive distance-transitive graph if and only if n is an odd integer:

Proof. We know from Theorem 3.3, that the graph I' = 2 is a distance-transitive graph.
Let n = 2k be an even integer. If D denotes the diameter of QEL, then D = k. Let
Co = {e1, ..., en } be the standard basis of the hypercube Q,,. Letw = e; +e3 + ... + e,
and By = {w+e; |1 < i < n}. Consider the vertex v = 0. It is easy to show that
I'p(u) = {w} U By. Two vertices w and w + e; are in I'p (u), but they are not at distance
k = D from each other, since they are adjacent and £ > 1. Thus, when n is an even
integer, then the graph @2 is not antipodal. Since the girth of Q2 is 3, then this graph is
not bipartite. Now, Theorem 3.7 implies that the graph T' = Q2 is not imprimitive.

Now assume that n = 2k + 1 is an odd integer. It is easy to see that D = k 4 1 and
I'p(0) = {w}. Therefore by Proposition 3.6, I is antipodal, and hence has the set {0, w}
as a block. We now conclude that, when n is an odd integer, then @2 is an imprimitive
graph. O

Let ' = (V, E) be a simple connected graph with diameter D. A distance-regular
graph T' = (V, E), with diameter D, is a regular connected graph of valency k with the
following property. There are positive integers

bo=k,b1,....,bp_1;¢1 =1,¢co,...,cp,
such that for each pair (u, v) of vertices satisfying u € I';(v), we have
(1) the number of vertices in I';_1 (v) adjacent to uis ¢;, 1 <1 < D.
(2) the number of vertices in I'; 11 (v) adjacent to uis b;, 0 <i < D — 1.

The intersection array of I' is ¢(T") = {k, b1, ...,bp_1;1, ¢ca, ..., cq}-

It is easy to show that if I is a distance-transitive graph, then it is distance-regular [1].
Hence, the hypercube @, n > 2 is a distance-regular graph. We can verify by an easy
argument that the intersection array of ), is

{n,n—1,n—2,..1;1,2,3,...,n}.

In other words, for hypercube @Q),,, we have b, =n—1i,¢; =i, 1 <i <n—1,and by = n,
¢, = n. In the following theorem, we determine the intersection array of the square of the
hypercube @, [1].

Theorem 3.9. Let n > 3 be an integer and I' = Q2 be the square of the hypercube Q..
Let D denote the diameter of Qi Then for the intersection array of this graph we have
bO:(”'QH), bi:("_221+1), cl:@z), 1 <4< D-—1. Also, cD:(”'QH), when n is an odd
integer and cp= (Z) when n is an even integer.
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Proof. Since Q)2 is a regular graph of valency (";‘1), thus we have bg:(";l). Let u be a
vertex in Q2 at distance i from the vertex v = 0. It is easy to check that w(u) = 2i or
w(u) = 2i — 1. This implies that that the diameter of the graph Q3 is D = [%].

Let u be a vertex in Q% at distance ¢ > 1 from the vertex v = 0, such that i # D.
There are two cases, that is, w(u) = 2i, or w(u) = 2i — 1. Without lose of generality we
can assume that w(u) = 2i. Hence u is of the form u = e;, + ¢, + ... +¢€;, . Now itis
easy to show that if z is a vertex of Q2 adjacent to u and at distance i — 1 from the vertex
v = 0, then x must be of the form z = u + e, + ¢;, where ex, e; € {ej,,€j,, ..., e, }. tis
clear that the number of such xs is equal to (221) Moreover, If z is a vertex of Q? adjacent
to u and at distance 7 + 1 from the vertex v = 0, then x must be of the forms x = u + ¢;,
or ¥ = u+ ex + e, where eg,e; € {e1,e2,...,en} — {€j,,€j,,.., €5, }. Itis clear that

the number of such xs is equal to ("_12i)+("_22i)=(”_22i+1). We now deduce that when

1<i<D-—1,thenc=(%), and b;=(""3"").

When 7 is an odd integer, then the vertex u = e; + es + ... + e, is the unique vertex
of Q? at distance D from the vertex v = 0. Thus cD=(”'2H), namely, the valency of u. If
n is an even integer, then I'p (0) = {u,u + ¢;| 1 <1 < n} is the set of vertices of ' = Q2
at distance D from the vertex v = 0. Now, by a similar argument which is done in the first

section of the proof, it can be shown that cp=(3). O

Remark 3.10. There are distance-regular graphs I' = (V| E), with the property that
their squares are not distance-regular. For instance, consider the cycle C), with vertex
set {0,1,2,...,n — 1}. Itis well known that C,, is a distance-regular graph of diameter [ ]
with the intersection array:

{2,1,1,...,1,1;1,1,1,...,1,2} when n is an even integer and,

) 3 3 ) ) 7

{2,1,1,...,1,1;1,1,1,...,1,1} when n is an odd integer [1].

Now, assume that n > 7. It can be shown by an easy argument that I' = C?2 is not a
distance-regular graph. To see this fact, let v be a vertex in C,, at distance ¢ from the vertex
0,and ¢;(v) = [T;-1(0)NN(v)]. Itis easy to show that I'; (0) = {2¢, —2i,2i—1, —2i+1},
and ¢;(21) = 1, but¢;(2i — 1) = 2.

Remark 3.11. Let n,k € N with k¥ < n, and let [n] = {1, ...,n}. Consider the Johnson
graph J(n, k). Itis clear that the order of this graph is (7). Itis easy to check that J (n, k) =
J(n,n — k), hence we assume that 1 < k£ < Z. The class of Johnson graphs is one of the
most well known and interesting subclass of distance-regular graphs [3]. It is easy to show
that if v and w are vertices in the Johnson graph J(n, k), then d(v, w) = k — |v Nw|. Thus,
the diameter of the Johnson graph J(n, k) is k. Note that the graph J(n, 1) is the complete
graph K, and hence it is distance-regular. The diameter of the graph J(n, 2) is 2, hence the
diameter of its square is 1. Thus the graph J?(n, 2) is the complete graph K,,, and hence
it is a distance-regular graph (m= (g)) We can show that when k = 3, then the square of
Johnson graph I' = J(n, k) is a distance-regular graph if and only if n = 6. For checking
this, let v = {1,2,3}. Note that the diameter of the graph I'? is 2 and a vertex w in I'?
is at distance 2 from v if and only if |v N w| = 0. Moreover w is at distance 1 from v if
and only if [v Nw| € {1,2}. Hence I'}(v) = V(') — {v,v°} and T'3(v) = {v°}, where
v¢ is the complement of the set v in the set {1,2,...,6}. Thus v® = {4,5,6}. Now, it is
clear that by (v)=(3) (3)+(%) (3)=18. Also, for every w € I'?(v), ¢ (w) = 1 and by (w) = 1,
and cz(v°) = |['%(v)| = 18. Thus the graph I'? = J?(6,3) is a distance-regular graph
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with intersection array {18, 1;1,18}. But, if n > 6, then the graph I'> = J?(n, 3) is not
distance-regular. In fact if n > 6, then for the vertex v = {1, 2, 3}, each of the vertices
u={1,2,4} and w = {1,4,5} isin '?(v). If € T'3(v) is adjacent to u, then 4 € x, and
hence = = {4}Uy, where y C v°—{4} and |y| = 2. We now can deduce that b; (u)=("3").
On the other hand, if z € T'4(v) is adjacent to w, then 4 € x and 5 ¢ z,0or5 € zand 4 ¢ x
or 4,5 € x. Thus, bl(w)=2(";5)+("15)=(";4)+(";5). This implies that when n > 7
then the graph J2(n, 3) cannot be distance-regular.

By a similar argument we we can show that the graph J2(8, 4) is distance-regular, but

if n > 8, then the graph J2(n, 4) is not distance-regular.

Remark 3.12. Let ' = (V, E) be a graph. T is said to be a strongly regular graph with
parameters (n, k, A\, ), whenever |V| = n, T is a regular graph of valency k, every pair of
adjacent vertices of I have A common neighbor(s), and every pair of non-adjacent vertices
of I have 1 common neighbor(s). It is clear that the diameter of every strongly regular
graph is 2. It is easy to show that if a graph I' is a distance-regular graph of diameter
2 and order n, with intersection array (bg,b1;c1,ca), then T' is a strongly regular graph
with parameters (n,bg, by — by — 1,ca). We know that the diameter of the graph Q2 is
[5]. Now, it follows from Theorem 3.3, that Q3 is a strongly regular graph with parameter
(8,6,4,6). This graph is known as the coktail-party graph C P(4) [1]. Also, the graph Q%
is a strongly regular graph with parameter (16, 10, 6, 6). We know that when a graph I is a
strongly regular graph with parameters (n, k, A, 1), then its complement is again a strongly
regular graph with parameter (n,n — k — 1,n — 2 — 2k 4+ u,n — 2k + \) [9]. Hence, the
complement of the graph (% is a strongly regular graph with parameter (16, 5,0, 2). This
graph is known as the Clebsch graph [9] and it is the unique strongly regular graph with
parameters (16, 5,0, 2). Figure 1 displays a version of the Clebsch graph (the complement
of the graph Q%) in the plane [9].

Figure 1: The Clebsch graph.
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4 The spectrum of the square of the hypercube

The square of the hypercube @, has some further interesting algebraic properties. For
obtaining some of those properties, we need the spectrum of this graph. The spectrum of
Q. is known [1], however we are not aware of a paper showing the spectrum of Q2. Here
we compute by means of an algebraic and self-contained method the spectrum of Q2.

LetT' = (V, E) be a graph with the vertex set {v1, - - - , v, }. Then the adjacency matrix
of I"is an m X n matrix A = (a;;), in which columns and rows are labeled by V and a;; is
defined as follow:

1 if v; is adjacent to v;

0 otherwise.

aij = A(vi, vj) = {

If Az = Az,x # 0, then )\ is an eigenvalue of A, and z is an eigenvector of A corre-

sponding to A [9]. Let A\1,---, A\, be eigenvalues of A with multiplicities mq,--- ,m,.,
respectively. The spectrum of the graph I is defined as
_ )‘1) A27 Tty )\’r
Spec(l') = {m1 S mr}.

When we work with graphs there is an additional refinement. We can suppose that
an eigenvector is a real function f on the vertices. Then if at any vertex v you sum up
the values of f on its neighboring vertices, you should get \ times the values of f at v.
Formally,

> flw) = A(v).

weN (v)

Let G be a finite abelian group (written additively) of order |G| with identity element
0=0¢. A character x of G is a homomorphism from G into the multiplicative group U
of complex numbers of absolute value 1, that is, a mapping from G into U with x(¢g1 +
g2) = x(91)x(g2) for all g1, g € G. If G is a finite abelian group, then there are integers
Ny, ,nk, such that G = Z,, X +-+ X Zyp,. Let S = {s1,-++,s,} be a non-empty
subset of G such that 0 ¢ S and S = —S. LetI" = Cay(G;S). Assume f: G — C*
is a character where C* is the multiplicative group of the complex numbers. If w;; =

2mij

e, 0<1i<k 1<j<mny,isan n;throot of unitary, then f is of the form f =

flwr e ) Where fio, ) (@1, -, 2) = wi'wy? - -wi*, for each (21,22, ..., 21) €
G [12].
If v is a vertex of I, then we know that N(v) = {v + s1,--+ ,v + s,} is the set of

vertices that are adjacent to v. We now have

> fw :Z U+3i):Zf(U)f(5i):f(v)(Zf(s))

weN (v)

Therefore, if we let A = Ay = >° ¢ f(s) then we have 3 v,y f(w) = Apf(v),
and hence the mapping f is an eigenvector for the Cayley graph I" with corresponding

eigenvalue A = Ay = > o f(s).
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Theorem 4.1. Let n > 3 be an integer and Q? be the square of the hypercube Q,,. Then
each of the eigenvalues of Q2 is of the form,

1
i = 5n(n +1) — 2i(n + 1) + 2i2,

for0 <i< L%J Moreover, the multiplicity of \g is 1, the multiplicity of A; is m(\;)=
(7) (n+1 1), fo 1< < L”'HJ when n is an even integer, and m()\i):(?)+(n+7{7i)

for1 < i< ™|, whenn is an odd integer, with m(\;)= (?) forj =2

Proof. According to what is stated before this theorem, every eigenvector of the graph
I' = Q?L = Cay(Z%; S) is of the form f = f(wl,__i,wn), where each w;, 1 < i < n,isa
complex number such that w? = 1, namely, w; € {1, —1}. We now have

A= f(w) Zf(em Y. flatey)

wesSs ij=1, i#j

S res Y s

ij=1, i#j
Note that for every vertex v = (1, ...,2,), z; € {0,1} in Q2, we have
f@1, o 20) = faog, o) (@1 2n) = WL wpn.

Note that in the computing of the value of wi* ... w¥" we can ignore w; when w; = 1.
Thus, for e, = (0,...,0,1,0...,0), where 1 is the kth entry, we have;

f(ek) = f(wh”_’wn)(o, - ,O7 1,0, .. ,O)
0 1o 0:{—1ifwk:—1

:wl...wkwk+1...w .
1 Zf ’wk=1

Hence, if in the n-tuple (w1, . .., w,) the number of —1s is 4 (and therefore the number of
lsis (n — ©)), then in the sum

Zfek :wal, w,,) axkaov"'vo)u xk:].,
k=1

the contribution of —1 is 7 and the contribution of 1 is n — i. Therefore, we have

Zf(ek):*iJr(n*i):ani.

k=1

On the other hand, since

O flen)?=> flen)+2 > fle)f(e))
k=1

k=1 ij=1, i#j

3

therefore, we have
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n

ST e fle) = 5ltn =20 = 3 e,

ij=1, i#j k=1

Now since 7, f(ex)? = n, thus we have

A= fle)+ Yo flefley) = (n—2i) + 5((n —20)* ~n)
i=1 i,j=1, i
1 1, ) 9 1 . 9
:§n+§n —2ni + 24 72Z:§n(n+1)—2z(n+1)+22.
Note that f = f(w, ws,...,w,)» and the number of sequences (w; ..., wy) in which i entries

are —1 is (7;) If we denote Ay by A;, then we deduce that every eigenvalue of the graph
Q? is of the form

1
i = 5n(n—|—1) —2i(n+1)+2i%, 0<i<n. (%%

Consider the real function f(z) = in(n + 1) — 2z(n + 1) 4+ 222. Then X; = f(i),
i € {0,1,...,n}. This function reaches its minimum at z = 2L, Now by using some
calculus, we can see that f(z) = f(n + 1 — x). Thus, we have \; = f(i) = f(n+ 1 —
1) = Apa1—i» 1 < i < n. Now it follows that if n = 2k, then the multiplicity of \; is
(?)"’(nﬁ—i)’ 1 < < k. Note that whenn = 2k + 1,thenn+ 1 — (k+ 1) = k + 1, thus
Anti—(k+1) = Ak+1. Hence if n = 2k + 1, then the multiplicity of \; is (?)+(n+’;_i),
1 < i < k, and the multiplicity of Ay is (,7,). Note that since the graph Q7 is a

("3")-regular graph, hence the multiplicity of A\o=("3")=3(n + L)n s L. O

Let ' = (V, E) be a graph. The line graph L(T') of the graph T is constructed by
taking the edges of I" as vertices of L(T"), and joining two vertices in L(I") whenever the
corresponding edges in I" have a common vertex. Note that if e = {v, w} is an edge of T,
then its degree in the graph L(I") is deg(v) + deg(w) — 2. Concerning the eigenvalues of
the line graphs, we have the following fact [1, 9].

Proposition 4.2. If )\ is an eigenvalue of a line graph L(T'), then \ > —2.

Therefore, if A < —2 is an eigenvalue of a graph graph I', then I' is not a line graph.

A (¢, d)-biregular graph is a bipartite graph in which each vertex in one part has degree
c and each vertex in the other part has degree d [25]. It is known and easy to prove that
if the line graph of the graph I is regular, then I" is a regular or a (¢, d)-biregular bipartite
graph.

Theorem 4.3. Let n > 4 be an integer and Q? be the square of the hypercube Q,,. Then
Q? cannot be a line graph.

Proof. Letk = L%j Hence, if n is an even integer, then n = 2k and if n is an odd integer
then n = 2k + 1. It follows from Theorem 4.1, that the smallest eigenvalue of the graph
Q% is A\, when n is an even integer and A1, when n is an odd integer. Now consider the
eigenvalue \;, of the graph Q2 in (**) (in the proof of Theorem 4.1). Therefore if n is an
even integer, then we have

Ae = k(2k +1) — 2k(2k + 1) 4 2k> = k(2k + 1 — 4k — 2 4 2k) = —k.
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Moreover if n = 2k + 1, then we have,

Meg1 = 2k + 1) (k+1) — 2(k +1)(2k + 2) + 2(k + 1)
=k+1)2k+1—-4k—-44+2k+2)=—-k—1.

We now deduce that when n > 5, then Ay, < —3. Now, it follows from Proposition 4.2,
when n > 5, then the graph Q2 can not be a line graph.

Our argument shows that if A is an eigenvalue of the graph Qi, then A > —2, and hence
in this way we can not say anything about our claim.
We now show that Q2 is not a line graph. On the contrary, assume that Q2 is a line graph.
Thus, there is a graph A such that Q3 = L(A). Since Q? is a regular graph, hence

(1) A is aregular graph, or
(i1) A is a biregular bipartite graph.

(i) Let A = (V, E) be a t-regular graph of order h. Since Q% is 10-regular, thus, L(A) =
Q3 is a 2t —2 = 10-regular graph, and hence ¢ = 6. Therefore we have 16 = |E| = %Gh =
3h, which is impossible.
(ii) Let A = (AU B, E) be a (c, d)-biregular bipartite graph such that every vertex in
A (B) is of degree ¢ (d). Hence we have 16 = |E| = ¢|A| = d|BJ|. Thus c and d
must divide 16. On the other hand, if e = {a, b} is an edge of A, then we must have
deg(a) +deg(b) —2 = 10 = c+d — 2. Hence we have ¢+ d = 12. We now can check that
{¢,d} = {4, 8}. Without loss of generality, we can assume that d = 8 and ¢ = 4. Hence
we must have |A| > 8. Now since each vertex in A is of degree ¢ = 4, then we must have,
16 = |E| = c|A| = 4|A| > 4 x 8 = 32, which is impossible.

Our argument shows that the graph Q7 is also not a line graph. O

An automorphic graph is a distance-transitive graph whose automorphism group acts
primitively on its vertices, and not a complete graph or a line graph.
Automorphic graphs are apparently very rare. For instance, there are exactly three cubic
automorphic graphs [1, 2]. It is clear that for n > 3, the graph Q2 is not a complete graph.
We now derive from Corollary 3.8, and Theorem 4.3, the following important result.

Corollary 4.4. Let n > 4 be an integer. Then the square of the hypercube Q,, that is, the
graph Q2 is an automorphic graph if and only if n is an even integer.

5 Conclusion

In this paper, we proved that the square of the distance-transitive graph @,,, that is, the
graph (2, is again a distance-transitive graph (Theorem 3.3). We showed that there are im-
portant classes of distance-transitive graphs (including the cycle C,,, n > 7), such that their
squares are not even distance-regular (and hence are not distance-transitive) (Remark 3.11).
Also, we determined the spectrum of the graph Q% (Theorem 4.1). Moreover, we showed
that when n > 3 is an even integer, then the graph Q2 is an automorphic graph, that is, a
distance-transitive primitive graph which is not a complete or a line graph (Corollary 4.4).
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Abstract

In this paper we construct a family of 2-(¢", sp?, \) additive designs D = (P, B),
where ¢ is a power of a prime p and P is a n-dimensional vector space over GF(q), and we
compute their parameters explicitly. These designs, except for some special cases, had not
been considered in the previous literature on additive block designs.

Keywords: Block designs, additive designs.
Math. Subj. Class. (2020): 05B05, 05B25, 05B07

1 Additive designs

Point-flat designs D = (P, B) of an affine geometry AG(d, p) over GF(p), as well as of
a projective geometry PG(d, 2) over GF(2), are basic examples of 2-(v, k, \) designs for
which, if P is taken to be GF (p?), respectively GF(29+1)* = GF(2¢+1) \ {0}, then the
blocks have the property that the sum of their points in P is zero.

As soon as k > 4, the family B of blocks of any of these designs is strictly contained in
the family By, (respectively, B;) of all the k-subsets of GF(p?) (respectively, GF(2¢+1)*)
whose elements sum up to zero. In [19], and in [13] for the case p = 2, it is shown that
the incidence structure Dy = (P, By) is a 2-(p?, k, \) design if and only if k& = mp for
some integer m, and that, in such a case, the automorphism group of Dy, is the group of
invertible affine mappings ¢(z) = ¢o(x) + ¢(0) over GF(p), with ¢g € GL(d, p). In this
case, by applying a well-known result of Li and Wan [15] (see also [14, Theorem 2.4] and

[20]), one finds that
1 /p*—2 E—1/pi1t-1
A= — P + cp —— P ,
pd\ k—2 p m—1

where ¢, = (—1)™ if p = 2 and ¢, = 1 otherwise.
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Moreover, for p = 2, the incidence structure Dj = (GF(29+1)*, Bf) is a 2-(29+1 — 1,
k, \) design for any integer k, and, again, the parameter A is given by an explicit formula
[13, Proposition 2.6], whereas the automorphism group of D, is the group GL(d + 1, 2) of
invertible linear mappings on GF(29*1) over GF(2). Among the subdesigns of the latter
designs one finds the only known Steiner 2-design over a finite field, found by Braun et al.
[2] and revisited in [6], when seen as a 2-(8191, 7, 1) design (note that 8191 = 213 1), as
well as the 2-(2v — 1,7, 7) designs over GF'(2) considered in [4], [21].

More generally, in [8] and [9] a 2-(v, k, A) design D = (P, B) is said to be additive
if P can be embedded in a finite commutative group G in such a way that the sum of the
elements in every block is zero. Moreover, it is shown that symmetric and affine resolvable
2-designs are additive and that, for these designs, and for a suitable choice of GG, the blocks
are exactly the (unordered) k-tuples of elements in P which sum up to zero, so that the
automorphism group of D coincides with the stabilizer of P in the automorphism group
of G. On the contrary, it is shown that the only additive Steiner triple systems are the
point-line designs of AG(d, 3) and PG(d, 2) (cf. also [11] and [12]).

With a similar construction to that considered in the present paper, in [18] an additive
2-design is provided, for which no embedding can be found in such a way that the blocks
are characterized as the k-sets of elements of P summing up to zero, thereby settling an
open question posed in [9].

Interestingly enough, the search for new additive designs occasionally produces new
designs which, in addition to being additive, turn out to be also the first known examples of
designs with a certain set of parameters. For instance, in [16] an additive 2-(81, 6, 2) design
is constructed, which is also the first known example of a simple 2-design (that is, with no
repeated blocks) with these parameters, whereas in [17] an additive Steiner 2-(124,4,1)
design is presented. More generally, some infinite classes of additive Steiner 2-designs are
presented in [5] and [3], in the latter case as a notable application of the method of partial
differences.

The goal of this paper is to introduce a class of (additive) block designs that are subde-
signs of D = (GF(p?), By) and which seem not to have appeared so far in the literature.

2 Some new designs

In [7] we considered the 2-(n?,2n,2n — 1) design obtained by taking the points and the
(unordered) pairs of distinct parallel lines of a finite affine plane of order n > 2. Similarly,
in this paper we consider an incidence structure whose blocks are unions of suitable parallel
lines in an affine geometry over GF(p). We obtain an additive subdesign of the design
D = (GF(p?), By) considered here in Section 1, for which we are able to compute the
parameters.

Note that one finds, among these designs, the classical point-flat designs AGy(n, 3),
n > 2, and AG3(n,2), n > 3. Interestingly enough, in some special cases the 2-(v, k, \)
designs that we construct have a smaller A than that of the corresponding point-flat designs
of AG(d, p) with the same parameters v and k.

As usual, we say that m vectors x1, o, . .., T, are daffinely independent if the m — 1
vectors xo — 1, .. ., Ty, — 21 are linearly independent.

Theorem 2.1. Let q be a power of a prime p, and let P be a n-dimensional vector space
over GF(q). Let m be divisible by p, with 3 < m < n + 1, and let B consist of all
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subsets b(x1,xa,...,2Zm) of P of the form
b(z1,22,. .., Tm) ={z; +s(x1 + 22+ -+ 2)|1 <j<mands e GF(p)},

where x1,xa,...,%, € P are affinely independent vectors over GF(q), and GF (p) is the
fundamental subfield of GF(q). Then D = (P,B) is a 2 — (¢", mp, \) additive design,
with

n_ N, (" M2 .
WG (mp— 1) ifm >4,

A= (q"'—qz(fn—f) ifm = 4, 2.1)

n_ .

Proof. Suppose b(y1,¥a,--.,Ym) € B. Since the vectors y1,ys, ..., ym € P are affinely
independent, the sum (y2 —y1) + - - - + (Y — Y1) is nOt zero and, since m is divisible by p
and my; = 0, we deduce that y; +y2 + - - - + Y., 1 NOt Zero, as well. Since the case m = 2
is excluded by hypothesis, the sets {y;+s(y1+y2+- - +ym)| s € GF(p)} and {y;+s(y1+
Y2+ +Ym)| s € GF(p)} are disjoint, for i # j, thus b(y1, Y2, . . ., ¥m) contains exactly
mp elements (note that in the excluded case where m = 2 the two sets are coincident).
Because m < n + 1 and because G = Aff(P) (the affine group of P over GF(q)) acts
2-homogeneously on P and permutes the subsets {wy, wa, ..., w;, } of P consisting of m
affinely independent vectors, the block-set B may be written as B = b§’ (the G-orbit of a
fixed block by = b(x1,xa, ..., x.,)), and it follows from [1, Proposition 4.6, page 175] (or
from [10, Remark 4.29, page 82]) that D is a 2 — (v, k, \) design with parameters v = ¢",
k = mp and

el

‘Sbo |

where Sy, = {f € Aff(P)| f(bg) = b} is the setwise stabilizer of the base block by.

Since, for every block b = b(y1,y2,...,Ym) of D,

b=|B| =

Sy - {p+m())(yl+yz+ +Ym) forp>2

y€eb yl +y2 + +ynz) forp=2 ’

which is the zero vector in either case, the design D is additive by [8, Proposition 2.7,
page 277].

In order to determine the number b of blocks of D, we claim that, if b = b(y1, y2, - - ., Ym)
is any block of the 2-design D and if we denote by R the number of (unordered) sets
{21, 22,...,2m} C b consisting of affinely independent vectors z1, 22, . . . , 2, having the

property that b(z1, 22, ..., 2m) = b(y1,Y2, - - ., Ym ), then Ry does not depend on b and we
have
p™L(p—1), ifm > 4,
Ry = { 56, if m = 4,
72, if m = 3.
Indeed, if t1,to, ..., t,, € GF(p) are chosen in such a way that t; +to + -+ +1¢,, # —1 €
GF(p), then the m (distinct) vectors z; = y; + t;(y1 + y2 + - -+ + ym) of P (belonging
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to b) are affinely independent and have the property that b(z1, 22, ...,2,) = b. Hence
Ry > p™ —p™~ ' =p"(p—1).
On the other hand, since

ZJ:{yJ+T(yl+y2++ym)|T€GF(Q)} (]:172377”)

are m distinct parallel lines of P such that b C I; UlyU- - - Ul,,, we infer: if b(wy, wa, .. .,
wy,) = b for suitable affinely independent vectors wy, wa, ..., w,, € b, and if m > 4,
then the block b is strictly contained in the affine subspace over GF(p) through the m
given affinely independent points and defines uniquely the direction y; + y2 + - - - + Ym
of the parallel lines, thus the m-set {w1, ws, ..., w,,} meets each of the m lines [; (j =
1,2,...,m) in just one point (vector), otherwise some of the y; would not belong to b =
b(y1,92, - Ym) = b(wi,ws,...,w,y). Hence there are ¢, ¢, ..., ¢ € GF(p) such
that w; = y; +¢;(y1 +y2 + - +ym) for j = 1,2,. .., m. Therefore we must have Ry <
p™~Y(p — 1), if m > 4. Thus we proved that, if m > 4, then Ry < p™ 1(p — 1) < Ry,
thatis, Ry = p™ !(p — 1).

Suppose now m = 4. Thus p = 2 and the four lines y; + (y1 + y2 + y3 + v4) (With
i =1,2,3,4), whose union is b, fill a whole 3-dimensional space over GF(2). Then four
vectors (points) z1, 22, 23, 24 € b have the property that b(z1, 22, 23, 24) = b if and only if
z1, 22, %3, Z4 are non-coplanar points of (the affine space) b: choosing 3 points out of the 8,
and a further point not in the plane through them, we obtain 4 non-coplanar points, in (g)

different ways, hence Ry, = 4 x (g)/(g) = 56, if m = 4.

Finally, suppose m = 3. Then p = 3 and the three lines y; + (y1 + y2 + y3) (with
i =1,2,3), whose union is b, are coplanar, hence b is a finite affine plane of order 3. Then
three vectors (points) 21, 22, 23 € b are affinely independent (and have the property that
b(z1, 22, 23) = b) if and only if 21, 25, z3 are non-collinear points of (the affine plane) b.
Therefore Ry = (g) — 12 =172, if m = 3, and the claim is proved.

ng.n n n m—2
Since -4 71)(?;;),1;;5‘1 =" ) is the number of all the m-subsets of P consisting

of affinely independent vectors, counting in two ways the number of flags (W, b), where
W = {wy,ws,...,wy,} is an m-subset of P consisting of affinely independent vectors
and b = b(y1,y2,. .., Ym) is a block of D through W, we obtain by the above argument

qn(q”,1)(({.;,';).1_7;1@77,7”72) =pm Y p—1)b, if m >4,

q"(q"fl)(q;;q)(q"ff) =56b, if m = 4,

qn(q'"—é)(qn—Q) =79 . ifm =3
and this gives the number b of blocks. The parameter A follows consequently. O

Remark 2.2. It is worth noting that the cases where m = 3,4 are sensibly different from
those where m > 4.

Let us first point out that, since the 2—(¢", mp, \) designs D considered in Theorem 2.1
have v = ¢" points, it is natural to ask in what cases such designs arise just as classical
point-flat designs AG,,(n, ¢) of the affine geometries AG(n, ¢). It turns out that this is the
case only for AGy(n,3), n > 2, and AG3(n,2), n > 3. Indeed, the u-flat through m
affinely independent points has k = ¢™ ! points, and this equals & = mp only in the cases
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where m = 2 and ¢ = 4 (which is excluded), m = 3and ¢ = 3, and m = 4 and ¢ = 2.
The fact that in these two cases the blocks turn out to be affine subspaces has already been
pointed out in the above proof.

In all the remaining cases, the designs D in Theorem 2.1 are not point-flat designs
AG,,(n,q). For ¢ = p°,m = p", such designs D are 2 — (p°", ph*1 \) designs, hence
they have the same parameters v and k as the point-flat designs AGy,+1(cn, p) of the affine
geometries AG(cn, p), thus it is appropriate to compare the value of the parameter A in
(2.1) for D with the value of A for AG11(cn, p). As we will now see, for m = p = 3,
q = 3¢ (resp., form = 4, p = 2, ¢ = 2°), with ¢ > 1, the value of A in (2.1) is smaller
than the corresponding value of A for the point-plane design AGz(cn, 3) (resp., for the
point-flat design AGs(cn, 2)). In either case, the design D has a GF(p)-structure, but not
a GF(q)-structure.

(i) Form = 3and g = 3%, ¢ > 1, Disa2 — (3,9, 3°=5") design, whereas the

3en_g

point-plane design AGa(cn, 3) has a larger A = , whose difference with the

6
parameter A of D is ?’CT’?’, which increases exponentially with c. The smallest exam-
ple is the case n = ¢ = 2: in this case, D is a 2 — (81,9, 12) design, whereas the

point-plane design AG2 (4, 3) isa 2 — (81,9, 13) design.

(i) Form =4andq=2°%c > 1,Disa2— (20”, 8, @292 2%) design, whereas

24
(2o —2)(2" )

the point-flat design AGs(cn, 2) has a larger value of A = i .

On the contrary, for m = p = ¢ > 3 the parameter A for D becomes much larger than
that for the point-plane design AGs(n, p). For instance, for the smallest case m = p = g =
5,n =4, Disa2—(625,25,372000) design, whereas the point-plane design AG2(4, 5) is
a2 — (625,25,31) design. And the situation in the cases that do not have a corresponding
AG,(n,q) to be compared with is not different: for¢ = 3, n = 5,and m = 6, Dis a
2 — (243,18, \) design, with A = 1718496.

Remark 2.3. As the affine group Aft(P) has order |Aff(P)| = ¢"(¢" — 1)(¢" — q) - -

_ n—1 — ‘AH(PH
(¢" —q"7) and b = S5 =7,

" we may conclude that the stabilizer Sy, is a group of order

(1-2-3--m)p™ L (p - 1)(g" — ) (g" — " 2)---(g" — ¢ 1), if m > 4,
‘Sbo| = ]_344(qn —q3)(q7’b _qn—l)’ lfm — 4,

432(qn _ qn—l)(qn _ qn—2) . (qn _ qz)7 lfm - 3.

Remark 2.4. The design D, = (GF(2"), By), considered in [13, Proposition 2.5], is a
3-design for any even k. Similarly, for p = 2, the 2-design D = (P, BB) considered in
Theorem 2.1 is a 3-design if and only if ¢ = 2. Indeed, let ¢ = 2, and let { P, P>, P5} and
{Q1,Q2,Q3} be two 3-subsets of P. Since the group of affinities of P acts 3-transitively
on P, there exists an (invertible) affinity p such that p(P;) = Q;, i = 1,2, 3. Moreover,
p(b(y1, Y2, - ym)) = b(p(y1), p(y2), - -, p(ym)) for any subset {y1,y2, ..., ym} of P
consisting of m affinely independent vectors, hence P;, P», P53 belong to a block b if and
only if @1, Q2, @3 belong to the block p(b). Therefore D is a 3-design.

Now let ¢ # 2. If D = (P, B) were a 3-design, then the corresponding derived design
at the point 0 would be a 2-design. By definition, every block of the latter design is of the
form b(z1 = 0,22,...,2m) \ {0} = {z; + s(z1 +x2+ -+ 2)|1 < j < mand
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s € GF(2)} \ {0}, where x, ..., x,, are linearly independent vectors over GF(q), hence
one can prove that, for any nonzero x in P, and for any scalar ¢ in GF(q) \ GF(2), the two
vectors z and cz cannot lie in a common block. Therefore D is not a 3-design for p = 2
and q # 2.
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1 Introduction

The metric dimension of connected graphs was introduced about 50 years ago in [6, 22],
in connection with modeling navigation systems in networks, although this notion was
already known by then for general metric spaces from [1]. Given a connected graph G
and two vertices u,v € V(G), the distance dc(u,v) between these two vertices is the
length of a shortest path connecting v and u. The vertices u, v are distinguished or resolved
by a vertex z € V(G) if dg(u,x) # dg(v,x). A given set of vertices S is a metric
generator for the graph G, if every two vertices of GG are distinguished by a vertex of S.
The cardinality of the smallest possible metric generator for G is the metric dimension of
G, which is denoted by dim(G). The terminology of metric generators was introduced in
[11], and the previous two works referred to such sets as resolving sets and locating sets,
respectively. We herewith follow the terminology of [11]. A metric generator for G of
cardinality dim(G) is called a metric basis. Although the classical metric dimension is an
old topic in graph theory, there are still several open problems that remain unsolved. Recent
investigations on this concern are [3, 4, 8, 16]. More results and open questions concerning
metric dimension and related variants can be found in the recent surveys [15] and [23].

In order to uniquely identify the edges of a graph, by using vertices, the edge metric
dimension of connected graphs was introduced in [10] as follows. Let G be a connected
graph and let uv be an edge of G such that u,v € V(G). The distance between a vertex
x € V(G) and the edge uv is defined as, dg (uv, ) = min{dg (u, x), dg(v, )} It is said
that two distinct edges ey, es € E(G) are distinguished or resolved by a vertex v € V (G)
if dg(e1,v) # dg(ez,v). Aset S C V(G) is called an edge metric generator for G if
and only if for every pair of edges e1,ea € F(G), there exists an element of S which
distinguishes the edges. The cardinality of a smallest possible edge metric generator of
a graph is known as the edge metric dimension, and is denoted by edim(G). After the
seminal paper [10], a significant number of researches on such parameter have appeared.
Among them, some of the most recent ones are [3, 12, 13, 14, 19]. See also the survey
[15] for some other contributions. It is natural to consider comparing the metric and edge
metric dimensions of graphs. However, as first proved in [10], and continued in [13, 14],
both parameters are not in general comparable since there exist connected graphs G for
which edim(G) < dim(G), edim(G) = dim(G) or edim(G) > dim(G).

In order to combine the unique identification of vertices and of edges in only one
scheme, the mixed metric dimension of graphs was introduced in [9]. For a connected
graph G, a vertex w € V(G) and an edge uwv € E(G) are distinguished or resolved by
avertex ¢ € V(Q) if dg(w,x) # dg(uv,z). Aset S C V(QG) is called a mixed metric
generator for G if and only if for every pair of elements of the graphs (vertices or edges)
e, [ € E(G)UV(Q), there exists a vertex of S which distinguishes them. The cardinality of
a smallest possible mixed metric generator of G is known as the mixed metric dimension of
G, and is denoted by mdim(G). Some recent studies on mixed metric dimension of graphs
are [20, 21]. Clearly, every mixed metric generator must be a metric generator as well
as an edge metric generator, and so, mdim(G) > max{dim(G), edim(G)}, for any con-
nected graph G. Moreover, since dim(G) and edim(G) are in general not comparable (see
[13, 14] for more information on this fact), several situations relating these three parame-
ters can be found. That is, there are graphs G with mdim(G) > max{dim(G), edim(G)},
mdim(G) = dim(G) > edim(G), mdim(G) = edim(G) > dim(G), or mdim(G) =
dim(G) = edim(G).
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The metric dimension of hypercube graphs has attracted the attention of several re-
searchers from long ago. For instance, the work of Lindstrom [17] is probably one of the
oldest ones, and for some recent ones we suggest the works [7, 18, 24]. Surprisingly, for
other related invariants there has been comparatively little research on hypercube graphs,
although one can find some interesting recent results on this topic such as those that ap-
peared in [5, 7]. It is our goal to present some results on the close connections that exist
among the metric, the edge metric and the mixed metric dimensions of hypercube graphs.

The d-dimensional hypercube, denoted by (04, with d € N, is a graph whose vertices
are represented by d-dimensional binary vectors, i.e., u = (u1,...,us) € V(Qq) where
u; € {0,1} forevery i € {1,...,d}. Two vertices are adjacent in Q if their vectors differ
in exactly one coordinate. Hypercubes can be also seen as the d times Cartesian product
of the graph P, that is, Qg = PP, --[P,, or recursively, Qg = Qq—10P>. The
distance between two vertices in ()4 represents the total number of coordinates in which
their vectors differ. The hypercube @), is bipartite, and has 27 vertices and d - 291 edges.
We remark that Qs is the cycle Cy and that ()4 can be also seen as the torus graphs C,[1C}.

2 Results

Our first contribution is to relate the metric generators with the edge metric generators of
bipartite graphs.

Lemma 2.1. Let G be a connected bipartite graph. Then, every metric generator for G is
also an edge metric generator.

Proof. Let S be an arbitrary metric generator for G. We will show that .S is an edge metric
generator as well.

Let e; = x1y1 and e5 = x2ys be two arbitrary distinct edges of G. Since G is bipartite
and eq, ey are distinct, one can w.l.o.g. assume that x1, xo (with 1 # x2) belong to one
of the bipartition sets and 1, y» to the other one. Hence the distance between v = x1 and
v = Ty 18 even.

Now, as w and v are distinct, there must be a vertex s € S that distinguishes them,
i.e. d(s,u) # d(s,v). We may assume that d(s,u) + 1 < d(s,v). Since u and v are on
even distance, it follows that distances d(s, ) and d(s, v) are of same parity, otherwise we
encounter a closed walk of odd length in G, which is not possible in a bipartite graph. This
implies d(s,u) + 2 < d(s, v), and now we easily derive

d(er, s) < d(u,s) <d(v,s) —1 < d(ez,s).

In particular, d(e1,s) < d(eg,s) implies that ey, e are distinguished by s € S. Since
the choice of these two edges was arbitrary, we conclude that S is also an edge metric
generator. 0

It is then natural to think in the opposite direction with regard to the result above. In
particular, we ask if an edge metric generator for a bipartite graph is also a metric generator.
In contrast with the result above, achieving this seems to be a challenging task. However,
we have at least managed to show a weaker result for an infinite family of bipartite graphs,
namely the hypercubes (4. That is, when d is odd, every edge metric generator for ()4 is
indeed a metric generator, and when d is even, every edge metric generator is “almost” a
metric generator.
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From now on we denote by «; the vector of dimension d whose i*"-coordinate is 1,

and the remaining coordinates are 0. Also, by “@” we represent the standard (binary)
XOR operation. Notice that, for any vertex u € V(Qg), u @ «; means switching the
i*h_coordinate of u from 0 to 1, or vice versa.

Lemma 2.2. Let S be an edge metric generator of Q4. If there exist two distinct vertices u
and v not distinguished by S, then they must be antipodal in Q)4 and d is even. If d is odd,
then S is also a metric generator of Q4.

Proof. Suppose that v = (u1,us,...,uq) and v = (v1,v2,...,v4) are not antipodal.
Then, u; = v; for some i. Let QJ_, and Q) | be the half-cubes regarding the dimension
i. Notice that u and v belongs to a same half-cube, say QY_,. Let e, and e, be the edges
corresponding to the component ¢ (in (4) incident with u and v, respectively. In other
words, as u®«; and vP«; are the neighbours of v and v in Q}iil, we have e, = (u, uPq;)
and e, = (v, v @ ;). We claim that the edges e,, and e,, are not distinguished by S. To see
this, observe that if s € S belongs to Qg_l, then

d(s,e,) =d(s,u) =d(s,v) = d(s,e,).
Also, if s € S belongs to chl_l, then
d(s,ey) =d(s,u® a;) = d(s,v® ;) = d(s,ey).

We hence derive that the edges e,, and e, are not distinguished by S, which is a contradic-
tion.

Based on the above arguments we conclude that u and v are antipodal, i.e. d(u,v) =
d. Hence, every vertex x of S satisfies d(u,z) + d(z,v) = d. As every vertex s € S
must be equally distanced from u and v, we conclude that d(u, s) = d(s,v) = d/2, and
consequently, d must be even. This establishes the main claim.

Finally, observe that if d is odd, then no vertex is equally distanced from two antipodal
vertices of ()4, and therefore, S is a metric generator of Q). O

Next lemma will ensure that enlarging an edge metric generator of ()4 with one chosen
element, we get a metric generator of ().

Lemma 2.3. Let S be an edge metric generator of Q4 and let s be an arbitrary element of
S. Then, S U {s @ a1} is a metric generator of Qg.

Proof. If S is a metric generator of @4, then SU{s@ aq } is so too, and we are done. Thus,
we assume that S is not a metric generator of 4. Then, by Lemma 2.2, d is even and there
must exist antipodal vertices u and v such that d(u, ) = d(v,z) = d/2 for every z € S.
This will not be the case for s ® aq, as |d(u, s ® a1) — d(v, s ® a1)| = 2. Therefore, we
conclude that S U {s @& «1 } is a metric generator of Q. O

Since g is a bipartite graph, the two previous lemmas give us the following conse-
quence.

Theorem 2.4. Let d > 1. Then
edim(Qq) < dim(Qq) < edim(Qq) + 1,

with the second inequality being tight only if d is even.
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Proof. The lower bound holds by Lemma 2.1. The upper bound and its possible tightness
(for more than one case) follows by Lemmas 2.2 and 2.3. O

Notice that the upper bound dim(Q,) < edim(Q ) + 1 is indeed tight for the case @4,
since 4 = dim(Q4) = edim(Q4) + 1, as proved in [10].

We now turn our attention to relating the metric dimension with the mixed metric di-
mension of hypercubes. To this end, we will need the following two results. We must
remark that the first of next two lemmas already appeared in [18]. We include its proof for
completeness.

Lemma 2.5. If S is a metric generator (in particular, a metric basis) of Qq and s € S,
then (S\ {s}) U{s'} is also a metric generator (in particular, a metric basis) of Qq, where
s' € V(Qq) is the antipodal vertex of s.

Proof. If s € S distinguishes some pair of vertices = and y of Qg4, then s’ distinguishes
such pair as well, since d(z, s') = d — d(z, s) and d(y, s’) = d — d(y, s). This also means
that no metric basis of 4 contains two antipodal vertices. Thus, if .S is a metric generator
(or a metric basis) of Qg, then S\ {s} U {s'} is a metric generator (or a metric basis) as
well. O

Lemma 2.6. If S is a metric generator of Q 4, then there is at most one indexi € {1, ...,d}
such that all the vertices from S have the same value at the i coordinate.

Proof. Suppose that there exist two different indices ¢ and j such that all vertices from S
have the same value at the it and jth coordinates. First, let us consider the case when
there are zeroes at such coordinates. Other cases can be shown by using similar arguments.
Now, let z € V(Qg) be a vertex having zeroes at all coordinates, except at the i*", and let
y be a vertex having zeroes at all positions except at the 5. Then, d(z,s) = d(y, s) for
any vertex s € .9, a contradiction. O

The mixed metric dimension of hypercubes )1 and Q)5 are 2 and 3, respectively. This
can be derived from results for paths and cycles from [9]. This gives us that dim(Q4) <
mdim(Qq), for d € {1,2}. For all higher dimensions the mixed metric dimension is equal
to the metric dimension as we next show.

Theorem 2.7. Letd > 3. Then
dim(Qg) = mdim(Qq).

Proof. First, {(1,1,1),(0,1,0),(0,0,1)} and {(1,1,1,1),(0,1,0,0),(0,0,1,0),
(0,0,0,1)} are mixed metric bases for Q3 and Q4, respectively. Thus, the equality follows
for these cases since dim(Q3) = 3 and dim(Q4) = 4. It remains to check the equality for
d>5.

Let S be a metric basis for Q4 with d > 5. By Lemma 2.1, S is an edge metric
generator of (J4. In this sense, in ()4 we only need to distinguish those pairs of elements,
one of them being a vertex and the other one, an edge. For this, let u be an arbitrary vertex
and let e = zy be an arbitrary edge of Q4.

Suppose first that « is not a vertex of e. As d(u, ) and d(u,y) are of different parity,
we may assume that u and x are on even distance. Now, let s; be a vertex from S that
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distinguishes « and x. Similarly, as in Lemma 2.1, notice that d(s;,u) and d(s;, ) are of
the same parity, and as they are different, we have that |d(s;,u) — d(s;,x)| > 2. So, if
d(si,u) < d(s;, z), then we derive

d(si,u) < d(si,u)+1<d(s;,x) —1<d(s;,€),
and if d(s;, ) < d(s;, u), then we have
d(s;,e) < d(s;,x) < d(si,u).

Thus, in both cases e and u are distinguished by a vertex from .S.

So all the pairs of elements (vertices and edges) considered in the upper part are distin-
guished by an arbitrary metric basis. To conclude the proof, we need to construct a metric
basis of cardinality | S| that will also distinguish incident vertices and edges.

Suppose now that  is an endpoint of e, say u = . To distinguish u and e there needs
to be a vertex s € S which is from the half-cube ()41 that contains vertex y and does not
contain vertex x. To distinguish all such pairs there must be at least one vertex from the
mixed metric generator in every half-cube (Q4—1. For any index ¢ € {1,...,d}, there exists
a vertex from a mixed metric generator having 0 on the i*® coordinate, and a vertex from
a mixed metric generator having 1 on the i*" coordinate. In other words, a mixed metric
basis does not have a column of zeroes or a column of ones at an arbitrary index ¢ (if we
arrange all vectors of the mixed metric basis as a matrix with such vectors as the rows of
such matrix).

We have started from an arbitrary metric basis S. Since () is a vertex transitive graph,
we may assume that the vertex s; = (0,0,...,0) (all coordinates equal to 0) is in S. If
S does not contain a column of zeroes, then S is also a mixed metric basis. Otherwise,
by Lemma 2.6, there exists only one such column, say at index ¢3. By Lemma 2.5, we
know that we can replace any of the vertices from the set S with its antipodal vertex and
the incurred set S” = S\ {s} U {s'} is a metric basis too, since the column at index i (all
zeroes) ensures that no two vertices in S are antipodal to each other. Moreover, in view of
Lemma 2.1, S is an edge metric generator as well.

There exist at least four different vertices s; = (0,0, ...,0), s2, $3 and s4 in the set S,
since dim(Qq) > 4, for d > 5. We construct four sets S! in the following way:

S =S\ {s1h)u{s1}, S5 =(9\{s2,83}) U{s5, 53},
Sy = (S\{s2}) U{sr}, S1=(9\{s1,53}) U{si, 3},

and consider the next situations:
(D): If S7 is not a mixed metric generator, then there is a column of ones in S} at some
index 7.
(ID): If S} is not a mixed metric generator, then there is a column of zeroes in .S} at some
index 79.
(IID): If S5 is not a mixed metric generator, then there is a column of zeroes in .S at some
index 3.
(IV): If S} is not a mixed metric generator, then there is a column of ones in S} at some
index 74.

Observe that all these indices g, %1, 92, 73, and 74 are different. If none of the four sets
S{ defined above is a mixed metric generator, then the initial set .S looks as follows.
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10 11 i2 13 14
s;: 00 O 0 O
so: 0|1 1 1 1
S3 : 011 1 0 O
s4: 0|1 0 0 1

S|5| ¢ 0 1 0 0 1

We now take a look at the columns i1, i2, 73 and ¢4. Let v; be a vertex having zeroes at

all positions except at 77 and i3 and let v, be a vertex having zeroes at all positions except
at i and i4. Then, d(v1,s) = d(va, s), for any vertex s € S, a contradiction. Therefore,

at least one of the sets S} has to be a mixed metric generator, and therefore, the equality
mdim(Q4) = dim(Qq) follows since any mixed metric basis is also a metric basis. O

In view of the asymptotical result for the metric dimension of hypercubes from [2],
Theorems 2.4 and 2.7 give us the following consequences.

Corollary 2.8. Let d > 3. Then

dim(Qq) — 1 < edim(Qq) < dim(Qq) = mdim(Q4).
Corollary 2.9. Let d > 2. Then

2d

mdim(Qq) ~ edim(Qq) ~ dim(Qq) ~ log, d
2

We conclude this short paper with the following conjecture.

Conjecture 2.10. If d is large enough, then

edim(Qq) = dim(Qq).

As the above conjecture does not hold for d = 4, d must be at least 5.
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Abstract

The complete forcing number of a graph G with a perfect matching is the minimum
cardinality of an edge set of G on which the restriction of each perfect matching M is a
forcing set of M. This concept can be view as a strengthening of the concept of global
forcing number of G. Dosli¢ in 2007 obtained that the global forcing number of a con-
nected graph is at most its cyclomatic number. Motivated from this result, we obtain that
the complete forcing number of a graph is no more than 2 times its cyclomatic number
and characterize the matching covered graphs whose complete forcing numbers attain this
upper bound and minus one, respectively. Besides, we present a method of constructing a
complete forcing set of a graph. By using such method, we give closed formulas for the
complete forcing numbers of wheels and cylinders.

Keywords: Perfect matching, global forcing number, complete forcing number, cyclomatic number,
wheel, cylinder.
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1 Introduction

Let G be a graph with vertex set V(G) and edge set E(G). A matching of G is a set of
disjoint edges of G. A perfect matching M of G is a matching that covers all vertices of
G. An edge of G is termed allowed if it lies in some perfect matching of G and forbidden
otherwise. A forcing set of M is a subset of M contained in no other perfect matching of
G. The forcing number of M is the minimum possible cardinality of forcing sets of M. We
may refer to a survey [6] on this topic. A subset S C E(G) \ M is called an anti-forcing
set of M [14] if G — S has a unique perfect matching M. The anti-forcing number of M
is the smallest cardinality of anti-forcing sets of M.
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Let G be a graph with a perfect matching. Concerning all perfect matchings of G,
Vukicevic et al. [21, 22] introduced the concept of global (or total) forcing set, which is
defined as a subset of F(G) on which there are no two distinct perfect matchings coincid-
ing. The minimum possible cardinality of global forcing sets is called the global forcing
number of G. For more about the global forcing number of a graph, the reader is referred
to [3, 7, 20, 27].

As a strengthening of the concept of global forcing set of G, Xu et al. [24] proposed the
concept of the complete forcing set of G, which is defined as a subset of F(G) on which the
restriction of each perfect matching M is a forcing set of M. A complete forcing set with
the minimum cardinality is called a minimum complete forcing set of G, and its cardinality
is called the complete forcing number of G, denoted by cf (G). If G has at least two perfect
matchings, then ¢f(G) is larger than the global forcing number of G [24].

A subgraph G of G is said to be nice if G — V' (G) has a perfect matching. Obviously,
an even cycle C of G is nice if and only if there is a perfect matching M of G such that
E(C) N M is a perfect matching of C. We call each of the two perfect matchings of C' a
frame (or a typeset [24]) of C', which was ever used in [1] to obtain a min-max theorem for
the Clar problem on 2-connected plane bipartite graphs.

Xu et al. established the following equivalent condition for a subset of edges of a graph
to be a complete forcing set.

Theorem 1.1 ([24]). Let G be a graph with a perfect matching. Then S C E(G) is a
complete forcing set of G if and only if for any nice cycle C of G, the intersection of S and
each frame of C' is nonempty.

Let S be a complete forcing set of G. For a perfect matching M of G, from Theo-
rem 1.1, S\ M contains at least one edge of every M -alternating cycle of G. By Lemma 2.1
of [14], S'\ M is an anti-forcing set of M. So a complete forcing set of G both forces and
antiforces each perfect matching. Further, Chan et al. [4] obtained that the complete forc-
ing number of a catacondensed hexagonal system is equal to the number of hexagons plus
the Clar number and presented a linear-time algorithm for computing it. Besides, some
certain explicit formulas for the complete forcing numbers of rectangular polynominoes,
polyphenyl systems, spiro hexagonal systems and primitive coronoids have been derived
[5, 15, 16, 23]. In recent papers [11, 12], we established a sufficient condition for an edge
set of a hexagonal system (HS) to be a complete forcing set in terms of elementary edge-cut
cover, which yields a tight upper bound on the complete forcing numbers of HSs. For a
normal HS, we gave two lower bounds on its complete forcing number by the number of
hexagons and matching numbers of some subgraphs of its inner dual graph, respectively.
In addition, we showed that the complete forcing numbers of catacondensed HSs, normal
HSs without 2 x 3 subsystems, parallelogram, regular hexagon- and rectangle-shaped HSs
attain one of the two above lower bounds.

Let ¢(G) = |E(G)|— |[V(G)| +w(G) denote the cyclomatic number of G, where w(G)
is the number of components of G. In 2007, Dosli¢ [7] obtained that the global forcing
number of a connected graph is at most its cyclomatic number and gave a characterization:
a connected (bipartite) graph has the global forcing number attaining its cyclomatic number
if and only if each cycle is nice (such graphs are called 1-cycle resonant graphs; see [9]).
As a corollary, the global forcing number of any catacondensed HS is equal to the number
of hexagons.

Motivated by Dosli¢’s result, in this paper we obtain that the complete forcing number
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of a graph is no more than 2 times its cyclomatic number by presenting a method of con-
structing a complete forcing set of a graph (see the next section). Moreover, in Section 3,
we show that the complete forcing number of a matching covered graph attains the above
upper bound if and only if such graph is either K5 (a complete graph with 2 vertices) or an
even cycle. Besides, we characterize the matching covered graphs whose complete forcing
numbers are equal to 2 times their cyclomatic numbers minus 1 in terms of ear decompo-
sition. In the last section, we present some lower bounds on the complete forcing numbers
of some types of graphs including plane elementary bipartite graphs and cylinders. Com-
bining such methods, we give closed formulas for the complete forcing numbers of wheels
and cylinders.

2 An upper bound on complete forcing number

All graphs considered in this paper are simple and all the bipartite graphs are given a proper
black and white coloring: any two adjacent vertices receive different colors.

Let G be a graph. Suppose that V' is a nonempty subset of V(G). The subgraph of
G whose vertex set is V' and whose edge set is the set of those edges of G that have both
end-vertices in V" is called the subgraph of G induced by V' and is denoted by G[V’]. The
induced subgraph G[V \ V'] is denoted by G — V"'. For E' C E(G), the spanning subgraph
(V(G),E(G) \ E') is denoted by G — E’ [2]. For a nonempty proper subset V' of V(G),
the set of all edges of G having exactly one end-vertex in V' is called an edge cut of G and
denoted by g (V") (or simply 9(V")).

Forv € V(G) and e € E(G), for simplicity we use G — v, G — e and 0(v) to represent
G — {v}, G — {e} and O({v}) respectively. Further the cardinality of O (v) is called the
degree of v in G and is denoted by dg(v) (or simply d(v)).

In this section, we will present a method of constructing a complete forcing set of G
in terms of elementary edge cut, which was introduced in [19, 26] to show the existence
of perfect matchings in HS and plays an important role in resonance theory of graphs
[13, 25, 28] especially in the computation of Clar number of HSs [10]. Elementary edge
cut was previously defined in bipartite graphs, we extend this concept to general graphs as
follows.

We call an edge cut D of G an elementary edge cut (e-cut for short) if it satisfies the
following three conditions:

(1) w(G — D) = w(G) + 1, that is, there are exactly two components Oy and Oz of
G — D that are different from of all components of G.

(2) Atleast one of O and Oy is a bipartite graph.

(3) All edges of D are incident with the vertices of the same color in one bipartite com-
ponent of O; and O (for example, the bold edges of GG; in Figure 10 form an e-cut
of Gl)

A bridge of G is an edge cut of G consisting of exactly one edge. A cut-vertex of G is
a vertex whose deletion increases the number of components. A block of G is a maximal
connected subgraph of G that has no cut-vertices. Each block with at least 3 vertices is
2-connected. The blocks of a loopless graph are its isolated vertices, bridges, and maximal
2-connected subgraph. A block of G that contains exactly one cut-vertex of G is called an
end-block of G.
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Let D be an e-cut of a graph G with at least two edges. Then we define an e-cut deletion
operation (simply ED operation) of GG in the following steps:

(1) Delete D from G,
(2) Delete the set B consisting of all bridges of G — D, and
(3) Delete the isolated vertices of G — D — B.

Let G’ be the subgraph obtained from G by an ED operation. Then G’ has neither
isolated vertices nor bridges. If G’ is not empty, then each block of G’ is 2-connected. Let
v" be a non-cut-vertex of a block of G’ with at most one cut-vertex of G'. Then w(G’' —
de (V")) = w(G’) + 1 and v’ is a component of G’ — d¢ (v'), s0 O (v') is an e-cut of G’
with at least 2 edges and we can do an ED operation on G’. If we can do [ ED operations
from G and obtain the following subgraph sequence G = G; D G D -+ D Giy1,
where (G; is not empty graph and G, 1 is obtained by doing an ED operation from G for
i =1,2,...,1, then we call this procedure an e-cut decomposition from G1 to G;4;1. Let
D; be the deleted e-cut from G;. Then

o(Gi — Di) = |E(Gy)| — |Di| = [V(Gi)| + w(Gi) + 1 = c(Gi) — (|Di] = 1).
Let B; be the set of bridges deleted from GG; — D;. Then we have
C((Gz — Dl) — BZ‘) = C(GZ‘ — Di) = C(GZ‘) — (‘Dl| — 1).

Since deleting the isolated vertices from G; — D; — B; keeps its cyclomatic number un-
changed,
c(Giy1) = c((Gi — D;) — B;) = ¢(G;) — (|IDi] = 1).

So, we have
c(Gi) = c(Gip1) = |Di| — 1. 2.1

Since | D;| > 2, Equation (2.1) implies that an ED operation on G; decrease the cyclomatic
number by at least 1.
From the above discussion, we have the following result.

Lemma 2.1. If a graph G has an e-cut with at least two edges, then there exists an e-cut
decomposition from G to empty graph.

Lemma 2.2. Let G be a graph without isolated vertices or bridges. If H is a 2-connected
induced subgraph of G, then there exists an e-cut decomposition from G to H.

Proof. If G is not 2-connected, then there is a block B of GG such that H is not an induced
subgraph of B and B contains at most one cut-vertex of GG. Since G has neither isolated
vertices nor bridges, B is 2-connected. Let v; be a vertex of B that is not a cut-vertex of
G. Then d¢(v1) is an e-cut of G with at least two edges. We can use Jg(v1) to do an ED
operation on G. If G is 2-connected and G # H, let vy be a vertex of V(G) \ V(H). Then
O¢(v2) is an e-cut of G with at least two edges. We can use O (v2) to do an ED operation
on G. In either of the above two cases, we can see that H is still an induced subgraph of
the resulting graph. Clearly, we can do ED operations repeatedly like the above until the
resulting subgraph is H. O
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Lemma 2.3. Let G be a graph that admits a perfect matching and F' be the set of all
forbidden edges of G. If there exists an e-cut decomposition from G — F = Gy to G141
(I > 1) such that G411 is empty graph or each cycle of G411 is not a nice cycle of G, then
Dy U Dy U---U Dy is a complete forcing set of G, where D; (i = 1,2,...,1) is the e-cut
deleted from G in the e-cut decomposition. Further, cf(G) < ¢(G) + 1 — ¢(Gi41).

Proof. Fori =1,2,...,1, let B; be the set of bridges deleted from G; — D; in the e-cut
decomposition. Then E(G) can be partitioned into U Dy U By UDyUByU---U DU
By U E(Gy41). Since every edge of a nice cycle C'is allowed, E(C) N F = {.

Claim. For¢ = 1,2, ..., if there is a nice cycle C of G that has an edge in D; U B;, then
each frame of C intersects Dy U Dy U --- U D;.

Proof. We shall proceed by induction on i. Fori = 1, if E(C)NB; # 0, then E(C)ND; #
(. Choose an edge e; in E(C) N Dy. Since D; is an e-cut of Gy, there is a bipartite
component O; of G; — D; such that all edges of D are incident with the same colored
vertices of O; (say black). After C passes through e; to black end-vertex in O;, C' must
pass through another edge of D; from black end-vertex in O;. Let ez be the first such edge.
Then the path of C; between black vertices of e; and e5 in O; has even length. This yields
that edges e; and e in D, belong to different frames of C' and the claim holds for : = 1.
Suppose that the claim holds for ¢+ < [ — 1. We shall prove it for < 4+ 1. If C' has an edge
in E(G) \ E(G;41), that is, C has some edge in D; U By U Dy U Bo U ---U D; U By, by
the induction hypothesis, the intersection of each frame of C' and D; U Do U --- U D; is
nonempty. So we may assume that E(C') C E(G;41)- Since C has an edge in D;1UB; 41,
similarly we have that each frame of C' must have an edge in D, 1. Consequently, the claim
holds. 0

Since G4 is empty graph or every cycle of Gy is not a nice cycle of G, every nice
cycle of G contains an edge in D1 UB;UDsUBsU- - -UD;UB;. By the claim, each frame
of each nice cycle of GG intersects Dy UDsU- - -UD;. So, by Theorem 1.1, D1UDsU- - -UD;
is a complete forcing set of G.

From Equation (2.1), we have

l

co(G1) = e(Gi1) = > _(IDi| = 1), (2.2)

i=1
and then l
D IDi| = e(Gh) + 1= (Giyr).
i=1
Since Gy = G — F, ¢(G1) < ¢(G) and
c¢f(G) <|DyUDyU---UD;| =c(Gr) +1 = c(Git1) < e(G) +1—c(Giy1). O
From Lemma 2.3, we have the following upper bound on the complete forcing number.

Theorem 2.4. Let G be a graph that admits a perfect matching. Then cf(G) < 2¢(G).

Proof. If G has a unique perfect matching, then cf(G) = 0, and the conclusion holds. If
G has at least two perfect matchings, let F' be the set of all forbidden edges of G. Then
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each K block of G — F'is a component, so there is a 2-connected block B of G — F
with at most one cut-vertex of G — F. Let v be a vertex of B that is not a cut-vertex of
G — F. Then Og_p(v) is an e-cut of G — F' with at least two edges. By Lemma 2.1 there
exists an e-cut decomposition from G — F' to empty graph: G; D G2 D --- D Giy1,
where G; = G — F and G41 = 0. Fori = 1,2,...,1, let D; be the e-cut deleted from
G in this e-cut decomposition. From Equation (2.2), since |D;| > 2 and ¢(G1) < ¢(G),
we have [ < Zlﬂ(\D | = 1) = ¢(G1) < ¢(G). Combining with Lemma 2.3, we have
cf(G) < ¢(G) + 1 = c(Giy1) < 2¢(G). O

3 Some extremal matching covered graphs

A connected graph G is said to be matching covered if it has at least two vertices and
each edge is allowed. Every matching covered graph with at least four vertices is 2-
connected [18].

In this section, we will characterize the matching covered graphs whose complete forc-
ing numbers attain the upper bound given in Theorem 2.4 and minus one, respectively.

Theorem 3.1. Let G be a matching covered graph. Then cf(G) = 2¢(G) if and only if G
is either Ko or an even cycle.

Proof. The sufficiency is obvious. So we consider the necessity. If ¢(G) = 0, then G is
a tree. Since G is matching covered, G can only be Ks. For ¢(G) > 1, suppose to the
contrary that GG is not an even cycle. Then G has a vertex v with degree at least 3. Let
Dy = 9(v). Then since G is 2-connected, G — D1 has exactly two components and D,
is an e-cut with |D;| > 3. We use D; to do an ED operation on G; = G and obtain
G, and then we do ED operations from G5 repeatedly until the empty graph is obtained.
Consequently, we obtain an e-cut decomposition G = G; D Ga D - D Giy1 = 0
(I1>1).Fori=2,3,...,1,let D; be the e-cut deleted from G; in this e-cut decomposition.
By Equation (2.1), ¢(G2)—¢(G1) = |D1|—1 > 2and ¢(Gi41)—c(G;) = |Di|-1 > 1 (i =
2,3,...,1). Combining with Equation (2.2), we have [ + 1 < Y\ (|D;| — 1) = ¢(G) —
¢(Gr41), and thus [ < ¢(G) — 1. By Lemma 2.3, ¢(G) < 2¢(G) — 1, a contradiction. [

Corollary 3.2. Let G be a graph with a perfect matching. Then cf(G) = 2¢(G) if and
only if

(1) each forbidden edge of G is a bridge, and

(i) each component of the graph obtained by deleting all forbidden edges from G is
either Ky or an even cycle.

Proof. Let G be the graph obtained from G by deleting all forbidden edges. Since each
forbidden edge of G does not appear in any minimum complete forcing set of G, cf(G) =
cf(Go). Let O1, Oa, ..., Oy (t > 1) be the components of Go. By Theorem 2.4 we have

t

cf(G) = cf (Go) = Zcf( Z ) = 2¢(Go) < 2¢(@).

In the above expression, Theorem 3.1 implies that the third equality holds if and only if
each O; is either K, or an even cycle, and the fifth equality holds if and only if Gy and G
have the same cyclomatic number, that is, each forbidden edge of G is a bridge. O
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A connected graph G is said to be elementary if all its allowed edges form a connected
subgraph of G. A connected bipartite graph is elementary if and only if each edge is al-
lowed [17]. An elementary bipartite graph has the so-called “bipartite ear decomposition”.
Let x be an edge. Join the end vertices of z by a path P; of odd length (the so-called
“first ear””). We proceed inductively to build a sequence of bipartite graphs as follows: If
Gr—1 =xz+ P1 + P, +--- + P._; has already been constructed, add the r-th ear P, (a
path of odd length) by joining any two vertices in different colors of G,_; such that P, has
no other vertices in common with G,._1. The decomposition G, = x+ P+ P, +---+ P,
will be called an (bipartite) ear decomposition of G,.. It is known that a bipartite graph G
is elementary if and only if G has a bipartite ear decomposition [17]. We can see that the
number 7 of ears is equal to the cyclomatic number of G.

(a) ()

Figure 1: Two examples for graphs G with ¢f(G) = 2¢(G) — 1.

Theorem 3.3. Let G be a matching covered graph. Then cf(G) = 2¢(G) — 1 if and only
if G is a bipartite graph and one of the following holds :

(i) ¢(G) = 2 (see Figure 1(a));

(ii) G has an ear decomposition G = x + Py + Py + - -+ + P. (r > 3) such that one
frame of ©+ Py contains at least r — 1 edges wabs, w3bs, . . ., w,.b, and the two ends
of Py, Ps, ..., P, are the two end-vertices of waba, w3bs, . . ., w;.b,, respectively (see
Figure 1(b)).

Proof. Sufficiency. (i) If ¢(G) = 2, by the ear decomposition of G, G contains two 3-
degree vertices, denoted by a and b. Let P{, Pj, P} be the 3 internally disjoint paths from
a to b (see Figure 1(a)) and S be a complete forcing set of G. If |S| < 2, then one of
P/, P; and Pj has no edges in S, say P;. We can see that one of the two nice cycles
P{ U P} and Pj U P} has a frame containing no edges of S, which contradicts that S is a
complete forcing set by Theorem 1.1. So ¢f(G) > 3. Conversely, we can see that g (a)
is a complete forcing set of GG, which means that cf(G) < 3. Consequently, we have
cf(G)=3=2¢(G) — 1.
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(ii) For 2 < i < r,let C; = P;U{w;b;}. Then we can see that Cy, Cs,...,C, are r — 1
vertex-disjoint nice cycles of G. Let S be a complete forcing set of G. By Theorem 1.1,
each frame of C; (2 < i < r) has at least one edge of .S, so each C; contains 2 edges of .S.
Further the frame of the nice cycle z+ P; that does not contain {wabs, wsbs, . .., w,b, } has
an edge in S. So |S| > 2r — 1. Conversely, let D1 = 0g(bz) and D; (i = 2,3,...,r — 1)
be any two adjacent edges of C; 1. We use Dy, Do, ..., D,_; to do ED operations from
G in turn and obtain empty graph finally. By Lemma 2.3, D; U Dy U --- U D,_; is a
complete forcing set of G and ¢f(G) < |[DyUDyU---UD,_1| =34+2(r—2)=2r—1.
Consequently, we have ¢f(G) = 2r — 1 = 2¢(G) — 1.

Necessity. If ¢(G) = 0 or 1, then G is K5 or an even cycle. By Theorem 3.1, ¢f(G) =
2¢(@), contradicting ¢f(G) = 2¢(G) — 1. So ¢(G) > 2 and |V(G)| > 4. Since G is
matching covered, G is 2-connected.

Claim 1. For an e-cut decomposition from G = G; to Gy41 = 0, if there is an integer k
(1 < k <) such that | Dy| > 4 or there are two integers m and n (1 < m < n <) such
that | D,,| > 3 and |D,,| > 3, then cf(G) < 2¢(G) — 2.

Proof. If |Dy| > 4 (1 < k <), thensince |D;| > 2fori=1,2,...,k—1,k+1,...,1,
Zé:l(‘D” — 1) > [ + 2. From Equation (2.2), we have | < ¢(G) — 2, and thus ¢f(G) <
2¢(G) — 2 by Lemma 2.3.

If |Dy,| > 3and |Dy| > 3 (1 < m < n <I). Thensince |D;| > 2 (i = 1,2,...,
m—1,m+1,...,n=1n+1,...,1), Y\, (|Di] = 1) > [ + 2. From Equation (2.2), we
have | < ¢(G) — 2, and thus ¢f(G) < 2¢(G) — 2 by Lemma 2.3. O

If G has a vertex vy with degree at least 4, let D1 = 9(vp). Since G is 2-connected,
G — O(vp) has exactly two components and D; is an e-cut of G. Then we can give an
e-cut decomposition from G to empty graph by taking D; as the first e-cut. By Claim 1,
cf(G) < 2¢(G) — 2, a contradiction. Thus dg(v) < 3 for each vertex v € V(G). In
addition, since ¢(G) > 2, G has a 3-degree vertex v;. Since G is 2-connected, G — vy is
connected.

Claim 2. G is a bipartite graph.

Proof. Suppose to the contrary that G is not a bipartite graph. Let v be a vertex of G.
Then G — v is not a bipartite graph as well. Otherwise, G — v has a bipartition (W, B)
(IW] < |BJ). If v is adjacent to a vertex w of W in G, then vw is a forbidden edge of G,
which contradicts that G is matching covered. So v can only be adjacent to vertices of B
in G, and thus G is a bipartite graph, a contradiction to the supposition. Hence, G — v; has
an odd cycle C}.

Let D1 = 9(v1). Since G is 2-connected, G — D has exactly two components and D,
is an e-cut of G with | D1 | = 3. We obtain G5 by doing an ED operation on G; = G via Dy.
Since G[V (C1)] is 2-connected and G[V (C)] is still a subgraph of G2, from Lemma 2.2,
there exists an e-cut decomposition from G5 to G[V(C4)] = G,,. Fori = 2,3,...,
m — 1, we denote by D, the deleted e-cut from G; in this e-cut decomposition. If G,
has a 3-degree vertex vy,, let Dy, = Jg[v(c,))(vm). We can give an e-cut decomposition
from G,,, to empty graph by taking D,, as the first e-cut. Combining the above two e-cut
decompositions, we have an e-cut decomposition from G; to empty graph with |D;| =
|Dp| = 3. By Claim 1, ¢f(G) < 2¢(G) — 2, a contradiction. If G,, is an odd cycle,
by Lemma 2.3, Dy U Dy U --- U D,,,_1 is a complete forcing set of G and cf(G) <
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¢(G)+ (m — 1) — ¢(Gy). Since |D1| = 3 and |[D;| > 2 (i = 2,3,...,m — 1), ¢(G) —
c(Gm) = > Y(ID;] = 1) > m, so we have m < ¢(G) — ¢(G,,) = ¢(G) — 1. Hence,

cf(G) < C(G)= + (m—1) — c(Gn) < 2¢(G) — 3, a contradiction. O
Claim 3. Each block of G — v is either K or an even cycle.

Proof. Let B be a block of G — vy. Then dp(v) < 2 for each v € V(B). Otherwise, let
v’ be a vertex of B with dg(v’) = 3. By Lemma 2.2, there exists an e-cut decomposition
from G = G; to B = G,,, by taking D; = 9¢(vy) as the first e-cut. Let D,,, = 9g,, (v').
Then D,, is an e-cut of B and we can give an ED decomposition from B to empty graph
by taking D,, as the first e-cut. Combining with the above two e-cut decompositions, we
have an e-cut decomposition from G to empty graph with |D;| = | D,,,| = 3. By Claim 1,
c¢f(G) < 2¢(G) — 2, a contradiction. Since G is a bipartite graph by Claim 2, each block
of G — vy is K or an even cycle. O

In the following we may assume that v; is a black vertex of G.

Claim 4. If each block of G — vy is Ko, then ¢(G) = 2 and (i) holds.

Proof. Obviously G — v is a tree. If G — v; has no 3-degree vertices, then it is a path P.
Since G is 2-connected, the end-vertices of P are adjacent to v; and receive white. Further,
since di(v1) = 3, v; has third white neighbor as an internal vertex of P (see Figure 2(a)).
So ¢(G) =2.

(b)

Figure 2: Illustration for Claim 4.

(©

If G — vy has a 3-degree vertex, then G — vy has only one 3-degree vertex, denoted
by w;. Otherwise, G — vy has at least four 1-degree vertices, but just three of them is
adjacent to v1 in G, so G has a 1-degree vertex, a contradiction. Thus G — v; has three
1-degree vertices which are adjacent to vy in G. It follows that w; is a white vertex (see
Figure 2(c)); Otherwise, G has an odd number of vertices (see Figure 2(b)), a contradiction.
So ¢(G) = 2. O

In what follows we suppose that G — v has a block that is an even cycle.

Claim 5. Each even cycle block of G — v; has at most two 3-degree vertices in G.
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Figure 3: An even cycle block C of G — v; has exactly three 3-degree vertices of G.

Proof. If G — vy has an even cycle block that has four 3-degree vertices in G, then it has at
least one end-block that has no vertices that are adjacent to v; in G. This causes G to have
a cut-vertex, which contradicts that G is 2-connected. If there is an even cycle block C' of
G — v1 that has exactly three 3-degree vertices of GG, then two of such three vertices ws and
w3 have the same color in G. Let P be a path contained in C with ends wy and w3 (see
Figure 3). Then each internal vertex of P is still a 2-degree vertex of G. Further, since G
has an e-cut 9(V (P)) of four edges, we can give an e-cut decomposition from G to empty
graph by taking 9(V (P)) as the first e-cut. By Claim 1, we have cf(G) < 2¢(G) — 2, a
contradiction. O

Claim 6. GG — vy is not 2-connected, and has no vertices contained in three K5 blocks.

(0)

Figure 4: (a) w4 and ws have the same color; (b) wy and ws have different colors.

Proof. If G — vy is 2-connected, then by Claim 3, G — v; is an even cycle and v; is
adjacent to three vertices of this cycle in G, which contradicts Claim 5. So, G — v; is not
2-connected.

Suppose to the contrary that G — vy has a vertex w, incident with three Ko blocks.
Then G — vy has at least 3 end-blocks. Since G is 2-connected and di(v1) = 3, G — v has
exactly three end-blocks. Let P be a shortest path between wy and a 3-degree vertex ws of
G — vy in an even cycle block so that each internal vertex of P is a 2-degree vertex in G.
If w4 and w5 have the same color, then (V' (P)) is an e-cut of G (see Figure 4(a)). There
exists an e-cut decomposition from G to empty graph by taking O(V (P)) as the first e-cut.
By Claim 1, we have cf(G) < 2¢(G) — 2, a contradiction. If wy and ws have different
colors, let T" be the tree consisting of P and the remaining two K5 blocks of G — v that
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has an end-vertex wy. Then O(V (T")) is an e-cut of G (see Figure 4(b)). Similarly we have
cf(G) < 2¢(G) — 2, a contradiction. O

By Claims 3, 5 and 6, G — v; has exactly two end-blocks which each has a white non-
cut-vertex of G — vy adjacent to v; in G, and G — vy can be constructed as follows: r — 1
disjoint paths P/, Py, ..., P/_, connect r —2 disjoint even cycles Cy, Cs, . .., C._o in turn
so that P/ only connects C;_; and C; for i = 2,3,...,r — 2, where r > 3, and P| and
P!_, connect only Cy and C'._5 respectively (see Figure 5(a)). Let vy be the third neighbor
of V1 inG — V1.

Figure 5: (a) The construction of G — vy; (b) Illustration for Claim 7.

Claim 7. v, must be an internal vertex of paths P; and P/_;.

Proof. If vy belongs to some even cycle Cy, (1 < k < r — 2)in G — vy, then Cj, has
three 3-degree vertices of G, which contradicts Claim 5. If vq is an internal vertex of P/
(2 <i < r—2) (see Figure 5(b)), let the ends of P/ be v3 and v4. Then there exists an e-cut
decomposition from G to empty graph by taking 9(v3) and 0(v4) as the first two e-cuts.
Since |0(vs)| = |0(v4)| = 3, by Claim 1, ¢f(G) < 2¢(G) — 2, a contradiction. Hence v
is an internal vertex of P; or P/_; and the claim holds. O

Figure 6: (a) The construction of G; (b) e-cut (bold edges) leaving from P/; (c) e-cut (bold
edges) leaving from three 7T'.

By Claim 7 we may suppose vy is an internal vertex of P/_; that has length at least
3. Then the subpath of P/_; between both neighbors of v; with two incident edges forms
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a cycle, denoted by C,_;. Thus G can be constructed from r — 1 disjoint even cycles
C1,Cs,...,C._1 by using r — 1 disjoint paths to connect them in a cyclic way. More pre-
cisely, each P/ connects vertex v; 1 of C;_1 and vertex v; 2 of C;, where i = 1,2, ...,7r—1
and Cy = C,_1 (see Figure 6(a)). Note that Py, ..., P/_, remain unchanged, but Pj is
lengthened by one edge and P, _, is shorten. Then v; 1 and v; o have different colors in G.
Otherwise, there exists an e-cut decomposition from G to empty graph by taking O(V (P}))
(see Figure 6(b)) as the first e-cut that has four edges. By Claim 1, ¢f(G) < 2¢(G) — 2,
a contradiction. Further, v; o and v;4; 1 have different colors in G, where v, ;1 = vy 1.
Otherwise, two edges leaving from even cycle C; are forbidden edges of G, which contra-
dicts that G is matching covered. Finally we claim that v; » and v;11 ;1 are adjacent in C;.
Otherwise, since v; 2 and v;1,; have different colors, two paths between v; 2 and v; 41,1
in C; have length at least 3 (see Figure 6(c)). Let vs and vg be the two neighbors of v; 2
in C;. Then vs, vg and v; ; are all of the same color in G. Let T be the tree induced by
{vs,v6} UV (P/). Then O(V(T)) is an e-cut of G of four edges. So there exists an e-cut
decomposition from G to empty graph by taking (V' (T')) as the first e-cut. By Claim 1,
we have ¢f(G) < 2¢(G) — 2, a contradiction.

Let 2 + P; be an even cycle formed by the paths P/ and edges v; 2v;41.1,% = 1,2,...,
r — 1, and let P;; be the path between v; 2 and v;11,; in C; of length at least three.
Then the edges v; 2v;41,1, ¢ = 1,2,...,7 — 1, are contained in a frame of  + P; and
G=x+ P, + P, + -+ P, is an ear decomposition of GG described as in (ii). O

4 Wheels and cylinders

In this section, we first present some lower bounds on the complete forcing numbers of
some special types of graphs. We then derive some closed formulas for the complete forc-
ing numbers of wheels and cylinders, respectively. Our main idea is to apply an e-cut de-
composition on a given graph to construct a complete forcing set whose cardinality attains
a lower bound on the complete forcing number.

Lemma 4.1. Let G be a graph that admits a perfect matching. If there is a set C of nice
cycles of G such that every edge of G lies in exactly two nice cycles of C, then cf(G) > |C|.

Proof. For a nice cycle C' of C, let T1(C') and T»(C') be the two frames of C. Let S be a
minimum complete forcing set of G. By Theorem 2.1, we have

|SNT;(C)| >1,i=1,2, for each nice cycle C of C.
Summing all the above inequalities together, we have

2[S| =) _(ISNTL(O) + S NT(C)]) = 2(C],
cecC

because each edge of S belongs to exactly two nice cycles of C. Then we have
cf(G)=|S] > |C|. O

For a plane elementary bipartite graph G, all facial cycles (including the exterior facial
cycle) of G are nice cycles [28]. Since each edge of G lies in exactly two of these facial
cycles, by Lemma 4.1, we have

Corollary 4.2. Let G be a plane elementary bipartite graph with n faces. Then cf(G) > n.
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This result is a generalization of a lower bound on the complete forcing numbers of
normal hexagonal systems (see [11]).

A wheel W, (n > 4) is a graph formed by connecting a single vertex (called the hub) to
all vertices of a cycle (called the rim) with n — 1 vertices. We can check that Ws,, (n > 2)
is matching covered by the definition.

Theorem 4.3. Forn > 2, cf(Wa,) = 2n — 1.

Proof. We denote by vy the hub of W5, and by vy, vs,...,v2,—1 the vertices in the
rim of Wy, along one of two directions of it. We can see that the set C of 4-cycles
{vivgVi42vi 41| = 1,2,...,2n — 1} consisting of 2n — 1 nice cycles of Wa,,, where

Vo, = v; and ve,4+1 = v2. Moreover, each edge of Wy, lies in exactly two nice cycles
of C. By Lemma 4.1, ¢f(Wa,) > |C| = 2n — 1. On the other hand, let D1 = 9w,, (vo).
Then D, is an e-cut of Wy, with 2n — 1 edges. We use D; to do an e-cut operation on
G1 = Wy, and obtain G5. Since G5 is an odd cycle, by Lemma 2.3, D; is a complete
forcing set. So ¢f(Way,) < |D;1| = 2n — 1. Consequently, cf (Wa,,) = 2n — 1. O

The cartesian product G x H of two graphs G and H is a graph with vertex set V(G) x
V(H) specified by putting (u,v) adjacent to (u,v’) if and only if (1) u = ' and vv’ €
E(H),or (2) v =2"and wu’' € E(G). Let P, = ujus - - - u,, be a path with m vertices.
Recently, Chang et al. [5] obtained that cf (P, x P,) = |5](m — 1) + [3](n — 1).
It is natural to consider the complete forcing numbers of m x n cylinders. Let C,, =
v1V9 - - - Upv1 be a cycle with n vertices. An m x n cylinder P,,, x C), consists of m — 1
concentric layers of quadrangles (i.e. each layer is a cyclic chain of n quadrangles), capped
on each end by an n-polygon (see GG; of Figure 7 for an example). If both m and n are
odd, then P, x C), has an odd number of vertices and thus has no perfect matchings. So
we only consider the complete forcing number of P, x C,, with even mn. The operation
of inserting a new vertex of degree two on an edge of a graph is called a subdivision of the
edge.

Lemma 4.4. [f m is even, then

mn — %, if n is even,

P, xCyp)>
cf( ) {Zmn+2mn1, if nisodd.

Proof. For 1 < i < m — 1, let R; be the subgraph of P,,, x C,, induced by {(u;,v;),
(wit1,v5)| 7 =1,2,...,n}and Ey; = {(u;,vj)(wiz1,v5)j = 1,2,...,n}. For1 < j <
n, let L; be the subgraph of P,, x C,, induced by {(u;,v;), (ui,vj+1)i = 1,2,...,m}
and Ey; = {(ui, vj)(ui, vj41)|i = 1,2,...,m}, where v,41 = v1. Let S be a minimum
complete forcing set of P,, x C,,. Since R; has n nice quadrangles of P,, x C, and
each quadrangle of R; has a frame completely contained in Ej;, by Theorem 1.1, each
quadrangle of R; has an edge in SN Ey;. If n is even, then |S N Ey;| > 5. And if n is odd,
then |[SNEy;| > ”T“ Since L; has m—1 nice quadrangles of F,,, x C,, and each quadrangle
of L; has a frame completely contained in E5;, by Theorem 1.1, each quadrangle of L;
has an edge in S N Es;. Since m is even, |S N Eqy;| > 5. Thus we have if n is even, then

cf (P x C) = |S| > Y05 S0 By + X7, |50 Bay| > M=t 4 mn — iy — 2

And if n is odd, then cf (P, x C,) = |S| > ZZ’;l 1S N Evl + 327, SN Byl >
(m=1(n+l) | mn _ 2mntm-n—1 0
2 +3 = 2 :
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Lemma 4.5 (Pick’s theorem [8]). Let P be a simple polygon constructed on a polyomino
such that all the polygon’s vertices are polyomino’s vertices. Let the number of polyomino’s
vertices in the interior of P be i and the number of polyomino’s vertices on the boundary
of P be b. Then the area of P is given by A = % +1—1.

Theorem 4.6.

mn—n-+2, ifmisoddandniseven (m>1,n>4),
cf(Pm x Cy)=qmn—1%, if both m and n are even (m > 2,n > 4),

2mn+m—n—1

z , if miseven and nisodd (m > 2,n > 3).

Proof. Since mn is even, we can see that each edge of P, x C,, is allowed, so P,, x Cj,
is matching covered. To construct a complete forcing set of P,, x C),, by Lemma 2.3, we
can directly apply e-cut decomposition on P,,, x C,,.

We divide our proof into the following three cases.
Case 1. mis odd and nis even (m > 1,n > 4).

If m = 1, then P,,, x C,, is an even cycle and cf(P,, x C,,) = 2 by Theorem 3.1, and
the conclusion holds. In the following, we suppose that m > 3.

By Corollary 4.2, cf (P, x Cy,) > mn —n —+ 2. So it suffices to construct a complete
forcing set of P,,, x C, of size mn —n + 2.

u._,v
( m> rr) (ul,vn) (uI,Vn,]) (MI,V4)
o o ?

(1,V,,) (u,,V5)

(@,,v,)

(4, 1,v, 1) (um—l > Vs)

O

o o
(@,>v,) (@,>v4)

Figure 7: m is odd and n is even.
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Let
. m—1
D, :{(U2i+1,7)1)(u2i+1,’02), (u2i+1702)(u2i+13v3) \ 1=0,1,2,..., }U
{(ujvvl)(ujJrlaUl)v (ujvv3)(uj+1’v3) | Jj=1L2...,m— 1}U
m—1
{(uak, vn) (uok, v1), (u2k, v3)(U2k, va) | k = 1’2""’7}

(see bold edges of Gy of Figure 7). Then D; is an e-cut of G; = P, x C,,. We
use D; to do an ED operation on (G; and obtain Gy = P,, x P,,_3 (see Figure 7).
Let Dy, D3, ..., D(?n—lzl(n—zk) 11 be 8(;2((u2i, ’U5)), 8G2((u2i, U7)),. cey 8G2 ((u%, Unfl))

(i=1,2,..., mT_l), respectively. Then we continue to do ED operations from G by

D5, D3, ... ,D(m,fl)(nle)_"_l in turn and obtain G (m—1)(n-1 4o Note that D; is an e-cut
4 4

of G; fori =1,2,..., W + 1. We find that G<mflzl<nf4> 4o Can be obtained by
subdividing every edge of PmT—l 41 X P% 41 as shown in the thin edges of G5 in Fig-
ure 7. Let C' be a cycle of G (no1)(n=a) | o Suppose that C' encloses some region R in
the plane, let A be the area of R, b be the number of vertices of G5 on C, and ¢ be the
number of vertices of G5 in the interior of C'. Then A is divisible by 4. We can see that
C' is obtained by subdividing every edge of a cycle C’ of P%—l 41 X Panél 41 Since C'
is a cycle of even length and |V (C)| = 2|V (C")|, b is divisible by 4. By Lemma 4.5, i is
odd. Then G; — V(C) has no perfect matchings. So each cycle of G<m7121(n74) 42 is not
a nice cycle of G;. By Lemma 2.3, D; U Dy U .. .D<m_1l(n_4)+1 is a complete forcing
set of Gy. Since |D1| = (m+ 1) +2(m —1)4+ (m — 1) = 4m — 2 and |D;| = 4 for
=23, =500 41 cf(G1) < [D1UD: V... Diwonitomsr | = mn —n +2.
Consequently, cf (P, x Cy,) = mn —n + 2.

Case 2. Both m and n are even (m > 2,n > 4).

By Lemma 4.4, it suffices to construct a complete forcing set of P,, x C, of size
mn — 5. Let

. m—2
D, Z{(u2i+1701)(u2i+1,vz)7 (U2i+1,U2)(U2i+1,v3) \ 1=0,1,2,..., 2 }U
{(uj,v1)(wjq1,v1), (g, v3)(wje1,v3) | j=1,2,...,m—1)}U
m
{(uak, vn) (uor, v1), (Uok, v3)(U2k, va) | k = 1,27~-~,5}~

Then D7 is an e-cut of G; = P, x C,,. We use D to do an ED operation on G; =
P,, x C, and obtain Gy = P,, x P,_3 (see Figure 8). Let DQ,D37...,Dm<n74>+1
4

m

be da, ((u2i,vs)), Oa,((u2i,v7))s ., Og, ((u2s, v—1)) (i = 1,2,...,5), respectively.
Continuously doing ED operations from Gs by Ds, Ds, .. ., Dm<T4> 41 in turn, we obtain
G mn1) - Note that G mn—1) |, Can be obtained by subdividing every edge of P%J 1 X
P% 1 as shown in Figure 8. Let C' be a cycle of GG mina) o Suppose that C' encloses
some region R in the plane, let A be the area of R, b the number of vertices of G2 on C, and
1 be the number of vertices of G5 in the interior of C'. Then A is divisible by 4. We can see
that C' is obtained by subdividing every edge of a cycle C’ of P'mT—2 41 ¥ Pn2;4 41 Since ¢’

is a cycle of even length and |V (C)| = 2|V (C")|, b is divisible by 4. By Lemma 4.5, i is
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@,.v.) (,v,) @,v,.) (w,v,)
o ]

(u5,,,) (u,,v5)

(@5 ,) W,5v,1) (u,,v5) (,,,v,)

G, G, Grnln74)+2

Figure 8: Both m and n are even.

odd. So G; — V(C) has no perfect matchings. Thus each cycle of G mm—4) 42 is not a nice
4
cycle of G;. By Lemma 2.3, Dy U Dy U .. .Dm<n,74>+1 is a complete forcing set of G.
4
Since |Dy| = m +2(m — 1) +m = 4m — 2, |D;| = 4 fori = 2,3,..., m=20=D) 4
and |D;| = 3 for j = W +27W +37._.,w +1, ¢f(Gy) <

|[DiUDyU... D<m7121(nf4>+1| = mn — 5. Consequently, cf (P, x Cy,) = mn — 3.

Case 3. mis even and n is odd (m > 2,n > 3).

By Lemma 4.4, it suffices to prove ¢ f(G;) < 2mndm=n=1,

(um7v3) (um9v3)
O O

(1)

®)

Figure 9: m is even and n = 3.
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Subcase 3.1. n = 3.

Let G1 = Py, x Cz and Dy, Ds, ..., D= be Oa, ((u2i41,v3)) (1 = 0,1,..., 75 2),
respectively (see Figure 9(a)). Then we use Dy, Dy, ..., D= to do ED operatlons
G in turn and obtain Gm 1. Let Dm i1, Dm o, ... ,D be 6(;%“((112”1, v9)) (i =

0,1,..., m;2), respectively. Then we use D 1, D 9, ..., Dy, to do ED operations in
turn and obtain G'my1. We can see that Gy, 41 consists of 5 disjoint cycles of length 3 and
¢(Gmyt1) = 2 as shown in Figure 9(b). Thus each cycle of G, 41 is not a nlce cycle of
G1. By Lemma2 3,cf(Gy) < c(Gl) +m—c(Gmi1) =3(m—1)+1+m— 2 = Im=1

3
Consequently, cf (P, x Cay) = 124

,.v,)

)
(w,:7,)7 1)

m
L
2

Gl

]

o
I3
Q

Figure 10: m is even and n is odd (n > 5).

Subcase 3.2. n > 5.

Let
. m— 2
D, :{(U2i+1701)(U21¢+1, 1)2)7 (U2i+1,vz)(uzi+1,1}3) | 1=0,1,2,..., T)}U
{(ug, v1)(wjt1,v1), (ug,v3) (w41, 03) 7 = 1,2,...,m — 1}U
m
{(uar, vn) (u2r, v1), (u2k, v3) (u2k, va) [k = 1,2,.. ., 5}-
Then we use D; to do an ED operation on G; = P,, X (5, and obtain G =
Py, x P,_3 (see Figure 10). Let D; (t = 2,3,...,3) be
. n—3
{(ugs—2,v2i42)(u2t—1,v2i42) | 1 =1,2,..., 5 U
{(uge—2,vj43)(uge—2,vj44) | 7 =1,2,...,n —4}U
n—3

1.

{(u2t—3,vory3)(Ugt—2,vary3) | K =1,2,..., 5
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Then we use Dy, Ds, .. ., D% to do ED operations on (57 in turn and obtain G myq which

is P, x P,_s. Let D%+17 D%+2, Cey D%JrnT—s be ag%+l((um,7)25+3))

(s=1,2,..., "?’:)’),respectively. Thenweuse D 41, D 4o, ..., Dm  n_s todoED op-
2 2

erations on Gz 11 in turn and obtain G myn=3 which is the empty graph. By Lemma 2.3,
DyUDyU---UDy  ns is a complete forcing set of Gy and cf(G1) < ¢(G1) + % +

m
2+2

n=3 _ (= Zmndmon-l Consequently, cf (P, x Cy) = 2madtm=n=1, 0O

At the end of this paper, by some simple calculations, we present the relationship
between the cyclomatic number and complete forcing number for wheels and cylinders.
For a wheel Wy, c(Way,) = |[E(Wa,)| — [V(Wap)| +1 = 22n —1) —2n+1 =
2n — 1. By Theorem 4.3, ¢f(Wa,,) = ¢(Way,). For a cylinder P,,, x C,,, ¢(P,, x C,,) =
|[E(Pp x Cp)| = |V(Pn x Cp)|+1=n(m—1)+mn—mn+1=mn—n-+1. By
Theorem 4.6, we can see that c¢f (P, x Cp,) = ¢(Pp, x Cy,) + 1 if m is odd and n is even,
cf(Pm x Cp) = ¢(Py x Cp) 4+ 5 — 1if both m and n are even, and cf (P, x Cy) =
(P, x Cp) + 2H2=3 if m is even and n is odd.
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Abstract

We study locally s-arc-transitive graphs arising from the quasiprimitive product action
(PA). We prove that, for any locally (G, 2)-arc-transitive graph with G acting quasiprimi-
tively with type PA on both G-orbits of vertices, the group G does not act primitively on
either orbit. Moreover, we construct the first examples of locally s-arc-transitive graphs of
PA type that are not standard double covers of s-arc-transitive graphs of PA type, answering
the existence question for these graphs.

Keywords: Locally s-arc-transitive graph, quasiprimitive group, product action.

Math. Subj. Class. (2020): 20B25, 05C25, 05E18

1 Introduction

For an integer s > 1, an s-arc in a graph I" is an (s + 1)-tuple (g, a1, . . ., @5 ) Of vertices
such that a;; ~ ;41 and «; # ;4o for each . We say that T is s-arc-transitive if T'
contains an s-arc and the automorphism group of I acts transitively on the set of all s-arcs.
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If T is s-arc-transitive and each (s — 1)-arc can be extended to an s-arc then any s-arc-
transitive graph is also (s — 1)-arc-transitive. The study of s-arc-transitive graphs goes
back to the pioneering work of Tutte [32, 33], who showed that if " has valency three then
s < 5. Weiss [35] later showed that if the valency restriction is relaxed to allow valency at
least three then s < 7, with equality holding for the generalised hexagons arising from the
groups G (q) for ¢ = 37.

Praeger [25] initiated a programme for the study of finite connected s-arc-transitive
graphs by first showing that if G < Aut(T") acts transitively on the set of all s-arcs of T’
and N < G has at least three orbits on the set of vertices, then the quotient graph Iy
whose vertices are the orbits of NV is also s-arc-transitive. Moreover, I is a cover of I'y.
This reduces the study of finite connected (G, s)-arc-transitive graphs to two basic types:

* those where G is quasiprimitive on the set of vertices, that is, where all nontrivial
normal subgroups of G are transitive on vertices;

* those where G is biquasiprimitive on the set of vertices, that is, where all nontrivial
normal subgroups of G have at most two orbits on vertices and there is a normal
subgroup with two orbits.

Praeger showed that of the eight types of finite quasiprimitive groups, only four — HA
(affine), TW (twisted wreath), AS (almost simple) and PA (product action) — can act 2-
arc-transitively on a graph [25]. We use the types of quasiprimitive groups as given in [27]
and define type PA, the main focus of this paper, in Section 2. These are slight variations
on the types of primitive permutation groups given by the O’Nan—Scott Theorem. All
graphs of type HA were classified by Praeger and Ivanov [18] while those of type TW were
studied by Baddeley [1]. The 2-arc-transitive graphs for some families of almost simple
groups have all been classified, for example the Suzuki groups [9], Ree groups [8] and
PSL(2,q) [16]. The first examples of 2-arc-transitive graphs of PA type were given by
Li and Seress [22] and studied further by Li, Seress, and Song [23]. Another family of
quasiprimitive 2-arc-transitive graphs of PA type were constructed by Li, Ling, and Wu in
[21].

In the biquasiprimitive case the graph is bipartite and such graphs were investigated in
[26, 28]. An alternative way to study such graphs is via the notion of local s-arc-transitivity.
We say that a graph T is locally (G, s)-arc-transitive for a group G < Aut(T") if for each
vertex «, the vertex stabiliser G, acts transitively on the set of all s-arcs starting at a.
If G also acts transitively on the set of vertices then I is s-arc-transitive. If I' is locally
(G, s)-arc-transitive but G is intransitive on the set of vertices, then G has two orbits on
vertices and I' is bipartite. One way to construct locally s-arc-transitive graphs is to start
with an s-arc-transitive graph I' and take its standard double cover X2, which has vertex set
VT x {1,2} and (a,3) ~ (B, ) precisely when i # j and o ~ B inT'. Then Aut(T")
acts as automorphisms on X with two orbits on vertices and X is locally (Aut(T"), s)-arc-
transitive [11].

If T is a bipartite graph and G < Aut(T") acts transitively on the set of vertices, then
I is locally (G, s)-arc-transitive where G is the index two subgroup that stabilises each
part of the bipartition. Hence the study of locally s-arc-transitive graphs encompasses the
study of all bipartite s-arc-transitive graphs and hence the biquasiprimitive case in Praeger’s
programme. It is also a wider class of graphs as the known generalised octagons are locally
9-arc-transitive but not vertex-transitive, and it has been shown by van Bon and Stellmacher
[34] that this is best possible.
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A programme for the study of finite connected locally s-arc-transitive graphs was mapped
out by Giudici, Li and Praeger [11]. If I" is locally (G, s)-arc-transitive with G having two
orbits on vertices and N <1 G is intransitive on both G-orbits, then the quotient graph I
is also locally s-arc-transitive. Moreover, I" is a cover of I' ;. This reduces the study of
finite connected locally (G, s)-arc-transitive graphs for which G is vertex-intransitive into
two basic types:

* those where G is quasiprimitive on each of its two orbits on vertices;

* those where G is quasiprimitive on only one of its two orbits on vertices.

In the second case, it was shown [11] that the quasiprimitive action must be of type HA, HS,
AS, PA or TW. These were further studied in [12] where all examples where the quasiprim-
itive action has type PA preserving a product structure or type HS were classified. An in-
finite family of examples where the quasiprimitive action has type TW was given by Kaja
and Morgan [19]. In the first case, either the two quasiprimitive actions have the same
quasiprimitive type and are one of HA, AS, TW or PA, or they are different with one of
type SD and one of type PA [11]. All 2-arc-transitive graphs of the latter type were classi-
fied in [13] and there are locally 5-arc-transitive examples in this case [14]. It was shown in
[17, Lemma 3.2] that all locally 2-arc-transitive graphs where the quasiprimitive action is
of type HA on both orbits are actually vertex-transitive but a complete classification has not
been obtained — see [18, Section 2] for further discussion. All locally (G, 2)-arc-transitive
graphs have been classified in the cases where G is an almost simple group whose socle is
a Ree group [7], Suzuki group [31], or PSL(2, ¢) [3], while the sporadic group case was
studied in [20]. Examples also exist in the PA and TW cases as we can take standard double
covers of s-arc-transitive graphs of type PA and TW respectively.

The aim of this paper is to study locally s-arc-transitive graphs of PA type. We prove
that, for any locally (G, 2)-arc-transitive graph with G acting quasiprimitively with type PA
on both G-orbits of vertices, the group G does not act primitively on either orbit. Moreover,
in the spirit of [22], we solve the existence problem for locally 2-arc-transitive graphs of
PA type. In particular, we construct the first examples of locally s-arc-transitive graphs of
PA type that are not standard double covers of s-arc-transitive graphs of PA type.

2 PA type

Let G act quasiprimitively on a set 2. We say that G has type PA if there exists a G-invariant
partition BB of  such that G acts faithfully on B and we can identify B with A* for some
set A and £ > 2 such that G < H wr Sy acts in the usual product action of a wreath
product on A*, where H < Sym(A) is an almost simple group acting quasiprimitively on
A. Moreover, if T = soc(H) then G has a unique minimal normal subgroup N = T*.
Note that since G is quasiprimitive, IV acts transitively on 2 and hence on B. Thus G =
NG, = NGp, where B € B is a block containing o € ). As N is minimal normal
in G we have that G transitively permutes the simple direct factors of IV and hence so do
both G,, and G . Thus given B = (6,...,8) € B we may assume that Nz = T¥ and for
o € B we have that N, is a subdirect subgroup of Np, that is, the projection of N, onto
each direct factor is isomorphic to Tj.

Let R = Tj}. Following the terminology of [22], if N, = R then we call N, a diagonal
subgroup of Ng = RF. Then there exists automorphisms s, s, . . . , ¢, of R such that

Ny = {(t,£%2,...,t%*) | t € R).
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If each of the ¢; is the trivial automorphism then we call N, a straight diagonal subgroup
while if some ¢; is nontrivial then we call N,, a twisted diagonal subgroup. Furthermore, if
N, 2¢ R then we refer to N, as being a nondiagonal subgroup. We refer to the quasiprim-
itive permutation group G of type PA as being of straight diagonal, twisted diagonal, or
nondiagonal type according to the type of N,.

Note that unlike for primitive groups of type PA, G does not necessarily preserve a
product structure on €2, only on some G-invariant partition 3. Indeed the following result
shows that for locally 2-arc-transitive graphs this partition must be nontrivial on each of the
bipartite halves.

Theorem 2.1. Let T be a locally (G, 2)-arc-transitive connected graph with G quasiprim-
itive of type PA on both orbits Q1 and Q. Let N = T* = soc(G) and for i = 1,2, let B;
be a G-invariant partition of ; such that G preserves a product structure A¥ on each B;.
Then B; # ); for each i.

Proof. Suppose that B; = ; for some 7. Without loss of generality suppose that i = 1.
Also note that there is an almost simple group H with socle T" such that G < H wr S}
Leta = (w,...,w) € Q. Then N, = T* with T, # 1 and G, = G N (H,, wr S).
By [11, Lemma 3.2], fo‘” is 2-transitive so either all neighbours of « lie in the same
block of Bs or in distinct blocks. If they all lie in the same block then for each g €
we have that the neighbours of S lie in the same block. However, this contradicts I" being
connected. Hence for each a@ € €2y, the neighbours of « lie in distinct blocks. Hence
G, acts 2-transitively on the set X of blocks of 55 that contain neighbours of «. By [11,
Lemma 6.2], N(I; (@) is a transitive subgroup of the 2-transitive group GE“” and so IV, also
acts transitively on X. Let B = (41,02, . ..,0k) € Bs be a block containing a neighbour -y
of a. Then X = (81,089, ...,0%) N = 61% x 63° x -~ x 6;=. By [29, Theorem 1.1(b)],
the stabiliser G1 in G of the first simple direct factor of N projects onto H in the first
coordinate and so (G1),, projects onto H,,, in the first coordinate. Hence (5? = 5{1“. Since
G, < H,, wr S}, and transitively permutes the &k simple direct factors of NV, it follows that
51-T‘“ = 61T‘“ for each i. In particular, X = A* for some set A and we could have chosen
B = (4,...,0) for some § € Ay. Thus Goy < Go,p < HyswrSg. However, for
§" € A\{d} there is no element of H,s wr Sy mapping (¢’,4,...,d) to (¢',¢,6,...,9),
contradicting G, acting 2-transitively on X. Thus By # ;. O

Corollary 2.2. Let I be a locally (G, 2)-arc-transitive connected graph with G quasiprim-
itive of type PA on both orbits. Then G is not primitive on either orbit.

3 Constructions

Let G be a finite group with subgroups L and R. Let A; be the set [G : L] of right cosets
of Lin G and A be the set [G : R] of right cosets of R in G. We define the coser graph
I' = Cos(G, L, R) to be the bipartite graph with vertex set the disjoint union A; U Ag
such that { Lz, Ry} is an edge if and only if Lz N Ry # &, or equivalently 2y~! € LR.
Then G acts by right multiplication on both A; and As, and induces automorphisms of
T'. Note that the vertices in A; have valency |L : L N R| while the vertices in Ay have
valency |R : L N R|. We say that I has valency {|L : LN R|,|R : L N R|}. Conversely,
if ' is a graph and G < Aut(I") acts transitively on the set of edges of I" but not on the set
of vertices then I' can be constructed in this way [11, Lemma 3.7]. We refer to the triple
(L, R, L N R) as the associated amalgam.
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We collect the following properties of coset graphs. We say that a subgroup H of a
group G is core-free if NgeqHY = 1.

Lemma 3.1 ([11, Lemma 3.7]). Let G be a group with proper subgroups L and R, and let
I' = Cos(G, L, R).

(1) T is connected if and only if G = (L, R).

(2) G acts faithfully on both [G : L] and |G : R] if and only if both L and R are core
free in G.

(3) G acts transitively on the set of edges of T'.

4) T is locally (G, 2)-arc-transitive if and only if L acts 2-transitively on [L : L N R)
and R acts 2-transitively on [R : L N R).

We also need the following result, which essentially follows from the definition of a
completion (and the universal completion) of an amalgam (see [15]) and results on covers
of graphs (see, e.g., [2, Chapter 19]). The result is truly “folklore”: while it seems to be
taken for granted in the field, we also cannot find an explicit proof in the literature. We
have included a proof here provided by Luke Morgan [24].

Lemma 3.2. If T is a locally s-arc-transitive graph with amalgam (L, R,L N R) and
$ = 2, then any other graph with amalgam (L, R, L N R) is locally s-arc-transitive.

Proof. Let G := L xpnr R be the universal completion of (L, R, LN R) and let I'* denote
the universal tree on which G acts edge-transitively. We identify L and R with their images
in G, and label an edge {«, 5} so that G, = L, Gg = R, and Go,3 = L N R. Since I'
is locally s-arc-transitive for s > 2, it is locally 2-arc-transitive and so the actions of L on
the set of right cosets of L N R in L, and of R on the set of right cosets of L N R in R are
2-transitive [11, Lemma 3.2]. In particular, I'* is locally (G, 2)-arc-transitive.

Now let X be a graph with edge-transitive group of automorphisms H such that the
amalgam (H,, Hs, H.s) is isomorphic to (L, R, L N R), where {~y, 0} is an edge of ¥. By
the universal property of GG and of I'*, there is a map ¢: G — H such that the following
diagrams commute:

L——@G R—— (¢ LNR— G
I
H,Y*>H Hs — H H75*>H

Let NV be the kernel of ¢. Then, ¥ = I'}, the quotient graph, and the kernel of the
action of G on X is exactly V.

In particular, ¢(G) = Hy and ¢(Gg) = H;. Further, since ¢(Gn3) = H,s, we have
commutative diagrams of the following groups:

Go — Go @ Gy —— a5 ¥
H, —— HY Hs — H®

where G ) denotes the induced action of G, on T** (), etc.
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We now claim that for ¢ = ~,§ and ¢ € T'*(g), we have (¥ NT*(¢) = {¢}. Indeed,
this follows since |Gy : Gog| = |H, : Hys| and |Gg : Gop| = |Hs : Hys).

Now suppose I'* is locally (G, r)-arc-transitive and ¥ is locally (H, t)-arc-transitive.
By [11, Lemma 5.1(3)], we have t > r.

Assume that < ¢. We will show that I'* would be locally (G, r + 1)-arc-transitive in
this case, contradicting the maximality of r.

Suppose P and P’ are (r + 1)-paths in I'* with initial vertex  or 3. Since r > 1,
without loss of generality we may assume P = (v, f1, ..., Br, Br+1) and P/ = (a, 1, . . .,
Br, Br41), where 1 = 3.

Consider the images of PV and (P")" in 3. Note that the images are two (r+1)-paths,
since the equality /¥, = 3.}, would contradict our claim above. Hence, there is h € H.,
such that (PV)" = (P")N. Since ¢(G,) = H,, we can take h = ¢(g) for g € G4, 50 g
fixes .. Now, (P™)" = (P")" implies (8V)9 = p%. Thus, g fixes 5%, and, since g fixes
a, g fixes the unique vertex in I'* (o) N A%, which is 3; so, g € Gqop. Continuing in this
way, we see that g € Gag,...5,. Now, (B, 1)" = (8/,1)", and so 7, , lies in the N-orbit
of 3, 1, and at the same time must be adjacent to 3,., since g € Gg,. Once more, the claim
implies 57, | = ;.

We have thus shown that G, is transitive on (r + 1)-arcs with initial vertex u. A
similar argument establishes that same result for G, and hence I'* is locally (G, r + 1)-
arc-transitive. This contradicts the maximality of 7, and, therefore, » = ¢, as desired. In
particular, taking > = I" we see that » = s. Hence I'*, and so any graph with amalgam
(L, R, LN R), is locally s-arc-transitive. O

Lemma 3.1 enables us to construct locally (G, 2)-arc-transitive graphs where G has
two orbits A; and A5 on vertices and acts quasiprimitively of type PA on each. Recall the
three types straight diagonal, twisted diagonal and nondiagonal of quasiprimitive groups of
type PA. Analogously to [22], we refer to a locally (G, 2)-arc-transitive graph T" where G
is quasiprimitive of type PA on each orbit by the type of the two PA actions. For example,
if G is of straight diagonal type on A; and twisted diagonal type on A, then we refer to I'
as being of straight-twisted type.

3.1 Straight-twisted type

Construction 3.3. We begin with the following: let (L, R, L N R) be an amalgam for a
locally s-arc-transitive graph, and suppose further that L = Ly x K and R = R; x K such
that K acts trivially on R;. Note that this implies LN R = (L; N Ry) K.

Let H be an almost simple group with socle 7', and subgroups H; and Hs such that

e Hi =2 [11,H, 2 R, HHNHy = LiN Ry, i€, ¢: H — Ly, 7: Hy — R, are
isomorphisms with restrictions each sending H; N Hy — L1 N Ry,

e H = <H1,H2>, and
* not all automorphisms of L; in K extend to automorphisms of 7'.
We will abuse notation slightly and assume L1, Ry < H. Let k = | K| and let

F={f:K— H}~H"
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Foreach / € Ly and r € Ry, define fy, f € F such that

for all kK € K. Furthermore, we let

Na = {f/ | éE Ll} = Ll,
N/B = {f, | r e Rl} ~ R;.

Since K acts trivially on R, we have that
NaﬂNﬁ :{fr ‘ TERlﬂLl}ng N Ry.

Let N := (N, N3).
Now K acts on F' via f?(k) = f(ok) for each o,k € K. Then for { € L; we have
that

(fe)7 (k) = felor) =77 = fio (k).

Hence (f¢)° = fso and so K normalises N,. Similarly, (f,.)° = f,. forallr € Ry so K
normalises Ng and hence also N. Define

Gy =Ny ¥ K,
Gﬁ = Nﬁ X K,
G = (Ga,Gp).

Finally, we define I" := Cos(G, G4, Gg).

Lemma 3.4. Let I be a graph yielded by Construction 3.3. Then I' is a connected locally
(G, s)-arc-transitive graph such that G acts quasiprimitively with type PA on each orbit of
vertices. Moreover, the action of G on |G : Gg] is straight diagonal, and the action of G
on |G : G, is twisted diagonal, that is, T is of straight-twisted type.

Proof. Let Fr = {f € F | f(k) € T forall k € K} = T*. For each k € K, let

.. F — H
fo= fk).

Since (Ry,L1) = H, we have that n,(N) = H for all k € K and so by
[30, page 328, Lemma], N N Fr is a direct product of diagonal subgroups, each isomor-
phic to T'. Since there are elements x € K that do not extend to an automorphism of 7, it
follows that N N Fr is not itself a diagonal subgroup and so N N Fr = T for some integer
2<j<k

Since the action of K on N, is isomorphic to the action of K on L; we see that
Go = L and similarly, Gg = R. Moreover, G, NGg = (L1 N Ry, K) = LN R. Therefore
I' := Cos(G,Gq.,Gp) is a connected graph with amalgam (L, R,L N R) and is thus a
locally s-arc-transitive graph.

Finally, since K transitively permutes the simple direct factors of Fr it also transitively
permutes the simple direct factors of N N Fp. Thus soc(G) = 77 and G < H wr S;
for some integer j > 2. Since m,(N,) = L; for all K € K it follows that N, is a
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subdirect subgroup of L{ and similarly, Ng is a subdirect subgroup of R{. Therefore, G
acts quasiprimitively with type PA on both [G : G,] and [G : Gg], and, by construction,
the action of G on [G : Gg] is straight diagonal, and the action of G on [G : G,,] is twisted
diagonal. [

Example 3.5. This example is based on [22, Example 4.1]. First, (AGL(1,5) x Cs, S3 X
Cy, Cy x C5) is an amalgam admitting a locally 2-arc-transitive connected graph of valency
{3,5}: indeed, a GAP computation shows that in the group S; we can take
L = ((4,5,6,7),(3,4,5,7,6),(1,2)) AGL(1,5) x Cy and R = ((1,2),(1,2,3),
(4, 5,6, 7)> = S3 x (4 such that <L,R> =S;,and LN R = Cy x Cy [10].

Let T = PSL(2, p), where p is a prime and p = +1 (mod 60). Thus we may select
D < T such that D = Dgg, with D = (h,d | h** = d% = 1,h% = h™1). First, define
Ly := (h3) = C19 = C5 x Co. Noting that D has a subgroup B := (h'® d) = C3, there
exists an element z of 7" such that B® = B and d® = h'® [6]. Define Ry := ((h'?)*,d*)
to be a subgroup of H* isomorphic to Ss. Hence (L1,R;1) = T and L; N Ry = Cs.
Finally, the order four elements of AGL(1, 5) cannot be extended to automorphisms of T
since Aut(7T') = PGL(2, p) has no elements of order four normalising but not centralising
a subgroup of order five. Thus we let K = (k) & Cyand L = L; x K. Note, as
in [22, Example 4.1], that the action of k2 on elements of 7T is the same as conjugation
by d. Therefore, by Lemma 3.4, there is a locally 2-arc-transitive graph with amalgam
(AGL(1,5) x O3, 83 x Cy4,Cy x Cq) of straight-twisted type.

Il

Theorem 3.6. There is an infinite family of locally 5-arc-transitive graphs with valencies
{4,5} of straight-twisted type.

Proof. By [20], there is an amalgam admitting a locally 5-arc-transitive connected graph
of valency {4,5} from the Mathieu group May, with L = C3 x (A4 x C3), R = A5 x Ay,
and LN R = Ay x Ay. Note that L = L1 x K and R = R; x K where L; = Cj x (3,
R1 = A5 and K = A4.

Let n > 2 be an integer and T = PSL(2,2%"). Then T contains a subgroup R; =
As =2 PSL(2,4) (see [6], for instance). Furthermore, T' contains a subgroup Y isomorphic
to C3™ X Cozn_1, and 2" — 1 = 0 (mod 3). Let Y = Y5 x Y7, where Y5 = C2" and
Y1 = (y1) = Co2a_1. Thus Y has a cyclic group of order three, which we will denote

by Y3 = <y§22"*1>/ 3), acting semiregularly on the nonidentity elements of Y5. Moreover,
we may choose Ry such that Yy := Ry NY = Ay and Y3 < Y. By [6, Theorem 260],
we see that N (Yp) < Y, and, noting that Y7 acts regularly on the nonidentity elements of
Y5, we see that Np(Yy) = Yo. By [6, Theorem 255], for each divisor m of 2n, all subfield
subgroups of T isomorphic to PSL(2,2™) are conjugate. This implies that Y; is contained
in a unique subfield subgroup 7, isomorphic to PSL(2,2™) for each divisor m of 2n, m
even (if m is odd, then 22 — 1 = 3 does not divide 2™ — 1). Note also that this implies
that the maximal subgroup of T}, isomorphic to C5* x Cam_1 is actually T;,, N Y. We
claim that no subfield subgroup T, containing Y;, for m a proper even divisor of 2n, also
contains Yoyl. If some 7, contains Yoyl, then, since the elements of order two in Yy and
Yy commute and Yy N YY" = Y3, we have that (Y, Yy') < T, NY = CF % Com_1q,
where T}, N'Y] acts regularly on the nonidentity elements of T},, N Y2. However, Y] acts
regularly on the nonidentity elements of Y5, so y; is the unique element of Y7 mapping, say,
Y2 € Yo N Yatoyl' € YV N Ys. On the other hand, yy & T, NV = (y& ~D/C" =1y,
so we have a contradiction.
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Let Ly := (Yp,Yy""). Then L; = 2*:3 (SmallGroup(48,50) in the GAP [10] small
groups library) which is isomorphic to the subgroup L; in L, hence the abuse of notation.
Moreover, Ly N Ry = A4 and, since L, is not contained in any subfield subgroup, we
have that T = (L1, Ry). Since PT'L(2,22") does not contain a subgroup isomorphic to L
([6, Theorem 260] and noting that the outer automorphism group of PSL(2, 22") is cyclic),
it follows that not all automorphisms of L; in L extend to automorphisms of 7. Hence
by Lemma 3.4, Construction 3.3 yields a locally 5-arc-transitive graph of straight-twisted
type. O

3.2 Twisted-twisted type

If G acts quasiprimitively with straight PA type on a set 2, then there exists o € €2 such that
N, = {(r,7,...,7) | r € R}, where N = T* is the unique minimal normal subgroup of
G.If g = (t1,t2,...,tr) € R¥ < Nthen Nyo = (No)9 = {(rt, 7?2, ... ,r%) | r € R},
which is a twisted diagonal subgroup if ¢; ¢ Cr(R) for some 4. Thus the examples given in
the previous section can also be viewed as being of twisted-twisted type. However, if G acts
quasiprimitively of type twisted PA on a set 2 then N,, is a twisted diagonal subgroup of
R* for some R but there may not be a 3 € €2 such that Nj is a straight diagonal subgroup.
Thus not all twisted-twisted type examples arise in this way. In this section we give an
alternative construction.

Construction 3.7. Let (L, R, L N R) be an amalgam for a locally s-arc-transitive graph,
and suppose further that L = L; X K and R = R; x K such that K = K x Kg where
K, < Aut(Lq) such that K7, NInn(L,) = {1}, K, acts trivially on Ry, Kr < Out(Ry)
and K g acts trivially on L;. Let H be an almost simple group with socle 7', and subgroups
Hy and H, such that

s Hh 2L, Hy 2Ry, HHNHy = Li N Ry,
* H = (H;,H,),and
* not all elements of K extend to automorphisms of 7'.

We will abuse notation slightly and assume L, R; < H.Letk = |K| and let F =
{f: K — H} = H*. Foreach ¢ € L U Ry, define f;, € F such that fy(k) = £ for all
k € K. Furthermore, we let Ny, := {fo | ¢ € L1} = Ly and Ng = {f, | r € R1} = R;.
Moreover, No N Ng ={f, |7 € RiN L1} = Ly NRy. Let N := (N,, Npg).

Now K acts on F via f?(k) = f(ok) for each o,k € K. As in Construction 3.3, K
normalises both IV, and Ng, and hence also N. Define G, := Ny X K, Gg := Ng x K
and G := (Gq, Gg). LetT' = Cos(G, Gq, Gg).

Lemma 3.8. Ler I be a graph yielded by Construction 3.7. Then I is a connected locally
(G, s)-arc-transitive graph such that G acts quasiprimitively with type PA on each orbit
on vertices. Moreover, the action of G on both [G : G,) and |G : Gg] is twisted diagonal,
that is, I is of twisted-twisted type.

Proof. The proof is analogous to that of Lemma 3.4. O

Example 3.9. First, (C71:C7o x Cg, C19:C18 X Cs5,Cg30) is an amalgam that admits a
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locally 2-arc-transitive graph; indeed, if G = Agg,

L:=((1,2,8,28,14,30,34, 3,20, 54, 36, 33, 40, 41, 9, 56, 26, 51, 60, 18, 42, 29, 39, 17, 46, 58,
47,10, 15,70, 62, 13, 32,59, 57, 31, 66, 22, 24, 67, 48, 27, 35, 50, 45, 12, 23, 11, 52, 4, 64,
7.53,25,16,61,21,44,6,5,68, 71,19, 55, 38, 69, 65, 49, 63, 43, 37),
(2,3,4,...,71)(72,73,...,89)),

and

R :={((1,72,73,85,74,88,86, 78, 75,80, 89, 84,87, 77,79, 83, 76, 82, 81),
(2,3,4,...,71)(72,73,...,89)),

then, using GAP, we see that L. = C71:C7g X Cg, R =2 C19:C1s X C35, LN R =2 Cgsg,
(L,R) = G, and by Lemma 3.1, the coset graph Cos(G, L, R) is a connected locally
(G, 2)-arc-transitive graph.

Let T' = M, the Monster Group. By [4], T" contains subgroups L1 = D149 and R; =
D3sg, and L1 and R; may be selected such that L; N R; = Cs (here, the element of order
two is of type 2B). By [36] we see that M does not have a maximal subgroup of order
divisible by 71 and 19. Thus (L1, Rq) = T. Let K = C315 = C35 x Cy, and since T
does not contain an element of order 315 [5], not all elements of K lift to an automorphism
of T'. Therefore, by Lemma 3.8, Construction 3.7 yields a locally 2-arc-transitive graph I
with amalgam (C'71:C7g X Co, C19:C1s X C35, Cgsg) of twisted-twisted type with valencies
{71,19}.

3.3 Straight-nondiagonal type

We first include an example of an equidistant linear code from [22], which proves useful
in later constructions. A linear (n,k)-code C over GF(q) is a k-dimensional subspace of
GF(q)™, a codeword has weight w if it has exactly w nonzero coordinates, and a code C'is
equidistant if all nonzero codewords have the same weight.

Example 3.10 ([22, Example 5.1]). Let V = GF(3)*, and let
C=(1,1,1,0),(1,2,0,1)) < V.

Then, C is a linear (4, 2)-code, and it contains eight nonzero code words:

(1,1,1,0),(1,2,0,1),(2,0,1,1),(0,2,1,2),(2,2,2,0), (2,1,0,2),(1,0,2,2), (0,1, 2, 1),

and hence C' is equidistant of weight 3.
Let 7 = (0,1,0,0)(1,2,3,4) € GL(1,3)wr Sy < GL(V). Then, * = (0,0,0,0),
|7] = 8, and 7 permutes the eight nonzero words of C'in the order given above.

Our next result constructs examples of straight-nondiagonal type.

Theorem 3.11. For each integer n > 3, there exists a locally 2-arc-transitive graph of
straight-nondiagonal type with valencies {n, 9}.

Proof. We adapt the construction of [22, Lemma 5.2]. Let H = S}, ;2. Then H contains
subgroups L &£ Sy x S, and R 2 S3x.S,,_1 such that (L, R) = Hand LNR = Sy X S,,_1
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(this is realized by letting L be the stabilizer of {1,2} and letting R be the stabilizer of
{1,2,3}.

Based on the equidistant linear code defined in Example 3.10, we define N, :=
((£,€,¢,0) | £ € L). Moreover, if R = Ry X Ra, where Ry = S5, Ry = S,,_1,and Ry =
(h,o|h® = 0% = hh® = 1), we define Ng := ((h, h,h, 1), (h,h= 1,1, h), (z, 2,2, 2)|z €
(o) x Ry). By choosing o € L we have N, N Ng = S3x.S,,_1, and, as in [22, Lemma 5.2],
Ng = (C3:C3) x Sp—1 % R. Let N := (N,, N3). Since (L, R) 2 S,, 1 it follows that
N projects onto S, 49 in each of its four coordinates. Moreover, given any two of the four
coordinates, Ng contains an element that is the identity in one coordinate and a nonidentity
element of A, in another. Thus A%, < N. Note that IV is not necessarily all of Sj} | 5;
indeed, the elements of Ng that do not have all entries equal have even permutations as
their entries.

Define 7 := (0,1,0,0)(1,2,3,4). Then 7* = (0, 0,0, 0) and so 78 = 1. Furthermore,
T centralizes N, and normalises Ng. Let G, := (N,,7), Gg := (Ng,7), and G :=
(Go,Gp). By similar reasoning as in [22, Lemma 5.2], Ai” < G and G induces Cy
on the 4 simple direct factors. Moreover, Gg = AGL(1, 32) X Sp_1. We also see that
Ga = Cg X Sn, and Ga N Gﬁ = Cg X Snfl.

Let I' := Cos(G, Gy, Gg). Since G, acts on [G,:G, N G| as S, does on n points
and G acts on [G5:G,NGg| as AGL(1, 3%) does on GF(3?), we see that I is a connected
locally 2-arc-transitive graph with valencies {n,9}. Clearly, the action of G on [G:G,,] is
straight diagonal, and the action of G on [G:Gpg] is nondiagonal (as in [22, Lemma 5.2]).
Therefore, I' is a locally 2-arc-transitive graph of straight-nondiagonal type with vertex
valencies {n, 9}. O

3.4 Twisted-nondiagonal type

As discussed at the start of Section 3.2, the straight-nondiagonal examples given by Theo-
rem 3.11 can also be viewed as twisted-nondiagonal examples. We also have the following
construction of a graph of twisted-nondiagonal type.

Example 3.12. Let T = PSL(2,61). By [6], T’ contains a maximal subgroup M 2 Dyg.
Now, M contains a subgroup X isomorphic to C3, and N7 (X) = A,. Now, Nr(X)
contains an element g of order three that is not in M. Thus we may select subgroups
L < Mand R < MY9suchthat L & Cjg = C5 x Cy, R = C5:Cy, (L,R) = T and
LN R = X = (5. Note that we may select presentations L = (¢, z|¢°> = z? = 1) and
R=(rz|rd=2%=rr* =1).

Note that L has an isomorphism ¢ defined by ¢: ¢ +— (> 2 — x. We define ¢ :=
(€,€¢,£¢2,€¢3) = ((,02,0*,03) and T := (v,2,7,2). Furthermore, we define N, :=
(€, %), Ng := ((r,r,r, 1), (r,r=1,1,7),7), and N := (N,, Ng). As in [22, Lemma 5.2],
none of the coordinates of Ng can be linked, so N = T*. Moreover, N, = L =2 C5 x Cs,
NB = Cg:CQ and Na n Nﬁ = 02.

Define 7 := (x,1,z,2)(1,2,3,4). Then 7* = (2, z,2,z) and so 78 = 1. Let G,, :=
(Na,T), Gg = (Ng,7), and G := (G4, Gp). We note that 7 centralizes Z, whereas
07 = (3,0,02,0%) = 73, and so G = Cy. AGL(1,5). By similar reasoning as in [22,
Lemma 5.2], we deduce that G = PSL(2,61) wr Cy and Gg = AGL(1, 3?). We also see
that G, N Gg = Cs.

Let ' := Cos(G,Gq,Gp). Since G, acts on [G:G, N G| as AGL(1,5) does on
GF(5) and G acts on [G5:G, N G as AGL(1, 3%) does on GF(3%), we see that I is a
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connected locally 2-arc-transitive graph with vertex valencies {5, 9}. Clearly, the action of
G on [G:G,] is twisted diagonal, and the action of G on [G:Gg] is nondiagonal (as in [22,
Lemma 5.2]). Therefore, I' is a locally 2-arc-transitive graph of twisted-nondiagonal type
with valencies {5, 9}.

3.5 Nondiagonal-nondiagonal type

Finally, in this subsection, we include a construction of a graph of nondiagonal-nondiagonal
type.

Example 3.13. Let 7" = .J,, the second Janko group. By [5], 7" has two conjugacy classes
of elements of order three, labelled 3A and 3B, and two conjugacy classes of involutions,
labelled 2A and 2B. Moreover, the elements of type 3A are contained in a maximal sub-
group isomorphic to As x D1g which contains involutions from class 2B, and the elements
of type 3B are contained in a maximal subgroup isomorphic to As which also contains
involutions of type 2B. Furthermore, within each of these maximal subgroups the elements
of order three are normalized by an involution of type 2B. Using GAP, there are subgroups
L,R < T, each isomorphic to S3, such that L N R = (5, L contains an element of or-
der three of type 3A, R contains an element of order three of type 3B, and (L, R) = T.
Furthermore, by [5], the two conjugacy classes of order three are not fused by any outer au-
tomorphism of T'. Let L = (¢, z|[¢3 = 22 = #/* = 1) and R = {r, z|r3 = 2% = rr® = 1).

We again use the equidistant linear code as defined in Example 3.10. Define N, :=
(6, 6,6,1), (6,672, 1,0), (2, z,2,2)) and Nj = ((r,r,r, 1), (r,r~%, 1,7), (z,2,2,2)).
Note that L N R = (5, and, reasoning as in [22, Lemma 5.2], we deduce that N, =
Ng = C§:Cg 2 L, R. Also, given any two of the four coordinates, both N, and Ng con-
tain an element that is the identity in one coordinate and a nonidentity element in another,
so N := (N,, Ng) = J3.

Define 7 := (x,1,z,2)(1,2,3,4). Then 7% = (2, z,2,7) and so 78 = 1. Let G, :=
(No,T),Gp := (Ng,7),and G := (G4, Gg). By similar reasoning as in [22, Lemma 5.2],
G = JowrCyand G, = G = AGL(1, 3?). We also see that G, N G5 = Cs.

Let I' := Cos(G, G4, Gp). Since G, (respectively G ) acts on [Go:G, N Gg| (re-
spectively [Gp:Go N Gg)) as AGL(1,3%) does on GF(3?%), we see that I is a connected
locally (G, 2)-arc-transitive graph with valencies {9, 9}. Moreover, I' cannot be a standard
double cover of a (G, 2)-arc-transitive graph since L and R are not conjugate subgroups
in Aut(J2). Clearly, the action of G on both [G:G,] and [G:Gg] is nondiagonal (as in
[22, Lemma 5.2]). Therefore, I' is a locally (G, 2)-arc-transitive graph of nondiagonal-
nondiagonal type that is regular of valency 9.
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MARKO PETKOVSEK (1955 — 2023)

Marko PetkovSek was born in 1955 and
died in 2023. He completed his PhD in
1991 at the School of Computer Science,
Carnegie Mellon University, Pittsburgh, af-
ter which he worked at the University of
Ljubljana until retirement in 2021 as a pro-
fessor, researcher, the head of the mathe-
matics department and vice-dean.

Marko Petkovsek has an outstanding
worldwide reputation in the fields of dis-
crete mathematics and theoretical comput-
er science, which he earned through his re-
search and work in the field of symbolic
computation. He is best known as a coau-
thor of the well-known book A=B and the
author of the “Hyper” algorithm for solv-
ing linear recursive difference equations
with polynomial coefficients in terms of
hypergeometric forms, nowadays called
the Petkovsek’s algorithm.

In addition to fundamental results and
publications in symbolic computation,
Marko’s work in graph theory, where he intermittently collaborated with one of us over
a period of several decades, also contributes to his visibility. Let us say a little more about
his work in this area. He explored various classes of perfect graphs, graphs with non-
empty intersections of longest paths, hereditary graph classes, Fibonacci and Lucas cubes,
and attacked several related problems. One of the first challenges suggested by Marko was
the problem of the intersection of longest paths in graphs. We wrote a joint paper that
went mostly unnoticed for a quarter of a century, only to receive wide attention in the past
decade. Marko’s mathematical breadth was extremely helpful in the treatment of various
problems, as it often led to unexpected insights. Of this kind were his contributions to the
enumeration of the vertex and edge orbits of Fibonacci cubes and Lucas cubes. Marko’s
work also established new directions of development. In his paper [Marko Petkovsek, Let-
ter graphs and well-quasi-order by induced subgraphs, Discrete Mathematics 244 (2002)
375-388] he introduced the notion of letter graphs and proved that the class of k-letter
graphs is well-quasi-ordered by the induced subgraph relation, and that it has only finitely
many minimal forbidden induced subgraphs. This visionary paper preceded developments
in the field by a decade, and is today recognized as a fundamental reference on the topic.

Let us finish with a few personal thoughts about Marko. Our deep and unbroken friend-
ship began more than 30 years ago. One of us was lucky to share an office with Marko as
a freshly minted assistant, and the other as his student. He introduced us both to the world
of research and transferred his enthusiasm for it to us. He was the best possible friend.
Despite his broad mathematical knowledge and depth of thought, he was extremely mod-
est and downplayed his strengths and contributions. His was always pleasant and soothing
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company, be it on mountain trails, Saturday evening bridge sessions, or just conversations
at and around work. In addition to mathematics, he had a broad general outlook. He held
himself to the highest ethical and moral standards, inspiring others to do the same. And on
mountain hikes he could always name every flower we saw in his mother tongue Slovene,
German, and Latin.

Unfortunately, Marko left us too soon. We shall always remember the beautiful mo-
ments we spent with him and keep him in our memories as a truly exceptional man.

Andrej Bauer and Sandi KlavZzar
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