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Abstract

After long term efforts, it was recently proved by Du, Kutnar and Marusic¢ in 2021
that except for the Petersen graph, every connected vertex-transitive graph of order rs has
a Hamilton cycle, where r and s are primes. A natural topic is to solve the hamiltonian
problem for connected vertex-transitive graphs of 2rs. This topic is quite nontrivial, as
the problem is still unsolved even for that of » = 3 and 5. In this paper, it is shown that
except for the Coxeter graph, every connected vertex-transitive graph of order 2rs contains
a Hamilton cycle, provided the automorphism group acts primitively on vertices.

Keywords: Vertex-transitive graph, Hamilton cycle, primitive group, automorphism group, orbital
graph.
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1 Introduction

Throughout this paper graphs are finite, simple and undirected, and groups are finite. Given
a graph X, by V(X), E(X) and Aut(X) we denote the vertex set, the edge set and the
automorphism group of X, respectively. A graph X is vertex- or arc-transitive if Aut(X)
acts transitively on vertices or arcs, respectively.

Given a transitive group G on €2, a subset B of  is called a block of G if, for any
g € G, we have either B = BY or BN BY = (). Clearly, G has blocks  and {«} for any
a € (), which are said to be trivial. Then G is said to be primitive if it has no nontrivial
blocks. Moreover, a vertex-transitive graph X is said to be primitive if Aut(X) is primitive
on vertices.
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A simple path (resp. cycle) containing all vertices of a graph is called a Hamilton path
(resp. cycle) of this graph. For convenience, a Hamilton-cycle (resp. path) is usually abbre-
viated by a H-cycle (resp. H-path). A graph containing a Hamilton cycle will be sometimes
referred as a hamiltonian graph.

In 1970, Lovasz asked in [1] that

Does every finite connected vertex-transitive graph have a Hamilton path?

Up to now, this question remains unresolved and no connected vertex-transitive graph with-
out a Hamilton path is known to exist. Moreover, only four (families) of connected vertex-
transitive graphs on at least three vertices not having a Hamilton cycle are known, which are
Petersen graph, Coxeter graph and triangle-replaced graphs from them. Since all of these
graphs are not Cayley graph, we may ask if every connected Cayley graph has a Hamilton
cycle.
It has been shown that connected vertex-transitive graphs of orders kp, k < 6, 10p
(p > 11), pJ (7 < 5)and 2p2, where p is a prime contain a Hamilton path, see [2, 5, 18, 19,
,25,26,27,28, 31]. Furthermore, for all of these families, except for the graphs of order
6p and 10p and that four exceptions, they contain a Hamilton cycle. With the exception of
the Petersen graph, Hamilton cycles are also known to exist in connected vertex-transitive
graphs whose automorphism groups contain a transitive subgroup with a cyclic commutator

subgroup of prime-power order (see [6] and also [9, 17, 24]).
So far we know that Cayley graphs of the following groups contain a Hamilton cycle:
nilpotent groups of odd order, with cyclic commutator subgroups (see [6, | 1, 12]); dihedral

groups of order divisible by 4 (see [3]); and arbitrary p-groups (see [30]). A Hamilton path
and in some cases even a Hamilton cycle was proved to exist in cubic Cayley graphs arising
from (2, s, 3)-generated groups (see [13, 14, 15]).

Recently, Kutnar, Marusic and the first author proved that vertex transitive graphs of
order rs have a Hamilton cycle, except for the Petersen graph (see [7, 8]). This work took
many years, because of a difficult case, which is a primitive graph with automorphism
group PSL(2, p) and a point-stabilizer D,,_;. A natural question is to consider hamiltonian
problem for vertex-transitive graphs of order 2rs. As mentioned above, some special cases
have been solved such as that of graphs of order 4p, 6p, 10p and 2p?, where p is a prime
(Hamilton path or cycle). To solve the general case, a necessary step is to deal with all
primitive graphs of such order. The main result of this paper is the following theorem.

Theorem 1.1. Except for Coxeter graph, every connected vertex-transitive graph of order
2rs contains a Hamilton cycle provided the automorphism group acts primitively on its
vertices, where r and s are primes.

After this introductory section, some notations, basic definitions and useful facts will
be given in Section 2 and Theorem 1.1 will be proved in Section 3.

2 Preliminaries

By |a] and [a], we denote the largest integer that is smaller than a and smallest integer
that is larger than a, respectively. For a prime ¢, a finite field of order ¢ will be denoted by
Fq. SetF; = Fy \ {0}, 5 = {t* | t € F,}, §* = SNF; and N = F; \ S*. Then the
elements in .S and NV are called to be squares and non-squares, respectively. By Z,, and
Dy,, we denote a cycle group of order n and dihedral group of order 2n, respectively. For
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agroup G and L C G, by Cg(L) and Ng(L) we denote the centralizer and normalizer
of L in G, respectively. A semi-product of K and H is denoted by K x H, where K is
normal. Let G be a group with a normal subgroup N, we denote the image of g € GG under
the natural homomorphism of G to G/N by g. For a group G and its subgroup H, [G : H|
denotes the set of right cosets of H in G; HgH denotes the orbit containing H g under the
action of H. Recall that the socle of G which is denoted by soc(G) is defined to be the
product of all minimal normal subgroups of G.

Let G act on some set §). For some o € Qand g € G, set a” = {a? | g € G}. For
a € Q, set H = G,. Then the action of GG on 2 is equivalent to its right multiplication
action on right cosets [G : H] relative to H. For a subset A of 2, by G(a) and G{ay, we
denote the pointwise and setwise stabilizer of A in G, respectively.

In a graph X, let a € V(X) and B C V(X), by d(a, B) we denote the number of
neighbors of a in B. Given A, B C V(X), if d(a, B) = d(a/, B) for any a, o’ € A, then
we denote d(a, B) by d(A, B). Moreover, set d(B) = d(B, B). The neighborhood of any
vertex a in the graph X is denoted by X (a).

In what follows we recall some definitions related to orbital graphs and semiregular
automorphisms.

Let G be a transitive permutation group on {2. Then G induces a natural action on
Q x Q. We call the orbits of G on Q x € the orbitals of G, and in particular the trivial
orbital is referred to {(«, o) | a € Q}. The orbital digraph X (G, T') relative to an
orbital I is defined to be the directed graph with vertex set €2 and edge set I'. Each orbital
I has an associated paired orbital I" defined by I'" = {(83, ) | (o, ) € T}, and of
course, I is said to be self-paired if ' = I" in which case X (G, I') can be viewed as
an undirected graph (orbital graph). The G-arc-transitive graphs with vertex-set {2 are
precisely the orbital graphs X (G, T') for the nontrivial self-paired orbitals I'. In addition,
take a point « € 2, the orbits of the stabilizer G, on €2 are called suborbits of G relative
to .. There is a one-to-one correspondence between the suborbits and the orbitals of G.
Each orbital T'; corresponds to a suborbit A; = { 8 € Q| («, B) € T'; }. Conversely, each
suborbit A; corresponds to an orbital T'; = {(«, 8)Y | g € G, 8 € A; }. A suborbit of
G is said to be self-paired if the corresponding orbital is self-paired. Thus we often use
X (G, A;)and X (G, A;UAL) to denote graphs X (G, T') and X (G, T'UT”) respectively.

Let m > 1 and n > 2 be integers. An automorphism p of a graph X is called (m, n)-
semiregular (in short, semiregular) if as a permutation on V' (X) it has a cycle decomposi-
tion consisting of m cycles of length n. If m = 1 then X is called a circulant; it is in fact a
Cayley graph of a cyclic group of order n. Let P be the set of orbits of p, that is, the orbits
of the cyclic subgroup (p) generated by p. We let the quotient graph corresponding to P
be the graph X'» whose vertex set equals P with A, B € P adjacent if there exist vertices
a€ Aandb € B, suchthata ~ bin X.

The following four results will be used later.

Proposition 2.1 ([29, page 167]). Let I, be the finite field of odd prime order q. Then

. ey J@=5)/4 ¢=1 (mod4),
(S +1)m(—S)|—{(q+1)/4 ¢=3 (mod 4).

This implies that if ¢ = 1 (mod 4) then

[STA(S"+ 1) = (¢=5)/4, INN(N+1)|=(¢—-1)/4, [S"TN(NE£1)[=(¢-1)/4.
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No. soc(@) 2rs Action Comment
T PSL(2, q)  ala+1)/2 Gansoc(G) =Dy nja  d=(2a-1)
G = PGL(2, 11)
for ¢ =11
2 PSL(2, q) q(¢g—1)/2 G4Nsoc(G) = Dag41)/4 d=(2,q-1)
3 PSL(2,47) 2 x47x 23 Sy
4  PSL(2,17) 2x17x3 S,
S PSL(2,41) 2x4lx7 As

Table 1: Primitive groups of degree 2rs, where the socle PSL(2, q).

Proposition 2.2 ([ 16, Theorem 6] (Jackson’s Theorem)). Every 2-connected regular graph
of order n and valency at least n/3 contains a Hamilton cycle.

Proposition 2.3 ([4, Corollary 3]). If X is a connected Cayley graph of an abelian group
of order at least 3, then every edge of X lies in a hamiltonian cycle.

Lemma 2.4 ([27, Lemma 5]). Let X be a graph admitting an (m, p)-semiregular auto-
morphism p, where p is a prime. Let C be a cycle of length m in the quotient graph Xp,
where P is the set of orbits of p. Then, the lift of C either contains a cycle of length mp or
it consists of p disjoint m-cycles. In the latter case we have d(S, S’) = 1 for every edge
SS"of C.

3 Proof of Theorem 1.1

To prove Theorem 1.1, let X be a connected vertex-transitive graph of order 2rs, where r
and s are primes. Set G = Aut(X). It has been proved that X contains a Hamilton cycle
if 2rs = 2p? or 4p for a prime p, provided X is not the Coxeter graph which is of order 28.
Therefore, in what follows we assume that r < s. If G acts 2-transitively on V (X), then X
is a complete graph, which contains a H-cycle. Now we need to consider all the primitive
groups of degree 2rs of rank at least 3 from [10] (or [21]), where r and s are distinct odd
primes. Let H be a point stabilizer in soc(G). Checking [10], all the possible groups are
listed in Tables | and 2.

Table 1 gives the these groups with the socle PSL(2, ¢). The first two cases H = D,_;
and H = D, ; will be dealt with in Subsections 3.1 and 3.2, respectively. With the help of
Magma, we can show that every vertex-transitive graph is hamiltonian, arising from other
three groups in Table 1.

Table 2 gives these groups whose socle is a classical simple group which is not PSL(2, ¢),
an alternative group or a sporadic simple group. These groups will be dealt with in Subsec-
tion 3.3.

31 soc(G) =PSL(2,qg)and H =Dg_4

Let G = PSL(2, ¢) and H = D,_,. Consider the action of G on the set [G : H| of cosets
of H in G, see row 1 of Table 1. Then the degree is ¢(¢ + 1)/2 = 2rs, thus ¢ = 3(mod 4)
and in particular —1 € N, the set of non-squares. Set F; = (0).
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No. soc(G) 2rs Action Comment
1 PSL(4, q) q;f_ll(q2 +1) 2-spaces g=3;0rq=>5;0r
g = 11, 29(mod 30) and
q prime and ¢ > 59
2 PSL(5.q)  TM(gP+1) 2-spaces ¢ = —1(mod 10),
q prime and ¢ > 29

3 PQ(2m, q) %fqul) on t.s. 1-spaces m even

4 PQY(2m, q) %‘M on t.s. 1-spaces m odd

5 PSL(3, 5) 2x31x3 on (1, 2)-dim. flags G =PSL(3, 5).2
6 A, @ on 2-sets c>5

7 My 66 Ss

8 M12 66 M10 12

9 Mos 506 Ag

10 Ji 266 PSL(2, 11)

Table 2: Primitive groups G of degree 2rs, where soc(G) # PSL(2, q).

For any g € SL(2, q), setg = gZ(SL(2, ¢)). In SL(2, q), set

(Y (L ON (0 0N ,_(0 1
“=lo 1) = \1 1) \o 1) "7 \21 o)

Since PSL(2, ¢) has only one conjugacy class of subgroups isomorphic to D;_1, we may
set H = (I, 7). Let V be the row vector space so that the action of ¢ € GL(2, ¢) on a
vector (z, y) is just defined as (z, y) - g. Set £ = ((=, y)). Then all the projective points
are {00, 0, 1, 2, --- , g — 1}. The action of G on [G : H| is equivalent to its action on the
set of unordered pairs of distinct projective points, where H = G ¢, »}. Thus we have

@ {00, 0} = {1, 0}, 17:{j,j+1} = {07, (j + 107>},
lit: {4, j+1} = {—j710%, —(j + 1)716%}.

Then the all (u)-orbits are

s T . -1

Boo = {{o0,i}i €F,}, Bj={{ii+j}li€F,}, je{1,238 - =}
SetB={B;|je{1,23, -, 2-11}. Considering the action of N¢((@)) = (u) x (1)
on the vertices, we know that N¢((w)) fixes the block B, setwise and acts transitively on
other vertices. In particular, (/) fixes B, and acts regularly on ‘1;—1 remaining blocks B;
in B.

The suborbits of G have been determined in [22] and an alternative description is given
below.

Lemma 3.1. Suppose ¢ = 3(mod 4). Then every nontrivial suborbit of G relative to H
can be written as {j, j + 1}, where j € Fy, with length q;21 and q — 1 if and only if
j2+j € N and j* + j € S, respectively. Moreover, {j, j + 1} is self-paired if and
only if either j +1 € N or j € S, and if it is non self-paired, then its paired suborbit is
{4, =i -1}



6 Ars Math. Contemp. 23 (2023) #P3.05

Proof. Fori € F?, direct computations show that {co, i} belongs to {0, 1} or {0, —1}#
depending on whether i € S* ori € N, respectively. Since (I) < H acts regularly on B,
any other suborbits can also be written as {7, j + 1}1. The length of {j, j + 1} is %1
and g — 1 if and only if the order of the stabilizer for {j, j+1} in H is 2 and 1, respectively.
But the former holds if and only if there exists some k € Z, such that [*¢ fixes { j7 Jj+1},
ie,j+1=—;j"16%. Therefore we deduce that the length of the suborbit is 45~ Lorg—1
depending on j2 + j € N or j2 + j € S, respectively.

Let A={j,j+1} Ifj+1 =0 then A* = {0, 1}#. If j + 1 # 0, then

= {] 1 —1}. Now, A is self-paired if and only if there exists some element of H
mapping {j, j + 1} to {]_H, —1}. From

{IFG), F( + 1)} = {5072, ( +1)87*) = {7 —1} and
{18t (5), e + 1)} = {—510%, (i + 1) 716"} = {m, -1},

we know that such element of H exists if and only if j +1 € N or j € S, as desired.

Suppose that A is not self-paired and j + 1 7é 0. Then j + 1 = 6=2*k € S and I* maps
{j+1» —1}to {—j, —j — 1}, thatis A* = 3+17 1 ={—j, —j - 1} 0
Remark 3.2. By Lemma 3.1, it is easy to determine the number of nontrivial suborbits of
length q—;l or ¢ — 1, and the number of nontrivial paired suborbits. But we do not need
these numbers in here.

Before going to prove the main result, we first give a technical lemma on number theory.

Lemma 3.3. Suppose that q is an odd prime. If a, b € F and a # b. Then

(5" +a)n (S*+b)ﬂN|<[ (¢ +11+2y9)],
|(S* +a)N (N +D0)NN| <3 (Q+11+2\fﬂ,
|(S* +a)N (N+b)ﬂS*|>L (¢ —11-2,/q)],
(N+a)N(N+b)NS* > |4 (q—1172\f)J

Proof. Setn: F; — {£1} by assigning the elements of S* to 1 and that of N to —1 and

moreover, set 7(0) = 0. This 7 is exactly that in [23, Example 5.10]. Also we need to
quote the following three results from [23, Theorems 5.4, 5.48, 5.41]:

(1) Zmqu 77(1:) = O;

(i) > ew, n(z? + Az + B) = q — 1 for A2 — 4B = 0 or —1 for otherwise, where
A, BelFy

(iii) |m| < 2\/q, wherem :=3_ p n(z(z —1)(z — 1)) and t € F,.

For four inequalities of the lemma, we have the same arguments and here we just prove
the first one. Set W = (S* +a) N (S* +b) N N, that is

W ={zeFy|n(x—a)=n(x—0)=1,n(x)=—1}.
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Now let a, b € S*. Then by the above three formulas (i) — (iii), we have

Wi=5 S (- a)(1+ - H)(1 - ()
2€F,\{0,a,b}
=2 Y a0+l a) e~ b) ~nlale - ) ~ (el - b)
z€F,\{0,a,b}
al(e — a)@ — b)) ~ (@ — a)x — b)a)
1

= g[(q —3) — (=n(b) = n(a)) = (n(=a) + n(b - a)) — (n(=b) +n(a — b))
— (=1 =nb(b—a)) — (=1 —na(a — b)) + (=1 — n(ab)) +m]
< [é(q+11+2\/§)] O

According to Lemma 3.1, we shall deal with the orbital graphs X = X(G, A) or
X = X (G, AU A*), according to that A is self-paired and of length %, non self-paired
and of length %2, self-paired and of length ¢ — 1, and non self-paired and of length ¢ — 1,
respectively, in the following four lemmas.

Lemma 3.4. Suppose that A is a self-paired suborbit of length q%l. Then X (G, A) is
hamiltonian.

Proof. Let X = X (G, A), where A is self-paired and of length q;—l. Let Y be the quotient
graph induced by (@), with vertices B U {Bo.}. Then by Lemma 3.1, we may set A =
{j,j+ 1}, where j(j +1) € N,j+1 € N and j € F,. Then the neighborhood of
{0, 00} is:

X1({0, 00}) = A= {{j07%, (j +1)07*} | k € Fy}.

Since |A| = % and (I) acts regularly on B, d(Bw, B;) = 1foranyi =1,2,3,---,
g—1

2
The lemma will be proved by the following three steps:

Step 1: Show d(By,, B;) < 2foranyi,m=1,2,3,--- | q;zl.

Since (I) is regular on B and {0, 1} € Bj;, we may just consider d(B;, B;) =
d({0, 1}, B;) foranyi = 1,2, 3, --- , q;—l. Since @’ maps {oco, 0} to {0, 1}, we know
that

X1({0, 1}) = AT = {{jo~2, (j +1)07%} | k € F}™
_ j972k (] 4 1)9721{,‘
o {{1 + 70727 1+ (j+ 1)9*%}

| k € Fy}.

So a vertex in X7 ({0, 1}) is contained in B; if and only if

( jo* G +1)e* -
144027 1+ (j +1)0-2k7

{t, t + i} for some t,

if and only if one of the following two systems of equations has solutions:

jo—* (G + 102"

— —:t R 3.1
1162 " Tr(rngz '8 G-
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and

j972k 7 ) (] 4 1)07219 _
14 j0-2k b+, 1+(G+1)0-2+ b (3.2

Solving Equation (3.1), we get
i7(5 + Du? 4 (265 +i — Du+i =0,
where u = §~2*. This equation has solutions for u if and only if
Sp:=(2ij+i—1)2 —4i%j(j +1)=i* - (2+4j)i+1€ S*

Suppose that the above equation has solutions, say u1 and us. Since ujus = (j(j+1))71,

a non-square, we know that uq, us # 0, one of them is a non-square and the other one is a

square. Therefore, there exists exactly one solution for §~2* = « if and only if §; € S*,

noting that every 2% gives a unique ¢, equivalently, a unique vertex in the block B;.
Solving Equation (3.2), we get

i7(j + Du® + (265 + i+ Du+i=0,
where u = §~2*. This equation has solutions for u if and only if
So = (2ij+i+1)>—4%j(j+1) =i+ (2+4j)i + 1€ S*.

Similarly, there exists exactly one solution for #~2* if and only if J, € S*.
Summarizing Equation (3.1) and Equation (3.2), we get d({0, 1}, B;) < 2.

Step 2: Show that for a given j, there exists some i such that d(Bj, B;) = 2.

It suffices to show d({0, 1}, B;) = 2 for some ¢ # 0, equivalently, to show that the
number of B; (i # 1) such that d(By, B;) = 1is less than 45+ — 1 — 2 = 7.
Now, d(B;, B;) = 1 if and only if

5167 = (2 — 2+ 45)i + 1)(i® + (2+4j)i +1) =y € N,
that is
w4 (2-(2+45))u+1-y=0, (3.3)

where u = 2. Note that for a given u € S*, i and —i give the same block B;. Thus a
solution of v can provide at most one block B; satisfying our conditions.

In what follows, we analyse the number of solutions for w.

Equation (3.3) has some solutions for « if and only if

§:=(12—-(2+45)%? -4 —y) € S,

that is
y€ S+t wheret =—45(j+1) €S.

Now y € (S+1¢)NN. First suppose that 1 —y € N. Theny € (S+t)NNN(1+S). By
Lemma 3.3, we have at most [£(q + 11 +2,/g)] + 1 choices for y, and then for u as well.
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Secondly, suppose thatl —y € S. Theny € (S+¢)NNN(1+ N). By Lemma 3.3, we
have at most f (¢ + 11 +2,/g)] + 1 choices for y. Since every y may give two solutions
for u, we have at most 2[ £(¢ + 11 4 2,/g)] + 2 solutions for u.

In summary, we have at most

gl 1+ 20D +205a+ 11 +203)] +3

blocks B; such that d(By, B;) = 1. Now

%(q+11+2\/a)1 +2[é(q+11+2\/§ﬂ +3< %7

provided ¢ > 169. In other words, if ¢ > 169 there exists some ¢ such that d( By, B;) = 2.

For 7 < ¢ < 169, only the primes 19,43, 67 and 163 satisfy £ (Hl) = 2rs. For these
primes, we can get a Hamilton cycle by Magma.

Step 3: Show the existence of a H-cycle.

Let us come back to the proof of the lemma. Let Y; = Y'[B], the subgraph of Y induced
by B. Then Y} is a Cayley graph on Z FEp Since the valency of X is 45~ L d(By, By) =1,

and d(Bj, B;) < 2, it follows from

q—1 1
2( ;- 2=y
that Y7 has at most two connected components. Since q2 is odd, Y7 must be connected.
Now there are double edges between B and B; for some ¢. By Proposition 2.3, Y; contains
a cycle passing the edge By B;, say - -- B;B1B; - --. In'Y, replacing the edge B; B, by the
path B; B, B1, we get a H-cycle, say C for Y. By Proposition 2.4, C' can be lifted to a
H-cycle of X. O

Lemma 3.5. Suppose that A is a non self-paired suborbit of length q;—l. Then X (G, A)
is hamiltonian.

Proof. Let X = X(G, A U A*), where A is non self-paired and of length 5=, Let YV
be the quotient graph induced by B U {B,}. Then by Lemma 3.1, we may set A =
{5, 7+ 1} and A* = {—j, —j — 1} where j(j +1) € N,j+1€ S, j € N and
Jj € Fy. Then the neighborhood of {0, co} is:

X1({0, 00}) = AUA™ = {07, (j+1)07*"}, {(=)0~*, (—j—-1)07*"} | k € Fy}.

Since |A U A*| = ¢ — 1 and (I) acts regularly on B, d(Bw, B;) = 2 for any i =

1,2, -, L

The lemma will be proved by the following two steps:

Step 1: d(By, B;) € {0, 2,4} foranyi, k=1,2, --- | %.

Since (I) is regular on B and {0, 1} € Bj, we may just consider d(B;, B;) =
d({0,1}, B;) forany i = 1, 2, 3,---, Q;QI. Since @’ maps {oo, 0} to {0, 1}, we know
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that
X1({0, 1}) = {A, A"}7

_ {{ ja_Qk (.7 + 1)0_2k } { (_j)g_Zk (_.] — 1)6_2k
N L0 I (G102 ML (=)0 14 (—j —1)0 2k

b ke Ry}

A vertex in X7 ({0, 1}) is contained in B; if and only if some of the following four systems
of equations has solutions:

%:t, WZH@ (34)
%Zf”v mﬂ; (3.5)
% =t i_f_; P%;kzk =t+i; (3.6)
% =t+i g if_j Pf);:k =t 3.7)

Solving Equation (3.4) and Equation (3.6), we get the respective equation
i3 (j + Du? + (20§ +i— Du+i=0,
where u = #~2*_ For each of these two equations, it has solutions for « if and only if
61:0= (2 +i—1)* —4i%j(j +1) =4 — (2+4j5)i + 1 € S*.

Since the product of two solutions u; and us is (j(j + 1)) ™!, a non-square, we know that
either u;y € S* or ug € S™* if the above equation has solutions. Therefore, there exists
exactly one solution for 2% = v if and only if §; € S*, noting that every 62 gives a
unique ¢, equivalently, a unique vertex in the block B;. Totally, two systems of equations
give two vertices in the B;.

Solving Equation (3.5) and Equation (3.7), we get respective equation

i5(j 4+ Du? £ (25 +i+ Vu+i=0,
where u = #~2*. This equation has solutions for u if and only if
6o = (2ij +i+1)? —4i%(j+1)=*+ (2 +4j)i + 1 € S*.

Similarly, there exists exactly one solution for #~2* if and only if 6, € S*. Totally, two
systems of equations give two vertices in the B;.

In summary, d(B1, B;) = 2 if and only if 6102 € N; and d(B1, B;) = 0 or 4 provided
d109 € S.
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Step 2: Show the existence of a H-cycle.

Let Y7 = Y'[B], the subgraph of Y induced by B. Then Y7 is a Cayley graph on Z 1.
2
Since the valency of X is ¢ — 1, d(B1, Bs) = 2, and d(By, B;) < 4, it follows from

1 1 g-1

-(¢g—-1-4-2)> - - ——

14 )23 73
that Y7 has at most two connected components. Then, using the same arguments in Step 3
of Lemma 3.4, one may get a H-cycle of X. O

Lemma 3.6. Suppose that A is a self-paired suborbit of length ¢ — 1. Then X (G, A) is
hamiltonian.

Proof. Let X = X (G, A), where A is self-paired and of length ¢ — 1. Let Y be the
quotient graph induced by B U { B, }. Then by Lemma 3.1, we may set A = {j, j + 1}
where j(j + 1) € S* and either j + 1 € N or j € S*. Then the neighborhood of {0, co}
is:

X1({0, 00}) = A = {{j07*", (j + DO}, {(=1)07*", (=5 = 1)07**} | k € Fy}.
Since |A| = ¢ — 1 and (I) acts regularly on B, d(Bwo, B;) = 2 forany i = 1, 2, --- , 1.
The lemma will be proved by the following two steps:

Step 1: d(By,, B;) < 4 forany i, m € Fy.

Since (I) is regular on B and {0, 1} € Bj, we may just consider d(B;, B;) =
d({0, 1}, B;) forany i € F;. Now,

jO—2F (j+1)o~2F
14702k 14 (j+1)6-2F
{ (=5)0—2* (=i —1)o~*

1+ (=5)072k" 1+ (—j—1)6—2F

A vertex in X ({0, 1}) is contained in B; if and only if one of the following four systems
of equations has solutions:

X:1({0, 1) = (A" = ({

}’

}| k€ Fg).

jO—2k (j+ 1)9_% .
=1 —_— < =t M 3.8
1+ 562k Tl (1) T (3.8)
jo—* o _G+ner
(=)0 —>* (=7 — 1o~ :
—_— = =t+1; 3.10
e E T e
_ \p—2k i —2k
(=)0 S G R — 1. 3.11)

1+ (—5)0—2% 14 (—j—1)6-2F
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Solving Equation (3.8) and Equation (3.10) we get the respective equation
i5(j + Du? + (20§ +i — Vu+i=0,
where u = §~2*_ Each of these two equations has solutions for « only if
61:=(2ij+i— 1) —4%j(j+1)=i*— (2+4j)i+1€S.

(1) §; € S*: Since the product of two solutions u; and us is (5(j + 1))~1, a square, we
know that either uy, us € S* or uy, us € N*. Therefore, there exist two solutions
for 6=2F = 4 only if §; € S*. Noting that every #~2" gives a unique ¢, equivalently,
one vertex in the block B;. Thus two systems of equations give two vertices in B;.

(2) 01 = 0: For these two equations, there is just one solution for v and it gives a unique
t. Thus two systems of equations give one vertice in B;.

Solving Equation (3.9) and Equation (3.11), we get respective equation
i3 (5 + Du? £ (20§ +i+ Vu+i =0,
where u = §~2*_ This equation has solutions for u if and only if
6o = (2ij+i+1)2 —4i%(j+1) =2+ (2+4j)i+ 1€ S.

Similarly, if 65 € S*, there exist exactly two solutions for #~2*. Thus two equations give
two vertices in B;. If do = 0, there exists one solution for §~2¥. Thus we only get one
vertex in B;.

In summary, d(By, B;) = 2 if and only if 6102 € N; d(By, B;) = 0 or 4, provided
5102 € S*; and d(B1, B;) = 1 or 3if and only if 6152 = 0.

Step 2: Show the existence of a H-cycle.

Let Y1 = Y[B] be the subgraph of Y induced by B. Then Y7 is a Cayley graph on
ZqT—l. Since the valency of X is ¢ — 1, d(B1, Bx) = 2, and d(B1, B;) < 4, it follows
from

1 1 ¢g—1
-(g—-1-4-2)> - - ——
i )= 33

Then we get a H-cycle, with the same arguments as in Step 3 of Lemma 3.4. O

Lemma 3.7. Suppose that A is a non self-paired suborbit of length ¢ — 1. Then X (G, A)
is hamiltonian.

Proof. In this case, A = {1, 0} and A* = {—1, 0}. Let X = X(AUA*) and Y the
quotient graph induced by B U { B, }. Then the neighborhood of {0, oo} is:

X1({0, 00}) = AUA* = {{0, 6%}, {00, 6°} | k € Fy}.
By observing the vertices of block B.,, we get d(Bs,) = q — 1, and since (I) is regular on
B, d(Bw, B;) = 2foranyi=1, 2, ---, 1. Since @ maps {cc, 0} to {0, 1}, we know
that
o o " R
X;1({0, 1}) ={A, A*}* ={{0 1 .
1({7 }) { ) } {{’1+9k}’{’1+0k}’ € q}
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A direct computation shows d(B;) = 2. Moreover, d(B1, B;) is exactly the number of
union of solutions of the following two equations:

gk ) o* .
{0, m} ={t+i t} and ({1, 1+79’“} = {t+i, t}.

Solving them, we get four solutions:

—i

0" =
144

t=—i; 0=

1
O =—"t=1-1i; 0" =
(3

Therefore, d(B1, B;) = 4.

Since (I) is regular on B, d(B;, B;) = d(Bi1, By) for some ¢’ and d(B;) = d(B).
Then we conclude that d(B;, Bj) = 4 and d(B;) = 2. Thus the graph Y \ {B} is a
complete graph. As before, X is hamiltonian. O

3.2 soc(G) =PSL(2, g)and H =Dy,

Let G = PSL(2, ¢) and H = D,44. Consider the action of G on the set [G : H| of cosets
of H in GG, see row 2 of Table 1. Then n = @ = 2rs. This implies that ¢ = 1(mod 4)
and both ¢ and 43 are primes. Sor = %! and s = ¢. Set Fy = (0) and v/—1 = 0.
In GL(2, q), we set

(LN (L 0y (0 0N, _(0 1
““lo 1) "7 1) "o )T\ o)
_(x yo\ _ (1 0 _ s —(r —yb
o= (5 W) e =vi(y O =vi(E ) e
Then up to conjugacy, H may be chosen as
H={t(z, y),t'(z,y) | 2> — 4?0 = 1}.

Consider the action of N ((z)) = (u) x () on the set of (w)-orbits (blocks) on [G : H].
Then [G : H| can be divided into two parts, say B and B’, where

B:{BI7B25"'aBL1}7 B/:{Bg_aBé7"'7B/<1*1}7
4 4

where B; = {Huilt | j € Zg} and B, = {Htwl' | j € Zg}, where 1 < i < L
Lemma 3.8. Suppose ¢ = 1(mod 4). Then for G acting on |G : H),

(1) there are % suborbits of length %, while %1 of them {HWH | 1 <4<
%} are self-paired and % of them { HI' H | 1<i< %} are non-self-paired

suborbits;

(2) there are %1 suborbits of length q + 1, with the form HuiH, where i> € S* N
(40 + N). All of them are self-paired.
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Proof. Since ¢+ 1 = 3(mod 4), for any g € G, H N HY is either Z5 or 1, so every suborbit
is of length either Zt or ¢ + 1.

(D) |A] = 13
Let A = HgH be a suborbit of length %1. Then H9 N H = Z, and so oY is

an involution of H, where o« = [ 2 Tt € H. Then o9 = o for some h € H , and so
gh™! € Cg(a) = <l t). Since HgH = Hgh~ 'H, we may choose h = 1 so that
g € Cg(a). Set g = I or I’t for some i. Moreover, direct computations show that for any
two distinct elements gy, go € Cq(a) = (I, 1), Hg1 H = Hgo H if and only if g; = gaa.
Therefore, we have q%l suborbits of length ‘”1 In particular, HgH = H g_lH if and

only if either g2 = 1 or g~! = ga, where the second case gives g € H. So we get = L self-
paired suborbits H g H where g is non-central involution in C; («v), noting HgaH = H gH.
So the remaining {IT_5 suborbits of length %1 are non self-paired.

2)|Al=q+1 o

Let first consider the suborbits D = Hu*H where i € Z;. From the arguments in (1),
we know that |A| = ¢ + 1. Since HuiH = HaulaH = Hu=H, A is self-paired. Set
g =ul.

Suppose that H9 N H = Z,, that is

u ! (xq, y1)u' € H,
which implies 221 — iy; = 0. Insetting it in 27 — y?0 = 1, we get
i? =460 + 477 € S* N (40 + S*).

Therefore, A is of length ¢ + 1 if and only if i € S* N (46 + N). By Proposition 2.1,
|S*N(40+ N)| = %. Check that HuiH = HuJ H if and only if i = =+. Therefore, we
get q;l suborbits of length ¢ + 1.

Slnce 14452 3 q+1+q Lig+1) = ale=1) — |[G : H]|, we already find all suborbits. [J

In what follows we deal with all cases of suborbits A in Lemma 3.8, separately.

Lemma 3.9. Suppose that A is a self-paired suborbit of length % Then X (G, A) is
hamiltonian.

Proof. Let X = X(G, A), where A is self-paired and of length q;r—l. From the last lemma,

A = HI*tH for some k. Note %1 = r is a prime, the two smallest values for ¢ are 13
and 29. One may find a H-cycle by Magma for ¢ = 13 and 29. So let ¢ # 13, 29. First we
give a remark.

Remark: Suppose we may get two facts: () for any B’ € B', d(H, B") = 0,2 or 4;
@ d(H, Uprep/B') > 5. Then H is adjacent to at least two blocks B;, B} in B such that
d(H, B}) = 2 or 4. Let Y be the block graph. Then Y is a bipartite graph of order 2r,

where 1 = % is a prime. Note that H € B,.. Since (I)/(I") acts regularly on both B and

B’, we may set Bj? = B} for some d € (1y/(I"). Then we get a H-cycle of Y:

/ 1d pd prd? =t i
Bi>BT7 Bz 7BraBi a"'7Br BZ

)
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Then by Proposition 2.4, we may find a H-cycle for X (G, A).

Now we continue to prove the lemma. Clearly, the neighborhood of H is:
Xi(H) = A = HIMH = {HlFtt(z1, y1) | 27 — 430 = 1}

The vertex HIFtt(x1, y1) is contained in B} if and only if

Hiktt(zy, y1) = Htull?, for some j,

if and only if
Ftt(xy, y1)(tudl?) ™! € H,

if and only if one of the following two systems of equations with unknowns j, ¢, 1 and y;
has solutions corresponding to (¢, ) = (1, —1) and (—1, 1):

y1j02k — x1(92k+2i _ 6),
y1(6%7F2 4 no%F) = 1,05, (3.12)
2 —y30 =1

Every such system has the same solutions with

2k+1 i .
yi = 17904k+02892 - n941§igzga (4)
yi=0"1x? - 0671, (i) (3.13)
j o= (0% —ef72F)on (i)

From (iii), we know that given a solution for w%, y% and ¢, we have two values of j, that
is +4. Then the possible values for d(H, B}) is 0,2 or 4, noting we have two choices for
(e, 1), showing fact ().

_ 2k41

Setb = —0 1,(11 = W

and ay, = 7770%1925. Then a1, as # 0 and as # b.
From (i) and (ii), we get that either

yi € S*N(S* +ax)N(N+b) if a; € S* or yi € S*N(N+az)N(N+b)if a; € N.

By using Lemma 3.3, we get that the number of solutions for 37 is at least Lé(q — 11—
2,/q)], which implies that the number of solutions for j, i, x1, y; is at least 2| 3 (¢ — 11 —
2,/q)], for given (e, ). In other words, d(H, Up/ep/B’) is at least 2| (¢ — 11 — 2,/q)].
Moreover, 2| £(q — 11 — 2,/q)| > 5, showing fact . O

Lemma 3.10. Suppose that A is a non self-paired suborbit of length %. Then X (G,
A U A*) is hamiltonian.

Proof. Let X = X(G, A UA*), where A is non self-paired and of length “3*. From

Lemma 3.8, A = HI*H and A* = HI~*H for some integer k. Note % = ris a prime,
the three smallest values for ¢ are 13, 29 and 53. One may find a H-cycle by Magma for
¢ = 13,29 and 53. So let ¢ # 13, 29, 53.

From the remark in last lemma, it suffices to show two facts: (i) for any B’ € B’,

d(H, B') =0, 2, 4, 6 or 8; (ii) d(H, Upcp' B') > 9.
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Check that the neighborhood of H is:

Xi(H) = AUA" = {HI*(x1, y1), HI7*(x1, 1) | 2] - y10 = 1}

The vertex Hi*t(z1, y1) and HI=*t(z1, y1) are contained in B} if and only if either

Hikt(xy, y1) = Htudl?, or HI=*t(x1, y1) = Htullt, for some j
if and only if either
IFt(xy, y1)(twdli) ™t € H, orl=Ft(xq, y1)(tudl)) ™t € H

if and only if one of the following four systems of equations with unknowns j, 7, 1 and y;
has solutions corresponding to (¢, ) = (1, —1), (1, 1), (=1, —=1) or (—1, 1):
Y1 (911+ek+1 _ n(g—i—sk) — xljesk—i7
ylje—sk—i—‘rl — xl(ei—ek+1 _ 779—14—51@), (3'14)
2 —y30 =1.

Every such system has the same solutions with

J1 77692516777‘907251@ 779025](}77760725’(}7

y2=0"122 — 971, (i) (3.15)
. 9'i+5k+1_ —i—cek

Jj = TE?%' (#i7)

From (iii), we know that given a solution for z%, y? and i, we have two values of j, that
is 7. Then the possible values for d(H, B}) is 0,2, 4, 6 or 8, noting we have four choices
for (¢, ), showing fact (i).

pn2ek

Setb = —071, a; = nfH** — nhHH~2e* and ay = fneekﬁw. Then a1, as # 0

and as # b. From (i) and (ii), we get that either

yi € S*N(N+ag)N(N+b) if a; € S* or y} € S*N(S*+az)N(N+b) if a; € N.

By using Lemma 3.3, we get that the number of solutions for y? is at least L%(q — 11 -
2,/q)], which implies that the number of solutions for j, 4, x1, y1 is at least 2 L% (¢g— 11—
2,/q)], for given (e, n). In other words, d(H, Up/ecp/B’) is at least 2| § (¢ — 11 — 2,/q)].
Moreover, 2| £(¢ — 11 — 2,/g)| > 9, showing fact (ii). O

Lemma 3.11. Suppose that A is a self-paired suborbit of length q + 1. Then X (G, A) is
hamiltonian.

Proof. Let X = X (G, A), where A is self-paired and of length ¢ 4+ 1. From Lemma 3.8,

A = Huk H for some integer k. Note % = r is a prime.

If we may get two facts: (i) for any B’ € B’, d(H, B’) = 0,2 or 4; (ii) for any
B’ € B',d(H, B") = 0,2 or 4, then every vertex in block graph has the valency at least
(¢+1)—2 _ g-1

=

3 - = 3%+ So Y contains a H-cycle. Since d(B;, BY) is even, this cycle
can lift a H-cycle for X (G, A) by Proposition 2.4.

= N

In fact, check that the neighborhood of H is:

X (H) = A = HuFH = {HuFt(zy, y1), HuFt (21, y1) | 27 —yi0 =1}
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By observing the neighbor, one can see these neighbors contained in By—1 are just H uk
. 4

and Hu~F, which implies d(Bq%l) = 2. The vertex Hu*t(x1, y1) and HuFt'(z1, y;) are

contained in B; if and only if either:

HuFt(xy, y1) = Huill, or HuFt (zy, y1) = Huill
if and only if either:
uFt(xy, y) (W)Y € H, or ubt (zy, y1)(wili) ™t € H
if and only if one of the following systems of equations with unknowns j, 4, 21 and ¥

has solutions corresponding to (¢, 1, v, ) = (-1, 1, -1, 1), (1, -1, 1, —1), (-1, -1
-1, —1)or(1,1,1,1):

)

€Oy j = (21 + ky1)0~" — na16,
Y1+ ky1)07 = y10710 — 50° (y10 + k), (3.16)
r? —yi0 =1

This system has the same solutions with

e—i _ 01 .
= OO0 | et hore 3t = (0% + 2k +1).

Calculating the equation 6e6%" = ~(k?y? + 2kx1y1 + 1) we could get

(4k20 — EYYu? + (2k* + 20670 k*)u — (6660 — ~)? = 0,
where u = 2. Since the product of the two solutions is %, a non-square (as
46 — k? € N), there exists at most one solution for u = y$. It is easy to see that there
are two solutions for j. Since there are just two different equations for §e6%* = ~(k%y? +
2kxzqy; + 1), there are at most 4 solutions for j, that is d(H, B;) = 0, 2 or 4, showing fact
).

The vertex Hu*t(x1, y1) and Hu*t'(x1, y1) are contained in B] if and only if either

HuFt(xy, y1) = Htull or HuFt! (z1, y1) = Htw
if and only if either
ukt(xy, y1)(tul) ™ € Hor ukt!(zq, y1)(twil)) ™t € H
if and only if one of the following systems of equations with unknowns j, ¢, 1 and y; has
solutions corresponding to (e, n, v, §) = (1, =1, 1, —1), (1, 1, 1, 1), (-1, =1, =1, —1)
or(—1,1, =1, 1):

—(z1 +ky1)07% =m0 — e(y16 + kap)0 !
—y107%0 = 6(z1 + ky1)0~¢ — ya10°710 (3.17)
r? —yi0 =1
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This system has the same solutions with

—1 __ 01 )
j= 50_977790% — %S where v0%'0 = §(k*y? + 2kxy; + 1).

Calculating the equation 7020 = §(k%y? + 2kx1y; + 1) we could get
(4k20 — kM) u? + (2K% 4 267k20%0)u — (—0%0 + 6)* = 0,
— 2 S ons iy —(=070+8)°
where v = yi. Since the product of the two solutions is ——7z5—7z—, a non-square (as
460 — k? € N), there exists at most one solution for u = y7 and it is easy to see there
are two solutions for j. Since there are just two different equations for y0?* = §(k?y? +

2kx1y1 + 1), there are at most 4 solutions for j, that is d(Bg-1, B}) = 0, 2 or 4, showing
4
fact (ii). O]

3.3 Groups in Table 2

In this subsection, we shall deal with the groups in Table 2, separately.

Lemma 3.12. Let G be one of groups in rows 1 and 2 of Table 2. Then every orbital graph
of G contains a Hamilton cycle.

Proof. Let T = PSL(m, ¢q) where m = 4 or 5. It suffices to consider the group 7. We
shall deal with two cases: m = 4 and m = 5, separately.

Case I: m = 4.

Let Q be the set of 2-dim. subspaces of a space V' of dimension 4. Then n =

7(((1;:11))((,;123:11)) = (> +q+1)(¢>+1),where s = ¢> + g+ 1and r = —q22+1 are two
primes. Consider a subspace W, of dimension d(Wy) = 2. Then T has two nontrivial

suborbits relative to Wy:

Ay ={WeQ|dWnWy) =1} and Ay ={W €Q|dWnNW,) =0},

where 71 = |Aq| = gi—:g = % and ro := |Ay| = n — 1 —r;. Since rp > 3, the
corresponding orbital graph I'(T', As) has a H-cycle.

Now we are considering X (T, A1). Take a projective point («) and extend it into a
base o, a1, o, a3 of V. Let X(«v) be the set of all 2-dim. subspaces containing «. Then
|¥(a)| = ¢* + q + 1. Since (a1, as, a3) contains exactly ¢> + ¢ + 1 points and for any

two distinct points 3, 5’ in (o, as, asz), (a, 8) # («, B’), one may see

S(a) = {{a, B) | B € (a1, az,03)}

Let (h) be the Singer subgroup of PSL(3, q) and 8 € (a1, az, a3). Since s = ¢> + g+ 1
is a prime, (8), (8", (B"°), -+, (""" are all the projective points of (v, aa, az).
Denote ﬂhi = f;. Since the subgraph induced by ¥ («) is a complete graph, we may
consider a H-cycle of the subgraph, say

(o, Bo), (a, Br), (o, Ba), -+, (@, Bs—2), (o, Bs—1), (a, Bo),



S. Du et al.: Hamilton cycles in primitive graphs of order 2rs 19

(Bo, B1) (B1,B2) (B2, B3) (B3, Ba) (Br-1,B0)  (Bo,B1)
—— —— —— . . o o — .
H, Hy-. Hj-. Hy
(0, By (@B (mB)  (afs)  (aBer) (o)
Figure 1:

where 3; € (a1, ag, az)and s = ¢®> +q+ 1.

Set
A= {<B77 ﬂi+1>5 <ﬂ8—17 50>|7’ = 0? 17 Tty 572} = {<B7 Bh>h1|7’ = 03 15 tt, 8 — l}a
1—1
X;=3)\(JzB)JA4),ie{t, 2, -, s—1},
j=1

X0 =26\ (U 56 U 4)

Since every 2-subspace (7, 7y) can be expressed as (1), v — Z—‘;n), where 1 = aga + a1 +
asag + asag and v = by 4 by + baag + b3z, every 2-subspace of V' is contained in

(Uf:_& X;) U A. Moreover, from the definition, we know that X, X;, - -+, Xs_1, A are
mutually disjoint.
Now we are ready to find a H-cycle for X (T, Ay). Fori =0,1,---,r — 2, con-

sider a H-path H;; in the subgraph induced by X, 11 J{(B;, Bi+1)} with the starting
vertex (3;, Bi+1) and the ending vertex («, ;41). Consider Hy in the subgraph induced
by XoUJ{(Bs—1, Bo)} with the starting vertex (Ss;_1, Bo) and the ending vertex («, Bp).
Then by replacing every arc ((«, 3;), (@, B;+1)) by the path ({«, 3;), H;+1) and the arc
({«, Bs—1), (@, Bo)) by the path ({«, B5_1), Hp), we get a cycle:

<Oé, 60>7 H1> H27 R Hsfh HO;
which is clearly a H-cycle of X (T, A1), as shown in Figure 1.

Case 2: m = b.

Let Q2 be the set of 2-dim. subspaces of V. Then
(@° —1)(¢* - 1)

n=|Q|= ="+ +1D(F+1) =2rs.
= e N
Then s = ¢* + --- + 1 is a prime and r = % are two prime. Let S = (h) be a Singer

subgroup of PSL(5, ), where |S| = s. Take a projective point ov. Then a, ol oo o

are all the projective points. Set W; = (a, o') where i = 1, 2, --- , s — 1. Then G has
two nontrivial suborbits relative to W7 :

Ay ={WeQdWnW,) =1} and Ay = {W € Qd(WNW;) =0},
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where
=|A| = (* —D(g+1)=qlg+1)(*+q+1),
=|As| = % =¢'(¢* +q+1).

Since ro > Z, the corresponding orbital graph X (T, Ay) has a H-cycle.
Now we are considering X (T, Ay). Let S; be the path

W, th thi Wh?n . W]L(s—l)'i-
Since (h*) acts nontrivially on W; and it is of order a prime s, (h*) moves W;. Since every
2-subspace must be contained in some clique and either |S; N .S;| = 0 or S; = S; for

any two distinct cliques S; and S;, we could pick up ¢* + 1 distinct cliques which cover
all 2-dim. subspaces, denoted by W.., W w, Then we can get a H-cycle

w1y WWopay "0y W
. RHL h2r1 Rs—Dr1 hH2 h2H2 h3“2
of X(T, Ay) : Wy, W, W oo W , Wi, W2 W2 s

h(S*l)uq2+1 W
He241 ’ M1

O

Lemma 3.13. Every orbital graph of G = PQ™ (2m, q) in row 3 of Table 2 is hamiltonian.

Proof. Let G = PQ™(2m,q) act on n totally singular (t.s.) 1-spaces, where n =

(" +1)(a" 1)
q—1
1)(221_1 +1), we get 227" _1 =1, which implies I = 1 and then m = 4. Now r =: %
is a prime. Let  be the set of all t.s.1-spaces. Recall that SO (8, ¢) < GL(8, ¢) and
IGL(8, q)| = ¢*®T15_;(¢" — 1). To describe SO~ (8, q), take a symmetric bilinear form,

given by the following matrix:

0 E; 0 Lo
J=|Es 0 0], J2:(0 _t>7 teN.
0 0 Js

= 2rsand m = 2. Then m — 1 is a prime. Sincem — 1 = (22 —

Let (A) be a Singer subgroup of GL(3, q), C = A% ! and D = (C~!), where C’
denotes the transpose of C. Set B = C@(C’)~* P Es, the block diagonal matrix.
Then we have BJB' = .J, which means B € SO~ (8, q). Since B is of prime order,
B € (PSO™ (8, q)) =PQ (8, q).Set S = (B) and a = (1, 0, --- , 0). Then there are
two nontrivial suborbits for the action of G, relative to (), see [22]:

Ar={(B) e Q\{(a)} | (e, B) =0} and Az ={(8) € 2\ {{a)} | (e, B) # O},

where [A1| = ¢° +¢* +¢* + gand | As| = ¢5. Since |A3| > in, we only need to consider
X(G, Ay).

Noting that S acts semiregularly on (2, we consider the block graph X induced by S-
orbits, where V(X)) = ¢* + 1. For any v = (71, 72, 73) € §, where 71 = (c1, c2, c3),
v2 = (cy4, c5, cg) and 3 = (c7, cs), we have vB'Ja/ = 0 if and only if y2Da/ = 0,
that is 2 D* = (0, ¢k, cf) for some cf, cj. Since (C) (and so (D)) is regular on nonzero
1-spaces, we know that o has q + 1 (resp. ¢ + ) neighbors in the block 7% if v & a®
(resp. v € o). From ((¢° + ¢* + ¢* + q) — (¢* + ¢)) /(¢ + 1) = ¢* we know that X is a
complete graph. By Propsosition 2.4, X (G, A;) is hamiltonian. O

Lemma 3.14. Every orbital graph of G = PQ" (2m, q) in row 4 of Table 2 is hamiltonian.
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Proof. Let G = PQT(2m, ¢) act on n totally singular 1-spaces, where the degree n =

%qzz_lﬂ) = 2rs, m = 22' +1,and s = q;”__ll and r = # are primes. Let
€ be the set of all totally singular 1-spaces. Recall that SOT(2m, ¢) < GL(2m, q). To

describe SO (2m, ¢), take a symmetric bilinear form, given by the following matrix:

0 En
1= (g )
Let (A) be a Singer subgroup of GL(m, ¢q), C = A% ! and D = (C~!), where C’
denotes the transpose of C. Set B = C @(C")~". Then we have BJB’ = .J, which means
B € SO"(2m, q). Since B is of prime order, B € (PSO™ (m,q))’ = PQ*(m, q). Set

S =(B)and a = (1,0, ---, 0). Then there are two nontrivial suborbits for the action of
G (o relative to (o), see By [22]:

Ar={(B) e Q\{{a)} | (e, 5) =0} and Az ={(8) € \ {(a)} | (a, B) # 0},

where |A;| = % and [As| = ¢*™~2. Since |As| > 3n, we only need to
consider X (G, Aq).

Noting that S acts semiregularly on 2, we consider the block graph X induced by S-
orbits, where V(X) = ¢™~! + 1. For any v = (71, 72) € €, we have y3'Ja/ = 0 if

and only if 2 D’a’ = 0, which implies that the first coordinate of 42 D? is 0. Since (C)

q"z71—1

(and so (D)) is regular on nonzero 1-spaces, we know that « has 1 (resp. ¢"—1

q—1
(@™ ' 4q)(g™ -1
qg—1

1) neighbors in the block v° if v ¢ o (resp. v € o). From (
m—1_q

(% )/ () = g™~ ! we know that X is a complete graph. By Proposition 2.4,
X (G, Ay) is hamiltonian. O

Lemma 3.15. Vertex-transitive graphs arising from the action of A. on 2-subsets given in
row 6 of Table 2 are hamiltonian.

Proof. Let Q = {a1, ag, -+, a.}, where ¢ > 5. Then we only have the following two
orbital graphs:

(1) Two subsets are adjacent if and only if they intersect at a single point. In this case,
the orbital graph is the Johnson graph J(c,2). Then we may get a H-cycle as the
following way:

first pick up a cycle of ¢ vertices, say {aa, as}, {ag, as}, {as, as}, -+,
{OLC_17 aC}a {a67 al}a {ala 0[2}, then

replace the edge {aq, as}, {a2, asz} by any H-path of all 2-subsets containing as,
with the starting vertex {o, aa} and the ending vertex {az, a3}; then

replace the edge {as, as}, {as3, as} by any H-path of all 2-subsets containing as,
with the starting vertex {2, a3} and the ending vertex {a, ay}; thenforb < i <,

replace the edge {a;_2, a;—1}, {ai—1, @;} by any H-path of all 2-subsets con-
taining a; 1 but removing {{aw, a;_1}, {as, a;—1}, -+, {ai—3, a;_1}}, with the
starting vertex {c;_2, o;—1} and the ending vertex {a;_1, a;}.
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(2) Two subsets are adjacent if and only if they have no intersecting point. Then the
orbital graph is the Kneser graph K (c,2). If ¢ > 8, then the degree of the graph is
more than 7 and so it is hamiltonian, where 7 is the order of the graph. For the cases
when ¢ < 7, we do it just by Magma. [

Lemma 3.16. Let G be one of the groups listed in row 5,7 — 10 of Table 2. Then every
orbital graph of G is hamiltonian.

Proof. Using Magma, we compute the suborbits for these groups and show that every
corresponding orbital graph is hamiltonian.

(1) The action of PSL(3, 5).2 on the flags has three nontrivial suborbits, with the respec-
tive length 10, 50 and 125;

(2) The action of M7 on the cosets of a subgroup isomorphic to S5 has three nontrivial
suborbits, with the respective length 15,20 and 30;

(3) The action of M5 on the cosets of a subgroup isomorphic to Mg : 2 has two
nontrivial suborbits, with the respective length 20 and 45;

(4) The action of Mas3 on the cosets of a subgroup isomorphic to Ag has three nontrivial
suborbits, with the respective length 15, 210 and 280;

(5) The action of J; on the cosets of a subgroup isomorphic to PSL(2,11) has four
nontrivial suborbits, with the respective length 11, 12, 110 and 132. ]
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