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Abstract

Every Ree group R(q), with ¢ # 3 an odd power of 3, is the automorphism group of
an abstract regular polytope, and any such polytope is necessarily a regular polyhedron (a
map on a surface). However, an almost simple group G with R(q) < G < Aut(R(q)) is
not a C-group and therefore not the automorphism group of an abstract regular polytope of
any rank.
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1 Introduction

Abstract polytopes are certain ranked partially ordered sets. A polytope is called “regu-
lar” if its automorphism group acts (simply) transitively on (maximal) flags. It is a natural
question to try to classify all pairs (P, G), where P is a regular polytope and G is an auto-
morphism group acting transitively on the flags of P. An interesting subclass is constituted
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by the pairs (P, G) with G almost simple, as then a lot of information is available about
the maximal subgroups, centralizers of involutions, etc., of these groups, making classifi-
cation possible for some of these families of groups. Potentially this could also lead to new
presentations for these groups, as well as a better understanding of some families of such
groups using geometry.

The study of polytopes arising from families of almost simple groups has received a lot
of attention in recent years and has been very successful. Mazurov [23] and Nuzhin [25, 26,
27, 28] established that most finite simple groups are generated by three involutions, two of
which commute. These are precisely the groups that are automorphism groups of rank three
regular polytopes. The exceptions are PSL3(q), PSUs(q), PSL4(2"™), PSU4(2"), A,
Az, My, May, Moz, McL, PSU4(3), PSUs(2). The two latter, although mentioned by
Nuzhin as being generated by three involutions, two of which commute, have been found
to be exceptions recently by Martin Macaj and Gareth Jones (personal communication).
We refer to [18] for almost simple groups of Suzuki type (see also [16]); [4, 20, 21] for
groups PSLa(¢) < G < PI'La(q); [2] for groups PSLs(q) and PGL3(q); [1] for groups
PSL(4, q); [9] for symmetric groups; [3, 10, 11] for alternating groups; and [13, 19, 22]
for the sporadic groups up to, and including, the third Conway group Cos, but not the
O’Nan group. Recently, Connor and Leemans have studied the rank 3 polytopes of the
O’Nan group using character theory [5], and Connor, Leemans and Mixer have classified
all polytopes of rank at least 4 of the O’Nan group [6].

Several attractive results were obtained in this vein, including, for instance, the proof
that Coxeter’s 57-cell and Griinbaum’s 11-cell are the only regular rank 4 polytopes with a
full automorphism group isomorphic to a group PSLy(q) (see [20]). Another striking result
is the discovery of the universal locally projective 4-polytope of type {{5,3}5,{3,5}10},
whose full automorphism group is J; x PSLy(19) (see [14]); this is based on the classifi-
cation of all regular polytopes with an automorphism group given by the first Janko group
J1.

The existing results seem to suggest that polytopes of arbitrary high rank are difficult to
obtain from a family of almost simple groups. Only the alternating and symmetric groups
are currently known to act on abstract regular polytopes of arbitrary rank. For the sporadic
groups the highest known rank is 5.

The Ree groups R(q), with ¢ = 32¢*! and e > 0, were discovered by Rimhak Ree [29]
in 1960. In the literature they are also denoted by 2Go(q). These groups have a subgroup
structure quite similar to that of the Suzuki simple groups Sz(q), with ¢ = 2%¢*1 and
e > 0. Suzuki and Ree groups play a somewhat special role in the theory of finite simple
groups, since they exist because of a Frobenius twist, and hence have no counterpart in
characteristic zero. Also, as groups of Lie-type, they have rank 1, which means that they
act doubly transitively on sets of points without further apparent structure. However, the
rank 2 groups which are used to define them, do impose some structure on these sets. For
instance, the Suzuki groups act on “inversive planes”. For the Ree groups, one can define
a geometry known as a “unital”. However, these unitals, called Ree unitals, have a very
complicated and little accessible geometric structure (for instance, there is no geometric
proof of the fact that the automorphism group of a Ree unital is an almost simple group
of Ree type; one needs the classification of doubly transitive groups to prove this). Also,
Ree groups seem to be misfits in a lot of general theories about Chevalley groups and their
twisted analogues. For instance, there are no applications yet of the Curtis-Tits-Phan theory
for Ree groups; all finite quasisimple groups of Lie type are known to be presented by two
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elements and 51 relations, except the Ree groups in characteristic 3 [12]. Hence it may
be clear that the Ree groups R(g), with ¢ a power of 3, deserve a separate treatment when
investigating group actions on polytopes.

Now, the regular polytopes associated with Suzuki groups are quite well understood
(see [16, 18]). But the techniques used for the Suzuki groups are not sufficient for the Ree
groups. In the present paper, we carry out the analysis for the groups R(g). In particular,
we ask for the possible ranks of regular polytopes whose automorphism group is such a
group, and we prove the following theorem.

Theorem 1.1. Among the almost simple groups G with R(q) < G < Aut(R(q)) and
q = 3%*1 £ 3, only the Ree group R(q) itself is a C-group. In particular, R(q) admits
a representation as a string C-group of rank 3, but not of higher rank. Moreover, the
non-simple Ree group R(3) is not a C-group.

In other words, the groups R(q) behave just like the Suzuki groups: they allow repre-
sentations as string C-groups, but only of rank 3. Although Nuzhin proved in [27] that these
groups allow representations as string C-groups of rank 3 for every ¢, we will describe a
string C-group representation for R(q), ¢ # 3, for each value of ¢ to make the paper self-
contained. Also, almost simple groups R(q) < G < Aut(R(q)) can never be C-groups (in
characteristic 3).

Rephrased in terms of polytopes, Theorem 1.1 says that among the almost simple
groups R(q) < G < Aut(R(g)), only the groups G := R(q) are automorphism groups of
regular polytopes, and that these polytopes must necessarily have rank 3.

Ree groups can also be the automorphism groups of abstract chiral polytopes. In fact,
Sah [30] showed that every Ree group R(32¢*!), with 2e + 1 an odd prime, is a Hurwitz
group; and Jones [15] later extended this result to arbitrary simple Ree groups R(q), prov-
ing in particular that the corresponding presentations give chiral maps on surfaces. Hence
the groups R(q) are also automorphism groups of abstract chiral polyhedra.

It is an interesting open problem to explore whether or not almost simple groups of Ree
type also occur as automorphism groups of chiral polytopes of higher rank.

Note that the Ree groups in characteristic 2 are also very special: they are the only
(finite) groups of Lie type arising from a Frobenius twist and having rank at least 2. This
makes them special, in a way rather different from the way the Ree groups in characteristic
3 are special. We think that in characteristic 2, quite different geometric methods will have
to be used in the study of polytopes related to Ree groups.

2 Basic notions
2.1 Abstract polytopes and string C-groups

For general background on (abstract) regular polytopes and C-groups we refer to McMullen
& Schulte [24, Chapter 2].

A polytope P is a ranked partially ordered set whose elements are called faces. A
polytope P of rank n has faces of ranks —1,0,...,n; the faces of ranks 0, 1 or n — 1
are also called vertices, edges or facets, respectively. In particular, P has a smallest and a
largest face, of ranks —1 and n, respectively. Each flag of P contains n + 2 faces, one for
each rank. In addition to being locally and globally connected (in a well-defined sense), P
is thin; that is, for every flag and every 5 = 0,...,n — 1, there is precisely one other (j-
adjacent) flag with the same faces except the j-face. A polytope of rank 3 is a polyhedron.
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A polytope P is regular if its (automorphism) group I'(P) is transitive on the flags. If T'(P)
has exactly two orbits on the flags such that adjacent flags are in distinct orbits, then P is
said to be chiral.

The groups of regular polytopes are string C-groups, and vice versa. A C-group of
rank n is a group G generated by pairwise distinct involutions po, . . ., p,—1 satisfying the
following intersection property:

(o5 15 € VN o |5 €K) = (p; | j € TNE) (LK C{0,....,n—1}).

Moreover, G, or rather (G, {po, .- ., pn—1}), is a string C-group (of rank n) if the underly-
ing Coxeter diagram is a string diagram; that is, if the generators satisfy the relations

(pjpr)? =1 0<j<k—-1<n-2).

LetG; := (p; | j # 1) foreachi =0,1,...,n— 1, and let G;; := (px, | k # i, j) for
eachi,j=0,1,...,n— 1 withi # j.

Each string C-group G (uniquely) determines a regular n-polytope P with automor-
phism group G. The i-faces of P are the right cosets of the distinguished subgroup G;
foreachi = 0,1,...,n — 1, and two faces are incident just when they intersect as cosets;
formally we must adjoin two copies of G itself, as the (unique) (—1)- and n-faces of P.
Conversely, the group I'(P) of a regular n-polytope P is a string C-group, whose genera-
tors p; map a fixed, or base, flag ® of P to the j-adjacent flag ®/ (differing from @ in the
j-face).

2.2 The Ree groups in characteristic 3

We let C}, denote a cyclic group of order k£ and Doy, a dihedral group of order 2k.

The Ree group G := R(q), with ¢ = 32¢*! and e > 0, is a group of order ¢*(q —
1)(g® + 1). It has a faithful permutation representation on a Steiner system S := (2, B) =
S(2,q + 1,6 + 1) consisting of a set  of ¢® + 1 elements, the points, and a family of
(g + 1)-subsets B of €2, the blocks, such that any two points of 2 lie in exactly one block.
This Steiner system is also called a Ree unital. In particular, G acts 2-transitively on the
points and transitively on the incident pairs of points and blocks of S.

The group G has a unique conjugacy class of involutions (see [29]). Every involution
p of G has ablock B of S as its set of fixed points, and B is invariant under the centralizer
Ca(p) of pin G. Moreover, C(p) = Cy x PSLy(q), where Cy = (p) and the PSLa(q)-
factor acts on the ¢ + 1 points in B as it does on the points of the projective line PG(1, ).

The Ree groups R(q) are simple except when ¢ = 3. In particular, R(3) = PT'L,(8) =
PSLy(8) : C5 and the commutator subgroup R(3)’ of R(3) is isomorphic to PSLy(8).

A list of the maximal subgroups of G is available, for instance, in [32, p. 349] and [17].
Here we briefly review the list for R(g), with ¢ # 3, as the maximal subgroups are required
in the proof of Theorem 1.1; in parentheses we also note their characteristic properties
relative to the Steiner system S.

o Ng(A) = A: Cy_ (stabilizer of a point), where A is a 3-Sylow subgroup of G;

o Cu(p) =2 Cy x PSLy(q) (stabilizer of a block), where Cy = (p) and p is an involu-
tion of G;

e R(qo) (stabilizer of a sub-unital of S), where (qo)? = ¢ and p is a prime;
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o Ng(A;), fori = 1,23, where A; is a cyclic subgroup of G of one of the following
kinds:

- A= C%,With Ng(Al) = (022 X D%) : Cs;
- Ay =C, 41—3e+1, with Ng(Ag) = A,y Cg;

q
- A3 =C 4+143e+1, With Ng(Ag,) >~ Az : Cs.

q
Note here that ¢ = 3 mod 8, so (¢ — 1)/2 is odd and (¢ + 1)/2 is even. Moreover, since p
isodd, go — 1 and g + 1 divide ¢ — 1 and ¢ + 1, respectively. Finally, ¢ + 1 is divisible by
4 but not by 8.

The automorphism group Aut(R(q)) of R(q) is given by

Aut(R(q)) 2 R(q):Cet1,

so in particular Aut(R(3)) = R(3).
In the proof of our theorem we need the following lemma about normalizers of dihedral
subgroups of dihedral groups. The proof is straightforward.

Lemma 2.1. Let m,n > 1 be integers such that m | n. The normalizer Np,, (Do) of any
subgroup Dayy, of Day, coincides with Day, if n/m is odd, or is isomorphic to a subgroup
Dy, of Doy, if n/m is even.

3 Proof of Theorem 1.1

The proof of Theorem 1.1 is based on a sequence of lemmas. We begin in Lemma 3.1 by
showing that if R(¢) < G < Aut(R(g)) then G can not be a C-group (with any underlying
Coxeter diagram). Thus only the Ree groups R(q) themselves need further consideration.
Then we prove in Lemma 3.3 that R(g) does not admit a representation as a string C-group
of rank at least 5. In the subsequent Lemmas 3.9, 3.11 and 3.12 we then extend this to rank
4 and show that R(q) can also not be represented as a string C-group of rank 4. Finally, in
Lemma 3.15 we construct each group R(q) as a rank 3 string C-group.

All information that we use about the groups R(g) can found in [17].

We repeatedly make use of the following simple observation. If A : B is a semi-
direct product of finite groups A, B such that B has odd order, then each involution in
A : B must lie in A. In fact, if p = «f is an involution, with « € A, § € B, then
1 =p? = a(BaB~1)B?%, where a(BaB~!) € Aand B2 € B; hence 52 = 1,50 3 = 1 and
p=acA.

3.1 Reduction to simple groups R(q)

We begin by eliminating the almost simple groups of Ree type that are not simple.
Lemma 3.1. Let R(q) < G < Aut(R(q)), where q¢ = 3%¢*1. Then G is not a C-group.

Proof. Since Aut(R(q)) = R(q): Cse41 and 2e + 1 is odd, every involution in Aut(R(q))
lies in R(q) (by the previous observation), and hence any subgroup of Aut(R(q)) generated
by involutions must be a subgroup of R(g). Thus no subgroup G of Aut(R(q)) strictly
above R(g) can be a C-group. (When e = 0 we have Aut(R(3)) = R(3), so the statement
holds trivially.) O
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3.2 String C-groups of rank at least five

By Lemma 3.1 we may restrict ourselves to Ree groups G = R(q). We first rule out the
possibility that the rank is 5 or larger.

Lemma 3.2. Let G be a simple group. Suppose G has a generating set S := {po, ...,
Pn—1} of n involutions such that (G, S) is a string C-group. Then |p;p;+1| > 3 for all
1=0,....,n—2.

Proof. This is due to the fact that, as G is simple, G is not directly decomposable, that is,
G cannot be written as the direct product of two nontrivial normal subgroups of G. O

Lemma 3.3. Let G = R(q), where q = 3%¢T1 = 3. Suppose G has a generating set S of
n involutions such that (G, S) is a string C-group. Then n < 4.

Proof. Let S = {po,...,pn—1}, so in particular, G = {pg,...,pn—1). Then py com-
mutes with po, ..., p,—1, since the underlying Coxeter diagram is a string. However, by
Lemma 3.2, py does not commute with p; and p,,—; does not commute with p,,_s. Now
suppose n > 5 and consider the subgroup H := {pg, p1, pn—2, Pn—1) of G. Then H must
be isomorphic to Do, x Dy4 for some integers ¢, d > 3. Inspection of the list of maximal
subgroups of R(q) described above shows that direct products of (non-abelian) dihedral
groups never occur as subgroups in G. So n is at most 4. O

3.3 String C-groups of rank four

Next we eliminate the possibility that the rank is 4. We begin with a general lemma about
string C-groups that are simple.

Lemma 3.4. Let (G, S) be a string C-group of rank n, and let G be simple. Then
Nea(Go1)\Na (Go)

must contain an involution (namely py).

Proof. The involution pg centralizes G; and hence must lie in Ng(Go1). On the other
hand, po cannot also lie in N (Gy) for otherwise G would have to be a nontrivial normal
subgroup in the simple group G. O

The next two lemmas will be applied to dihedral subgroups in subgroups of type
PSL2(q) or Cy x PSLy(q) of R(q), respectively.

Lemma 3.5. Let ¢ = 32! and e > 0. Then the order 2d of a non-abelian dihedral
subgroup of PSLs(q) must divide g — 1 or ¢ + 1. Moreover, d # 0 mod 4, and d is even
only if 2d divides q + 1.

Proof. Suppose Do, is a non-abelian dihedral subgroup of PSLa(g), so d > 3. We claim
that 2d must divide ¢ + 1 or ¢ — 1. Recall that under the assumptions on g, the order 2d
must either be 6 or must divide ¢ — 1 or ¢ + 1. It remains to eliminate 6 as a possible
order. In fact, since ¢ is an odd power of 3, the only maximal subgroups of PSLy(q) with
an order divisible by 6 are subgroups PSL(go) with go a smaller odd power of 3 (see [8]
for a list of the subgroups of PSL(2, ¢)). If we apply this argument over and over again
with smaller odd powers of 3, we eventually are left with a subgroup PSL2(3). However,
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PSL2(3) = A4 and hence cannot have a subgroup of order 6. Thus 2d must divide ¢ + 1
or ¢ — 1. This proves the first statement of the lemma. The second statement follows from
the fact that ¢ = 3 mod 8. O

Lemma 3.6. Let ¢ = 32¢tLl and e > 0, let 2d divide q—1orq+ 1, and let Doy be a
non-abelian dihedral subgroup of a group C' := Ca x PSLy(q).

(a) Then there exists a dihedral subgroup D in PSLa(q) such that Dag is a subgroup
of Cy x D of index 1 or 2, and Nc(Dagq) = No(Ca x D) = Co X Npgr,(q)(D). Here the
normalizer Npgt, (q)(D) must lie in a maximal subgroup Dqy1 or Dy of PSLa(q), and
coincide with Np,,, (D) or Np,_, (D), according as 2d divides ¢ — 1 or ¢ + 1.

(b) Let Dog =2 D (that is, the index is 2). If 2d | (¢—1) orif2d | (¢+1) and (¢+1)/2d
is odd, then Npgi,,(q)(D) = D and No(Daq) = Cy x Dag. If2d | (¢+1) and (¢ +1)/2d
is even, then Npgy,,(q)(D) = Dyq and Nc(Dag) = Cy X Dyg.

(¢) If Doy = Co X D (that is, d is even, d/2 is odd, D = Dy, and the index is 1), then
NpsL,(q) (D) = Dag and No(Daq) = Cy x Dog (regardless of whether 2d | (q — 1) or
2d | (¢ +1))

(d) The structure of No(Dag) only depends on d and q, not on the way in which Doy is
embedded in C.

Proof. For the first part, suppose Co = (p) and Doy = (0¢, 01) Where 0g, 0 are standard
involutory generators for Da,4. Write o9 = (p*, o)) and 01 = (p’, o) for some 4,5 = 0, 1
and involutions o{), ] in PSLy(p). Then D := (0{;, o) is a dihedral subgroup of PSLa(p),
and Dy lies in Cy x D. Since the period of o(,0 divides that of ooy, the order of D is at
most 2d and D4 has index 1 or 2 in Cy x D. If this index is 1 then Doy = Cy x D (and d is
even and D = D). If the index of Doy in Cy x D is 2, then D = Doy and Doy N {1} x D
must have index 1 or 2 in {1} x D. If the index of Dog N {1} x D in {1} x D is 1 then
clearly Doy = {1} x D and D5, can be viewed as a subgroup of PSLa(g). If the index of
DygN{1} x Dis 2, then DagN{1} x D is of the form {1} x E where FE is either the cyclic
subgroup Cy of D, or d is even and F is one of the two dihedral subgroups of D of order d.
(Note here that Dy4 cannot itself be a direct product in which one factor is generated by p,
since p cannot lie in Dog.)

Next we investigate normalizers. First note that the normalizer of a direct subproduct in
a direct product of groups is the direct product of the normalizers of the component groups.
Thus Nc(CQ X D) = (s X NPSLQ([])(D)’

We now show that the normalizers in C' of the subgroups Doy and Cy x D coincide.
There is nothing to prove if Doy = Cy X D or Dog = {1} x D. Now suppose that Dy has
index 2 in Cy x D and FE is as above. Then it is convenient to write Dsyg4 in the form

Daa = ({1} x E) U ({p} x (D\E)). G3.D
If (o, B) € C then

(@, B)D2a(c, /)~ = ({1} x BES™Y) U ({p} x B(D\E)B™). (3.2)

Now if («, 8) € N (Dsg) then the group on the left in (3.2) is just Doy itself and therefore
BEB~! = E and B(D\E)3~! = D\E. It follows that 3 normalizes both E and D, so in
particular (o, ) € No(C2 x D). Hence No(D2q) < No(Cs x D).

Now suppose that (o, 3) € N¢(Ca x D). Then 3 normalizes D. But 3E3~! must be a
subgroup of D of index 2 isomorphic to E, and hence 3E3~! and E are either both cyclic
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or both are dihedral. Clearly, if both subgroups are cyclic then 3E3~! = E. However,
the case when both subgroups are dihedral is more complicated. First recall that then d
must be even. Now the normalizer Npgr,, (4) (D) of the dihedral subgroup D of PSLy(q) in
PSLs(q) either coincides with D (that is, D is self-normalized), or is a dihedral subgroup
containing D as a subgroup of index 2. We claim that under the assumptions on ¢, the
second possibility cannot occur. In fact, in this case the normalizer would have to be a
group of order 4d, and since d is even, its order would have to be divisible by 8; however,
the order of PSL4(g) is not divisible by 8 when ¢ is an odd power of 3, so PSLy(q) certainly
cannot contain a subgroup with an order divisible by 8. Thus Npgr, (D) = D. But
B belongs to the normalizer of D in PSLa(g), so then 8 must lie in D. In particular,
BEB~! = E since E is normal in D. Thus, in either case we have SE3~! = E, and since
BDB~! = D, also B(D\E)B~! = D\E. Hence, (3.2) shows that (o, 3) € Nc(Dag).
Hence also N¢(Co x D) < Ne(Dag).

To complete the proof of the first part, note that D must lie in a maximal subgroup
inl of PSL2 (q) and NPSLz(q)(D) = Ninl (D)

The second and third part of the lemma follow from Lemma 3.2 applied to the dihedral
subgroup D of Dg41. In particular, D is self-normalized in D+ if (¢£1)/|D| is odd, and
Npst, (q) (D) is a dihedral subgroup of Dy, of order 2|D| if (¢ £ 1)/|D| is even. Bear in
mind that (¢ — 1)/2 is odd, and (¢ + 1)/2 is even but not divisible by 4.

To establish the last part of the lemma, note that No(Dag) = Co X Doy, except when
D > Dyg,2d | (¢+1) and (¢+1)/2d is even. However, since ¢ = 3 mod 8,if2d | (¢+1)
and (¢ + 1)/2d is even then d must be odd. In other words, the situation described in the
third part of the lemma cannot occur as this would require d to be even. Thus, if 2d | (g+1)
and (¢ + 1)/2d is even, then we are necessarily in the situation described in second part of
the lemma, and so necessarily N¢(Dag) = Co X Dyq. O

Our next lemma investigates possible C-subgroups of G = R(q) of rank 3. The vertex-
figure of a putative regular 4-polytope with automorphism group G would have to be a
regular polyhedron with a group of this kind.

Lemma 3.7. The only proper subgroups of R(q) that could have the structure of a C-
group of rank 3 are Ree subgroups R(qo) with qo # 3 or subgroups of the form PSLa(qo),
CQ X PSLQ(C]()), or R(?))I = PSL2(8)

Proof. 1t is straightforward (sometimes by applying Lemma 3.2) to verify that only sub-
groups of maximal subgroups of R(q) of the second and third type can have the structure
of a rank 3 C-group. Therefore we are left with Ree subgroups R(gp) and subgroups of
groups Cs x PSLs(qo), with gp an odd power of 3 dividing g, as well as subgroups of type
R(3)" = PSLy(8) inside a subgroup R(3). A forward appeal to Lemma 3.15 shows that
Ree groups R(qp) with go # 3 do in fact act flag-transitively on polyhedra, and by [31],
so does R(3)" = PSLy(8). The complete list of subgroups of PSLs(qq) is available, for
instance, in [20]. As ¢ is an odd power of 3, the group PSL2(gp) does not have sub-
groups isomorphic to As, Sy, or PGLa(g1) for some ¢;. Hence, none of the subgroups of
PSLa(qo), except for those isomorphic to a group PSLy (g ), with ¢; an odd power of 3
dividing g (and hence ¢), admits flag-transitive actions on polyhedra. Now the maximal
subgroups of Cy x PSLa(go) consist of the factor PSL2(qp), as well as all subgroups of
the form Cy x H where H is a maximal subgroup of PSLa(qp) from the following list:

E(IO:CL;v Dq0_17 DQU+17 PSLQ(‘h)'
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A subgroup of Cy x PSL3(qo) of the form Co x Dy, 1 is isomorphic to Dy (g, 1) (since
qo = 3 mod 8), so none of its subgroups (including the full subgroup itself) can act regu-
larly on a non-degenerate polyhedron (that is a polyhedron with no 2 in the Schlifli sym-
bol). Similarly, a subgroup of Cy x PSLa(go) of the form Cy x Dy, 11 is isomorphic to
Ca x C3 X Dy4y11)/2, 80 again none of its subgroups (including the full subgroup itself)
can act regularly on a non-degenerate polyhedron. Finally, a subgroup of Co x PSLa(qo)
of the forms Cy x (Eq, : C(g,—1)/2) has an order not divisible by 4. Hence, as in the two
other cases, none of its subgroups (including the full subgroup itself) can act regularly on
a non-degenerate polyhedron.

In summary, the only possible candidates for rank 3 subgroups of R(q) are of the form
R(qo), PSLa(qo), C2 x PSLa(go), and R(3)" = PSLy(8). We can further rule out a
subgroup of type R(3), since R(3) = PI'Ly(8) is not generated by involutions. O

For a subgroup B of A we define N§(B) := (a | a € Na(B),a®> = 1). If B is
generated by involutions then B < N(B) < N, (B). We first state a lemma that will be
useful in several places.

Lemma 3.8. Let H := R(3) = PT'Ly(8), and let D := Doy be a dihedral subgroup of
H of order at least 6. Then d = 3, 7 or 9, and in all cases NY (D) = D.

Proof. Straightforward. O

The following lemma considerably limits the ways in which Ree groups R(q) might be
representable as C-groups of rank 4.

Lemma 3.9. If the group G := R(q) can be represented as a string C-group of rank 4,
then
NE&(Gor) = N2, (o) (Gor)- (3.3)

Proof. Suppose that G' admits a representation as a string C-group of rank 4. Thus

G = (po, p1, p2, p3)-

Since R(3) is not generated by involutions, we must have g # 3.

The subgroup Go1 = (p2,p3) is a dihedral subgroup Doy (say) of the centralizer
Ca(po) of po, and Ci(po) = (po) x PSLa(q). Here d > 3, by arguments similar to
those used in the proof of Lemma 3.3. Thus

Dag = (p2, p3) = Gor < G1 = {po, p2, p3) < Cc(po) = Ca x PSLa(q). G4

By Lemma 3.6 applied to Go; and Cg(po), there exists a dihedral subgroup D in the
PSLs(g)-factor of Cz(po) such that Go; is a subgroup of (pg) x D = Cy x D of index at
most 2 and

Nt (p0)(Go1) = Neg(po) (Ca X D) = Ca X Npgp,(q) (D).

In fact, the proof of Lemma 3.6 shows that this subgroup C5 x D is just given by G;. But
po € Go1, s0 Go1 hasindex 2in Cy X D = Gy, and D = Go; & Dyy. Then Lemma 3.5,
applied to D, shows that 2d must divide either ¢ + 1 or ¢ — 1.

The structure of the normalizer N¢(,,)(Go1) can be obtained from Lemma 3.6. In
fact, Ncg (p)(Go1) = Ca X Dag, unless 2d | (¢ + 1) and (g 4 1)/2d is even; in the latter
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case Ny, (o) (Gor) = Ca X Dyg. In particular, Ne, () (Go1) is generated by involutions
and its order is divisible by 4. We will show that the normalizer of G1 in C;(po) captures
all the information about the full normalizer N (Go1) of Go; in G that is relevant for us. A
key step in the proof is the invariance of the structure of the normalizer of G in arbitrary
subgroups of G of type Cy x PSLy(q); more precisely, the structure only depends on d and
g, not on the way in which Gg; is embedded in a subgroup C x PSLy(q) (see Lemma 3.6).

The full normalizer Ng(Go1) of Gy in G must certainly contain N¢,(p,)(Go1) and
also have an order divisible by 8. We claim that all involutions of the full normalizer
Ng(Go1) must already lie in Cq(po) and hence in N¢, () (Go1)-

First note that Ng(Go1) must certainly lie in a maximal subgroup M of G and then
coincide with Ny (Go1). (Since G is simple, the normalizer of a proper subgroup of G
cannot coincide with G.) Inspection of the list of maximal subgroups of G shows that only
maximal subgroups M of type R(qo), C2 x PSLa(q) or Ng (A1) have an order divisible
by 4. Only those maximal subgroups could perhaps contain N¢,(,,)(Go1) and hence
N¢(Go1). We investigate the three possibilities for M separately.

Suppose M is a group of type Cy x PSLa(g). Then the invariance of the structure of
the normalizer of Gy shows that N/ (Go1) = Ney, () (Gor). However, Neg, (50)(Go1) <
Ng(Gor) and Ng(Goi) = Nar(Gor), so this gives No(Go1) = Neg(py)(Gor). But
Nc(po)(Got) is generated by involutions, so N, (p,)(Go1) = NCG(p0 (GOl) and (3.3)
must hold as well.

Let M be a group of type Ng(A1) = (C3 x D(y11)/2) : Cs where A; is a group
Clg+1)/4 (recall that (¢ + 1)/4 is odd). Then all involutions of A/ must lie in its subgroup
K = (0% x Dg4+1)/2 = Co X Dy 1. In particular, all involutions of N (Gop) must lie
in K and hence in Nk (Goy); that is, No,(Go1) < Nk (Gor). Also, Go; itself must lie
in K and its order 2d must divide ¢ + 1. The subgroup K lies in the centralizer C' of the
involution generating the Cs-factor in the direct product factorization Cy X Dy for K,
and Nk (Go1) < Ne(Gor). This subgroup C is of type Cy x PSLy(q), and so again the
invariance of the structure of the normalizers implies that No(Go1) = Neg (py)(Got1). But
Ng(Go1) = Nar(Gor) and therefore

Neg(po) (Gor) = NCG y(Gor) < N2 (Go) = Ny (Gor) < N (Gor) < Ne(Gor).

Thus N (Go1) = NCG (o) (Go1), as required.

Now let M be a Ree group R(qgp) where (go)? = ¢ and p is a prime. We first cover
the case when M is a Ree group R(3) = PSL2(8) : (s, that is, ¢ = 3” where p is a
prime. In that case, by Lemma 3.8, N2 (Go1) = N{;(Go1) = Goi. Hence, since also
Go1 < Ngc(po)(G(n) < Ng.(Gm),.we must .hav.e Ng(GOI) < Ngc(po).(.GVOl)' .

Now suppose gy # 3, so in particular M is simple. Then 2d must divide gy + 1, since
Ncg(po)(Gor) lies in M and therefore po € M, giving Gor < Ny, (po) (Go1) = Ca X
PSLQ(Q()) Since the subgroup Ng(Gp1) of M must have an order divisible by 4, it must
lie in a maximal subgroup M’ of M of type R(q1), C2 x PSL2(q1), or Ng(4,) (A7) with
A} = Clgy+1)/4- The maximal subgroups M’ of M = R(qo) of types C x PSL3(go) and
NR(qo)(A}), respectively, lie in maximal subgroups of G of type Cy x PSL3(g) or Ng (A1),
so they are subsumed under the previous discussion. (Alternatively we could dispose of
these cases for M’ directly, using arguments very similar to those in the two previous cases
for M.) Then this leaves the possibility that M’ is of type R(q1), in which case we are
back at a Ree group. Now continuing in this fashion to smaller and smaller Ree subgroups
that could perhaps contain N (Go;), we eventually arrive at either a Ree subgroup M (¥)
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(say) whose parameter ¢(®) + 1 (say) is no longer divisible by 2d, or a Ree group R(3).
In the first case, R(qo) does not contribute anything new to N2(Go1), and the normalizer
N¢g(Gor) must already lie in one of the maximal subgroups of type Co x PSLa(g) or
Ng(A;) discussed earlier; in particular, N2 (Go1) = NgG(po)(Gm), as required. In the
second case, the normalizer N (Go1) lies in a Ree subgroup R(3) = PSLy(8) : C3, and
its involutory part N2 (Go1) must lie in the PSLo(8) subgroup. Again, by Lemma 3.8, we
have N2 (Go1) = N$;(Go1) = Gox, hence (3.3) must also hold in this case. O

Lemma 3.10. If the group G := R(q) can be represented as a string C-group of rank 4,
then q # 3 and both the facet stabilizer G5 and vertex stabilizer G have to be isomorphic
to PSL2(8) = R(3)’ (i.e. the commutator subgroup of R(3)) or a simple Ree group R(qo)
with g = q* for some odd integer m.

Proof. We consider the possible choices for GGy in the given C-group representation of
G of rank 4. Our goal is to use Lemma 3.4 to limit the choices for Gy to just R(3)" or
R(qo). First recall from Lemma 3.7 that the only possible candidates for G are either
Ree subgroups R(ggp) with ¢ # 3 or subgroups of the form PSLa(qg), C2 x PSLa(qo),
or R(3)" = PSLy(8). To complete the proof we must eliminate the second and third types
of candidates. This is accomplished by means of Lemmas 3.4 and 3.6, proving in each
case that Ng(Go1)\Ng(Go) cannot contain an involution, or equivalently N (Go1) <
Ng(Go). Bear in mind that Gy; < Gj.

First observe that all subgroups of G of the form Cy x PSLa(qo) are self-normalized
in G; and the normalizer of a subgroup of G of the form PSLs(qg) is isomorphic to Cs X
PSLa(go). In other words, N (Go) = Gy if Gy is of type Ca x PSLa(qo), and N (Go) =
Co x Gy if Gy is of type PSLa(qo). We show that N2 (Go1) < Ng(Gy) for each of these
two choices of Gy.

Suppose that Gy = Cy x PSLa(qp). We first claim that then 2d | go £ 1 (where
2d = |Gp1]). To see this, note that the intersection of Go; with the PSLy(qq)-factor of Gy
is a subgroup of index 1 or 2 in Gp;. If the index is 1, the statement is clear by Lemma 3.5,
since then Gy lies in the PSLo(qp)-factor; and if the index is 2 and the intersection is
a cyclic group Cy, the statement follows by inspection of the possible orders of cyclic
subgroups of PSLs(qg). Now if the index is 2 and the intersection is a dihedral group Dy,
then Lemma 3.6 shows that d must be even, 2d | ¢ + 1, and d/2 must be odd; moreover,
d | qo + 1 since Dy lies in PSLy(qo), and hence 2d | go + 1 since go + 1 is divisible by 4.
Thus 2d | qo & 1, as claimed.

Now, since Gy = Cy x PSLa(qo). the normalizer N¢, (,,)(Go1) coincides with the
normalizer Ny (Go1) of Go1 taken in a suitable subgroup H of Cg(pg) of type Co X
PSL2(go)- In fact, from Lemma 3.6 we know that

NCG(po)(G()l) < (Cy x inl < Cc;(p()) ~ (5 X PSLQ(Q).

But 2d | go & 1, so we must have N, (,0)(Go1) < C2 X Dyy+1. However, Cy x Dy 11
lies in a subgroup H of C(pg) isomorphic to Co x PSLa(qq).

To complete the argument (for any given type of group Gy) we show that N&(Go1)
must lie in N¢, (Go1) and therefore also in G and N (Go). When Gy is a group of type
Cy x PSLa(qo), the normalizer Ng,(Go1) can be determined using Lemma 3.6 (with ¢ re-
placed by go). In fact, by the invariance of the normalizers of Go; we know that N, (Go1)
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and Ny (Go1) are isomorphic and that both subgroups are generated by involutions. How-
ever, then by Lemma 3.9,

N, (Gor) = Ngo (Gor) < N&(Gor) = N () (Gor) = N (Gor) = Nu(Gor),

SO Clearly NGO (G()l) = NH(G(H). Thus Ng(G(n) = NGO (G()l) é G() S NG(G()).

Now let Gy be of type PSLs(qg). Then C := N (Gy) is a group of type Ca x PSLo(qo)
containing G, so we can replace Gy by C and argue as before. In fact, using the same sub-
group H, we see that the normalizers No(Go1) and Ny (Goy) are isomorphic subgroups
generated by involutions. In particular,

Ne(Gor) = Ne(Gor) < N&(Gor) = Ne () (Gor) = Nir(Gor) = Nu(Gor),

and therefore Nc(Go1) = Nu(Goi). Hence N2 (Go1) = Neo(Go1) < C = Ng(Go). O
Let us now show that Gy % R(3)’.

Lemma 3.11. IfR(q) has a representation as a string C-group of rank 4 with Gy = R(3)/,
then q = 217.

Proof. Suppose G := R(q) is represented as a string C-group of rank 4 with generators
00, - - -, p3. Then we know that Go1 <G; < Cg(po) ~ 0y x PSLQ((])

The abstract regular polyhedra with automorphism group R(3)’ = PSLy(8) are all
known and are available, for instance, in [22]. There are seven examples, up to isomor-
phism, but not all can occur in the present context. In fact, the dihedral subgroup Gg; of
Go must also lie C(pp) = Co x PSLa(g) and hence cannot be a subgroup Dss. It follows
that the polyhedron associated with Gy (that is, the vertex-figure of the polytope for )
must have Schlifli symbol {3, 7}, {7, 3}, or {7, 7}. We can further rule out the possibility
that Go; = Dg by Lemmas 3.5 and 3.6, giving that C x PSLs(g) has no dihedral subgroup
of order 6. Hence Gog1 = D14.

The fixed point set of every involution in G is a block of the corresponding Steiner
system S(2,q + 1,¢* + 1), and vice versa, every block is the fixed point set of a unique
involution. Hence, two involutions with two common fixed points must coincide, since
their blocks of fixed points must coincide. Suppose By denotes the block of fixed points
of pg. As p2 and p3 centralize py, they stabilize B globally but not pointwise. However,
p2 cannot have a fixed point among the ¢ + 1 points in By, since otherwise two points
of By would have to be fixed by p» since ¢ + 1 is even. Thus po, and similarly p3, does
not fix any point in By. Moreover, in order for Gg; = D14 to lie in a subgroup of G of
type Co x PSLy(q), we must have 7 | ¢+ 1 or 7 | ¢ — 1. Using ¢ = 32°*! and working
modulo 7 the latter possibility is easily seen to be impossible. On the other hand, the former
possibility occurs precisely when e = 1 mod 3, and then 3 | 2e + 1. Hence G must have
subgroups isomorphic to R(27) = R(33).

We claim that G itself is isomorphic to R(27), that is, ¢ = 27. Now the subgroup
Go = R(3)' lies in a unique subgroup K = R(3) of G, namely its normalizer N (Gy).
Indeed, Figure 1 tells us that Gy = R(3)’ is in a unique subgroup isomorphic to R(27)
(because of the lower 1’s on the edges joining the boxes). This subgroup K, in turn, lies
in a unique subgroup H = R(27) of G. All Ree subgroups of G are self-normalized in
G, so in particular K and H are self-normalized. Relative to the Ree subgroup H, the
normalizer Ny (C) in H of the cyclic subgroup C7 of Gy is a maximal subgroup of type
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Ny (Ay) = (C2x Dyy) : Csin H, which also contains Gy (see Section 2.2 or [7, p. 123]).
Note here that this subgroup C'; is a 7-Sylow subgroup of both K and H, and is normalized
by Go1. Thus, NH(C7> = (CQQ X D14> : C3. We claim that NH(G(H) = NH(C'r). Clearly,
Ny (Go1) < Ng(Cy). For the opposite inclusion observe that (C5 x Dy4) : C3 has four
subgroups isomorphic to D14, including Gy;. The subgroup Gy is normalized by the Cs-
factor, and the three others are permuted under conjugation by C's. This is due to the fact
that if it were otherwise, the number of subgroups R(3)’ containing Go; would not be an
integer but 4/3. Hence, among these four subgroups only Gy is normal and can be thought
of as the subgroup D4 occurring in the factorization of the semi-direct product. It follows
that the subgroups C2 and C3 normalize Go;. Thus

NH(G(H) = NH(C7) = (C22 X D14) : Cg.

Figure 1 shows the sublattice of the subgroup lattice of GG that is relevant to the current
situation. Each box contains two pieces of information: a group that describes the abstract
structure of the groups in the conjugacy class of subgroups of G depicted by the box, and a
number in the lower left corner that gives the number of subgroups in the conjugacy class.
This number is the order of GG divided by the order of the normalizer in G of a represen-
tative subgroup of the conjugacy class. Two boxes are joined by an edge provided that the
subgroups represented by the lower box are subgroups of some subgroups represented by
the upper box. There are also two numbers on each edge. The number at the top gives the
number of subgroups in the conjugacy class for the lower box that are contained in a given
subgroup in the conjugacy class for the upper box. The number at the bottom similarly
is the number of subgroups in the conjugacy class for the upper box that contain a given
subgroup in the conjugacy class for the lower box. If we know the lengths of the conjugacy
classes for the upper box and lower box, then knowing one of these two numbers on the
connecting edge gives us the other. For instance, in Figure 1, if we know that there are 36
(conjugate) subgroups D14 in a given subgroup R(3)’, then there are

G|
[R(3)|

G|
=4
22.3.14]

.36/

(conjugate) subgroups R(3)’ containing a given subgroup D 4.

Returning to our line of argument, as already pointed out above, Figure 1 tells us that
Go = R(3)’ is in a unique subgroup isomorphic to R(27), namely H (because of the
lower 1’s on the edges joining the boxes). It also shows that GGy; is contained in a unique
subgroup (C2 x Dy4) : C3, which, in turn, is contained in a unique R(27), namely H. As
we saw above, this subgroup (C2 x Dy4) : Cs is necessarily the normalizer Nz (Goy) of
Gl in H. Moreover, pq has to lie in this unique subgroup (C2 x Dy4) : C3, which itself is
a subgroup of H, and therefore (pg, Go) < H. This holds because Ng(Go1) = N (Gor).
That these normalizers coincide can be seen as follows. Clearly, Ny (Go1) < Na(Go1).
Now for the opposite inclusion observe that for g € Ng(Go1) we have Go1 = gGo19~* <
gN1(Go1)g~? and (trivially) Go; < Ny (Goy). But then Figure 1 shows that a subgroup
D14 of H must lie in a unique conjugate of (C3 x D14) : C3 = Ny (Go1), so necessarily
9N (Go1)g™' = Ny (Gor). Similarly, since Ny (Go1) < H and hence Ny (Go1) =
gNu(Go1)g~' < gHg™ !, Figure 1 (at box R(27)) gives gHg~! = H,so g € H since H
is self-normalized. Thus G = (pg, Go) = H = R(27). O
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R(q)
e R(27)
TRE@NT
|R(27)|/| R(3)| IR(27)]/168
1
el R(3)
TR(3)] 1
1
el (022 x D14) : Cs
1 |22.3.14|
e R(3) = PSLy(8) 1
TR(3)]
36
4
1
e Dy
122.3.14|

Figure 1: A sublattice of the subgroup lattice of R(q).

Lemma 3.12. The group R(27) cannot be represented as a string C-group of rank 4.

Proof. Let G = R(27). By the previous lemmas we may assume that Gy & G3 =
PSL4(8). In all other cases we know that G cannot be represented as a rank 4 string C-
group. Moreover, from the proof of the previous lemma we already know that Go; = D14
and NG (Go1) = (C3 x D14) : Cs. As there is a unique conjugacy class of subgroups R(3)’
in R(27), and there is also a unique conjugacy class of subgroups D14 in R(3)’, the choice
of pa, p3 is therefore unique up to conjugacy in R(27). Once ps, p3 have been chosen,
there are three candidates for py, namely the elements of the subgroup C# that centralizes
D14, and these are equivalent under conjugacy by C5. Hence there is a unique choice for
{po, p2, p3} up to conjugacy. By similar arguments we also know that G5 = R(3)" and
Ga23 = D1y, and that the pair (Ga3, G3) is related to (Go1, Go) by conjugacy in R(27).
Hence there must exist an element g € R(27) such that

® 0§ = p3. p3 = p1, p3 = po, or
® P4 = p3, P3 = po, P§ = p1.

The second case can be reduced to the first, as the centraliser of py contains an element
that swaps ps and ps (any two involutions in D14 are conjugate). Hence, we may assume
without loss of generality that g swaps po and p3. In particular, (pg, p3) is an elementary
abelian group of order 4 normalized by g. All such subgroups are known to be conjugate
and have as normalizer a group (C2 x Dy4) : Cs. In this group, there is no element that
will swap pg and p3 under conjugation. All elements that will conjugate pg to p3 will
necessarily conjugate ps to pgps. Hence we have a contradiction. O
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We therefore know that if a string C-group representation of rank 4 exists for R(g), both
Gy and G3 must be subgroups of Ree type. Thus from now on we can assume Gy = R(qo)
with ¢ > 3.

In a Ree group, the dihedral subgroups Ds,, are such that n must divide one of

9, -1, q+1, g :=q+1-3"" B i=q+ 143"

Note that
O‘qﬁq :q2 _Q+1a
so in particular if H is a Ree subgroup R(go) of G then similarly v, B4, = ¢ — qo + 1.

Lemma 3.13. Let G =2 R(q) with ¢ = 32¢*! and (po, p1, p2, p3) be a string C-group
representation of rank 4 of G. Then

(1) Goi is a dihedral subgroup Dyg with d a divisor of ¢+ 1 and of either oy, or B4, for
some qq such that ¢ = q(* with m odd (where qq is determined by Go = R(qo));

(2) m = 3, and Gy and G3 are conjugate Ree subgroups R(qo) with ¢ = ¢3;
(3) Gos is a dihedral subgroup Do with t a divisor of oy, or By,.

Proof. (1) By Lemmas 3.10, 3.11 and 3.12, we may assume that G is a simple Ree sub-
group of G. Let G be a Ree subgroup R(qo), with ¢o # 3 such that ¢’ = ¢ with m
a positive odd integer and let Go; = Doy. As Go1 < Ca(po) we have that 2d | g + 1
by Lemma 3.5. In order to have involutions in Ng(Go1)\Ng(Go), the only possibility is
that N (Goy) (of order divisible by 4) lies in a maximal subgroup of type N (A7) but
not in a maximal subgroup N¢, (C a0 ) of Gyg; for otherwise, the same techniques as in

Lemma 3.10 show that there is no involution in N¢g(Go1)\Na(Go). Hence 2d divides
q + 1. Observe that Ng(A;) = (C3 x D g1 ) : Cs5 has exactly four subgroups D gt be-

cause of the subgroup C3. These four subgroups are not all normalised by the C3 because
of the semi-direct product. Hence the C's must conjugate three of them and normalise the
fourth one. Similarly, in R(qo) there are four subgroups Dy, 1 in each Ng(4,)(A}) and it
is obvious that Np(q,)(D2d) = Ng(q)(D24) for every divisor d of gy + 1. Hence, in order
to find some involutions in N¢g(Go1)\Ng(Gop), we need to have that 2d does not divide
qo + 1. Moreover, since go — 1 divides ¢ — 1, we have also that (go — 1,¢ + 1) = 2.
That forces d not to be a divisor of ¢y — 1 as d > 2. Hence, looking at the list of maximal
subgroups of R(go) we can conclude that d is a divisor of either o, or 5, in order for Dy
to be a dihedral subgroup of R(qy).

(2) Observe that g5 + 1 = (go + 1)ag, By, divides ¢® + 1. Let us first show that
2e + 1 must be divisible by 3 in order for d to satisfy (1). Suppose (3,2¢ + 1) = 1. Then
qo = 3% *1 with 2e + 1 = m(2f + 1) and (3,m) = 1. Let p be an odd prime dividing
(4o Bay» @+ 1) but not dividing go + 1. Then p divides (g3 + 1, ¢+ 1) and hence p divides

(6 = Lag™ = 1) =a3>™ —1=gf —1= (g0 + a0~ 1)

and hence also go—1. As p divides g+1, and ¢o—1 divides g—1, and since (¢—1, ¢+1) = 2,
we have that p | 2, a contradiction. Hence m must be divisible by 3 and so does 2e + 1.
Suppose m # 3. Then m = 3m/ and given a Ree subgroup R(qo) of R(q) with ¢{* = ¢,
there exists a Ree subgroup R(g3) such that R(go) < R(g3) < R(q). Using similar
arguments as in the proof of Lemma 3.11, it is easy to show that, since oy, 3,4, divides
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g5 + 1, we must have (pg, p1, p2, p3) = R(q3) and therefore m = 3. Indeed, as we stated
in (1), Np(g8)(D2a) = Np(q)(D24) for every divisor d of g3 + 1. Hence po € R(gg). This
implies that m = 3 and Gy = R(qo) with g3 = g. Dually, G3 = R(qo). As all subgroups
R(qo) are conjugate in R(q), we have that Gy and G5 are conjugate.

(3) is due to the fact that GoNG3 = Go3 and that, by (2), Gy and G5 are conjugate in G.
Hence, N (Gos) \ Gy has to be nonempty and Go3 must not be contained in a subgroup H
of Gy such that N¢(H) > Ng(Gos), for if such a subgroup H exists, then Go N G3 > H.
If ¢ divides 9 or one of gy = 1, this does not happen. Hence ¢ divides one of oy, or B4,. [

Lemma 3.14. The small Ree groups have no string C-group representation of rank 4.

Proof. Suppose G is a Ree group that has a string C-group representation of rank 4. By
Lemma 3.10 and part (2) of Lemma 3.13 we may assume that G := R(q) where ¢ = ¢}
with go = 3™ for an odd integer m. Moreover, Gy and G3 are conjugate simple Ree
subgroups isomorphic to R(qp). By part (3) of Lemma 3.13, if Go3 = Do, then ¢ must be
a divisor of either ay, or ,,, and since ¢ = ¢, we also have

g+1=(q0+1)(g5 — qo+1) = (qo + 1)org,By-

Thus ¢ is also a divisor of ¢ + 1. We claim that then Gy N G3 > Gg3, which gives
a contradiction to the intersection property. Indeed, since Gg3 lies in a subgroup H :=
Cy : Cg of G, and the normaliser of Gy3 is not contained in GG (for otherwise, Ds; would
have to lie in a unique subgroup R(qo), whereas already G and G5 give two examples of
such subgroups, by the previous lemma), we have Ng(Gos) = (Cy X Co x Dgy) : Cs.
This group contains H = C; : Cg =2 Do, : C5 as a normal subgroup, and Ggs is normal
in H. We also have that Ng(H) = Ng(Gos). But then, as Gos is normal in H, any
subgroup R(qp) containing G3 must contain H. In particular this applies to G5. Thus
Go N G3 > H > o3, and the intersection property fails. O

3.4 String C-groups of rank 3

It remains to investigate the possibility of representing R(q) as a string C-group of rank 3.
Nuzhin already showed in [27] that there exist triples of involutions, two of which com-
mute, that generate R(q) for every ¢. This completes the proof of Theorem 1.1. However,
we decided to give here another way to construct an example of a rank three regular poly-
tope for R(q) for the paper to be self-contained.

Lemma 3.15. Let G = R(q), with q¢ # 3 an odd power of 3. Then there exists a triple of
involutions S := {po, p1, p2} in G such that (G, S) is a string C-group.

Proof. Recall that the fixed point set of an involution in G is a block of the Steiner system
S := S(2,q+1,¢> +1). Pick two involutions pg, p1 from a maximal subgroup M of G of
type Ng(As) such that pgp; has order ¢ + 1 + 3¢, and let By, B, respectively, denote
their blocks of fixed points. Obviously, ByNB; = 0, for otherwise (pg, p1) would lie in the
stabilizer of a point in By N B1, which is not possible because of the order of pgp;. Recall
here that the point stabilizers are maximal subgroups of the form Ng(A) = A : Cy_q,
where A is a 3-Sylow subgroup of G. Now choose an involution ps in Cg(pg) distinct
from pg such that its block of fixed points Bs meets B in a point. Such a ps exists as
all involutions of C(pg) have pairwise disjoint blocks of size ¢ + 1 and therefore they
cover all of the ¢® + 1 points. Then B; N By must consist of a single point p (say), and
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By N By = () since the stabilizer of a point does not contain Klein 4-groups. Then (p1, p2)
lies in the point stabilizer of p, and hence must a dihedral group Ds,,, with n a power of
3. As {po, p1) is a subgroup of index 3 in M, and py does not belong to M, we see that
(po, p1,p2) = G. Moreover, since the orders of pgp1 and p; ps are coprime, the intersection
property must hold as well. Thus (G, S), with S := {po, p1,p2}, is a string C-group of
rank 3. O

We have not attempted to enumerate or classify all representations of R(q) as a string
C-group of rank 3.

References

(1]

[2

—

(3]

[4

—_

(5]

[6

—_

(7]

(8

—

(9]

(10]

(11]

[12]

[13]

[14]

[15]

P. A. Brooksbank and D. Leemans, Polytopes of large rank for PSL(4,F,), J. Algebra 452
(2016), 390400, doi:10.1016/j.jalgebra.2015.11.051.

P. A. Brooksbank and D. A. Vicinsky, Three-dimensional classical groups acting on polytopes,
Discrete Comput. Geom. 44 (2010), 654-659, doi:10.1007/s00454-009-9212-0.

P. J. Cameron, M. E. Fernandes, D. Leemans and M. Mixer, Highest rank of a polytope for a,,
Proc. London Math. Soc. (2017), doi:10.1112/plms.12039.

T. Connor, J. De Saedeleer and D. Leemans, Almost simple groups with socle PSL(2, ¢) acting
on abstract regular polytopes, J. Algebra 423 (2015), 550-558, doi:10.1016/j.jalgebra.2014.10.
020.

T. Connor and D. Leemans, Algorithmic enumeration of regular maps, Ars Math. Contemp.
10 (2016),211-222, http://amc-journal.eu/index.php/amc/article/view/
544.

T. Connor, D. Leemans and M. Mixer, Abstract regular polytopes for the O’Nan group, Int. J.
Algebra Comput. 24 (2014), 59-68, doi:10.1142/s0218196714500052.

J. H. Conway, R. T. Curtis, S. P. Norton, R. A. Parker and R. A. Wilson, Atlas of Finite Groups:
Maximal Subgroups and Ordinary Characters for Simple Groups, Oxford University Press,
Eynsham, 1985, http://brauer.maths.qmul.ac.uk/Atlas/.

L. E. Dickson, Linear groups: With an exposition of the Galois field theory, Dover Publications,
New York, 1958, with an introduction by W. Magnus.

M. E. Fernandes and D. Leemans, Polytopes of high rank for the symmetric groups, Adv. Math.
228 (2011), 3207-3222, doi:10.1016/j.aim.2011.08.006.

M. E. Fernandes, D. Leemans and M. Mixer, All alternating groups A,, with n > 12 have poly-
topes of rank | 251 |, SIAM J. Discrete Math. 26 (2012), 482—498, doi:10.1137/110838467.

2

M. E. Fernandes, D. Leemans and M. Mixer, Polytopes of high rank for the alternating groups,
J. Combin. Theory Ser. A 119 (2012), 42-56, doi:10.1016/j.jcta.2011.07.006.

R. M. Guralnick, W. M. Kantor, M. Kassabov and A. Lubotzky, Presentations of finite simple
groups: a computational approach, J. Eur. Math. Soc. 13 (2011), 391-458, doi:10.4171/jems/
257.

M. 1. Hartley and A. Hulpke, Polytopes derived from sporadic simple groups, Contrib. Discrete
Math. 5 (2010), 106-118, http://hdl.handle.net/10515/sy5£fx74c5.

M. 1. Hartley and D. Leemans, Quotients of a universal locally projective polytope of type
{5,3,5}, Math. Z. 247 (2004), 663-674, doi:10.1007/s00209-003-0625-9.

G. A. Jones, Ree groups and Riemann surfaces, J. Algebra 165 (1994), 41-62, doi:10.1006/
jabr.1994.1097.



226

[16]

(17]

(18]

(19]

(20]

(21]

(22]

(23]

[24]

[25]

(26]

(27]

(28]

(29]

(30]

(31]

(32]

Ars Math. Contemp. 14 (2018) 209-226

A. Kiefer and D. Leemans, On the number of abstract regular polytopes whose automorphism
group is a Suzuki simple group Sz(q), J. Combin. Theory Ser. A 117 (2010), 1248-1257, doi:
10.1016/j.jcta.2010.01.001.

P. B. Kleidman, The maximal subgroups of the Chevalley groups G2(q) with q odd, the Ree
groups 2G2(q), and their automorphism groups, J. Algebra 117 (1988), 30-71, doi:10.1016/
0021-8693(88)90239-6.

D. Leemans, Almost simple groups of Suzuki type acting on polytopes, Proc. Amer. Math. Soc.
134 (2006), 3649-3651, doi:10.1090/s0002-9939-06-08448-6.

D. Leemans and M. Mixer, Algorithms for classifying regular polytopes with a fixed auto-
morphism group, Contrib. Discrete Math. 7 (2012), 105-118, http://hdl.handle.net/
10515/sy52£7k66.

D. Leemans and E. Schulte, Groups of type L2(q) acting on polytopes, Adv. Geom. 7 (2007),
529-539, doi:10.1515/advgeom.2007.031.

D. Leemans and E. Schulte, Polytopes with groups of type PGL2(q), Ars Math. Contemp.
2 (2009), 163-171, http://amc-journal.eu/index.php/amc/article/view/
102.

D. Leemans and L. Vauthier, An atlas of abstract regular polytopes for small groups, Aequa-
tiones Math. 72 (2006), 313-320, doi:10.1007/s00010-006-2843-9.

V. D. Mazurov, On the generation of sporadic simple groups by three involutions, two of which
commute, Sibirsk. Mat. Zh. 44 (2003), 193-198, doi:10.1023/a:1022028807652.

P. McMullen and E. Schulte, Abstract Regular Polytopes, volume 92 of Encyclopedia of Math-
ematics and its Applications, Cambridge University Press, Cambridge, 2002, doi:10.1017/
cb09780511546686.

Y. N. Nuzhin, Generating triples of involutions of Chevalley groups over a finite field of char-
acteristic 2, Algebra i Logika 29 (1990), 192-206, doi:10.1007/bf02001358.

Y. N. Nuzhin, Generating triples of involutions of alternating groups, Mat. Zametki 51 (1992),
91-95, doi:10.1007/bf01250552.

Y. N. Nuzhin, Generating triples of involutions of Lie-type groups over a finite field of odd
characteristic. I, Algebra i Logika 36 (1997), 77-96, doi:10.1007/bf02671953.

Y. N. Nuzhin, Generating triples of involutions of Lie-type groups over a finite field of odd
characteristic. II, Algebra i Logika 36 (1997), 422-440, doi:10.1007/s10469-997-0066-3.

R. Ree, A family of simple groups associated with the simple Lie algebra of type (G2), Bull.
Amer. Math. Soc. 66 (1960), 508-510, doi:10.1090/s0002-9904-1960-10523-x.

C.-H. Sah, Groups related to compact Riemann surfaces, Acta Math. 123 (1969), 13-42, doi:
10.1007/bf02392383.

D. Sjerve and M. Cherkassoft, On groups generated by three involutions, two of which com-
mute, in: The Hilton Symposium 1993 (Montreal, PQ), Amer. Math. Soc., Providence, Rhode
Island, volume 6 of CRM Proc. Lecture Notes, pp. 169-185, 1994.

H. Van Maldeghem, Generalized Polygons, volume 93 of Monographs in Mathematics,
Birkhiduser, Basel, 1998, doi:10.1007/978-3-0348-0271-0.



