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Gluons in Point Form QCD

W. Klink

Department of Physics and Astronomy University of lowa, Iowa City, lowa, USA

Abstract. Point form quantum field theory is used to analyze the QCD gluon vacuum
and bound state problems. An algebra of operators formed from gluon creation and an-
nihilation operators is used to generate a total four momentum operator from the gluon
self coupling terms. The vacuum is then the Lorentz invariant state which is annihilated
by the four-momentum operator. Such a state is obtained from the generalization of the
coupled-cluster technique, familiar from nuclear physics. An example in which the color
symmetry is SU(2) is given.

1 Point Form Quantum Field Theory

In point form field theory [1] all interactions are in the four-momentum opera-
tor and Lorentz transformations are kinematic. Interactions are introduced via
vertices, products of local free fields, which are integrated over the forward hy-
perboloid to give the interacting four-momentum operator.

The four-momentum operator P* is written as the sum of free and interacting
four-momentum operators, P* = P*(fr) 4+ P*(I). To guarantee the relativistic
covariance of the theory, it is required that

[P, PY] =0, 1)
UAPHULT = (ATT)EPY, )

where Ux is the unitary operator representing the Lorentz transformation A.
These ”point form” equations [1] lead to the eigenvalue problem

PHW, > =pH ¥, >, 3)

where p* is the four-momentum eigenvalue and [V, > the eigenvector of the
four-momentum operator, which acts in generalized fermion-antifermion-boson
Fock spaces. Then the physical vacuum and physical bound and scattering states
should all arise as the appropriate solutions of the eigenvalue Eq.(3). What is un-
usual in Eq.(3) is that the momentum operator has interaction terms. But since
the momentum and energy operators commute and can be simultaneously diag-
onalized, they have common eigenvectors. One of the important properties of the
point form is that since the Lorentz generators have no interactions, the action of
global Lorentz transformations on operators and states is simple.
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2 Gluons

Gluons are massless vector particles that transform as representations of the lit-
tle group E(2), the euclidean group in two dimensions [2]; a four dimensional
nonunitary irrep of E(2) generates four polarization degrees of freedom, labeled
by «. A standard four-vector k' = (1,0,0, 1) leaves E(2) invariant and the helic-
ity boost, B(k), which gives the four-momentum k, generates a gluon state with
transformation properties
ky o, a > = Ug g k*Y &, a >,
U/\|k, x,a>= U/\UB(k)|kSt, x,a >
=) Ak, a> A, lew),
Uglk, 0, a > = Z ko, a > D, .(g),
where A(ew) = B~ (Ak)AB(k) is a euclidean Wigner “rotation”, g is an element
of the internal symmetry (color) group and a, a’ are color indices.
Many gluon states are most simply obtained from gluon creation and anni-
hilation operators:
k, o, a > = gT(k, o, a)l0 >
gk, &, a)l0 >=0,Vk, ,a
la(k, &, a), 0" (K o', a')] = —gy o ko3 (k—k )8,/
U/\g(k, X, a)u;\] = Z g(/\ka O(,v a)/\a“x’ (eW)
Ugg(k, o, a)Uy' =) gk, a0 )Dyr,(9)

Phrce = — 2 J dkk*g'(k, &, a)ge,a9(k, &, a);

the auxiliary condition eliminating the 0 and 3 components is the annihilation
operator condition, )~ k$'gaag(k, &, a) = 0. dk := %.
The free gluon field is then

Gh(x) = JdkB”“(k)(e*ik"‘g(k, «, a) + e gl (k, «, a));
aGK‘Jx)/axu::i:[dkk”Bu“(khh%ae‘ikxg(k,a,a)

=1 Z J dke ™ kSt gaag(k, , a)

this last relation shows the connection between the auxiliary condition and the
Lorentz gauge condition. In fact, because Lorentz transformations are kinematic,
the only gauge transformations allowed are those that leave the Lorentz gauge
condition invariant.

Gauge invariance then fixes the field tensor to be

_ 9GY GH

YV (x) — —
a (x] Ox,  Oxy

— &Ca,b,cGy, (X)GY (x)
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where cq b ¢ are the color structure constants and « is the strong bare coupling
constant.

By integrating the stress energy tensor generated by the field operators over
the forward hyperboloid, the pure glue part of the four-momentum operator
takes on the form

P

glue

7Pl’ie+Pu +pll

tri quar

Pguar = “2 Z J dx*"dk; dkzdk3dk40a‘b‘cca‘b/‘cl

BT (K )BY™2 (k) BS (k3 )BS (Ka)
(efilq ~Xg(k] X1, b) + eik1 ~XgT(k1 , X1, b))

(e—Lkz X (kz, o2, C ) + elkz X (kZ» X2, C))
(e g(ks,a3,b )—1-6”‘3"‘ f(ks, a3,b"))
(e*”@t %g(ka, aa,c’) + ek gl (kg oa, )

Phi=1x) cape J dx*dk; dkydks

BY™ (k1)k — B¥T (k1 )ky)B? (k2)BJ? (k3)
(k x1,a )7elk] Xg (k],“],b))
(k2, 02, b) + €2 g (kz, a2, b))
(kzoz, c) + €™ gl(ks, a3, ¢))

X

Plile = Z J dkkugT (k, &, a)gaag(k, &, a)

3 The Gluon Vacuum Equations

Neglecting the quark sector, the gluon vacuum structure can be analyzed by writ-
ing the vacuum as |Q) >= F|0 > so that P”Lue|Q >= PglueFIO >= (. Since there
are no quarks, the operator F will act only in the gluon space; it must satisfy the
properties of being invariant under Lorentz and color transformations. So write

F=fol+) J dkidkafi, py.a 1k pa.as

9'(k1,B1,a1)g" (k2, B2, a2) + ...
fkl Br1,ar3k2,Bz,a2 = fa((k1 +k2) )BuB] (kq )BBZ (kz)C1 aq.a,

where f,((k1 + k2)?) is a Lorentz invariant function and C] araz is a Clebsch-
Gordan coefficient coupling the adjoint representation to itself to give the identity
representation. There are no odd powers of gluon creation operators because of
invariance under the internal symmetry. When quarks are coupled to the gluon
sector, this will no longer be the case.

As an example of the structure of the gluon vacuum equations, choose SU(2)
as the internal symmetry. The tri interactions do not contribute when acting on F;
the general form of the equations arising from the quartic interactions are

(o? J dxM (e tkxg 4 etkxghd — J dvwtgfg)Fl0 > = 0.
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The lowest order equation resulting from these equations is
o? J dx”[J' dk;dkafo — 4J dkydkodksfa (ks + ks )e Hkatks)x
+8 J dkqdkodksdkafs (ki + ko, ks + kg)e R Flathstha)x) — o

where the f’s are Lorentz invariant functions of their arguments. More generally
there is a hierarchy of equations in even powers of the gluon creation operators.
By factoring out the infinite Lorentz volume at each level of the hierarchy, a set of
recursive equations results, which have no infinities.

4 Glueballs

The simplest glueballs are bound states of two gluons, bound by their self inter-
actions [3]. A two gluon state can be written as |v, [k, j, 0,A1,A, >, where

‘V) ‘k‘))) 0-)\1 }\2 > = J’dRZ C]I ,anq azD];)‘J\] —7\2 (R) UB(V)UR
g'(kixrar)gf (kaxzaz)Fl0 >,

with k; = —k, =k, C} , , a color Clebsch Gordan coefficient, and R a rotation.
Again a set of (bound state) equations in powers of the gluon creation oper-

ators results, generated from
(PY —=AD)v, X, j, oA A2 > = 0.

Setting j = 0 = 0 gives a scalar glueball.
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