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Abstract

The number of independent sets is equivalent to the partition function of the hard-
core lattice gas model with nearest-neighbor exclusion and unit activity. In this article,
we mainly study the number of independent sets i(H,,) on the Tower of Hanoi graph H,,
at stage n, and derive the recursion relations for the numbers of independent sets. Upper
and lower bounds for the asymptotic growth constant y on the Towers of Hanoi graphs

are derived in terms of the numbers at a certain stage, where p = lim,_, lizg) and

v(@) is the number of vertices in a graph G. Furthermore, we also consider the number of
independent sets on the Sierpifiski graphs which contain the Towers of Hanoi graphs as a
special case.

Keywords: Independent sets, the Tower of Hanoi graph, Sierpiriski graph, recursion relation, asymp-
totic growth constant, asymptotic enumeration.

Math. Subj. Class.: 05C30, 05C69

1 Introduction

Counting sets satisfying a fixed property in graphs ranges among the classical tasks of
combinatorics. There is a vast amount of literatures on this kind of combinatorial problems
for various classes of graphs, especially for Sierpinski graphs, by different authors. We
note that the set counting problems such as the number of independent sets and the number
of matchings have been studied in the past [2, 4, 9, 10, 11, 26, 35, 36].

On one hand, all these graph invariants reflect the structure of a graph in some way,
and therefore, some of them are even of interest in theoretical chemistry for the study of
molecular graphs (see [32, 38]). For example, the number of independent sets is called
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Merrifield-Simmons index, the number of matchings is known as Hosoya index in chem-
istry. It was shown that both correlate well with physicochemical properties of the corre-
sponding molecules (see [23, 30]).

On the other hand, the number of independent sets is equivalent to the partition function
of the hard-core lattice gas model with nearest-neighbor exclusion and unit activity. The
lattice gas with repulsive pair interaction is an important model in statistical mechanics
[3, 13, 16, 33]. For the special case with hard-core nearest-neighbor exclusion such that
each site can be occupied by at most one particle and no pair of adjacent sites can be simul-
taneously occupied, the partition function of the lattice gas coincides with the independence
polynomial in combinatorics [14, 34]. This model is a problem of interest in mathematics
[39, 15, 24]. The growth of the number of independent sets in the m x n grid graph is of
interest in statistical physics (see [1]). It is known that the number of independent sets in
the m x n grid graph grows with ™", where o = 1.503048082 - - - is the so-called hard
square entropy constant. The bound for this constant was successively improved by Weber
[40], Engel [9] and Calkin and Wilf [4].

The number of independent sets and its bounds had been considered on various graphs
[27, 29, 41]. It is of interest to consider independent sets on self-similar fractal lattices
which have scaling invariance rather than translational invariance [35]. The recursion rela-
tions for the numbers of independent sets on the Sierpiniski gasket were derived by Chang,
Chen and Yan [6]. A special type of self-similar graph that has been of interest is the Hanoi
graph, which has been extensively studied in several contexts [5, 7, 8, 12, 17, 18, 19, 20,
22,25, 28, 31]. This graph, which is also known as the Tower of Hanoi graph, came from
the well known Tower of Hanoi puzzle, as the graph is associated to the allowed moves in
this puzzle. We shall derive the recursion relations for the numbers of independent sets on
the Towers of Hanoi graphs. Upper and lower bounds for the asymptotic growth constant
on the Tower of Hanoi graphs are derived in terms of the numbers at a certain stage, where
po=lim, IZZ(GC;) , 4(G) and v(QG) are the number of independent sets and the number
of vertices in a graph G, respectively. Furthermore, we also consider the Sierpiniski graphs
which include the Towers of Hanoi graphs as a special case.

2 Preliminaries

We recall some basic definitions about graphs. A graph G = (V, E) with vertex set V and
edge set F is always supposed to be undirected, without loops or multiple edges. Vertices
x and y are adjacent if xy is an edge in E. Let v(G) = |V| be the number of vertices and
e(G@) = | E| the number of edges in G. An independent set is a subset of the vertices such
that any two of them are not adjacent. When the number ¢(G) of independent sets in G
grows exponentially with v(G) as v(G) — oo, let us define a constant g describing this
exponential growth:
Ini(Q)
im .
v(G)—o0 U(G)

/_L:

We will see that the limit exists for the Towers of Hanoi graphs and some other Sierpifiski
graphs considered in this paper.

There are many different approaches to construct self-similar graphs. A construction
that is specifically geared to be used in the context of enumeration was described in [35], it
is no restated and we will also make use of it here. Some examples can be seen in [37].

The Tower of Hanoi graph (or the Hanoi graph), invented in 1883 by the French math-
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Figure 1: The Towers of Hanoi graphs Hy, H;, Hs and the construction of H,,.

ematician Edouard Lucas, has become a classic example in the analysis of algorithms and
discrete mathematical structures. There exists an abundant literature on the properties of
the Hanoi graph, which includes the study of shortest paths, average eccentricity, to name
a few, see [21] and references therein. The Hanoi graph H,, is derived from the Tower of
Hanoi puzzle with n discs. The vertices of the graph H,, in this sequence correspond to
all possible configurations of the game Tower with n 4 1 disks and three rods, whereas
the edges describe transitions between configurations, see [17], and these graphs are finite
Schreier graphs of the Hanoi tower group in [12]. Note that the Tower of Hanoi graph can
be constructed by the following recursive-modular method. For n = 0, H is the complete
graph K3 (also called a 3-clique or triangle). For n > 1, H,, is obtained from three copies
of H,,_; joined by three new edges, each one connecting a pair of vertices from two differ-

ent replicas of H,,_1, as show in Figure 1. From the construction rule, we can find that the
3n+2 -3

number of vertices of H,, is 3"*! while the number of edges is 5

3 The number of independent sets on H,,

In this section, we will derive the asymptotic growth constant for the number of independent
sets on the Tower of Hanoi graph H,, in detail.

For the Tower of Hanoi graph H,,, i, is its number of independent sets, f,, is its num-
ber of independent sets such that all three outmost vertices are not in the vertex subset,
gn 1s its number of independent sets such that only one specified vertex of three outmost
vertices is in the vertex subset, h,, is its number of independent sets such that exact two
specified vertices of the three outmost vertices are in the vertex subset, p,, is its number
of independent sets such that all three outmost vertices are in the vertex subset. They are
illustrated in Figures 2—5, where only the outmost vertices are shown and a solid circle is
in the independent set and an open circle is not. Because of rotational symmetry, there are
three possible g,, and three possible h,, such that

and fo = go =1, ho = po = 0, 59 = fo + 3g0 + 3ho +po = 4.
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Lemma 3.1. For any nonnegative integer n, we have

froi1 =F2 +6f29, + 3f2hn + 9fng2 + 6 fagnhn + 292,

In+1 :fr%gn + 2f1’21hn + fr%pn + 4fn9721 + 8fngnhn + 2fngnpn + 2fnh72L + 392

+4¢2h,,,

Pt =fngn + A fngnhn + 2fngnpn + 3fnhiy + 2 fuhnpn + 295 + 795 hn + 295D
+ 49,02,

Prt1 =G5 + 692 hn + 397pn + 9gnh2 + 6gnhapn + 203

Proof. Note that the number f,, 1 consists of (i) one configuration where all three H,, be-
long to the class that enumerated by f,,; (ii) six configurations where one of the H,, belongs
to the class that enumerated by g,, and the other two belong to the class that enumerated
by f,; (iii) three configurations where one of the H,, belongs to the class that enumerated
by h,, and the other two belong to the class that enumerated by f,,; (iv) nine configurations
where one of the H,, belongs to the class that enumerated by f, and the other two belong
to the class that enumerated by g,,; (v) six configurations where all three H,, belong to
the class that enumerated by f,, g,, and h,,, respectively; (vi) two configurations where all
three H,, belong to the class that enumerated by g,, as illustrated in Figure 2. And

Jnt1 = fv?: + 6f72zgn =+ 3f72Lhn + gfnggl +6fngnhn + 293

is verified by adding these configurations.
Similarly, the expressions of ¢,t1,h,+1 and p,41 can be obtained with appropriate
configurations of its three H,, as illustrated in Figures 3-5. O

/ VeV TetoVesvset

Figure 2: Illustration for the expression of f,, 1. The multiplication of three on the right-
hand-side corresponds to the three possible orientations of H,, 11, the multiplication of
two on the right-hand-side corresponds to reflection symmetry with respect to the central
vertical axis and the multiplication of six on the right-hand-side corresponds to the six
possible of considering both orientations and reflection symmetry.

In the following, we will estimate the value p = lim,_, o IZZ%H’S) of the asymptotic

growth constant for the Tower of Hanoi graph H,,. The values of f,,, g, hs, p, for small n
are listed in Table 1 by Lemma 3.1, and grow exponentially. For the Tower of Hanoi graph
H,,, define the ratios

ap=In g ot Pn

fl g e
where n is a positive integer. Their values for small n are listed in Table 2. From the
initial values of f,,, gn, hn, Dn, it is easy to see that f, > g, > h, > p, for all positive
integer n by induction. Alternatively, these inequalities can be obtained by an injection.
For instance, if one of the independent sets enumerated by g,, is given, one can remove
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Figure 3: Illustration for the expression of g, ;. The multiplication of two on the right-
hand-side are corresponds to the reflection symmetry with respect to the central vertical

2 2 2 2 2

>

2 2 2 2 2 2 2

od 28
oges
oges
oges
oges
oges

51
5

Figure 4: Illustration for the expression of h, 1. The multiplication of two on the right-
hand-side are corresponds to the reflection symmetry with respect to the central vertical
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Figure 5: Illustration for the expression of p,,. ;. The multiplication of three on the right-
hand-side corresponds to the three possible orientations of H, 1, the multiplication of
two on the right-hand-side corresponds to reflection symmetry with respect to the central
vertical axis and the multiplication of six on the right-hand-side corresponds to the six
possible of considering both orientations and reflection symmetry.

Table 1: The first few values of f,,, gn, hy, pn and i, on H,.

n 0 1 2 3
fn 1 18 38284 342408411795232
In 1 8 15840 141595222762112
hn, 0 3 6546 58553484583728
Dn, 0 1 2702 24213460330512
in 4 52 108144 967067994163264

the corner vertex to obtain another independent set that are enumerated by f,, such that
fn > gn is established. Similarly, other two inequalities can be established. It follows that
@, By Yn € (0,1).
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Table 2: The first few values of «,, 8y, v, on H,,.

n 1 2 3
o  0.444444444444444  0.413749869397137 0.413527290465016
B 0.375 0.413257575757575 0.413527260606109

Yo 0.333333333333333  0.412771157959058  0.413527230747269

Lemma 3.2. For any positive integer n, the ratios satisfy

an > B, > Tn-

When n increases, the ratio o, decreases monotonically while ~,, increases monotonically.
The three ratios in the large n limit are equal to each other

lim o, = lim B, = lim ~,.
n— oo n— oo n— oo

Proof. By the definition of «,,, 3,,, Vn, We have

_ n _ n _ Dn
Ap41 = anA ) ﬁnJrl - anB sy Tn+l = Qn C
n n n

for a positive integer n, where
A, =14 60y, + 3a, 6, + 902 + 6026, + 203,
Bp =1+28, + Bnyn + 4an + 8a,fBn + 2000 Bnn + QQnB% + 30‘% + 40‘%5717
Cr = 1+4Bn + 2Bnvn + 382 + 2%, + 20, + T Bn + 2000 By + 4 32,
Dy, =1+ 608, + 3Bnvyn + 982 + 662y, +233.
In the following, we show that % <A < Bn < a, < % by induction on n. It is true
forn = 1,2, 3,4 from Table 2. Suppose that % <Ap < Bn < anp < % forn > 4.
Let e, = o — Yn- Then &, > ay — B, €n > B — Y and e, € (0, §). Now,
o B, - an(An — By)
Ap — Opp1 =Qp — Qp—— = ——

A, A,

+ (20Bn + Bn) (Bn — ¥n)] > 0,

an Bfl - A,C,
Qpt1 — Bnyt :% >0,

where

BZ2 - A,C, =(1002 3, + 502 + an By + 4o, + B2 +1)(an — Bn)? + (402 62 + 200, 52
4 6000 + 260) (@n — ) (@ — Vn) + (403 B, + 1002 By, + 20,32
+ 2080+ B2) (Bn = 1) (@n — Bn) + (2005 + B2) (@ = 1n) (Bn — Yn)
+ (40 B3 + 200 83) (B — 1) > 0,
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An By, =100, + 2B, + 23008 + BuYn + 82 + 882 B, + 13303 B, + T0at By,
+ 8a2 B, + 3602 + 5603 + 350k + 65 + 4802 B2 + 60263 + 783 52
+ 12a§lﬁ3 + 12a3 2*yn + 28a452 + 12042 Q'Vn + 8y Bnyn + 3an5 Yn
+ 21aiﬁn’yn + 2004”5”% + 404”6”% +1
>40 B, + 802 B2 + 2002 B, + 503 + 802 B2 + 92 B, + 402 + 3an B2

+ 2anﬂn + Qp.
Then
a, (B2 — A,C,
Ap41 — Bn+1 :%
2

< N B [4a B, + 8a3 B2 + 2003 B, + 5a3 + 8a2 % + 902 B, + 4a?
+ 30, B2 + 200 By, + i

<ey,

since £, > ap, — By and €, > Bn — Yn.
a,(C2-B,D,)

B, > 0, where

Similarly, we have 8,11 — Yn41 =

Cr — BnDy =[(108] + 48275 + 487 + 4B, + 1) (o — Bn) + (25, + 965,
+2B5)(an — Yn) + (200 B 4 nBn) (B — )] (0 — Bn)
+ [(dom B +1083) (an — Bn) + (4o B3 + 263) (0 — Tn)
+ (20082 + B2) (B — 1) (B — 1) > 0,

B,C,, =1603 3 + 8a3 32, + 4003 5% + 602 By, + 2903 B, + 602 + 8a? 52
+ 2Ooz2 37n + 5802 63 + 4a? ﬁn’yn + 4402 ﬁn’yn + 10104721,62 + 18aiﬁn’yn
+ 6002 B, + 1102 + 4o, 2y, + 60, 2 + 40, 22 + 300,83, + 400, 52
+ 60, 8292 + 4300, B2y + 640, B2 + 140, By + 3500 B + 6y, + 28372
+ 783 4+ 683 + 28292 +1082,, + 1162 + 36,vn + 66, + 1.

Thus, we have

an(C?2 — B,D,,)
ﬁn-{-l Yn+1 = B C,
2
B, C
+ 60, By + ap] < €2.

< [8a2 B2 + 402 B2 + a2 B, + 240, 2 + 4, B2AE + 140, 2
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And
1
Tn+1 — Tn :7(04nDn - Wncn)
1
:Ci[(]- +48, + 25721 + 2ﬁ721’7’n)(04n - ’Vn) + (2an + TanBn + 260 7n
n

+ 20, BnYn + QOénﬁfL)(ﬁn = Yn) + 3BnYn(an — Bn)] > 0.

So, we have (i) i, — i1 > 0, (1) 0 < a1 — Byt < 2, (iii) 0 < Bpi1—Yng1 < €2
and (iv) Yn4+1 — Y > 0.

From (ii) and (iii), we can obtain that €, 41 = Q41 —VYn+1 < 25% < 82—1 for all positive
integer n by induction. It follows that for any positive integer m < n,

1 n—m
£, <282 1 <222 P< < 5[25m]2

Since ¢,,, € (0, %) for any positive integer m, we have that the values of «,,, 5, 7, are
close to each other when n becomes large. O

Numerically, we can find

lim ap = li_>m Bn = li_}rn Y, = 0.4135272769487595999 - - -

n—oo
From the lemmas above, we get the bounds for the number of independent sets.
Theorem 3.3. For any positive integer m < n,

3(3n—m_1) 3(3n—m_1)

T4 29m) T () <in < £2 (14 20m) 7 (1 + @)’
Proof. By Lemmas 3.1 and 3.2 and the definition of «,, 3,,, v, We have
Fo=F3 (14 6an_1+3an_18n-1+9a2_| +60a2_1B,_1+2a3_,)
<f3  (1+6a,_1+12a%2_, +8a3_ )
=[fn1(1+ 20, 1)]® < [f2_o(1 4 20 2)P(1 + 200, 1)3
<Fia(1 4 20, )" ¥
<< ff,’:_m(l + 2am)3(3"72m_1)
And

in :fn + Sgn + 3hn +pn = fn(l + 3an + 30477,677, + O‘nﬂn’)/n)
n—m_q)

<fa(l+3a,+3a2+0a3) = fr(l14+a,)> < f27 "1+ 2am)3(3 T (1 +a,)
Similarly, the lower bound for ¢,, can be derived. O

Theorem 3.4. The asymptotic growth constant for the number of independent sets in H,,
is bounded by

Inf, In(l+2v, Inf,, In(l+2a,,
m—+1 ( m )SMS mfl ( m )
3m+ 2x3 3m+ 2x3

where m is a positive integer.
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Proof. Note that the number of vertices of H,, is v(H,,) = 3ntl by Theorem 3.3, we have

Ini, Infn,  In(l+2a,) WIn(l+2a,) Wn(l+a,)

v(H,) = 3m+1 2x3m 2x3n o 3n
and
Ini, S Infrn | In(1+2y,) In(l+2y,)  In(l+7,)
v(Hy,) = 3mtl 2 x 3m 2 x 3n 3r
So, the bounds for y = lim, (77, )00 vl(“,;’:) follow. O

As m increases, the difference between the upper and lower bounder in Theorem 3.4
becomes small and the convergence is rapid. Numerically, the asymptotic growth constant
for the number of independent sets of the Tower of Hanoi graph H,, in the large n limit
is p = 0.42433435855938823 - - - . In fact, the numerical value of 1« can be obtained with
more than a hundred significant figures accurate when m is equal to seven.

4 The number of independent sets on graphs Sy, ,,

The Sierpinski graphs Sy, ,, were introduced by KlavZar and Milutinovi¢ in 1997 in [25].
The graph Sy, ¢ is simply the complete graph on k vertices, Sk, is constructed from .Sy, ,,—1
by copying k times S}, ,—1 and adding exactly one edge between each pair of copies. For
the construction, one can easily derive that the total number of vertices and edges in Sy ,,
are v(Sk,n) = k"' and e(Sy,) = £ (k"™ — k), respectively. In particularly, we can see
those graphs are exactly the graphs of the Tower of Hanoi problem for £ = 3 and another

case as shown in Figure 6 for k = 4.

x ol x o) o O=——0 o

S4,n—1 S4,n—1

S4,0 Sa1 S42 Sin I >< I
San—1 Sap—1

& 20J & 0 o] o—0 o

Figure 6: The graphs Sy 0, S4,1, S4,2 and the construction of Sy ,.

The method given in the previous section can be applied to enumeration the number
of independent sets on this Sierpifiski graphs with & > 4, but the items of the recursion
relations will become larger and larger with the increase of k.

To seek the number of independent sets on Sy ,,, we use the following definitions: (i)
Define f4 ,, as the number of independent sets such that all four outmost vertices are not in
the vertex sets. (ii) Define g4 ,, as the number of independent sets such that only one certain
outmost vertex are in the vertex sets. (iii) Define hy4 ,, as the number of independent sets
such that exactly two certain outmost vertex are in the vertex sets. (iv) Define py ,, as the
number of independent sets such that exactly three certain outmost vertex are in the vertex
sets. (v) Define ¢4 ,, as the number of independent sets such that all four outmost vertex are
in the vertex sets.



256 Ars Math. Contemp. 12 (2017) 247-260

Table 3: The first few values of f1 ,,, Ga.n> ha s Dans Gan and g, 00 Sy p.

n 1 2 3
fan 163 13064274739  497661511371512614009322138806617451967507
gan 52 3951119257 150487045809089786329485928937399858428184
han 15 1194624638 45505530112368879421817904248654649805971
Dan 4 361093492 13760342318790991781550553074012255470504
Q4.n 1 109115158 4160967243331065589513567798163834387921

4, 478 37589988721 1431845211800580068573889060142357640786006

Table 4: The first few values of a4 1, Ba.n, Va,n and 84, 00 Sy .

n 1 2 3
Op 0.319018404907975 0.302436938592921 0.302388355077651
Ban 0.288461538461538 0.302350944199809 0.302388354211550
Y4,n 0.266666666666666 0.302265230863252 0.302388353345449
Oa,n 0.25 0.302179796693760 0.302388352479348

The quantities f4,5,, g4,n> ha.n> Pan. qa,n of Sa,, are lengthy and given in the appendix.
Some values of fi,, gan, han. Pans Qan, ta, are listed in Table 3. These numbers
grow exponentially, and have no integer factorizations. There are four equivalent g4 j,, six
equivalent hy ,,, and four equivalent p,,. By definition, we have

7;4,n = f47n + 494,n + 6h4,n + 4p4,n + d4,n-

The initial values at stage zero are fi0 = g4,0 = 1, hu,0 = P40 = qa,0 = 0 and iz o = 5.

Define ratios Qy4.n = g4,n/f4,ns ﬂ4,n = h4,n/g4,n9’y4,n = p4,n/h4,n, 54,71 = q4,n/p4,n-
As n increases, we find a4, decrease monotonically while B4y, v4, and 4, increase
monotonically with the relation o 5, > 84,5 > Ya,n > 64,n. The values of these ratios for
small n are listed in Table 4. Numerically, we can find

lim a4, = lim B4, = lim v, = lim &4, = 0.30238835458805297767 - - -
n—00 n— 00 n—o0 n—o00

By a similar argument as the Tower of Hanoi graph H,, in the last section, the asymp-
totic growth constant for the number of independent sets on Sy ,, is bounded by

In fam  In(1+4204m) < < Infam  In(l4204,m)
Am+1 2 x4m =M= T 2 x 4m

h o 1. In i4,” d . .t. . t
where [y = lmz)(s47n)_>oo m and m 1S a positive 1nteger.

Then, we can obtain the asymptotic growth constant for the number of independent sets
on the Sierpirisk graph Sy ,, in the large n limitis 4 = 0.378737140730676994823835 - - - .

We can also continue verify a similarly bound for the asymptotic growth constant on
Ss.n, in order to avoid verbosity, we are not to describe here. However, the recursion
relations of the number of independent sets for general k are difficult to obtain. From what
has been discussed above, we have the following conjecture for the Sierpifiski graphs Sy, ,,
with positive integers k and m.
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Conjecture 4.1. The asymptotic growth constant for the number of independent sets on the
Sierpirisk graph Sy ,, is bounded by

In fem . In(14 2¢km) < In fem  In(l4 20m)
fon 1 2x km MRS T 2 % km

where the ratios are defined as ayn = gkn/fen Pk = Wkn/Ykns fon is the number
of independent sets such that all k outmost vertices are not in the vertex subset, gy, y, is the
number of independent sets such that one certain outmost vertex is in the vertex subset,
Yk, n IS number of independent sets such that all but one certain outmost vertex are in the
vertex subset, and wy, ,, is the number of independent sets such that all k outmost vertices
are in the vertex subset.

Appendix: Recursion relation for S, ,,

We give the recursive relation for the Siepifiski graph Sy ,, here. Since the subscript is
k = 4 for all the quantities throughout this section, we will use the simplified notation
fn+1 to denote f4 41 and similar notations for other quantities. For any non-negative in-
teger n, we have

fn+1 fAr12f3g,+12f3h,, +48 2gi+4f;°;pn+84fzgnh +72 g2 +24 2 Gnpn+
3Of2 + 156fn92hn + 30.9:11 + 12f2 npn 36fngnpn + 84fngnh2 + 6093h +
24fngn nPn + Sgnpn + 8fnh% + 24972, h%’

In+1 = fsgn + 3ff{hn + 9]‘293 + 3f7?{pn + 33f72Lgnhn + 24fn92 + fSQn + 24f72lgnpn +
21202 +96 .92 b + 1892 +6 200+ 21 f2hnDn +51 frg2Pn +93 frgnh? +69g3 h +
3f72L hnGn +9fn93LQH + 3fﬁp% +66fngn hnpn+ 2492]7” + 21fn h% + 6693; hi +6fngn hngn+
292% + 6fngnp% + 12fnh31pn + 24972Lhnpn + 14gnhi,

Bg1 = f292+6f2gnh n+6fngn+6f29npn+8f§ 2438 fngahn+89n+ 212 gntn+
14fn nDn + 3Ofngnpn + 64fngnhn + 509 I + 4fn nQn + 8fngn(In + 5fnpn
80 frgnhnpn + 309npn + 26fnh3 + 8792h2 + 2f3ann + 16 frngnhngn + GQnQn
18fngnpn + 34 fnh2pn + 7292 hapy + 44903 + AfngnPndn + Afnh2qn + 892 hngn +
8 fuhnpy, + 897ps + 2890l pn + 4h3,

Pn4+1 = fngn + 9fn972Lh + 397; + gfngnpn + 24fngnh% + 2792}7% + 3fn972LQn +
42fngn nDn + 22gnpn + 18fnh3 + T5g2h2 + 12fngnhnqn - Ggf;qn + 15fngnpi +
39 fnh npn + 9992 hnpr + 699n b3 + 6 frgnPndn + 9 fuhldn + 2192 hngn + 21 frh npn +
2492 p2 +969nhZpr +15h% +6 fr.hnDnn 4692 Prdn + 129012 G+ 2 fapd 42495 hnp? +
14h3py,,

an =gt +12¢3h, +129npn+4892h2 +463 ¢, +8492 hpr + 729, h3 +24g2 hnqn
30g2p3 + 156gnh2pn + 30hy + 12¢2pngn + 36gnhiaqn + 84gnhnp? + 6003 py,
249, hnPrgn + 8h3,qn + 8gnp;, + 24h7 .

There are always 729 = 3° terms in these equations.
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