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ABSTRACT

Bayesiarstatisticatheoryis acornvenientway of takinga priori informationinto considerationvheninference
is madefrom images.In Bayesianmageseggmentationthea priori distribution shouldcapturetheknowledge
aboutobjects.Takinginspirationfrom (Alvarezetal., 1999),we designa prior densitythatpenalizegshe area
of homogeneoupartsin images.The segmentatiorproblemis furtherformulatedasthe estimationof the set
of curvesthatmaximizeshe posteriordistribution. In this paperwe explore a posteriordistribution modelfor

whichits maximalmodeis givenby a subsef level curves,thatis the boundarie®f imagelevel sets.For the

completenessf the paper we presenta stepwisegreedyalgorithmfor computingpartitionswith connected

components.

Keywords:areadistribution, connectedcomponentsenegy minimization,imagesegmentationjevel curves.

INTRODUCTION

Image samentation and object boundaries
estimation are among the most challenging and
fundamentaladdressedproblemsin image analysis
(Mumford and Shah,1989; Vincentand Soille, 1991,
Morel and Solimini, 1994). Segmentation can be
achiezed by minimizing an enegy model designed
in conjunction with Bayess theoremas shovn by
Mumford andShah(1989)andZhu andVYuille (1996).
Indeed, it is straightforvard to transfera Bayesian
criterioninto anenegy minimizationcriterion (Morel
and Solimini, 1994; Zhu and Yuille, 1996). Thereby
the discrete (Gemanand Geman, 1984; Blake and
Zisserman1987)or continuous(Mumford and Shah,
1989; Morel and Solimini, 1994) enegy functional
is traditionally comprisedof two terms:the first term
is a fidelity term describingthe interactionbetween
the obsened dataandthe model (datamodel)andthe
seconds aregularity term(prior model).

In Bayesianimagesegmentationthe prior model
should capture the knowledge about objects. In
particular theincorporatiorof prior informationabout
the outline of objects can be applied. There has
been a growing interestin this field, particularly
along the guidelinesof Grenandes generalpattern
theory using deformabletemplates(Grenanderand
Miller, 1994). In a separateway, Zhu and Yuille
(1996) attempted to unify snales (Kass et al.,
1987) and region growing methodswithin a general
enepgy/Bayesframewnork. Both approachesstimate
the curvesthat maximally separateinknowvn statistics
inside and outside the cunes. Finally, the designed
enegy functionals are comple, for which it is

difficult to specify global minimizers corresponding
to “best” segmentations.The maximum a posteriori
(MAP) estimatéds generallydeterminedy prohibitive
stochasticsearchproceduregGrenanderand Miller,
1994) or other variantsof steepestscentalgorithms
(Zhu and Yuille, 1996). With thesetools, additional
a priori knowledge may be specifiedto easethe
segmentationtask: statisticsinside region boundaries
are assumedto be known (Grenanderand Miller,
1994; Chanand Vese,1999) or estimatedusing ad-
hocmethodgParagiosandDeriche,2000).In practical
imaging, thesemethodsstill suffer from the problem
of initialization of curves(Zhu andYuille, 1996), off-
line estimationof the mixture model of Gaussians
approximatingthe probability densityfunction of the
image (Paragiosand Deriche, 2000), or selectionof
hyperparametenseightingthe contritution of enegy
terms (Zhu and Yuille, 1996; Chanand Vese,1999;
ParagiosandDeriche,2000).

In this paper we addressthese problems and
follow the Bayesianapproachfor recovering simply
connectedobjects in the plane. The prior model
focuseson how the area and number of objects
can be varied in images. Unlike other approaches
(Grenander and Miller, 1994; Zhu and VYuille,
1996), we shall see that maximizing the posterior
distribution is here equivalent to selectinga subset
of connected componentsof image bilevel sets.
For the completenessof the paper we presenta
stepwisegreedy algorithm for computing partitions
with connectedcomponentskinally, we illustratethis
approachwith some experiments on satellite and
medicalimages.
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THE BAYESIAN FRAMEWORK

Let S be an opensubsef(rectangle)of R? and f
a grey-scaleimagetreatedasa function definedon S.
Below wewill workin thecontinuoussetupwhereSis
asubsebfaEuclidianspaceandf : S— R* represents
the obsened datafunction. We use the terminology
“site” or “pixel” to denotea point of the image,even
in the continuouscase.Eachpoint x € Sis assigned
agrey value f(x). Accordingto Matheron(1975),we
interpretthe image f asa family of setsdefinedby
L.(f) = {xe S: f(x) > 1}, T € R*. Eachlevel set
L.(f) is assumedo be of finite perimeter Therefore,
f will belongto the boundedvariation(BV) spaceas
shavn by Alvarezetal. (1999).

Let {Q; C S} be a setof disjoint and non-empty
imagedomainsor objectsand{dQ; } theirboundaries.
A partition of theimagedomainsS consistsin finding
a set {Q;}F; and a backgroundQ defined as the
complementarysubsetof the union of objectsQ =
S\UZL; Q, N, Q =0andQ; N Q=0 We
assumehatthe obsenedimage f hasbeenproduced
by the model f = f,.+ ¢, Where € is a zero-

meanGaussiarwhite noise: s( ) . JV(O, 0?),Xx€e S
The true image f.(X) = SF, T oo + sl o is

supposeqb|ece/wseconstantwheref andf denote
respectiely the unknowvn averagevaluesof f overQ
andQ, and Leels the setindicator function of the
setE. The varianceo? is assumedo be known and
constantover the entireimage.So, the likelihood for
thedataf given{Q,,---,Qp} is specifiecby

P
P(f] @y, 0p) T exp—zé,z{z/(ux)—mzdx

+ / de} (1)

We seeka partition of therectangleSinto a finite set
of objectsQ;, eachof which correspondso a part of
theimagewheref is constantGiventheobjects{Q; },
the unknown backgroundis explicitly determinedas
the complementarysubsetof the union of estimated
objects.Therefore we definethe following collection
¢, of P > 0 admissible, closed and connected
objects: 65 = {{Q,,...,Qp} CS; S\Q= UL,
Q1 QNyisj<p Q] _0} WhenP = 0, thereis no
objectln theimage.Following the Bayesiarapproach,
we use somefunctional of the posteriordistribution

p(ng""_QP|f) (f|Ql, "aQP) T[(Qla "7QP)
The likelihood p(f | Q,---,Qp) is given by (1) and
mn(Q,,---,Qp) is the prior distribution of objects.

The posterior distribution is used in a further
inferential issue concerningthe objects within the
Bayesianparadigm.The a priori distribution should
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capture the knowledge about {Q,,---,Qp}. We
define a density that penalizesthe area |Q;| of
objects. Additionally, the variables {|Q;|} may be
consideredas independentrandom variables with
densityg(|Q;|). Hence,the prior distribution is of the
form m(Qy, -+, Qp) = Z7 N1 9(1Q[)® where Z, is
a normalizationconstantand a a real positive value.
The density g(|Q;|) is chosento be a non-ngative
monoticallydecreasingunctionof theobjectared Q; |.
For instance,Alvarezet al. (1999) have empirically
obsened that the areadistribution of homogeneous
parts in images follows a power law B|Q;|~Y. In
what follows, we shall considerthis model for the
density g(|Q;|). There are other possiblechoicesof
9(]Q;]): the caseof g(|Q;|) U exp—{B|Q;|'} related
to the Markov connecteccomponentdields, hasbeen
alreadydiscussedy Kervrannet al. (2000), Alvarez
etal. (1999)andMgller andWaagepetersef1998).

BAYESIAN INFERENCE

All  kinds of inference are made from
p(Q,,---,Qp | ). Finding the maximuma posteriori
(MAP) estimateis herein our choice of inference.
As a consequencethe MAP estimationof objects
is equivalentto the minimization of a global enegy
functionE, (f,Q,,...,Qp) definedas

E, (f,Qq,...,Qp) = E(Qq,...,Qp) +
+ )‘Ed(fana"'agP) ) (2)
where
P
EP(Qla R aQP) = Z(VIOQ(Q| |) - A)
1=
is thepenaltyfunctional,
Ed(fagla'- ) Zl/ dX+

+/§<f<x>—

the data model, A = 2ag? > 0 the regularization
parameterand A = log(f3). The penalty functional
tends to regulate the emegence of objects Q; in
the image. The regularization parameterA can be
theninterpretedas a scaleparametetthat only tunes
the number of regions (Morel and Solimini, 1994;
Kervrann et al., 2000). If A = 0, each point is
potentiallya region andQ = 0 ; the global minimum
coincideswith zeroandthis segmentatioris calledthe
“trivial sgmentation”(Morel andSolimini, 1994).

By using classical aguments on lower semi-
continuousfunctionalson the BV space,we assume
herethe existenceof minimizersof E, (f,Q,,---,Qp)
amongfunctionsof setdfinite perimeter(or of bounded
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variation)(Morel and Solimini, 1994;Zhu andYuille,
1996). Our MAP estimatoris definedby (when it
exists)
(Ql,...,Qﬁ) = argminospgargmin{er“’QP}e%P
E, (f,Qq,....Qp), ()

where ¢, C ¢;,VP < T, and T is the maximum
numberof admissibleobjectsregisteredin abank .

We recallthat Q = S\ U, Q; is the complementary
subsetof estimatedobjects {ﬁl,...,ﬁﬁ}. A direct

minimization with respectto all unknovn domains
Q, and parametersTQi is a very intricate problem,
evenif T is low sinceobjectsare not designatedin

what follows (Lemma 1), we prove that the object
boundarieghat minimize E, (,Q,,...,Qp) arelevel

lines of the function f, which makes the problem
tractable.

LEMMA 1 If there exist minimizes and no
patholgyical minimum exists, then the enegy
minimizing set of curvesis a subsetof level lines of
f, i.e. the border dﬁi of eath ﬁi is a boundaryof a
connecteccomponenbf a level setof f.

Proof of Lemmal. Let Q be a variation of a
setQ, i.e. the Hausdorf distanced.,(Q;,Q) < J . To
prove Lemmal, we assumethat, for any connected
perturbationof Q such that d..(Q,,Q) < J, two
neighboringsets Q and Q' do not meige into one
singlesetQ U Q' and,for any connectegerturbation
of Q suchd,(Q4,Q) < 8, Q doesnot split into two
new sets.This correspondgo prohibitedtopological
changesWithout lossof generality we prove Lemma
1 for one objectQ and a backgroundQ, thatis the
closureof the complementargetof Q. For two setsA
andB suchthatB C A, we denotef, 5 f = [, f — 5 f.
Then,we have

21| =/ 1% 0,|-|0]  and
Q,\Q

9

(f%ff_ (/s>f>2:2/gf foya </§)5\0f>2- @

WedefineAE, (f,Q) =E, (f,Q;) —E,(f,Q) = T, +
T, 4+ T;+ T, + T, where

T, = / fz—/fz,
! Q, Q

1

T =—/ Ay,

2 IQI%\QV
1

_— _@(/%f)zﬁ(/gf)z,

/s\gafz_/smfz’
1 ? 1 2
B = Tig-iay) </S\05f> *igia Uba )

(5)

By definition we have T, 4+ T, = 0. Passingto the
limit A|Q| — 0, we obtainexpressiongor T,, T, and T,
(higherordertermsareneglected)

Ay
T = —
2 Q Jaja ™
2 1 ?
T, = < f/f——/ f
: |Q|/95\Q Q |Q|<95\Q)
1 2
= [ 1 /f ,
+|Q|2/oé\o <Q>
1 2
T o= 1 2/ f/ f—/ f
° IS|—|Q|{ o0 Jsie <95\Q>

_Wﬂméa\&(/&mf)z}- (6)

We definethe image momentsm, = [o1, m; =
Jof, Ky = [sl, K, = [5f. Using the mean value
theoremfor a doubleintegral, which statesthat if f
is continuousanda connectedubset is boundedoy
a simple curve, thenfor somepoint x, in E we have
Je F(X)dE = f(X,) - |E| where|E| denoteghe areaof
E, it followsthat

MO

- ~— ~

B, (£,0) = {[%‘%E—%“%}
Ml

Let x, be a fixed point of the border 0Q.
ChooseQ; suchthat 9Q; = dQ excepton a small
neighborhooaf x,. Theenegy having aminimumfor
Q, f(x,) needdo besolutionof thefollowing equation

AE, (f,Q)

gl = Mot+Myf(x;)]+0(a/Q]) = 0.

(8)
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By passingo thelimit A|Q| — 0, we obtainM,+
M, f(x,) = 0. This equationhasa uniquesolution.
The coeficientsM, andM; dependon neitherx, nor
f(x,), andM, # 0. The function f is continuousand
0Q is a connectecturve. Thereforef(x,) is constant
whenx,, coversdQ. This completeghe proof.

A STEPWISE GREEDY ALGORITHM
FOR IMAGE SEGMENTATION

To implementour level setimage segmentation
basedon enegy minimization, a four step method
is used. The proposedalgorithm is not a region
growing algorithm (Morel and Solimini, 1994) since
all objectsarebuilt onceandfor all. It differsfrom the
watershe@pproachsinceregionsthatemegefromthe
watershedsegmentatiorarenot necessarilyconnected
componentsvithin the imagelevel sets(Vincentand
Soille, 1991).Let K, A, |Q,..| betheinput parameters
setby theuser

Bilevel setconstruction. Thefirst stepcompletes
a quantization of the function f € [f., fual IN
K = {4,---,8} non-equal-size&nd non-overlapping
intervals [t,_,,t), | = {1,---,K}. Given this set of
intervals estimatedusing the maximumentropy sum
method(Kapur et al., 1985),let b, be the bilevel set
imagewith b (x) = 1if f(x) € [t,_,,t;) andb,(x) =0
otherwise.The connecteccomponentf bilevel sets
canbe characterizedby their surroundingcurves,that
isthelevellines.If we mapthesdevel linesfor agiven
setof K levels,we geta segmentatiorof theimagealso
calledtopographicmap (Caselleset al., 1999). More
generally one can considera seggmentationachieved
usingonly someconnectedomponentsf bilevel sets,
which is the philosophyof our approach.The most
perceptiblelevel lines could be determinedby the
detectionof T-junctionsof level lines (Casellest al.,
1999).Insteadwe usehereinasimplercriterionwhere
perceptually significant level lines are the bilevel
sets boundariesof an quantizedimage by using K
guantizerandanentropy method.Theentrogy method
dueto Kapuretal. (1985)chooseshethresholdsft, }
to bethevaluesatwhich theinformationis maximum.

Object extraction. A crudeway to build pixels
sets correspondingto objects is to proceedto a
connecteccomponentdabeling of bilevel setimages
{b/} andto associateeachlabel with an object Q;.
Though this processmay work in the noise-free
case,n generalwe would alsoneedsomesmoothing
effect of the connectedcomponentslabeling. So,
we considera size-orientedmorphologicaloperator
acting on setsthat consistsin keepingall connected
componentsof the output of area larger than a
limit |Q,..|. This connectedperatorin mathematical
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morphologywill neverintroducenew featuresr edges
and boundariesof remainconnectedccomponentsare
presered (Salembierand Serra, 1995). The list of
connectedcomponentsthen forms the bank &5 of
admissibleobjects{Q,, ... Q;} with |Q;| > |Q,,|-

Configumtion determination. The connected
componentsare then combinedduring the third step
to form object configurations.For instance,these
configurationscan be built by enumerationof all
possibleobject combinations,.e. 2T configurations.
Eachconfigurationis madeof a subsetof connected
componentdaken in the bank ;. The background
Q corresponddgo the complementaryset of objects
selectedor eachconfiguration.

Enegy computation and object configuiation
selection. Enegy calculations take the image
intensitiesof the original (not quantized)image to
establish piecavise-constantapproximation errors.
Enegies of the form {f, (f(x) — Ty)? dx} are
computed once and stored on a RAM memory
The enepgy term [(f(X) — Tﬁ)z dx is efficiently
updatedfor each configuration. For a fixed bank
¢r = {Qq,---,Q}, oneway to choosethe optimal
setof of objects{ﬁl, - ,ﬁﬁ}, P < T, is to searcHor
all possiblecombination®f P objectsandcomputethe
correspondingnegy E, (f,Q,,---,Qp). Enumerating
all possiblesetsof objectsin the object bank and
comparing their enegies is computationally too
expensve if T is large. Insteadof a suchbruteforce
search,we proposea stepwisegreedyalgorithm for
minimizing E, (f,Q,,---,Qp). We startfrom P = 0
and introduceone object Q; at a time. At the first
step, we computethe T enegies with one single
objectQ; at onceagainstthe complementarysubset
Q =S\ U,_,Q;. Let Q, be the estimatedobject
that best lowers E, (f,Q,,---,Qp). This object is
storedon a RAM memoryasan objectof the optimal
configuration It is removed from the initial bank%7.
At ary stepof the algorithm,a new objectis chosen
to maximally decrease¢he enegy E, (f,Q,,---,Qp).

~

Supposdhat at the P-th step,l3 andQ arenot known
but we have estimatedP objects{ﬁl,---,ﬁp} and
a current background Q = S\ {ﬁl,---,ﬁp}. Let
E, (f,Q,,---,Qp) be the current computedenepy.
Then at the (P + 1)-th step, we choosethe object
Q; € ¢\ {Q,,---,Qp} which has the maximal
differencej.e.

max
Q€% \{Qy,8p}

—EA(f,Ql,---,QP,Qj)>.

Qp+1 = ag <E)\(f’Ql,---,QP)

9)
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Thealgorithmstopsat the P-th stepwhenthe addition
of ary object does not decreaseE, (f,Q,,---,Qp).
This means that the optimal number of objects
is P = P and the remaining objects of tDe bank
are a part of the estimatedbackgroundQ = S\
{ﬁl,---,ﬁﬁ}. This algorithm selectsa suboptimal
configuration of objects correspondingto a local
minimum. Using this algorithm, at most (T x (T +
1)) /2 objectconfigurationsareexamined.

EXPERIMENTAL RESULTS

Experiments were conducted on satellite and
medicalimages.The numberof bilevel setsK wasset
fairly low (K = 4 or K = 8) to obtain large regions
andto improve robustnesgo noiseandartifactsin the
image.Regionswith areagQ;| < [0.0001,0.001] x |§
are discarded.To estimateA and y, we considerthe
setsof obsenations {log(|Q;|),l09(g(|Q;])),1 <i <
T}. We performa linear regressionon this setso as
to find the straightline (in the log-log coordinates)
log(g(|Q;])) = A— ylog(|Q;|) closestto the datain
the least squaressense(Alvarez et al., 1999). The
choice of the hyperparameteA determinesmostly

the propertiesof the segmentationresult. If f is a
function from S to [0,255, a default choice for the
hyperparameteis A € [0.1,1.] x 25%. Fig. 1a shovs
an aerial 256 x 256 image (in the visual spectrum)
depictingtheregion of Saint-Louisduringtherising of
the Mississippiand Missouri riversin July 1993.We
areinterestedn extractingtheriversandabackground
correspondingo texturedurbanareasFig. 1 shavsthe
sggmentatiorresultswhenK = 8, |Q,,,| = 0.00025x
|Sl and A = 0.25 x 25%. In this experiment, the
maximum numberof significantcomponentds T =
291. The correspondingtopographicmap is shown
in Fig. 1d. The image histogramhasbeenquantized
with K = 8 quantizersand an entropic method(Fig.
1b). We estimatedhe valuesof parameteré\ = 3.727
and y = 1.486 by linear regression(Fig. 1c). In that
case,the residualsum of squareds 2.007 and 17 <
1Q;| < 2.886- 10" pixels. It takes about 15 seconds
(25095 < (T x (T + 1))/2 = 42486 iterations) of
computing time for building %5 and selecting the
bestconfigurationshavn in Fig. 1e (P = 105 objects)
using the stepwise greedy algorithm (A = 0.25 x
25%). Enumeratingll the configurationds infeasible
since2" = 3.98- 10%' iterations! The non-connected
backgroundis labeledin “white” in Fig. 1e andthe
objectsarefilled with their meangrayvalues{TQi }.

a) Originalimage. b) Imagehistogram.

c) Areadistribution.

d) Topographic
map.

e) Optimal
segmentation.

Fig. 1. Sgmentatiorof a (256 x 256)satelliteimage (K = 8, |Q,,,| = 0.00025x |§, A = 0.25x 25%).

Finally, the performanceof the segmentation
procedureis demonstratedfor a (181 x 217) MR
image showvn in Fig. 2 and a microscopic medical
breast(256 x 256) imageshown in Fig. 3. In Fig. 2,
the dark backgroundhasbeenpreviously eliminated
before processing.Segmentationof both grey and
white matteris achiesed usingthe setof parameters
K =8,A =0.5x 25% and|Q,,,| = 0.0001x |S. Fig.
3 exhibitsaninflammatorycarcinomawith metastases.
Fig. 3b shows the segmentationresultswhenK = 8,
|Quin| = 0.001x |S andA = 0.5 x 255,

a)MR b) Image ¢) Boun- d) Image
image. segmen- daries. histogram.
tation.

Fig. 2. S@mentatiorof a MR image.

167



a) Original
image.

b) Image c) Image
segmentation. histogram.

Fig. 3. S@mentatiorof a microscopicimage.

CONCLUSION AND
PERSPECTIVES

In this paper we have presenteda Bayesian
approacHor extractingstructuresn images.Although
ourwork is relatedto morphologicabpproachebased
on connecteaperator{SalembieandSerra,1995),it
is anindependenapproachsincewe seekminimizers
of aglobalobjectivefunctional.In addition,we proved
thatour MAP estimatoicanbedeterminedy selecting
asubsebdbfimagelevellines. A total CPUtime of afew
second®n a 296 MHz workstationmakesthe method
attractve for mary time-criticalapplications.In terms
of future directionsfor researchye proposeto create
a non-linearscale-spacéy successie applicationsof
anareamorphologyoperatoito selectmostmeaningful
regionsin theimage.
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