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Abstract

We work with simple graphs in ZF (i.e., the Zermelo—Fraenkel set theory without the
Axiom of Choice (AC)) and assume that the sets of colors can be either well-orderable
or non-well-orderable, to prove that the following statements are equivalent to Koénig’s
Lemma:

(a) Any infinite locally finite connected graph G such that the minimum degree of G is
greater than k, has a chromatic number for any fixed integer k greater than or equal
to 2.

(b) Any infinite locally finite connected graph has a chromatic index.
(c) Any infinite locally finite connected graph has a distinguishing number.
(d) Any infinite locally finite connected graph has a distinguishing index.

The above results strengthen some recent results of Stawiski since he assumed that the sets
of colors can be well-ordered. We formulate new conditions for the existence of irreducible
proper coloring, minimal edge cover, maximal matching, and minimal dominating set in
connected bipartite graphs and locally finite connected graphs, which are either equivalent
to AC or Kénig’s Lemma. Moreover, we show that if the Axiom of Choice for families of
2-element sets holds, then the Shelah-Soifer graph has a minimal dominating set.
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1 Introduction

In 1991, Galvin—Komjéth proved that the statements “Any graph has a chromatic num-
ber” and “Any graph has an irreducible proper coloring” are equivalent to AC in ZF using
Hartogs’s theorem (cf. [7]). In 1977, Babai [!] introduced distinguishing vertex colorings
under the name asymmetric colorings, and distinguishing edge colorings were introduced
by Kalinowski—Pil$niak [14] in 2015. Recently, Stawiski [20] proved that the statements
(b)—(d) mentioned in the abstract above and the statement “Any infinite locally finite con-
nected graph has a chromatic number” are equivalent to K&nig’s Lemma (a weak form
of AC) by assuming that the sets of colors can be well-ordered (cf. [20, Lemma 3.3 and
Section 2]).

1.1 Proper and distinguishing colorings

An infinite cardinal in ZF can either be an ordinal or a set that is not well-orderable.
Herrlich-Tachtsis [ 10, Proposition 23] proved that no Russell graph has a chromatic num-
ber in ZF. We refer the reader to [10] for the details concerning Russell graph and Russell
sequence. In Theorem 4.2, the first and the second authors study new combinatorial proofs
(mainly inspired by the arguments of [ 10, Proposition 23]) to show that the statements (a)—
(d) mentioned in the abstract above are equivalent to Kénig’s Lemma (without assuming
that the sets of colors can be well-ordered).’

1.2 New equivalents of Konig’s lemma and AC

The role of AC and Kénig’s Lemma in the existence of graph-theoretic properties like ir-
reducible proper coloring, chromatic numbers, maximal independent sets, spanning trees,
and distinguishing colorings were studied by several authors in the past (cf. [2, 3, 5, 6, 7,

, 19, 20]). We list a few known results apart from the above-mentioned results due to
Galvin—Komjath [7] and Stawiski [20]. In particular, Friedman [6, Theorem 6.3.2, Theo-
rem 2.4] proved that AC is equivalent to the statement “Any graph has a maximal indepen-
dent set”. Hoft—-Howard [1 1] proved that the statement “Any connected graph contains a
partial subgraph which is a tree” is equivalent to AC. Fix any even integer m > 4 and any
integer n > 2. Delhommé-Morillon [5] studied the role of AC in the existence of span-
ning subgraphs and observed that AC is equivalent to “Any connected bipartite graph has a
spanning subgraph without a complete bipartite subgraph K, ,,” as well as “Any connected
graph admits a spanning m-bush” (cf. [5, Corollary 1, Remark 1]). They also proved that
the statement “Any locally finite connected graph has a spanning tree” is equivalent to
Kénig’s lemma in [5, Theorem 2]. Banerjee [2, 3] observed that the statements “Any infi-

E-mail addresses: banerjee.amitayu@gmail.com (Amitayu Banerjee), mozaag @gmail.com (Zaldn Molndr),
alexa279e @gmail.com (Alexa Gopaulsingh)
'We note that statement (a) mentioned in the abstract is a new equivalent of Kénig’s Lemma. Stawiski’s graph
from [20, Theorem 3.6] shows that K&nig’s Lemma is equivalent to “Every infinite locally finite connected graph
G such that §(G) (the minimum degree of G) is 2 has a chromatic number”.



A. Banerjee et al.: Distinguishing colorings, proper colorings, and covering properties . .. 3

nite locally finite connected graph has a maximal independent set” and “Any infinite locally
finite connected graph has a spanning m-bush” are equivalent to Kénig’s lemma. However,
the existence of maximal matching, minimal edge cover, and minimal dominating set in ZF
were not previously investigated. The following table summarizes the new results (cf. The-
orem 5.1, Theorem 6.4).2

New equivalents of Kénig’s lemma | New equivalents of AC
‘Pitc(irreducible proper coloring)

Pit.c(minimal dominating set) ‘P.(minimal dominating set)
‘Pit.c(maximal matching) ‘P p(maximal matching)
Pir(minimal edge cover) ‘P.p(minimal edge cover)

In the table, P (property X) denotes “Any infinite locally finite connected graph has
property X, P.p(property X) denotes “Any connected bipartite graph has property X
and P.(property X) denotes “Any connected graph has property X .

2 Basics

Definition 2.1. Suppose X and Y are two sets. We write:
1. X =Y, if there is an injection f: X — Y.
2. X andY are equipotentif X <Y andY =< X, i.e, if thereis abijection f: X — Y.

3. X <Y,if X XY and X is not equipotent with Y.

Definition 2.2. Without AC, a set m is called a cardinal if it is the cardinality |z| of some
set x, where |z| = {y : y ~ x and y is of least rank} where y ~ 2 means the existence of a
bijection f: y — x (see [15, Definition 2.2, page 83] and [ 13, Section 11.2]).

Definition 2.3. A graph G = (V, E¢) consists of a set Vi of vertices and a set Eg C
[V]? of edges.®> Two vertices =,y € Vi are adjacent vertices if {x,y} € Eg, and two
edges e, f € E¢g are adjacent edges if they share a common vertex. The degree of a vertex
v € Vg, denoted by deg(v), is the number of edges emerging from v. We denote by §(G)
the minimum degree of G. Given a non-negative integer n, a path of length n in G is a one-
to-one finite sequence {x; }o<;<n Of vertices such that for each i < n, {z;, 2,11} € Eg;
such a path joins xg to x,,.

(1) G is locally finite if every vertex of G has a finite degree.
(2) G is connected if any two vertices are joined by a path of finite length.

(3) A dominating set of G is a set D of vertices of GG, such that any vertex of G is either
in D, or has a neighbor in D.

(4) An independent set of GG is a set of vertices of GG, no two of which are adjacent
vertices. A dependent set of G is a set of vertices of GG that is not an independent set.

2We note that Theorem 5.1 is a combined effort of the first and the second authors. Moreover, all remarks in
Section 6 including Theorem 6.4 are due to all the authors.
3i.e., Eg is a subset of the set of all two-element subsets of V.
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A vertex cover of G is a set of vertices of G that includes at least one endpoint of
every edge of the graph G.

A matching M in G is a set of pairwise non-adjacent edges.

An edge cover of G is a set C of edges such that each vertex in G is incident with at
least one edge in C.

A minimal dominating set (minimal vertex cover, minimal edge cover) is a dominat-
ing set (a vertex cover, an edge cover) that is not a superset of any other dominating
set (vertex cover, edge cover). A maximal independent set (maximal matching) is
an independent set (a matching) that is not a subset of any other independent set
(matching).

A proper vertex coloring of G with a color set C' is a mapping f: Vo — C such
that for every {x,y} € Eq, f(x) # f(y). A proper edge coloring of G with a color
set C'is a mapping f: Eg — C such that for any two adjacent edges e; and eq,

fler) # flez).

Let |C| = k. We say G is k-proper vertex colorable or C-proper vertex colorable if
there is a proper vertex coloring f: Vo — C and G is k-proper edge colorable or
C-proper edge colorable if there is a proper edge coloring f: Eg — C. The least
cardinal x for which G is x-proper vertex colorable (if it exists) is the chromatic
number of G and the least cardinal s for which G is k-proper edge colorable (if it
exists) is the chromatic index of G.

A proper vertex coloring f: Vg — C'is a C-irreducible proper coloring if f~1(c1)U
f~1(c2) is a dependent set whenever ¢y, co € C and ¢; # o (cf. [7]).

An automorphism of G is a bijection ¢: Vo — Vi such that {u, v} € F¢ if and only
if {¢p(u), p(v)} € Eg. Let f be an assignment of colors to either vertices or edges of
G. We say that an automorphism ¢ of G preserves f if each vertex of G is mapped to
a vertex of the same color or each edge of GG is mapped to an edge of the same color.
We say that f is a distinguishing coloring if the only automorphism that preserves
f is the identity. Let |C| = k. We say G is k-distinguishing vertex colorable or C-
distinguishing vertex colorable if there is a distinguishing vertex coloring f: Vg —
C and G is k-distinguishing edge colorable or C-distinguishing edge colorable if
there is a distinguishing edge coloring f: EFg — C. The least cardinal « for which
G is k-distinguishing vertex colorable (if it exists) is the distinguishing number of G
and the least cardinal x for which G is k-distinguishing edge colorable (if it exists)
is the distinguishing index of G.

The automorphism group of G, denoted by Aut(G), is the group consisting of auto-
morphisms of G with composition as the operation. Let 7 be a group acting on a set
S andlet a € S. The orbit of a, denoted by Orb.(a), is the set {¢(a) : ¢ € 7}.

G is complete if each pair of vertices is connected by an edge. We denote by K, the
complete graph on n vertices for any natural number n > 1.

Kénig’s Lemma states that every infinite locally finite connected graph has a ray.
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Let w be the set of natural numbers, Z be the set of integers, Q be the set of rational
numbers, R be the set of real numbers, and Q+a = {a+r : r € Q} forany a € R. Shelah—
Soifer [17] constructed a graph whose chromatic number is 2 in ZFC and uncountable in
some model of ZF (e.g. in Solovay’s model from [ 18, Theorem 1]).

Definition 2.4 (cf. [17]). The Shelah-Soifer Graph G = (R, p) is defined by zpy <
(z—y) € @+ V2)U(Q+(-V2)).

Definition 2.5. A set X is Dedekind-finite if it satisfies the following equivalent conditions
(cf. [10, Definition 1]):

cwAX A
* A < X for every proper subset A of X.

Definition 2.6. For every family B = {B; : i € I'} of non-empty sets, B is said to have a
partial choice function if B has an infinite subfamily C with a choice function.

Definition 2.7 (A list of choice forms).

(1) AC,: Every family of 2-element sets has a choice function.
(2) ACy,: Every family of non-empty finite sets has a choice function.

(3) AC{,: Every countably infinite family of non-empty finite sets has a choice function.
We recall that ACY, is equivalent to K6nig’s Lemma as well as the statement “The
union of a countable family of finite sets is countable”.

4) ACY, g, for k € w\{0,1}: Every countably infinite family A = {A4; : i € w} of
non-empty finite sets, where k divides | 4;|, has a choice function.

(5) PACY 4, for k € w\{0,1}: Every countably infinite family A = {A; : i € w} of
non-empty finite sets, where k divides | 4;| has a partial choice function.

Definition 2.8. From the point of view of model theory, the language of graphs L consists
of a single binary relational symbol E depicting edges, i.e., L = {E} and a graph is an
L-structure G = (V, E') consisting of a non-empty set ' of vertices and the edge relation
EonV. Let G = (V, E) be an L-structure, ¢(x1, ..., Z,,) be a first-order £-formula, and
let ay,...,a, € V for some n € w\{0}. We write G |= ¢(ay,...,ay), if the property
expressed by ¢ is true in G for ay, ..., an. Let Gy = (Vg,, Eg,) and G2 = (Vg,, Eg,)
be two L-structures. We recall that if j: Vg, — Vi, is an isomorphism, ¢(z1, ..., 2, ) is a
first-order £-formula on r variables for some r € w\{0}, and a; € V5, foreach 1 < i <,
then by induction on the complexity of formulae, one can see that G | ¢(ay, ..., a,) if
and only if G2 = ¢(j(a1), ..., j(ar)) (cf. [16, Theorem 1.1.10]).

3 Known and basic results

3.1 Known results

Fact 3.1 (ZF). The following hold:

4

i.e., there is no injection f: w — X.
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(1) (Galvin—Komjath; cf. [7, Lemma 3 and the proof of Lemma 2]). Any graph based
on a well-ordered set of vertices has an irreducible proper coloring and a chromatic
number.

(2) (Delhommé-Morillon; cf. [5, Lemma 1]). Given a set X and a set A which is the
range of no mapping with domain X, consider a mapping f: A — P(X)\{0} (with
values non-empty subsets of X). Then there are distinct a and b in A such that

fla)n f(b) # 0.

(3) (Herrlich—-Rhineghost; cf. [9, Theorem]). For any measurable subset X of R with a
positive measure there exist t € X andy € X withy —z € Q + /2.

(4) (Stawiski; cf. [20, proof of Theorem 3.8]). Any graph based on a well-ordered set of
vertices has a chromatic index, a distinguishing number, and a distinguishing index.

3.2 Basic results

Proposition 3.2 (ZF). The Shelah-Soifer Graph G = (R, p) has the following properties:
(1) If ACy holds, then G has a minimal dominating set.
(2) Any independent set of G is either non-measurable or of measure zero.

Proof. First, we note that each component of G is infinite, since x,y € R are connected if
and only if z — y = ¢ 4+ /22 for some ¢ € Q and z € Z, and G has no odd cycles.

(1). Under AC,, G has a 2-proper vertex coloring f: Vo — 2 (see [9]). This is
because, since G has no odd cycles, each component of G has precisely two 2-proper
vertex colorings. Using AC, one can select a 2-proper vertex coloring for each component,
in order to obtain a 2-proper vertex coloring of GG. We claim that f~!(i) (which is an
independent set of &) is a maximal independent set (and hence a minimal dominating set) of
G forany i € {0,1}. Fix i € {0, 1} and assume that f~!(i) is not a maximal independent
set. Then f~1(i) U {v} is an independent set for some v € R\ f~1(i) = f~1(1—1i) and so
{v,z} & pforany z € f~1(i). Since f~1(1 — i) is an independent set, {v, z} & p for any
x € f~1(1 — ). This contradicts the fact that G has no isolated vertices.

(2). Let M be an independent set of G. Pick any x,y € M such that  # y. Then,

~(ypr) = (y—2) ¢ (Q+vV2IU(Q+(—v2)) = {r+v2:r € QU{r—v2:7 € Q}.

Thus, there are no z,y € M where = # y such that y — x € Q + /2. By Fact 3.1(3),
M is not a measurable set of R with a positive measure. O

Proposition 3.3 (ZF). The following hold:
(1) Any graph based on a well-ordered set of vertices has a minimal vertex cover.
(2) Any graph based on a well-ordered set of vertices has a minimal dominating set.
(3) Any graph based on a well-ordered set of vertices has a maximal matching.

(4) Any graph based on a well-ordered set of vertices with no isolated vertex, has a
minimal edge cover.
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Proof. (1). Let G = (V, E¢) be a graph based on a well-ordered set of vertices and let
< be a well-ordering of Vz. We use transfinite recursion, without invoking any form of
choice, to construct a minimal vertex cover. Let My = V. Clearly, M) is a vertex cover.
Assume that M is not a minimal vertex cover. Now, assume that for some ordinal number
a we have constructed a sequence (Mg) g« of vertex covers such that Mg is not a minimal
vertex cover for any 8 < a. If @« = v + 1 is a successor ordinal for some ordinal v, then
let Mo, = M1 = M, \{v,} where v, is the <-minimal element of the well-ordered set
{v € M, : M,\{v} is a vertex cover}. If « is a limit ordinal, we use M, = (¢, Mp-
For any ordinal «, if M,, is a minimal vertex cover, then we are done. Since the class of
all ordinal numbers is a proper class, it follows that the recursion must terminate at some
ordinal stage, say A. Then, M) is the minimal vertex cover.

(2). This follows from (1) and the fact that if I is a minimal vertex cover of GG, then
Ve \I is a maximal independent set (and hence a minimal dominating set) of G.

(3). If Vg is well-orderable, then Eg C [Vg]2 is well-orderable as well. Thus, similar
to the arguments of (1) we can obtain a maximal matching by using transfinite recursion in
ZF and modifying the greedy algorithm to construct a maximal matching.

(4). Let G = (Vg, E) be a graph on a well-ordered set of vertices without isolated
vertices. Let <’ be a well-ordering of E¢. By (3), we can obtain a maximal matching M in
G. Let IV be the set of vertices not covered by M. For each vertex w € W, the set E,, =
{e € E¢ : e s incident with w} is well-orderable being a subset of the well-orderable set
(Eg,<’). Let f,, be the (<'[ E,,)-minimal element of E,,. Let F' = {f,, : w € W} and
let My = {e € M : at least one endpoint of e is not covered by F'}. Then F' U M; is a
minimal edge cover of G. O

Remark 3.4. We remark that the direct proofs of items (1)—(3) of Proposition 3.3 do not
adapt immediately to give a proof of item (4); the issue is in the limit steps, where a vertex
of infinite degree might not be covered anymore by the intersection of edge covers.

4 Proper and distinguishing colorings

Definition 4.1. Let A = {A, : n € w} be a disjoint countably infinite family of non-
empty finite sets and 7' = {t,, : n € w} be a countably infinite sequence disjoint from A =
Unecw An- Let G1(A,T) = (Va,(a1) Ea,(a,1)) be the infinite locally finite connected
graph such that

VGl(A,T) = (U An) U Ta

necw
Eg,ar) = {{tn,th} in € w} U {{tn,m} ‘nmEw, T € An}
U{{z,y}:inecwz,ye A, z#y}.
We denote by C the statement “For any disjoint countably infinite family of non-empty
finite sets A, and any countably infinite sequence T = {t,, : n € w} disjoint from A =

Uncw An. the graph G (A, T') has a chromatic number” and we denote by Cy. the statement
“Any infinite locally finite connected graph G such that §(G)) > k has a chromatic number”.

Theorem 4.2 (ZF). Fix a natural number k > 3. The following statements are equivalent:

(1) Konig’s Lemma.
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2) C.

(3) Ck.

(4) Any infinite locally finite connected graph has a chromatic number.

(5) Any infinite locally finite connected graph has a chromatic index.

(6) Any infinite locally finite connected graph has a distinguishing number.
(7) Any infinite locally finite connected graph has a distinguishing index.

Proof. (1)=(2)—(7) Let G = (V, E¢) be an infinite locally finite connected graph. Pick
some r € Vg. Let Vy(r) = {r}. For each integer n > 1, define V,,(r) = {v € Vg :
dg(r,v) = n} where “dg(r,v) = n” means there are n edges in the shortest path joining
r and v. Each V;,(r) is finite by the local finiteness of G, and Vg = |J,,¢,, Va(r) since G
is connected. By AC{,, V(; is countably infinite (and hence, well-orderable). The rest fol-
lows from Fact 3.1(1), (4) and the fact that G (A, T) is an infinite locally finite connected
graph for any given disjoint countably infinite family .4 of non-empty ﬁnite sets and any
countably infinite sequence 7" = {t,, : n € w} disjoint from A =], . A

(2)=-(1) Since AC{ is equivalent to its partial version PAC{ . (Every countably infinite
family of non-empty finite sets has an infinite subfamily with a choice function) (cf. [12],
[4, the proof of Theorem 4.1(i)] or footnote 5), it suffices to show that C implies PAC{. . In
order to achieve this, we modify the arguments of Herrlich-Tachtsis [ 10, Proposition 23]
suitably. Let A = {4,, : n € w} be a countably infinite set of non-empty finite sets without
a partial choice function. Without loss of generality, we assume that A is disjoint. Pick a
countably infinite sequence T' = {t,, : n € w} disjoint from A = |J,_,, A; and consider
the graph G1(A,T) = (Vi (4,1), Ec,(4,1)) as in Figure 1.

1EW

Figure 1: Graph G1 (A, T'), an infinite locally finite connected graph.

Let f: Vg, (a,my — C be a C-proper vertex coloring of G1(A,T), i.e., a map such
that if {x,y} € Eq,(a,r) then f(x) # f(y). Then for each ¢ € C, the set M. = {v €
f7(c) : v € A; for some i € w} must be finite, otherwise M, will generate a partial
choice function for A.

Claim 4.3. f[U, ., Ax] is infinite.

new

Proof. Otherwise, |J,,c,, An
sets is finite in ZF and we obtain a contradiction. O

= UCEf[UnEw A M. is finite since the finite union of finite

Claim 4.4. f|J, .. Ay is Dedekind-finite.

new
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Proof. First, we note that Un cw A, is Dedekind-finite since .4 has no partial choice func-
tion. For the sake of contradiction, assume that C' = {¢; : i € w} is a countably infinite
subset of f[lJ,,c,, An]. Fix a well-ordering < of A (since A is countable, and hence well-
orderable). Define d; to be the unique element of M., N A,, where n is the <-least element
of {m € w: M., NAy, # 0}. Such an n exists since ¢; € f[UJ, ., An] and M., N A, hasa
single element since f is a proper vertex coloring. Then {d; : ¢ € w} is a countably infinite
subset of  J,, .., A, which contradicts the fact that | J,, ., A, is Dedekind-finite. O

new
The following claim states that C fails.

Claim 4.5. There is a Cy-proper vertex coloring f: Vg, (ar)y — C1 of G1(A,T) such
that Cy < C. Thus, G1(A,T) has no chromatic number.

Proof. Fix some c¢o € f[U, ., An]- Then Index(M,,) = {n € w: M., N A, # 0} is

ncw N
finite. By Claim 4.3, there exists some by € (f[U,,c., An]\ Upnemdex(nr, ) f[Am]) since
<0
the finite union of finite sets is finite. Define a proper vertex coloring g: |J,,c,, An —

(flUnew Anl\co) as follows:

o(&) = {f(w) if f(2) # eo,
bo otherwise.

Similarly, define a proper vertex coloring h: J, ¢, An = (f[U,co, Anl\co,c1,¢2})
for some co,c1,¢c2 € flUnew Anl- Let h(tan) = co and h(tany1) = ¢ foralln € w.
Thus, h: Vo, = (flUnew Anl\Mc2}) is a f[U, ., An]\{c2}-proper vertex coloring of
G1. We define C; = f[UnEw An]\{CQ} By Claim 4.4, C; < f[UnEw An] =<C. O

Similarly, we can see (4)=>(1).

(3)=(1) Let A = {A,, : n € w} be a disjoint countably infinite set of non-empty
finite sets without a partial choice function, such that & divides |A,,| for each n € w and
k € w\{0,1}. Assume T and G; (A, T) as in the proof of (2)=-(1). Then §(G1(A,T)) >
k. By the arguments of (2)=-(1), C implies PACY{, .. . Following the arguments of [4,
Theorem 4.1], we can see that PACY ;. implies ACY .3

(5)=(1)Let A = {A,, : n € w} be a disjoint countably infinite set of non-empty finite
sets without a partial choice function and T' = {t,, : n € w} be a sequence disjoint from
A = U, c,, An- Let H; be the graph obtained from the graph G'1 (A, T') of (2)=-(1) after
deleting the edge set {{z,y} : n € w,z,y € A,,,x # y}. Clearly, H; is an infinite locally
finite connected graph.

Claim 4.6. H, has no chromatic index.

SFor the reader’s convenience, we write down the proof. First, we can see that F’AC‘);’><fin implies AC;>< fin®
Fix a family A = {A; : ¢ € w} of disjoint nonempty finite sets such that k divides | A;| for each ¢ € w. Then
the family

B={B;:i€w}where B; =]];.,; A;

is a disjoint family such that k divides | B;| and any partial choice function on B yields a choice function for A.

Finally, fix a family C = {C; : i € w} of disjoint nonempty finite sets. Then D = {D; : ¢ € w} where
D; = C; x k is a pairwise disjoint family of finite sets where k divides | D;| for each i € w. Thus ACY, ..
implies that D has a choice function f which determines a choice function for C.
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Proof. Assume that the graph H; has a chromatic index. Let f: Er, — C be a proper
edge coloring with |C| = k, where & is the chromatic index of Hy. Let B = {{t,,, 2} : n €
w,x € Ap}. Similar to Claims 4.3, 4.4, and 4.5, f[B] is an infinite, Dedekind-finite set
and there is a proper edge coloring h: B — f[B]\ {co, 1, c2} for some cg, 1,2 € f[B].
Finally, define h({ton,ton+1}) = co and h({tan+1, tant2}) = ¢ forall n € w. Thus, we
obtain a f[B] \ {cz2}-proper edge coloring h: Er, — f[B]\ {c2}, with f[B] \ {c2} <
f[B] = C as f[B] is Dedekind-finite, contradicting the fact that & is the chromatic index
of H1 . O]

(6)=(1) Assume A and T as in the proof of (5)=-(1). Let H 11 be the graph obtained
from H; of (5)=-(1) by adding two new vertices ¢’ and t"” and the edges {¢”, '} and {¢/,to}
(see Figure 2).

t” t/ to th
Figure 2: Graph H{, an infinite locally finite connected graph.

It suffices to show that H{ has no distinguishing number. We recall that whenever
J: Vgr — Vp1 is an automorphism, ©(21, ..., zy) is a first-order L-formula on r variables
(where £ is the language of graphs) for some r € w\{0} and a; € Vj1 foreach 1 <i <r,
then Hi = ¢(ay, ..., a,) if and only if H{ = ¢(j(a1), ..., j(a,)) (cf. Definition 2.8).

Claim 4.7. t',t", and t,, are fixed by any automorphism for each non-negative integer m.

Proof. Fix non-negative integers n, m, r. The first-order £-formula

n—1
Deg,, (x) := Jxg. . .Hxn,l( /\ i F# A /\ T # xi A /\ Exz; \Vy(Exy— \/ y:xl))
i#£] <n i<n i<n

expresses the property that a vertex = has degree n, where Eab denotes the existence of an
edge between vertices a and b. We define the following first-order £-formula:

¢(x) := Degy () A Jy(Ezy A Degy(y)).

It is easy to see the following:

(i) t" is the unique vertex such that H{ = o(t”). This means ¢ is the unique vertex
such that deg(¢””) = 1 and " has a neighbor of degree 2.

(ii) ¢’ is the unique vertex such that H{ = Deg,(t'). So t' is the unique vertex with
deg(t') = 2.

Fix any automorphism 7. Since every automorphism preserves the properties mentioned in
(i)=(ii), t’ and " are fixed by 7. The vertices t,, are fixed by 7 by induction as follows:
Since ¢; is the unique vertex of path length 7 + 1 from ¢/ such that the degree of ¢; is greater
than 1, where 7 € {0, 1}, we have that ¢y and ¢; are fixed by 7. Assume that 7(¢;) = ¢t; for
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all [ < m — 1. We show that 7(t,,) = t,,. Now, 7(t,,) is a neighbour of 7(¢,,—1) = t;n—1
which is of degree at least 2, so 7(¢,,) must be either ¢,,,_o Or t,,, but t,,,_o = 7(t;m—_2) is
already taken. So, 7(t,,) = tm,. O

Claim 4.8. Fixm € wandx € Ay,. Then Orb sy 1y () = {g(x):g € Aut(H{)} = A

Proof. This follows from the fact that each y €  J,,,, An has path length 1 from #,,, if and
only ify € A,,. O

Claim 4.9. H; has no distinguishing number.

Proof. Assume that the graph H{ has a distinguishing number. Let f: Vg — Cbea

distinguishing vertex coloring with |C| = k, where  is the distinguishing number of H1.
Similar to Claims 4.3 and 4.4, f[lJ,, ., Ax] is infinite and Dedekind-finite. Consider a col-

oring h: U, e, An = flUpew Anl\{co, 1, c2} forsome co, c1,c2 € f[U, ., Anl, justas
in Claim 4.5. Let h(t) = co forallt € {¢",#'}UT". Then, h: Vi1 — (f[U,c, Anl\{c1,c2})

isa fU,eco An) \ {1, c2}-distinguishing vertex coloring of H{. Finally, f[U,c,, An] \
{e1,¢2} < flUnew An] = C contradicts the fact that « is the distinguishing number of
Hi. O

(7)=-(1) Assume A, T, and Hl1 as in the proof of (6)=-(1). By Claim 4.7, every auto-
morphism fixes the edges {t/, '}, {t',to} and {t,,t,.1} for each n € w. Moreover, if H}
has a distinguishing edge coloring f, then for each n € w and z,y € A,, such that x # y,

Claim 4.10. H{ has no distinguishing index.

Proof. This follows modifying the arguments of Claims 4.6 and 4.9. 0

S Irreducible proper coloring and covering properties

Theorem 5.1 (ZF). The following statements are equivalent:
(1) Konig’s Lemma.
(2) Every infinite locally finite connected graph has an irreducible proper coloring.
(3) Every infinite locally finite connected graph has a minimal dominating set.
(4) Every infinite locally finite connected graph has a minimal edge cover.
(5) Every infinite locally finite connected graph has a maximal matching.

Proof. Implications (1)=>(2)—(5) follow from Proposition 3.3, and the fact that AC{, im-
plies every infinite locally finite connected graph is countably infinite.

(2)=-(1) In view of the proof of Theorem 4.2((2)=>(1)), it suffices to show that the given
statement implies PACy . Let A = {4,, : n € w\{0}} be a disjoint countably infinite set
of non-empty finite sets without a partial choice function. Pick ¢ & [J;c,n oy 4i- Let
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Aoy = {t}. Consider the following infinite locally finite connected graph G2 = (Viz,, Ec,)
(see Figure 3):

Va, = U Ay,

new

Eq, = {{t,:v} tx € Al} U {{x,y} :n€ew\{0},x,y € An,x;éy}

U {{x,y} :new\{0},z € A,,y € Anﬂ}.

VA AR

Figure 3: The graph G2 when |A;| = |A3| = |A4] = 3, and | 43| = 2.

Claim 5.2. G5 has no irreducible proper coloring.

Proof. Let f: Vg, — C be a C-irreducible proper coloring of G, i.e., a map such that
f(x) # f(y) if {x,y} € Eg, and (Vc1,c2 € C)f~Y(c1) U f~1(ca) is dependent. Similar
to the proof of Theorem 4.2((2)=-(1)), f~*(c) is finite for all ¢ € C, and f[Unew\{o} Ay
is infinite. Fix co € f[U, e, (o) Anl- Then Index(f~"(co)) = {n € w\{0} : f"(co) N
A,, # 0} is finite. So there exists some

€ f[UnEw\{O} A"]\ UmEIndeX(f_l(CO))(f[Am] U f[Am—l] U f[Am—f—l])

a8 U, ctdex( 71 (co)) (F [Am] U f[Am—1]U f[Ap11]) is finite. Clearly, f~"(co) U f~*(c1)
is independent, and we obtain a contradiction. O

(3)=(1) Assume A as in the proof of (2)=-(1). Let G} be the infinite locally finite
connected graph obtained from G5 of (2)=-(1) after deleting ¢ and {{¢t,z} : € A;}.
Consider a minimal dominating set D of G3. The following conditions must be satisfied:

(i) Since D is a dominating set, for each n € w \ {0, 1}, there is an a € D such that
a € Ap—1 UA, UA,+1 (otherwise, no vertices from A,, belongs to D or have a
neighbor in D).

(ii) By the minimality of D, we have |A,, N D| < 1 foreachn € w \ {0}.

Clearly, (i) and (ii) determine a partial choice function over .4, contradicting the assumption
that .4 has no partial choice function.

(4)=(1) Let A = {A4,, : n € w} be a disjoint countably infinite set of non-empty
finite sets and let A = J, ., An. Consider a countably infinite family (B;, <;)ic., of
well-ordered sets such that the following hold (cf. the proof of [5, Theorem 1, Remark 6]):
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(i) |Bi| = |A;i|+k for some fixed 1 < k € w and thus, there is no mapping with domain
A; and range B;.

(ii) for each i € w, B; is disjoint from A and the other B;’s.

Let B = | J,,, Bi. Pick a countably infinite sequence 7" = {t; : i € w} disjoint from A
and B and consider the following infinite locally finite connected graph G3 = (V,, Ec,)
(see Figure 4):

Vo, =AUBUT,
EG3 = {{ti7ti+1} NS OJ} @] {{t“x} 1 EwW,x € Az}

U{{x,y}:iéw,xeAi,yEBi}.

Figure 4: Graph Gs.

By assumption, G'3 has a minimal edge cover, say G5. For each ¢ € w, let f;: B; —
P(A;)\{0} map each vertex of B; to its neighborhood in GY.

filer) N filea)| < 1.

Proof. This follows from the fact that G4 does not contain a complete bipartite subgraph
K5 5. In particular, each component of G% has at most one vertex of degree greater than 1.
If any edge e € G4 has both of its endpoints incident on edges of G5\ {e}, then G5\{e} is
also an edge cover of G3, contradicting the minimality of G5. O

Claim 5.3. Fix ¢ € w. For any two distinct €1 and €5 in B;,

By Fact 3.1(2) and (i), there are tuples (¢}, €5) € B; x B; such that f;(€}) N f;(€5) # 0.
Consider the first such tuple (€, € ) with respect to the lexicographical ordering of B; x B;.
Then {f;(e]) N fi(ey) : i € w} is a choice function of A by Claim 5.3.

(5)=(1) Assume A, and A as in the proof of (4)=(1). Let R = {r, : n € w} and
T = {t,, : n € w} be two disjoint countably infinite sequences disjoint from A. We define

the following locally finite connected graph G4 = (Viz,, E, ) (see Figure 5):
Vo, = (|J 4n) URUT,

new

Eq, = {{tn,th} 'n € w} U {{tn,x} meEw,x € An}
U {{rn,z} ‘nEw,xE An}.
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Figure 5: Graph G 4.

Let M be a maximal matching of G4. For all i € w, there is at most one x € A;
such that {r;,z} € M since M is a matching and there is at least one z € A; such that
{ri,x} € M since M is maximal. These unique z € A; determine a choice function for

A.

This concludes the proof of the Theorem. O

6 Remarks on new equivalents of AC

Remark 6.1. We remark that the statement “Any connected graph has a minimal dominat-
ing set” implies AC.® Consider a family A = {A; : i € I} of pairwise disjoint non-empty
sets. Foreach i € I,let BY = A; x {0} and Bj = A; x {1}. Pickt & J;c; BY UU,;¢; B!
and consider the following connected graph G5 = (Vi,, E¢, ) in Figure 6:

Vo, = {tyuJ B/ uJBl.

el iel

Eg. == {{x,t}:ie],mEB?}U{{x,y}:iel,xeBg,yeB}}

U{{m,y}:ie],x7yeBg,x7ﬁy}U{{x,y}:ie[,x,yeBﬁx#y}.

(=)
=o
NO

t

Figure 6: Graph G5, a connected graph. If each A, is finite, then G5 is rayless.

The authors are very thankful to one of the referees for pointing out to us an error that appeared in this remark
in a former version of the paper and especially for guiding us to eliminate the error.
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Let D be a minimal dominating set of G5. Define M; = (BY U B}) N D for every
i € I. We claim that for every i € I, |M;| = 1.

Case (i): If there exists an ¢ € I such that M; = (), then any member of Bi1 is neither in
D nor it has a neighbour in D. This contradicts the fact that D is a dominating set of G's.

Case (ii): If there exists an ¢ € I such that | M;| > 2, then pick z,y € M;.

e Case (ii(a)): If z,y € BY, or x,y € B}, then D\{z} is a dominating set, which
contradicts the minimality of D.

* Case (ii(b)): If z € BY, and y € B}, then D\{y} is a dominating set, which contra-
dicts the minimality of D. Similarly, we can obtain a contradiction if y € BY, and
z € B}.

Let M; = {a;} for every i € I. Define,

(i) = pi(a;) ifa; € B} N D,
o= pY(a;) ifa; € BN D,

where for m € {0, 1}, pI*: B" — A, is the projection map to the first coordinate for
each i € I. Then, g is a choice function for A.

Remark 6.2. The statement “Any connected bipartite graph has a minimal edge cover”
implies AC. Assume A = {A; : i € I} as in the proof of Remark 6.1. Consider a
family {(B;, <;) : ¢ € I} of well-ordered sets with fixed well-orderings such that for each
i € I, By is disjoint from A = |J;.; A; and the other B;’s, and there is no mapping with
domain A; and range B; (see the proofs of [5, Theorem 1] and Theorem 5.1((4)=(1))).
Let B = |J,c; Bi. Then given some ¢ ¢ B U (|J,; As). consider the following connected
bipartite graph G = (Vig,, Eg,) in Figure 7:

icl

Vo, = {t} UBU (| 4),

i€l

Eg, == {{x,t}:ie],xeAl}U{{x,y}:ie],xeAi,yeBi}.

Figure 7: Graph G, a connected bipartite graph. If each A; is finite, then Gy is rayless.

The rest follows from the arguments of the implication (4)=-(1) in Theorem 5.1.
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Remark 6.3. The statement “Any connected bipartite graph has a maximal matching”
implies AC. Assume A as in the proof of Remark 6.1. Pick a sequence T' = {t,, : n € I}
disjoint from | J;.; As, at & |J;c; Ai U T and consider the following connected bipartite
graph G7 = (Vi,, E, ) in Figure 8:

Vo, = JAiuTU{t}, Eg, = {{ti,x} ‘x € Ai} U {{t,ti} i€ 1}.

iel

Figure 8: Graph GG7, a connected rayless bipartite graph.

Let M be a maximal matching of G7. Clearly, S = {i € I : {t;,t} € M} has at
most one element and for each j € I'\S, there is exactly one z € A; (say z;) such that
{z,t;} € M. Let f(A;j) = x; foreach j € I\S. If S # 0, pickany r € A; ifi € S,
since selecting an element from a set does not involve any form of choice. Let f(A;) = 7.
Clearly, f is a choice function for .A.

Theorem 6.4 (ZF). The following statements are equivalent:
(1) AC
(2) Any connected graph has a minimal dominating set.
(3) Any connected bipartite graph has a maximal matching.
(4) Any connected bipartite graph has a minimal edge cover.

Proof. Implications (1)=-(2)—(4) are straightforward (cf. Proposition 3.3). The other di-
rections follow from Remarks 6.1, 6.2, and 6.3. ]

Remark 6.5. The locally finite connected graphs forbid those graphs that contain vertices
of infinite degrees but may contain rays. There is another class of connected graphs that
forbid rays but may contain vertices of infinite degrees. For a study of some properties of
the class of rayless connected graphs, the reader is referred to Halin [8].

(1). We can see that the statement “Every connected rayless graph has a minimal dom-
inating set” implies ACg,. Consider a non-empty family A = {A; : ¢ € I} of pairwise
disjoint finite sets and the graph G5 from Remark 6.1. Clearly, G5 is connected and rayless.
The rest follows by the arguments of Remark 6.1.

(2). By applying Remark 6.3 and Proposition 3.3, we can see that the statement “Every
connected rayless graph has a maximal matching” is equivalent to AC.

(3). The statement “Every connected rayless graph has a minimal edge cover” implies
ACin. Let A = {A; : i € I'} be as in (1) and Gg be the graph from Remark 6.2. Then Gg
is connected and rayless. By the arguments of Remark 6.2, the rest follows.
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7 Questions

Question 7.1. Do the following statements imply AC (without assuming that the sets of
colors can be well-ordered)?

(1) Any graph has a chromatic index.
(2) Any graph has a distinguishing number.
(3) Any graph without a component isomorphic to K; or K5 has a distinguishing index.

Stawiski [20, Theorem 3.8] proved that the statements (1)—(3) mentioned above are equiv-
alent to AC by assuming that the sets of colors can be well-ordered.
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