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Abstract

A nut graph is a simple graph whose adjacency matrix is singular with 1-dimensional
kernel such that the corresponding eigenvector has no zero entries. In 2020, Fowler et al.
characterised for each d € {3,4,...,11} all values n such that there exists a d-regular nut
graph of order n. In the present paper, we resolve the first open case d = 12, i.e. we show
that there exists a 12-regular nut graph of order n if and only if n > 16. We also present a
result by which there are infinitely many circulant nut graphs of degree d = 0 (mod 4) and
no circulant nut graphs of degree d = 2 (mod 4). The former result partially resolves a
question by Fowler et al. on existence of vertex-transitive nut graphs of order n and degree
d. We conclude the paper with problems, conjectures and ideas for further work.
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1 Introduction

Let G be a simple graph with the vertex set V(G) = {0,1,...,n—1}. Its adjacency matrix
Ais a symmetric n x n matrix with entries a; ;, where 0 < 7, j < n—1, suchthata, ; = 1if
{i,7} is an edge of G and a; ; = 0 otherwise. A graph G is a nut graph if A has eigenvalue
0 and no eigenvector has zero entries. As a consequence, the eigenspace corresponding
to the eigenvalue 0 is 1-dimensional. Observe that if the eigenspace corresponding to 0
has dimension greater than one, then there exists an eigenvector containing entry O that is
different from 0 = (0,0, ...,0)7. For an introductory treatment of spectral graph theory,
which links graphs to linear algebra, see e.g. [3, 4, 7].

Nut graphs have been studied in [6, 9, 11, 12, , 18, 19, 20, 22], see also the
webpage https://hog.grinvin.org/Nuts W1th1n the House of Graphs [2, 5]. Re-
cently, this concept was extended to signed graphs [1]. Nut graphs have chemical applica-
tions, see e.g. [9, &, 21]. However, in the present paper we consider 12-regular graphs, so
our motivation is purely mathematical.

In [22], Gutman and Sciriha showed that the smallest non-trivial nut graph has order 7.
In [10], Fowler et al. determined all nut graphs on up to 10 vertices and all chemical nut
graphs on up to 16 vertices. The smallest order for which a regular nut graph exists is 8;
see also [9]. In [9], Fowler et al. presented the following question.

If there exists a d-regular graph of order n, then we say that the order n is admissible
regarding the degree d. Obviously, if d is even then every n > d + 1 is admissible. If d is
odd then every even n > d + 1 is admissible.

Question 1.1. Is it true that for each degree d > 3 there are only finitely many admissible
orders n such that there does not exist a d-regular nut graph of order n?

In the attempt to answer Question 1.1, the ‘Fowler Construction’ played an important
role; see also [11]. This construction implies the following theorem.

Theorem 1.2. Let G be a nut graph on n vertices and let u be a vertex of G of degree d.
Then there exists a nut graph of order n + 2d that is obtained from G by adding 2d new
vertices and rearranging the edges in a certain way. In the newly obtained nut graph the
degrees of the new vertices are d and the degrees of the original vertices are not changed.

Obviously, if G is a d-regular graph of order n, then the new graph is d-regular of order
n + 2d. Hence, to answer Question 1.1 positively for specific degree d, it suffices to find
d-regular graphs for 2d consecutive orders. In [11] (d = 3,4) and [9] (5 < d < 11), the
authors found all pairs (d,n), such that d < 11 and there exists a d-regular nut graph of
order n. In the present paper, we extend this result to d = 12. We prove the following
Statement.

Theorem 1.3. There exists a 12-regular nut graph of order n if and only if n > 16.

To prove the ‘positive part’ of Theorem 1.3, it suffices to find 12-regular nut graphs of
orders n € {16,17,...,39}. We present these graphs in the following section. For odd
orders there is not much to say; we did a computer search and thus we provide a list of
graphs that we found. However, for even orders we can say more.
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A graph G is called vertex-transitive if all vertices are equivalent under the action of the
automorphism group Aut(G). In other words, for each pair of vertices u,v € V(G) there
exist an automorphism « € Aut(G) such that a(u) = v. In [9], the following necessary
condition for a vertex-transitive nut graph was given.

Theorem 1.4. Let G be a vertex-transitive nut graph of degree d on n vertices. Then n and
d satisfy the following conditions. Either

(1) d=0 (mod 4), n =0 (mod 2) andn > d+ 4, or
(2) d=0 (mod 2),n =0 (mod 4) andn > d + 6.

The existence of vertex-transitive nut graphs is interesting in its own right, see [9, Ques-
tion 9]. For our research it is important that, by Theorem 1.4, there may exist vertex-
transitive 12-regular graphs of even orders n > 16. We found such graphs among circulant
graphs.

2 Results

We start with the ‘negative part’ of Theorem 1.3. There is only one 12-regular graph of
order 13, namely the complete graph K3, and it is not a nut graph. The unique 12-regular
graph of order 14 is obtained by removing a matching from K4, and again, this graph is
not a nut graph. Finally, there are 17 graphs of order 15 which are 12-regular. They are
obtained by removing a 2-factor from K5. Using the SageMath software [23], we analysed
all such graphs and concluded that none of them is a nut graph.

Now we turn our attention to the ‘positive part’ of Theorem 1.3. We start with more
general results for even orders. The following lemma is in fact implied in the text preceding
Proposition 1 in [11]. We present it here in a slightly more general setting together with its
short proof.

Lemma 2.1. Let G be a d-regular graph on n vertices such that its adjacency matrix A is
singular. Then for every eigenvector ¢ = (cg,c1,...,cn_1)" corresponding to eigenvalue

0, we have
n—1

Z C; = 0.
i=0

Proof. Inevery d-regular graph, the eigenvector 1 = (1, 1,..., 1) corresponds to the eigen-
value d. Since eigenspaces are mutually orthogonal, we have ¢ - 1 = 0. 0

LetV ={0,1,...,n—1}andlet1 < a; <ap <--- <a; < §. By C(n,{a1,aq,...,
at}) we denote a graph on the vertex set V' in which two vertices ¢, j € V are adjacent
if and only if |i — j| = ag, where 1 < k < t. The graph C(n,{a1,as,...,a:}) is
called a circulant graph and it is regular. Its degree is 2¢ — 1 if a; = 4 and 2t otherwise.
In fact, circulant graphs are vertex-transitive since ¢: ¢ — % + 1 is an automorphism of
C(n,{ay,as,...,a;}) (the addition is modulo n).

Circulant graphs are easy to describe and easy to handle. Therefore, it would be nice
if there were many nut graphs among them. We prove one positive and one negative result
about circulant graphs. We start with the following lemma.

Lemma 2.2. Let G = C(n,{a1, ag,...,at}) be a circulant nut graph, and let A be its ad-
jacency matrix. Then (1,—1,1,—1,...)T is an eigenvector corresponding to eigenvalue 0.
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Proof. We use the well-known fact that if b and c are eigenvectors corresponding to eigen-
value ), then b 4 c is also an eigenvector corresponding to eigenvalue .

Letb = (b, b1,...,b,_1)T be an eigenvector corresponding to 0. Denote by = p and
b1 = q. Since ¢: i — 2 — 4 is an automorphism of G (the addition being modulo n), there
is an eigenvector ¢ = (co,c1,...,¢,—1)7 such that c;_; = —b;, 0 < i < n — 1. Then
c1 = —by = —qand co = —by = —p. Since by + ¢; = 0 and b + c is an eigenvector,
we must have b + ¢ = 0 because G is a nut graph. Hence, by + ¢ = 0 and therefore
by = p. Now repeating the process we get b = (p,¢,p,q,...). Observe that n is even
by Theorem 1.4. Thus, by Lemma 2.1, we have ¢ = —p and so (1,—1,1,—1,...) is an
eigenvector corresponding to eigenvalue 0. O

Our negative result covers all circulant graphs of degree d = 2 (mod 4).
Theorem 2.3. There is no circulant nut graph of degree d if d = 2 (mod 4).

Proof. Letd = 2 (mod 4). Denote t = g. Observe that ¢ is an odd number. By way of
contradiction, assume that G = C(n, {a1,as,...,a:}) is a circulant nut graph. Then n
is even by Theorem 1.4. Let A = (ag,as,...,a, 1) be the adjacency matrix of G. By
Lemma 2.2, ¢ = (1,—1,1,—1,...)% is an eigenvector corresponding to eigenvalue 0, so
that Ac = 0, and in particular agc = 0. However,

A0C =Cqy T Cqy + "+ Cay T Cn—ay +Cn—ay, ¥+ Cn—q,-

Since c,; = cn—q, for every i, 1 < 7 < ¢ (observe that the difference between indices
a; and n — a; is even), we have agpc = 2(cq, + €4, + +++ + Cq,), Which implies that
Cay + Cay + -+ + ¢4, = 0. However, the sum of an odd number of odd numbers is odd, a
contradiction. O]

Now we prove the positive result. Notice that this result also partially resolves Ques-
tion 9 from [9] about the existence of vertex-transitive nut graphs of order n and degree d.

Theorem 2.4. Let d = 0 (mod 4) and let n be even. Then C(n,{1,2,...,4}) is a nut
graph if and only if % + 1 is coprime to n and % is coprime to 5.

Proof. Lett = %. Then ¢ is even and the graph is G = C(n,{1,2,...,t}).

Let A be the adjacency matrix of G. By Lemma 2.2, b = (1,—1,1,—1,...)T is an
eigenvector of A corresponding to eigenvalue 0. Thus Ab = 0. Our aim is to show that if
t+ 1 is coprime to n and % is coprime to 3, then Ac = 0 if and only if c is a multiple of b.

So let Ac = 0, where ¢ = (co,c1,...,¢n1)". Let A = (ag,ay,...,a,_1)7. Then

ac=cotcr+--+c-1+ 1t opot o+ =0,
apc=ct+ce+-t+ateqatcyst+ o+ ceaur =0

Subtracting the two equations we get
a;C — a311C = ¢y — ¢ + Cpy1 — Cop41 = 0,
and analogously

A2¢11C — 244 2C = Cy41 — Copy1 + C2p42 — C3¢42 = 0.
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This gives
Co — Gt = Cat+2 — C3¢42,

and analogously

C2t4+2 — C3t42 = C4t4+4 — C5t+4,

Cat+4 — C5t+4 = C6t+6 — CTt+5, etc.

So if the odd number ¢ + 1 is coprime to the even number n, we get

Co — Ct = Co(t+1) — Ct42(t+1) =~ = C2 — 42,

which gives

Co2 — Co = Ct42 — Cy,

and analogously we get

Ct42 — Ct = C2t42 — C2t,

Catt2 — C2t = C3t42 — C3t, etc.
Here, ¢t and n are both even. But if % is coprime to g then
Co —C) = Ct42 —Ct = ++* = C4 — C2.

Hence,
C2 —C=C —C=C —Cq4="""

Now, if co > ¢p then ¢y < c2 < ¢q4 < -+ < ¢g, a contradiction. Analogously, if co < ¢g
then cg > co > ¢4 > - -+ > ¢p, a contradiction. So ¢y = co = - -+ = ¢,—2 and analogously
¢1 =c¢3 =+ = cp—1. Hence if ¢g = p, then ¢ = (p, —p,p, —p, ... ) by Lemma 2.1, and
the eigenspace corresponding to eigenvalue 0 is 1-dimensional.

Now suppose that ¢ + 1 is not coprime to n. Set b = 0. We will change some entries of
b. Since ¢ + 1 is odd, there is an even k such that (¢ + 1)k =0 (mod n) and 1 < k < n.
Set

bo=1, b1 =-1, byyyy=1, byuqey=-1, ...,

where the indices are modulo n. We have changed k entries of b and since k is even, the
last changed entry has value —1. Thus some entries of b remained 0’s and nevertheless
Ab = 0, since if j-th entry of a; is 1, then either (j + (¢ + 1))-th or (j — (¢ + 1))-th
(modulo n) entry of a; is also 1 (while the other is 0). Hence, G is not a nut graph in this
case.

Finally, suppose that % is not coprime to 5. Then there exists a number k such that
k | %, k| % and k > 1. Again, set b = 0. We will change some entries of b. Set

b() = bg = b4 == bg(k_g) =1 and b2(k—1) = —(k} — 1),

and repeat this pattern for all even indices of b. Since k | %, this pattern is repeated

exactly 5 times. And since every a; contains two disjoint sets of ¢ consecutive 1’s, we

have Ab = 0. But half of the entries of b are 0’s and therefore G is not a nut graph. O
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Observe that the only requirement for n in Theorem 2.4 is that n is even and n > d.
However, if n = d + 2 then % + 1 is not coprime to n, and so n > d + 4. Hence, by
Theorem 2.4, for d = 12 the following circulant graphs are nut graphs:

C(16,{1,2,3,4,5,6}), C(20,{1,2,3,4,5,6}), C(22,{1,2,3,4,5,6}),
C(26,{1,2,3,4,5,6}), C(32,{1,2,3,4,5,6}), C(34,{1,2,3,4,5,6}), and
C(38,{1,2,3,4,5,6}).

Using the computer [23] we found the following graphs that are nut graphs:

C(18,{1,2,3,4,5,8}), C(24,{1,2,3,4,5,8}), C(28,{1,2,3,4,5,10}),
C(30,{1,2,3,4,5,8}), and  C(36,{1,2,3,4,5,8}).

3 Concluding remarks and further work

From the very beginning of our work on this paper, the nut circulant graphs were continu-
ously present, which fact motivates us explicitly to pose here the following problem.

Problem 3.1. Find which circulant graphs are nut graphs.

By the arguments in this paper, any circulant nut graph must satisfy the conditions of
Theorem 1.4(1), i.e. the order n is even, the degree d is divisible by 4, and n > d + 4. We
believe that for any such pairs n and d, there exists a circulant nut graph.

Conjecture 3.2. For every d, where d = 0 (mod 4), and for every even n, n > d + 4,
there exists a circulant nut graph C(n,{a1,az, ..., aq/2}) of degree d.

And, as a very particular case of the above conjecture, by restricting to 12-regular
graphs, we also propose.

Conjecture 3.3. For every evenn, n > 16, there exists a circulant nut graph C(n, {a1, as,
...,ag}) of degree 12.

By Theorem 1.4, if n is odd then there is no vertex-transitive nut graph of order n and
degree 12. In this case all graphs were found by a computer search. If G is a regular graph
that contains edges w1 v and uavo but does not contain edges ujve, u2v1, then rewiring (i.e.
removing edges ujv1, u2v2 and adding edges uqve, ugv1; it is also known as a Ryser switch
[15]) yields another regular graph. Our approach was to start with a ‘random’ 12-regular
graph of odd order and perform a sequence of rewirings. In this way all graphs in the
Appendix were obtained. For instance, the graph on 21 vertices, whose kernel eigenvector
contains only values 1 and —2, was obtained from C'(21, {1, 2, 3,4, 5,6}) by removing the
edges (0, 16) and (2, 7) and adding the edges (0, 7) and (2, 16).

Note that kernel eigenvectors of all graphs in the Appendix on n = 3k vertices (for
k = 17,9,11,13) contain only values 1 and —2. All those graphs have a special structure.
Let V = V71 U V_5 be the partition of vertices with respect to the kernel eigenvector entry.
In each case, the graph induced by V_» is isomorphic to a graph that can be obtained from
C(k,{1,2}) by at most one rewiring, while the graph induced by V; is isomorphic to a
graph that can be obtained from C(2k, {1,2,3,4}) by at most one rewiring. Moreover,
let BiC(n, S) be the graph with the vertex set V = {vg,...,vp_1,ug,...,us—_1} and the
edge set £} = {ViU(i4s) modn : 0 < @ < m,s € S}. This graph is a special kind of
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bicirculant (see [13, 14] and references cited therein). The set V/; can be partitioned into
two subsets Vi = VY UVY, |[V]| = [V}, such that the graph induced by edges from V_j to
V{ is isomorphic to a graph that can be obtained from BiC(k, {0,1, 2, 3}) by at most one
rewiring. Similarly, the graph induced by edges from V_5 to V}” is also isomorphic to a
graph that can be obtained from BiC(k, {0, 1, 2, 3}) by at most one rewiring.
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Appendix A 12-regular nut graphs of odd orders

Here, we list one 12-regular nut graph of odd order n for each n € {17,19,...,39}.
Each graph is given in the adjacency-lists (of neighbours of each vertex) representation,
formatted as a Python dictionary. We also give the corresponding kernel eigenvector c as a
list of integer entries.

Order n = 17.

{0:[1,2,3,4,5,8,9,10, 11, 12, 15, 16], 1: [0, 2, 3,4, 6,7, 8,9, 10, 11, 15, 16], 2: [0, 1,4, 5, 6, 7,
8,9,10,11,13,15],3:[0,1,4,6,7,8,9, 11, 12, 14, 15, 16],4: [0, 1,2, 3, 5,6, 8,9, 10, 11, 13, 16],
5:10,2,4,6,7,8,9,10, 12, 13, 14, 15],6: [1,2,3,4,5,7,8,9, 12, 13, 14, 15],7: [1, 2, 3, 5, 6, 8,
10, 11, 12, 13, 14, 16], 8: [0, 1, 2, 3,4, 5,6, 7, 10, 11, 13, 14],9: [0, 1, 2, 3, 4, 5, 6, 10, 12, 13, 14,
16],10: [0, 1,2,4,5,7,8,9,12, 14, 15, 16], 11: [0, 1, 2,3,4,7, 8,12, 13, 14, 15, 16], 12: [0, 3, 5, 6,
7,9,10, 11, 13, 14, 15, 16], 13: [2,4,5,6,7, 8,9, 11, 12, 14, 15, 16], 14: [3,5,6,7, 8,9, 10, 11, 12,
13,15, 16], 15: [0, 1, 2,3, 5,6, 10, 11, 12, 13, 14, 16], 16: [0, 1, 3,4, 7,9, 10, 11, 12, 13, 14, 15]}

Cc= [3’ _3, _27 2’ 17 2’ _1’ _27 3’ _1’ _1, 15 1, _17 1’ _1’ _2]

Order n = 19.

{0:[1,2,5,7,9,10, 11, 12, 13, 14, 16, 18], 1: [0, 3, 5, 6, 7, 10, 12, 13, 14, 15, 17, 18], 2: [0, 4, 6, 7,
8,9,10,11,12,16,17,18],3: [1,6,7,8, 10, 11, 12, 13, 14, 16, 17, 18], 4: [2,5,6,7, 8, 11, 12, 13,
14, 15,17, 18],5:[0,1,4,7,8,9, 11, 12, 13, 14, 15, 17],6: [1,2,3,4,7, 8, 9, 10, 14, 15, 16, 17], 7:
[0,1,2,3,4,5,6,8,9,11, 15, 16],8: [2,3,4,5,6,7,9,11, 14, 15,17, 18],9: [0, 2,5,6,7, 8, 10, 11,
12,13, 16, 17], 10: [0, 1,2, 3, 6,9, 11, 12, 13, 14, 16, 18], 11: [0, 2, 3,4, 5,7, 8, 9, 10, 16, 17, 18],
12: [0, 1,2,3,4,5,9, 10, 13, 14, 15, 16], 13: [0, 1, 3,4, 5,9, 10, 12, 14, 15, 16, 17], 14: [0, 1, 3, 4,
5,6,8,10,12, 13,15, 18], 15: [1,4,5,6,7, 8, 12, 13, 14, 16, 17, 18], 16: [0, 2, 3,6, 7,9, 10, 11, 12,
13,15,18],17: [1,2,3,4,5,6,8,9, 11, 13, 15, 18], 18: [0, 1, 2, 3, 4, 8, 10, 11, 14, 15, 16, 17]}

c=[5,10,6,-10, -3, —-1,4, -1, —5,1, 1, =5, —4, =3, —4, 2, —4, 7, 4]

Order n = 21.

{0:11,2,3,4,5,6,7,15,17, 18, 19,201, 1: [0, 2, 3, 4,5, 6,7, 16,17, 18, 19, 20], 2: [0, 1, 3,4, 5, 6,
8,16,17,18,19,20],3:[0,1,2,4,5,6,7,8,9,18, 19, 20],4: [0, 1,2,3,5,6,7,8,9, 10, 19, 20], 5:
[0,1,2,3,4,6,7,8,9, 10, 11, 20],6: [0, 1,2, 3,4,5,7,8,9,10, 11, 12],7: [0, 1, 3,4, 5,6, 8, 9, 10,
11,12, 13],8: [2,3,4,5,6,7,9,10, 11, 12, 13, 14],9: [3,4,5,6,7, 8, 10, 11, 12, 13, 14, 15], 10: [4,
5,6,7,8,9, 11, 12, 13, 14, 15, 16], 11: [5, 6,7, 8,9, 10, 12, 13, 14, 15, 16, 17], 12: [6, 7, 8, 9, 10,
11, 13, 14, 15, 16, 17, 18], 13: [7, 8, 9, 10, 11, 12, 14, 15, 16, 17, 18, 19], 14: [8, 9, 10, 11, 12, 13,
15, 16, 17, 18, 19, 20], 15: [0, 9, 10, 11, 12, 13, 14, 16, 17, 18, 19, 20], 16: [1, 2, 10, 11, 12, 13, 14,
15,17, 18, 19, 20], 17: [0, 1, 2, 11, 12, 13, 14, 15, 16, 18, 19, 20], 18: [0, 1, 2, 3, 12, 13, 14, 15, 16,
17,19, 201, 19: [0, 1, 2, 3, 4, 13, 14, 15, 16, 17, 18, 20], 20: [0, 1, 2, 3,4, 5, 14, 15, 16, 17, 18, 19]}

c=[1,-21,1,-2,1,1,-2,1,1, -2, 1,1, -2, 1,1, -2, 1, 1, =2, 1]

Order n = 23.

{0: [1,2,4,6,7,8,10, 11, 13, 19, 20, 21], 1: [0, 4, 5,6, 7,9, 11, 13, 16, 17, 20, 22], 2: [0, 3, 4, 6,
8,11, 12, 13, 16, 19, 20, 21], 3: [2, 4, 5, 8,9, 10, 12, 13, 14, 16, 17, 18], 4: [0, 1, 2, 3,6, 7, 8, 14,
15, 16, 21, 22],5: [1, 3,7, 10, 11, 12, 14, 15, 17, 18, 19, 20], 6: [0, 1, 2,4, 11, 12, 14, 17, 18, 19, 20,
22],7: 10, 1,4, 5,10, 11, 12, 16, 18, 19, 21, 22], 8: [0, 2, 3, 4,9, 10, 12, 13, 15, 16, 21, 221, 9: [1, 3,
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8,10, 11, 13, 14, 15, 18, 19, 21, 22], 10: [0, 3, 5,7, 8,9, 11, 13, 17, 18, 19, 21], 11: [0, 1, 2, 5, 6, 7,
9, 10, 13, 14, 15, 20], 12: [2, 3,5, 6,7, 8,13, 14, 17, 19, 20, 22], 13: [0, 1, 2, 3, 8, 9, 10, 11, 12, 14,
15, 19], 14: [3, 4,5, 6,9, 11, 12, 13, 15, 16, 17, 20], 15: [4, 5, 8, 9, 11, 13, 14, 17, 18, 20, 21, 22],
16: [1,2,3,4,7,8,14, 17, 18, 20, 21, 22], 17: [1, 3, 5, 6, 10, 12, 14, 15, 16, 19, 20, 21], 18: [3, 5, 6,
7,9, 10, 15, 16, 19, 20, 21, 22], 19: [0, 2,5, 6,7, 9, 10, 12, 13, 17, 18, 22],20: [0, 1, 2, 5, 6, 11, 12,
14, 15,16, 17, 18], 21: [0,2,4,7, 8,9, 10, 15, 16, 17, 18, 22],22: [1,4, 6,7, 8,9, 12, 15, 16, 18, 19,
211}

c =6, —24, —7,13,39, 1, 27, 4, —18, —4, 10, 3, —14, —14, 28, 1, —22, —2, 3, 6, —28,
2, —10]

Order n = 25.

{0: [3,4,5,7,9, 10, 12, 13, 17, 19, 22, 23], 1: [2, 3, 5, 11, 12, 15, 16, 18, 19, 20, 21, 23], 2: [1, 3,
4,5, 10, 13, 14, 17, 20, 21, 23, 24], 3: [0, 1, 2, 5, 8, 10, 14, 16, 20, 21, 23, 24], 4: [0, 2, 6, 8, 9, 10,
11,13, 18, 21, 23, 24], 5: [0, 1, 2, 3, 10, 13, 14, 17, 18, 19, 20, 24], 6: [4, 8,9, 10, 11, 12, 14, 17, 19,
20, 21,22],7:[0,8,9, 11, 12, 15, 16, 18, 19, 22, 23, 24], 8: [3, 4,6, 7,9, 10, 11, 13, 17, 18, 22, 23],
9:[0,4,6,7,8,10, 11, 12, 14, 15, 18, 21], 10: [0, 2, 3,4, 5,6, 8,9, 15, 16, 17, 18], 11: [1,4, 6,7, 8,
9,12, 13, 14, 17, 19, 20], 12: [0, 1, 6, 7,9, 11, 13, 14, 15, 18, 21, 22], 13: [0, 2, 4, 5, 8, 11, 12, 16,
20, 21, 22, 23], 14: [2, 3,5,6,9, 11, 12, 15, 16, 17, 19, 22], 15: [1, 7, 9, 10, 12, 14, 16, 17, 19, 20,
22,241, 16: [1, 3,7, 10, 13, 14, 15, 17, 18, 19, 20, 24], 17: [0, 2, 5, 6, 8, 10, 11, 14, 15, 16, 21, 23],
18:[1,4,5,7,8,9, 10, 12, 16, 21, 22, 24], 19: [0, 1,5, 6, 7, 11, 14, 15, 16, 21, 22, 24], 20: [1, 2, 3,
5,6,11,13,15,16,22,23,24],21: [1,2,3,4,6,9, 12, 13, 17, 18, 19, 23], 22: [0, 6, 7, 8, 12, 13, 14,
15,18, 19, 20, 241, 23: [0, 1,2,3,4,7, 8, 13, 17, 20, 21, 24], 24: [2, 3,4, 5,7, 15, 16, 18, 19, 20, 22,
231}

c =[29, 20, -31, 7,5, —13, 32, —19, —12, 1, 31, —12, -8, —6, —49, 17, 3, —17, —21,
20,33, 7,1, -2, —16]

Order n = 27.

{0: [2,3,4,5,6,7,21,22,23,24,25,26], 1: [2,3,4,5,6,7, 8, 22, 23, 24, 25, 26], 2: [0, 1, 3, 4, 5,
6,7,8,23,24,25,26],3:10,1,2,4,5,6,7,8,9, 24, 25, 26],4: [0, 1, 2,3,5,6,7, 8,9, 10, 25, 26],
5:10,1,2,3,4,6,7,8,9, 10, 11, 26],6: [0, 1,2,3,4,5,7,8,9, 10, 11, 12],7: [0, 1, 2, 3,4, 5,6, 9,
10, 11, 12, 13],8: [1,2,3,4,5,6,9, 10, 11, 12, 13, 14],9: [3,4, 5,6, 7, 8, 10, 11, 12, 13, 14, 15],
10: [4,5,6,7,8,9, 11, 12, 13, 14, 15, 16], 11: [5,6, 7, 8,9, 10, 12, 13, 14, 15, 16, 17], 12: [6, 7, 8,
9,10, 11, 13, 14, 15, 16, 17, 18], 13: [7, 8, 9, 10, 11, 12, 14, 15, 16, 17, 18, 19], 14: [8, 9, 10, 11, 12,
13, 15, 16, 17, 18, 19, 20], 15: [9, 10, 11, 12, 13, 14, 16, 17, 18, 19, 20, 21], 16: [10, 11, 12, 13, 14,
15,17, 18, 19, 20, 21, 22], 17: [11, 12, 13, 14, 15, 16, 18, 19, 20, 21, 22, 23], 18: [12, 13, 14, 15, 16,
17, 19, 20, 21, 22, 23, 241, 19: [13, 14, 15, 16, 17, 18, 20, 21, 22, 23, 24, 25], 20: [14, 15, 16, 17, 18,
19, 21, 22, 23, 24, 25, 26], 21: [0, 15, 16, 17, 18, 19, 20, 22, 23, 24, 25, 26], 22: [0, 1, 16, 17, 18, 19,
20, 21, 23, 24, 25, 26], 23: [0, 1, 2, 17, 18, 19, 20, 21, 22, 24, 25, 26], 24: [0, 1, 2, 3, 18, 19, 20, 21,
22,23, 25, 26],25: [0, 1, 2, 3, 4, 19, 20, 21, 22, 23, 24, 26], 26: [0, 1, 2, 3, 4, 5, 20, 21, 22, 23, 24,
251}

c=|[1,-2,1,1,-2,1,1,-2,1,1,-2,1,1,-2,1,1,-2,1,1, -2,1,1, -2, 1, 1, -2, 1]

Order n = 29.
{0: [1,3,5,6,9, 10, 11, 13, 14, 19, 26, 28], 1: [0, 2, 4, 5, 11, 16, 17, 18, 19, 21, 26, 27], 2: [1, 3, 8,
9,10, 11, 13, 24, 25, 26, 27, 28], 3: [0, 2, 12, 13, 17, 20, 21, 23, 24, 25, 26, 27],4: [1, 5, 6,9, 11, 15,
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16, 17, 20, 22, 23, 28], 5: [0, 1, 4, 7, 12, 15, 16, 19, 20, 22, 24, 25], 6: [0, 4,7, 8,9, 11, 15, 17, 18
19, 21,221, 7: [5, 6, 8, 11, 12, 13, 15, 16, 18, 20, 22, 24], 8: [2, 6, 7, 10, 12, 15, 19, 20, 21, 24, 26,
271,9: [0, 2, 4, 6, 12, 14, 15, 20, 22, 23, 24, 27], 10: [0, 2, 8, 13, 16, 17, 18, 20, 21, 23, 25, 26], 11:
[0, 1,2,4,6,7,12, 16, 17, 19, 20, 23], 12: [3, 5,7, 8,9, 11, 14, 15, 18, 19, 21, 25], 13: [0, 2, 3, 7,
10, 14, 15, 21, 23, 25, 27, 28], 14: [0, 9, 12, 13, 15, 18, 22, 23, 24, 26, 27, 28], 15: [4, 5, 6, 7, 8, 9,
12, 13, 14, 18, 22, 271, 16: [1, 4, 5, 7, 10, 11, 18, 20, 21, 25, 27, 28], 17: [1, 3, 4, 6, 10, 11, 18, 19,
22,24, 27,28], 18: [1, 6,7, 10, 12, 14, 15, 16, 17, 19, 23, 24], 19: [0, 1, 5, 6, 8, 11, 12, 17, 18, 23
26,27],20: [3,4,5,7,8,9, 10, 11, 16, 25, 26, 28], 21: [1, 3, 6, 8, 10, 12, 13, 16, 22, 23, 25, 26], 22:
[4,5,6,7,9, 14, 15, 17, 21, 24, 25, 27], 23: [3, 4,9, 10, 11, 13, 14, 18, 19, 21, 24, 28], 24: [2, 3, 5,
7,8,9, 14, 17, 18, 22, 23, 28], 25: [2, 3, 5, 10, 12, 13, 16, 20, 21, 22, 26, 28], 26: [0, 1, 2, 3, 8, 10,
14, 19, 20, 21, 25, 28], 27: [1, 2,3, 8,9, 13, 14, 15, 16, 17, 19, 22], 28: [0, 2, 4, 13, 14, 16, 17, 20,
23,24, 25,26]}

c=1[1,1, 37, —-13, —20, —42, 21, -5, =36, 25, 5, 30, 41, —25, 21, —6, 6, 17, 34, —34,
—14, -13, 7, —51, —16, 39, 5, —21, 6]

Order n = 31.

{0: [5, 10, 12, 13, 17, 18, 21, 22, 24, 26, 27, 29], 1: [3, 6, 7, 8, 10, 14, 17, 20, 23, 25, 27, 30], 2: [4,
7,9, 10, 18, 21, 22, 23, 24, 25, 27, 28], 3: [1, 4, 5, 11, 13, 16, 17, 18, 19, 24, 25, 29], 4: [2, 3, 5, 11,
12, 13, 18, 21, 25, 26, 28, 29], 5: [0, 3,4,6,7,9, 11, 14, 17, 25,27, 29], 6: [1, 5, 8,9, 11, 13, 18, 20,
22,26,29,30],7:[1,2,5,9, 10, 12, 20, 24, 25, 26, 27, 30], 8: [1, 6,9, 14, 15, 17, 18, 20, 21, 22, 23,
30],9:[2,5,6,7,8, 12, 14, 15, 19, 24, 27, 28], 10: [0, 1, 2,7, 12, 13, 15, 18, 19, 21, 24, 28], 11: [3,
4,5,6,12, 15,17, 20, 22, 23, 29, 30], 12: [0, 4, 7,9, 10, 11, 14, 16, 18, 21, 27, 30], 13: [0, 3, 4, 6,
10, 16, 20, 23, 24, 25, 26, 27], 14: [1, 5, 8,9, 12, 15, 17, 18, 19, 20, 22, 23], 15: 8, 9, 10, 11, 14, 17,
19, 20, 21, 27, 28, 30], 16: [3, 12, 13, 18, 19, 21, 22, 23, 24, 26, 28, 29], 17: [0, 1, 3, 5, 8, 11, 14, 15,
20, 22, 23, 29], 18: [0, 2, 3, 4, 6, 8, 10, 12, 14, 16, 24, 25], 19: [3, 9, 10, 14, 15, 16, 20, 21, 22, 23,
26, 28], 20: [1,6,7,8, 11, 13, 14, 15, 17, 19, 24, 25], 21: [0, 2, 4, 8, 10, 12, 15, 16, 19, 25, 27, 29],
22:10,2,6,8,11, 14, 16, 17, 19, 23, 28, 30], 23: [1, 2, 8, 11, 13, 14, 16, 17, 19, 22, 26, 28], 24: [0,
2,3,7,9,10, 13, 16, 18, 20, 28, 30], 25: [1, 2, 3,4, 5, 7, 13, 18, 20, 21, 26, 29], 26: [0, 4, 6, 7, 13,
16, 19, 23, 25, 27, 29, 30],27: [0, 1, 2,5, 7,9, 12, 13, 15, 21, 26, 30], 28: [2, 4, 9, 10, 15, 16, 19, 22,
23,24,29,30],29: [0,3,4,5,6, 11, 16, 17, 21, 25, 26, 28], 30: [1, 6,7, 8, 11, 12, 15, 22, 24, 26, 27,
281}

c=[1,91, -39, 14, 39, 33, 75, —48, —37, 2, 146, —14, —13, 23, 20, 6, —84, —32, 27, 38,
—93, —66, —43, 21, —79, —43, 18, —15, 59, 1, —8]

Order n = 33.

{0:[1,2,3,4,5,6,27,28, 29, 30, 31, 32], 1: [0, 2, 3,4, 5,6,7, 11, 28, 29, 31, 32],2: [0, 1, 3, 4, 5,
6,7,8,29,30,31,32],3:[0,1,2,4,5,6,7,8,9, 30,31, 32],4: [0, 1,2,3,5,6,7, 8,9, 10, 31, 32], 5:
[0,1,2,3,4,6,7,8,9,10, 11, 32],6:[0,1,2,3,4,5,7,8,9,10, 11, 12],7: [1,2,3,4, 5,6, 8,9, 10,
11,12, 13],8: [2,3,4,5,6,7,9, 10, 11, 12, 13, 14],9: [3, 4, 5,6, 7, 8, 10, 11, 12, 13, 14, 15], 10:
[4,5,6,7,8,9,12, 13, 14, 15, 16, 30], 11: [1,5,6,7, 8,9, 12, 13, 14, 15, 16, 17], 12: [6, 7, 8, 9, 10,
11, 13, 14, 15, 16, 17, 18], 13: [7, 8, 9, 10, 11, 12, 14, 15, 16, 17, 18, 19], 14: [8, 9, 10, 11, 12, 13,
15, 16, 17, 18, 19, 20], 15: [9, 10, 11, 12, 13, 14, 16, 17, 18, 19, 20, 21], 16: [10, 11, 12, 13, 14, 15,
17, 18, 19, 20, 21, 22], 17: [11, 12, 13, 14, 15, 16, 18, 19, 20, 21, 22, 23], 18: [12, 13, 14, 15, 16, 17,
19, 20, 21, 22, 23, 24], 19: [13, 14, 15, 16, 17, 18, 20, 21, 22, 23, 24, 25], 20: [14, 15, 16, 17, 18, 19,
21, 22,23, 24, 25, 26], 21: [15, 16, 17, 18, 19, 20, 22, 23, 24, 25, 26, 27], 22: [16, 17, 18, 19, 20, 21,
23,24, 25, 26,27, 28], 23: [17, 18, 19, 20, 21, 22, 24, 25, 26, 27, 28, 29], 24: [18, 19, 20, 21, 22, 23,
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25,26, 27, 28, 29, 30], 25: [19, 20, 21, 22, 23, 24, 26, 27, 28, 29, 30, 31], 26: [20, 21, 22, 23, 24, 25,
27,28, 29, 30, 31, 32], 27: [0, 21, 22, 23, 24, 25, 26, 28, 29, 30, 31, 32], 28: [0, 1, 22, 23, 24, 25, 26,
27,29, 30, 31, 32], 29: [0, 1, 2, 23, 24, 25, 26, 27, 28, 30, 31, 32], 30: [0, 2, 3, 10, 24, 25, 26, 27, 28,
29,31, 32],31: [0, 1, 2, 3, 4, 25, 26, 27, 28, 29, 30, 32], 32: [0, 1, 2, 3, 4, 5, 26, 27, 28, 29, 30, 31]}

Cc= [13 _2, 19 19 _29 19 ]—7 _29 15 1, _25 13 19 _27 19 19 _2’ 17 15 _25 13 13 _2, 19 19 _29 19
1,-2,1,1, -2,1]

Order n = 35.

{0: [1,2,3,4,5,6,29, 30, 31, 32, 33, 34], 1: [0, 2, 3,4, 5, 6, 7, 30, 31, 32, 33, 34], 2: [0, 1, 3, 4, 5,
6,7,8,15,31,32,33],3:[0,1,2,4,5,6,8,9, 15,32,33,34],4: [0, 1,2,3,5,6,7, 8,9, 31, 33, 34],
5:00,1,2,3,4,6,7,8,9,10,11,34],6:[0,1,2,3,4,5,7,8,9,10, 11, 12],7: [1,2,4,5,6, 8, 9, 10,
11,12, 13,21],8: [2,3,4,5,6,7,9, 10, 11, 12, 13, 14],9: [3,4, 5,6, 7, 8, 10, 11, 12, 13, 14, 15],
10: [5,6,7,8,9, 11, 12, 13, 14, 15, 16, 25], 11: [5,6,7, 8, 9, 10, 12, 13, 14, 15, 16, 17], 12: [6, 7, 8,
9,10, 11, 13, 14, 15, 16, 17, 18], 13: [7, 8,9, 10, 11, 12, 14, 16, 17, 18, 19, 34], 14: [8, 9, 10, 11, 12,
13, 15,16, 17, 18, 19, 20], 15: [2, 3,9, 10, 11, 12, 14, 16, 17, 18, 19, 20], 16: [10, 11, 12, 13, 14, 15,
17,18, 19, 20, 21, 221, 17: [11, 12, 13, 14, 15, 16, 18, 19, 20, 21, 22, 23], 18: [12, 13, 14, 15, 16, 17,
19, 20, 21, 22, 23, 24], 19: [13, 14, 15, 16, 17, 18, 20, 21, 22, 23, 24, 25], 20: [14, 15, 16, 17, 18, 19,
21, 22, 23, 24, 25, 26], 21: [7, 16, 17, 18, 19, 20, 22, 23, 24, 25, 26, 27], 22: [16, 17, 18, 19, 20, 21,
23,24, 25,26,27,28],23: [17, 18, 19, 20, 21, 22, 24, 25, 26, 27, 28, 29], 24: [18, 19, 20, 21, 22, 23,
25, 26,27, 28, 29, 301, 25: [10, 19, 20, 21, 22, 23, 24, 26, 27, 28, 29, 30], 26: [20, 21, 22, 23, 24, 25,
27,28, 29, 30, 31, 32], 27: [21, 22, 23, 24, 25, 26, 28, 29, 30, 31, 32, 33], 28: [22, 23, 24, 25, 26, 27,
29, 30, 31, 32, 33, 34], 29: [0, 23, 24, 25, 26, 27, 28, 30, 31, 32, 33, 34], 30: [0, 1, 24, 25, 26, 27, 28,
29, 31, 32, 33, 34], 31: [0, 1, 2, 4, 26, 27, 28, 29, 30, 32, 33, 34], 32: [0, 1, 2, 3, 26, 27, 28, 29, 30,
31,33,34],33: [0, 1, 2, 3, 4,27, 28, 29, 30, 31, 32, 34], 34: [0, 1, 3, 4, 5, 13, 28, 29, 30, 31, 32, 33]}

c=1[1,-1,-1,-3,3,2,-1,-1,1,1,-2,2, -2, —-1,3, -1, —-1,2, -2, 2,5, —1, —1,
1,-2,-2,6,-3,-1,1,—-1,5, -1, —4, 1]

Order n = 37.

{0: [1,2,3,4,5,6,31, 32,33, 34,35, 361, 1: [0, 2, 3,4, 5, 6,7, 18, 22, 32, 33, 35], 2: [0, 1, 3, 4, 5,
6,7,8,33,34,35,36],3:[0,1,2,4,5,6,7,8,9, 34, 35,36],4: [0, 1, 2,3,5,6,7, 8,9, 10, 35, 36],
5:10,1,2,3,4,6,7,8,9,10, 11,36],6: [0, 1,2,3,4,5,7,8,9, 10, 11, 12], 7: [1, 2, 3,4, 5,6, 8, 9,
10, 11, 12, 13], 8: [2, 3,4, 5,6,7,9, 10, 11, 12, 13, 14],9: [3, 4, 5,6, 7, 8, 10, 11, 12, 13, 15, 32],
10: [4,5,6,7,8,9, 11, 12,13, 14, 15, 16], 11: [5,6, 7, 8,9, 10, 12, 13, 14, 15, 16, 17], 12: [6, 7, 8,
9, 10, 11, 13, 14, 15, 16, 17, 18], 13: [7, 8, 9, 10, 11, 12, 14, 15, 16, 17, 19, 36], 14: [8, 10, 11, 12,
13, 15, 16, 17, 18, 19, 20, 35], 15: [9, 10, 11, 12, 13, 14, 16, 17, 18, 19, 20, 21], 16: [10, 11, 12, 13,
14, 15, 17, 18, 19, 20, 21, 22], 17: [11, 12, 13, 14, 15, 16, 18, 19, 20, 21, 22, 23], 18: [1, 12, 14, 15,
16, 17, 19, 20, 21, 22, 23, 24], 19: [13, 14, 15, 16, 17, 18, 20, 21, 22, 23, 24, 25], 20: [14, 15, 16, 17,
18, 19, 21, 22, 23, 24, 25, 26], 21: [15, 16, 17, 18, 19, 20, 22, 23, 24, 25, 26, 27], 22: [1, 16, 17, 18,
19, 20, 21, 23, 24, 26, 27, 28], 23: [17, 18, 19, 20, 21, 22, 24, 25, 26, 27, 28, 29], 24: [18, 19, 20, 21,
22,23, 25,26,27, 28,29, 30], 25: [19, 20, 21, 23, 24, 26, 27, 28, 29, 30, 31, 34], 26: [20, 21, 22, 23,
24,25, 27,28, 29, 30, 31, 32], 27: [21, 22, 23, 24, 25, 26, 28, 29, 30, 31, 32, 33], 28: [22, 23, 24, 25,
26, 27,29, 30, 31, 32, 33, 34], 29: [23, 24, 25, 26, 27, 28, 30, 31, 32, 33, 34, 35], 30: [24, 25, 26, 27,
28,29, 31, 32, 33, 34, 35, 36], 31: [0, 25, 26, 27, 28, 29, 30, 32, 33, 34, 35, 36], 32: [0, 1, 9, 26, 27,
28,29, 30, 31, 33, 34, 36], 33: [0, 1, 2, 27, 28, 29, 30, 31, 32, 34, 35, 36], 34: [0, 2, 3, 25, 28, 29, 30,
31, 32, 33, 35, 36], 35: [0, 1, 2, 3, 4, 14, 29, 30, 31, 33, 34, 36], 36: [0, 2, 3, 4, 5, 13, 30, 31, 32, 33,
34,351}
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c=1[2,-3,-4,51,-1,-1,-4,5,2, -5,1,1, —-1,6, =5, =4, 7, —1, =5, 4, =5, 3, 6,
-5,-5,8,-3,1,1,-4,3,4, -7, -1, 3, 1]

Order n = 39.

{0: [1,2,3,4,5,6, 15, 33, 34, 36, 37, 38], 1: [0, 2, 3, 4, 5, 6, 7, 34, 35, 36, 37, 38], 2: [0, 1, 3, 4, 5,
6,7,8,35,36,37,38],3:[0,1,2,4,5,6,7,8,9, 36,37, 38],4: [0, 1,2,3,5,6,7, 8,9, 10, 37, 38],
5:10,1,2,3,4,6,7,8,9,10,11,38],6: [0, 1,2,3,4,5,7,8,9,10, 11, 12],7: [1, 2, 3,4, 5,6, 8,9,
10, 11, 12, 13], 8: [2, 3,4,5,6,7,9, 10, 11, 12, 13, 14],9: [3,4, 5,6, 7, 8, 10, 11, 12, 13, 14, 15],
10: [4,5,6,7,8,9, 11, 12, 13, 14, 15, 16], 11: [5,6,7, 8,9, 10, 12, 13, 14, 16, 17, 35], 12: [6, 7, 8,
9,10, 11, 13, 14, 15, 16, 17, 18], 13: [7, 8,9, 10, 11, 12, 14, 15, 16, 17, 18, 19], 14: [8, 9, 10, 11, 12,
13, 15, 16, 17, 18, 19, 201, 15: [0, 9, 10, 12, 13, 14, 16, 17, 18, 19, 20, 21], 16: [10, 11, 12, 13, 14,
15,17, 18, 19, 20, 21, 22], 17: [11, 12, 13, 14, 15, 16, 18, 19, 20, 21, 22, 23], 18: [12, 13, 14, 15, 16,
17, 19, 20, 21, 22, 23, 24], 19: [13, 14, 15, 16, 17, 18, 20, 21, 22, 23, 24, 25], 20: [14, 15, 16, 17, 18,
19, 21, 22, 23, 24, 25, 26], 21: [15, 16, 17, 18, 19, 20, 22, 23, 24, 25, 26, 27], 22: [16, 17, 18, 19, 20,
21, 23, 24, 25, 26, 27, 28], 23: [17, 18, 19, 20, 21, 22, 24, 25, 26, 27, 28, 29], 24: [18, 19, 20, 21, 22,
23,25, 26,27, 28, 29, 30], 25: [19, 20, 21, 22, 23, 24, 26, 27, 28, 29, 30, 31], 26: [20, 21, 22, 23, 24,
25,27, 28, 29, 30, 31, 32], 27: [21, 22, 23, 24, 25, 26, 28, 29, 30, 31, 32, 33], 28: [22, 23, 24, 25, 26,
27,29, 30, 31, 32, 33, 34], 29: [23, 24, 25, 26, 27, 28, 30, 31, 32, 33, 34, 35], 30: [24, 25, 26, 27, 28,
29, 31, 32, 33, 34, 35, 36], 31: [25, 26, 27, 28, 29, 30, 32, 33, 34, 35, 36, 37], 32: [26, 27, 28, 29, 30,
31, 33, 34, 35, 36, 37, 38], 33: [0, 27, 28, 29, 30, 31, 32, 34, 35, 36, 37, 38], 34: [0, 1, 28, 29, 30, 31,
32, 33, 35, 36, 37, 38], 35: [1, 2, 11, 29, 30, 31, 32, 33, 34, 36, 37, 38], 36: [0, 1, 2, 3, 30, 31, 32, 33,
34, 35,37, 38], 37: [0, 1, 2, 3, 4, 31, 32, 33, 34, 35, 36, 38], 38: [0, 1, 2, 3, 4, 5, 32, 33, 34, 35, 36,
371}

Cc = [17 _2a 17 17 _27 19 15 _2’ 1’ 1a _2’ 1’ 1, _27 17 19 _2» 1’ 1’ _25 17 17 _2a 17 15 _27 19
1,-2,1,1,-2,1,1,-2,1,1, =2, 1]
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