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Abstract

The atom-bond connectivity index is a recently introduced topological index defined as

denotes degree of vertex u. Here we define a new version of the ABC index as
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, where n, denotes

the number of vertices of G whose distances to vertex u are smaller than those to other vertex v of the edge e = uv, and
n,is defined analogously. The goal of this paper is to study the ABC, index.
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1. Introduction

Mathematical chemistry is a branch of theoretical
chemistry using mathematical methods to discuss and pre-
dict molecular properties without necessarily referring to
quantum mechanics.'* Chemical graph theory is a branch
of mathematical chemistry which applies graph theory in
mathematical modeling of chemical phenomena.* This
theory has an important effect on the development of the
chemical sciences.

A graph is a collection of points and lines connec-
ting them. The points and lines of a graph are also called
vertices and edges respectively. If e is an edge of G, con-
necting the vertices u and v, then we write e = uv and say
»u and v are adjacent«. A connected graph is a graph such
that there exists a path between all pairs of vertices. The
distance d(u,v) = d(u,v) between two vertices u and v is
the length of the shortest path between u and v in G. A
simple graph is an unweighted, undirected graph without
loops or multiple edges.

A molecular graph is a simple graph such that its
vertices correspond to the atoms and the edges to the
bonds. Note that hydrogen atoms are often omitted. Ac-
cording to the IUPAC terminology, a topological index is
a numerical value associated with chemical constitution

which can be then used for correlation of chemical struc-
ture with various physical and chemical properties, che-
mical reactivity and biological activity.>!?

Let X be the class of finite graphs. A topological in-
dex is a function 7op from X into real numbers where for
G and H being isomorphic: Top(G) = Top(H). Obviously,
the number of vertices and the number of edges are topo-
logical indices. The Wiener index is the first graph inva-
riant reported (distance based) topological index and is
defined as a half sum of the distances between all the pairs
of vertices in a molecular graph.

Let G be a connected graph and e = uv be an edge of
G. The number of vertices of G whose distance to the ver-
tex u is smaller than the distance to the vertex v is denoted
by n, = n (e|G). Analogously, n, = n (e|G) is the number
of vertices of G whose distance to the vertex v is smaller
than to u.

The vertex Szeged index is another topological in-
dex which was introduced by Gutman.'? It is defined by:
Sz (G) = > n, (e)n (e). The edge Szeged index of G
is a receily proposed topologic al index'! defined as Sz
(G) = 2. m, (eym(e). where m = m (e|G) (and m =
mv(e|Cf)j “d€note the number of edges of G whose distan-
ces to the vertex u are smaller than those to v (the number
of edges of G whose distances to the vertex v are smaller
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than those to u). Motivated by the success of the vertex
Szeged index, Khadikar et al.'>'* proposed a seemingly
similar molecular structure descriptor that in what follows
we call the edge-PI index. In analogy with definition of
the vertex Szeged index, the edge-PI index is defined as
PI(G) = Z[m (e) + m (e)]. Quite recently the vertex-ver-
sion of the P index was also considered." It is defined as
PI(G) =2[m, (e | G) + n (e | G)]The atom-bond connec-
tivity index is a novel topological index and was defined
by Estrada et. al."” as

Z d s d M 2

ABC(G) = J d

e=wveE(G)

where d stands for the degree of vertex u. Now we define
a new version of the atom-bond connectivity index as

Z n,+n, 2.

e=uv ek (G) n n

ABC,(G)=

The goal of this paper is to study the ABC, index. Our no-
tation is standard and mainly taken from standard books
of chemical graph theory.’

All graphs considered in this paper are finite, undi-
rected, simple and connected. For background materials,
see references.'¢?

2. Results and Discussions

In this section we first determine some bounds for
ABC,(G) index. Next we introduce the notion of transitive
and edge-transitive action on vertices of graph G. Finally,
by using this concept and some Lemmas we compute the
ABC,index of the hypercube graph.

An automorphism of the graph G = (V, E) is a bijec-
tion ¢ on V which preserves the edge set E, i. e., if e = uv
is an edge, then 6(e) = 6(#)o(v) is an edge of E. Here the
image of vertex u under G is denoted by 6(u). The set of
all automorphisms of G under the composition of map-
pings forms a group which is denoted by Aut(G). Aut(G)
acts transitively on V if for any vertices # and v in V there
is o € Aut(G) = such that ou(u) = v. Similarly G = (V, E) is
called an edge-transitive graph if for any two edges e, =
uv and e, = xy in E there is an element B € Aut(G) such
that B(e,) = e, where B(e,) = B(w)B(v).

Lemma 3. If G is edge transitive, then

d +d -2
ABC(G)5 E| ,W for any e = uv € E (G).

Lemma 4. If G is edge transitive, then

+ -
ABC,(G)H E | LA , forany e = uv € E (G).
?H ) v
Example 5. Let S, be the star graph with n + 1 verti-
ces. It is easy to see that S, is edge —transitive. Also, S, is

a tree and so by using Lemma 5 we have:

= n(n-1)

Fullerenes are molecules in the form of polyhedral
closed cages made up entirely of n three-coordinated car-
bon atoms and having 12 pentagonal and (n/2 — 10) hexa-
gonal faces, where n is an even number equal or greater
than 20. Hence, the smallest fullerene, C,, (n = 20), has 12
pentagons. In the following example we compute the
ABC, index of C,,.

Example 6. Consider the fullerene graph C,, shown
in figure 1. Itis easy to see C,,is edge-transitive and so by
computing values of n, and n , we have n, = n = 8. There-
fore: |E| = 30 and

ABC,(C,y) =30 \F L7y

ABC,(S,)=nx

Figure 1: The graph of fullerene C,,.

The fullerene C, is the only edge-transitive fullere-
ne. So it is important to be able to compute ABC, index in
the case where G is not an edge-transitive graph. One can
apply then the following Lemma:

Lemma 1. Let G = (V, E) be a graph. If Aut(G) on E
has orbits £, 1 <i <, where e=u,, is an edge of E, then:

ABC(G)=3|E, |
i=1

and

ABC,(G)=Y|E, |
i=l

Proof. The values of n’s for every e = uv € E; are
equal. So, it is enough to compute n, and n, for e,= uv
(1<i<ys).

Example 2. Let P, be the path on n vertices. P, is
not edge — transitive and by using Lemma 8 we have:

1
ABC,(P,)=~n—-
alfa) = [\/n—] \/2(;?—
+ ] ot ] ]
J(n-3) Jn-1"
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A hypercube is defined as follows. The vertex set of the
hypercube H, consists of all n-tuples b,b,...b, with b, € {0,1}.
Two vertices are adjacent if the corresponding tuples differ in
precisely one place. Darafsheh proved H_ is vertex and edge
transitive. He also computed 7, and n for every edge e = uv as
n,=n,= 2"!. By using this result we have the following:

Theorem 7. Let H, be the hypercube graph. Then,

ABC,(H, )_|E|” =nv2" -

Theorem 8. Let G =
ABC(G)<PI(G)-2|E|and
Pl (G)-2|F|

S5z (G)

(V, E) be a graph. Then

ABC,(G)=

Proof. By the definition of ABC,(G) index it is easy
toseethatABCz(G)< Z \/n +n-2< 2 n+n—-2=

PI(G)—-2| E|. This determines the upper bound For the
lower bound one can see that:
X ) Z;z“+n‘,—2
[ABC,(G)P2 ¥ Dt =2 5 emm =
- e=m M, M, > n,.n,
_PL(G)-2]E|
Sz(G)

Theorem 9. Let G be a bipartite graph on n vertices.
Then we have:

M\J’H—z <ABC,(G)SE |[Vn-2.
n

Proof. It is easy to see that for every bipartite graph
on n vertices n, + n, = n. On the other hand n ,n, = 1. So,

ABC,(G)< ¥ 2 = Bl

&=

Also, for every edge e = uv, n,n <n*/ 4.

Corollary 10. Let T be a tree with n vertices. Then
we have:

o i Y 5 <ABC,T)<(n-Wn-2.
n

Suppose G is an arbitrary graph. The distance matrix
= [dij] of Gis an x n matrix in which d[j is the length of
the minimal path connecting vertices i and j, i #J, and ze-
ro for i = j. To compute the ABC, index of molecular
graphs, we first draw the graph by HyperChem.?* Then we
apply TopoCluj software of Diudea and his team* to com-
pute the distance matrices of the molecular graph under
consideration. Using this method, we upload matrix M in
our GAP program to compute the ABC, index. In what
follows, we present our GAP program to compute ABC,
index of any molecular graph.

3. Conclusions

By using the definition of the ABC index, we intro-
duced here the ABC, index as a new version of the ABC
index. Then we determined some bounds for this new to-
pological index.

GAP Program for Computing the ABC, Index

f=function(M)
local I, v, ss, 8, T, e, tt, FF, ij, 2, a, HH;
l:==Length(M);vi=0;s5:=0;S:=[|: T:=[se:=[ |s1t:=0;FF =[]
foriin[l..1]do
for j in[i+1..1] do
it M[i][j]=1 then
Addie,[ij]k
fi;
od;
od:
forainedo
foriin[l..1] do
if M[a[1]][i]=M[a[2]][i] then AddSe(S,i);
fi;
if M[a[1]][i]<M[a[2]][i] then
AddSet(T,i);
fi;
od;
ss:=ss+5qrt((Length(S)+Length(T) ) (Length(S)*Length(T));
z:=Union(5.T);
foriin [1..Length{M[1])] do
Add(FF,i);
od;
HH:=Difference(FF,z);
T:=[]:8:=[]s
od;

Print("ABC2 Index=",ss,"\n");

return; end;
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ABC(G)= X |;
et d, ., .
, kjer d, pred-
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, kjer n, predstavlja Ste-

vilo vozlov grafa G, katerih razdalja do vozla u je manjSa od tiste do vozla v robu e = uv, medtem ko je n, definiran ana-

logno. Namen tega dela je Studija ABC, indeksa.
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