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Abstract

Given a finite group G, we describe an algorithm that enumerates the regular maps
having G as rotational subgroup, using the knowledge of its table of ordinary characters
and its subgroup lattice. To show the efficiency of our algorithm, we use it to compute
that, up to isomorphism, there are 796,772 regular maps whose rotational subgroup is the
sporadic simple group of O’Nan and Sims.
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1 Introduction

According to Coxeter (see [9], Chapter 8), systematic enumeration of orientable regular
maps began in the 1920s by fixing a genus g and enumerating all maps embeddable on sur-
faces of genus g. Genus 2 was the first case considered by Errera and finished by Threlfall.
Since then, a lot of work has been done on the subject, culminating in the enumeration
of all orientable maps on surfaces of genus up to 301 by Conder (see [5, 4] and Conder’s
website for the latest results').
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Another way to enumerate orientable maps is to fix a group G (or a family of groups)
and count how many regular maps have G acting as rotational subgroup of the full auto-
morphism group. In other words, we want to determine, for a given group G, the number
of pairs of elements [R, S] € G? such that

o(RS) =2,0(R) =p,o(S) =qgand (R,S) =G (1.1)

where p and ¢ are arbitrary orders of elements in G. The second type of enumeration can
be done using a formula due to Frobenius [12] (see Section 2.2) based on character theory.
Frobenius’ formula has been used by Sah (see [20], Section 2) to obtain some enumeration
results for the first group of Janko and the small Ree groups 2G> (q) with ¢ = 321, among
other things. Conder et al. [6] extracted an enumeration result for all regular hypermaps of
a given type with automorphism group isomorphic to PSL(2, ¢) and PGL(2, ¢) from the
latter reference. Their result does not make use of character theory.

Jones and Singerman [16] set up the theoretical framework that links the study of maps
to that of Riemann surfaces, showing among others that every map M is isomorphic to
some canonical map M on a Riemann surface. In [11], Downs and Jones set up the the-
oretical framework to determine the number of orientable maps of type {3, p} with auto-
morphism group a group PSL(2, ¢) or PGL(2, q). Jones and Silver showed in [15] that the
Suzuki groups Sz(q) are automorphism groups of regular maps of type {4,5}. They also
enumerated these maps: they used character theory and techniques developed by Philip
Hall in [13] using Mobius inversion to show that there is at least one pair [R, S] as above
in each Sz(q). Then they used the fact that each element of order 4 is not conjugate to its
inverse in Aut(Sz(q)) to conclude that every such map has to be chiral. For more results
of that kind, we refer to [15, 14]. Mazurov and Timofeenko also used similar techniques
to find those sporadic groups that can be generated by triples of involutions, two of which
commute (see [18, 21]), therefore determining which sporadic groups are full automor-
phism groups of non-orientable regular maps.

Given a pair [R, S] € G? satisfying (1.1), we can construct a regular map M of type
{p, q} from it with G being the orientation-preserving subgroup of the full automorphism
group of M. Frobenius’ formula therefore gives us the number of regular maps that have G
as such subgroup. The idea of the present paper is to use this formula in a systematic way
to determine for a given group GG what are the possible types for a map M with G being
either the orientation-preserving subgroup of Aut(M) or G being the full automorphism
group of M in the non-orientable case.

In this paper, we design an algorithm to compute up to isomorphism the number of reg-
ular maps (reflexible or chiral) having a given group G as group of orientation-preserving
automorphisms, based on the character tables of G and its subgroups and on the subgroup
lattice of G. To show the efficiency of our algorithm, we implemented it in MAGMA [2]
and used it on the O’Nan sporadic simple group O’N. The choice of O’N is motivated by
the fact that this is one of the most mysterious sporadic groups. Its smallest permutation
representation is on 122,760 points and its subgroup lattice is relatively small.

The motivation of the paper first came from abstract regular polytopes. A recent paper
by the authors and Mark Mixer [8] classifies all abstract regular polytopes of rank at least
four for the O’Nan group. Hence rank three remains open. For a simple group G, a non-
orientable regular map M whose full automorphism group is G is also an abstract regular
polyhedron while a chiral map is a chiral polyhedron. Hence, getting to know which types
are possible for G is also interesting in the study of abstract polyhedra whose automorphism
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group is G.

There is most likely a very large number of pairwise non-isomorphic abstract polyhe-
dra having the O’Nan group as automorphism group. For instance, as shown in [17], the
third Conway group, whose order is comparable, has 21, 118 abstract regular polyhedra
up to isomorphism. Here, we derive the possible types {p, ¢} for maps having O'N as
automorphism group. Our results for the O’Nan group may be summarized as follows.

Theorem 1.1. Let G be the O’Nan sporadic simple group and let
P:=1{3,4,5,6,7,8,10,11,12,14,15,16,19, 20, 28, 31}.
1. There exist two elements R, S € G such
o(R) =p,0(S) =q,0(RS)=2,(R,S)=G

foreveryp < g € P except for {p,q} = {3,3}, {3,4}, {3,5}, {3,6}, {3, 7}, {3,12}
and {4,4}.

2. There are 796,772 orbits of such pairs {R,S} under the action of Aut(O'N) =
OIN : CQ.

3. Orientably-regular but chiral maps M with Aut(M) = G exist for all pairs {p, q}
of (1) except {3,15} (that is 128 possible types).

4. Non-orientable regular maps M with Aut(M) = G exist for all pairs {p, q} of (1)
except {20, q}, {31,q} (with q € P), {3,10}, {4,5} and {4,6} (that is 95 possible
types).

5. Reflexible maps M with Aut(M) = Aut(G) exist for all pairs {p,q} of (1) except
{8,4q}, {16, q} (with q € P) (that is 98 possible types).

The paper is organized as follows. In Section 2, we introduce the theoretical back-
ground needed to understand this paper. In Section 3, we describe our algorithm. In Sec-
tion 4, we summarize the results obtained on the O’Nan sporadic simple group and obtain
(1) and (2) of Theorem 1.1. In Section 5, we determine the types of maps that exist for
the O’Nan group, deriving (3), (4) and (5) of Theorem 1.1. In Section 6, we give an algo-
rithm to generate efficiently all maps of type {p, ¢} for a fixed p. Finally, in Section 7, we
conclude our paper with some remarks.

2 Theoretical background
2.1 Regular maps

In this paper, a map is a 2-cell embedding of a connected graph into a closed surface without
boundary. Such a map M has a vertex-set V := V(M), an edge-set £/ := E(M) and a set
of faces ' := F'(M). We call VU E U F the set of elements of M. Atriple T := {v, e, f}
where v € V, e € F and f € F is called a flag if each element of T is incident with
the other elements of 7. The map is called orientable if the underlying surface on which
the graph is embedded is orientable. Otherwise, it is called non-orientable. Faces of M
are simply-connected components of the space obtained by removing the embedded graph
from the surface. An automorphism of a map is a permutation of its elements preserving
the sets V, E and F' and incidence between the elements. Automorphisms form a group
under composition called the automorphism group of the map and denoted by Aut(M).
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If there exist a face f and two automorphisms R and .S such that R cyclically permutes
the consecutive edges of f and S cyclically permutes the consecutive edges incident to
some vertex v of f, then M is called a regular map in the sense of Brahana [3]. In this case,
the group Aut(M) acts transitively on the vertices, on the edges and on the faces. All faces
are thus bordered by the same number of edges, say p and all the vertices have same degree,
say ¢. The pair {p, ¢} is known as the type of M. Observe that the topological dual of M,
denoted by M* is obtained by switching vertices and faces (that is V(M*) := F(M),
E(M*) := E(M), F(M*) := V(M)). Tt is also regular and its type is {q, p}.

Note that R and .S may be assumed to be such that RS interchanges v with one of its
neighbors along an edge e on the border of f, interchanging f with the other face containing
e. The three automorphisms R, S and RS then satisfy the following relations.

RP = 87=(RS)* =1 2.1)

If a regular map M also has an automorphism a which flips the edge e but preserves f, then
we say that M is reflexible. In that case, Aut(M) has a unique orbit on the set of flags.
Moreover, Aut(,M) is generated by the three automorphisms a, b := aR and ¢ := bS that
satisfy the following relations: a? = b* = ¢? = (ab)? = (ac)? = (bc).

If the map M is orientable, then the elements R = ab and S = bc generate a nor-
mal subgroup of Aut(M) of index 2, consisting of all elements expressible as words of
even length in {a,b, c}. This subgroup is called the rotational subgroup and denoted by
Aut™(M). All elements of Aut™ (M) are precisely those preserving the orientation of
the underlying surface while all other elements of Aut(M) reverse the orientation. In the
non-orientable case, each of a, b and ¢ can be expressed as a word in {R, S} and hence,
Aut(M) = (R, S).

If there is no automorphism a which flips the edge e but preserves f, then we say that
the map M is chiral. Its automorphism group can be generated by the rotations R and
S and M is necessarily orientable. Moreover, chiral maps occur in opposite pairs, each
member of which is obtainable from the other by reflection.

2.2 Frobenius’ formula

The search for maps having G := (R, .S) as an automorphism group is equivalent to the
search for triples of elements x,y, 2z € G satisfying (1.1) by posing z = (RS)~! = RS,
y = Rand z = S. Let G be a finite group and let

Oe({p.q}) = {[z.y. 2] € G*lo(x) = 2,0(y) = p,0(2) = q,0(xyz) = 1}.

In order to determine the cardinality ¢ ({p, ¢}) of Il ({p, ¢} ), we use the following result,
due to Frobenius (see [12], section 4, equation 2).

Theorem 2.1. If C;, C; and C}; denote conjugacy classes of elements in a finite group G,
the number of solutions of g;g;gr, = 1 in G, with each g, € Cy is

Nijp = |Cil - \%W |G| 3 X(Qi)X(glj)X(gk) 2.2)
|G| e x(1)
where Irr(G) is the set of irreducible characters of G.

This theorem gives us an easy way to compute 7 ({p, ¢})-
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Corollary 2.2. Let G be a group. Let C1, . .., C,. be the conjugacy classes of elements of
G. Let K, :={i € {1,...,r} | o(x) = n for some x € C;}. Then

a(pra}) = Z Z Z |Cyl - |C|| |Ck| Z x(gi X(l)X(gk)' 2.3)

€K, jJEKq k€K x€lrr(G)

Proof. Straightforward. O

Let Ta({p, q}) := {[z,y,2] € Ue({p,q}) | (2,y,2) = G} and let ya({p,q}) :=
ITa({p, q})|- The following lemma is the basis of our algorithm.

Lemma 2.3. For a given group G and two integers p,q > 1, we have

vo{p,a}) =ra({p.a}) = D> vu{p.q})

H<G

or equivalently

vo({p,a}) = ma({p.a}) = > vu{p,q}) x [G : Na(H)]

HeC

where C is a set containing one representative of each conjugacy class of nontrivial proper
subgroups of G.

Proof. Straightforward. O

As observed by Hall in [13], page 135, the number ng({p, q}) of pairwise non-iso-
morphic triples satisfying (1.1) is then obtained by dividing v ({p, ¢}) by the order of the
automorphism group of GG. In other words,

ne({p.q}) = m- 24)

Following Lemma 2.3, we readily see that, in order to compute v ({p, ¢}), it suffices
to get one representative H of each conjugacy class of subgroups of GG, and for each such
H, to compute its normalizer and v ({p, ¢}).

3 An algorithm to compute v;({p, q})

Let G be a finite group. We detail an algorithm that determines 7 ({p, ¢}) and v¢({p, ¢})
for given values of p and ¢. In view of the developments of Section 2.2, 7 ({p, ¢}) can
be computed using only the table of ordinary characters of G. Assuming that the character
table of G is available (as it is the case for many simple groups in MAGMA [2] for instance)
or easily computable, this is straightforward. Trickier is the computation of v ({p, q}).
Since

vo{p,a}) = ma({p.a}) = > vu({p,q})

H<G

we observe that there is a natural recursive way to compute vy ({p, ¢}). It only requires the
knowledge of the subgroup lattice of G.
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Input : G a permutation group
p, q two positive integers

Output : v¢ = ve{p,q})

Compute the subgroup lattice A(G) of G.
The subgroup lattice A(G) can be seen as an ordered list
with least element (G and greatest element the trivial
group. If a subgroup of class % contains a subgroup of
class j, then i<j.

For each conjugacy class C of subgroups of G,
Take a representative H of C.

If the order of H is divisible by #‘%pq)

Compute 0 : H — H an isomorphism that reduces
the permutation degree of H.

Compute the subgroup lattice A(I:I) of H and
compute mz({p,q}) using equation (2.3).

Now, read through A(G) starting from the trivial subgroup.
At each step i, let H be a subgroup of the " conjugacy
class that is considered and compute v5({p,q}).

This computation requires the knowledge of AFI and
vi({p,q}) for all I < H. Note however that it is
guaranteed that 7;({p,¢}) has been already computed at
this stage since the lattice A(G) is endowed

with a suitable ordering as mentioned earlier.

When all steps above have been done, 7g has been computed.
Return ~g

Figure 1: An algorithm to compute v ({p, ¢})

The algorithm given in Figure 1 makes use of the obvious recursive way of computing
~va({p, ¢}) but it is not a recursive algorithm. Indeed, it carefully avoids multiple com-
putations, for instance by computing only once the subgroup lattice and character table of
one representative of each conjugacy class of subgroups of G. It also tries to reduce the
permutation degree of each subgroup before dealing with it which speeds up computations
of the subgroup lattice and the character table of the subgroups.

Indeed, our algorithm computes (or at least yields) the Mobius function of G this could
be useful in many other contexts, e.g. in enumerating quotients isomorphic to G in other
finitely generated groups.



T. Connor and D. Leemans: Algorithmic enumeration of regular maps 217

4 An application: the O’Nan sporadic simple group

In order to illustrate the efficiency of our algorithm, we implemented it in MAGMA [2]
and we ran it on O’N, the sporadic simple group of O’Nan, of order 460, 815,505, 920
and smallest permutation representation degree 122, 760. Observe that |Out(O'N)| = 2.
In MAGMA, the function SubgroupLattice computes the subgroup lattice of a given
finite group. In the case of O’N however, SubgroupLattice is not able to compute this
lattice?. Fortunately, an algorithm to compute subgroup lattices of groups like O’N is made
available in [7].

We computed the numbers 7o/x ({p, ¢}), Yorn{p, ¢}) and no N ({p, ¢}) for all possible
values of p and ¢. Recall that, by Formula (2.4), non({p, q}) is obtained by dividing
~von({p, q}) by the order of Aut(O’N) which is 2 - |O’N|. There are 17 distinct orders
of elements in O'N. One of them is 2 and if p or ¢ is 2, then v¢({p, ¢}) is null as O'N
is a simple group. Hence, in total, there are 16%15/2 + 16 = 136 possible unordered pairs
{p, q}. Out of these, five give obviously 0, namely those pairs that give groups which are
solvable or isomorphic to As, that is {3, 3}, {3,4}, {3,5}, {3,6} and {4,4}. Therefore,
there remain 131 of them to compute. We give in Table 1 the values ng({p, ¢}) for O’'N.
The 131 cases have been spread on several processors. Each case took on average 5 days
to finish. Point (1) of Theorem 1.1 is then obtained by collecting the nonzero entries of
Table 1. The sum of all the numbers appearing in that table gives point (2) of Theorem 1.1.

Note that Woldar had already shown in [22] that O’N is not a Hurwitz group, mean-
ing that g3 73 = 0. He also showed that 73113 # 0. Moreover, in [10], Darafsheh,
Ashrafi and Moghani showed that v, ;3 # 0 for the following twelve pairs: {3,19},
{3,31}, {5,7}, {5,11}, {5,19}, {5,31}, {7,11}, {7,19}, {7,31}, {11,19}, {11,31}
and {19,31}. Very recently, Al-Khadi [1] showed that 73123 = 0 and 73,4, # 0 for
q € {8,10,12,14, 16, 20, 28}.

5 Regular maps for O'N

By Table 1, we know exactly how many pairs of generating elements {R, S} satisfy-
ing (2.1) exist up to isomorphism for any given pair {o(R),0(S)}. For instance, there
are 7 such pairs { R, S} with {o(R),0(S)} = {3, 10}.

If there is no automorphism of G := (R, .S) that inverts R and S, G is the full auto-
morphism group of an orientably-regular but chiral map of type {p, ¢} (and its dual of type
{q,p}). The pair { R, S} is then called chiral.

On the other hand, if there exists an automorphism 6 € Aut(G) such that 0([R, S]) =
[R~1, 871, then 6 is an involution and the pair {R, S} is called reflexible. In this case,
the group generated by R, S and 6 is the full automorphism group of a reflexible map M
of type {p, ¢}, with G = Aut™ (M), the orientation-preserving subgroup (of index 2) and
Aut(M) =2 G : C where “” denotes a semi-direct product. This semi-direct product is
sometimes a direct product, namely when the automorphism @ is an inner automorphism of
G. In that case, G is also the full automorphism group of a non-orientable map N of type
{p, ¢} (and its dual of type {q, p}). Moreover, M is then an orientable double cover of \/,
and Aut(M) = G x Ch.

The following lemma gives point (3) of Theorem 1.1.

2at least up to version 2.19-3 of MAGMA
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Lemma 5.1. Let G be the O’Nan sporadic simple group. For every pair {p,q} of The-
orem 1.1.(1) except {3,15}, there exists at least one chiral map M of type {p, q} with
Aut(M) = G.

Proof. A non-exhaustive computer search with MAGMA produced chiral maps of all pos-
sible types except {3,15} in a few days. By Table 1, there are 6 non-isomorphic pairs
of type {3,15}. Using MAGMA, we produced the 6 non-isomorphic pairs {R, S} and
checked that for each of them, there exists f € Aut(G) that inverts R and S. For four of
them, 6 € Inn(G) and for two of them, 6 is an outer automorphism. O

Since O’'N is simple, a non-chiral regular map M with Aut(M) = O'N is necessarily
non-orientable.

Lemma 5.2. Let G be the O’Nan sporadic simple group. Non-orientable regular maps
of type {p, q} with G as full automorphism group do not exist for pairs {p, q} with p or q
equal to 20 or 31.

Proof. 1t suffices to observe that all elements of order 20 and 31 are not conjugate to their
inverse. Hence, an automorphism that would reverse R and S in this case is necessarily an
outer automorphism. O

The above lemma combined with those values 7y, 41 equal to O gives at most 98 pos-
sible types for non-orientable maps having O’N as full automorphism group. A non-
exhaustive brute force search gave in a few days examples of such maps for 92 types.
For the remaining 6 types, we did exhaustive searches and here is a summary of what we
found.

e {3,10}: an exhaustive search found 6 chiral maps and 1 pair { R, S} with 6 an outer
automorphism;

e {4,5}: an exhaustive search found 16 chiral maps and 2 pairs { R, S} with 6 an outer
automorphism;

e {4,6}: an exhaustive search found 42 chiral maps and 1 pair { R, S} with  an outer
automorphism;

e {5,5}: an exhaustive search found 22 chiral maps, 2 non-orientable maps and 2 pairs
{R, S} with # an outer automorphism;

e {5 7} and {7,7}: we found at least one non-orientable map for each type.
The above results are summarized in point (4) of Theorem 1.1.

Lemma 5.3. Let G be the O’Nan sporadic simple group. There is no reflexible map M of
type {p, q} such that Aut(M) = Aut(QG) for any pair {p, q} with p or q equal to 8 or 16.

Proof. All elements of order 8 and 16 are conjugate to their inverse. Moreover, there is no
outer automorphism mapping such an element to its inverse. O

The above lemma combined with those values ¢, ;) equal to 0 give at most 98 possible
types for reflexible maps M with Aut(M) = Aut(G). A brute force search gave us 95
types for which such pairs exist in a couple of days. We dealt separately with the three
types that the search did not find. Below is a summary of what we found.
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e {4,5}: an exhaustive search found 16 chiral maps and 2 pairs [R, S] with 6 an outer
automorphism;

e {5,5}: an exhaustive search found 22 chiral maps, 2 non-orientable regular maps
and 2 pairs [R, S] with 6 an outer automorphism;

e {6,12}: at least one pairs [R, S] with 6 an outer automorphism was found.

The above results are summarized in point (5) of Theorem 1.1.

6 Generating all maps for the O’Nan group

The O’Nan group has a unique conjugacy class of involutions and the centralizer of an
involution is a group 4 - L3(4) : 2 of order 161,280. It is the largest centralizer of an
element of order at least 2. This suggests an algorithm to construct all of the 796,772 pairs
(R, S) for the O’Nan group to study the prevalence of chirality over regularity for this
group.

To generate all pairs { R, S} with S an element of order p and R an element of order
> p, we construct a permutation representation of O’N on its involutions. This is done by
constructing the coset space of O’'N on Co/n(p) for an arbitrary involution p € O’'N.

Let P be a sequence. We will use P to store pairs of elements of O'N. Let G be
the permutation representation on the cosets of Co/n(p) and let ¢ : O'N — G be an
isomorphism between O’N in its natural permutation representation and G. Let S be a
sequence containing one representative of each conjugacy class of elements of order p in
O’'N. For s € S, let O be the set of orbits of ¢(s). For each o € O, let x be a representative
of o and let ¢! (G.) be the centralizer of an involution in O’N that correspond to the fixed
point z. Let 7 be the involution centralized by ¢~1(G,). Let R := 7« S~1. Then {R, S}
is a pair with RS = 7 an involution. If (R,S) = O'N and there is no pair {R/, S’} in
P isomorphic to {R, S}, append {R, S} to P. When a new pair {R, S} is found, we can
determine whether it gives an orientably-regular but chiral map or a non-orientable map
whose full automorphism group is O’N. In the process, we use the results of Section 5
to shorten the computations: we keep track of how many pairs of each type have been
generated so that, once we get the total number for a given type, we do not have to consider
that type anymore.

Each chiral map (respectively non-orientable map) whose full automorphism group is
O'N is also an abstract chiral polyhedron (respectively abstract regular polyhedron). There-
fore, the algorithm described above permits in theory to construct all chiral and regular
polyhedra for the O’Nan group.

7 Concluding remarks

In practice, to generate all the 284 pairs of type {3, ¢}, it took less than 4 hours on a
computer with a processor running at 2.9Ghz. We needed 11 days to generate all 5176
pairs of type {4, ¢} and 28 days for the 7738 pairs of type {5, ¢}. Experiments with other
types gave an average time of more than five minutes per map.

Out of the 284 pairs of type {3, ¢}, 230 give a chiral map and 39 a non-orientable
map with full automorphism group O’N. Out of the 5176 pairs of type {4, ¢}, 4906 give
a chiral map and 114 a non-orientable map with full automorphism group O’N. Out of
the 7738 pairs of type {5, ¢}, 7340 give a chiral map and 188 a non-orientable map with
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full automorphism group O’N. The tendency of maps of chiral type being more prevalent
seems confirmed by the partial results we obtained on maps of type {p, ¢} with ¢ > p > 6.

For all these maps, answering questions like “what are the exponents® of M, is it self-
dual, etc.” is possible.
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3See [19] for a definition.
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