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Abstract

The 1-2-3 conjecture states that every simple graph (with no isolated edges) has an
edge weigthing by numbers 1, 2, 3 such that the resulting weighted vertex degrees form a
proper coloring of the graph. We study a similar problem for oriented hypergraphs. We
prove that every oriented hypergraph has an edge weighting satisfying a similar condition,
even if the weights are to be chosen from arbitrary lists of size two. The proof is based
on the Combinatorial Nullstellensatz and a theorem of Schur for permanents of positive
semi-definite matrices. We derive several consequences of the main result for uniform
hypergraphs. We also point on possible applications of our results to problems of 1-2-3
type for non-oriented hypergraphs.
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1 Introduction

The famous 1-2-3 conjecture, posed by Karoriski, fuczak, and Thomason [8], states that
every simple graph (with no isolated edges) has an edge weighting with integers 1,2, 3
such that no two adjacent vertices get the same weighted degrees. This innocently looking
problem remains open for more than ten years, despite serious attacks based on various
techniques, including the celebrated Combinatorial Nullstellensatz of Alon [1] (see [2, 10,
12]). The best result up to now [6] confirms the conjecture when the set of allowable
weights includes also 4 and 5. There were also many variants considered involving lists,
orientations, and most recently hypergraphs (see [2, 3, 5, 7]). It is known, for instance,
that any oriented graph has a weighting with numbers 1 and 2 only, such that the resulting
weighted degrees are different for every pair of adjacent vertices [2, 9].

In this paper we consider the list version of the 1-2-3 conjecture for oriented hyper-
graphs. A hypergraph H on the set of vertices V' is a family E of non-empty subsets of V,
called the edges of H. A hypergraph H is k-uniform if each of its edges has size exactly k.
So, a 2-uniform hypergraph is just a simple graph. Let Iy denote the incidence graph of a
hypergraph H, that is, a bipartite graph with color classes V and E, whose edges are of the
form ve, withv € V, e € E, whenever v € e.

Now, by an orientation of a hypergraph H we mean any function p: E(Iy) — C
assigning non-zero complex “signs” to the edges of the graph Iz. The cumulated degree
of a vertex v € V is defined by

D, = Z p(ev).

esv

If the range of the mapping 4 is confined to the set {—1,+1}, or more generally, to the
set of complex roots of unity, then we get a natural generalization of traditional orientation
of a simple graph. The orientation p is conveniently represented by the oriented incidence
matrix X = [fi¢y] of dimension |E|x |V|, where pie, = p(ev) ifev € E(Ig), and e, = 0,
otherwise. By an oriented hypergraph we mean a hypergraph H together with some fixed
orientation .

Suppose now that each edge ¢ € E of an oriented hypergraph (H, u) is assigned a
complex weight w,. Then the resulting weighted degree of a vertex v € V' is computed as

W, = Z HevWe-

esSv

For each e € E we now define
We = Z ,UZ@ W,
vee
where z* denotes the complex conjugate of . Observe that in case of a usual oriented
graph, W, is exactly the difference between weighted degrees of both ends of e. We say
that the weighting w is virtuous if for each edge e € E we have

W, # 0.

Suppose that a list of complex numbers L. is assigned to each e € E. We say that an
oriented hypergraph H is t-weight choosable if for any lists satisfying |L.| > t we are able
to choose weights w. € L. so that w is a virtuous weighting of . Our main theorem
extends the results of [2] and [9] in the following way.
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Theorem 1.1. Every oriented hypergraph is 2-weight choosable.

In the next section we will give an algebraic proof of this theorem based on the Com-
binatorial Nullstellensatz. It is inspired by the approach applied in [9]. In the last section
we will speculate on possible consequences of this result for non-oriented hypergraphs, in
particular, to the recent intriguing conjecture of Karoriski, Kalkowski, and Pfender [7].

2  Proof of the main result

First recall the celebrated Combinatorial Nullstellensatz of Alon [1].

Theorem 2.1 (Alon). Let K be an arbitrary field, and let F = F(x1,x2,...,x,) be a
polynomial in K|x1,%,...,2,). Suppose that the total degree of f is Y., t;, where
each t; is a nonnegative integer, and suppose that the coefficient of ]_, x? is nonzero.
If S1, 8o, ..., Sy are subsets of K, with |S;| > t;, then there are s; € S1, 83 € Sa, ...,
Sn € S, so that

F(s1,892,...,8,) #0.

Let A = (ai;)nxn be a square matrix with complex entries. Recall that the permanent

of A is defined by:
per(A) = Z Hai,o(i)7
€Sy i=1
where S,, denotes the group of permutations of the set {1,2,...,n}. This is seemingly

almost the same as the determinant of A, only the signs of permutations o are ignored. The
following classic result of Schur [11] gives a relation between permanent and determinant
of a Hermitian matrix.

Theorem 2.2 (Schur). If A is a positive semi-definite Hermitian matrix, then per(A) >
det(A), with equality if and only if A is diagonal or A has a zero row.

Proof of Theorem 1.1. Let H be a hypergraph with n vertices, m edges, and fixed orienta-
tion . Assume that a list L, with two complex numbers has been assigned to each edge
e € E of H, as well as a complex variable z.. Let us define

Pu = Z HevTe

esv

for each vertex v € V of H, and

PSZZNZUPU

vEe
for each e € E. Finally, let us define the complex multivariate polynomial
Py = H P,.
ecE

We see that H is 2-weight choosable if

PH(welawezw")wem) 7& 0
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for some choice of weights w, € L., withe € E.
Each monomial in Py has total degree m. We are going to show that the coefficient of

11 =
ecE

is nonzero. This will finish the proof by Theorem 2.1.
Let us expand Pp. We have:

P = ZILLZ’UP'U = ZNZUZ/vaxf = ZIU’Z’U Z Hfolf-

vEe vEe fov veEe fEE

The sums in the last expression are independent, thus we can write

Po= "> pioppety = DY ety
vEe fEE fEE vee

Let
Mep =Y Piybfo.

vee
Let M be the m x m matrix consisting of the m.y. From the above definition it follows
that M = X X*, where X is the oriented incidence matrix of H, and X * is its conjugate

transpose.
We have
Pe = Z mefxf,
fEE
and
PH = H P6 = H Zmefl‘f.
e€EE ecE feE
It follows that the coefficient of
11 =
ecE

is equal to per(M). So, it is enough to prove that per(M) # 0 (see the permanent lemma
in [1]). To get this we will apply Schur’s theorem. First notice that for any complex vector

z we have
aMz* =2 XX 2" = 2X(2X)" = |2X[*.

As the last number is real and non-negative, M is positive semi-definite. Notice also that
by assumption H has no empty edges and ., # 0 for all v € e. Therefore all entries on
the main diagonal of M are strictly positive real numbers. In particular, M has no zero
row. Hence, if M is not diagonal, then by Schur’s theorem we get

per(M) > det(M) > 0.
If M is diagonal, then

per(M) = det(M) = H Mee > 0.
eeE

This completes the proof. O
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3 Some applications for uniform hypergraphs

We give two applications of Theorem 1.1 extending some results from [2, 5] and [9]. For
simplicity we confine ourselves to uniform hypergraphs with specific orientations defined
as follows. Let k& > 2 be a fixed positive integer and let Uy denote the multiplicative
group of k-th complex roots of unity. If € is a primitive root in Uy, then we may write
Up={1,6,e%,... g1}

Let H be a k-uniform hypergraph. Consider a canonical orientation of H given by the
mapping p: E(Ig) — Uy such that p(eu) # p(ev) for every edge e € E and any two
vertices u, v € e. Notice that for £ = 2 we get the traditional orientation of a simple graph.
Recall that a coloring of the vertices of a hypergraph is proper if no edge is monochromatic.

Corollary 3.1. Every canonically oriented k-uniform hypergraph H has an edge weighting
with numbers 1,2 such that weighted vertex degrees give a proper coloring of H.

Proof. Let H be a given k-uniform hypergraph and let i be any canonical orientation of
H. Assign the lists L, = {1,2} to all edges of H. Then by Theorem 1.1 there exists a
virtuous edge weighting w such that w, € {1,2} for every e € E. We claim that this
weighting satisfies the assertion of the corollary. Suppose on the contrary that this is not
the case, and that there is some edge e = {v1,va,..., v} such that all weighted degrees
W,, are equal:

Wy, =--=W,, =W.

This implies that

k
We:Z (ev;)" W, = Wz,uevZ =0,
i=1

since
k
S plevi)t =14e+- b=,
i=1
This contradicts the virtue of the weighting w. O

Corollary 3.2. Every k-uniform hypergraph H has a canonical orientation such that cu-
mulated vertex degrees give a proper coloring of H.

Proof. Let H be a given k-uniform hypergraph and let 1 be any of its canonical orien-
tations. Assign the list L, = {1,¢} to every edge ¢ € E. Then by Theorem 1.1 there
exists a virtuous edge weighting w such that w. € {1,¢} for every e € E. Consider now a
new orientation ' defined by p/(ev) = p(ev)w, for every edge ev of the incidence graph
Ir. We claim that this orientation satisfies the assertion of the corollary. Suppose on the
contrary that this is not the case, and that there is some edge e = {v1,va, ..., v} with all
cumulated degrees D,,, equal in orientation y':

Dvl:"':ka:D-

This implies that also weighted degrees W, are equal to D, since

Wui:Z (ev; )we Z,u ev;) = D,, = D.

es3v; esdv;
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In consequence, we get

k k
We = Z,u*(evi)in =D ZU(BW)*: 0,
i=1

i=1

which contradicts the fact that w is virtuous. O

4 Discussion

We conclude the paper with pointing on some possible applications of our results to non-
oriented problems of “1-2-3” type. Actually, the original 1-2-3 conjecture can be stated in
a setting similar to virtuous weightings of oriented hypergraphs. To see this consider a bi-
partite graph B on bipartition classes X and Y with some signing p: F(B) — {—1,+1}.
Let w: X — Z be a weighting of one part of B. Then for every vertex y € Y we may
define the induced weight of y by

W= 3 wle)n(e),

€N (y)

where N(y) denote the set of neighbors of y. A weighting w is called half-virtuous if
W, # 0 for every y € Y. A natural problem is to find for a given signed graph B, the
least integer k such that B has a half-virtuous weighting with w(x) € {1,2,...,k} for
each x € X. It is not hard to see that 1-2-3-conjecture is equivalent to the statement that
certain signed bipartite graphs arising from simple graphs have half-virtuous weightings
with weights in the range {1,2,3}. Consider a simple graph G and the related bipartite
graph B on bipartition classes X = Y = E(G), with xy € E(B¢) whenever x and y
are incident edges of G. An appropriate signing y is defined so that for a fixed y € Y, the
edges xy, 2’y € E(Bg) have the same sign if and only if 2 and =’ are incident in G to the
same end of y. A half-virtuous weighting of B¢ is then equivalent to a weighting of the
edges of G with different sums over edges incident to opposite ends of any given edge.

It is also possible that our results could be useful in a recently introduced version of the
1-2-3 conjecture for (non-oriented) hypergraphs [7]. Let H be a k-uniform hypergraph and
let w denote a weighting of its edges. For every vertex v define its weighted degree by

VVv = Zwe~

esv

Recall that a proper coloring of H is a coloring of its vertices such that no edge is monochro-
matic. A hypergraph H is r-weight colorable if there is a weightingw: E(H) — {1,2,...,
r} such that the weighted degrees W, form a proper coloring of H. The following conjec-
ture is stated in [4] (see also [7]).

Conjecture 4.1. Every k-uniform hypergraph (k > 2) with no isolated edges is 3-weight
colorable.

The conjecture holds for random uniform hypergraphs in a stronger sense that even
non-weighted degrees give a proper coloring, as proved recently in [4]. Another strong
support for validity of the conjecture is given in [7], where it is proved that every non-
trivial hypergraph (not only uniform) is (2, 3)-weight colorable. This means that a proper
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coloring of a hypergraph is obtained by using weights {1, 2, 3} for the edges, and weights
{1, 2} for the vertices, with weighted vertex degrees computed by a formula:

W, =w, + Z We.
esv
This statement in restriction to simple graphs was formerly proved by Kalkowski in his
PhD thesis. Then the result was extended to the list version by Wong and Zhu [12] who
applied the Combinatorial Nullstellensatz. This encourages us to conclude the paper with
the following general conjecture.

Conjecture 4.2. Every k-uniform hypergraph (k > 2) with no isolated edges is 3-weight
choosable.
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