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Abstract

The discrete element method (DEM) is an alternative 
computational tool for augmenting laboratory experiments 
because of its advantages in detailing macro- and micro-
mechanical information. However, it should be noted that 
the DEM does not usually consider the convergence for 
each time step, because of the necessity for a huge calcula-
tion time. In that case, it indicates that the uniqueness 
of the solution is not guaranteed, except in the case of a 
very small strain rate, even though the behavior looks 
qualitatively reasonable. At first, the influence of strain rate 
among numerically imaginary input parameters for a non-
cohesive material was investigated for monotonic, biaxial 
shear tests. Then, new findings were obtained from the 
DEM simulations. Strain rate has a significant influence 
on the shear behavior, especially after the peak strength of 
dense specimens. A quasi-static steady state exists, not a 
static steady state. The “strong” fabric ratio is closely related 
to the stress ratio. The maximum slip coordination number 
occurs around the phase-transformation ratio and the 
shear band appears around the peak strength.

1 INTRODUCTION

The discrete element method (DEM) is a numerical 
analysis tool originally developed by Cundall and Strack 
[1] for simulating blocky and granular materials. Various 
studies on the shear behavior in element tests have been 
conducted, e.g., confining the pressure and the initial 
void ratio (2, 3); the stress chain [1]; the fabric tensor [4, 
5]; and the critical state condition [3, 6-8]. On the other 
hand, there are very few studies about the validation and 
verification of the DEM [9, 10]. The uniqueness of a DEM 
solution and the effects of modeling details (e.g., the strain 
rate, the damping constant and the time step) have not 
been investigated sufficiently for a non-cohesive material. 
Moreover, it might be very difficult to study these effects 
for a cohesive material [11]. Suzuki and Kuhn [12] have 
shown that the strain rate among numerically imaginary 
input parameters for a non-cohesive material has a greater 
influence on the behavior after the peak strength, using 
different strain rates of 4.0 s-1 to 0.0008 s-1. Here, it should 
be noted that the DEM does not usually consider the 
convergence for each time step because of the necessity 
for a huge calculation time. In this case it indicates that 
the uniqueness of the solution is not guaranteed, except 
for the case of a very small strain rate, even though the 
behavior looks qualitatively reasonable.

In this paper the behaviors of two kinds of specimens 
(i.e., loose and dense samples) in biaxial compression 
tests were studied qualitatively and quantitatively, consid-
ering the influence of the virtual strain rate, not the real 
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strain rate, especially in order to clarify the relevance 
between the macro- and micro-mechanical behaviors.

2 NUMERICAL EXPERIMENTAL METHOD

2.1 Sample preparation

DEM simulations were run with the Oval code, developed 
by Kuhn [13] and based upon the principles in Cundall 
and Strack [1]. The contact forces were modeled with 
linear springs, with tangential forces limited by the fric-
tion coefficient. Two-dimensional assemblies were created 
with 8,192 egg-shaped, oval particles, a smooth non-
circular shape that is composed of four arcs, joined to an 
approximate ellipse. To prepare the virtual specimens, 
oval particles of nine different sizes (2–10 mm), having 
the same aspect ratio of 0.60, were loosely arranged on 
a rectangular grid. The assemblies were isotropically 
compacted until a pressure of 100 kN/m2 was attained, 
followed by a quiescent period of constant isotropic stress 
that allowed any unbalanced contact forces to dissolve. 
Two specimens were created using inter-particle friction 
coefficients of 0.0 and 0.6 during the compaction stage, 
producing dense and very loose samples, having void 
ratios of 0.112 and 0.246, respectively.

The assemblies were loaded in monotonic, drained, biax-
ial compression with vertical loading until they attained 
an equivalent deviatoric strain of 0.8 (i.e., 80 %) that 
might be in the steady state at the large strain. The simu-
lation conditions are given in Table 1. During monotonic 
loading in the vertical direction, a constant confining 
stress of 100 kN/m2 was maintained by continually 
adjusting the horizontal width of the assembly (i.e., the 
horizontal strain). Periodic boundaries were used to 
avoid the non-homogeneity at the corners, which would 
otherwise occur if rigid boundaries were used [14]. 

 Parameter Type or value
 Shape Oval

 Number n 8,192
 Diameter d 2.0–10.0×10-3 m
 Density ρs 2.65×103 kg/m3

 Initial void ratio e0 0.112, 0.246
 Spring constant kn , ks 5.0×107 N/m
 Coefficient of friction
between particles μp

0.6

 Damping constant h 0.08
 Time step Δt 1.0×10-5 s

 Vertical axial strain rate ve 0.004 s-1

Table 1. Calculation conditions for the biaxial compression loading.

Global damping [1] is used to give a more stable solu-
tion, compared with the contact damping [15]. During 
monotonic loading, an inter-particle friction coefficient 
of 0.60 was used with the assemblies.  

2.2 Convergence condition

A solution convergence condition was checked at each 
time step to monitor the unbalanced resultant force 
index Iuf [13, 16]:
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where Np , Nc = the numbers of particles and contacts, 
respectively; pf =res  the unbalanced particle force; 
and f c the contact force. The low values of Iuf indicate 
nearly quasi-static conditions and the minimal effect of 
numerical damping.

2.3 Scalar quantities of stress and strain

The following scalar quantities of stress are used to pres-
ent the results of the biaxial loading conditions:

1
2 2

v h
iip

s s
s

+
= =         (2a)

v hq s s= -          (2b)

where p, q = the mean and equivalent deviatoric stresses 
for the two-dimensional problem, and v, h = the 
subscripts for the vertical and horizontal directions (i.e., 
the directions of loading and confinement, respectively).  
The strain quantities are as follows:
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where ,e e =vol  the compressive volumetric and equiva-
lent deviatoric strains for the two-dimensional problem, 
and Δe, e0 = the incremental and initial void ratios. 
The incremental strains, devol  and de , complement 
the stresses, p and q, such that the incremental work 
is the simple sum ij ijpd qd de e s e+ =vol . The stress is 
computed from contact quantities using the Cauchy 
equation, 

1

1 cN
c c

ij i j
c

l f
A

s
=

= å         (4)



19.Acta Geotechnica Slovenica, 2015/1

K. Suzuki: Influence of the virtual strain rate of non-cohesive granular media on the discrete element method

where c
jf = the components of the contact force, 

c
il = the corresponding branch vector connecting the 

centers of two particles, and A= the full area of the two-
dimensional assembly.  

3 SHEAR BEHAVIOR UNTIL THE QUASI-STATIC 
STATE

The vertical strain of 0.004 s-1, as shown in Table 1, is 
used as the reference standard for comparing the other 
rate, i.e., 4.0 s-1. The monotonic, bi-axial, shear compres-
sion tests were traced until an equivalent deviatoric 
strain of 0.8 for loose and dense specimens.

3.1 Stress-strain-dilatancy

Figs. 1(a) and (b) show the stress ratio q/p and the 
volumetric strain evol  as functions of the equivalent 
deviatoric strain e . In the case of 14.0ve

-= s , the 
stress ratios for the dense and loose specimens reach a 
nearly constant value at around the equivalent deviatoric 

strain of about 0.4 (i.e., 40 %), which is considered 
to be the steady state. On the other hand, in the case 
of 10.004ve

-= s  the stress ratios approach a smaller 
value, compared with the case of 14.0ve

-= s  at around 
an equivalent deviatoric strain of 0.1, and then these 
harden and have the second peak stress ratio. It should 
be referred to as a quasi-static steady state, not a static 
steady state, because the large fluctuation continues, 
although these curves are relatively similar. It is obvious 
from Fig. 1(b) that these volumetric strains for dense 
and loose specimens are quantitatively quite different, 
depending on the strain rate. It is also clear that the 
results with larger strain rates do not satisfy the equilib-
rium due to the unbalanced force if the convergence was 
not attained. 

3.2 Void ratio and effective void ratio

Figs. 1(c) and (d) show the variation of the two-
dimensional void ratio e and the effective void ratio e  
until an equivalent deviatoric strain of 0.8 is reached at a 
constant confining stress of 100 kN/m2, respectively. The 
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effective void ratio proposed by Kuhn [17] assigns the 
non-load-bearing particles as part of the void volume 
rather than as part of the solid volume. In its initial 
state, the void ratio and the effective void ratio are about 
equal for the dense specimen, as nearly all the particles 
participate in supporting the initial isotropic stress, but 
a large difference is present with the loose sample. The 
difference is equivalent to the non-uniform contact-force 
distribution or stress chain [15] (also refer to Figs. 2(a) 
and (c) below). In the small strain rate to guarantee the 
solution, the effective void ratio, as well as the void ratio 
for dense and loose specimens, does not reach some 
constant at an equivalent deviatoric strain of 0.8.

3.3 Coordination number and slip coordination 
number

Figs. 1(e) and (f) show the variation of the coordination 
number and the slip coordination number until an equiv-
alent deviatoric strain of 0.8 is reached. The coordination 

Figure 1. Various responses until an equivalent deviatoric strain of 0.8: (a) Stress ratio-equivalent deviatoric strain, (b) Volumetric 
strain-equivalent deviatoric strain, (c) Void ratio-equivalent deviatoric strain, (d) Effective void ratio-equivalent deviatoric strain, 

(e) Coordination number-equivalent deviatoric strain, (f) Slip coordination number-equivalent deviatoric strain, (g) “Strong” fabric 
ratio-equivalent deviatoric strain, (h) Relationship between “strong” fabric ratio and stress ratio.

number Z is the average number of contacts per particle, 
whereas the slip coordination number S is defined as the 
average number of sliding contacts per particle: 
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where Nc , Ns = the numbers of contacts and sliding 
contacts, respectively, and Np = the total number of 
particles. The direction of the vertical axis in Fig. 1(e) 
is reversed to allow a comparison with the effective 
void ratio in Fig. 1(d). The two figures show an inverse 
correlation between the coordination number and the 
effective void ratio [18]. The coordination number does 
not reach a constant value at an equivalent deviatoric 
strain of 0.8, as with the effective void ratio. On the other 
hand, it is clear from Fig. 1(f) that the slip coordination 
number significantly decreases and oscillates in the case 
of a small strain rate.
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3.4 Fabric tensor ratio

Although a granular fabric can connote several mean-
ings, a simple measure is the average of the orientations 
of the contact normal vectors c

in  [19]. 
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The following fabric tensor is used for oval particles 
using the branch vector c

il  [13].
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The scalar quantities of the fabric tensor are conveniently 
defined in a manner similar to those of the stress tensor [18]:
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Fig. 1(g) shows the variation of the “strong” fabric ratio, 
in which the superscript “S” indicates “strong”.  The 
strong fabric ratio is computed as in Eq. (9), but only 
includes the subset of contacts having a contact force that 
is greater than the following average contact force f :   
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The concept of a strong fabric is based on the observa-
tion that the probability distributions of the contact 
force among the strong contacts differs significantly 
from the corresponding distribution among the “weak” 
contacts (i.e., those contacts with a contact force that is 
less than the mean force) [20, 21].  In comparison with 
Fig. 1(a), the “strong” fabric ratio becomes relatively 
unique and independent of the strain rate.  Fig. 1(h) 
shows the “strong” fabric ratio versus the stress ratio 
in the case of a small strain rate. It indicates that the 
“strong” fabric ratio is closely related to the stress ratio.

3.5 Contact forces

Figs. 2(a) and (b) and Figs. 2(c) and (d) show the 
contact-force distributions before the shear loading and 
after the shear loading until an equivalent deviatoric 
strain of 0.8, for dense and loose specimens, respectively. 
The shape of the deformed specimens is squat rectangu-
lar due to the restriction of a periodic cell, although the 
laboratory experimental results show a barrel-shaped 
failure for a loose specimen with rough platens. It is clear 
from Figs. 4 and 6 that there is a large evolution of the 
contact-force distribution or shear bands for a dense 
specimen around the first and second peak-stress ratios.

Figure 2. Contact-force distribution before/after shear loading: 
(a) Before shear loading (dense specimen), (b) After shear 
loading (dense specimen), (c) Before shear loading (loose 

specimen), (d) After shear loading (loose specimen).
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4 EVOLUTION OF THE FABRIC AROUND THE 
PEAK-STRESS RATIOS

4.1 First peak-stress ratio

The shear behavior around the first peak-stress ratio as 
shown in Fig. 1(a) is further investigated here. Figs. 3(a), 
(b) and (c) show the stress ratio, the volumetric strain 
and the slip coordination number until an equivalent 
deviatoric strain of 0.02 (i.e., 2 %). In the case with a 

Figure 3. Responses to an equivalent deviatoric strain of 0.02: 
(a) Stress ratio, (b) Volumetric strain,

(c) Slip coordination number.

small strain rate, the first peak-stress ratio for the dense 
specimen occurs around an equivalent deviatoric strain 
of 0.01, while the slip coordination number has its 
maximum value around an equivalent deviatoric strain of 
0.004 (i.e., 0.4 %) and then it reduces with oscillations due 
to slipping and sticking at the contacts. It is clear that the 
occurrence of the maximum slip coordination number 
corresponds to the transition from a contractive incre-
ment to a dilative increment for the volumetric strain 
(i.e., referred to as the phase-transformation point). 

Figs. 4(a)–(d) show the contact-force distributions of 
four strains, “a”-“d” that are indicated in Fig. 3. It is clear 
that the strain localization gradually develops at various 
locations of the specimen at strains in “a” and “b”, and 
that there is one clear shear band and other possible 
shear bands developed at the strain in “c”, although 
two shear bands clearly exist in “d”. Yoshida [22] also 
presented image-analysis data from the plane strain 

Figure 4. Variations of the contact-force distribution to an 
equivalent deviatoric strain of 0.02: (a) a, (b) b, (c) c, (d) d.
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compression test that some strain localization regions 
can appear before the peak stress, and one of them 
rapidly develops into the dominant shear band. 

Figure 5. Stress ratio-equivalent deviatoric strain around the 
second peak-stress ratio.

Figure 6. Variations of the contact-force distribution around 
the second peak-stress ratio: (a) e, (b) f, (c) g, (d) h, (e) i.

4.2 Second peak-stress ratio

The second peak-stress ratio has been recognized 
as a double strain-softening curve in the laboratory 
experimental results [23]. Fig. 5 shows the stress ratio-
equivalent deviatoric strain curve around the second 
peak-stress ratio for the dense specimen. Figs. 6(a)–(e) 
show the spatial contact-force distributions at five strains 
“e”-“i” that are indicated in Fig. 5. It is clear that a domi-
nant shear band inclined to the right exists in “e” before 
the second peak, and the fabric gradually changes, then 
two shear bands inclined to the left appear clearly in “i” 
after the second peak. This indicates that the equilibrium 
obtained after the first strain softening varies toward 
another equilibrium, together with the subsequent strain.

5 CONCLUSIONS

The behaviors up to the point of a large strain of 0.8 
is reached with both dense and loose specimens were 
investigated in order to clarify the importance of a suffi-
ciently small strain rate that guarantees the uniqueness 
of the solution, compared with a relatively large strain 
rate. There is a large difference qualitatively, as well as 
quantitatively, between the shear behaviors at a small 
strain rate with that at a relatively large strain rate. It 
should be noted that a small strain rate should be used, 
otherwise a unique solution cannot be guaranteed [11]. 
The following new conclusions can be made.

1.  When the strain rate is large, it seems that a static 
steady state exists for the stress ratio, the coordina-
tion number, the slip coordination number and the 
“strong” fabric ratio. On the other hand, when the 
strain rate is sufficiently small, it seems to be a quasi-
-static steady state, although these observed results 
for dense and loose specimens approach each other. 

 2.  It is shown by the unique solution that the “strong” 
fabric ratio is closely related to (and is almost equal 
to) the stress ratio.

 3.  For a dense specimen, the slip coordination number 
gradually increases and then becomes a maximum at 
the point that the volumetric strain changes from a 
contractive increment to a dilative increment, i.e., the 
phase-transformation ratio, and gradually decreases 
while fluctuating. It can be said that strain localiza-
tion starts around the phase transformation point 
and the shear band appears around the peak strength. 

 4.  For a dense specimen, the second peak strength 
appears after the first peak strength as a double 
strain-softening curve. The equilibrium after the first 
strain softening varies toward another equilibrium 
together with the subsequent strain.
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