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Control Charts for Skewed Distributions:
Weibull, Gamma, and Lognormal

Karagiz Derya and Hamurkagiu Canan

Abstract

In this paper the control limits o and R control charts for skewed distri-
butions are obtained by considering the classic, the wedykariance V), the
weighted standard deviationgl(S D) and the skewness correctiof({) methods.
These methods are compared by using Monte Carlo simulaligpe | risk proba-
bilities of these control charts are compared with respedifferent subgroup sizes
for skewed distributions which are Weibull, gamma and logma. Simulation re-
sults show that Type | risk ofC' method is less than that of other methods. When
the distribution is approximately symmetric, then the typeks of ShewhartiVV,
WSD, andSC X charts are comparable, while ti$& R chart has a noticeable
smaller Type I risk.

1 Introduction

Control charts are among the most commonly used and powedld in statistical pro-
cess control (1) to learn about a process, (2) to monitor ags for control and (3)
to improve it sequentially. They are now widely accepted apglied in industry. The
conventional ShewhaiX andR control charts are based on the assumption that the distri-
bution of the quality characteristic (also called procasgithution) is normal or approxi-
mately normal.

However, in many situations the normality assumption ofcpss population is not
valid. One case is that the distribution is skewed (e.g.,a8al Choi (1995), Choobineh
and Branting (1986), and Nelson (1979)). For instance, isteloutions of measurements
in chemical processes, semiconductor processes, cutkhgvear processes and obser-
vations on lifetimes in accelerated life test samples aenakewed.

When the quality variable has a skewed distribution, it hihmisleading to observe
the process by using the Shewhartand R control charts. The usage of Shewhart con-
trol charts in skewed distributions causes an increase pé Tyrisk when the skewness
increases because of the variability in population. Fa thason, three methods which
use the asymmetric control limits were proposed as an aliieento the classical method.
The first one is the weighted varian¢®’V') method proposed by Choobineh and Bal-
lard (1987), which based on the semivariance approximati@hoobineh and Branting
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(1986). They obtained the asymmetric control limits f6rand i charts for skewed dis-
tributions based on the standard deviation of sample meathsamges. Bai and Choi
(1995) also proposed a simple heuristic method of constgiéf and R charts using the
WV method. The second one is the weighted standard deviglibitsD) proposed by
Chang and Bai (2001). This method is used to constiictumulative sum and expo-
nentially weighted moving average control charts for skebdistributions and to obtain
control limits by decomposing the standard deviation into parts. The last one is a
skewness correctiofSC') method proposed by Chan and Cui (2003) for construcling
and R chart taking into consideration the degree of skewnesseoptbcess distribution,
with no assumptions on the distribution.

The Type | risks, the probabilities of a subgropand R falling outside the+3
sigma control limits when the process is in-control, aratBe27%. If the process is in
control (and the process statistic is norm@),73% of all the points will fall between the
control limits. However, about 0.0027 of all control poimigl be false alarms and have
no assignable cause of variation, due to the control linlitstting X denote the value
of a process characteristic, if the system of chance cawsesates a variation iN that
follows the normal distribution, the 0.001 probability lisywill be very close to the 3
limits. From normal tables we glean that the 3 in one direct®0.00135, or in both
directions 0.0027.

By using Monte Carlo Simulation, the type I risksBfand R control charts based on
classic Shewharty’V, WS D andSC methods are compared. The Weibull, gamma and
lognormal distributions are chosen since they can repteseide variety of shapes from
nearly symmetric to highly skewed. Based on the simulattadysresults, as the skew-
ness, Type | risk o6'C method is less than that of others methods. When the distyiibu
is approximately symmetric, then the Type | risks.f', W.SD, WV and Shewhart
charts are comparable, while ti€’ R chart has a noticeable smaller Type | risk.

The remainder of the paper is organized as follows. In Se@ia, Section 2.2 and
Section 2.3 the control limits of andR control charts for skewed populations by consid-
eringW A, WSD andSC methods are obtained respectively. In Section 3 the simoulat
study is given to compare the Type | risk probabilities ofseaeontrol charts by using
Monte Carlo simulation with respect to different subgroiges for skewed distributions
which are Weibull, gamma and lognormal. Section 4 concluates formulates some
ideas for further research.

2 Methods

The aim of this section is to give the control limits &f control charts for skewed popu-
lations by considering the classid; D, WS D andSC methods and to obtain the control
limits of R control charts by considering the clasdic)” and.SC methods.

21 WYV Method

TheW'V method with no assumptions on the population adjusts thiadimits accord-
ing to the skewness of the underlying population. The proibpathat the quality variable
X will be less than or equal to its meanry is Py = P(X < ux).
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If the parameters of the process are known: The controlsiofity control chart are
given by:
UCLs = po + 355V2F;

LCLy = o — 3% \/7 1)

whereox is the standard deviation of ( Bai and Choi 1995 ).
The control limits ofR control chart are given by,

UCLg = pig + 30g\/2P,

LCLg = [pgr — 3UR\/M]+

whereur andog is the mean and standard deviation of the range of a sample sind

if [ur — 30r+\/2(1 — Px)] is equala, [a]* denotesnax(0, a) ( Bai and Choi 1995 ) .
Generally in practicePy and the process parameters are not known. In this case,

these must be estimated. The probability can be es(timate)d by using the number of
Yy 6(X-x

(2.2)

observations less than or equaIXo — wherek andn are the
number of samples and the number of observations in a subgemad(X) = 1 for
X >0, 0 otherwise. -

Usually, ., is estimated by the grand mean of the subgroup méaasd,:y is esti-
mated by the mean of the subgroup ranges

If the parameters of the process are unknown:

The control limits ofX control chart are given by,

UCL; = X +32-/2P, = X + WyR
o — (23)
(Bai and Choi 1995 ). The control limits @t control chart are given by,
UCLy = R [1+35V2P,] = ViR
(2.4)

LCLy =R [1 —3%, /2 (1 - Pz)} ~V,R
whered; andd; are the control chart constant far and R charts based o/ V. These
constants which are defined as the mean and standard dewvidtielative range(£)
have been obtained under the non-normality assumptiorselveues can be computed
via numerical integration once the distribution is spedifi@ai and Choi 1995).

2.2 WSD Method

In W.SD method, likeWWV method, a skewed distribution can be decomposed into two
parts at its mean and each part is used to create a new symutistribution adjusted in
accordance with the degree of skewness. )
If the parameters of the process are known, the controldiofitheX charts are given
by:
UCLg =p+ S%QP

LCLy = p—322(1— P)

(2.5)
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whereo is the standard deviation of skewed distribution ( Chang Baid2001 ). If the
parameters of the process are unknown, the control limitiseak” charts are given by:

UCLg = X +3:1-2P = X + WSy R
SC S _ (2.6)
LCLx =X =3:E5-2(1- P) =X - WS,R

d3*/n

whered;*, WSy andW .Sy, are control chart constants fo¥'SD method. The control
chart constant;* can be obtained

d5* = Pdy (2n (1 — P)) + (1 — P) dy (2nP) 2.7)

whereds(n) is d, when the sample size is When the underlying distribution is sym-
metricds* is equal tad, ( Chang and Bai 2001 ).

2.3 SC Method

SC method is used for constructing théand R control charts for skewed distributions.
It's asymmetric control limits are obtained by taking intonsideration the degree of
skewness estimated from subgroups, and with no assumtiotiie distributions.
If the parameters of the process are known, the controldiofithe X control chart
are given by:
UCLx = px + 3+ cj)ox/vn
LCOLg = px + (=3 +ci)ox/vn

(Chan and Cui 2003). If the parameters of the process arerknit control limits of
the R control chart are given by:

(2.8)

UCLp = pr+ 3+ d})og (2.9)
LCLR:LLR+(—3+dZ)UR '
(Chan and Cui 2003).

In Equation (2.8) and (2.9); andd; are the control chart constants for th€ method.
LCLgis equal to zero if it is negative. If the underlying distritoun is symmetric¢; = 0
and theX chart reduce to the Shewhart chart. The constangdd; are obtained as
follows:

2E3(X)
€1 = 30 §k2()2)
o 20 (2.10)
4 7 140.2k2(R)

wherek;(X) is the skewness of the subgroup medrandk;(R) is the skewness of the
subgroup rang& (Chan and Cui 2003 ).

If the parameters of the process are unknown, the contrdkliofithe X control chart
are given by:

5 4ks/(3+/n R — Y £ R
UCLx = A+ 3+ H()/(fk/ﬁ)d?/ﬁ =X AUR, (2.11)
LOLx = X + (=3 + {5 aon = X — AjR

140.2k2/n/ d3+/n
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(Chan and Cui 2003). If the parameters of the process areownkrthe control limits of
the X control chart are given by:

UCLy = [1 +(3+dY) j—s} R= DR
Pt . (2.12)

LOLg = [1 + (=3 +d) d—] R=D;R

(Chan and Cui 2003).

3 Simulation study

By using Monte Carlo Simulation, the type | risks &f and R control charts based on
classic Shewharty’ V', WS D andSC methods are compared. The Weibull, gamma and
lognormal distributions are chosen since they can repteserde variety of shapes from
nearly symmetric to highly skewed.

e The probability density function of the Weibull distribati is defined as
f(@]8,0) = BN 2"  exp(—x))”
for x > 0, whereg is shape parameter ands a scale parameter.

e The probability density function of the gamma distributismefined as

flala, §) = (al)ﬁaxa—lexp(_%)

for z > 0, wherea is a shape parameter afds a scale parameter.

e The probability density function of the lognormal distrilmn is defined as

flzlo,p) =
for z > 0, whereo is a scale parameter apds a location parameter.

In the application, the quality variabl€ has the Weibull distribution with shape pa-
rameters and scale parameter = 1, the gamma distribution with shapeand scale
parameteps = 1, the lognormal distribution with scale and location parameter = 0.
The scale parameter of the Weibull distributive= 1 , the scale parameter of the gamma
distributiong = 1 and the location parameter of the lognormal distributioa 0 are cho-
sen because of the skewness does not depend on them. The oflie, the skewness
and the parameters of distributions are given in Table 1.

For simulation studyX and R charts constantsl;;, Wy, Viy andV;, of the WV
method for the selected combinationsofind Px are obtained by Table 2 gives and
R charts constants of tH& V' method. WherPy is equal to 0.50X chart constant®/’;,
andW, are the same. Th& charts constantd/;; for the case oy < 0.50 are the same
asW; for 1 — Px (Bai and Choi 1995).
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Table 1: The values ofPx, the skewness and the parameters of distributions.

Lognormal | Weibull Gamma

/{33 g PX 5 PX « PX

0.50| 0.16| 0.53 | 2.15| 0.54| 16.00| 0.53
1.00| 0.32| 0.56 | 1.57| 0.57| 4.00 | 0.57
1.50| 0.44| 0.59 | 1.20| 0.61| 1.80 | 0.60
2.00/0.54|0.61 | 1.00| 0.63| 1.00 | 0.63
2.50| 0.66| 0.63 | 0.86| 0.66| 0.64 | 0.66
3.00| 0.72| 0.64 | 0.77| 0.68| 0.44 | 0.69

Table 3 gives the control chart constart$ for selected combinations af and Px
when the underlying distribution is Weibull, gamma and lognal. The control chart
constantsl;* were obtained by Chang and Bai (2001).

Table 4 gives the values of the constardfs and A} for X chart, D} and Dj for R
chart for selected combinationsofandks;.

The simulation consists of two segments. The steps of eaphes# are described
below.
Segment 1:

l.a. Generate i.i.d. Weibull (5,1), gammdc, 1) and lognormdl, o) varieties for
n=2,3,5.

1.b. Repeat step 1.a 30 timgs= 30) .

1.c. Compute the control limits using the Equations (2.8) @) for the weighted vari-
ance method , using the Equations (2.6) for the weightedlatardeviation method
and using the Equations (2.11) and (2.12) for the skewnessatmn method.

Segment 2:

2.a. Generate i.i.d. Weibull(5, 1), gammaa, 1) and lognormal0, o) varieties using
the procedure of step 1.a.

2.b. Repeat step 2.a 100 timeés= 100).
2.c. Compute the sample statistics forand R charts for four methods.

2.d. Record whether the sample statistics calculated p &k are within the control
limits of step 1.c. or not for all methods.

2.e. Repeat steps 1.a through 2.d, 10000 times and obtaineaaga Type | risk for
each method.

The graphs of the average Type | risks of the four methodsastd by using Monte
Carlo simulation are given in the following Figures for sgéxl combinations of. and
distributions. As seen from figures, as the skewness, Tyk lof SC' method is less
than that of others methods. When the distribution is apprately symmetric, then the
Type | risks of SC', WSD, WV and Shewhart charts are comparable, while$lieR
chart has a noticeable smaller Type | risk.



Table 2: X andR charts constants of tH& 1 method.

Wiy, Wy Vi, Vi
ks Px | n= n=3|n= n=2|n=3|n= n=2|n= n=>5|n= n= n==>5
05010541183 099 |056 |197 |1.08 |0.61 |[0.00 |[0.00 |0.00 |343 |272 |2.25
1.00 0571182 | 098 |056 |209 |1.13 |0.64 |0.00 [0.00 |0.00 |3.67 |290 | 245
150061187 |1.01 |057 |245 |1.32 |0.74 |0.00 [0.00 |0.00 |4.06 |3.36 |282
200063187 |1.01 057 |245 |132 |0.74 |0.00 [0.00 |0.00 |451 |3.62 |3.06
25006619 |1.08 [058 |2.74 |1.49 081 | 0.00 [0.00 [0.00 |5.23 |4.16 |3.52
3.001 068|204 |109 |0.61 |298 |159 |0.88 |0.00 |[0.00 |[0.00 |571 |4.64 |4.02
0.50/ 05318 |100 |057 |195 |1.07 |0.60 |0.00 |0.00 |0.00 |339 |268 |222
1.00 0571182 | 098 |056 |209 |1.13 |0.64 |0.00 [0.00 |0.00 |3.67 |290 | 245
150060184 | 099 |056 |226 |1.22 |0.68 |0.00 [0.00 |0.00 |4.06 |3.23 |270
2.00| 063|187 |1.01 |057 |245 |1.32 [0.74 |0.00 [|0.00 [0.00 |4.51 |3.62 |3.06
25006619 |1.08 [058 |2.74 |1.49 081 | 0.00 [0.00 [0.00 |5.23 |4.16 |3.52
3.001069285 |113 |0.63 |3.12 |[169 | 094 [0.00 |0.00 |[0.00 |590 |5.03 [4.34
0.50/ 05318 |100 |057 |195 |1.07 |0.60 |0.00 |0.00 |0.00 |339 |268 |222
1.00/ 056|181 |098 |056 |204 |1.11 (063 |0.00 [0.00 |0.00 |3.58 |2.83 |238
150/ 059|183 |098 |056 |220 |1.18 |0.67 |0.00 [0.00 |0.00 |3.93 |3.10 |261
200{ 061185 |099 |057 |231 |1.25 [0.74 | 0.00 |[0.00 [0.00 |4.18 |3.36 |2.82
250( 063|187 |1.01 |057 |245 |1.32 [0.74 | 0.00 [|0.00 [0.00 |4.51 |3.62 |3.06
3.00/064189 |1.02 |057 |253 |136 |0.76 |0.00 |0.00 |0.00 |4.72 |3.76 | 3.18
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Table 3: Control chart constanig;* for W.SD method.

Weibull

Gamma

Lognormal

n =

n=3

n=>5

n =2

n=3

n=>5

n =2

n=23

n=>5

0.50
1.00
1.50
2.00
2.50
3.00

1.123
1.096
1.040
1.004
0.940
0.892

1.685
1.644
1.560
1.505
1.410
1.338

2.306
2.255
2.154
2.090
1.977
1.889

1.121
1.090
1.052
1.004
0.947
0.885

1.681
1.634
1.578
1.505
1.421
1.327

2.311
2.251
2.180
2.090
1.987
1.874

1.119
1.094
1.052
1.015
0.970
0.946

1.679
1.642
1.577
1.522
1.455
1.419

2.309
2.265
2.188
2.120
2.038
1.994

Table 4: The constants oK and R for the SC method.

n=2

n=3

n =

ks

Apy

Al

Di

Ds

Ap

Al

Dj

D3

Afy

Aj

Di

D3

0.50
1.00
1.50
2.00
2.50
3.00

2.20
2.49
2.78
3.02
3.22
3.39

1.62
1.57
1.25
1.15
1.23
1.18

4.26
4.56
4.95
5.32
5.66
5.97

0.00
0.00
0.00
0.00
0.00
0.00

1.16
131
1.46
1.60
1.71
1.82

0.90
0.81
0.73
0.68
0.65
0.64

3.12
3.43
3.82
4.20
4.53
4.82

0.00
0.00
0.00
0.00
0.00
0.00

0.65
0.71
0.78
0.85
0.92
0.98

0.53
0.48
0.45
0.42
0.40
0.39

2.45
2.75
3.10
3.44
3.75
4.03

0.15
0.17
0.15
0.11
0.06
0.03

4 Results

When the quality variable has a skew distribution, it migatrbisleading to observe the
process by using the Shewha¥t and R control charts. Because of the variability in

population, usage of Shewhakt and R control charts in skew distributions causes the

increase of Type 1 risk when the skewness increases. Theyédoreflect the variability
of the population, thé)'V', WS D andSC methods which use asymmetric control limits

are applied in this study, as an alternative to the classiedhod. When these methods

are compared the results obtained for Weibull, gamma amblwgal distributions are:

e The Shewhart chart has the worst performance. As the skewmagases, the type
| risks of the Shewhart charts increases too much.

e When the distribution is approximately symmetric, then tiyge | risks of SC,
WSD, WV and Shewhart charts are compareble, whilefbeR chart a noticible
smaller Type I risk.

e As the skewness increases, for chidft” gives better results than the Shewhart,

WS D better than the Shewhart andV/, SC gives better results than other meth-
ods.

e As the skewness increases, foichartiVV' gives better results than the Shewhart,

SC gives better results than the Shewhart &ntl'.
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Figure 1: Type | risks of X and R charts for Weibull distribution.

e The difference in Type I risks of four methods are more praweud in theR chart
than inX chart.

e Type I risk of theSC and especially th6€C' R charts are closer to 0.27% then those
of theW SD, WV and Shewhart charts, particularly whenincreases.

e According to the Type | risk there isn’t a difference betwélea Weibull, gamma
and lognormal distribution.

e According to the Type I risk there isn’t a difference basedtmsamples size (n).

The Type | risk of thelW SD, Shewhart, andV'V methods are the same when the
underlying distribution is symmetric. TH& S D andWW'V methods perform significantly



104 Karagbz Derya and Hamurkaroglu Canan

0,05 - 0,08 4
0,07 -
0,04 4 y 06 4
= = Ec: —5C
& 003 1 [ 10
_:IJ ; 0,04 4 -V
£ 0024 = EE° —s— Shawhart
e
2ol 0.01 |
0,00 0,00
b 05 10 15 20 25 30
k k
(a) X chart for n=2 (b) R chart for n=2
0,05 4 0.te
]
0,04 4 Al o = 008 )‘JM
i - S A ’ —50
¥ 0,03 A | _amysp i x
rd | S oo p i
0021 - w £ 3 —8— Shawhart
" hor 5 —B—Shewhart F 002 n/
. 0,00 ; e —
oo 05 10 iE 20 7z ?.0 00 0 1.0 I.E 20 &, 30
K Kz
(c) X chart for n=3 (d) R chart for n=3
004 - 0,04 4
03 4 //n 003 A
5 002 =t % 0024 r
& g0z {/w —=—1/3D E g2 \
L 0,02 4 — Y 2 0024 ‘,» ; :
F 0014 —8—Shewhart F 0019 Aewha
0,014 = == 0,01 1 o
0,00 — 1) o
0o 0 10 15 20 25 30 00 0 1 15 2% 25 3
k ks
(e) X chart for n=5 () R chart for n=5

Figure 2: Type | risks of X and R charts for Gamma distribution.

better than the Shewhart method as the skewness increaseihedl’ S D method per-
forms better than th& V' method for all ranges of skewness.

However, theV SD X charts perform better tha"V X charts. In particular, when
the sample size is small, ti& S D method gives significantly better performance, and
can be used effectively when the process parameters arewnkn

When the process parameters are unknown and have to betestifteam the prelim-
inary run samples, the SC method has a very good robust pefae in all the tested
distributions.

When the distribution is approximately symmetric (i/,,= 0), the Type | risks of
the W, WSD andSC X charts are comparable, while the $Cchart has a noticeably
smaller Type | risk ; Type I risks of the S€ and in particular the S® charts are closer
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Figure 3: Type | risks of X and R charts for Lognormal distribution.

to 0.27% than those of tH&' V' charts, especially whely increases.

Based onV, WSD, andSC methods, X and R control charts are considered. The

control limits are asymmetric for skewed distributions. eJtbecome the Shewhak
charts when the process distribution is symmetric. A sitatestudy shows that the Type

| risks of theW, W SD and SC' methods are compatible for approximately symmetric

distributions, and that SC offers considerable improveroeer the WV charts when it is
desirable for the Type | risk to be close to the conventionl %.
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