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Abstract

Prime numbers have been studied since the ancient times. This seem-
ingly theoretical part of mathematics forms the basis for cryptographic
algorithms which secure the communications in the modern world. The
list of famous mathematicians who were involved in the study of primes is
very long. It ranges from Euclid, Eratosthenes, Fermat, Gauss, Legendre,
Hadamard to Erdés. Jurij Vega can proudly take place on this list. By
publishing the table of primes up to 400,031 in 1797 he enabled further
research in this area done by Gauss and Legendre who formulated the
Prime number theorem.

Povzetek

Prastevila so predmet raziskav Ze vse od antike. To na videz teoreti¢no
podrocje v okviru matematike je osnova za kriptografske algoritme, ki
sluZijo varovanju komunikacij v sodobnem svetu. Seznam matematikov,
ki so raziskovali prastevila, je zelo dolg, obsega imena od Evklida in
Eratostena, prek Fermata, Gaussa, Legendra in Hadamarda, do Erdésa.
Na ta seznam se lahko s ponosom uvrsti tudi Jurij Vega. Njegova objava
prastevil do 400.031 iz leta 1797 je omogocila nadaljnje raziskovanje
podrocja tudi Gaussu in Legendru, ki je oblikoval Izrek o prastevilih.
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Introduction

Vega accomplished many very important achievements in mathematics. He
published several editions of logarithmic, trigonometric, and ballistic tables, lec-
tures (on geometry, land surveying, infinitesimal calculus), handbooks (Logarith-
misch-trigonometrisches Handbuch, etc.). However, it is not well known that he
was also interested in problems in number theory. He published a table of prime
numbers and tables of decompositions of numbers not divisible by 2, 3, or 5.

Prime numbers

A prime number, or simply a “prime,” is a positive integer p > 1 that has no
positive integer divisors other than 1 and p itself. For example, 13 is a prime and
15 = 3 -5 is not. The history of primes is very long. The ancient Greeks knew
of primes and Euclid proved in his Elements (Book IX) that there were infinitely
many of them. In about 200 BC Eratosthenes devised an algorithm for calculating
primes called the Sieve of Eratosthenes.

After a large gap during the Dark Ages, the next important results about prime
numbers were made by Fermat. Among them, the result which is known under the
name Little Fermat Theorem is best known. It states that if p is a prime number
and a is a natural number then ¢” = a (mod p).

The first known table of primes is a table of the least prime factors of the
positive integers up to 800. This table was created by Cataldi in 1603. The least
prime factor of n is the least integer greater than 1 that divides n. Cataldi’s table
was soon followed by others; see Table 1.

In 1776 Anton Felkel, a schoolmaster from Vienna, gave a table of all prime
factors of numbers not divisible by 2, 3, or 5 up to 408,000. But only a few copies
of the printed edition were sold: most of them were scrapped and used for cartridges
in the Turkish war [3]. He claimed that he computed primes up to 2,000.000. but
due to lack of interest the result remained in manuscript form.

Vega published a table of primes up to 400,031 in 1797 [4].

In the second volume of his Logarithmic-Trigonometric Tables ([4]. Figure 3).
the table of primes ranges from 102,001 to 400,031. The actual number of all
primes in this interval is 24,096, which matches the number of primes in the list
given by Vega. But it turns out that some primes are missing from the list and that
the list contains some composite numbers. For example, the number 152,653 =
293 - 521 is listed in the table (page 99 of [4]); see Figure 1. An example of a
missing prime is 185,429. It should be listed between 185,401 and 185,441 but it
is not; see Figure 2. The list of primes of this extent can be nowadays obtained in a
few seconds using the computer program Mathematica. This was how the authors
were able to detect errors in Vega's tables.
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Limit | Who When | Type of table
800 | Cataldi 1603 least prime factor
100,000 | Brancker 1668 least prime factor
100,000 | Kruger 1746 primes
102,000 | Lambert 1770 least prime factor
408,000 | Felkel 1776 least prime factor
400,031 | Vega 1797 primes
1,020,000 | Chernac 1811 least prime factor
3,036,000 | Burkhardt 1816/17 | primes
6,000,000 | Crelle 1856 primes
9.000.000 | Dase 1861 primes
100,330,200 | Kulik 1863 ? | least prime factor
10,007,000 | D. N. Lehmer | 1909 least prime factor
10,006,721 | D. N. Lehmer | 1914 primes

TABELA / TABLE 1. Tabele prastevil pred elektronsko racunal-
nisko dobo (iz [2]) / Tables of prime numbers before the electronic
computer age (from [2]) '
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SLIKA / FIGURE 1. Stevilka 152.653 ni prastevilo, saj je produkt
Stevilk 293 in 521 (str. 95). / The number 152,653 is not a prime
since it is a product of 293 and 521 (page 95).
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SLIKA / FIGURE 2. Na seznamu manjka prastevilo 185.429 (str.
99). / The prime number 185,429 is missing from the list (page
99).

Vega's tables were known as very reliable. Vega himself offered a prize of one
ducat to anyone that could find an imperfection in his Thesaurus logarithmorum
[5]. which would lead to an error in computation. Gauss, who reviewed Thesaurus
[1]. reported that he did not find any errors after checking some values of logarithms
in the first part but that there are several in the second part. Gauss also remarked that
Vega was probably not aware of what kinds of imperfections could actually occur,
but also said that he was not informed of any case that the reward had actually been
paid out. At that time, there were many authors of various tables that used the same
stimulation. According to Gauss [1], only Kohler had requested rewards for four
errors.

Using the tables of primes by Lambert and Vega, the great mathematicians like
Gauss and Legendre were able to guess the prime number theorem.

Gauss carefully checked the tables of Lambert and caught several errors. This
shows that probably no tables of that time were error-free. The prime number
theorem gives an asymptotic formula for the prime counting function 7(n), which
counts the number of primes less than n. In 1791, Gauss suggested the formula
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w(n) ~ n/Inn, which was later refined to w(n) ~ Li(n), where Li(n) is the
logarithmic integral. The prime number theorem was proved independently by
Hadamard (1896) and de la Valée Poussin (1896).

On December 24, 1849, Gauss mentioned in a four-page letter [10],[11] to his
student Johann Franz Encke, a lieutenant in the artillery, that he used Vega’s tables
to confirm his estimate (see Figure 4).

Finding an elementary proof of the Prime number theorem remained a chal-
lenge for the next fifty years, until it was produced by Erdss and Selberg in 1949.

Paul ErdGs (1913-1996) was one of the most prolific and eccentric mathemati-
cians of the past century [6]. He spent the last two decades of his life traveling from
university to a university to work with mathematicians on problems in many dif-
ferent areas. He wrote or co-authored 1,475 academic papers. His extensive work
with many people gave him the idea to start research on collaboration among math-
ematicians. An Erdés number is defined in the following way [9]: ErdGs has Erdos
number 0, Erd6s’s co-authors have Erdés number 1, people other than Erdés who
have written a joint paper with someone with Erdés number 1 have Erdés number
2. and so on. If there is no chain of co-authorships connecting someone with Erdos,
then that person’s ErdGs number is said to be infinite. ErdGs numbers of mathemati-
cians currently range up to 15, but the average is less than 5, and almost everyone
with a finite Erd6s number has a number less than 8. The authors of this paper have
Erd6s numbers 2, 3, 3, respectively.

Back to the prime number theorem. There is an interesting story about the
proof of Erdés and Selberg. Erdss sent a postcard to some friend informing him
about the proof. When Selberg met this friend, he told him that Erdés and some
“what’s-his-name™ had an elementary proof of the prime number theorem. Selberg
felt offended and published the result alone. Among other work, this proof brought
him the Fields Medal, which is considered the premier award in mathematics, often
called the “Nobel Prize in Mathematics™ (although its monetary value of about
$9.500 cannot compare to the Nobel Prize).

Prime numbers today have an important application in cryptography. They
are the basis of the RSA encryption system [7]. The system uses the fact that
determining whether some large number is a prime is a computationally hard prob-
lem. Until recently, all algorithms for determining whether some number is prime
were of exponential time complexity. In [8] a polynomial algorithm was found.
(Un)fortunately the algorithm has still large time complexity (O(n'2)).

Because Vega was also a soldier, we may consider the role of primes in wars.
The first known use of primes in battles was the use of Felkel’s tables for cartridges,
as mentioned before. In the last century and nowadays, cryptography plays an
essential role in communications in the army.
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Encke, page 3
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