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Abstract

Let H be a graph and let k > x(H ) be an integer. The k-colouring graph of H, denoted
G (H), is the graph whose vertex set consists of all proper k-vertex-colourings (or simply
k-colourings) of H using colours {1,2,. .., k}; two vertices of G (H) are adjacent if and
only if the corresponding k-colourings differ in colour on exactly one vertex of H. If
G (H) has a Hamilton cycle, then H is said to have a Gray code of k-colourings, and the
Gray code number of H is the least integer ko(H) such that G (H) has a Gray code of
k-colourings for all k > kq(H ). Choo and MacGillivray determine the Gray code numbers
of trees. We extend this result to 2-trees. A 2-tree is constructed recursively by starting with
a complete graph on three vertices and connecting each new vertex to an existing clique on
two vertices. We prove that if H is a 2-tree, then ko(H) = 4 unless H is isomorphic to the
join of a tree T" and a vertex u, where 7' is a star on at least three vertices, or the bipartition
of T has two even parts; in these cases, ko(H) = 5.

Keywords: 2-trees, graph colouring, Gray codes, Hamilton cycles, reconfiguration problems.
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1 Introduction

Let H be a graph and k£ a positive integer. We define a proper k-vertex-colouring of H as a
function f: V(H) — {1,2,...,k} for which f(z) # f(y) for any 2y € E(H). Since we
are concerned only with proper k-vertex-colourings, we use the simpler term k-colouring,
and refer to f(x) as the colour of x. For notation and terminology not defined here, the
reader is referred to Bondy and Murty [1].

A graph H has a Gray code of k-colourings if it is possible to list all the k-colourings
of H in such a way that consecutive colourings in the list (including the last and the first)
differ on exactly one vertex of H, and the Gray code number of H is the least integer
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ko(H) for which H has a Gray code of its k-colourings for all k > ko(H). Equivalently,
we may define the k-colouring graph of H, denoted G, (H ), to be the graph whose vertices
correspond to all k-colourings of H, and whose edges connect two k-colourings of H that
differ on exactly one vertex of H. In this context, H has a Gray code of k-colourings if
and only if G (H) has a Hamilton cycle, and the Gray code number of H is the the least
integer ko (H ) for which G (H) has a Hamilton cycle for all k > ko(H).

The k-colouring graph is an example of a reconfiguration graph. Such graphs are often
used in the study of what are known as reconfiguration problems. Generally, a reconfigu-
ration problem asks: given two (different) feasible solutions to a problem, can one solution
be transformed to the other through a sequence of allowable moves, while maintaining fea-
sibility at each stage? In the context of k-colourings, the k-colouring graph is connected if
and only if any k-colouring can be reconfigured into any other k-colouring by re-colouring
one vertex at a time in such a way that each intermediate colouring is a k-colouring. Re-
cently, reconfiguration problems have been receiving wide attention, and have been studied
for various graph colouring problems [2, 3, 4, 10, 15], for dominating sets [12, 13, 18],
and for various other graph problems including vertex covers, cliques, and independent
sets [14].

The k-colouring graph arises in the context of theoretical physics, where it is the graph
of the Glauber dynamics Markov chain; the goal is to find efficient algorithms for almost
uniform sampling of k-colourings of graphs [16]. The Glauber dynamics Markov chain
converges to the uniform distribution provided that the k-colouring graph is connected,
prompting Cereceda, van den Heuvel and Johnson [4] to ask the question: given a graph
H and a positive integer k, is G (H) connected? They prove that if H has chromatic
number k£ € {2,3}, then G (H) is never connected, whereas for k& > 4, there are k-
chromatic graphs H for which G (H) is connected, and other k-chromatic graphs H for
which G (H) is not connected. In general, they prove that Gy, (H) is connected for all
k > col(H) + 1, where col(H), the colouring number of H, is defined as col(H) :=
max{d(G) | G C H} + 1. A slightly weaker version of this result is proven in [8].

Choo and MacGillivray [6] initiated the study of Hamilton cycles in k-colouring graphs
by proving that the Gray code number of H is well defined, i.e., Gi(H ) has a Hamilton
cycle for all k& > col(H) + 2. This gives the upper bound ko(H) < col(H) + 2. Note that
if T is a tree, then col(T) = 2 and G2(T') is disconnected; hence 3 < ko(T) < 4. Choo
and MacGillivray [6] determine which trees have ko(7T") = 3 and which have ko(T') = 4.
In particular, they prove that if 7" is a tree, then ko(7') = 3 unless T' = K o, for £ > 1,
in which case kq(T") = 4. They also determine the Gray code numbers of complete graphs
and cycles. Celaya, Choo, MacGillivray and Seyffarth [3] establish the Gray code numbers
of complete bipartite graphs. Haas [11] studies a variation of k-colouring graphs, namely,
canonical colouring graphs, and uses techniques developed in [6] to show that canonical
colouring graphs of trees have Hamilton cycles.

Given the results for trees and complete graphs, a natural question is to determine the
Gray code numbers of k-trees. We use the definition of k-tree given in [9], that is, a k-tree is
constructed recursively by starting with a complete graph on k + 1 vertices and connecting
each new vertex to an existing clique on & vertices (hence a 1-tree is simply a connected
acyclic graph). A vertex of degree k in a k-tree is called a leaf. Let H be a k-tree. Then it is
clear that the chromatic number of H is x(H) = k+ 1, and that Gj41 (H) is disconnected.
Since every induced subgraph of H has a leaf, col(H) = k + 1. Thus it follows from [6,
Theorem 3.4] that ko(H) < k + 3, and therefore k + 2 < ko(H) < k + 3. The problem
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is therefore reduced to classifying k-trees into those with Gray code number k£ + 2 and
those with Gray code number £ + 3. The answer appears to be far from trivial. In the
current paper, we provide a complete solution for 2-trees; the characterization can be stated
in fairly non-technical language, but the proof involves numerous cases and generalizations
of the techniques used in [3, 6]. The join of graphs G; and G, denoted by G V G, is
obtained from the disjoint union of G; and G5 by adding all edges between vertices of G
and vertices of Gls.

Theorem 1.1. If H is a 2-tree then ko(H) = 4, unless H = TV {u} for some tree T and
vertex u, where T is a star on at least three vertices or the bipartition of V(T') has two
even parts; in these cases, ko(H) = 5.

The remainder of the paper is devoted to proving this theorem. We first characterize
2-trees of diameter two (Lemma 3.2). We then determine the 2-trees, H, of diameter two
for which G4(H ) has a Hamilton cycle (Lemmas 3.3 and 3.5). This is done by considering
the structure of G'3(T"), where T is a tree (Lemmas A.2 and 3.6). We show that if H is a
2-tree with diameter at least three, then G 4(H ) has a Hamilton cycle (Lemmas 6.3 and 6.4).
To do so we describe a specific recursive procedure for constructing 2-trees of diameter at
least three (Theorem 4.3).

2 Preliminaries

Definition 2.1. Let H be a graph, and let X and Y be disjoint subsets of V' (H). We denote
by [X, Y] the set of edges of H that have one end in X and the other end in Y.

Definition 2.2. Let H be a graph and L a function that assigns to each vertex v € V(H)
a set of positive integers, L(v), called the list of v. An L-colouring of H (also called a
list colouring of H with respect to L) is a (proper) colouring ¢: V(H) — N such that
c(v) € L(v) for each v € V(H). We define the L-colouring graph of H, denoted G, (H),
to be the graph whose vertex set consists of all L-colourings of H; two L-colourings are
joined by an edge of G, (H) if they differ in colour on just one vertex of H.

Remark 2.3. If k > x(H) and L(v) := {1,2,...,k} foreachv € V(H), then GL(H) =
Gy (H), the k-colouring graph of H.

We use G J H to denote the Cartesian product of graphs G' and H, and @),, to denote
the n-dimensional hypercube, defined as the Cartesian product of n copies of K.

Remark 2.4. Let H; and H; be vertex disjoint graphs and let L be an assignment of lists
to the vertices of H, U Hy. Then

Gp(Hy U Hy) = Gp(H,) DGy (Hs).

Lemma 2.5. Let H be a 2-tree with cliqgue X = {x1, 22, ..., 2.} where { < 3, and let L
be an assignment of lists to the vertices of H so that

1. |L(z;)| = 1and L(x;) €{1,2,3,4}, 1 <i <4
2. L(z;) # L(zj) forall 1 <i#j < {;
3. L(v) ={1,2,3,4} foreachv € V(H) \ X.
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Then G1,(H) has a spanning tree T with A(T') < 4.

Proof. The proof is by induction on |V (H)|. For the basis, H = K3 with V(H) =
{v1,v2,v3}. When £ = 0, G(H) = G4(K3), which has a Hamilton cycle [6, Theo-
rem 4.1], so take T to be a Hamilton path in G4(K3). When £ = 1, we may assume,
without loss of generality, that L(vy) := {1} and L(v2) = L(vs) := {1,2,3,4}. Then
Gp(H) = G3(K3), which has a Hamilton cycle [6, Theorem 4.1], so take T to be a
Hamilton path in G3(K>). When ¢ = 2, we may may assume, without loss of generality,
that L(vy) := {1}, L(v2) := {2}, and L(v3) := {1,2,3,4}. Then G (H) = K3, and
the result holds. Finally, when £ = 3, we may assume, without loss of generality, that
L(vy) := {1}, L(ve) := {2}, and L(vs3) := {3}. Then G (H) = K3, and the result holds.

Now suppose H is a 2-tree with |V (H)| > 3 and clique X = {x1,...,24}. Since
¢ < 3, thereis aleaf v € V(H) with v ¢ X, and thus H — v is a 2-tree containing the
clique X. It follows by induction that G (H — v) has a spanning tree 7 with A(T) <
4. Let V(GL(H — v)) == {fo, fi,..., fn-1}, and for each f; € V(Gp(H — v)), let
F; C V(GL(H)) be the set of L-colourings of H that agree with f; on V(H — v). Then
{Fo, F1,...,Fn_1} is a partition of the vertices of G,(H). Since v is a leaf of H, there
are two ways to extend an L-colouring of H — v to an L-colouring of H, and hence for
each j,0<j <N —1, F; = {a;,b;} is aclique.

For each edge f; f; € E(T), there is a unique vertex w € V(H —v) for which f;(w) #
fi(w). If wv ¢ E(H), then [F;, F}] consists of two disjoint edges, and the subgraph of
G1(H) induced by F; U Fj is a 4-cycle. Otherwise, wv € E(H), so [F;, F};] has only one
edge, and the subgraph of G (H) induced by F; U F} is a path of length three. In both
cases, label the edge f; f; in T with |[F}, F}]|.

Let S denote the spanning subgraph of G, (H) corresponding to the spanning tree T
of G1,(H — v) as described above, that is, S has edge set

U [Pl ufab [0<i<N—1}
fifi €E(T)

Since [F}, F;] is nonempty for each f; f; € E(T), S is connected. Also, since A(T) < 4
and [F}, F};] contains either one edge or two disjoint edges, A(S) < 5. Furthermore, since
there are only two vertices adjacent to v in H, at most two edges incident to f; in G, (H —v)
have label ‘1°.

Let S” be the graph obtained from S by deleting the edges a;b; for each f; € V(T)
with d7(f;) = 4. Then A(S") < 4, since if a; € V(S) has ds(a;) = 5, then d7(f;) = 4,
and thus dg/(a;) = 4. We also claim that S’ is connected. To prove this, it suffices to show
that there is a path in S’ from a,, to b, for each f, € V(T) with dr(f,) = 4. Suppose
fp € V(T) has d7(fp) = 4. Construct a path, P, in T starting at f,, using edges labelled
‘2’, and whose final vertex f, has dr(f,;) < 4. Such a path exists since T has no cycles,
and each degree four vertex in 7 is incident to at least two edges labelled ‘2. The union

U [Fi, Fj] | U{agbg}

fif; €E(P)

gives us a path in S’ from a,, to b,,.



M. Cavers and K. Seyffarth: Reconfiguring vertex colourings of 2-trees 657

Therefore, S’ is a connected spanning subgraph of G1,(H ), and thus S’ has a spanning
tree T that is also a spanning tree of G, (H ). Since A(S") < 4, A(T) < 4, thus completing
the proof of the lemma. O

The result in Lemma 2.5 is best possible in that A(7") cannot be reduced from four to
three, as illustrated in the following example. Let D denote the unique 2-tree of diameter
three on six vertices, with vertices labelled as shown in Figure 1(a).

3412 4312
3413 4314
vz maus 3423 4324
3421 4321
3123 2123
wo ous us 3124 4124
3143 2134
3142 732
(a) D (b) G (D)

Figure 1: The 2-tree D and G (D).

Let L: V(D) — {1, 2, 3,4} be defined as follows.

L(uy) == {1},
L(ug) := {2}, and
L(u;) == {1,2,3,4} for3 < i < 6.

If f is an L-colouring of D, then f(u;) = 1 and f(us) = 2, and thus we may denote the
vertices of G, (D) by strings ijk¢ where f(ug) = 1, f(ua) = j, f(us) = k and f(ug) = £.
Using this convention, G, (D) is depicted in Figure 1(b). Notice that G,(D) is unicyclic,
and has exactly two nonadjacent vertices of degree four, ‘3123’ and ‘4124’. Thus every
spanning tree of G (D) has a vertex of degree four.

As part of their proof [6, Theorem 5.5], Choo and MacGillivray prove the following.

Remark 2.6. Let G be a graph with vertex partition { Fy, F1, ..., Fnx—_1}, such that
(i) G[F;]isad4-cycle foreachi, 0 <i< N —1;
(il) G[F;_1 U F;] is isomorphic to either Py K5 or Q3 foreachi, 1 <i < N — 1,

(iii) if G[F;—1 U F;] and G[F; U F;44] are both isomorphic to Py K, then G[F;_1 U
F; U F;14] is not isomorphic to the graph in Figure 2.

Then G has a Hamilton cycle.

The conditions imply that [F;_, F;] # (), 1 <4 < N —1, and hence there is a function,
h, from a spanning subgraph of G to a path fyf1--- fy—_1 of length N — 1 defined by
h(u) = f; forallu € F;,,0<i< N —1.

In our next lemma, we adapt the result of Choo and MacGillivray to a more general
scenario. Suppose G is a graph with vertex partition {Fp, F, ..., Fiy—1} where G[Fj)
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Figure 2: Forbidden subgraph.

contains a spanning cycle for each 4, 0 < 7 < N — 1 (these cycles form a 2-factor of G).
Further, assume that there is a function, /, from a spanning subgraph of G to a tree with
vertex set { fo, f1,.-., fn—1} such that h(u) = f; forallu € F;, 0 < i < N — 1. The
general idea is to choose, for each edge f; f; of the spanning tree, appropriate edges from
the set [F;, F;] of G so that we are able to construct a Hamilton cycle from among these
edges and edges of the 2-factor. See Figure 3 for an illustration of this result.

Lemma 2.7. Let G be a graph with vertex partition {Fy, Fy,...,Fy_1}, and let T be a
tree with V(T) := {fo, f1,.-., [n—1}. Suppose there is a function, h, from a spanning
subgraph of G to T such that h(u) = f; forallu € F;, 0 < i < N — 1. Furthermore,
suppose that for each f;f; € E(T), 0 < i,j < N — 1, there exist edges e; j in G[F;] and
e;,; in G[F}] such that

(i) ifj # kand fif;, fifx € E(T), then e; j # e; 1;
(ii) ife; ; = acand e;; = bd, then G[{a, b, c, d}] contains a 4-cycle;
(iii) G[F;] has a Hamilton cycle C; such that
M :={ei; | fif;y € E(T)} € E(Cy).

Then G has a Hamilton cycle C such that
N-1

U @)\ My) € E(C).

=0

Proof. The proof is by induction on N. The result is trivial when N = 1.

Let N > 1. For each f;f; € E(T),0 <1i < N — 1, suppose ¢; ; € E(G[F}]), e;; €
E(G[F;]), and C; (a Hamilton cycle in G[F;]) satisfy conditions (i), (ii) and (iii). Without
loss of generality, we may assume that f_; is a leaf of 7', and that fy_1fn_2 € E(T).
LetG' :=G — Fy_1andT" :=T — fy_1. Using ¢, ;, €;; and C; as previously defined,
0 <i < N —2,and M; as defined in (iii) except with My _o replaced by M]’\F2 =
Mp_2\ {en—2 n—1}, we apply the induction hypothesis to G’. The result is a Hamilton
cycle C’ in G’ such that

N-3
( U (E(Cs) \Mi)> U(E(Cn-2)\ My_,) € E(C"),

i=0

andey_an—1 € E(C'). Letey—_a N—1 := ac, en—1,n—2 := bd; without loss of general-
ity, abdca is a 4-cycle in G[{a, b, ¢, d}], and hence

C = (C/ — 6N72,N71) U (CN,1 — €N71’N72) + {ab, Cd}

is a Hamilton cycle in G with the required property. O
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12NN
Figure 3: Illustration of Lemma 2.7.

We remark that if dr(f;) = 1 for some 4, then the Hamilton cycle C' constructed in
Lemma 2.7 contains all except one edge of E(C;).
3 2-trees of diameter two

In this section we characterize 2-trees H of diameter two in which G4(H) has a Hamilton
cycle. We begin by defining a class of 2-trees that we denote by T'(p, ¢, ) (see Figure 4).

Figure 4: The 2-tree T'(p, q, 7).

Definition 3.1. Let P, (), and R be pairwise disjoint independent sets of vertices with
|P| :=p, |Q| := ¢, and |R| := r. The graph T'(p, ¢, ) is the graph on p+ g+ + 3 vertices
defined on vertex set {x,y, 2} U P U @ U R where the subgraph induced by P UQ U R is
an independent set, and

o the subgraph induced by {z,y} U P is isomorphic to K1 1 p;
e the subgraph induced by {y, z} U Q is isomorphic to K1 1 4;
e the subgraph induced by {z,z} U R is isomorphic to K7 1 .

A dominating vertex in a graph is a vertex adjacent to all other vertices of the graph.
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Lemma 3.2. A graph H is a 2-tree of diameter two if and only if H has a dominating
vertex or H = T(p, q,r) for p,q,7 > 0.

Proof. Any 2-tree with a dominating vertex has diameter two, and one can easily verify
that T'(p, g, r) is a 2-tree of diameter two for any p, g, > 0.

For the converse, suppose H is a 2-tree of diameter two. We proceed by induction on
n := |V (H)|. When n = 4, H is isomorphic to the graph obtained from K, by deleting
one edge, and has a dominating vertex. Now suppose that n > 5, and let u € V(H)
be a leaf of H, i.e., dg(u) = 2. By the induction hypothesis, H — u has a dominating
vertex, or H —u = T(p',¢',r’) for some p’,¢',r" > 0. If H —u = T(p',q¢,r") for
some p’, ¢, > 0, thenlet V(H — u) := {z,y,2} UP UQ' U R/, where |P’'| .= p/,
|Q'| := ¢/, and |R’| := +'. Since H has diameter two, u must be adjacent to at least two
vertices from {z, y, z}. However dy (u) = 2, and thus Ny (u) = {z,y}, Ng(u) = {y, z},
or Ny(u) = {z,z}. It follows that H = T(p' + 1,¢',r"), H = T(p',q¢ + 1,7'), or
H>T({, ¢, v+ 1), respectively.

Now suppose H — u has a dominating vertex, . If uz € E(H), then x is a dominating
vertex in H. Otherwise, let y and z denote the neighbours of u in H, and note that yz €
E(H). Since H has diameter two, every vertex in V (H — u) is adjacent to = and at least
one of y or z. Let P’ be the set of vertices in H — u adjacent to both = and y, R’ be the

set of vertices in H — w adjacent to both x and z, and suppose |P’| := p’ and |R’'| := 7.
Since H — w is a 2-tree, P’ U R’ is an independent set. Therefore, P’ U R’ U {u} is an
independent set in H, and thus H = T'(p/, 1,7"). O

In what follows, we first prove that if p, g, > 0, then G4(T(p, q,r)) has a Hamilton
cycle. Let G be a graph with vertex partition {Fy, Fy,...,Fy_1}. Foreachi, 1 < i <
N—1,1etS;_1 C F;_; and S; C F; denote the vertices incident to the edges of [F;_1, F;].

Lemma 3.3. Ifp,q,r > 0, then G4(T(p, q,7)) has a Hamilton cycle.

Proof. Let V(K3) = {z,y,z}. Suppose f: V(K3) — {1,2,3,4} is a 4-colouring of
K3 and V(G4(K3)) == {fo, f1,---, fn—1}. Since G4(K3) has a Hamilton cycle by [6,
Theorem 4.1], we may assume that fo f - - - fy_1 is a Hamilton path in G4(K3).

For 0 < i < N — 1, let F; be the set of 4-colourings of T'(p, ¢,r) that agree with
fi on {x,y,z}. In order to simplify notation, we define G := G4(T(p,q,7)). Then
{Fo, Fi1,...,Fn_1} is a partition of the vertices of G, and G[F;] = Qpigt+r, 0 < 7 <
N —1.

Let st € [F;_1,F;], where s € S;_; and ¢t € S] for some 1 < ¢ < N — 1. Then
s(u) = t(u) forall u € V(G) \ {v}, where v is one of {x,y, 2z}, and s(v) # t(v). Thus,
[Fi—1, F;] is a set of independent edges. If v = z, then s(u) = s(w) for all u,w € P and
for all u,w € R, and t(u) = t(w) for all u, w € P and for all u,w € R. Thus G[S;_1] =
Qq = G[S]], and G[S;_1 U S]] = Qq+1. Analogously, if v = y, G[S;—1] = @, = G[5]]
and G[SZ',1 @] Sz/] = QT+1; and if v = z, G[Slfﬂ = P = G[S;], G[Sifl U S;] = Qp+1.

Consider the path f;_1 f; fi+1 in G4(K3), 1 <4 < N — 2. Note that

Jic1(2), fi(x), firi(x)

use at most two different colours; otherwise, there would be only one colour available for
y and z, which is impossible since y and z always receive different colours. Analogously,
fi—1, fi, fi+1 assign at most two different colours to each of y and z. It follows that if
|[Fi717Fi]| = |[Fi;Fi+1]| = 2, then [Fithi] @] [Fi;Fi+1] % 2P3
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For each edge f;_1f; with 1 < ¢ < N — 1, we choose a 4-cycle, B;_1, containing
exactly two edges of [F;_1, F;] as follows.

e Foreach |[F;_1, Fi]| = 2, G[S;-1US!] is a 2-cube, so we choose B;_; := G[S;—1U
S;] = ai_lci_ldibiai_l, where Aj—1,Ci—1 € Fi—l and bi, dz S Fz

e Fori =1,2,...,N — 1, and |[F;_1, F}]| > 2, first note that |[F;_1, F;]| > 4 since
G[Si—1 U S]] = @, for some n > 3. Thus it is possible to choose edges a;—1b; and
c;_1d; of [Fl:—17 Fl] so that B;_1 := a;_1¢;—1d;b;a;_1 is edge disjoint from B;_o,
and also edge disjoint from B; if |[F}, Fi+1]| =2and ¢ < N — 1.

Let €iit1 = G[Sl] N B; and €it1, ‘= G[Sz/+1] NB;, 0 <1< N — 2. Observe
that G and the path fjyf1 - - - fy—1 satisfy conditions (i) and (ii) of Lemma 2.7. Recall that
GIF] = Qptqtr. 0 <i < N—1,and p+q¢+r > 3. Since any pair of edges of Q,,, n > 2,
is contained in a Hamilton cycle (see [7, Theorem 4.1]), there exist Hamilton cycles Cj in
G| F}) containing eg 1, Cn—1 in G[Fy_1] containing ey _1 y_2, and, for 1 <i < N — 2,
C; in G[F;] containing e; ;1 and e; ;1. Therefore, by Lemma 2.7, G has a Hamilton
cycle. O

In the case where p > 0 and ¢ = r = 0, T'(p, ¢,) has a dominating vertex, and is
isomorphic to Ko V K,,.

Lemma 3.4. Forn > 2, G4(Ky V K,,) has no Hamilton cycle.

Proof. Let H := Ky V K, forn > 2, let H := G4(H), and let u, v be the two vertices of
H of degreen + 1. Foreach 1 < i # j < 4let

Vij={ceV(H)|c(u) =iand c(v) = j}.

Then
{Vi2, Vis, Via, Var, Vas, Vau, Va1, Vag, Vayg, Var, Vao, Vas}

is a partition of V(#). Note that [V, V,s] # 0 if and only if &« = y or § = §. For 1 <
i # j < 4, let L;; be an assignment of lists to the vertices of H such that L;;(u) := {i},
Lij(v) := {j} and L;j(x) := {1,2,3,4} forx € V(H — {u,v}). Note that G, (H) =
’H[Vij] > @Q,, foreach 1 < i # j < 4. Define the three-coloured vertices of 7 (that is, the
colourings of H with three colours) by c;; € V;; such that

i, ifx=u,
cijp(x) =17, ifz=nw,
k, otherwise.

Each V;; has two such vertices, ¢;jx, and ¢;;i,, where k1, ko € {1,2,3,4}\{¢, j}. Further-
more, 1 — {¢;jk, ; Cijk, } is disconnected so that any Hamilton cycle in 7 must contain the
edges of a Hamilton path of 7[V;;] with endpoints ¢;jx, and ¢;;,, foreach 1 <1i # j < 4.

By [6, Lemma 2.1] there is no Hamilton path in the n-dimensional cube from 00 - - -0
to 11 -1 whenever n is even. Thus, for n even, there is no Hamilton path in H[V; j] with
endpoints ¢;;x, and c;;,. Therefore, H has no Hamilton cycle when n is even.

For n odd, such Hamilton paths exist and must be used in any Hamilton cycle of H,
if one exists. We construct an auxiliary graph A (see Figure 5(a)) where the vertex (3, j)
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represents a Hamilton path in #[Vj;] from ¢;;x, to ¢;jx,. There is an edge in A between
(41, 71) and (42, j2) whenever ¢;, j, 1 is adjacent to ¢;,;,1 in 7. We label the edge between
(i1,741) and (i2, j2) by the unique element of {1,2,3,4} \ ({4é1,71} U {é2,52}) (see Fig-
ure 5(b)). Notice that the edges labelled 7, 1 < ¢ < 4, induce a 6-cycle, and the edges of
these four 6-cycles partition E(A).

4 2
(12) (13) (14)
3 3
I 4
2,0 23 1 i 2
24 al 304 ]2 |
G| 62 3 4 !
G4 LI
S 2 2
3 1
RN C)) @3 5
(a) (b)

Figure 5: The auxiliary graph A.

A Hamilton cycle in # corresponds to a Hamilton cycle, C, in A in which any two
consecutive edges of C have different labels. Such a cycle C uses a matching of size three
from each labelled 6-cycle in A. Without loss of generality, we may assume C contains
horizontal edges of the 6-cycle labelled 1. Now, C uses horizontal edges from one of
the remaining labelled 6-cycles, otherwise, C contains a K3. Regardless of whether C
uses horizontal edges of the 6-cycle labelled by 2, 3 or 4, using vertical edges of the two
remaining 6-cycles gives C = C4 U Cy, a contradiction. Therefore H has no Hamilton
cycle. O

Observe that if H is a 2-tree of diameter two having a dominating vertex u, then H =
T V {u} for some tree T'.

Lemma 3.5. Let T be a tree on at least two vertices. Then G4(T V {u}) has a Hamilton
cycle unless T is a star on at least three vertices or the bipartition of V(T') has two even
parts.

The proof of this lemma requires a result that we state here, but whose proof is technical
and is postponed to the Appendix A.

Lemma 3.6. Let T be a tree with bipartition (A, B), where |A| := { and |B| := r, and
let G3(T') be the 3-colouring graph of T with colours C = {1,2,3}. Define c;; to be the
vertex of G3(T) with ¢;;(a) = i for all a € A and ¢;;(b) = j for all b € B.

(1) If £,r > O are both even, then G3(T') has no spanning subgraph consisting only of
paths whose ends are in {c12, ¢13, Co1, C23, C31, C32 }-

(2) If £ > 1is odd and r > 0 is even, then G5(T) has a Hamilton path from c;5 to ca3.

(3) If ¢ > 1 and r > 1 are both odd, then G3(T') has a Hamilton path from ci2 to c13.
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Proof of Lemma 3.5. Let T be a tree with |V (T')| > 2 and bipartition (A, B), where A :=
{z1,22,...,2¢} and B := {y1,y2,...,yr}. Let H := T V {u}, and let H := G4(H) be
the 4-colouring graph of H with colours {1,2,3,4}. For each 1 < k < 4, define

Vi i={ce V(H) | c(u) = k}.

Then {V4, V2, V3, V,} is a partition of V(). Define Ly, to be an assignment of lists with
Li(u) := {k} and Li(w) := {1,2,3,4} forw € V(T). Note that G, (H) = H[Vy] =
G3(T). Define the three-coloured vertices of H (that is, the colourings of H with three
colours) by ¢;j, € Vi so that ¢;;i () ;=i forallx € A, ¢;;5(y) :=jforally € B.

Observe
V1, Va] = {c3a1€342, cazicasal}, Vi, V3] = {coa1€243, caz1ca23},
V1, Va] = {ca31¢a34, C321C324}, [Va, V3] = {c142¢143, car2ca13},
[Va, Va] = {c132¢134, 312314}, [Vs, Va] = {c123¢124, C213C214}-

Case 1. Suppose |V (T')| = 2. Then T'V {u} = K3 and G4(K3) has a Hamilton cycle by
[6, Theorem 4.1].

Case 2. Suppose 7 is a star with |V (T)| > 3. Then G4(T V {u}) = K, V K,, for some
n > 2. By Lemma 3.4, G4(T V {u}) has no Hamilton cycle.

Case 3. Suppose both |A| and |B| are odd. By Lemma 3.6, there is a Hamilton path
in H[V7] from 401 to cg31, in H[V5] from cy3s to ¢132, in H[V3] from cy34 to ¢124 and in
H[‘/Zﬂ from cy23 to c423. The union of these paths with edges {6431 €432, C132C134, C124C123,
C423C421 } gives a Hamilton cycle in H.

Case 4. Suppose one of | A| and | B| is even and the other is odd. Without loss of generality,
|A| is odd and | B] is even. By Lemma 3.6, there is a Hamilton path in #[V;] from ca3;
to 341, in H[Va] from c340 to c412, in H[V3] from c413 to ¢123 and in H[Vy] from c194 to
¢234. The union of these paths with edges {¢341¢342, C412€413, C123C124, C234C231 } gives a
Hamilton cycle in H.

Case 5. Suppose both |A| and |B| are even, and suppose H contains a Hamilton cycle C.
Then C[V4] is a spanning subgraph of H[V;] 2 G3(T) consisting of a union of paths whose
endpoints are three-coloured vertices of V7, contradicting Lemma 3.6. Thus in this case, H
has no Hamilton cycle. O

4 Constructing 2-trees of diameter at least three

To complete the proof of our main result, we must show that if H’ is a 2-tree with diameter
at least three, then ko(H') = 4. Naively deleting two leaves with the intention of applying
Remark 2.6 may be problematic. For example, let H' be a 2-tree with diameter at least
three having leaves = and y of distance at least three. Let H = H' — {x,y}, Ny (x) =
{1,225}, and suppose G4(H) has a Hamilton cycle fof1--- fn—1fo. Let F; be the set
of 4-colourings of H' that agree with f; on V(H), 0 < ¢ < N — 1. In the case that
fi—1fi arises from a colour change on x; and f; f;11 arises from a colour change on x5, the
subgraph G[F;_1 UF;UF;11] is isomorphic to the forbidden subgraph in Figure 2. Because
of this we take a more general approach. Suppose a 2-tree H' is obtained from a 2-tree H
by repeatedly adding vertices of degree two. Instead of a Hamilton cycle in G4(H) we take
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a spanning tree satisfying certain properties providing the flexibility needed to construct a
Hamilton cycle in G4(H’). Our approach does not require G4(H) to have a Hamilton
cycle. To facilitate this procedure, we define nine operations (see Figure 6).

Definition 4.1. Let H be a 2-tree. Then H' is obtained from H by

Operation I if {a,5,v} = V(H') \ V(H), {a1az2,b1b2,c1c2} C E(H), and
Nyi(a) = {a1, a2}, Nu:(B) = {b1, b2}, N/ (v) = {c1, c2}.

Operation II if {«, 8,7} := V(H')\ V(H), {za,zb,c1¢c2} C E(H), and Ny (a) =
{z,a}. Ny (B) = {z,b}, Nur(7) = {c1, e}

Operation III if {«,8,~v} := V(H') \ V(H), {az,zy,yc} C E(H), and Ny () =
{a, 2}, Nu (B8) = {=,y}, N (v) = {c, y}-

Operation IV if {«, 8,7,0} := V(H') \ V(H), {zy,zw} C E(H), and Ny (a) =
N (B) = {z,y}, Nu (v) = N (6) = {w, z}.

Operation V if {«, 3,7v,0} := V(H')\ V(H), {zy,zw} C E(H), and Ny (a) =

{8, 2,9}, Nu(B) = {e,y}, Nu'(7) = Nu(6) = {w, z}.
Operation VI if {«, 3,7,0} := V(H') \ V(H), {zy, 2w} C E(H), and Ng/ () =
{8, 2,9}, Nur(B) = {e,y}, Nu'(7) = {0, w, 2}, Nu(8) = {, 2}.
Operation VII if {«, 3,7,0} := V(H')\ V(H), {zy,2z} C E(H), and Ng(a) =
{6, 2,9}, Nu(B) = {a,y}, Na () = {6, 2, 2}, N (6) = {7, 2}
Operation VIII if {«, B v,60} == V(H')\ V(H), {zy,zz} C E(H), and Ny (a) =
{8,2,y}, Nu(B) = {z,a}, Nu () = {0,z 2}, Nu: (6) = {, 2}.
Operation IX if {«, 3,7,0} := V(H') \ ( ), {zy,xz} C E(H), and Ny (o) =
{B,2,y}, Nu(B) = {a,y}, Nur(v) = Nu (8) = {z, 2},

Remark 4.2. Since each of Operations I through IX can be performed by sequentially
adding simplicial vertices of degree two to H, H' is a 2-tree.

Recall that D denotes the unique 2-tree of diameter three on six vertices (Figure 1(a)).

Theorem 4.3. A graph H' is a 2-tree of diameter at least three if and only if H' = D or
H' can be obtained from a 2-tree H by applying one of Operations I through IX.

Proof. (<): If H' = D, the result is trivially true. Otherwise, it follows from Remark 4.2
that H’ is a 2-tree. Since each operation produces two leaves that are distance at least three
apart, H' has diameter at least three.

(=): As already observed, D is the unique 2-tree of diameter three on six vertices.
The 2-trees on three, four and five vertices all have diameter less than three. Thus, we may
assume that H’ is a 2-tree of diameter three and |V (H')| > 7. Since H' has diameter
at least three, there are at least two leaves whose neighbourhoods are vertex disjoint. We
consider cases based on the number of edges induced by the neighbourhoods of the leaves
of H', and the number of leaves of H’'.

Case 1. First assume that the neighbourhoods of the leaves of H’ induce at least three
distinct edges.
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Figure 6: Operations I through IX applied to a graph H by the addition of vertices «, /3, 7,
and 0 where applicable. The solid edges belong to H and the dotted edges are added to
construct H'.

If H' has three leaves whose neighbourhoods are pairwise vertex disjoint, then H’
contains vertex disjoint edges ajas, b1ba, ¢1c2, and leaves «, 8,y with N(a) = {a1, a2},
N(B) = {b1,b2}, N(v) = {c1,co}. Letting H := H' — {a, 8,v} results in a 2-tree, and
applying Operation I to H produces H'.

We may now assume that no three leaves of H’ have neighbourhoods that are pairwise
vertex disjoint. Choose two leaves a and v whose neighbourhoods are vertex disjoint, and
let 8 & {«,~} be aleaf such that N(5) & {N(«), N(v)}. If N(B) intersects exactly one
of N(«) and N (7), then we may assume without loss of generality that [N (8)NN(a)| =1
and N(8)NN(v) = 0. Then H' contains a path of length two, axb and an edge c; ¢ that is
vertex disjoint from axd, such that N(«) = {a,z}, N(8) = {z, b}, and N(vy) = {c1, 2 }.
Letting H := H' — {«, 3, ~} results in a 2-tree, and applying Operation II to H produces
H'. Otherwise, |[N(8) N N(«)| = |N(8) N N(v)| = 1, and H’ contains a path of length
three, cyzycs such that N(«) = {c1,z}, N(8) = {z,y} and N(v) = {y,c2}. Letting
H := H' — {«, 8,7} results in a 2-tree, and applying Operation III to H produces H'.

Case 2. We may now assume that the neighbourhoods of the leaves of H’ induce exactly
two edges.
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Case 2(a). Suppose that H' has at least three leaves. Let leaves 3 and ~ have neighbour-
hoods that are vertex disjoint, and let 6 &€ {8,~} be a leaf. Without loss of generality,
N(6) = N().

If there exists a leaf « with N(«) = N(f), then H := H' — {«, 3,7, d} is a 2-tree,
and applying Operation IV to H produces H'. Otherwise, no other leaf of H’ has the same
neighbourhood as 3. If we let N(8) := {«,y}, then at least one of {a,y} is a leaf of
H' — B; without loss of generality, « is a leaf of H' — 3, and so d(«) = 3. It follows that
N(a) ={B,y,z} forsome = ¢ {«, 8,7, 9,y}, and that xzy € E(H').

Let N(v) = N(9) = {w, z}. We consider two cases depending on |{z} N {w, z}|. If
{z} N{w,z}| = 0, then H := H' — {a, 8,7, 6} is a 2-tree, and applying Operation V
to H produces H'. If |[{z} N {w,2}| = 1, then y = w or y = 2, and the two cases are
analogous. The graph H := H' — {«, 8,7, d} is a 2-tree, and applying Operation IX to H
produces H'.

Case 2(b). Finally, assume that H' has exactly two leaves, 5 and §, with N(3) = {«, y}
and N () = {v, z}. Since dp/(8,0) > 3, {a,y} N {7, 2} = 0. We may assume, without
loss of generality, that « and +y are leaves in H' — {3, ¢}, and so d(«)) = 3 and d(v) = 3.
It follows that N(«) = {8, y,p} and N(v) = {9, 2z, ¢} for some p,q & {5, «, d,~v} with
p#y.q# zand py,qz € E(H").

We consider three cases depending on [{p,y} N {q,z}|. If {p,y} N {q,z}| = 0,
then H := H' — {«, 8,7,d} is a 2-tree, and applying Operation VI to H produces H'.
If |{p,y} N{q,z}| = 1, then either p = ¢, p = 2, or ¢ = y. In the case p = g,
H:= H —{a,B,v,d} is a 2-tree, and applying Operation VII to H produces H'. In the
casep =z, H := H' — {«, 8,7, d} is a 2-tree, and applying Operation VIII to H produces
H'. The case ¢ = y is analogous to the case p = z. Finally if [{p,y} N {q, z}| = 2, then
the fact that y # z implies that p = 2 and ¢ = y, and hence H' = D, contradicting the fact
that [V(H')| > 7. O

S Operations and the 4-colouring graph

Let H be a 2-tree, and let H' be the 2-tree obtained from H by applying one of the Op-
erations I through IX. As before, let V(G4(H)) = {fo, f1,..., fv-1}, and let F; C
V(G4(H")) be the set of 4-colourings of H' that agree with f; on the vertices of H,
0 < 7 £ N — 1. For each Operation I through IX, what follows is a description of the
subgraph of G := G4(H’) induced by F;, 0 < ¢ < N — 1, and also a description of the
subgraph of G induced by F; U F; when f; f; € E(G4(H)),0 <1i,j < N — 1. Each edge
fifj of G4(H) is also assigned a label to indicate the structure of G[F; U F;]. We remark
that for a path f; f; fi of length two in G4(H), if f;(u) # f;(u) for some u € V(H), then
fi(u) = fulw)

5.1 Operation I

If H' is obtained from H using Operation I, then there are two choices of colour for each
of the vertices «, 3, and 7, so for each i, 0 < i < N — 1, G[F;] & Q3. To simplify the
labelling of the vertices of G[F;], we label the faces of a plane drawing of ()3 as shown
in Figure 7(a), where o1 and «p are the possible colours of vertex «, /31 and 5 are the
possible colours of vertex 3, and 7; and -y, are the possible colours of vertex . Without
loss of generality, assume these colour choices are as shown in Figure 7(b). A vertex u of
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Qs is assigned label o; 8;vi where ¢, j, k € {1,2}, and w is incident with the faces labelled
o, B and vy, (see Figure 7(c)).

Q2 2 223 243
n 3 123 143

P 1| B 2|1 4 124 144
72 4 224 244
(a) (b) ©

Figure 7: Labelling G[F;].

The following arguments can be made with sets of colours {f;(a1), fi(az2)}, {fi(b1),
fi(ba)} and {f;(c1), fi(c2)} each chosen independently as a subset of {1,2,3,4}. To ease
notation, we assume that f;(ay) = 3, fi(a2) =4, fi(b1) = 1, fi(b2) = 3, fi(c1) = 1, and
fi(ea) = 2. Then the colour choices for o are {1, 2}, for § are {2, 4}, and for -y are {3, 4}.
As already noted, G[F;] = (3; assume that G[F}] has been drawn in the plane and labelled
as in Figure 8(a).

If fif; € E(G4(H)), then f; is obtained from f; by changing the colour of a single
vertex in V(H). We label each edge f;f; € E(G4(H)) according to the structure of
G[F; U Fj.

2 2 2
3 3 3
) 2/l 1 |\4 2/l 1 |\4 21 [\4
3 4 4 4
2014
3 2 3
1 3 3 3
2\[ 1 |/4 2\[ 1 |/4 301 |/4
4 4 4

(a) (b) (©) (d)

Figure 8: G[F;] and G[F; U F}] for Operation I, II and IIL.

@ fi(v) # fj(v) for v € {a1,as}. Without loss of generality, suppose v = a;. Since
H is a 2-tree, there is a vertex ag € V(H) such that H[{a1, az, as}] = Ks3. Observe
fi(as) € {1,2}; we may assume f;(a3) = 1. Then fj(a;) = 2.! Since f;(az) =

ISince f;j(a1) is uniquely determined there is no f, with £ # j such that f; and f, differ on a;.
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fi(az) = 4, the colours available for « are {1, 3}; the colours available for 3 and
7 are unchanged. Therefore [F;, F;] is a matching of size four between the 4-cycle
bounding the «; face in G[F;] and the 4-cycle bounding either the «; face or the ap
face in G[F}]. Thus G[F;UF}] is isomorphic to the graph in Figure 8(b). We label the
edge f; f; by a-sq. It follows from Footnote 1 that there are at most two edges incident
to f; having label a-sq. Furthermore, we remark that if f;f;,, fif;, € E(G4(H))
both have label a-sq, then the four vertices of F; incident to the edges of [F;, I}, ] are
the same four vertices of F; that are incident to the edges of [F}, F},], and induce a
4-cycle in G[F;] that bounds a face with label a; or ao.

@) fi(v) # fj(v) for v € {b1,b2}. Asin (i), we label the edge f;f; by b-sq. Note
that there are at most two edges incident to f; having label b-sq. If f;f;,, fif;, €
E(G4(H)) both have label b-sq, then the four vertices of F; incident to the edges of
[F;, Fj,] are the same four vertices of F; that are incident to the edges of [F;, Fj, ],
and induce a 4-cycle in G[F;] that bounds a face with label 8 or 3.

(i) fi(v) # f;j(v) for v € {c1,c2}. As in (i) and (ii), we label the edge f;f; by
c-sq. Note that there are at most two edges incident to f; having label c-sq. If
fifii, fifj» € E(G4(H)) both have label c-sq, then the four vertices of F; incident
to the edges of [F;, Fj, | are the same four vertices of F; that are incident to the edges
of [F;, Fj,], and induce a 4-cycle in G[F;] that bounds a face with label y; or .

(v) fi(u) # fj(u) foru € V(H) \ {a1,a2,b1,b2,c1,c2}. In this case, the vertex labels
on G[F;] and G[Fj] are identical. Thus [F}, F}] is a perfect matching, and G[F; U Fj]
is isomorphic to the graph in Figure 8(c). We label the edge f; f; by pm.

Table 1: Summary of Operation I.

Subgraph induced by
Vertex whose colour is changed F,UF; Label of f; f;
ai,as Figure 8(b) a-sq
by, bo Figure 8(b) b-sq
c1,Co Figure 8(b) c-sq
u e V(H) \ {a17a27b17bg,61762} Figure 8(¢c) pm

5.2 Operation II

As with Operation I, G[F;] = Qs for each i, 0 < ¢ < N — 1. We may assume that
fila) =4, fi(x) =3, fi(b) =1, fi(c1) = 1, and f;(c2) = 2. Then the colour choices for
a are {1, 2}, for B are {2, 4}, and for ~y are {3,4}. Using the same labelling convention as
for Operation I, we assume that G[F;] is drawn in the plane and labelled as in Figure 8(a).

If fif; € E(G4(H)), then f; is obtained from f; by changing the colour of a single
vertex in V(H). We label each edge f;f; € E(G4(H)) according to the structure of
G[Fl U Fj].

(i) fi(v) # fj(v) forv € {a,b,c1,c2}. This is analogous to Operation I when the
colour of one of {a1, az, b1, ba, ¢1, c2} is changed, and thus G[F; U Fj] is isomorphic
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to the graph in Figure 8(b). We label the edge f; f; by either a-sq, b-sq or c-sq as in
Operation I.

(i) fi(x) # f;j(x). We may assume that f;(2) = 2. Then the colours available for o
are {1,3} and the colours available for § are {3,4}; the colours available for -y are
unchanged. Therefore, [F;, F}] is a matching of size two where G[F;] and G[F}] are
edges whose endpoint labels are unchanged, and thus G[F; U F}] is isomorphic to
the graph in Figure 8(d). We label the edge f; f; by e.

(i) fi(u) # f;(u) foru € V(H) \ {a,b,z,c1,c2}. In this case, the vertex labels on
G[F;] and G[Fj] are identical. Thus [F;, F;] is a perfect matching, and G[F; U F}] is
isomorphic to the graph in Figure 8(c). We label the edge f; f; by pm.

Table 2: Summary of Operation II.

Subgraph induced by
Vertex whose colour is changed F,UF; Label of f; f;
a Figure 8(b) a-sq
b Figure 8(b) b-sq
c1,Co Figure 8(b) c-sq
T Figure 8(d) e
ue V(H)\{a,bx c1,c} Figure 8(c) pm

5.3 Operation II1

As with Operations I and II, G[F;] & Q3 foreach 4, 0 < i < N — 1. We may assume
that f;(x) = 3, fi(y) = 1, fi(a) = 4, and f;(¢) = 2. Then the colour choices for « are
{1,2}, for 3 are {2,4}, and for -y are {3,4}. Using the same labelling convention as for
Operation I, we assume that G[F;] is drawn in the plane and labelled as in Figure 8(a).

If fif; € E(G4(H)), then f; is obtained from f; by changing the colour of a single
vertex in V(H). We label each edge f;f; € E(G4(H)) according to the structure of
G[F‘Z @] Fj}

(i) fi(v) # f;(v) for v € {a,c}. This is analogous to Operation I when the colour is
changed on one of {a1, az, ¢1, ¢z}, and thus G[F; U F] is isomorphic to the graph in
Figure 8(b). We label the edge f; f; by either a-sq or c-sq as in Operation I.

() fi(v) # fj(v) forv € {z,y}. This is analogous to Operation II when the colour of
is changed, and thus G[F; U F}] is isomorphic to the graph in Figure 8(d). We label
the edge f; f; by e.

(i) fi(u) # f;(u) for vertex u € V(H) \ {a, ¢, z,y}. In this case, the vertex labels on
G|[F;] and G[Fj] are identical. Thus [F;, F}| is a perfect matching, and G[F; U F}] is
isomorphic to the graph in Figure 8(c). We label the edge f; f; by pm.

Remark 5.1. We note that for Operations I-1IIL, if f;f;,, fifj, € E(G4(H)) have the
same label that is not e, and F}!, F? C F; are incident to the edges of [F}, F}, ], [Fy, Fj, ],
respectively, then F}! = F2.
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Table 3: Summary of Operation III.

Subgraph induced by
Vertex whose colour is changed F, UL Label of f; f;
a Figure 8(b) a-sq
c Figure 8(b) c-sq
Y Figure 8(d) e
uwe V(H)\{a,c,z,y} Figure 8(c) pm

5.4 Operation IV
We may assume that f;(z) = 1, f;(y) = 2, fi(w) = 2 and f;(z) = 3. Then the pairs of
colour available for « and 3, respectively, are

{(4,3),(3,3), (3,4), (4,4)},

and the pairs of colours available for «y and J, respectively, are

{(1,4), (1, 1), (4,1), (4,4)}.

Thus the subgraph of G induced by F; is isomorphic to Cy 0 Cy, and we assume that it is
drawn as shown in Figure 9(a), with the rows labelled by the pairs of colours available for
« and S, respectively, and the columns labelled by the pairs of colours available for  and
4, respectively.

If fif; € E(G4(H)), then f; is obtained from f; by changing the colour of a single
vertex in V' (H ); there are three cases to consider.

(1.4 (1,1D)4.1)4.4) (1.4 (1,1H)4.1)(4.4)

@3) @3)

G.3) 3.3) _jr
43 G4 G4
33) ‘}‘ @4 @4
G4 (1.3) “3)
“h 33) 33)

1411 @, 1) (4.4) o —}- oo —)— ‘}-
(1) @4

A4)(L1)E1)(44) 1222111
(a) () (©) (d)

Figure 9: G[F;] and G[F; U F}] for Operation IV.

@ fi(v) # f;(v) forv € {x,y}. We may assume that f;(z) = 4. Then the pairs of
colours available for « and 3, respectively, are

{(1,3),(3,3).(3,1), (1, 1)},

and the pairs of colours available for v and § are unchanged. Hence, G[F; U F}] is
isomorphic to the graph in Figure 9(b).
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i) fi(v) # fj(v) forv € {w,z}. We may assume that f;(w) = 4. Then the pairs of
colours available for y and 4, respectively, are

{(2,2),(2,1),(1,1), (1,2)},

and the pairs of colours available for o and § are unchanged. Hence, G[F; U F}] is
isomorphic to the graph in Figure 9(c).

(i) fi(u) # fi(uw) foru € V(H) \ {z,y, w, z}. In this case, the vertex labels on G[F;]

and G[F;] are identical. Thus [F;, F}] is a perfect matching, and G[F; U F}] is
isomorphic to the graph in Figure 9(d).

Table 4: Summary of Operation IV.

Subgraph induced by
Vertex whose colour is changed F,UF; Label of f; f;
x,y Figure 9(b) r
Z, W Figure 9(c) c
uweV(H)\{z, v,z w} Figure 9(d) pm

Remark 5.2. We note that for Operation IV, if f;f; € E(G4(H)) has label r and e €
[F;, F;], then each colouring corresponding to an end of e assigns the same colour to «
and f. Similarly, if f;f; € E(G4(H)) has label ¢ and e € [F;, F}j], then each colouring
corresponding to an end of e assigns the same colour to -y and 9.

5.5 Operation V

We may assume that f;(z) = 1, fi(y) = 2, fi(w) = 2 and f;(2) = 3. Then the pairs of
colour available for « and f, respectively, are

{(3,4),(3,1),(4,1), (4,3)},

and the pairs of colours available for v and §, respectively, are

{(4,1),(1,1),(1,4), (4,4)}.

Thus the subgraph of G4(H’) induced by F; is isomorphic to Py Cy, and we assume that
itis drawn as shown in Figure 10(a), with the rows labelled by the pairs of colours available
for o and S, respectively, and the columns labelled by the pairs of colours available for -y
and 9, respectively.

If fif; € E(G4(H)), then f; is obtained from f; by changing the colour of a single
vertex in V' (H); there are five cases to consider. Since H is a 2-tree, there are vertices
a,b € V(H) such that H[{z,y,a}] = K3 and H[{w, z,b}] = K3. Observe f;(a) € {3,4}
and f;(b) € {1,4}. We may assume that f;(a) = 4 and f;(b) = 1. Even though b
(respectively, a) could be equal to = or y (respectively, w or 2), this does not affect the
argument.
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3.4 34)
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Figure 10: Subgraphs induced by F; U F}; for Operations V and IX.

@ fily) # fj(y). Then f;(y) = 3 and the pairs of colours available for « and f3,
respectively, are

{(4,2),(4,1),(2,1),(2,4)},

and the pairs of colours available for v and ¢ are unchanged. Hence, G[F; U F}] is
isomorphic to the graph in Figure 10(b) with appropriate labels.

() fi(z) # fj(z). Then f;(x) = 3 and the pairs of colours available for o and S,
respectively, are

{(4,1),(4,3),(1,3),(1,4)},

and the pairs of colours available for v and § are unchanged. Hence, G[F; U F}] is
isomorphic to the graph in Figure 10(c).

(iii) fi(2) # fj(2). Then f;(z) = 4 and the pairs of colours available for v and 4,
respectively, are

{(3,3),(1,3), (1,1), (3, 1)},
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and the pairs of colours available for o and 3 are unchanged. Hence, G[F; U F}] is
isomorphic to the graph in Figure 10(d).

(iv) fi(w) # fj(w). Then f;(w) = 4 and the pairs of colours available for v and ¢,
respectively, are

{(3,3),(1,3),(1,1),(3, 1)},

and the pairs of colours available for o and 3 are unchanged. Hence, G[F; U F}] is
isomorphic to the graph in Figure 10(d).

V) fi(u) # fij(w)w e V(H) \ {z,y,w, z}. In this case, the vertex labels on G[F;] and
G[F;] are identical. Thus [F;, F}] is a perfect matching, and G[F; U F}] is isomorphic
to the graph in Figure 10(f).

Table 5: Summary of Operation V.

Subgraph induced by
Vertex whose colour is changed F; UF; Label of f; f;
Y Figure 10(b) T
z Figure 10(c)
Z, W Figure 10(d) c
uweV(H)\{z,y,z,w} Figure 10(f) pm

We informally refer to the rows and columns of vertices in G[F;] according to the
drawing in Figure 10(a). For Operations IV and VI through IX we use a similar convention.

Remark 5.3. We note that for Operation V, if f; f; € E(G4(H)) has label r, then the set
of vertices S; ; C Fj incident to the edges of [F;, F};] consists of row two or three?. If
fifj € E(G4(H)) has label rr, then the set of vertices S, ; C F; incident to the edges of
[F;, F;] consists of rows one and two, or rows three and four. If f;f; € E(G4(H)) has
label c and e € [F;, F;], then each colouring corresponding to an end of e assigns the same
colour to 7y and 4.

5.6 Operation VI

We may assume that f;(z) = 1, fi(y) = 2, fi(2) = 3 and f;(w) = 1. Then the pairs of
colour available for « and f3, respectively, are

{(3,4),(3,1),(4,1), (4,3)},

and the pairs of colours available for v and 4§, respectively, are

{(2,4),(2,1),(4,1),(4,2)}-

Thus G[F;] is isomorphic to Py O P;, and we assume that it is drawn in the plane as shown
in Figure 11(a), with the rows labelled by the pairs of colours available for « and 3, respec-
tively, and the columns labelled by the pairs of colours available for v and §, respectively.

2Rows are numbered from top to bottom and columns from left to right.
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Figure 11: Subgraphs induced by F; U F; for Operations VI, VII and VIIL

If fif; € E(G4(H)), then f; is obtained from f; by changing the colour of a single
vertex in V' (H); there are five cases to consider. Since H is a 2-tree, there are vertices

a,b € V(H) such that H[{z,y,a}] = K3 and H[{w, z,b}] = K3. Observe f;(a) € {3,4}

and f;(b) € {2,4}. We may assume that f;(a) = 4 and f;(b) = 2. Even though b
(respectively, a) could be equal to x or y (respectively, w or z), this does not affect the

argument.

@ fiy) # fi(y). Then f;(y) = 3, and the pairs of colours available for o and S,
respectively, are

{(4,2),(4,1),(2,1),(2,4)},

and the pairs of colours available for v and § are unchanged. Hence, G[F; U F}] is
isomorphic the the graph in Figure 11(b).

() fi(z) # fj(x). Then f;(x) = 3, and the pairs of colours available for o and S,
respectively, are

{(4,1),(4,3),(1,3),(1,4)},

while the pairs of colours available for v and ¢ are unchanged. Hence, G[F; U Fj] is
isomorphic to the graph in Figure 11(c).
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(iii) fi(z) # fj(2). Then f;(z) = 4 and the pairs of colours available for v and 4,

respectively, are
{(3,2),(3,1),(2,1),(2,3)},

while the pairs of colours available for «w and 3 are unchanged. Hence, G[F; U F;] is
isomorphic the the graph in Figure 11(d).

(iv) fi(w) # fj(w). Then f;(w) = 4 and the pairs of colours available for v and J,
respectively, are

{(2,1),(2,4), (1,4), (1, 2)},
while the pairs of colours available for « and § are unchanged. Hence, G[F; U F}] is
isomorphic the the graph in Figure 11(e).

V) fi(u) # f;(u) for some w € V(H) \ {x,y, z,w}. In this case, the vertex labels on
G[F;] and G[Fj] are identical. Thus [F;, F;] is a perfect matching, and G[F; U F}] is
isomorphic to the graph in Figure 11(f).

Table 6: Summary of Operation VI.

Subgraph induced by
Vertex whose colour is changed F; UF; Label of f; f;
Y Figure 11(b) r
x Figure 11(c) T
z Figure 11(d) c
w Figure 11(e) cc
uwe V(H)\{z,y,z,w} Figure 11(f) pm

Remark 5.4. We note that for Operation VL if f; f; € E(G4(H)) has label r (respectively,
c), then the set of vertices S; ; C F; incident to the edges of [F}, F};] consists of row (re-
spectively, column) two or three. If f;f; € E(G4(H)) has label 1r (respectively, cc), then
the set of vertices S; ; C Fj incident to the edges of [F;, Fj] consists of rows (respectively,
columns) one and two or rows (respectively, columns) three and four.

5.7 Operation VII

We may assume that f;(z) = 1, f;(y) = 2 and f;(z) = 3. Then the pairs of colours
available for v and 3, respectively, are

{(3,4),(3,1),(4,1), (4,3)},

and the pairs of colours available for v and J, respectively, are

{(274)7 (2’ 1)’ (47 1)’ (4’ 2)}

Thus G[F;] is isomorphic to P, [J P,, and we assume that it is drawn in the plane as shown
in Figure 11(a) with rows labelled by the pairs of colours available for « and 3, respectively,
and the columns labelled by the pairs of colours available for v and d, respectively.

If fif; € E(G4(H)), then f; is obtained from f; by changing the colour of a single
vertex in V' (H). There are four cases to consider.
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@) fi(z) # f;(x). We may assume that f;(z) = 4. Then the pairs of colours available
for o and 3, respectively, are

{3,1),(3,4),(1,4), (1,3)},

and the pairs of colours available for v and 4, respectively, are

{(2? 1)7 (27 4)’ (17 4)7 (17 2)}'
Hence, G[F; U F] is isomorphic to the graph in Figure 11(g).

(i) fi(y) # f;(y). This is analogous to Operation VI when the colour of y is changed,
and thus G[F; U F}] is isomorphic to the graph in Figure 11(b).

(iii) fi(2) # f;(2). This is analogous to Operation VI when the colour of z is changed,
and thus G[F; U F}] is isomorphic to the graph in Figure 11(d).

@iv) fi(u) # fj(u) for some v € V(H) \ {z,y, z}. In this case, the vertex labels on
G[F;] and G[Fj] are identical. Thus [F;, F;] is a perfect matching, and G[F; U F}] is
isomorphic to the graph in Figure 11(f).

Table 7: Summary of Operation VIL

Subgraph induced by
Vertex whose colour is changed F, UL Label of f; f;
T Figure 11(g) sq
Y Figure 11(b) r
z Figure 11(d) c
uweV(H)\{z,y,z} Figure 11(f) pm

Remark 5.5. We note that for Operation VIL if f; f; € E(G4(H)) has labelr (respectively,
c), then the set of vertices S; ; C Fj incident to the edges of [Fi, Fj} consists of row
(respectively, column) two or three. If f;f; € E(G4(H)) has label sq, then the set of
vertices S; ; C F; incident to the edges of [F}, F};] induces a four-cycle using a degree two
vertex of G[F;].

5.8 Operation VIII

We may assume that f;(z) = 1, fi(y) = 2 and f;(¢) = 3. Then the pairs of colours
available for o and 3, respectively, are

{(4,3),(4,2),(3,2),(3,4)},
and the pairs of colours available for «y and 4, respectively, are
{(2,4),(2,1),(4,1),(4,2)}.

Thus G[F}] is isomorphic to P, [J Py, and we assume that it is drawn in the plane as shown
in Figure 11(a) with rows labelled by the pairs of colours available for a and 3, respectively,
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and the columns labelled by the pairs of colours available for v and §, respectively (but not
the same labels as in the figure).

If fif; € E(G4(H)), then f; is obtained from f; by changing the colour of a single
vertex in V' (H ), and there are four cases.

@ fi(z) # f;(x). We may assume that f;(x) = 4. Then the pairs of colours available
for o and S, respectively, are

{(1,3),(1,2),(3,2), (3, )},

and the pairs of colours available for y and d, respectively, are

{(2,1),(2,4),(1,4),(1,2)}-
Hence, G[F}; U Fj] is isomorphic to the graph in Figure 11(h) with appropriate labels.

(i) fi(y) # f;(y). This is analogous to Operation VI when the colour of x is changed,
and thus G[F; U F}] is isomorphic to the graph in Figure 11(c) with appropriate
labels.

(iii) fi(z) # f;(2). This is analogous to Operation VI when the colour of z is changed,
and thus G[F; U Fj] is isomorphic to the graph in Figure 11(d) with appropriate
labels.

(iv) fi(u) # fj(u) for some v € V(H) \ {x,y,2}. In this case, the vertex labels on
G[F;] and G[Fj] are identical. Thus [F;, F}] is a perfect matching, and G[F; U F}] is
isomorphic to the graph in Figure 11(f).

Table 8: Summary of Operation VIIIL.

Subgraph induced by
Vertex whose colour is changed F;UF; Label of f; f;
T Figure 11(h) e
Yy Figure 11(c) oy
z Figure 11(d) c
ue V(H)\{z,y, 2} Figure 11(f) pm

Remark 5.6. We note that for Operation VIIL, if f; f; € E(G4(H)) has label c, then the
set of vertices S; ; C I} incident to the edges of [Fi, Fj] consists of column two or three.
If f;f; € E(G4(H)) has label rr, then the set of vertices S; ; C F; incident to the edges
of [F;, F;] consists of rows one and two or rows three and four. If f; f; € E(G4(H)) has
label e, then the set of vertices S; ; C F; incident to the edges of [F;, F;] induces an edge
that is the first or last edge of row two or row three.

5.9 Operation IX

We may assume that f;(z) = 1, fi(y) = 2 and f;(z) = 3. Then the pairs of colours
available for « and 3, respectively, are

{(47 3)7 (47 1)7 (37 1)’ (3’4)})
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and the pairs of colours available for « and J, respectively, are

{(2,2),(2,4),(4,4),(4,2)}.

Thus G[F;] is isomorphic to Py 0 Cy, and we assume that it is drawn in the plane as shown
in Figure 10(a) with rows labelled by the pairs of colours available for a and 3, respectively,
and the columns labelled by the pairs of colours available for v and §, respectively (but not
the same labels as in the figure).

If fif; € E(G4(H)), then f; is obtained from f; by changing the colour of a single
vertex in V' (H ); there are four cases.

(i) fi(z) # fj(x). We may assume that f;(x) = 4. Then the pairs of colours available
for « and (3, respectively, are

{3:1),(3,4),(1,4), (1,3)},

and the pairs of colours available for v and 4, respectively, are

{(2,1),(2,2),(1,2),(1,1)}.
Hence, G[F; U F}] is isomorphic to the graph in Figure 10(e) with appropriate labels.

(i) fi(y) # f;(y). This is analogous to Operation V when the colour of y is changed,
and thus G[F; U F}] is isomorphic to the graph in Figure 10(b) with appropriate
labels.

(iii) fi(2) # f;(2). This is analogous to Operation V when the colour of z is changed,
and thus G[F; U F}] is isomorphic to the graph in Figure 10(d) with appropriate
labels.

@v) fi(u) # fj(u) for some v € V(H) \ {z,y, z}. In this case, the vertex labels on

G[F;] and G[Fj] are identical. Thus [F;, F;] is a perfect matching, and G[F; U F}] is
isomorphic to the graph in Figure 10(f).

Table 9: Summary of Operation IX.

Subgraph induced by
Vertex whose colour is changed F, U F; Label of f; f;
T Figure 10(e) e
Y Figure 10(b) r
z Figure 10(d) c
ue V(H)\{z,y,z} Figure 10(f) pm

Remark 5.7. We note that for Operation IX, if f;f; € E(G4(H)) has label r and e €
[F;, F], then each colouring corresponding to an end of e assigns the same colour to «
and (. Similarly, if f;f; € E(G4(H)) has label ¢ and e € [F;, F}], then each colouring
corresponding to an end of e assigns the same colour to y and §. If f;f; € E(G4(H))
has label e and e € [F}, F}], then the set of vertices S; ; C F; incident to the edges of
[F;, F;] induces an edge that is either the first or last edge in a column, and each colouring
corresponding to an end of e assigns the same colour to -y and 9.
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6 4-colouring graphs of 2-trees of diameter at least three

Let H be a 2-tree, and let H' be a 2-tree obtained from H by applying one of the Opera-
tions I through IX. We prove G4(H') has a Hamilton cycle.

6.1 Operations L, IT and IIT

We first prove a result about Hamilton cycles in a cube Q)3 that will later be used to show
the existence of edges satisfying Lemma 2.7. In this section, we let each face label in
Figure 12(a) denote the 4-cycle bounding that face.

042 hl
At dl d2
Br| | B2 wi| wa| M2 |ws |wy
hs
V2 d4 d3
hy

(@ (b)
Figure 12: Labelling G[F;].

We label the six Hamilton cycles of a plane drawing of 3 as shown in Figure 13.

(@) C Ol (© 3 (U (e)H Gn

Figure 13: Labels for the Hamilton cycles of Q3.

To simplify notation for multisets, we write n.Z to mean n copies of Z.

Lemma 6.1. Let Q = Q3 be drawn as in Figure 12(a), and let e be an edge of Q. Let
Z =A{Z1,Zs,...,Z,} be a multiset such that Z C {2a1,201,271,5Q3} and n < 5.
That is, each Z; is an induced subgraph of () and is either the entire 3-cube or one of the
4-cycles of Q labelled by vy, 31, or 1. Then there exists a Hamilton cycle in Q) containing
distinct edges {e,e1,ea, ... e} such thate; € E(Z;), for1 <i < n.

Proof. Tt is enough to prove the result when n = 5 and Z = {21,201, v1}. Note that
the Hamilton cycles LI and M in ) each contain three edges of o, three edges of 31, and
two edges of ;. When any single edge is deleted from U or I, we see that the resulting
Hamilton path contains five distinct edges, two from a4, two from (3; and one from ~;.
Since at least one of LI and M contains the edge e, either U or M contains distinct edges
{e,e1,e9,...,e5} suchthate; € F(Z;),for1 <4 <5. O
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Lemma 6.2. Let Q = Q3 be drawn as in Figure 12(a) with edges labelled as in Fig-
ure 12(b). Assume {e, e’} C E(Q) withe € {wy,wa, w3, wy}. Let Z ={Z1,Za,...,Z,}
be a multiset such that Z C {oq,81,271,4Q3} and n < 4. That is, each Z; is an
induced subgraph of Q) and is either the entire 3-cube or one of the 4-cycles of Q la-
belled by a1, B1, or y1. Then there exists a Hamilton cycle in () containing distinct edges
{e,€',e1,€9,...,e,} suchthate; € E(Z;), for1 <i < n.

Proof. 1t is enough to prove the result when n = 4 and Z = {1, 81, 271} with Z1 := ay,
Zy := P1, Z3 := vy and Zy := 1. Let H := {hq, ha, hs, he}, W = {w1, wa, w3, ws}
and D := {dy,ds,ds,ds}. For each Z;, we designate a set of candidate edges for e; as
follows (see Table 10).

Table 10: Cases in the proof of Lemma 6.2.

Cycle Edges e; assigned to Z;
e, e inQ 7 \ Zs | Zs]| 74
e € H,e € {w,ws} T |{ho,hs}\{e'}| {wr,w2}\{e} |dz|{h1,h2}\{e'}
e € H,e € {ws,wa} 3 [{he,hs}\ {e'} dy di |{h1,ha} \ {e'}
{e,e'} = {w1, w2} n ws ds hi ho
e,e’ € W, {e,e'} #{wi,w2}| U hs {wi, w2} \ {e, €'} | dx d>
e €D,e€ {w,ws} H hs {d1,ds} \ {€'} |hi|{di,d2}\ {€e'}
e €D, e € {wz,ws} T |{wz,wst\{e}| {di,da}\{e'} |hi|{d1,d2}\{e'}

As indicated in Table 10, the first case has ¢/ € H and e € {w7, wa}. We claim that
C has the required property. We take e3 := do, and as [{wi, w2} \ {e}| = 1, we take
{ea} := {wy,wa} \ {e}. Observe that the sets {ha, hs} \ {€'} and {h1, ho} \ {€'} are
distinct and non-empty. Thus, we may take ey € {ho, hg} \ {¢'} and eg € {h1,h2} \ {€'}
so that e; # e4. The remaining five cases follow using analogous arguments. O

Lemma 6.3. Suppose H' is obtained from a 2-tree H by applying one of Operations I, Il
or III. Then G4(H'") has a Hamilton cycle.

Proof. Case 1. Suppose H' is obtained from H by applying Operation I. By Lemma 2.5,
G4(H) has a spanning tree T' with A(T') < 4. Let V(T) := {fo, f1,.-., fn—1} such that

fo is a leaf, and root T" at fj, turning 7" into a branching, 7', by directing all arcs away
from fy.
Let G := G4(H'), and let F; be the set of 4-colourings of H' that agree with f; on

—
V(Ga(H)),0 <i < N—1.Labeleach f; f; € A(?) with the label of f; f; € E(G4(H)),
as described in Section 5, and let S; ; C Fj denote the vertices incident to the edges
of [Fi; F]] .

For each arc f; f; € A(?), we choose edges e; ; in G[F;] and e, ; in G[Fj] satisfying
conditions (i) and (ii) of Lemma 2.7 as follows. Suppose fofi € A(T). The fact that
G[Fy U Fy] is isomorphic to the graph in Figure 8(b) or 8(c) gives us the flexibility to
choose eg 1 € E(G[Fy]) and eq 9 € E(G[F1]) satisfying (ii) of Lemma 2.7.

Edge choosing procedure. Now suppose for some 4, e, , has been chosen in G[F;] but
e;,; has not yet been chosen for each j where f;f; € A(?) For this ¢, let J := {j |
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—
fifj € A(?)} We choose edges e; ; and e; ; for j € J as follows. Assume that G[F}] is
1 = Sij, whenever f; f;, and f; f;, have the

same label. Without loss of generality, we may assume that an arc f; f; with label a-sq has

drawn as in Figure 12(a). By Remark 5.1, S;

G|[S;,;] isomorphic to the 4-cycle a1, an arc JTf; with label b-sq has G[S; ;] isomorphic
to the 4-cycle (1, and an arc ffj with label c-sq has G[S; ;] isomorphic to the 4-cycle ;.
For each j € J, let Z; := G[S; ;], and define the multiset Z := {Z; | j € J}. Then each
Z; is either a 3-cube or one of the 4-cycles ay, 31, or ;. Since f; is incident to at most
two edges with label a-sq, at most two edges with label b-sq, and at most two edges with
label c-sq, Z C {201,251, 271,5Q3}. Observe | Z| < 4 since A(T) < 4. By Lemma 6.1,
using e := e; i, there is a Hamilton cycle C; in G[F;] and an edge ei; € E(Z;) for each
Z; € Z such that e; ;, # e;, whenever j1 # jo. Thus (i) of Lemma 2.7 is satisfied.
Furthermore, for each j € J there is an edge e;; € E(G[Fj]) such that e; ; and e; ; satisfy
(i1) of Lemma 2.7.

—

Now suppose for every f;f; € A(?), e;,; and e;; have been chosen as above. By
construction, (i) and (ii) of Lemma 2.7 are satisfied, and for each G[F;],0 <i < N — 1,
the Hamilton cycle C; satisfies condition (iii) of Lemma 2.7. Therefore, G has a Hamilton
cycle.

Case 2. Suppose H' is obtained from H by applying Operation II. Let H := G4(H) and
V(H) :={fo, f1,---,fn_1}. Foreach1 <i <4letV; :={ce€ V(H) | c(x) = i}. Then
{WV1, Va, V3, V,} is a partition of V(#). Let L; be an assignment of lists with L;(z) := {i}
and L;(w) = {1,2,3,4} for w € V(H) \ {z}. Note that G1,(H) = H[V;] and that
H[V1] = H[Va] =2 H[V3] =2 H[V4]. Thus, H can be partitioned into four copies isomorphic
to G, (H) with edges between pairs of copies. Furthermore, each edge in E(H[V;]),
1 <t < 4, has label a-sq, b-sq, c-sq or pm, and each edge with one endpoint in V; and the
other endpoint in Vj, ¢ # 4, has label e.

By Lemma 2.5, H[V;], 1 < ¢ < 4, has a spanning tree T; with A(T;) < 4. Note
that [V;,V;] # 0 for 1 < i # j < 4. Choose one edge from each of [V1, V5], [V2, V3],
and [V3,V,]. Without loss of generality, suppose the chosen edges are f;fo € [Vi, V5],
f5fs € [Va, V3], and f§fy € [V3, V4] such that f; € Vi, 1 <4 < 4. Since fi fo, f5f3 and
/4 fa each have label e in H and each vertex of V() is incident to at most one edge with
label e, the vertices f1, f2, f4, f3, f4, fa are distinct. Thus, we may assume that f; = fj
and f5 = f5.

Let T" be the spanning tree of H consisting of the union of T4, 7%, T3, T}, and the edges
{f1f2, fofs, f5fa}. Then A(T) < 5 and the only edges of T with label e are fi fa, fofs
and f, f5. Root T" at f1, turning 7 into a branching, ?, by directing all arcs away from fi.
This gives a branching f for each T;, 1 < i < 4, and by our choice of labels, f; is the root
of ﬁ

Let G := G4(H’), and let F; be the set of 4-colourings of H’ that agree with f; on
V(G4(H)),0 < i < N — 1. Label each f,f, € A(T') with the label of f,f; € E(), and
let S; ; C Fj and S C F} denote the vertices incident to the edges of [F}, F}].

For each arc fl—f; € A(?), we choose edges e; ; in G[F;] and e, ; in G[Fj] satisfying
cigditions (i) and (ii) of Lemma 2.7 as follows. For (i, 7) € {(1,2),(0,3), (5,4)} (where
fif; has label e), let e; ; be the unique edge of G[S; ;] C G[F;] and e; ; be the unique edge
of G[S}] C G[F}]. For Ty and 7—“4> we apply the edge choosing procedure used in Case 1,
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— —
starting with with e; o in G[F4] for T4, and ey 5 in G[Fy] for T4. The resulting set of edges
0 B —_—
{eij,eji | fifj € (A(TY UTy) U{f1fo, fsfa})}

_>
and set of cycles {C; | f; € V4 UV,} satisfy Lemma 2.7. For_> T>, we let fys be the
parent of fo and fj the parent of fy;. Let 75’ be the subtree of 75 obtained by deleting
the descendants of fj; and T5” be the subtree of 15 rooted at fp;. If M = 2 then k = 1,
so ey, k = e21. Otherwise apply the apply the edge choosing procedure used in Case 1 to
Ty, starting with e 1 in G[F»]. This leads to the designation of an edge e 1, in G[Fay].
— =

Let J :={j | fmf; € A(T2)}. We choose edges enr,; and e; ps for j € J as follows.
Without loss of generality, we may assume that an arc fa; f; with label a-sq has G[S)s ;]
isomorphic to the 4-cycle o, an arc fas f; with label b-sq has G[S)s,;] isomorphic to the
4-cycle (31, an arc fys f; with label c-sq has G[S)s, ;] isomorphic to the 4-cycle y;, and an
arc with label pm has G[Sj,;] isomorphic to Q3. Let Z be a multiset consisting of the
graphs Z; := G[Sy ;] for j € J.

-

Suppose there exists £ € (J \ {0}) such that both fy fo and fas fe have label c-sq. We
apply the edge choosing procedure used in Case 1 to 75", with chosen edge eps ;. The
resulting set of edges {ers; | j € J} and cycle C)y satisfy Lemma 2.7. Observe that
en,0,eme € E(y1). Suppose epr 0 = ab, and let the vertices of [{a, b}, Fy] incident to Fj
be {c,d}. If g3 = cd then exchange eps o with epz o. It now follows that for each j € J
there is an edge e; ps € E(G[F)}]) such that eps ; and e; s satisfy (ii) of Lemma 2.7, with
€o,M F €0,3-

e e P

Otherwise fas fo is the only arc in {farf; | j € J} labelled c-sq, or fas fo has label
a-sq, b-sq, or pm. To ensure (i) of Lemma 2.7 is satisfied for ¢ = 0, we duplicate Zp € Z
and apply Lemma 6.1. Let Zy := Zy and Fy := Fp. Observe |Z U {Zy }| < 5 since
A(T) < 4. Since f) is incident to at most one edge with label a-sq, at most one edge with
label b-sq, and at most two edges with label c-sq, (£ U {Zy'}) C {201,201, 271,5Q3}.
By Lemma 6.1 applied to Z U {Zy }, and using e := e i, there is a Hamilton cycle Cy
in G[Fy] and edges eyr,; € E(Z;) for each j € (J U {0'}) such that ers j, # e j,
whenever j; # jo. Thus (i) of Lemma 2.7 is satisfied for ¢ = M. Furthermore, for each
j € (JU{0'}) there is an edge e; ps € E(G[F}]) such that e; 5; and ejs,; satisfy (ii) of
Lemma 2.7. Since enr,or # ear,0, We have eg ar # e/, ar, and hence, one of eg s and
ey, n is different from eg 3. If eg ar 7# eo,3 then we ignore ey pr and epsor; otherwise,
redefine eg ar to be eor as and eps o to be epr,or so that (i) of Lemma 2.7 is satisfied for
1 =0.

Finally, let G[Fy] = @3 be drawn as in Figure 12(a) with edges labelled as in Fig-
ure 12(b). Observe that e = eg 3 € {w1, we,ws, wa} and let €’ := e ps. Let J := {j |
— —
fof; € A(T2)}. We choose edges eg ; and e; o for j € J as follows. Without loss of

S

generality, we may assume that an arc f; f; with label a-sq has G[Sy ;] isomorphic to the
4-cycle a1, an arc fj f; with label b-sq has G[Sp ;] isomorphic to the 4-cycle (1, an arc
—

fof; with label c-sq has G[Sp ;] isomorphic to the 4-cycle y;, and an arc with label pm
has G[Sp ;] isomorphic to (3. Let Z be a multiset consisting of the graphs Z; := G[Sy ;]
for j € J. Observe Z C {1, f1,271,4Qs} and | Z| < 4. By Lemma 6.2, there exists a
Hamilton cycle Cy in G[Fp] containing distinct edges {e, e’} U {eg; | j € J} such that
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eo,; € E(Z;) for j € J. Thus (i) of Lemma 2.7 is satisfied for ¢ = 0. Furthermore, for
each j € J there is an edge e; o € E(G[Fj]) so that e; o and ey ; satisfy (ii) of Lemma 2.7.
—>

We now apply the edge choosing procedure used in Case 1 to the remaining nodes of 75.
This designates edges e; ; in G[F;] and e, ; in G[F)], and cycles C; satisfying Lemma 2.7.

_>
For T3 we apply the argument for 75 giving us edges e; ; in G[F;] and e; ; in G[F}], and
cycles C; satisfying Lemma 2.7, for each f; f; € A(T3).

Now e; ; and e; ; have been chosen for all f;f; € A(T'). By construction, each such
e; ; and e; ; satisfy (ii) of Lemma 2.7, and for each G[F;], 0 < ¢ < N — 1, the Hamilton
cycle C; satisfies condition (iii) of Lemma 2.7. Furthermore, the collection of chosen edges
are all distinct. Therefore, GG has a Hamilton cycle.

Case 3. Suppose H' is obtained from H by applying Operation III. Let H := G4(H) and
V(H) :={fo, f1,.-.,fn-1}. Foreach1 <1i # j <4let

Vij i ={ceV(H)|c(x)=1iand c(y) = j}.

Then
V= {Vi2, Viz, Via, Var, Vas, Vau, Var, Vag, Vag, Var, Vo, Vas}

is a partition of V(#). Note that [V,g,V,s| # 0 if and only if @ = ~ or § = §. Further-
more, each edge in E(H[V;;]), 1 < i # j < 4, has label a-sq, c-sq or pm, and each edge
with one endpoint in V;, ;, and the other endpoint in V;, ;,, (i1, j1) # (i2, j2), has label e.
Let {i,7,k} C {1,2,3,4}. As H is a 2-tree, H is 3-colourable and for each 1 <
i # j < 4, there is a unique vertex ¢;jr € V(H) with ¢c;jk(x) = 1, ¢;j1(y) = j and
cijr(w) € {i,j, k} forw € V(H) \ {z,y}.
Consider the ordering

(Via, Vi, Vo, Vay, Va1, Var, Vay, Vaz, Viz, Vis, Via, Vi)

of V. For each V;; € V' \ {V41}, suppose Vz,, immediately follows V;; in the list. Then
{i,j} U {¢,m}| = 3, and hence there is a unique k;; € {1,2,3,4} \ ({i,7} U {{,m})
such that ¢;;x,; € Vj;. The ordering of V' ensures that for each Vi; € V' \ {Via, Vi }
with V;,,, immediately following V;; in the list, k;; # k¢n. Choose the edge c14¢, from
[Via, Vi2] with endpoint ci4 := c143 € Via; note that ¢}, # ci24. For each [V;, Vip,]
where Vp,,, immediately follows V;; in the list, there is a unique edge cijc; j with endpoint
Cij = Cijky; S V;]

By Lemma 2.5, H[V;;], 1 < ¢ # j < 4, has a spanning tree T;; with A(T;;) < 4.
Let T be the spanning tree of H with T3; C T, 1 < ¢ # j < 4, and cijcgj € E(T),
1 <i# j <4with (i,7) # (4,1). Then A(T) < 5 and the only edges of T" with label
e are cijc;j, 1 <i#j<4with (i,j) # (4,1). Root T at ¢143 € V34, turning T into a

—

branching, ?, by directing all arcs away from c;4. This gives a branching 7T;; for each T,
—

1 <4 # j < 4. Now repeat the argument in Case 2 for each T35, 1 <1 # j < 4. O

6.2 Operations IV to IX

We introduce some labelled Hamilton cycles of Cy 0 Cy, P, Cy and P, Py to be used
in Lemma 2.7 to show the existence of a Hamilton cycle in G4(H"), where H' is obtained
from a 2-tree H by applying one of Operations IV through IX.
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Let I'J be the edge labelled Hamilton cycle in Cy [1Cy shown in Figure 14, with the
edges in rows two and four labelled by r, the edges in columns two and four labelled by
¢, and the remaining edges left unlabelled. Let C and ' be the edge labelled Hamilton
cycles in Py 0 C, shown in Figure 14, and let T, T” and I” be the edge labelled Hamilton
cycles in P, [ P, shown in Figure 14.

r c T c cle cle
A5 R r r
r r
c r I c cle cle
r
(@!d (b C ©rC’
cc cc Sq Sq
L R ‘r/sq r/sq| Ty e e |
C C C C C C
. L . 1/sq 1/sq o e e o
cc cc sq sq
@ L @I I

Figure 14: Labelled Hamilton cycles of Cy 1 Cy, P, Cy and P, [ P;.

Lemma 6.4. Suppose H' is obtained from a 2-tree H by applying one of Operations IV
through IX. Then G4(H') has a Hamilton cycle.

Proof. By Lemma 2.5, H := G4(H) has a spanning tree 7' with A(T) < 4. Let V/(T) :=
{fo, f1,---, fnv—1} such that fy is a leaf, and root T" at f, turning 7" into a branching, T,
by directing all arcs away from fy. Let G := G4(H’), and let F; be the set of 4-colourings
of H' that agree with f; on V/(#), 0 < i < N — 1. Label each JTE € A(?) with the label
of fif; € E(H), and let S; ; C F; and S; C Fj denote the vertices incident to the edges
of [Fi; F]] .

We first traverse ? using breadth-first search starting at f; to construct a drawing of
each G[F;] as shown in Figure 9(a) for Operation IV, Figure 10(a) for Operations V and IX,
and Figure 11(a) for Operations VI, VII and VIII, so that each drawing has the following
property, denoted (x).

(*) The rows are labelled by the pairs of colours available for o and /3, respectively, and
the columns are labelled by the pairs of colours available for  and §, respectively.
In the case of Operations IV, V and IX, we further assume that the second and fourth
columns have  and d the same colour. Also, in the case of Operation IV, we assume
the second and fourth rows have « and 3 the same colour.

—
Start with a drawing of G[Fy] satisfying (x). Assume f;f; € A(?) where G[F;] has
been drawn but G[F}] has not. We draw G[F)] satisfying (x) as follows. If f; f; has label
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o pm, then draw G[F)] so that the labels of the rows and columns are in the same order
as in G[F;].

e r, then draw G[Fj] so that the column labels of G[F] are in the same order as the
column labels of G[F}], and so that the row number of S} in G[F}] is the same as
that of S; ; in G[F;]. This can be done for Operation IV due to the cyclic structure of
C4 0 CYy; furthermore, (*) guarantees that S; ; and S’ ; have row number two or four.
For Operations V, VI, VII and IX, this can be done by Remarks 5.3, 5.4, 5.5 and 5.7.
Thus, one of the two possible labellings for the rows of G[F}] gives a drawing of
G[Fj] such that the row number of S’ in G[F}] is the same as that of S; ; in G[F}].

o ¢, then draw G[Fj] so that the row labels of G[F] are in the same order as the row
labels of G[F;], and so that the column number of S} in G[Fj] is the same as that of
S;.; in G[F;]. This can always be done using a similar argument as in the case for
fif; having label r. For Operations IV, V and IX, () guarantees that .S; ; and S}
have column number two or four. For Operations VI, VII and VIII, by Remarks 5.4,
55and 5.6, S; j and S ; have column number two or three.

e rr, then draw G[F)]| so that the column labels of G[Fj] are in the same order as the
column labels of G[F;], and so that the set of row numbers of S} in G[Fj] is the
same as that of S; ; in G[F;]. This can be done for Operations V, VI and VIIL, since
by Remarks 5.3, 5.4 and 5.6, the set of row numbers of S; ; and S} is either {1, 2}
or {3,4}.

e cc, then draw G[F}] so that the row labels of G[Fj] are in the same order as the row
labels of G[F;], and so that the set of column numbers of S’ in G[F}] is the same as
that of S; ; in G [F;]. This can be done for Operation VI, since by Remark 5.4, the
set of column numbers of S; ; and S is either {1,2} or {3, 4}.

o sq, then draw G[F}] satisfying ().

o e, then draw G[Fj] satisfying (). Note that for Operation IX, (x) guarantees that S, ;
and S ; belong to column number two or four.

For Operation IV (respectively, V, VI, VII, VIII, and IX), foreachi,0 < i < N — 1,
let C; be the Hamilton cycle [J (respectively, =, T, ', T”, and ') in G[F;].
We describe how to construct a set of edges

E:={eij.ej:| fifi €e E(T)}

s

so that for each arc f; f; € A(?) the edges e; ; in G[F;] and e;; in G[F}] satisfy con-
ditions (i) and (ii) of Lemma 2.7, and so that e; ; € E(C;) and e;; € E(Cj). Start with
& := (. We consider the arcs of ? in the following order according to their labels.

(1) For each f,—fj> € A(?) with label e (Operations VIII and IX), e; ; € G[F;] and
e;j; € G[F}] satisfying condition (ii) of Lemma 2.7 are uniquely determined. Note
that for Operation VIII, e; ; € C; and has label e, and e; ; € C; and has label e; this
follows by the symmetry of T” and the drawings G|[F;] and G[F}]. For Operation IX,
e;,; € C; and has label c/e, and e;; € C; and has label c/e; this follows from the
drawings of G[F;] and G[Fj;], and Remark 5.7. Add e; j and e;; to &.
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For each fz—f]> € A(?) with label sq (Operation VII), choose ¢; ; in C; with label
sq and e; ; in G[F}] satisfying condition (ii) of Lemma 2.7. Note that e; ; € C; and
has label sq or label 1/sq; this follows from the drawings of G[F;] and G[Fj], and
Remark 5.7. Add e; j and e;; to &.

For each ij; e A(?) with label rr (Operations V, VI and VIII), choose e; ; in
C; with label 1t and e; ; in G[F}] satisfying condition (ii) of Lemma 2.7. Note that
e;; € C; and has label rr; this follows from the drawings of G[F;] and G[F}]. Add
ejjand ej; to £.

—
For each f; f; € A(?) with label cc (Operation VI), choose e; ; in C; with label cc
and e; ; in G[Fj] satisfying condition (ii) of Lemma 2.7. Note that e; ; € C; and has
label cc; this follows from the drawings of G[F;] and G[F}]. Add e; j and e;; to €.

—
Foreach f; f; € A(?) with label r (Operations V, VI and IX), choose ¢; ; in C; with
label r and e; ; in G[F)] satisfying condition (ii) of Lemma 2.7. Note that e, ; € C;
and has label r; this follows by the drawings of G[F;] and G[Fj]. Add e; j and e; ;
to &.

For each fz—f]> € A(?) with label r (Operation VII), choose ¢; ; in E(C;) \ € with
label r/sq and e; ; in G[F}] satisfying condition (ii) of Lemma 2.7. This is possible
since T’ has four edges with label r/sq. Note that e;; € C; and has label t/sq; this
follows by the drawings of G[F;] and G[F;]. Add e; j and e; ; to E.

In the context of Operation IV, let 77 be the subgraph of T" induced by edges with
label r. Each component of 7" is a path since each f; is incident to at most two edges
of T with label r. Let P be a component of T”, and assume without loss of generality
that P = fof1- - fm—1. Foreach i, 0 < i < m — 2, starting at ¢ = 0, choose
eii+1 in E(C;) \ € with label r and e;41,; in G[F;41] satisfying condition (ii) of
Lemma 2.7. This is possible because the Hamilton cycle ['J has two edges labelled r
in both rows two and four. Note that e;11 ; € C;11 and has label r; this follows by
the drawings of G[F;] and G[F;1]. Add e; ;41 and e;41 ; to E.

For each ]Tf; IS A(?) with label ¢ (Operations VI, VII and VIII), choose e; ; in C;
with label ¢ and e; ; in G[Fj] that satisfies condition (ii) of Lemma 2.7. Note that
e;; € C; and has label c; this follows by the drawings of G[F;] and G[F}]. Add e; ;
ande;;to €.

For each ]T)fj € A(?) with label ¢ (Operation IX), choose e; ; in E(C;) \ € with
label c/e and e;; in G[F}] satisfying condition (ii) of Lemma 2.7. This is possible
because the Hamilton cycle ' has two edges labelled c/e in columns two and four,
and f; is incident to at most one edge in I" with label ¢ and at most one edge in T’
with label e. Note that e;; € C; and has label c/e; this follows by the drawings of
G[F;] and G[F;]. Add e; jand e ; to E.

In the context of Operations IV and V, let 7" be the subgraph of 7" induced by edges
with label c. Each component of 7" is a path since each f; is incident to at most two
edges of T with label c. Let P be a component of 77, and assume without loss of
generality that P = fyf1 -« fn_1. Foreach i, 0 < i < m — 2, starting at i = 0,
choose e; ;41 in E(C;) \ € with label ¢ and e;11 ; in G[F;41] satisfying condition
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(ii) of Lemma 2.7. This is possible because the Hamilton cycles [J and C have two
edges labelled c in both columns two and four. Note that e; 1 ; € C;4; and has label
c; this follows by the drawings of G[F;] and G[F;11]. Add e; ;41 and e; 41 ; to &.

—
(7) Foreach f; f; € A(?) with label pm, choose e; ; in E(C;)\€ and e; ; in E(G[Fj])\
& satisfying condition (ii) of Lemma 2.7. Add ¢; ; and e; ; to &.

—
Now e; ; and e;; have been chosen for all f; f; € A(?) By construction, (i) and (ii)
of Lemma 2.7 are satisfied, and for each G[F;], 0 < ¢ < N — 1, the Hamilton cycle C;
satisfies condition (iii) of Lemma 2.7. Therefore, G has a Hamilton cycle. ]

As a consequence of Lemmas 3.3, 3.5, 6.3 and 6.4, we now have our main result.

Theorem 1.1. If H is a 2-tree then ko(H ) = 4, unless H = TV {u} for some tree T and
vertex u, where T is a star on at least three vertices or the bipartition of V(T') has two
even parts; in these cases, ko(H) = 5.

As pointed out in Section 1, if H is a k-tree then k + 2 < ko(H) < k + 3. For both 1-
trees (i.e., trees) and 2-trees, equality can occur in both the upper and lower bound. By [6,
Corollary 5.6] and Theorem 1.1, if H is a tree or 2-tree of diameter at least three, then the
lower bound holds. We ask if this extends to k-trees, that is, if H is a k-tree with diameter
at least three, is it the case that ko(H) = k + 2? On a related note, k-trees are a subclass of
chordal graphs. We ask if the techniques presented here can be extended to determine the
Gray code numbers of other chordal graphs.
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Appendix A 3-colouring graphs of trees

A 2-tree with a dominating vertex u has the form 7'V {u} for some tree T. Lemma 3.5
characterizes when ko(T V {u}) = 5. Its proof requires a technical result (Lemma 3.6)
that we prove in this appendix. To do so, we introduce additional terminology along with
structural results on the 3-colouring graphs of trees.

Define L; to be an assignment of lists to the vertices of 7'V {u} with L;(u) := {i} and
L;(w) :={1,2,3,4} forw € V(T). Then G, (T V{u}) = G5(T) and thus, G4 (T V {u})
can be partitioned into four copies of G3(T") with edges between pairs of copies. We prove
that when 7" has even number of vertices then G5(T') is bipartite. First, we prove a more
general result for G, (H) where H is a connected graph.

Lemma A.1. Let H be a connected graph on n vertices and L an assignment of lists to
the vertices of H such that L(v) C {1, 2,3} for eachv € V(H). If H is L-colourable and
there is a vertex w € V(H) with |L(w)| < 3, then G,(H) C Qy,. In particular, G, (H) is
a bipartite graph.

Proof. The proof is by induction on n. Observe that the result is true forn = 1 and n = 2.

First suppose that |L(w)| = 1 and without loss of generality, L(w) = {1}. In any
list colouring of H, each vertex v € Ny (w) cannot be coloured ‘1’. Thus, let L be an
assignment of lists of allowable colours defined as

i) = {?v) \{1}. ifve Ny(w).

(v), otherwise.

Denote the components of H — w by Hy, Hs, ..., Hy. Then by the inductive hypothesis,
foreachi,1 <3 <N,

G (Hi) € Qv m,)

Since w must be coloured using the colour ‘1°, we have

Gr(H) = Gi(H —w)
=Gy, (UL H))

N
= '91 G;(H;), by Remark 2.4
N
Sy Qv (H,)|» by the inductive hypothesis
= Qn-1.

Next suppose that |L(w)| = 2 and without loss of generality, L(w) := {1,2}. For

i = 1,2, define L; as L;(w) := {i} and L;(v) := L(v) for v # w with v € V(H). Also

define L; as L;(w) := {i} and L;(v) := {1,2,3} for v # w with v € V(H). Observe

that G, (H) € G (H) and G,(H) C G; 2( ). Furthermore, G; (H) = G; (H),

and hence, G, (H) C G, (H)O K. By the preceding argument, Gil( ) C Qn 1, and
therefore

GL(H) - Qn—l UK, = Qn 0

Lemma A.2. If T is a tree with an even number of vertices then G5(T) is bipartite.
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Proof. If T = K, then G3(T') = Cs. Let T be a tree on an even number of vertices with
|[V(T')| > 4 having bipartition (A, B). Fix u € A, v € B with u adjacent to v in T'. Define
H :=G3(T). Foreach 1 < i # j < 3let

Vij ={ceV(H) | c(u) =iand c(v) = j}.

Then {Vi2, Vis, Vaz, Va1, Va1, Vao} is a partition of V(7). Observe each H[V;;] is con-
nected (this can be shown by induction on |V (T')|), and that [V, V,5] # 0 if and only
ifa = yor g = 6. It follows that Hy = H[Vi2 U Vig U Vaz U Vo] is connected,
and by Lemma A.1 is bipartite. Similarly, Ho = H[Vaz U Voy U V31 U Vao] and Hy =
H[V31 U Vao U Vig U Vi3] are connected and bipartite. Denote the two-coloured vertices of
‘H (that is, the colourings of T" with two colours) by ¢;; € V;; such that

i, ifz € A,
Cij((E) = 3 .
j, ifzxeB.

Suppose the bipartition of each H[V;;] is (A;;, B;;) where ¢;; € Bjj.
If |A| and | B| are even, then dy (c;;, ¢iv;+) is even. It follows that

(A12 U Aj3 U A3 U Ay, Bia U Bz U Baz U Boy)
is a bipartition of H1,

(A23 U Agy U Az U Az, Bas U Bay U B3y U Bo)
is a bipartition of Ho, and

(A31 U Aza U Ao U Ayz, B3 U B3z U Bia U Bys)

is a bipartition of H3. Hence,
A = U Aij and B = U Bij
1<i#5<3 1<i#5<3

are independent, and thus form a bipartition of H.
If |A| and |B| are both odd, dy(c;;, civ;¢) is even if and only if ¢ # " and j # j/. It
follows that
(A12UB13U A3 U Bay, Bia U A3 U Bz U Agy)

is a bipartition of H1,
(A23 U Bay U Az U Bsg, Baz U A U B3y U Azp)
is a bipartition of H, and
(A31U B3 U Ajo U Byg, B3p U Azp U Bia U Asg)
is a bipartition of H3. Hence,
A= {A12U B3 U A3 U By U A3y U Bsa}

and
B ={B12UA13U Ba3 U Ag U B31 U A3a}

are independent, and thus form a bipartition of . O
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Definition A.3. A connected bipartite graph with bipartition (A, B) is Hamilton laceable
if there is a Hamilton path between any © € A and v € B.

Remark A.4. The following are Hamilton laceable.
1. Py, 0P, 0P, ,0---0PF,,forn>2and k; > 1,1 <i<n[l7].
2. Qn, forn >11[5].

Definition A.5. A B-graph with vertex partition {Fy, F1, ..., Fx_1} is a bipartite graph
G with bipartition (A, B) together with a partition {Fy, Fy, ..., Fy_1} of V(G) so that,
fori =0,1,..., N — 1, G[F;] is Hamilton laceable.

Lemma A.6. Let G be a B-graph with vertex partition {Fy, Fy, ..., Fx_1} and biparti-
tion (A, B). Suppose for eachi = 1,2,...,N — 1, there is an edge b;_1a; with b;_1 €
BNF;_1and a; € ANF;. Then G has a Hamilton path between any vertex in AN Fy and
any vertex in BN F_1.

Proof. Letag € ANFyandby_1 € BN Fy_1.Foreach F;,i=0,1,..., N — 1, choose
a Hamilton path P; in G[F;] between b; and a;. Then

(U {biaiJrl}) U ( U E(Pz‘)>

i=0
are the edges of a Hamilton path in G between ag and by . O

Corollary A.7. Let G be a B-graph with vertex partition {Fy, Fy,...,Fn_1} and bi-
partition (A, B) such that [F;_1, F;] is a set of independent edges and |[F;_1, F}]| > 2,
1 =12 ...,N—1 Ifforeachi = 1,2,..., N — 1, the endpoints of any pair of edges
in [F;_1, F}] induces a 4-cycle in G, then G has a Hamilton path between any vertex in
AN Fy and any vertexin BN Fyy_1.

Proof. Let ag € AN Fyand by_1 € BN Fy_y. Foreach [F;_1,F;], i = 1,2,...,
N — 1, choose two edges b;_1a; and b,_,a}. Then G[{a;,a},b;—1,b,_;}] induces a 4-
cycle a;aib;_,b;—1a;. Note that either b;_; € Bor b;_, € B. Without loss of generality,

suppose b;_1 € B. Then a; € A. The result follows by Lemma A.6. O

Definition A.8. An odd flare is a tree obtained from K ;, ¢ > 3 and odd, by a single
subdivision of one edge.

Lemma 3.6. Let T be a tree with bipartition (A, B), where |A| := ¢ and |B| := r, and
let G3(T') be the 3-colouring graph of T with colours C' = {1,2,3}. Define c;; to be the
vertex of G3(T') with c;j(a) =i forall a € A and c;;(b) = j forallb € B.

(1) If £,r > 0O are both even, then G3(T') has no spanning subgraph consisting only of
paths whose ends are in {c12, ¢13, Co1, Ca3, C31, C32 }-

(2) If £ > 1is odd and r > 0 is even, then G5(T) has a Hamilton path from c12 to ca3.

(3) If £ > 1 and r > 1 are both odd, then G3(T') has a Hamilton path from ¢y to ¢13.
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Proof. (1): Suppose ¢,7 > 0 are both even. By Lemma A.2, H := G3(T) is bipartite.
Suppose H has bipartition (A, B). Without loss of generality, assume c;2 € A. Since
dy (012, Cij) is even for each Cij € {0127 C13,C21, C23,C31, 632} and H is bipartite, we have
{c12, ¢13, €21, Ca3, €31, c32} € A. By [6, Theorem 5.5] there is a Hamilton cycle in H, and
thus |A| = |B|. It follows that there is no spanning subgraph of # consisting only of paths
whose ends are in {c12, €13, Co1, Ca3, C31, C32 } (otherwise | A| > |B]).

(2): Suppose ¢ > 1is odd and r > 0 is even. Then £+ 7 > 5. We first prove that G5(T")
has a Hamilton path between c15 and co3 whenever T is Ps or any odd flare. If T' = P;
(with |A| = 3, |B| = 2), then there is a Hamilton path between c;2 to ca3 in G3(Ps), as
described in Figure 15. A 3-colouring f of P5 = x1z2x3245 is represented by the string
fz) f(z2) f(x3) f(xa)f(x5); for example, ¢12 = 12121 and co3 = 23232.

12121 21313 32321 13131 23231 31212
12321 21323 32121 12131 13231 31232
12323 21321 32123 32131 13232 31231
12313 31321 12123 32132 13212 21231
12312 31323 13123 12132 13213 21232
32312 31313 23123 13132 23213 21212
31312 32313 23121 23132 21213 23212
21312 32323 13121 23131 31213 23232

Figure 15: A Hamilton path in G3(Ps) from ¢;5 to ca3.

Let T" be an odd flare on n vertices with u denoting the unique vertex of degree two and
let Ny (u) = {v,v'} where v is the unique vertex of degree n — 2 (Figure 16).

Figure 16: An odd flare T'.

Here |A] = n — 2 and |B| = 2. We partition # := G3(T) according to the colours of
vand v. Foreach 1 <i # j <3,letV;; := {c € V(H) | c(u) =i and ¢(v) = j} and let
L;; be an assignment of lists to the vertices of H such that L;;(u) := {i}, L;;(v) := {j}
and L;j(w) := {1,2,3} forw € V(H — {u,v}). Note that G, (H) = H[V;] = Qpn_2,
foreach1 < ¢ 7éj < 3. Let Hq := 7‘[[‘/32 U Vlg} = Q3 OPy, Hy := H[Vél U ‘/31] =
Qn_g O P4, HQ = H[Vlg], and H3 = H[Vgg]

For {i,j,k} = {1,2,3}, let d;;z € V(H) denote the vertex with d;;x(v) = j,
dijk('l)l) = ]C, and d”k(UJ) =idforallw € NT(’U). Then [V12, Vlg] = {Clgdlgg,d123613}
and [Va3, Va1] = {ca1das1, da1scas}.

Claim. For m > 2, every edge of Q,,, 1 Py is in a Hamilton cycle of Q,, (I P;.

The claim follows by induction and the fact that any pair of distinct edges of Q1
(m > 3) belongs to a Hamilton cycle of @,,,—1 (for example, see [7, Theorem 4.1]).

In what follows, we define cycles and paths to construct a Hamilton path from c;5 to
o3 in G3(T) when T is an odd flare on n vertices. See Figure 17 for the case n = 5; here,
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the labels of the two columns of V;; represent the colour choices for v’ and the labels of
the rows of V;; represent the colour choices for the two vertices in Np(v) \ {u}. Let C; be
a Hamilton cycle of H; containing c¢12d123 and Cy be a Hamilton cycle of H4 containing
da13¢21; these exist by the previous claim. Let ¢ € Ny, (ca3) have ¢(v') = 3 and d € Vi3
be the unique vertex of Hy adjacent to c. By [7, Theorem 4.1], there is a Hamilton cycle
C'5 in H3 containing the edges ccas and cogdasy. Observe dyy, (d, ¢13) is odd. Since Hs is
Hamilton laceable, there is a Hamilton path P between d and c;3 (see Figure 17).

|
o Cl2 123 | 122 g623 da31 |

11 \ i \ | T
| | 21 |
‘ ‘ . | X

13 I d | c |

33 | I 111 | |

E \“\ Id132 / c13! :d213 c21 :

31 . I 12 | .

1 2 2 3, 2 3, 3 3 Lo 2
| | | | |
V32 : Vig Vis ‘ Vas Va1 : V31

Figure 17: H = G3(T'), T an odd flare on five vertices, along with C;, P, C3, and Cj.
Now,

(C1 — {c12d123}) U {di23c13} U P U {dc} U (Cs — {casc, ca3dazi })
U {das1c21} U (Cs — {ca1d213}) U {da13ca3}

is a Hamilton path in H between c12 and co3 (see Figure 18 for n = 5).

| | | |
G2 123 | 122 g623 do31 |

e S R Y
| | |

21

‘ ‘ ‘ ‘ X

13 | d | c |

33 | I 111 | |

3 \“\ Id132 / c13! :d213 c21 :

31 . I 12 | .

1 2 2 3 2 3, 3 13 1,1 2
| | | |
V32 : Viz Vis ‘ Vas ! Va1 : V31

Figure 18: A Hamilton path between c;2 and co3 in H = G3(T'), T an odd flare on five
vertices.

Now suppose 7' is a tree on n > 5 vertices with n odd that is not isomorphic to a star or
an odd flare. Then there are leaves x,y € V(T with dp(z,y) > 3. By choosing leaves z
and y so that dr(z,y) > 3 is minimum, 7" := T — {z, y} is not a star. Let Np(z) := {2’}
and Nr(y) := {y'}; since dr(x,y) > 3, 2" # y'.

Let (A’, B’) denote the bipartition of 7" with A’ C A, B’ C B, and define c;j to be
the vertex of H' := G3(T") with ¢};(a) = i foralla € A’ and ¢};(b) = j forall b € B’
By the inductive hypothesis, 74’ has a Hamilton path between ¢}, and c45. Let V(H') :=
{fo, f1,---, fn—1}- Since H' has a Hamilton path, we may assume that fof; --- fy_71isa
Hamilton path in H' between fy = ¢}, and fy_1 = ch3. Since ¢}, and ch4 differ in colour
on at least two vertices, fy is not adjacent to fy_1 in H'.
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For 0 < ¢ < N — 1, let F; be the set of 3-colourings of # that agree with f; on
V(T"). Then {Fy, Fy,...,Fy_1} is a partition of the vertices of H, and H[F;] = Cy,
0<i<N-—1.1If f;_; and f; differ on the colour of a vertex of V(T”) \ {2/, y'}, then
|[Fi—1, Fi]| = 4 and H[F;_1 U F;] = Q3. Otherwise, f;_; and f; differ on the colour of
2’ or y/, implying that |[F;_1, F;]| = 2, the subgraph of H induced by the endpoints of the
edges of [F;_1, F;] is a4-cycle, and H[F;_1 U F;] = P, O K>.

Consider the spanning subgraph G of H with edge set

N-1 N-1
(U E(H[Fi])> U (U [Fz'—uFi]) :

=0 =1

Note that G is a connected B-graph. Let (A, B) be the bipartition of G and assume
C12 € A.

First suppose co3 € B. As ¢12 € Fy and co3 € Fiy_1, it follows from Corollary A.7
that there is a Hamilton path in G between c15 and co3. Now suppose co3 € A. Since
dg(c12, ca3) is odd, H must have an edge e with both endpoints in .4 or both endpoints in
B. Suppose e € [F},, Fy], where 0 < p < ¢ < N — 1. Since fj is not adjacent to fy_1
in H', either p # 0 or ¢ # N — 1. Without loss of generality we assume p # 0. Then
fpfq € E(H'), and either

() |[Fp, Fy)| = 4and H[F, U F,] =2 Qs, or

(ii) |[Fp, Fy]| = 2, the subgraph of 7 induced by the endpoints of the edges of [F},, F]
is a 4-cycle, and H[F, U F;| = P, 0 Ks.

In either case, there exists another edge e’ € [F),, F,] such that e := wv, ¢ = u'v/,
u,u’ € F,, and wvv'v/u is a 4-cycle. The choice of e = uv ensures that u,v € A or
u,v € B. R

Consider the spanning tree T of H' with edge set

E(T):={firfi|1<i<q—1}U{fic1fi la+1<i< N =1} U{fpfe}.

We define J to be the spanning subgraph of H with edge set

N-1
(U E(’H[FA)) ul U EF

=0 fil;€B(T)

Then J is a connected B-graph. Let (K, £) be the bipartition of .J; we may assume that

c12 € K. Since f,f, € E(T), [F,, F,] C E(J); in particular, e = uv and €/ = v/v’ are
edges of J, so u and v are in different parts of the partition (XC, £), and thus co3 € L.

Case 1. If |[F),, Fpi1]| = |[Fp, Fy]| = 2, then f,fy, fpfor1 € E(H') arise from colour
changes on x’ and 3’. Since there are only three possible vertex colours, there is only
one possible colour that z’ could change to, and only one possible colour that 3’ could
change to; i.e., one of f, f,, fp fp+1 arises from a colour change on 2’ and the other from a
colour change on y'. Assuming that 7{[F,] is the 4-cycle uu/ww'u, it follows that u, u’ are
incident to the edges of [F),, F;] and that without loss of generality «’, w are incident to the
edges of [F),, Fppy1].
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Let [Fy, Fy] = {uwv,uw/v'} and [F, Fj1] = {wz,u'2’'}. Since uu’ € E(J), exactly
one of u, v isin L.

Case 1(a). First suppose that u € L. Let .J; denote the subgraph of J induced by U?_ F;.
Then J; is a B-graph with vertex partition {Fy, Fi, ..., F,} and bipartition (IC, £) satis-
fying the conditions of Corollary A.7, with c12 € KN Fyand w € L N F,. Thus J; has a
Hamilton path R; between c;2 and . Note that the proof of Corollary A.7 implies that R,
can be constructed so as to contain the edge u/w.

Let J5 be the subgraph of J induced by UZN: ;1Fi. Then J5 is a B-graph with vertex
partition {F, Fy11,...,Fn_1} and bipartition (/C, £) satisfying the conditions of Corol-
lary A.7, withv € KN Fj and co3 € LN Fy_1. Thus J; has a Hamilton path Ry between
v and ca3.

Finally, let J3 be the subgraph of .J induced by Ug;; F;. Then by Lemma 2.7, J3 has a
Hamilton cycle C' containing the edges uu’, ww’ and uw’. Let R3 be the path between u/
and w obtained by deleting v and w’ from C.

Now concatenate paths Ry, Rs, R3 and delete edge uw'w € R; to form a Hamilton path
between c12 and ca3.

Case 1(b). Now suppose that u € K. Then v/ € L. Since p > 1 and |[F}, Fpt1]| =
|[Fp, Fyl| = 2, we have |[F,_1, F},]| = 4. Lett € F,_; be such that tu € [F,_1, F}]. Then
te L.

Let J; denote the subgraph of J induced by Uf;ol F;. Then J; is a B-graph with ver-
tex partition {Fo, Fi, ..., Fj,_1} and bipartition (/C, £) satisfying the conditions of Corol-
lary A7, with c;o € KN Fyand t € £ N F,_;. Thus J; has a Hamilton path R, between
c12 and t. Let Ry be the concatenation of paths Ry and tuw’wu/'.

We define J> and Rj3 as in Case 1(a). The same argument with v’ in place of v gives a
Hamilton path Ry between v’ and co3. Now concatenate paths Ry, Ro, R3 and delete edge
u'w € Ry to form a Hamilton path between c15 and co3.

Case 2. Suppose |[F},, F;]| = 4 and label the 4-cycle of H[F}] as uv/ww'u. Let Js be
the subgraph of J induced by U?:_; F;. Then by Lemma 2.7, J3 has a Hamilton cycle C.
Without loss of generality, suppose C' contains the edges uu’, ww’ and uw’. Let R3 be the
path between v’ and w obtained by deleting « and w’ from C'.

Let J; denote the subgraph of J induced by UY_,F;. Then J; is a B-graph with ver-
tex partition {Fp, Fi, ..., F,} and bipartition (IC, £) satisfying the conditions of Corol-
lary A.7, with ¢;o € K N Fy. Thus J; has Hamilton paths R} and R/ between c12 and
the two vertices in £ N F},. Let Ry be one of R} and RY such that R; contains edge u/w.
Suppose R; is between c12 and ¢t. Thent € L. Let t’ € F, be such that tt’ € [F), F].
Then ¢’ € K.

We define J5 as in Case 1(a). The same argument with ¢’ in place of v gives a Hamilton
path R between t’ and co3. Now concatenate paths Ry, Ry, R3 and delete edge v'w € Ry
to form a Hamilton path between c;5 and co3.

Case 3. Suppose |[F},, F},+1]| = 4. Let J; denote the subgraph of .J induced by (U?_ F;) U
(vazlel) Then J; is a B-graph with vertex partition

{Fo, I,y oo By By By oo Fnea )

and bipartition (K, £) satisfying the conditions of Corollary A.7, with ¢c12 € K N Fp and
co3 € LN Fy_1. Thus J; has a Hamilton path R between c15 and co3. Note that the proof
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of Corollary A.7 implies that R can be constructed so as to contain three edges of H[F}].

Let J3 be the subgraph of J induced by Ug:_; .1 F;. Then by Lemma 2.7, J3 has a
Hamilton cycle C. Note that C' contains three edges of H[F),41].

By the Pigeonhole Principle there are s,t € F), and s',t' € F,1 withst € R, s't' € C
such that ss’tt’s is a 4-cycle in H[F, U Fj,41]. Now (RU C) — {st, s't'} is a Hamilton
path in J between c12 and ca3.

(3): Finally suppose, £ > 1 and » > 1 are both odd. We define 55’,5 to be the tree
obtained from Pj, with ends u and v by appending s leaves to u and ¢ leaves to v. The
proof is by induction and has the following base cases.

Base Case 1. We first prove that H := G3(T") has a Hamilton path between c15 and ¢;3
when T = Eg’%“ for k > 0, that is, when T' = Py 4o. If T = P5 then c12¢32¢31C21C23C13
is such a Hamilton path. Suppose k¥ > 0 and T' = P,42. Let u and v be the leaves of
T, Nr(u) := {u'}, Np(v) := {v'}, Nr(v') := {u,u”} and Np(v') := {v,v”}. Then
T":=T — {u,u,v,v"} is isomorphic to Py,_1)42. Let (A’, B") denote the bipartition of
1" with A" C A, B C B, and define cj; to be the vertex of H' := G3(1") with ¢};(a) =i
foralla € A"and ¢j;(b) = j forallb € B’. By the inductive hypothesis, 7" has a Hamilton
path between ¢, and ¢}5. Let V(H') := {fo, f1,..., fn—1}. Since H’ has a Hamilton
path we may assume that fo f - -+ fy—1 is a Hamilton path in ' between fy := ¢}, and
fN-1:=ci3.

For 0 < ¢ < N — 1, let F; be the set of 3-colourings of # that agree with f; on
V(T"). Then {Fy, F1,..., Fx_1} is a partition of the vertices of H, and H[F;] = P, O Py,
0<4i<N—1.1If f;_; and f; differ on the colour of a vertex of V(7”) \ {v”,v"}, then
|[Fi717 FZH = 16 and H[Fifl @] Fz} = (P4 O P4) ([l KQ. Otherwise, fi*l and fz differ on
the colour of u” or v”, implying that |[F;_1, F;]| = 8, and the subgraph of H induced by
the endpoints of the edges of [F;_1, F;] is Cy O Py.

Consider the spanning subgraph G of H with edge set

<L] E<H[FA)) U <L] ml,m) .

=0 i=1

Note that by Remark A.4, G is a connected B-graph. Let (A, 13) be the bipartition of G and
assume c1o € A. Since H is bipartite by Lemma A.2, and dy;(c12, ¢13) is odd, ¢13 € B.
As c1a € Fp and ¢35 € Fy—_1, it follows from Corollary A.7 that there is a Hamilton path
in GG between ¢ and c¢13.

Base Case 2. Let T = &1 52 or T = £3%,, 5, ) withs,t > 1,k > 0,and 7" = Py 45 be
obtained from 7T by deleting 2s leaves adjacent to u and 2t leaves adjacent to v.

Let (A’, B’) denote the bipartition of 7" with A’ C A, B’ C B, and define ¢ ; to be the
vertex of H' := G3(1") with ¢j;(a) =i foralla € A" and ¢;;(b) = j forall b € B’. By
Case 1, 1’ has a Hamilton path between ¢}, and ¢j5. Let V(H') := {fo, f1,-. ., [n-1}
Since H’ has a Hamilton path we may assume that fo f1 - - - fx_1 is a Hamilton path in H’
between fy := ¢}, and fy_1 := ).

For 0 < i < N—1, let F; be the set of 3-colourings of H := G3(T') that agree with f; on
V(T"). Then {Fy, Fy, ..., Fn_1} is a partition of the vertices of H, and H[F;] = Qas+2¢»
0<i< N-—11If fi_; and f; differ on the colour of a vertex of V(1”) \ {u, v}, then
[Fie1, F]| = 222" and H[F,_1 U F}] = Qoey2t K2 & Qasqai41. If fi—1 and f;
differ on the colour of u then |[F;_1, F}]| = 22!, and the subgraph of # induced by the
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endpoints of the edges of [F;_1, F;] is Q2¢+1. Otherwise f;_1 and f; differ on the colour
of v implying that |[F;_1, F;]| = 22%, and the subgraph of H induced by the endpoints of
the edges of [F;_1, F;] is Qas1-

Consider the spanning subgraph G of ‘H with edge set

N-1 N-1

i=0 i=1
Note that by Remark A.4, G is a connected B-graph. Let (A, B) be the bipartition of G and
assume c12 € A. Since H is bipartite by Lemma A.2, and d3(c12,c13) is odd, ¢15 € B.
As c1s € Fp and c13 € Fy—_1, it follows from Corollary A.7 that there is a Hamilton path
in G between c15 and ¢;3.

Base Case 3. Let T' = Sﬁ*ﬁu with s,k > 1, and let 77 2 Pyj,_o be obtained from 1" by
deleting the 2s + 2 leaves and the vertices u and v. Define u’, v’ as the leaves of T” so that
in T, v is adjacent to v and v’ is adjacent to v.

Let (A’, B’) denote the bipartition of 7" with A’ C A, B’ C B, and define ¢ ; to be the
vertex of H' := G3(1") with ¢j;(a) = i forall a € A" and ¢;;(b) = j forall b € B’. By
Case 1, 1’ has a Hamilton path between ¢}, and ¢j5. Let V(H') := {fo, f1,-. ., [n-1}
Since H’ has a Hamilton path we may assume that fo f7 - - - fx_1 is a Hamilton path in H’
between fy := ¢}, and fy_1 := ).

For 0 < ¢ < N — 1, let F; be the set of 3-colourings of H := G3(T) that agree with
fion V(T"). Then {Fy, F1,...,Fy_1} is a partition of the vertices of H, and H[F;] D
P, Py2s42,0 < i < N — 1. This follows since G, (K1 25+1) has a Hamilton path Py2s+2
where L is an assignment of lists in which vertices of degree one have lists {1, 2, 3} and the
remaining vertex has list {1,2}. If f;_; and f; differ on the colour of a vertex of V(T”) \
{u’, 1}/}, then |[Fi_1, Fl]| = 4~228+1 and ’H[Fi_l UFi] D) (P4 ([l P225+1) (Il KQ. If fi—l and
f: differ on the colour of v’ then |[F;_1, F}]| = 2 - 225", and the subgraph of # induced
by the endpoints of the edges of [F;_1, F;] contains (P O Py2s+1) 0 K5. Otherwise f;_1
and f; differ on the colour of v’ implying that |[F;_1, F}]| = 4 - 2%, and the subgraph of H
induced by the endpoints of the edges of [F;_1, F;] contains (Py 0 P2s ) O K.

Consider the spanning subgraph G of ‘H with edge set

N1 N-1
(U E(H[Fz])> U (U [Fi—hFi]) .

i=0 =1
Note that by Remark A.4, G is a connected B-graph . Let (A, 13) be the bipartition of G
and assume ¢y € A. Since H is bipartite by Lemma A.2, and dy;(c12, ¢13) is 0dd, ¢13 € B.
As c1s € Fp and ¢35 € Fy_1, it follows from Corollary A.7 that there is a Hamilton path
in G between c¢15 and ¢;3.

Induction Step. Now suppose 7 is a tree with bipartition (A, B), where |A| := ¢ > 1 and
|B| := r > 1 are both odd and T is not isomorphic to any of the graphs in Base Cases 1 to
3. If every pair of leaves x,y € A or z,y € B satisfy dr(z,y) < 2, then T = £F ; since

£, > 1 are both odd, T is isomorphic to one of the graphs in Base Cases 1 to 3. Thus,
there are leaves z,y € A (or x,y € B) with dp(z,y) > 3.

Case 1. If T — {x,y} is a star, then T is the graph obtained from K; 5511, s > 1, by
subdividing two of its edges. Let u € V(T') be the vertex of degree 2s + 1 and v € V(7))
a leaf adjacent to u. Define 7" := T'[{u, v}] and observe T = K.
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Let H' := G3(T") have Hamilton path fof1fafsfafs := loChychichichachs, where
c;;(u) = dand ¢;(v) = j. For 0 < i < 5, let F;; be the set of 3-colourings of H := G3(T')
that agree with f; on V/(T"). Then {Fy, Fy, ..., F5} is a partition of the vertices of H, and
HIF;) =2 P, OP0OQ2s—2,0 <i <5.If f;_1 and f; differ on the colour of vertex v, then
|[Fi—1; Fz” =4-4. 22572 and H[Fi—l U Fz] = (P4 DP4 DQQS_Q) DKQ If f,j_l and
fi differ on the colour of u then |[F;_1, F;]| = 4, and the subgraph of # induced by the
endpoints of the edges of [F;_1, F;] is Cy.

Consider the spanning subgraph G of H with edge set

5 5
(U E(H[Fi])> U (U[Fi_l,Fi]> :
i=0

=1

Note that by Remark A.4, the graph P, P, [0 Q25— is Hamilton laceable since Py []
P, Py2s-2 is a Hamilton laceable spanning subgraph. Thus, G is a connected B-graph.
Let (A, B) be the bipartition of G and assume c15 € A. Since H is bipartite by Lemma A.2,
and dy (c12,c13) isodd, ¢13 € B. As ¢12 € Fy and ¢33 € F, it follows from Corollary A.7
that there is a Hamilton path in G between c12 and c13.

Case 2. Suppose Nr(z) := {z'} and Np(y) := {¢'}, and that 7" := T — {z,y} isnot a
star. Let (A’, B) denote the bipartition of 7" with A" C A, B’ C B, and define c;; to be
the vertex of H' := G'3(T") with ¢;(a) = i forall a € A" and ¢j;(b) = j forallb € B'.

By the inductive hypothesis, ' has a Hamilton path between ¢, and ¢} 5. Let V(H') :=
{fo, f1,---, fn—1}. Since H' has a Hamilton path we may assume that fof1 --- fy_1isa
Hamilton path in H’ between fj := ¢}, and fn_1 := c]5.

For 0 < i < N — 1, let F; be the set of 3-colourings of H := G3(T') that agree with f;
on V(T"). Then {Fy, F, ..., Fnx_1} is a partition of the vertices of H, and H[F;] = Cy,
0<i<N-—1.1If f;_; and f; differ on the colour of a vertex of V/(T") \ {2/, '}, then
[[Fiz1, Fi]| = 4 and H[F;—1 U F;] & Q3. Otherwise, f;_1 and f; differ on the colour of
a’ ory/, implying that |[F;_1, F;]| = 2, the subgraph of H induced by the endpoints of the
edges of [F;_1, F;] is a4-cycle, and H[F;_1 U F;] = P, 0 K>.

Consider the spanning subgraph G of H with edge set

(L_J E(H[E])) u <L_J [FZ-_hFi]) .

Note that G is a connected B-graph. Let (A, BB) be the bipartition of G and assume c¢15 €
A. Since H is bipartite by Lemma A.2 and dy (c12, ¢13) is odd, ¢13 € B. As ¢12 € Fy and
c13 € Fy_1, it follows from Corollary A.7 that there is a Hamilton path in G between ¢y
and c;3. O



