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Abstract

A solution to the existence problem of G-designs with given subdesigns is known when
G is a triangle with p = 0, 1, or 2 disjoint pendent edges: for p = 0, it is due to Doyen and
Wilson, the first to pose such a problem for Steiner triple systems; forp = 1 and p = 2,
the corresponding designs are kite systems and bull designs, respectively. Here, a complete
solution to the problem is given in the remaining case where G is a 3-sun, i.e. a graph on
six vertices consisting of a triangle with three pendent edges which form a 1-factor.
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1 Introduction

If G is a graph, then let V(G) and E(G) be the vertex-set and edge-set of G, respectively.
The graph K, denotes the complete graph on n vertices. The graph K, \ K, has vertex-set
V(K,,) containing a distinguished subset H of size n; the edge-set of K, \ K, is E(K,,)
but with the (;‘) edges between the n distinguished vertices of H removed. This graph is
sometimes referred to as a complete graph of order m with a hole of size n.

Let G and T" be finite graphs. A G-design of I is a pair (X, B) where X = V(I") and B
is a collection of isomorphic copies of G (blocks), whose edges partition E(I'). If ' = K,
then we refer to such a design as a G-design of order n.

A G-design (X1, B1) of order n is said to be embedded in a G-design (X2, By) of
order m provided X; C X, and By C Bs (we also say that (X1, B;) is a subdesign (or
subsystem) of (X, By) or (Xs, Bs) contains (X7, B1) as subdesign). Let N (G) denote the
set of integers n such that there exists a G-design of order n. A natural question to ask
is: given n,m € N(G), with m > n, and a G-design (X, B) of order n, does exists a
G-design of order m containing (X, B) as subdesign? Doyen and Wilson were the first to
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pose this problem for G = K3 (Steiner triple systems) and in 1973 they showed that given
n,m € N(K3) ={v:v=1,3 (mod 6)}, then any Steiner triple system of order n can
be embedded in a Steiner triple system of order m if and only if m > 2n+1 or m = n (see
[3]). Over the years, any such problem has come to be called a “Doyen-Wilson problem”
and any solution a “Doyen-Wilson type theorem”. The work along these lines is extensive
([1,4,5,6,7,8,9, 10, 13]) and the interested reader is referred to [2] for a history of this
problem.

In particular, taking into consideration the case where G is a triangle withp = 0,1, 2, or
3 mutually disjoint pendent edges, a solution to the Doyen-Wilson problem is known when
p = 0 (Steiner triple systems, [3]), p = 1 (kite systems, [9, 10]) and p = 2 (bull designs,
[4]). Here, we deal with the remaining case (p = 3) where G is a 3-sun, i.e. a graph on six
vertices consisting of a triangle with three pendent edges which form a 1-factor, by giving
a complete solution to the Doyen-Wilson problem for G-designs where G is a 3-sun (3-sun
systems).

2 Notation and basic lemmas

The 3-sun consisting of the triangle (a, b, ¢) and the three mutually disjoint pendent edges
{a,d},{b,e},{c, f} is denoted by (a,b,c;d,e, f). A 3-sun system of order n (briefly,
35S(n)) exists if and only if n = 0,1,4,9 (mod 12) and if (X,S) is a 3SS(n), then
S| = 2120 (see [14]).

Letn,m =0,1,4,9 (mod 12), with m = u + n, u > 0. The Doyen-Wilson problem
for 3-sun systems is equivalent to the existence problem of decompositions of K1, \ K,
into 3-suns.

Let 7 and s be integers with r < s, define [r,s] = {r,r +1,...,s} and [s,7] = . Let
Zy = [0,u — 1] and H = {001,009,...,00:}, HN Z,, = 0. If S = (a,b,c;d, e, f) is a
3-sun whose vertices belong to Z, U H and i € Z,,let S+i = (a+i,b+i,c+i;d+
i,e + 1, f + i), where the sums are modulo u and co + i = oo, for every co € H. The set
(S)={S+i:ie Z,}1is called the orbit of S under Z,, and S is a base block of (5).

To solve the Doyen-Wilson problem for 3-sun systems we use the difference method
(see [11, 12]). For every pair of distinct elements ¢,j € Z,, define |i — j|, = min{|i —
jlu—1i — j|} and set Dy, = {|i — jlu : i,j € Zu} = {1,2,...,|%]|}. The clements
of D, are called differences of Z,. For any d € D,, d # %, we can form a single 2-
factor {{i,d + i} : i € Z,}, while if u is even and d = §, then we can form a 1-factor
{{i,i+ %} : 0 <4 < § —1}. Itis also worth remarking that 2-factors obtained from
distinct differences are disjoint from each other and from the 1-factor.

If D C D,, denote by (Z, U H, D) the graph with vertex-set V = Z, U H and the
edge-set E = {{i,j} : |i — jlu = d, d € D} U{{o0,i} : o0 € H, i € Z,}. The graph
(Z, U H, D,) is the complete graph K, \ K; based on Z,, U H and having H as a hole.
The elements of H are called infinity points.

Let X be a setof sizen = 0,1,4,9 (mod 12). The aim of the paper is to decompose
the graph (Z, U X, D,,) into 3-suns. To obtain our main result the (Z,, U X, D,,) will
be regarded as a union of suitable edge-disjoint subgraphs of type (Z, U H, D) (where
H C X may be empty, while D C D, is always non empty) and then each subgraph
will be decomposed into 3-suns by using the lemmas given in this section. From here on
suppose u = 0,1,3,4,5,7,8,9,11 (mod 12).

Lemmas 2.1-2.4 give decompositions of subgraphs of type (Z, U H, D) where D
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contains particular differences, more precisely, D = {2}, D = {2,4} or D = {1, % }.

Lemma 2.1. Let u = 0 (mod 4), u > 8. Then the graph (Z,, U {c01, 002}, {2}) can be
decomposed into 3-suns.

Proof. Consider the 3-suns

(001,2 + 4i,44; 3 + 4i,4 + 44, 002),
(002,34 4i,1 4 4i;2 4 4i,5 4 4i,001),

fori =0,1,...,7 — 1 0

Lemma 2.2. Let u = 0 (mod 12). Then the graph {Z,, U {001, 002, 003,004 }, {2}) can
be decomposed into 3-suns.

Proof. Consider the 3-suns

(001,124, 2 + 127 + 12i, , 003, 004),

(001,4 + 124,6 + 12¢;9 + 124, 003, 004),
(001,8 4+ 124,10 + 1245 11 + 124, 003, 004),
(002, 2 + 12,4 + 12i; 1 + 124, 003, 004),

(009, 6 + 124,84+ 12i; 7 4+ 12, 003, 004 ),
(002,10 + 124,12 + 12i; 11 + 124, 003, 004),
(003,14 124,3 + 12i;9 + 124, 001, 002),

(003, 5 + 124, 7+ 12i; 11 + 124, 001, 9 + 127),
(004, 3+ 120, 5 + 1203 1 + 12, 001, 00s),
(004,9 + 120,11 + 1207 + 124, 009, 13 + 12i),

fori =0,1,...,% — 1. O

12
Lemma 2.3. The graph {Z,, U {c01, 002,003,004}, {2,4}), u > 7, u # 8, can be decom-

posed into 3-suns.

Proof. Letu = 4k + r, with r = 0, 1, 3, and consider the 3-suns

(001,44 41,6 + 4i; 5 + 44,8 + 4i,004),
(002,54 44,74 4i;6 4+ 4i,9 4 4i, 001),
(003,6 + 41,8 + 4i; 7 4 44, 10 + 44, 002),
(004, 7+ 41,9 + 4i;8 4+ 44, 11 + 41, 003),
fori =0,1,...,k — 3, k > 3, plus the following blocks as the case may be.
Ifr =0,
(001,0,2;1,4,004),
(009,1,3;2,5,001),
(003,2,4;3,6,002),
(004,3,5;4,7,003),
(001,4k — 4,4k — 2;4k — 3,0, 004),
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(002, 4k — 3,4k — 1;4k — 2,1, 001),
(003,4k - 27074k - 1727002)7
(004,4k — 1,150, 3, 003).

Ifr =1,

009, 4k — 3,4k — 1;4k,0, 001),
003, 4k — 2,4k; 4k — 1,1, 001),
0oy, 4k — 1,0; 4k — 2,2, 003),

(

(

(

(

(oo ko 4 Ak — 2 4k — 3, 4k, 002),
(

(

(

(004, 4k, 1;2,3, 003).

Ifr =3,

OOl,O 74 x4 ),

02, 1) 37 27 5 01

(

(

(

(

(001,4k 44k 2: 4k — 3,4k, 004),
(00g,4k — 3,4k — 1;4k — 2,4k + 1, 001),
(003, 4k — 2, 4k; 4k — 1,4k + 2, 005),
(004,4k — 1,4k + 1;4k,0, 003),
(cor, 4k, 4k + 24k + 1,1, 004),
(00s, 4k + 1,0; 4k + 2,2, 004),

(003, 4k +2,1;0,3,004).

With regard to the difference 4 in Z;, note that |4|; = 3 and the seven distinct blocks
obtained for k¥ = 1 and r = 3 gives a decomposition of (Z7 U {001, 002, 003, 004}, {2, 3})
into 3-suns. O

Lemma 2.4. Let u = 0 (mod 3), w > 12. Then the graph (Z, U {c01,003,...,008},
{1, %}) can be decomposed into 3-suns.

Proof. If u =0 (mod 6) consider the 3-suns:

(001,21, % + 203 2% + 2, 005,006), i = 0,1,..., % — 1,
(001, 1+ 2i, 5 +1+24;2% + 1 + 2i,006,005), i = 0,1,...,
(002,2% + 24, § + 2052 + 2i,2i,005), i = 0,1,..., ¢
(002, 2“+1+2z Y 142033+ 20,14 2i,006), i =0,1,...,%—2,
(009, u —2,2%—2,0,%—2,005),
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0027U_1;2%_1;17%_17006)3
003, 20, 1 +24;2% + 2i,007,008), i = 0,1,..., 5 — 1,

(mod 6) consider the 3-suns:

001,20, % + 2i;2% 4 2i,005,006), i =0,1,..., %2,

001,142, % +1+2z,2g+1+2z,006,oo5), i=0,1,...,42

002, 2% 4 20, % + 24;2 + 2i,2i,005), i = 0,1,..., 452,
ooz, u— 1,28 —1;0, % — 1, 005),

8

—2,2% — 2,1,3 2,006),

8

003,21 1+ 26525 + 24, 007,008), 1:273"”7%*3,

003, 2,3; 2% + 2, 006, 00g),
003,3—|—1+21,3+2—|—22 2% + 1+ 2i,007,008), i =0,1,...
004, 1+ 20,2+ 20525 + 2 + 21, 007,008),220,1,...,“7_9,

8

005,2“+2Z 2% 4+ 1+ 2i;1 4 2i,007,008), i =0,1,..., %2,

g 2“+1+21 2% + 2+ 234 + 24,007,008), i = 0,1,..., %=

O0g u—1; 27 0077008)7

(
(
(
(
(
(
(
(003,0,1;2%, 006, 008),
(
(
(
(
(
(
(
(

oo7 1 07270057008)

2“+1+22 5+ 1420334 24,1424,006), i =0,1,..., %5

Y420, %+ 14 26;2% 4+ 1+ 2i,007,008), i =0,1,..., %2

u—9

6

123

O

Lemmas 2.5 2.9 allow to decompose (Z,, U H, D) where u is even and D contains the

difference 3.

Lemma 2.5. Let u be even, u > 8. Then the graph (Z,, U {001, 002,003}, {1, 4§ }) can be

decomposed into 3-suns.

Proof. Consider the 3-suns

(001, 21, 1+2z,2+2+21,2+2z 003), i =0,1,...,% —2,
(001, D) 5 l,g, 2,003)7
(009, 1+22 5 +1426;24,2424,001), i =0,1,..., 5 — 1,

(003,5—1—1—1—22'7%+2i;2i,%+2+2i,002), i=0,1,..., % -1

O

Lemma 2.6. Let w = 0 (mod 12). Then the graph (Z, U {01, 002,003,004}, {1, 5})

can be decomposed into 3-suns.
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Proof. Consider the 3-suns

(001,61, § + 6i; 4 + 6, 003, 002),

(001,14 6i, 5 + 1 + 64;5 4 61, 004, 002),
(001,2 + 6i, § + 2 + 64; § 4 3 + 61, 004, 003),
(002, 1+ 61, 6i; 5 + 3 + 61, 003, 004),
(002,24 64,3 + 6i; 5 + 4 + 64,1 + 6i,004),
(002,5 + 64,4 + 6i; 5 + 5 4 67,6 + 6i, 3 + 61),
(

(

(

(

(

3

3,3+ 61, § 4+ 3 + 6i;2 + 6,001, 5 + 2 + 6i),

3,4+ 6i, 5 + 4+ 63; 5 + 6i,004,001),

003,5 + 61, § + 5 + 6i; 5 + 1 + 61, 004, 001),

004, 5 + 14 6i, 5 + 2+ 6i; 5 + 3 + 6i, 5 + 67,002),

004, % + 44 6i, % +5+6i;% +6i, % + 3+ 6i, % + 6+ 6i),

g

fori =0,1,..., 95 — L. O

Lemma 2.7. Let u be even, u > 8. Then the graph (Z,, U{o01,002,...,006},1{1, 5 }) can
be decomposed into 3-suns.

Proof. Consider the 3-suns

(001, 20,1+ 203 % + 2+ 20, % + 2i,003), i =0,1,..., % —2,
(ool,%—Q,%—l;%,u—Q,oo;g),

(002, 1 + 20, & + 1+ 2i; 2, 006,001), i = 0,1,
( .
(

u

4
u
14

003, 5 + 14 24, § + 2i; 2, 006,002), i =0, 1,..
004, 1+ 24,2 + 2i; 5 + 2+ 2i,005,006), i = 0,1,..., 4 — 1
(005, % + 1424, % + 2+ 2i;2 + 24,004,006), i =0,1,..., % —1. O

Lemma 2.8. Let v = 0 (mod 12). Then the graph (Z, U {o01,009,...,007}, {1, 5})
can be decomposed into 3-suns.

Proof. Consider the 3-suns

001, 6, § + 6i;4 + 64, 007, 002),
001,14 67,5 + 1+ 6i; 5 + 3 + 61, 007, 004),
001,2 + 64, § 4 2 4 6i; 5 + 5 + 6i, 005, 002),
002, 3 + 61, § + 3 + 6i; 6i, 001, 004),
00,4 + 61, % + 4 + 6i; 2 + 61, 007, 001),
2,5+ 61, § 4+ 5+ 6i; 5 + 1 + 6i,001,007),
003, 64,1 4 64; § + 61, 005, 00¢),

003, 2 + 61,3 + 6i; § + 2 + 61, 007, 006),
003, 4 + 61,5 + 6i; 5 + 5 + 61, 005, 00¢),
004, 1 + 64, 2 + 64; § + 6 4 61, 002, 00¢),
004, 3 + 64,4 + 6i; § + 4 + 6i, 007, 00g),

e an an an e e an e s Ten T
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(004,5 + 64,6 + 6i; 5 + 5 + 61, 007, 006),
(005, 5§ + 64, 5 + 1 + 6i; 1 + 67, 007, 003),

(005, 5 + 2+ 64, § + 3 4 67; 3 + 6i, 007, 003),

(005, 5 + 4+ 6i, 5 + 5+ 67;5 + 64,007, § + 6 + 6i),
(006, 5 + 1+ 6i, 5 + 2+ 6i; 5 + 5 + 6i,007,004),
(006, 5 + 3+ 6i, 5 + 4+ 6i; 5 4 6 + 6i, 007, 003),

= — 1. O

fori =0,1,...,75

Lemma 2.9. Let u = 0 (mod 12). Then the graph (Z, U {oo1, 002,003}, {1,2, 5 }) can
be decomposed into 3-suns.

Proof. Consider the 3-suns

(001, 60,14 64; 5 + 1+ 6i, 5 + 67,3 + 61),
(001,24 64,3 + 6i; 5 + 5+ 61, 5 + 2 + 60,5 + 61),
(001,4 + 64,5+ 6i; § + 2+ 6, 5 +4 + 64,7 + 61),
(001, § +3+6i, 5 +4 4 6i; 5 + 6, 5 + 2+ 64,002),
(002,14 64,5 + 1+ 6i; 5 + 3+ 64,2 + 6, 5 + 2+ 67),
(002,34 64,4 + 6i;2 + 6, 5 + 3 + 61,6 + 6i),
(
(
(
(
(

3

2,5+ 64,5 4+ 54 6i; 5 + 2+ 6,6 + 64, 5 + 6 + 61),

003, 2 + 61, 6i; 1 + 67,4 + 6i, 003),

003, § + 2+ 64, 5 + 6i;4 + 6i, 5 + 4 + 6i,002),

003, & 4+ 1+ 6i, & + 3+ 6i;3 + 6i, L + 64, % + 5 + 60),
00, % + 5+ 6i, % + 4 4 6655 + 61, % + 7+ 61, % + 6 + 6),

fori =0,1,...,75 — 1. O
The following lemma “combines” one infinity point with one difference d # 3, 5 such

that =5 =0 (mod 3) (therefore, u = 0 (mod 3)).

Lemma 2.10. Let v = 0 (mod 3) and d € D, \ {4, 5} such that p = zed(ray = 0

(mod 3). Then the graph (Z,, U {oo}, {d}) can be decomposed into 3-suns.

Proof. The subgraph (Z,, {d}) can be decomposed into & cycles of length p = 3¢, ¢ > 2.
If ¢ > 2, let (z1, %2, ..., 234) be a such cycle and consider the 3-suns

(007 L2434, L3+3i5 L7434, L1+3i5 x4+3i)7

fort =0,1,...,q — 1 (where the sum is modulo 3¢).
If g = 2, let (2,25, 29 29,29 2)), j = 0,1,...,% — 1, be the 6-cycles
decomposing (Z,, {d}) and c0n51der the 3 -suns

j 1
(00,0, 2 2+ o0 500y,

1 )
(0o, .’Eéj)7 ) (J+ ) i),ng))’

for j =0,1,..., & — 1 (where the sums are modulo %). O
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Subsequent Lemmas 2.11—2.14 allow to decompose (Z,, U H, D), where |H| = 1,2,
3,5,|D| =6 —|H| and § & D; here, u and D are any with the unique condition that if D
contains at least three differences dy, ds, ds3, then d3 = dy — dy or d; + ds + d3 = wu.

Lemma 2.11. Let d1, dQ, d3, d4, d5 (S Du\{%} such that d3 =dy—d;ord; +d2+d3 = U.
Then the graph (Z,, U {oo}, {d1,d2, ds, ds, d5}) can be decomposed into 3-suns.

Proof. If d3 = dy — dy, consider the orbit of
(dla d2a 07 o, d2 + d57 d4)

(or (dy,dz,0;00,ds + ds, —dy), if do + d5 = dy) under Z,,. If dy 4+ da + d3 = u, consider
the orbit of
(_d17 d2a 07 o0, d2 + d57 d4)

(or (—dy, ds, 0; 00, ds + d5, —dy), if do + d5 = dy) under Z,,. O

Lemma 2.12. Let dl, dg, d3, dy € D, \ {%} such that d3 =dy—djord; +ds+ d3 = U.
Then the graph (Z,, U {001,002}, {d1,d2,ds,ds}) can be decomposed into 3-suns.

Proof. Consider the orbit of (d, da, 0; 001, 002, dy) or (—dy, da, 0; 001, 002, d4) under Z,,
when, respectively, ds = da — dy or dy + ds + ds = . O

Lemma 2.13. Let dl, d27d3 e D, \ {%} such that d3 = do — dy or di + do + d3 = .
Then the graph (Z,, U {001, 002,003}, {d1,da, d3}) can be decomposed into 3-suns.

Proof. Consider the orbit of (dy, da, 0; 001, 009, 003) or (—dy, ds, 0; 001, 002, 003) under
Z,, when, respectively, d3 = dy — dy or di + do + d3 = u. O]

Lemma 2.14. Letd € D, \ {4}, the graph (Z,, U {001, 002, 003,004,005}, {d}) can be
decomposed into 3-suns.

Proof. The subgraph (Z,,, {d}) is regular of degree 2 and so can be decomposed into I-
cycles, I > 3. Let (x1,2,...,x;) be asuch cycle. Put ! = 3¢ + r, with r = 0, 1,2, and
consider the 3-suns with the sums modulo /
(001, 14315 T243i5 L3434, 004, O05),
(002, L2434y L3+3i5 L4434, 004, 005),
(003, T343i, L4434 T543i, 004, 005),
fori =0,1,...,9 — 2, g > 2, plus the following blocks as the case may be.
Ifr =0,
(001, T3g—2, T3g—1; T34, 004, 005),
(002, T3g—1, T34; T1, 004, 005),
(003, T3q, T1; T2, 004, 005).
Ifr =1,
001, X3¢—2, L3g—1; L3g+1, 004, 005)»
002, T3q—1, L3q; L1, 004, 001),

(

(

(003, L3qy T3q+15 T2, X4, 002),
(005

o8} ,$3q+17$1;5€3q,004,003)~
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Ifr =2,

001, T3¢—2,L3qg—1;L3q+2, X4, 005);
02, T3g—1,L3q; L1, X4, 005)7

3
004, T3+41, T3¢+2; T3¢, 001, 003),

(

(

(003, T34, T3¢+1; T2, 001, 002),

(

(005, T3g42, L1} L3g+1, 002, 003 ). O

Finally, after settling the infinity points by using the above lemmas, if u is large we need
to decompose the subgraph (Z,,, L), where L is the set of the differences unused (difference
leave). Since by applying Lemmas 2.1 —2.13 it could be necessary to use the differences 1,
2 or 4, while Lemma 2.14 does not impose any restriction, it is possible to combine infinity
points and differences in such a way that the difference leave L is the set of the “small”
differences, where 1, 2 or 4 could possibly be avoided.

Lemma 2.15. Let o € {0,4, 8} and u, s be positive integers such that v > 12s + . Then
there exists a decomposition of (Z,,, L) into 3-suns, where:

i) a=0and L =[1,6s];
ii) o =4and L = 3,65+ 2;
iii) oo =8and L = [3,6s + 4] \ {4,6s + 3}.
Proof.

i) Consider the orbits (S;) under Z,,, where S; = (5s + 1+ 7, bs — 7, 0;3s, s, u —
2-2§),j=0,1,...,s 1.

ii) Consider the orbits in i), where (.Sp) is replaced with the orbit of (6s+1, 4s, 0; s, 9s,

65+ 2).
iii) Consider the orbits in i), where the orbits (Sg) and (S7) are replaced with the orbits
of (6s+ 1, 4s, 0; s, 9s, 6s+4) and (5s + 2, 5s — 1, 0; 3s, s, 6s + 2). O

3 The main result

Let (X,S) bea3SS(n) and m =0,1,4,9 (mod 12).

Lemma 3.1. If (X, S) is embedded in a 3-sun system of order m > n, then m > %n + 1
Proof. Suppose (X,S) is embedded in (X', S’), with |X'| = m = n + u (u positive
integer). Let ¢; be the number of 3-suns of S’ each of which contains exactly 7 edges in
X'\ X. Then 30 ;i x¢; = (%) and 27, (6 —i)e; = u x n, from which it follows
6ea +12¢5 + 18¢4 + 245 +30cs = “C* 2% andsou > 2n+landm > In+1. O

By previous Lemma:
1. if n = 60k + 5r,r = 0,5,8,9, then m > 84k + 7r + 1;
2. ifn=60k+5r+1,r=0,3,4,7, then m > 84k + Tr + 3;

3. if n =60k +5r +2,r =2,7,10,11, then m > 84k + Tr + 4;
4. ifn =60k +5r+3,r=2,5,6,9, thenm > 84k + 7r + 6;
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5. ifn=60k+5r+4,r=0,1,4,9, then m > 84k + Tr + 7.

In order to prove that the necessary conditions for embedding a 3-sun system (X, S)
of order n in a 3-sun system of order m = n + u, u > 0 are also sufficient, the graph
(Z, U X,D,) will be expressed as a union of edge-disjoint subgraphs (7, U X, D,,) =
(Z,UX,DyU(Z,,L), where L = D,, \ D is the difference leave, and (Z,, U X, D) (if
necessary, expressed itself as a union of subgraphs) will be decomposed by using Lem-
mas 2.1-2.14, while if L # 0, (Z,,, L) will be decomposed by Lemma 2.15. To obtain our
main result we will distinguish the five cases 1.-35. listed before by giving a general proof
for any £ > 0 with the exception of a few cases for £ = 0, which will be indicated by a star
* and solved in Appendix. Finally, note that:

a) u=0,1,4,0r9 (mod 12),if n =0 (mod 12);

b) ©=0,3,8,0r11 (mod 12),ifn =1 (mod 12);

¢) u=0,58,0r9 (mod 12),n =4 (mod 12);

d) ©u=0,3,4,0r7 (mod 12),if n =9 (mod 12).
Proposition 3.2. For any n = 60k + br, r = 0,5, 8,9, there exists a decomposition of
Ky \ Ky, into 3-suns for every admissible u > 24k + 2r + 1.

Proof. Let X = {001,009,...,0060k+50}> 7 = 0,5,8,9, and u = 24k + 2r + 1 + h, with
h>0.Seth=12s+1,0 <1 <11 (I depends on r), and distinguish the following cases.

Case1: »r =0,5,8,9and [ = 0 (odd u).
Write (Z,, U X, D,,) = (Z, U X, D) U (Z,, L), where D = [6s + 1,12k + r + 6s],
|D| =12k + r,and L = [1, 6s], and apply Lemmas 2.14 and 2.15.

Case2: r = 0,9 and [ = 8 (odd u).
Write
(Z,UX,D,) ={(Z,U{o01,009,003},{2,65+ 3,65+ 5}) U
<Zu U {004}7 {1}> U <Zu U {005}7 {65 + 4}> U
<Zu U (X \ {001, 00270037 0047005}))D/> U <ZU7L>3

where D' = [6s + 6,12k + 7 + 6s + 4], |D’| = 12k +r — 1, and L = [3,6s + 2|, and
apply Lemmas 2.13, 2.10, 2.14 and 2.15.

Case 3: r = 5,8 and [ = 4 (odd u).
Write
<Zu U X> DU> = <Zu U {0017 002, 003, ()04}, {274}> U <Zu U {005}5 {1}> U
<Zu U (X \ {00130027003; 0047005});DI> U <ZU7L>3
where D' = [6s + 3,12k + r 4+ 6s + 2] \ {6s + 4}, |[D'| = 12k +r —1,and L =
[3,6s + 4] \ {4,6s + 3}, and apply Lemmas 2.3, 2.10, 2.14 and 2.15.
Case4: r = 0,8 and [ = 3 (even u).
Write
<Zu U X, Du> = <Zu U {0017 009, 003}7 {1, % > U <Zu U {0047 005}, {2}> U
(Zu U (X \ {001, 009, 003,004,005 }), D) U (Zy, L),
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where D' = [6s + 3,12k + r + 6s + 1], |D’'| = 12k +r — 1, and L = [3,6s + 2], and
apply Lemmas 2.5, 2.1, 2.14 and 2.15.

Case5: r =0and ! = 11 (even u).
Write

<Zu uUX, Du> = <Zu U {001, 009, 003}, {1, 2, %}> U
(Zy U {00y, 005}, {4,654+ 3,65+ 5,65+ 7}) U
(Z, U (X \ {001, 002,003,004,005}), D) U (Z,, L),

where D' = [6s + 6,12k + 65 + 5] \ {6s + 7}, |D’| = 12k — 1, and L = [3,6s + 4] \
{4,6s + 3}, and apply Lemmas 2.9, 2.12, 2.14 and 2.15.

Case 6: r = 5and [ = 1 (even u).
Write
(ZyUX,Dy) = (Zy U{o01,009,...,006},{1, 5}) U
<Zu U {OO?, g, X9, 0010}? {2}> U
<Zu @] (X \ {0017002, ey 0010}),D/> @] <Zu,L>7

where D' = [6s + 3,12k + 6s + 5], |D’| = 12k + 3, and L = [3,6s + 2], and apply
Lemmas 2.7, 2.2, 2.14 and 2.15.

Case7: r=5,9and ! = 9 (even u).
Write

<Zu uUX, Du> = <Zu @] {001, 009, 003}, {1, %}) @]
(Z,, U{oog,05},{2,65+ 3,65+ 4,65 +5}) U
<Zu U (X \ {001300270037 0047005})7D,> U <ZuaL>?

where D' = [6s + 6,12k + r + 6s + 4], |D'| = 12k +r — 1, and L = [3,6s + 2], and
apply Lemmas 2.5, 2.12, 2.14 and 2.15.

Case 8: »r =8 and [ = 7 (even u).
Write
<Zu uUX, Du> = <Zu U {001, 009, 003}, {1, 2, % > U
(Zy U{oos}, {4}) U (Zy U {oos}, {6s +5}) U
<Zu U (X \ {001700270037 0047005}):D/> U <ZuaL>7
where D' = [6s + 3,12k + 6s + 11] \ {6s + 4,6s + 5}, |D’| = 12k + 7, and L =
[3,6s + 4] \ {4, 65 + 3}, and apply Lemmas 2.9, 2.10, 2.14 and 2.15.
Case 9: r = 9and ! = 5 (even u).
Write
(Z,UX,Dy,) = (Z, U{oco1,009,003},{1, 5 YU (Z, U{ocos}, {2}) U
<Zu U {005}, {4}> U <Zu U (X \ {OOl, 09, 03,004, 005}), D,> U <Zu, L>,

where D' = [6s + 3,12k + 65 + 11] \ {6s + 4}, |D’| = 12k + 8, and L = [3,6s + 4] \
{4,6s + 3}, and apply Lemmas 2.5, 2.10, 2.14 and 2.15. O
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Proposition 3.3. Foranyn = 60k +5r+ 1, r =0, 3,4, 7, there exists a decomposition of
Ko \ Ky, into 3-suns for every admissible u > 24k + 2r + 2.

Proof. Let X = {001,009,...,0060k+5r+1}, T = 0,3,4,7, and u = 24k + 2r + 2 + h,
with h > 0. Set h = 12s 4+ [, 0 <[ < 11, and distinguish the following cases.

Casel: r =0,3and ! = 1 (odd w).

Write (Z,, U X, D,,) = (Z,, U {0}, {65 + 2}) U (Z, U (X \ {o0}),D") U{(Z,, L),
where D’ = [6s + 1,12k + r 4+ 6s + 1] \ {6s + 2}, |D’| = 12k + r, and L = [1, 6s], and
apply Lemmas 2.10, 2.14 and 2.15.

Case2: r=0,3,4,7and [ = 9 (odd u).
Write

(Zy U X,Dy) = (Z, U{o01,009,003}, {1,658+ 3,65 +4})U
(Zy, U {004,005, 006}, {2,658 + 5,68 + 7}) U
(Zy U (X \ {001,009, ...,006}), D"y U(Zy, L),

where D' = [6s+6,12k+7+6s+5]\{6s+ 7}, |D'| = 12k+r—1,and L = [3,6s+ 2],
and apply Lemmas 2.13, 2.14 and 2.15.

Case3: r =4*,7and [ = 5 (odd u).
Write

<Zu U X, Du> = <Zu U {0017 009, 003, 004}, {2,4}> U <Zu U {005}, {1}> U
(Z U {006}, {65 + 8}) U (Zy U (X \ {001,009, . .,006}), D) U (Zu, L),

where D’ = [6s + 3,12k + 1 + 6s + 3] \ {6s + 4,65 + 8}, |D'| = 12k +r — 1, and
L =13,6s+4]\ {4,654+ 3}, and apply Lemmas 2.3, 2.10, 2.14 and 2.15.

Cased: r = 0,4 and [ = 6 (even u).
Write

<Zu U X, Du> = <Zu U {()Ol7 o2, 003}, {1, %}> U
(Zy U {004, 005,006}, {2,658 + 3,65 + 5}) U
<Zu U (X \ {001, X2, ...y 006}), D/> U <Zu,L>,

where D' = [6s+4,12k+r+6s+ 3]\ {6s+5}, |D'| = 12k+r—1,and L = [3,65+2],
and apply Lemmas 2.5, 2.13, 2.14 and 2.15.

Case 5: r = 0and [ = 10 (even u).
Write

(ZyUX,Dy) = (Zy, U {001,002,...,006},{1,5}) U
<Zu U {0077 00g, g, 0010}7 {2}> U
(ZyU{oo11},{4,65+3,65+5,65+6,65+ 7} U
<Zu @] (X \ {001,002, ceey 0011}),D/> @] <Zu,L>,

where D’ = [6s + 8,12k + 6s + 5], |D'| = 12k — 2, and L = [3,6s + 4] \ {4,6s + 3},
and apply Lemmas 2.7, 2.2, 2.11, 2.14 and 2.15.
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Case 6: » = 3,7and [ = 0 (even u).
Write

<Zu U X, Du> = <Zu U {OOl,OOQ, . ,006}, {1, %}> U
(Zy U (X \ {o01,002,...,006}), D) U{Z,, L),
where D’ = {2} U [6s + 3,12k +r + 6s], |D’| = 12k +r — 1,and L = [3,65s + 2], and
apply Lemmas 2.7, 2.14 and 2.15.

Case7: r = 3and [ = 4 (even u).
Write

<Zu uX, Du> = <Zu U {001, 009, 003, 004}, {1, % > U <Zu U {005}, {2}> U
<Zu @] {OO(,}, {68 + 5}> @] <Zu U (X \ {001, 002, ...y OO()}), D/> @] <Zu, L>,

where D’ = [6s + 3,12k + 6s + 5] \ {6s + 5},
apply Lemmas 2.6, 2.10, 2.14 and 2.15.

D'| =12k + 2,and L = [3,6s + 2], and

Case 8: »r =4 and | = 2 (even u).
Write

(ZyU X, Dy) = (Zy U {o01,002,003,004}, {1, §}) U (Z, U{cos,006},{2}) U
(Zy U (X \ {o01,009,...,006}), D"y U{(Zy,, L),

where D’ = [6s + 3,12k + 6s + 5],
Lemmas 2.6, 2.1, 2.14 and 2.15.

D’| = 12k + 3, and L = [3,6s + 2], and apply

Case 9: r = 7T and [ = 8 (even u).
Write

<Zu U X, Du> = <Zu U {001,002,003}, {1,27 % > @]
(Zy U {004, 005,006}, {4,6s + 3,65+ 7}) U
(Z, U (X \ {01,009, ...,006}), DY U(Z,, L),

where D' = [6s + 5,12k + 65 + 11] \ {65 + 7}, |D’| = 12k + 6, and L = [3,6s + 4] \
{4,6s + 3}, and apply Lemmas 2.9, 2.13, 2.14 and 2.15. O

Proposition 3.4. For any n = 60k + 5r + 2, r = 2,7, 10, 11, there exists a decomposition
of Ky \ Ky, into 3-suns for every admissible u > 24k + 2r + 2.

Proof. Let X = {001,009, ...,0060k+5r+2}> " = 2,7,10,11, and u = 24k + 2r + 2+ h,
with h > 0. Set h = 12s 4+ 1, 0 < [ < 11, and distinguish the following cases.

Casel: r = 2,11 and [ = 3 (odd u).
Write

(Z4UX,Dy) = (Zy U {01}, {65 + 2}) U (Z, U {o0s}, {65 + 4}) U
<Zu U (X \ {0017002}),D/> U <Zu=L>7
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where D’ = [6s+ 1,12k +r+6s+2]\ {6s+2,65+4}, |D'| = 12k +r,and L = [1, 6s],
and apply Lemmas 2.10, 2.14 and 2.15.

Case2: r=2,7,10,11 and [ = 7 (odd u).
Write

(Z,UX,Dy) = (Z, U{oo1,005}, {1,2,65 + 3,65 + 4}) U
(Z U (X \ {o01,002}), D) U (Zy, L),

where D’ = [6s + 5,12k + 7 + 6s + 4], |D'| = 12k + r, and L = [3, 65 + 2], and apply
Lemmas 2.12, 2.14 and 2.15.

Case3: r=7,10and [ = 11 (odd u).
Write

(Z,UX,D,) = (Z, U{o01,009,003},{1,6s5+ 3,65+ 4}) U
(Z, U {004, 005,006}, {2,684+ 5,65+ 7}) U (Z,, U {oor}, {6s + 8}) U
<Zu U (X \ {001, 009, ..., 007})7DI> U <ZU,L>,

where D’ = [6s + 6,12k + r + 6s + 6] \ {65 + 7,65 + 8}, |D'| = 12k +r — 1, and
L = [3,6s + 2], and apply Lemmas 2.13, 2.10, 2.14 and 2.15.

Case4: r =2 and | = 6 (even u).
Write

(Zy U X, Dy) = (Zy U{o01,002,003,004},{1, 5}) U
<Zu U {005; 06, 007}3 {2a 6s + 35 6s + 5}> U
(Zy U (X \ {001,009, .. .,007}), D'Y U (Z, L),

where D’ = [6s 4+ 4,12k 4+ 6s + 5] \ {6s + 5}, |D’| = 12k + 1, and L = [3,6s + 2], and
apply Lemmas 2.6, 2.13, 2.14 and 2.15.

Case 5: r = 2,10 and [ = 10 (even u).
Write

<Zu UX,Du> = <Zu U {0017002;“-’%6}7{1; %}) @]
(Z U{oor}, {2,654 3,65+ 4,65+ 5,65 +6}) U
(Z,, U (X \ {001,009, ...,007}), DY U (Z,, L),

where D' = [6s + 7,12k + 7 + 6s + 5], |[D'| = 12k +r — 1, and L = [3,6s + 2|, and
apply Lemmas 2.7, 2.11, 2.14 and 2.15.

Case 6: »r = 7,11 and [ = 4 (even u).
Write

<Zu U X» Du> = <Zu U {0017 002, 003}7 {17 %}> U
<Zu U {0047 05, 006, OO7}a {2’4}> U
<Zu U (X \ {001, 009, .« .y 007}), DI> U <ZU,L>,
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where D' = [6s + 3,12k + 7 + 6s + 2] \ {6s + 4}, |D'| = 12k +r —1,and L =
[3,6s + 4] \ {4, 6s + 3}, and apply Lemmas 2.5, 2.3, 2.14 and 2.15.

Case7: r = T and | = 8 (even u).
Write

(Z,UX,Dy) = (Z, U{oo1,002,003}, {1, 4}y U
(Zy, U {004, 005,006}, {2,6s + 3,65+ 5}) U (Z, U {oor}, {6s+ T}) U
(Zy U (X \ {o01,009,...,007}),D") U(Z,, L),

where D' = [6s+4,12k+ 65+ 11]\ {6s+5,65+ 7},
and apply Lemmas 2.5, 2.13, 2.10, 2.14 and 2.15.

Case 8: » = 10 and [ = 2 (even u).
Write

D'| =12k+6,and L = [3,65+2),

(ZuUX,Dy) = (Zy, U{o01,009,...,006},{1, 5 }) U(Z, U{oor}, {2}) U
(Z, U (X \ {o01,009,...,007}), DY U(Z,, L),

where D' = [6s + 3,12k + 6s + 11), |D’| = 12k + 9, and L = [3,6s + 2], and apply
Lemmas 2.7, 2.10, 2.14 and 2.15.

Case 9: » = 11 and [ = 0 (even u).
Write
(ZyUX,Dy) = (Zy U{o01,009,...,007}, {1, 5}) U
(Z, U (X \ {o01,009,...,007}), DY U(Z,, L),

where D' = {2} U [6s + 3,12k + 6s + 11|, |D’| = 12k + 10, and L = [3, 65 + 2], and
apply Lemmas 2.8, 2.14 and 2.15. O

Proposition 3.5. For anyn = 60k + 5r + 3, r = 2,5,6,9, there exists a decomposition of
Ko \ K, into 3-suns for every admissible u > 24k + 2r + 3.

Proof. Let X = {001, 002, ..., 0060k+5r+3}a r=2,56,9and u = 24k +2r + 3+ h,
with h > 0. Set h = 12s 4+ [, 0 <[ < 11, and distinguish the following cases.

Casel: r =2,5,6,9and [ = 4 (odd u).
Write
(ZyUX,Dy,) ={(Z, U{o01,009,003},{1,65+ 3,65 +4}) U
(Zu U (X \ {o01,002,003}), D') U (Zu, L),

where D' = {2} U [6s + 5,12k + 7 + 65 + 3],
apply Lemmas 2.13, 2.14 and 2.15.

Case2: r = 2,5 and [ = 8 (odd u).
Write

D'| =12k +r,and L = [3,6s + 2], and

(Zy U X,Dy,) =(Z,U{oo1,002},{1,65+ 3,65 +4,6s5+5}) U
(Zy U {003}, {2}) U (Zy U (X \ {001,002, 003}), D) U(Zy, L),
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where D' = [6s + 6,12k + r + 6s + 5], |D’| = 12k + r, and L = [3,6s + 2], and apply
Lemmas 2.12, 2.10, 2.14 and 2.15.

Case 3: r = 6,9 and [ = 0 (odd u).
If s = 0, then write

(Zy U X, Dy) = (Z, U {001,002,...,008},{1,5}) U
<Zu U (X\{Ool,OOQ,...,OOE;}),D/),

where D" = [2,12k +r + 1]\ {5}, |D'| = 12k +r — 1, and apply Lemmas 2.4 and 2.14.
If s > 0, then write

<Zu U X, Du> = <Zu U {001, 2, 003}, {1, 58, 5s + 1}> U
(Zy U {004, 005,006}, {2,658 + 1,65 + 3}) U (Z, U {oor}, {6s +2}) U
(Z U {oog}, {6s+4}) U (Z, U (X \ {o01,009,...,008}), D) U(Z,, L),

where D' = {2s + 1,48} U [6s + 5,12k +r + 6s + 1], |D'| =12k +r —1,and L =
[3,6s]\ {25+ 1,45, 5s, 5s + 1}, and apply Lemmas 2.13, 2.10 and 2.14 to decompose the
first five subgraphs, while to decompose the last one apply Lemma 2.151) and delete the
orbit (Sp).

Cased: r =2,6and [ = 1 (even u).
Write

<Zu U X, Du> = <Zu U {0017 09, 003}, {1, %}> U
(Zy U (X \ {001, 002,003}), D) U(Zy, L),

where D’ = {2} U [6s + 3,12k +r + 6s + 1], |D'| = 12k + r,and L = [3,65s + 2], and
apply Lemmas 2.5, 2.14 and 2.15.

Case 5: r = 2*and [ = 5 (even u).
Write

(ZyUX,Dy) = (Zy U {001,0002,...,006},{1,5}) U
(Z,, U {007, 008, 009, 0010 }, {2}) U
(Z,, U{o011,0012,0013},{4,65 + 3,65 + 7}) U
(Z, U (X \ {001,009, ...,0013}), D"Y U (Z,, L),

where D' = [65+4 5,12k +6s+5]\ {65+ 7}, |D’| = 12k, and L = [3,6s+4]\ {4,6s5+3},
and apply Lemmas 2.7, 2.2, 2.13, 2.14 and 2.15.

Case 6: r = 5,9and [ = 7 (even u).
Write

(ZyUX,Dy) = (Z, U {o01,009,...,006},{1,5}) U
(Zy, U {oor,008},{2,65+ 3,65+ 4,65+ 5}) U
<Zu @] (X \ {001, 009, ..y 008}), DI> @] <ZU,L>,
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where D' = [6s + 6,12k + r + 6s + 4], |D’'| = 12k +r — 1, and L = [3,6s + 2], and
apply Lemmas 2.7, 2.12, 2.14 and 2.15.

Case7: r =5and ! = 11 (even u).
Write

(Z,UX,D,) = (Zy, U {001, 009,003,004}, {1, }) U
(Zy U {005,006}, {2,65 + 3,65 + 5,65+ 6}) U (Z,, U {oor}, {4}) U
(Z U {oog}, {6s+7}) U(Z, U(X\ {o01,009,...,008}), D) U(Z,, L),

where D’ = [6s + 8,12k + 6s + 11], |D’| = 12k 4+ 4, and L = [3,6s + 4] \ {4,6s + 3},
and apply Lemmas 2.6, 2.12, 2.10, 2.14 and 2.15.

Case 8: r = 6and [ = 9 (even u).
Write

<Zu U X; Du> = <Zu U {001, 002, 003}7 {17 %}> U
(Zy U {004, 005,006}, {2,65 + 3,65+ 5}) U (Z, U {cor}, {4}) U
(Z U {oog}, {65+ 7} U(Z, U (X \ {oc01,009,...,008}), D) U(Z,, L),

where D’ = [6s + 6,12k + 6s + 11] \ {6s + 7}, |D’'| = 12k + 5, and L = [3,65 + 4] \
{4,6s + 3}, and apply Lemmas 2.5, 2.13, 2.10, 2.14 and 2.15.

Case 9: » =9 and [ = 3 (even u).
Write

<Zu uUX, Du> = <Zu U {001, 009, 003}, {1, 2, %}> U
(Z, U (X \ {o01,009,003}), D) U(Z,, L),

where D' = [6s + 3,12k + 6s + 11), |D’| = 12k + 9, and L = [3,6s + 2], and apply
Lemmas 2.9, 2.14 and 2.15. O

Proposition 3.6. For anyn = 60k +5r +4, r = 0,1,4,9, there exists a decomposition of
Ko \ K, into 3-suns for every admissible u > 24k + 2r + 3.

Proof. Let X = {001,009, ...,0060k+5r+4}, 7 = 0,1,4,9, and u = 24k + 2r + 3 + h,
with h > 0. Set h = 12s + 1, 0 < [ < 11, and distinguish the following cases.

Casel: r=0,1*,4,9and [ = 2 (odd u).
Write

<Zu uUX, Du> = <Zu U {0017 009, 003, 004}, {2,4}> U
<Zu U (X \ {00170027003, OO4}),D/> U <Zu,L>,

where D' = {1,6s + 3} U [6s+ 5,12k + 7 + 65+ 2], |D'| = 12k +r,and L = [3,65 +
4]\ {4, 65 + 3}, and apply Lemmas 2.3, 2.14 and 2.15.
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Case2: r = 0,9 and [ = 6 (odd u).
Write

(Zy U X,Dy) = (Z, U{oo1,009,003}, {1,658+ 3,65 +4})U
(Z, U {oog},{2}) U (Z, U (X \ {001, 009,003,004}), D') U (Z,, L),

where D’ = [6s 4+ 5,12k + 7 + 6s + 4], |D'| = 12k + r, and L = [3,65s + 2], and apply
Lemmas 2.13, 2.10, 2.14 and 2.15.

Case3: r = 1,4 and [ = 10 (odd u).
Write

(Z,UX,D,) =(Z, U{oo1,002},{1,65+ 3,65+ 5,65+ 6}) U
(Zy U {03}, {2} U(Z, U{oos}, {6s+4}) U
<Zu U (X \ {0017 09, 003, 004}), D/> U <Zu,L>,

where D’ = [6s 4+ 7,12k + r + 65 + 6], |D'| = 12k + r, and L = [3, 65 + 2], and apply
Lemmas 2.12, 2.10, 2.14 and 2.15.

Cased4: r =0,4and [l = 5 (even u).
Write

(ZyUX,Dy) = (Z, U {o01,009,...,006},{1,5}) U
(Zy U {007, 008,009}, {2,68 + 3,65+ 5}) U
(Z, U (X \ {o01,009,...,009}), DY U(Z,, L),

where D' = [6s+4,12k+r+6s+ 3]\ {6s+5}, |D'| =12k+r—1,and L = [3,65+2],
and apply Lemmas 2.7, 2.13, 2.14 and 2.15.

Case5: r =0and ! = 9 (even w).
Write

<Zu UX, Du> = <Zu U {0017 002, 003, 004}7 {17 %}> U
<Zu U {0057 06, 007}7 {27 6s + 37 6s + 5}> U <Zu U {008}7 {4}> U
(Z U{ocog}, {65+ 7} U (Z, U (X \ {o01,002,...,009}), DY U(Z,, L),

where D' = [65+6, 12k+65+5]\{6s+7}, |D’| = 12k—1,and L = [3,65+4]\{4, 6s+3},
and apply Lemmas 2.6 , 2.13, 2.10, 2.14 and 2.15.

Case 6: »r = 1 and [ = 7 (even u).
Write

(ZyUX,Dy) = (Zy, U {o01,009,...,007},{1,§}) U
(Zy U {o0g, 009}, {2,4, 65+ 3,65+ 5}) U
(Zy U (X \ {001,009, ...,009}), D'y U(Z,, L},

where D' = [6s + 6,12k + 6s + 5], |D'| = 12k, and L = [3,6s + 4] \ {4,6s + 3}, and
apply Lemmas 2.8, 2.12, 2.14 and 2.15.
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Case7: r=1,9and [ = 11 (even u).
Write

<Zu UX, Du> =(Z, U {001, 002, 003}, {17 %}> @]
(Zy U {oos},{2,4,65+ 3,65+ 5,65+ 6}) U
<Zu U (X \ {0017 0023 0037 004})3 D,> U <Zua L>?

where D' = [6s+ 7,12k +7r+ 65+ 6], |D’| = 12k +r,and L = [3,6s5+ 4]\ {4,6s+ 3},
and apply Lemmas 2.5, 2.11, 2.14 and 2.15.

Case 8: r =4 and ! = 1 (even u).
Write

<Zu U X, Du> = <Zu U {001, 02, O3, 004}, {1, %}> U
<Zu U (X \ {0017 009, 003, 004}), D/> U <Zu, L>,

where D' = {2} U [6s+ 3,12k + 6s + 5], |D’| = 12k + 4, and L = [3, 65 + 2], and apply
Lemmas 2.6, 2.14 and 2.15.

Case 9: »r =9 and [ = 3 (even w).
Write

<Zu uUX, Du> = <Zu U {001, 009, 003}, {1, % > U <Zu U {004}, {2}> U
<Zu U (X \ {0017 009, 003, C>O4})7 D/> U <Zu, L>,

where D' = [6s + 3,12k + 6s + 11}, |D’| = 12k + 9, and L = [3,6s + 2], and apply
Lemmas 2.5, 2.10, 2.14 and 2.15. O

Combining Lemma 3.1 and Propositions 3.2 —3.6 gives our main theorem.

Theorem 3.7. Any 3SS(n) can be embedded in a 3SS(m) if and only if

ngnJrl or m=n.
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Appendix
o n=21,u=125s+4+15
Write

<Zu U X; Du> = <Zu u {001, 002, 003, 004}7 {274}> U
(Zy U{oos}, {1}) U (Z, U {oog}, {6s+ 7})U
(Zy U (X \ {001, 002,...,006}),{6s+ 3,65+ 5,65+ 6}) U(Z,, L),

where L = [3,6s + 4] \ {4, 6s + 3}, and apply Lemmas 2.3, 2.10, 2.14 and 2.15.
e n=13,u=12s+ 12
Write

(Z,UX,Dy) ={(Z, U{o01,09,...,006},{1,6s+6}) U
(Zy U {007, 008,009,010}, {2}) U
<Zu U {0011, 012, 0013}, {4, 6s + 3, 6s + 5}> U <Zu, L>,

where L = [3,6s + 4] \ {4, 6s + 3}, and apply Lemmas 2.7, 2.2, 2.13 and 2.15.
e n=9u=12s+7
Write

<Zu UX, Du> = <Zu U {001, 002, 003, 004}, {274}> U
<Zu U {OOSa X0g, OO7, 008, OOQ}a {1}> U <Zu; L>,

where L = [3,6s + 3] \ {4}, and apply Lemmas 2.3, 2.14 and decompose (Z,, L)
as in Lemma 2.15ii), taking in account that |6s + 4|125s4+7 = 65 + 3.



