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Abstract

Label the vertices of the complete graph K, with the integers {0,1,...,v — 1} and
define the length of the edge between the vertices  and y to be min(|z —y|,v—|z—y|). Let
L be a multiset of size v — 1 with underlying set contained in {1, ..., [v/2]}. The Buratti-
Horak-Rosa Conjecture is that there is a Hamiltonian path in K, whose edge lengths are
exactly L if and only if for any divisor d of v the number of multiples of d appearing in L
is at most v — d.

We introduce “growable realizations,” which enable us to prove many new instances
of the conjecture and to reprove known results in a simpler way. As examples of the new
method, we give a complete solution when the underlying set is contained in {1,4, 5} or in
{1,2, 3,4} and a partial result when the underlying set has the form {1, z, 2z }. We believe
that for any set U of positive integers there is a finite set of growable realizations that
implies the truth of the Buratti-Horak-Rosa Conjecture for all but finitely many multisets
with underlying set U.
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1 Introduction

Let K, be the complete graph on v vertices, labeled with the integers {0,1,...,v — 1}.
For two vertices x and y, define the length of the edge between them to be

U(z,y) = min(jz —y|, v — [z —y|),

which is an integer in the range 1 < ¢(x,y) < |v/2].

A Hamiltonian path h = [hy, ho, ..., h,] in K, uses v — 1 edges and gives a multi-
set L = {l(h;,hiz1) : 1 < i < v — 1} of edge-lengths. Call h a realization of L or
say that h realizes L. For example, with v = 7 the Hamiltonian path [0,5,1,2,6,3,4]
has edge-length sequence [2, 3,1, 3, 3, 1] and hence realizes the multiset {12,2, 3%} (where
exponents indicate multiplicity).

Given a multiset L, its underlying set is given by U = {z : © € L}.

The focus of our inquiry is the Buratti-Horak-Rosa Conjecture, or BHR Conjecture:

Conjecture 1.1. Let L be a multiset of size v — 1 with underlying set U contained in
{1,...,|v/2]}. Then there is a realization of L in K, if and only if for any divisor d of v
the number of multiples of d in L is at most v — d.

When v is prime, in which case the condition on divisors is always satisfied, we have the
original Buratti Conjecture, see [1, 11]. Horak and Rosa [5] generalize this to composite v
and show that the condition on divisors is necessary; Pasotti and Pellegrini [9] reformulate
Horak and Rosa’s statement into the one in Conjecture 1.1.

Call a multiset L of size v — 1 admissible if it has underlying set U C {1,...,|v/2]}
and it satisfies the divisor condition of the BHR conjecture. Denote the BHR Conjecture
for L by BHR(L).

Much work has been done on the BHR Conjecture. Theorem 1.2 captures the main
progress that has been made to date.

Theorem 1.2. Let L be a multiset of size v — 1 with underlying set U. In each of the
following cases, if L is admissible, then it is realizable.

(D U] <213,51,

2) U =1{1,2,4},{1,2,6},{1,2,8} [10],

3) U C€{1,2,3,5} [2,9],

4) L ={1%,2% 3¢ 4} with either a > 3 and c,d > 1 ora =2 andb,c,d > 1 [8],
(5) L ={1%,2% 2} when z is even and a + b > = — 1 [10],

(6) L = {12,2° (x + 1)¢} when z is odd and either a > min(3x — 3,b + 2x — 3) or
a>2x—2andc> 4b/3 [8],
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(7) L = {1 2% (z + 1)°} when x is even and either a > min(3z — 1,c + 2z — 1) or
a>2x—1landb > c[8],

8) U C{1,2,4,...,22} and {1?*~1 22} C L [8],
) UC{1,2,4,...,20,22 +1} and {151, 20 + 1} C L [8],
(10) L ={1%,2% . . 2%} witha; > as > -+ > a, [7,8],

(11)y L = MU{1%} for any multiset M and a > aps, where a g is a constant that depends
on M [5],

(12) v <19o0rv =23[6].

After proving Theorem 1.2(11), Horak and Rosa observe that “to get an explicit bound...
one only needs refer to lemmas used in the proof” [5]. It turns out that their methodology
can be used to give a bound that is linear in the elements of the underlying set and inde-
pendent of their multiplicities, neither of which is clear from the statement of the result.
We believe that this is of interest and so give an explicit bound with these properties in
Theorem 1.3.

Theorem 1.3. Let M be a multiset with underlying set U = {x1,...,x}, where
1<z <---<axk Then L = M U {1°} is realizable for any s > 3z, — 5 + Zle T

Proof outline. We give the steps required to establish the bound, referring to [5] for the
specific details.

In the notation of [5, Theorem 3.4], we partition M as L; U Lo U L3 U Ly in a certain
way and then M U {1°} is realizable for all s > s1 + s + s3 + s4 — 1, where each s; is
dependent on L; for 1 < ¢ < 4. Let U; be the underlying set of L; for 1 < < 4.

By [5, Lemma 3.12], we may take s; = 1 — 2|Uy| + ZwEUl x; hence s1 <
(Zle xi) —1. By [5, Lemma 3.9], we may take s = max(Us)—1; hence s3 < z3,—1. By
[5, Lemma 3.7], we may take s3 = max(Us) — 1; hence s3 < z — 1. By [5, Lemma 3.13],
we may take s, = max(Uy) — |Uy|; hence s4 < a2, — 1.

Combining these bounds we find that L is realizable for all s > 3z, —5+ Zle z;. O

The BHR Conjecture has close connections to many other problems and conjectures
concerning sequences with distinct partial sums or subgraphs of K, other than paths;
see [8] for more discussion of this. A recent paper also makes a connection between the
BHR Conjecture and the Traveling Salesman Problem [4].

We are frequently concerned with the congruence classes of multiple elements with
respect to multiple integers. The following notation is useful for these situations: if z; = y;
(mod z;) for 1 < i < k, then write

(1, s7k) = (Y1,-- -5 yk) (mod (z1,...,21)).
We also need the notion of a translation of a sequence h = [h1, ..., h,| by an integer m:
h+m=1Jhi+m,...,h, +m].

The translation of a sequence produces the same multiset of absolute differences as the
original sequence.
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We require a lot of small examples of realizations for particular multisets. These were
mostly found using a heuristic algorithm implemented in GAP. Given a target multiset L
of size v — 1, the algorithm starts from a random Hamiltonian path in K, and keeps trying
to move to a Hamiltonian path that is “closer” to realizing L—in the sense of trying to
increase |L N L’|, where L’ is the multiset realized by the path under consideration—by
removing an edge from the path and reconnecting the two resulting paths in a different way.
If it gets stuck before finding a realization of L, then it tries again from a different starting
path. For the fairly small values of v in which we are interested, this simple algorithm is
sufficient to find the desired realizations quickly. The programs are available on the ArXiv
page for this paper.

The most far-reaching components of Theorem 1.2 were proved using “linear” realiza-
tions. A Hamiltonian path h = [hy, ha, ..., h,] of K, defines a multiset of absolute differ-
ences L = {|h; — hj+1| : 1 <7 <wv — 1} with underlying set contained in {1,...,v — 1}.
In this situation, h is a linear realization of L. If h;y = 0, then the linear realization is
standard; if hy = 0 and h,, = v — 1, then the linear realization is perfect. To emphasize the
distinction between linear realizations and realizations, realizations as defined above are
sometimes referred to as cyclic realizations.

Linear realizations are closely related to cyclic realizations. For example, if each ele-
ment in a multiset L of size v — 1 is at most |v/2], then a linear realization of L is also a
cyclic realization of L. See [5] for further discussion.

What makes linear realizations so useful in addressing the BHR Conjecture, standard
and perfect ones especially, is their ability to be combined and hence used in inductive
arguments. This is the approach taken by Horak and Rosa in [5] and the multisets L given in
Theorem 1.3 in fact have linear realizations that are also cyclic realizations for the same L.

The main contribution of this work is to introduce an alternative object: the “growable”
realization, which we define in the next section. These are cyclic realizations that can be
used in inductive arguments in somewhat similar ways to linear ones.

In Section 3 we reprove, with a much shorter proof, the result from [2] that BHR(L)
holds when L has underlying set U = {1, 2,3} to illustrate that this new tool is, in some
ways, more powerful than existing ones. We go on to prove instances of the BHR Conjec-
ture that seem beyond the reach of current techniques. In particular, we are able to add the
following items to Theorem 1.2:

U = {1,4,5} (Section 3),

U C {1,2,3,4} (Section 4),
o L={1% 2% (22)°} whena > z — 2, cis even and b > 5z — 2 + ¢/2 (Section 5),
o L ={1%3%6°} when cis odd and b > 18 + (¢ — 1)/2 (Section 5).

2 Growable realizations

Growable realizations will let us move from solving BHR(L) to BHR(Z U {z”}) under
certain circumstances. When this can be done for multiple choices of z, this is a powerful
tool.

Take « with 0 < 2 < v/2. For a given m, with 0 < m < v, we shall embed K, into
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K, as follows:

y wheny < m,
Yy .
y + x otherwise.

This embedding preserves some edge lengths and increases others. Call it the m-embedding
of K, into K4 5.

Remark 2.1. Let y, z be two vertices of K, and assume, without loss of generality, that
y < z. Let 3y’ and 2’ be the images of y and z, respectively, by the m-embedding of K,
into K, 4,. One can check that ¢(y, z) = ¢(y', z’) if and only if one of the following holds:

cy<z<mandz—-y<2%;
em<y<czandz—y <2,
. _ v

y<m<zandz—y> 3.

Definition 2.2. Let h = [hq, ..., h,] be a cyclic realization of a multiset L. Take « and m
with0 < z <wv/2and 0 < m < v. If each y with m — z < y < m is incident with exactly
one edge whose length is increased by the m-embedding of K, into K, and there is no
other edge whose length is increased, then say that h is x-growable at m.

A realization is said to be z-growable, if it is xz-growable at some m. If a realization is
z-growable for each x € X for some set X, then say that it is X -growable.

Example 2.3. Tt is easy to see that the sequence [6,4,3,0,7,1, 5,2, 8] is a cyclic realization
of {1,22,3% 4} and that it is 3-growable at 2. In fact, we can represent this Hamiltonian
path of Ko writing in bold the vertices not increased by the 2-embedding of Ky into K1,
and using the symbol — for each edge whose length does not change and the symbol - - -
for each edge whose length increases by 3:

6-4—3---0—-7—1---5---2—38.

Note that every vertex in bold is incident with exactly one edge - --. Also, note that the
edges 0 — 7, 7 — 1 and 2 — 8 do not change length, since their absolute differences are
greater than L%J

Theorem 2.4 and its immediate consequence Theorem 2.6 are the core results for using
growable realizations.

Theorem 2.4. Suppose a multiset L has an X -growable realization. Then for each x € X,
the multiset L U {x®} has an X -growable realization.

Proof. Let g = [g1,...,9gy] be an X-growable realization of a multiset L. Take x € X
and m such that g is x-growable at m. Each element y with m — x < y < m is adjacent to
exactly one element z such that the edge between them is lengthened by the m-embedding
of K, into K, 4,.

Applying the embedding we obtain a sequence h’ = [hq,...,h,] in K,;,. Each
adjacent pair y, z in g as above becomes a subsequence (y, z+x) or (z+x,y) in h'. Obtain
anew sequence h in K, 1, by replacing each subsequence (y, z + ) with (y,y +x, z +x)
and each subsequence (z + z,y) with (z + =,y + z,y). As there is one pair for each y in
the range m — x < y < m, this adds the elements m + 1, ..., m + x to the sequence and
hence h is a Hamiltonian path in K.



572 Ars Math. Contemp. 22 (2022) #P4.04 / 567-594

Now, h has the desired lengths because each pair of adjacent elements in g whose
length was fixed by the embedding are still adjacent in h and each adjacent pair y, z whose
length was not fixed is replaced by a triple whose lengths are the original length and x.
There are x such pairs.

We now show that h is z-growable at m. Let (a,b) be an edge of g and let (a’,d’)
be the corresponding edge of h, obtained by the m-embedding of K, into K, ,. Clearly,
we may assume a < b. Now, let (a”,b”) be the edge obtained from (a’,d’) applying the
m-embedding of K, into K1 2,.

First, suppose £(a’,b’) = {(a,b): we show that £(a”,b") = {(a’,b"). We have to
distinguish three cases and apply Remark 2.1:

< v4+2x

1. Ifd’, b’ <mthena” = a’ = aand b’ = b’ = b: hence, b’ —a" = b—a < 5L

e

2. Ifad/,b/ >mthena =a+z,b =b+x,a” =d +xand b’ = V' + x: hence
_ ) ) +2x
b//—all—b_a§%<%.

3. Ifa’ <m <V thena <mandb>m,soa’ =a,b' =b+xandb—a > §: hence,
7 " __ v+2x
b —a —b+x—a>T.

In each case, by Remark 2.1, we get that £(a”,b") = £(a’, V") = £(a,b).

Now, suppose £(a’,b') # £(a,b). Thenm — x < a < m and b > m. Take the edge
(a + x,b+ x) of h: the corresponding edge (a”, V") by the m-embedding of K, into
K42, is such that a” = a + 2z, " = b + 22, whence b” — a” < %. This implies that
(a”,b") = £(a’,b'). Finally, consider the edge (a,a + x). Note that (a + ) — a =
r <3< ”JFT”:, so the corresponding edge in K42, has length which is increased by the
m~embedding, and this is the unique edge whose length changes. We conclude that h is
z-growable at m.

With similar reasoning, but with many more tedious calculations, one can prove that if
g is 2’'-growable at m/, then h is 2’-growable at m’ if m’ < m and z’-growable at m’ + x
ifm’ > m. O

Example 2.5. Applying the 2-embedding of Ky into K, to the 3-growable realization of
Example 2.3 we obtain the sequence

9—7-6--0—10—1---8---2—11.

Now, following the proof of Theorem 2.4, we insert the vertices 3, 4, 5, replacing the edges
6---0,1---8and 8---2with6 —3---0,1---4 —8and 8 — 5--- 2, respectively. In this
way, the sequence

9-7-6-3---0-10—-1---4—-8—-5---2—11
is a cyclic realization of {1, 22,37, 4}, which is still 3-growable at 2.

Theorem 2.6. Suppose a multiset L has a realization that is {x1, . . ., xx }-growable. Then
the multiset LU{z* 232 . o™ %Y hasa {x1,. ..,z }-growable realization for any
b1, 0a, ..., 0k > 0.

Proof. Repeatedly apply Theorem 2.4. O
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Example 2.7. The sequence
[0,3,6,2,1,13,10,11,14,12,9,8,5,4,7]

is a cyclic realization of L = {1%,2,3%,4}. It is 1-growable at 8 and 9; it is 2-growable at
3; it is 3-growable at 11; and it is 4-growable at 5.

If we apply Theorem 2.4 four times with x = 2 and then three times with z = 3 we get
the sequence

[0,3,5,7,9,11,14,10,8,6,4,2, 1,30, 27,24, 21,18, 19,
22,25,28,31,29,26,23,20,17,16, 13,12, 15],

which is a {1, 2, 3, 4}-growable realization of {14,2,38 4} U {28,3%} = {14,29 317 4}.

Any standard linear realization (and hence any perfect realization) is 1-growable at 0.

Suppose we are investigating multisets that have underlying set U = {1, ..., zx}. Us-
ing Theorem 2.6, a U-growable realization for a multiset L = {z{*,...,z}3"} is sufficient
to cover all multisets M = {z}*,... 2%} with b; > a; for each i and

(b1y...,bk) = (a1,...,ar) (mod (z1,...,2k)).

This means that the task frequently breaks naturally into considering Hle x; cases accord-
ing to congruence modulo (z1, ..., xy).

We conclude this section with two lemmas that allow the expansion of the range of
values for which realizations are growable.

Lemma 2.8. Suppose L has an X-growable realization with 1 € X and K has a Y -
growable perfect linear realization. Then L U K has a (X UY')-growable realization.

Proof. Suppose |K| = k and let g = [g1,...,gr+1] be a Y-growable perfect linear real-
ization of K.

Apply Theorem 2.4 k times with = 1 to the X -growable realization of L to obtain an
X -growable realization of L U {1"} with subsequence m, m + 1, ..., m + k. Replace this
subsequence with g + m to obtain the desired (X UY")-growable realization of LUK. [

It is possible to take Y to be the empty set in Lemma 2.8 to construct an X -growable
realization for L U K.

Lemma 2.9. Suppose L has an X -growable realization with 2 € X. Let y and z be even
(possibly with y = z). Then L U {1¥7*=4 y¥T1 22T has an (X U {y, 2})-growable
realization.

Proof. Apply Theorem 2.4 y+2z—1 times with x = 2 to the X -growable realization of L to
obtain an X -growable realization of LU {22(y+z_1)} with the following two subsequences:

[m,m+2,...,m+2y+2z—2],[m—1,m+1,...,m+2y+2z—3].
The sequence

g=[Ly+1y+223y+3,....v—1,2y—1,2y+2—1,2y + 2z — 1]
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uses the elements
(1,2,...,y—Ly+1Ly+2....2y—1,2y+2—1,2y+22—1}
and has edge-lengths {1¥72,y¥~1, 22}. The sequence
h=1[0,y,2y,2y+2,2y+2z+ 1,2y + 1,2y + 2,2y + 2+ 2,...,2y + 2z — 2]
uses the elements
{0,y,2y,2y +1,...,2y+2—2,2y+ 2,2y + 2+ 1,...,2y + 2z — 2},

and has edge-lengths {1°=2 y2, 2*~1}. The elements used by g and h together are exactly
those used in the two subsequences from the realization of L U {22(+2~1)}, Replace the
two subsequences with g +m — 1 and h + m — 1 respectively to obtain a realization of
LU {1y+zf4’ nyrl, Zerl}-

It is y-growable at m + y — 1 because each t intherange m — 1 <t <m+y —1
isadjacenttot+y >m+y—landtot£1 <m+y —1,and m 4+ y — 1 is adjacent
tom — 1 and m + 2y — 1. It is z-growable at m + 2y + z — 2 because each t in the
rangem + 2y —2 <t <m+2y+z—2isadjacenttot + 2z > m + 2y + z — 2 and to
t+1 < m+2y+2z—2, and m+2y+z—2is adjacent to m+2y—2 and m+2y+2z—2. U

3 Complete solutions for U = {1,2,3} and U = {1,4,5}

Given any fixed set U, we may use growable realizations to try to prove BHR(L) for
all but finitely many multisets L with underlying set U. To do this, divide the problem
into [[, .« cases, corresponding to the possible congruence classes of the number of
occurrences of each element x (mod z). For each case, a finite number—possibly one—
of growable realizations can show that all but finitely many—possibly zero—admissible L
matching these congruence classes has a realization. The finitely many exceptions can
then be dealt with directly. In this section we illustrate this process for U = {1,2,3} and
U=1{1,4,5}.

When U = {1, 2,3}, the BHR Conjecture is already known to hold [2]. However,
the self-contained proof given here in Theorem 3.1 is significantly shorter, which gives an
indication of the power of the method of growable realizations compared to existing tools.

When U = {1, 4,5}, from previous work we know that {1%, 4%, 5¢} is realizable when
a > 11 or when both @ > 7 and b > ¢ [8]. However, the proof of Theorem 3.3 does not
rely on this result.

Theorem 3.1. Let L = {1%,2° 3¢} be an admissible multiset with a,b,c > 1. Then
BHR(L) holds.

Proof. We start with the {1,2, 3}-growable cyclic realizations of {1,2" 3¢} described in
the first part of Table 1, which allow to cover all the 6 possibilities of the congruence
class combinations of (b,¢) (mod (2,3)). Using Theorem 2.6 this proves BHR(L) for
all a,b > 1 and ¢ > 4. To complete the case b + ¢ > 4, we use the {1,2}-growable
realizations for (b, ¢) € {(2,2),(3,1),(3,2),(3,3), (4,1)} from the second part of Table 1
and the 1-growable realization of {1,2, 33}, described in Table 2.

Now, the cases when b 4+ ¢ < 4 can be solved using the 1-growable realizations of
{12,2% 3¢}, described in Table 2. O
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Table 1: {1,2, 3}-growable cyclic realizations for {1,2° 3°}: they are x-growable at m,,.
The congruence classes of (b, ¢) are taken modulo (2, 3).

Classes Realizations (b,c) (m1,m9,ms3) Missing cases
(0,0) [2,4,1,5,3,0,6] (2,3) (5,1,3)

0,1)  [3,6,0,5,2,1,7,4]  (2,4) (2,3,4) c=1

(0,2) [6,5,2,8,1,4,7,0,3] (2,5 (7,5,2) c=2

(1,0)  [8,5,2,3,6,0,7,1,4] (1,6) (1,6,3) c=3

(1,1)  [2,5,1,3,6,0,4] (1,4) (1,3,6) c=1

(1,2)  [6,1,4,7,5,0,3,2]  (1,5) (4,1,2) c=2

0,1)  [0,2,4,1,6,5,3] 4,1) (5,2,3)

(0,2)  [3,1,4,5,2,0] (2,2) (4,1,-)

(1,0)  [7,4,2,0,3,1,6,5]  (3,3) (4,5,2) (b,¢) = (1,3)
(1,1)  [4,2,5,3,1,0] (3,1) (1,3,-)

(1,2)  [2,4,6,5,1,3,0] (3,2) (4,1,2)

Table 2: 1-growable cyclic realizations for {1?,2% 3¢}: they are 1-growable at m.

(a,b,c) Realizations  m; | (a,b,c) Realizations  mq
(1,1,3) [2,5,4,1,3,0] 4 |(2,1,2) [0,3,5,4,1,2] 3
(2,2,1) [3,1,0,5,2,4 1 |(3,1,1) [0,5,4,1,3,2] 4

We now move on to U = {1,4, 5}.

Lemma 3.2. Let L = {1%,4° 5°} be an admissible multiset with a > 2. Then BHR(L)
holds.

Proof. In view of Theorem 1.2(1), we may assume b, ¢ > 1. We start with the {1,4,5}-
growable cyclic realizations of {12, 4% 5¢} described in the first part of Table 4 (note that
in this case b + ¢ > 7). These realizations allow to cover all the 20 possibilities of the
congruence class combinations of (b,¢) (mod (4,5)). Using Theorem 2.6, this proves
BHR(L) foralla > 2,b > 7and ¢ > 1. The case 2 < b < 6 with b + ¢ > 8 can be solved
using the {1,5}-growable cyclic realizations of {12,4% 5¢} provided by Table 4, with the
exception of (b,¢) = (2,4) (mod (4,5)). Furthermore, the same table gives 5-growable
cyclic realizations of {12,4,5°} for ¢ > 7 with ¢ # 1 (mod 5). Note that the multisets
{124, 5°%%6} are not admissible.

To complete the case b + ¢ > 7 we consider the 5-growable cyclic realization of
{12,42 5%} and the 1-growable cyclic realizations of {12,4% 57}, 2 < b < 6, given in
Table 4, as well as the {1, 5}-growable cyclic realization of {13,42 5%} given in Table 3.

To conclude our proof, we use the 1-growable cyclic realizations of {1¢,4° 5°} with
a+b+c=29, described in Table 3. O

Theorem 3.3. Let L = {12,4% 5°} be an admissible multiset with a,b,c > 0. Then
BHR(L) holds.
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Table 3: {1,5}-growable cyclic realizations for {1¢,4% 5¢}, a > 3: they are x-growable at
M.

(a,b,c) Realizations (mqy,ms)
(3,1,6) 1[6,7,2,1,5,0,10,4,9,3,8] (9,4)
(3,2,9) [9,14,0,10,5,4,8,13,3,7,12,2,1,11,6] (3,9)
(3,1,5) [8,3,2,7,1,6,5,0,9,4] (2,-)
(3,2,4) [7,2,6,1,5,0,9,8,3,4] (1,-)
(3,3,3) [3,2,8,4,9,0,5,1,6,7] (8,-)
(3,4,2) 1[6,2,8,7,3,4,9,0,5,1] (7,-)
(3,5,1) [5,6,2,8,9,4,0,1,7,3] (7,-)
(4,1,4) [2,1,6,7,3,8,9,4,5,0] (1,-)
(4,2,3) [7,8,4,9,3,2,1,6,5,0] (4,-)
(4,3,2) 1[9,5,0,6,1,2,3,4,8,7] (4,-)
(4,4,1) 1[0,9,4,3,7,8,2,6,5,1] (8,-)
(5,1,3) [8,3,2,7,6,5,1,0,9,4] (6,—)
(5,2,2) [5,4,9,0,1,2,8,3,7,6] (8,—)
(5,3,1) [4,5,9,8,3,7,6,2,1,0] (2,-)
(6,1,2) [3,4,8,9,0,5,6,7,2,1] (8,-)
(6a271) [8747332317776753())9] (437)
(7,1,1) [3,2,1,0,4,9,8,7,6,5] (8,—)

Proof. By Lemma 3.2 we are left with the case L = {1,4% 5¢} with b,c¢ > 1. The mul-
tiset L is admissible only if b + ¢ > 8. Also, the following multisets are not admissible:
{1,4,5%%+7}, {1,4% 55846} and {1,4%*+! 5}. The {4,5}-growable cyclic realizations
of {1,4%,5¢} described in the first part of Table 5 allow to cover all the 20 possibilities
of the congruence class combinations of (b,¢) (mod (4,5)). Using Theorem 2.6, this
proves BHR(L) for all b > 2 and ¢ > 6. To complete the case b = 1 we use the 5-
growable cyclic realization of {1, 4,51} given in Table 5. Finally, the case ¢ < 5 can be
solved using the 4-growable cyclic realizations of Table 6, as well as the cyclic realization
[0,5,9,4,8,3,7,2,1,6] of {1,43 5°}. O

4 A complete solution for U C {1,2, 3,4}

In this section we prove BHR ({1%,2°,3¢,49}). In view of Theorem 1.2(2) and 1.2(3), we
may assume ¢,d > 1. Also, by Theorem 1.2(4) we have as a starting point that BHR (L)
holds for @ > 3 and also for a = 2 when b > 1. We begin by closing the case a = 2.

Lemma 4.1. Let L = {12, 3,44} be an admissible multiset with c,d > 1. Then BHR(L)
holds.

Proof. First, note that L is admissible only if ¢ + d > 5. The first part of Table 7 collects
{3, 4}-growable cyclic realizations for L in each of the 12 possibilities of congruence class
combinations of (¢,d) (mod (3,4)). Using Theorem 2.6, this proves BHR(L) except in
the following cases: d = 1,2; d = 3and ¢ # 0 (mod 3); d = 4 and ¢ = 1 (mod 3).
So, we prove the validity of BHR(L) for these exceptional cases using the 3-growable
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Table 4: {1, 4, 5}-growable cyclic realizations for {12, 4% 5°}: they are z-growable at m,,.
The congruence classes of (b, ¢) are taken modulo (4, 5).

Classes Realizations (byc)  (mi,ma,ms) Missing cases
0,0) [5,9,1,6,7,2,10,3,8,4, 11, 0] (4,5)  (9,4,5)

(0,1)  [5,9,1,6,2,10,11,3,7,8,4,0] (8,1) (9,3,5) b=4
0,2)  [5,6,1,10,9,0,4,8,12,3,7,2,11] (8,2)  (8,3,5) b=4
(0,3)  [1,11,12,2,7,3,13,4,8,9,5,0, 10, 6] (8,3)  (10,5,6) b=14
(0,4)  [1,6,7,2,9,5,0,10,3,8,4] (4,4)  (9,3,4)

(1,0)  [7,8,3,11,2,10,6,1,5,9,4,0,12] (5,5  (10,6,7) b=1
(1,1)  [10,1,6,2,11,12,3,7,8,4,0,9, 5] 9,1)  (9,3,5) b=1,5
(1,2)  [5,9,13,3,7,8,4,0,10,1,6,2,12,11] 9,2)  (9,3,5) b=1,5
(1,3)  [5,9,2,7,6,1,0,4,8,3,10] (5,3)  (9,3,5) b=1
(1,4)  [0,1,5,9,4,11,3,8,7,2, 10, 6] (5,4)  (10,4,6) b=1
(2,0)  [4,9,13,0,10,5,1,11,6,2,3,8,12,7] (6,5) (1,4,7) b=2
(2,1)  [7,11,1,5,9,10,6,2,12,13,3,8,4, 0] (10,1) (11,3,7) b=26
(2,2)  [1.6,2,9,5,0,10,3,7,8,4] (6,2)  (9,3,5) b=2
(2,3)  [5,9,1,6,2,10,3,7,8,4,11,0] (6,3)  (9,4,5) b=2
(2,4)  [5,6,1,10,9,0,8,4,12,3,7,2,11] (6,4)  (8,4,5) b=2
(3,0)  [1.6,2,8,9,3,7,0,5,4,10] (3,5) (7,10,4)

(3,1)  [10,3,7,8,4,0,1,6,2,9,5] (7,1)  (9,3,5) b=3
(3,2)  [11,3,7,2,10,6,1,0,4,8,9,5] (7,2)  (10,3,5) b=3
(3,3)  [11,12,3,8,4,0,9,5,1,10,2,7, 6] (7,3)  (9,3,6) b=3
(3,4)  [11,12,2,7,6,1,10,0,4,8,3,13,9,5| (7,4)  (9,3,5) b=3
(0,1)  [12,11,3,8,4,0,5,9,1, 10, 2,7, 6] (4,6) _(9,5,6)

(0,2)  [3,13,4,9,10,5,0,1,6,11,7,2,12, §] (4,7)  (12,7,8)

(0,3) [12,2,6,1,11,7,3,13,8,9,14,10,0,5,4] (4,8)  (7,3,4)

(1,1)  [0,5,9,8,4,13,12,3,7,2,11,1,10, 6] (5,6)  (10,5,6)

(1,2)  [4,9,5,1,12,7,2,3,8,13,14,10,0,11,6] (5,7) (1,5,8)

(2,0)  [10,0,5,4,14,9,8,13,3,7,12,2,6,1,11] (2,10) (7,10,4)

(2,1)  [2,7,0,6,1,8,3,4,9,10,5] (2,6)  (1,4,5)

(2,2)  [5,10,11,6,1,9,4,3,8,0,7, 2] (2,7)  (1,4,5)

(2,3)  [5,10,1,6,11,12,7,2,3,8,0,9,4] (2,8)  (1,4,5)

(3,1)  [2,7,0,8,3,4,9,1,5,10,11,6] (3,6)  (1,4,6)

(3,2)  [10,2,7,3,11,12,4,8,0,9,1,6,5] (3,7)  (8,4,5)

(3,3)  [4,9,0,1,10,5,6,11,2,12,7,3,13,8] (3,8)  (3,6,8)

(3,4 [0,5,10,6,1,11,7,2,12,13,3,14,4,9,8] (3,9) (11,7,8)

(1,0)  [11,2,7,12,3,8,13,4,9,10,6,1,0, 5] (1,10) (=,9,4)

(1,2)  [8,3,2,7,1,6,0,10,4,9,5] (1,7 (—4,5)

(1,3)  [6,11,4,9,8,1,2,7,3,10,5,0] (1,8)  (—,5,6)

(1,4)  [5,10,2,7,8,3,11,6,1,0,9,4,12] (1,9)  (—.4,5)

(2,4)  [6,11,2,7,12,3,8,4,5,10, 1,0, 9, 13] (2,90 (—,5,6)

(0,3 [5.0,6,1,7,2,3,9,8,4] 4,3 (4,-.)

(1,2)  [4,8,3,9,5,0,6,7,1,2] (5,2)  (4,—,—)

(2,0)  [9,4,0,5,6,1,7,2,3,8| 2,5  (7,— —)

(2,1)  [9.3,4,0,6,5,1,7,2,8] 6,1)  (6,—, —)

(3,4)  [9,4,5,0,1,6,2,8,3,7] (3,4)  (8,—,—)
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Table 5: {4,5}-growable cyclic realizations for {1,4% 5°}: they are z-growable at m,.
The congruence classes of (b, ¢) are taken modulo (4, 5).

Classes Realizations (b,c)  (mg,ms5) Missing cases
(0,0) [4,9,5,0,1,6,10,3,7,2,8] 4,5)  (3,4)

(0,1) [927310 5,1,0,8,4,11, 6] (4,6) (4,6) c=1

0,2)  [4,9,1,5,0,8,12,11,6,10,2,7, 3] 4,7)  (3,4) c=2

(0,3) [6,10,5,0,9,13,4,8,3,12,7,2,1, 11] (4,8) (5,6) c=3

(0,4)  [3,14,4,9,5,0,10,6,1,11,12,7,2,13,8] (4,9) (7,8) c=14

(1,0)  [6,11,3,8,0,12,7,2,10,5,1,9, 4] (1,10) (4,6) c=5

(1,1)  [4,9,5,0,8,3,12,7,11,10,1,6,2] (5,6)  (3,4) b=1lorc=1
(.2)  [12,3,7,11.2,1,6,10,0,5,9.4. 13, §] (5,7 (6,8) b=1lorc=2
(1,3)  [4,9,10,3,8,2,7,1,6,0,5] (1,8) (3,4) c=3

(1,4)  [10,3,8,1,2,7,0,5,9,4,11, 6] (1,9) (5,6) c=14

(2,0)  [7,2,11,6,1,10,5,0,9,13,12,3,8, 4] (2,10) (3,4) c=5

(2,1) [7,11,2,12,3,8,4,13,9,5,0,1, 10,6} (6,6) (6,7) b=2orc=1
(2,2) [1,6,0,5,10,3,7,2,8,9,4] (2,7)  (3,4) c=2

(2,3)  19,1,2,7,0,5,10,3,8,4,11, 6] (2,8) (5,6) c=3

(2,4)  [9,4,12,3,8,0,1,6,11,7,2,10,5| (2,9)  (4,5) c=4

(3,0)  [4,9,14,3,8,13,2,7,12,1,6,11,10,0,5] (3,10) (3,4) c=5

(3,1) [4,9,3,8 2,6,10,0,5,1,7] (3,6) (3,4) c=1

(3,2) [1,6,10,3,8,4,11,0,7,2,9,5] (3,7  (4,5) c=2

(3,3) [10,5,0,4,9,1,6,11,2,3,8,12,7] (3,8) (6,7) c=3

(3,4)  [11,6,1,2,7,12,3,8,4,13,9,0, 10, 5] (3,9 (4,5) c=4

(1,1) [1,6,10,11,2,7,12,3,8,13,4,9,0,5] (L,11) (9,4

cyclic realizations for the cases (c¢,d) € {(4,1),(5,1),(6,1),(3,2),(4,2),(5,2),(2,3),
(4,3),(4,4)} given in Table 7. The last case left open is L = {12,3,4*}, for which we
take the following cyclic realization: [0, 4,5,1,2,6,3,7]. O

Lemma 4.2. Let L = {1,2% 3°,49} be an admissible multiset, where b > 0 is even and
¢,d > 1. Then BHR(L) holds.

Proof. Suppose first d > 5. We start with the {2, 3, 4}-growable cyclic realizations of
{1, 3¢, 4d} described in the first part of Table 8 (note that in this case ¢ + d > 6). These
realizations allow to cover all the 12 possibilities of the congruence class combinations of
(¢,d) (mod (3,4)). Using Theorem 2.6 this proves BHR(L) except when ¢ = 1 and d # 2
(mod 4). So, suppose ¢ = 1. Table 8 also gives {2, 3, 4}-growable cyclic realizations for
d = 7,8, proving the validity of BHR(L) for b > O even, ¢ = 1 and d = 0,3 (mod 4).
Hence, we may assume d = 1 (mod 4). Note that the multiset L = {1,3,4***5} does
not satisfy the necessary condition, as 4k + 5 > v — 4 = 4k + 4. On the other hand, a
{2, 3, 4}-growable cyclic realization of {1,22,3,4°} is given in Table 9.

Next, we consider the cases 1 < d < 4. Table 8 provides {2, 3}-growable cyclic
realizations for {1,36,4‘1}, in the following cases: d = land 5 < ¢ < 7; d = 2 and
4 <c¢c<6;d=3,4and 3 < ¢ < 5. It also provides a 2-growable cyclic realization
for the multiset {1,32,4%}. This completes the analysis for the admissible multisets with
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Table 6: 4-growable cyclic realizations for {1, 4% 5°}: they are 4-growable at m.

(b,c)  Realizations my
(4,4) [7,3.8,4,9,0,5,1,6,2] 4
(5,3)  1[9,4,8,3,7,2,6,0,1,5] 4
(5,4) [9,10,3,7,1,5,0,6,2,8,4] 3
(5,5) [4,8,9,1,6,11,3,7,2,10,5,0] 3
(6,2) [7,3,8,4,0,9,5,1,6,2] 5
(6,3) [2,6,1,7,0,4,8,3,10,9, 5] 3
(6,4) [5,6,1,9,4,0,8,3,11,7,2, 10] 3
(6,5) [5,10,6,1,9,0,4,8,12,11,3,7,2] 4
(7,1) [7,3,9,4,8,2,6,0,1,5] 4
(7,2) [8,4,0,10,3,7,1,6,2,9,5] 4
(7,3)  [4,8,0,1,5,9,2,6,11,7,3, 10] 7
(7,4)  [8,3,12,0,4,9,5,1,10,2,6,11,7] 6
(7.5)  [5,10,0,9,13,4,8,7,3,12,2,6,1,11] 4
(8,1) [7,3,10,0,4,8,1,6,2,9,5] 3
(8,2) [4,8,0,5,9,1,6,2,10,11,3,7] 3
(8,3)  [6,10,11,2,7,3,12,8,4,0,5,9,1] 5
(9,2) [4,9,8,12,3,7,11,2,6,10,1,5,0] 3
(10,1) [6,10,1,5,9,0,4,8,12,11,2,7, 3| 3

b = 0. Now, Table 9 gives 2-growable cyclic realizations for the multiset {1, 22, 3¢, 49}
when (¢, d) € {(1,3), (1,4), (2,2), (2,3), (3,1), (3,2), (4, 1)}, that is with 4 < c+d < 5.
This completes the analysis for the admissible multisets with b = 2. Finally, Table 9 also
gives 2-growable cyclic realizations for the multiset {1, 2%, 3¢, 4%} for each (c, d) in the set
{(1,1),(1,2),(2,1)}, concluding our proof. O

Lemma 4.3. Let L = {1,2% 3¢,4%} be an admissible multiset, where b > 1 is odd and
¢,d > 1. Then BHR(L) holds.

Proof. The first part of Table 10 gives {2,3,4}-growable cyclic realizations for
{1,2,3¢,44} for each of the 12 possibilities of congruence class combinations of (c, d)
(mod (3,4)). Note that ¢ + d > 5. Using Theorem 2.6, this proves BHR(L) except for
the following cases: d = 1,2; d =3 andc # 0 (mod 3); d =4andc =1 (mod 3). So
we prove the validity of BHR(L) for these exceptional cases using {2, 3}-growable cyclic
realizations for {1,2,3¢ 49} and a 2-growable cyclic realization for {1,2,3,4*}, which
can be found in Table 10.

To conclude the proof we have to consider the cases when ¢ + d < 4. Table 10
also provides 2-growable cyclic realizations for {1,23 3¢ 49} when (c,d) is in the set
{(1,2),(1,3), (2,1), (2,2), (3, 1)}, and for {1,253, 4}. O

Lemma 4.4. Let L = {2° 3¢ 49} be an admissible multiset, where b > 1 is odd and
¢,d > 1. Then BHR(L) holds.
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Table 7: {3,4}-growable cyclic realizations for {12, 3¢,49}: they are z-growable at m,.

The congruence classes of (¢, d) are taken modulo (3, 4).
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Missing cases

(mg, m3,my)

(¢, d)
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Realizations

Classes

Table 8: {2, 3, 4}-growable cyclic realizations for {1, 3¢,49}: they are x-growable at m,,.

The congruence classes of (¢, d) are taken modulo (3, 4).
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(b, ¢, d)

Realizations

Classes

Table 10: {2,3,4}-growable cyclic realizations for {1,2% 3¢, 49}, with b > 1 odd: they
are z-growable at m,.. The congruence classes of (¢, d) are taken modulo (3,4).
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Proof. The first part of Table 11 gives {2, 3, 4}-growable cyclic realizations for {2, 3¢, 44}
in each of the 12 possibilities of congruence class combinations of (¢,d) (mod (3,4)).
Note that ¢ + d > 6. Using Theorem 2.6, this proves BHR(L) except for the following
cases: d = 1,2,3;d = 4,5and ¢ = 2 (mod 3); ¢ = 1l and d = 0,1 (mod 4). Next,
we consider the case ¢ > 2 and 1 < d < 5, using {2, 3}-growable cyclic realizations for
{2,3¢,4%}. For the exceptional case {2, 3% 4%} we use a 2-growable cyclic realization.
Now we complete the case ¢ > 2: Table 11 also provides 2-growable cyclic realization
for the multisets {23, 3¢, 49} when (c, d) € {(2,2),(2,3),(3,1),(3,2), (4,1)}, and for the
multiset {2°, 32, 4}.

Finally, we assume ¢ = 1. Note that the multiset {2, 3,445} does not satisfy the
necessary condition. For the multisets {2,3,4% %8} we use the 4-growable realization
[2,6,10,3,7,4,0,9,5,1,8] of {2,3,4%}. Table 11 gives {2, 4}-growable cyclic realiza-
tions for the multisets {23, 3,4%} and {23, 3,45} it also gives 2-growable cyclic realiza-
tions for the multisets {23, 3,43}, {25, 3,4} and {2°, 3,4%}. O

Theorem 4.5. Let L = {1%,2° 3¢, 4} be an admissible multiset with a, b, c,d > 0. Then
BHR(L) holds.

Proof. By Theorem 1.2(2)—(4) we may assume 0 < a < 2 and ¢,d > 1. If a = 2 the
result follows from Theorem 1.2(4) and Lemma 4.1. Suppose now a = 1. If b is even we
apply Lemma 4.2, otherwise we apply Lemma 4.3. Finally, assume a = 0. By [5] we may
assume b > 1. If b is odd we apply Lemma 4.4 and so, we may also assume b > 2 is even.

We start with the {2, 3, 4}-growable cyclic realizations of L = {22, 3¢, 4%} for each
of the 12 possibilities of congruence class combinations of (¢,d) (mod (3,4)) described
in the first part of Table 12. Note that ¢ + d > 5. Using Theorem 2.6, this proves
BHR(L) except for the following cases: d = 1,2; d = 3 and ¢ # 0 (mod 3); d = 4
and ¢ = 1 (mod 3). For these exceptions, Table 12 also gives {2, 3}-growable cyclic real-
izations when (¢, d) € {(4,1),(5,1),(6,1),(3,2), (4,2),(5,2),(2,3),(4,3),(4,4)} and a
2-growable cyclic realization for {22, 3,44},

We are left to the cases ¢ + d < 4. This table also provides a 2-growable cyclic
realization for the multiset {24, 3¢, 49} when (c,d) € {(1,2),(1,3),(2,1),(2,2),(3,1)},
and for the multiset {25, 3, 4}. O

The success in proving these small cases leads us to make the following conjecture,
which says that the method of the previous section and this one is always successful.

Conjecture 4.6. For any fixed set U, there is a finite set of growable realizations with un-
derlying set U that implies the existence of realizations for all but finitely many admissible
multisets L that have underlying set U.

If Conjecture 4.6 is true, then the BHR Conjecture for any given underlying set can be
proved with a finite set of realizations.

5 A partial solution for U = {1, z, 2z}

In previous sections we have seen how it is possible to completely prove the BHR Con-
jecture for a fixed U by the construction of one or more base case realizations for each of
[I,cu x cases. In this section we develop ways to produce general results with fewer base
cases.
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Table 11: {2, 3, 4}-growable cyclic realizations for {2°, 3¢, 49}, with b > 1 odd: they are

x-growable at m,,. The congruence classes of (¢, d) are taken modulo (3, 4).
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—24-¢/2. When z is even, this covers many instances

not covered by Theorem 1.2(8). When z is odd, the instances covered are all new.

Our main goal is Theorem 5.10, which says that BHR(L) holds for L

and b > 5z

—2, ciseven,

whena > x

Lemma 5.1. Suppose L has an X-growable realization and take x € X. Take i with

{23720 (22)*"} has an X -growable realization.

1<i¢<xz Then LU
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Table 12: {2, 3, 4}-growable cyclic realizations for {2°, 3¢, 47}, with b > 2 even: they are

x-growable at m,. The congruence classes of (¢, d) are taken modulo (3, 4).
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if the original realization is y-

m—z+1lm+1l,m+1+z,m+1+ 2z

[m,m+x,m+2z,m+3z],[m—1,m—-—14z,m—14+2z,m—1+3z],..

These operations do not interfere with growability:
growable at m’, then the new realization is y-growable at m/ if m’ < m and at m’ + 3z

become [m, m + 2z, m + x, m + 3z]). Each time we perform this operation we obtain a
subsequence with differences {x, (27)2} instead of {x3}. After performing it i times the

sequences and in each switch the middle two elements (so, for example, the first would
new differences are {37 ~2% (2x)%}.

Proof. Apply Theorem 2.4 three times to the x-growable realization of L to obtain an X -
appearing, possibly reversed. Each subsequence has differences {z:3}. Take i of the sub-

growable realization of L U {x3*} with each of the subsequences
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otherwise. O

Let L = {1%,2° (22)°}. When z = 1 or 2 BHR(L) follows from Theorem 1.2(1)
or 1.2(2) respectively, so z = 3 is the first open case. We treat the x = 3 case first both
as an illustration of the general method and because some of the later constructions require
T > 3.

Lemma 5.2. Let L = {12,3% 6°}. If c is even and b > 13 + ¢/2, then BHR/(L) holds; if
cisoddand b > 18 + (¢ — 1) /2, then BHR(L) holds.

Proof. By Theorem 1.2(1) we may assume that a, b, ¢ > 1. The multiset L is not admissible
whena=1landb+c=1 (mod 3).
Table 13 gives {1, 3}-growable realizations for

(a,b,¢) € {(2,4,0),(1,5,0),(1,6,0),(1,10,1),(1,11,1),(2,9,1) }.

First we use Lemma 5.1 along with the realizations of Table 13 to obtain a {1, 3}-growable
realization of L/ = {1%,3" 6} with ' € {1,2}, ¥ = b (mod 3) and ¢ < 5 such
that ¢’ = ¢ (mod 6). We have to distinguish cases according to the congruence class of ¢
modulo 6.

Table 13: {1, 3}-growable realizations of {1?,3% 6°}. Where they are 1- or 3-growable is
indicated by (my,ms).

name realization (a,b,¢)  (mq1,ms3)
g [6,5,1,4,0,3,2] (2,4,0)  (4,2)
g2 [3,0,6,2,5,1,4] (1,5,0)  (5,2)
gs [5,2,7,0,3,6,1,4] (1,6,0) (6,2)
g:r  [2,12,9,6,3,0,10,7,4,5,8,1, 11] (1,10,1) (3,5)
gs  [5,2,13,10,7,8,11,0,3,6,9,12,4,1] (1,11,1) (6,8)
g6 [9,6,3,0,10,7,8,11,1,4,5,12,2] (2,9,1)  (6,8)

When c is even, we start with g1, g2 or gs. If ¢ = 0 (mod 6), then start by taking g1,
g2 or gz according to whether b is congruent to 1,2 or 0 (mod 3) respectively. If ¢ = 2
(mod 6), then start by taking g1, g2 or gs according to whether b is congruent to 2,0 or 1
(mod 3) respectively and apply Lemma 5.1 with ¢ = 1. If ¢ = 4 (mod 6), then start by
taking g1, g2 or gs according to whether b is congruent to 0,1 or 2 (mod 3) respectively
and apply Lemma 5.1 with ¢ = 2.

When ¢ is odd, we start with g4, g5 or g¢. If ¢ = 1 (mod 6), then start by taking g4,
g5 or gg according to whether b is congruent to 1,2 or 0 (mod 3) respectively. If ¢ = 3
(mod 6), then start by taking g4, g5 or g¢ according to whether b is congruent to 2,0 or 1
(mod 3) respectively and apply Lemma 5.1 with ¢ = 1. If ¢ = 5 (mod 6), then start by
taking g4, g5 or g according to whether b is congruent to 0,1 or 2 (mod 3) respectively
and apply Lemma 5.1 with ¢ = 2.

In each case we obtain the required realization of L’. Next, apply Lemma 5.1 (¢—¢')/6
times with z = i = 3 to obtain a {1, 3}-growable realization of {1%", 3" +(c=¢)/2 gc},
Finally, complete to the required realization using a — a’ applications of Theorem 2.4 with

xr=1and b_Tbl — C_TC/ applications with x = 3.
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When c is even, the method requires up to six 3’s in the g;, up to seven 3’s to adjust the
congruency class of the number of 6’s, and then ¢/2 3’s to obtain the correct number of 6’s.
Hence it always works for b > 6474 ¢/2 = 13+ ¢/2. When ¢ is odd, the method requires
up to eleven 3’s in the g;, up to seven 3’s to adjust the congruency class of the number of
6’s, and then up to (¢ —1)/2 3’s to obtain the correct number of 6’s. Hence it always works
forb>11+7+(c—1)/2=18+(c—1)/2. O

Example 5.3. Let L = {13,3'®,6'°}. Since b = 0 (mod 3) and ¢ = 4 (mod 6), we start
applying Lemma 5.1 with ¢ = 2 to g;. In this way we obtain the realization

[15,14,1,7,4,10,13,0,6,3,9,12,11,8, 5, 2|

of the multiset {12,3°,6*}. Now we apply Lemma 5.1 once with i = z = 3 to this new
multiset and we get a realization of {12, 312 610}:

[24,23,1,7,4,10,16,13,19,22,0,6,3,9, 15,12, 18,21, 20,17, 14, 11,5, 8, 2].

We now apply Theorem 2.4 twice with 2 = 3 to get a realization of {12, 38,619} and then
once with z = 1 to get a realization of L:

31,30, 1,4,7,13,10, 16, 22, 19, 25, 28, 29,0, 3,6, 12,
9,15,21,18,24,27,26,23,20,17,11, 14, 8,5, 2].

To use the method of proof of Lemma 5.2 for z > 3 we require {1, z }-growable realiza-
tions for {1¢, z%} for a as small as possible and for a b in each congruence class modulo z.
Lemmas 5.4, 5.6 and 5.8 provide these. Each of the constructions has at least one subse-
quence consisting of multiple instances of pairs [¢,t + ], triples [t,t 4+ z, ¢ + 2z] or their
reverses; we indicate these pairs and triples with underbraces to help illuminate the overall
structure.

Lemma 5.4. Let v > 4. The multisets {171, 21}, {1772 22} and {1*~2, 2%*} have
{1, x}-growable realizations.

Proof. First, we cover {171 z*+1} in which case v = 2z + 1. When z is even, the
sequence

[L,z+1,0,2z, 2,2 — 1,22 — 1,20 — 2,20 — 2,2 — 3,20 — 3,...,x + 2, 2]
——

has edge-lengths [z,x,1,2,1,2,...,1,z] and so realizes {1*~%, 2®"1}. It is 1-growable
at 1 and z-growable at x. When z is odd, the sequence

[x,2+1,1,0,2z,2 — 1,20 — 1,2 — 2,20 — 2,20 — 3,2 — 3,z — 4,22 — 4,...,x + 2,2]
——

has edge-lengths [1,x,1,1, 2,2, z,2,1,x,...,1, 7] and so realizes {171, 2 *1}. Tt is 1-
growable at 2 — 1 and z-growable at x.
Next, consider {1*2, 2*+2} and so v = 2z + 1. When z is even, the sequence

[z,22,0,z+1,1,2 4+ 2,2,3, 24+ 3,2+ 4,4,5,x+5,...,0. — 1,2z — 1]
—_——— —— —— —_———
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has edge-lengths [z, 1,2, z,2,2,1,2,1,2,...,1,2] and so realizes {1772, 2*+2}. It is
1-growable at 1 and x-growable at . When z is odd, the sequence

0,z,2 —1,2z,22 — 1,2 — 2,20 — 2,2 — 3,2x — 3,2¢ —4,x — 4,0 — 5,20 — 5,...,

x4+ 1,1]
——
has edge-lengths [z,1, 2,1, 2z, 2, 2,2, 1,2,1,,...,1,2] so this realizes {1°=2 2°T2}. It
is 1-growable at 2o — 2 and z-growable at z — 1.
Finally, consider {1~2, 22*} and so v = 3z — 1. When x is even, the sequence

0,2,22,2c+ 1,z +1,1,2,x + 2,204+ 2,...,0 — 4,20 — 4,3z — 4,
——
x—3,2x — 3,20 — 2,z —2,3x — 3,3x — 2,z — 1,2z — 1]

has edge-lengths [z, z,1,z,2,1,...,1, 2,2, z,2,1,2,x, 1, z, z] and so realizes {1°~2, 22},
It is 1-growable at 3x — 4 and x-growable at z — 1. When « is odd the sequence

Bx—2,2— 1,22 — 1,2z,2,0, L,z + 1,2z + 1,2c + 2,2+ 2,2,...,
——

x—4,2x —4,3x — 4,2 — 3,20 — 3,20 — 2,z — 2,3z — 3]

has edge-lengths [z, z, 1,2, z,1,2,2,...,1, 2, 2,7, 2,1, 7, 2] and so realizes {172, 227},
It is 1-growable at 3z — 4 and x-growable at x. O

Example 5.5. Let = 8. Lemma 5.4 gives the {1, 8}-growable realizations
[1,9,0,16,8,7,15,14,6,5,13,12,4,3,11, 10, 2],

8,16,0,9,1,10,2,3,11,12,4,5,13,14,6,7, 15],
[0,8,16,17,9,1,2,10,18,19,11,3,4,12,20,5,13, 14,6, 21, 22, 7, 15|

of {17,8%}, {16,810} and {16,816} respectively.
Let x = 9. Lemma 5.4 gives the {1, 9}-growable realizations

9,10,1,0,18,8,17,7,16,15,6, 5, 14, 13, 4,3, 12,11, 2],

0,9,8,18,17,7, 16,6, 15,14, 5,4, 13, 12,3, 2, 11,10, 1],

25,8,17,18,9,0,1,10,19,20,11,2,3,12,21,22,13,4, 5, 14, 23,6, 15, 16, 7, 24]
of {18,910} {17 91} and {17, 98} respectively.

Lemma 5.6. Let x > 4 be even. There is a {1,z }-growable realization for {1°=2 %}
forbinrange x +3 < b < 2x — 1.

Proof. We consider odd b and even b separately, starting with odd b.
Take 7 in the range 0 < r < (x — 4)/2. Write x = 2r + 2s + 4 for some s > 0. We
construct a realization for

L _ {12T+2S+2’ {I?4T+2S+7} _ {11—2’ (E$+2T+3}.

We have v = (2r + 25 +2) + (4r + 25+ 7) + 1 = 67 + 4s + 10.
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We build the required realization by concatenating three sequences. First:

[2r +1,4r4+2s+5,4r+2s4+6,2r +2,2r +3,4r +2s+17,...,

dr + 4s + 6,2r 4+ 2s + 2],

which has 2s + 2 pairs and produces edge-lengths {125*1 225+2}  Second:

[6r + 4s + 8,4r + 25 +4,2r,2r — 1,4r + 25+ 3,6r + 4s + 7,

6r+4s+6,4r+2s+2,2r —2 ... 4r +4s + 8,2r + 2s + 4, 0],

which has 27 + 1 triples and produces {127, 2*"*+2}. Third:
[6r +4s+9,2r 4+ 25+ 3,4r + 45 + 7]

which produces {2?}.
Upon concatenation we have a difference of = where the first and second sequences
join and a difference of 1 where the second and third join. Hence we have a realization of

L= {12S+17ZC2S+2} U {12T,$4T+2} U {x2} U {1790} _ {195—2’ xw+2r+3}.

Itis 1-growable at v—2 = 67 +4s+8: when embedding with m = 6r+4s+8, the only
lengthened edge is (2r+2s+2, 6r+4s+8). Itis x-growable at z — 1 = 2r+2s+3: when
embedding with m = 2r 4 2s + 3 the lengthened edges are (i,¢ + «) for 0 < i <z — 1.

For the case with b even, first note that when x = 4 there are no values of b to be
considered. Let > 6 be even and take r in the range 0 < r < (x — 6)/2. Write
T = 2r + 2s + 6 for some s > 0. We construct a realization for

L= {127'+25+47x47'+23+10} _ {1:1;—27xx+27'+4}.

We have v = (2r 4+ 2s +4) + (4r + 2s + 10) + 1 = 6r + 4s + 15.
We build the required realization by concatenating three sequences. First:

[4r + 25+ 11,2r 4+ 5,2r + 6,4r + 25 + 12,

dr 4+ 2s+13,2r+7,...,4r +4s+ 11,2r + 2s + 5,

which has 2s + 1 pairs and produces the edge-lengths {125, 225+1}, Second:

[2r + 25+ 6,4r +4s + 12,4r + 45 + 13,2r + 25 + 7,1,4r + 2s + 10,
2r +4,2r 4+ 3,4r + 25 + 9, 0]

which produces {12, z7}. Third:

[6r +4s+ 14,4r + 25+ 8,2r +2,2r + 1,4r + 25 + 7,60 + 4s + 13,

6r +4s+12,4r +2s+6,2r,...,4r + 4s+ 14,2r + 25 + 8, 2],
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which has 27 + 1 triples and produces {127, 2472},
Upon concatenation we have a difference of 1 at each of the joins. Hence we have a
realization of

L = {1257$25+1} U {12’ 337} U {127“, x4r+2} U {12} — {1x—27xz+2r+4}.

Itis 1-growable at 1: when embedding with m = 1, the only lengthened edge is (1, 2r+
2s + 7). Itis z-growable at = = 2r + 2s + 6: when embedding with m = 2r + 2s + 6 the
lengthened edges are (i,7 + x) for 1 < < z. O

Example 5.7. To construct a {1, 8}-growable realization of {1°,813} using the proof of
Lemma 5.6 we take = s = 1 to obtain

[3,11,12,4,5,13,14,6,18,10,2,1,9,17,16,8,0, 19, 7, 15],

which is 1-growable at 18 and 8-growable at 7.
To construct a {1, 10}-growable realization of {18,106} we take 7 = s = 1 to obtain

[17,7,8,18,19,9,10,20,21,11,1,16,6,5,15,0,24,14,4,3,13,23,22,12, 2]
which is 1-growable at 1 and 10-growable at 10.

Lemma 5.8. Let x > 5 be odd. There is a {1, z}-growable realization for {1°=2 x%} for b
inrange x +3 < b < 2x — 1.

Proof. The constructions are similar to those of Lemma 5.6 in that they each are built from
the concatenation of three sequences and we need to consider odd and even b separately.
We start with odd b.

Take r in the range 0 < r < (z — 5)/2. Write x = 2r + 2s + 5 for some s > 0. We
construct a realization for

I = {127*+25+37 (27“ 425+ 5)4r+25+9} _ {1z—2"rx+2r+4}.

Wehavev = (2r +2s+3) + (4r +2s+9) + 1 = 6r + 4s + 13.
The first sequence is

[6r +4s +10,4r + 25 +5,2r,2r — 1,4r + 25+ 4,6r +4s + 9,

6r+4s+8,4r+2s+3,2r —2,...,4r +4s+10,2r 4+ 2r + 5,0].

There are 2 + 1 triples, so this sequence produces edge-lengths {1%", 247+2}. The second
sequence is

[6r +4s+12,2r 4+ 25 +4,4r + 45+ 9,4r + 45 + 8,2r + 25 + 3,60 + 4s + 11].

This has internal differences [2r + 2s + 5,2r +2s+ 5,1, 2r + 25+ 5,2r + 2s + 5] and so
produces {1, x*}. The third sequence is

[Ar+2s+6,2r+1,2r+24r+2s+7,4r +2s+8,2r +3,...,

2r +2s+2,4r +4s + 7).
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There are 25 + 2 pairs, so this sequence produces {121 2252},

Upon concatenation, we have a difference of 1 generated where the first and second
sequences join and a difference of 2 4+ 2s + 5 = = where the second and third join. Hence
we have a realization of

I = {12r7x4r+2} U {1, 334} U {128+1,$23+2} U {1737} — {13:—2’xx+2r+4}.

The realization is 1-growable at v — 2 = 6r 4+ 4s 4+ 11: when embedding with m =
6r + 4s + 11, the only lengthened edge is (2r 4+ 2s + 3,61 + 4s + 11). It is z-growable at
x — 1 = 2r + 2s + 4: when embedding with m = 2r + 2s + 4 the lengthened edges are
(i,i+x)for0<i<z—1.

Moving to even b, take 7 in the range 0 < r < (x — 5)/2 and write z = 2r +2s + 5
for some s > 0. We construct a realization for

L = {12r+2s+3’ (27, 4925+ 5)4r+2s+8} _ {1x727xz+2r+3}‘

We have v = (2r + 25 +3) + (4r +2s + 8) + 1 = 6r + 4s + 12.
The first sequence is

[Ar +2s+6,2r +1,2r+2,4r +2s+7,4r +2s+8,2r + 3,...,

dr +4s +8,2r +2s + 3].

There are 25+ 3 pairs, so this sequence produces edge-lengths {12572 72573}, The second
sequence is the same as the first sequence of the previous construction:

[6r +4s + 10,4r 4+ 25 + 5,27, 2r — 1,4r + 25 + 4,6r + 4s + 9,

6r +4s+8,4r +2s+3,2r — 2,...,4r + 4s + 10, 2r + 2r + 5,0].

As before, there are 2r + 1 triples, so this sequence produces {12",2%"*2}. The third
sequence is
[6r +4s+11,2r + 2s + 4,4r + 4s + 9]

which has internal differences [2r + 2s + 5, 2r 4 2s + 5] and so produces {z?}.

Upon concatenation, we have a difference of 2r + 2s + 5 = x generated where the first
and second sequences join and a difference of 1 where the second and third join. Hence we
have a realization of

L = {12S+2,$25+3} U {12r7$4r+2} U {.132} U {Lx} — {11—27 xm+2r+3}.

The realization is 1-growable at v — 2 = 6r + 4s + 10: when embedding with m =
6r + 4s + 10, the only lengthened edge is (2r + 2s + 3, 67 + 4s + 10). It is z-growable at
x — 1 = 2r + 2s + 4: when embedding with m = 2r + 2s + 4 the lengthened edges are
(i,i+z)for0<i<z—1. O

Example 5.9. To construct a {1, 13}-growable realization of {111, 13?1} using the proof
of Lemma 5.8 we take 7 = s = 2 to obtain

[30,17,4, 3,16, 29, 28,15, 2,1, 14, 27, 26, 13,0,
32,12,25,24,11,31,18,5,6,19,20,7, 8,21, 22,9, 10, 23],
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which is 1-growable at 31 and 13-growable at 12.
To construct a {1, 13}-growable realization of {17, 9%} we take r = s = 1 to obtain

[12,3,4,13,14,5,6,15,16,7,20,11,2,1,10,19,18,9,0, 21,8, 17]
which is 1-growable at 20 and 9-growable at 8.

We can now prove the main result of the section.

Theorem 5.10. Let L = {1%, 2%, (22)}. Ifa > x — 2, cis even and b > 5x — 2 + ¢/2,
then BHR(L) holds.

Proof. If x < 2, then BHR(L) holds without restriction and the case = 3 is covered
in Lemma 5.2, so assume x > 4. We follow the method of proof of Lemma 5.2, with
Lemmas 5.4, 5.6 and 5.8 providing the realizations to get started.

Take 4 in the range 0 < ¢ < ¢/2 such that 2i = ¢ (mod 2z).

To construct the required realization for L, start with the realization of {1“/7 xb/} that
has b’ = b+ 2i (mod ) given by Lemma 5.4, 5.6 or 5.8. So ¢’ = x — 2, except when
b+ 2i =1 (mod z) and admissibility forces us to use ' = = — 1.

If ¢ £ 0 (mod 2z), then apply Lemma 5.1 using ¢ to give a realization whose number
of occurrences ¢’ of 2z differs from ¢ by a multiple of 22 and whose number of occurrences
of z differs from b by a multiple of z. (If ¢ = 0 (mod 2x), then this is already the case.)

Apply Lemma 5.1 a further (¢—c¢’) /2 times with ¢ = x to obtain a {1, 2:}-growable re-
alization of {1, z%", (2z)¢} where b” = b (mod z). Complete to the required realization
using the appropriate number of applications of Theorem 2.4 with 1 and x.

The method requires up to 2x occurrences of z in the initial realization, up to 3z — 2
occurrences of x to adjust the congruency class of the number of occurrences of 2z, and
¢/2 occurrences of x to obtain the correct number of occurrences of 2x. Hence it always
works forb > 22+ 32z — 2+ ¢/2 =5z — 2 + ¢/2. O

When c is odd, we are not aware of any reason why the same approach will not work.
However, without new ideas, it will take more work to get weaker results than in the even
case. This is because the starter realizations now need to be for {1772 2% 2z}, which
means that we must have v > 4z, compared to the constructions here which all have
v < 3z. As well as being larger, using the same approach as Lemmas 5.6 and 5.8 would
probably take more cases to cover all required values of b. Some of these issues are already
apparent in Lemma 5.2.

Lemma 5.1 can be thought of as combining the notion of growability with that of a
particular perfect realization. This can be generalized to other perfect realizations, which
we now do.

For a multiset L, define sL = {sy : y € L}. When we apply Theorem 2.4 k times to
an x-growable realization we produce a realization with the x subsequences

[m+1—z,m+1m+1+x,....m+1+(k—1zx]+t

for 0 < ¢ < x — 1. If we have a perfect linear realization of length k£ of a multiset L,
then we can multiply each element by x to get a sequence that realizes « L and then take a
translate of it to replace a subsequence of the above form.

Lemma 5.1 uses this process with the perfect linear realization [0, 2, 1, 3] of {1,22}. In
general the approach gives the following lemma.
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Lemma 5.11. Let L have an X-growable realization with x € X. Let Ly,...,L, be
multisets of size k — 1 that have perfect linear realizations. Then

LUxliU---UxL,
has an X -growable realization.

If we use the perfect linear realization [0, 1] of {1} in Lemma 5.11, then we end up
back at Theorem 2.4.

Example 5.12. Letx > 3. In this section we have constructed {1, z:}-growable realizations
of the multisets {171, x*+1} and {1772,2%} forz + 2 < b < 2z. Let¢,d,e, f,g > 0
withc+d+e+ f+ g = 0 (mod x). Take ¢ copies of the perfect linear realization
[0,1,2,3,4,5] of {15}, d copies of the perfect realization [0,2,1,3,4,5] of {13,22}, e
copies of the perfect linear realization [0, 3, 1, 2,4, 5] of {12,22, 3}, f copies of the perfect
linear realization [0, 3, 1,4, 2, 5] of {22,33}, and g copies of the perfect linear realization
[0,2,4,1,3,5] of {2%,3}. Lemma 5.11 proves BHR(L) for

L = {1a xb+5c+3d+2e (21,)2d+2e+2f+4g (31‘)6+3f+g}
fora>xz—2andb>x+ 1.
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