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Abstract

Let L1 C R™T5+! be the set of vectors which have m of entries —1, k of entries 0,
and [ of entries 1. In this paper, we investigate the largest subset of L,,;; whose diameter
is smaller than that of L,,x;. The largest subsets for m = 1, [ = 2, and any k& will
be classified. From this result, we can classify the largest 4-distance sets containing the
Euclidean representation of the Johnson scheme J(9,4). This was an open problem in
Bannai, Sato, and Shigezumi (2012).

Keywords: The Erdds—Ko—Rado theorem, s-distance set, diameter graph, independent set, extremal
set theory.

Math. Subj. Class.: 05D05, 05C69

1 Introduction

The famous theorem in Erd6s—Ko—Rado [8] stated that for n > 2k and a family 2 of k-
element subsets of I, = {1,...,n}, if any two distinct A, B € 2 satisfy AN B # ),

then
n—1
Al < .
< (7))
For n > 2k, the set {A C I, | |A| = k,1 € A} is the unique family achieving equality, up
to permutations on I,,. For n = 2k, the largest set is any family which contains only one

of Aor I, \ A for any k-element A C I,,. This result plays a central role in extremal set
theory, and similar or analogous theorems are proved for various objects [2, 5, 9].
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We can naturally interpret A C I, as ¢ = (z1,...,2,) € R™ by the manner z; = 1
ifi € A, xz; = 0ifi € A. By this identification, the Erd6s—Ko—Rado Theorem can be
rewritten that for n > 2k and a subset X of L, = {& € R" | z; € {0,1},> a; = k} if
any distinct z, y € X satisfy d(z,y) < D(Ly) = v/2k, then

n—1
X| <
X< (32)):
where d(, ) is the Euclidean distance, and D(Ly,) is the diameter of L. We would like to
consider the following problem to generalize the Erd6s—Ko—Rado Theorem.

Problem 1.1. Let L,,;; C R™ %+ be the set of vectors which have m of entries —1, k of
entries 0, and [ of entries 1. Classify the largest X C Ly, with D(X) < D(Lnp1)-

It is almost obvious for the cases m = [ (Proposition 2.1) and m + k£ < [ (Propo-
sition 2.2). In this paper, we solve the first non-trivial case m = 1, [ = 2 and any k
(Theorem 2.5). Using the largest sets for the case (m, k,l) = (1,6,2), we can classify
the largest 4-distance sets containing the Euclidean representation of the Johnson scheme
J(9,4). This was an open problem in [1].

We will give a brief survey on related results. Let £, be the set of (0, £1)-vectors
in R™ which have m non-zero coordinates. For a fixed set D of integers, let V' (n, m, D)
be the family of subsets V' = {v1,..., v} of £,,, such that (v;,v;) € D for any ¢ # j.
There are several results relating to the largest sets in V(n,m, D) for some (n, m, D)
[4,6,7]. Since X C £,,,, is on a sphere, if | D| = s holds, then | X | < (""571) + (4157?)
[3]. The case D = {d} is investigated in [4]. For non-negative integers d<m,t>2,
and n > ng(m) (see [4 ] about ng(m)), if X € V(n,m,{d,d +1,...,d +t — 1}),
then | X| < (" ;d) /(" ) [6]. This equality can be attained Whenever a Stelner system
S(n —d,m — d,t) (equlvalently t-(n — d,m — d,1) design) exists . We also have if
X € V(n,m, {—(t —1),=(t—2),...,t —1}), then |[X| < 2" (m —t+ 1)(7)/(7) [7].
When m = ¢ + 1, this equality can be attained whenever a Steiner system S(n,m, m — 1)
exists.

2 Largest subsets avoiding the diameter of L,,,;;

Let L,,;; denote the finite set in R” = R™* 5+ which consists of all vectors whose num-
ber of entries —1, 0, 1 is equal to m, k, [, respectively. For two subsets X, Y of L,,x;, X is
isomorphic to Y if there exists a permutation o € S,, such that X = {(y,(1),-- -, ¥on)) |
(y1,---,yn) € Y}. The diameter D(X) of X C R™ is defined to be

D(X) = max{d(x,y) | z,y € X},

where d(,) is the Euclidean distance. Let M,,x; denote the largest possible number of
cardinalities of X C L,k such that D(X) < D(L,,xi). The diameter graph of X C R™
is defined to be the graph (X, F), where E = {(z,y) | d(z,y) = D(X)}. The problem of
determining M,,; is equivalent to determining the independence number of the diameter
graph of L,,x;. Note that M, = Mk, because we have Ly, = —Ligm = {—2z | z €
Likm}. Thus we may assume m < [. In this section, we determine My, and classify the
largest sets for several cases of m, k, .
First we determine M,,,; for the casesm =land m + k < .
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Proposition 2.1. Assume m = l. Then we have

1/n k+m 1
Mmkl—2<m>< m >_2|Lmkl|a

and the largest sets contain only one of x or —x for any x € L.

Proof. For any © € Ly, we have {y | d(z,y) = D(Lmr)} = {—=}. Therefore the
diameter graph of L,,j; is the set of independent edges. The proposition can be easily
proved from this fact. O

For X C L,,;, we use the notation
Nz(Xm]):{(xlaazn)eX‘xiz.]}v and nl(Xv.]):‘Nl(Xaj”

Proposition 2.2. Assume m + k < l. Then we have

n—1 m+k
Mo = .
M <m+kz—1>( m )

Form + k > 1, the largest set is N1(Lyki, —1) U N1(Lygi, 0), up to isomorphism. For
m + k =, then the largest sets contain only one of {(x1,...,2n) € Lk | 2; = 1,Vi €
J}Yor{(z1,...,2n) € Lyt | ®; = 1,¥i € I, \ J} forany J C I,, of order L.

Proof. A finite subset X of L,,x; satisfies D(X) < D(Ly,y) if and only if {i | ; =
—1,0} U {i | y; = —1,0} is not empty for any distinct (z1,...,Zn), (Y1,.--,Yn) € X.
We can therefore apply the Erd6s—Ko—Rado Theorem [8] to determine the positions of

entries —1 or 0. The number of possible positions of —1, 0 is (mz_;l_l) After fixing the
m-+k

position, —1, 0 can be placed in ( P ) ways. This determines M,,,x;. The largest sets are
classified from the optimal sets of the Erd6s—Ko—Rado Theorem. 0

The remaining part of this section is devoted to proving

k+3
Mlkzzfme( 3 )—1—27

and determining the classification of the largest sets. Note that D(L1x2) = /10 and if
X C Ly satisfies D(X) < D(Lyx2), then D(X) < /8. The following two lemmas are
used later.

Lemma 2.3. Let X C Ly with D(X) < D(Lij2). Suppose k > 4, and | X| > M.
Then there exists i € {1,...,n} such that n;(X,0) > My_1.

Proof. This lemma is immediate because the average of n;(X,0) is

1 & k| X| _ kO 6
SN T ni(x,0) = A2l Mg — —— > My — 1. 0
n;”( ) =132 %13 LT3 kot

Lemma 2.4. Let G = (V, E) be a connected simple graph, and E' a matching in G.
Assume that G has an independent set I of size |V| — |E’|. Then for z € I ifx € V
satisfies (x,y) € E' for some y adjacent to z, then x € 1.
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Proof. Since the cardinality of I is |V'| — | E’|, only one of x or y is an element of I for any
(z,y) € E’. By assumption, y ¢ I, and hence x € I. O

The subsets Sy (2), Tx (i), Uk (i) of Lqx2 are defined by

Sk(l) = {(xl,...,xn) € Lo ‘ T =---=x;_1=0,2; = —1}7
Tk(l) :{(xl,...,xn) Eleg ‘ T =+ " =T;—-1 :O,’Iiil},

. x :1737 :_1”1:‘:1’
Uk(l):{(xl,...,xn)el/mﬂ 3;6{2 .l“ i} ajje {I+1,...,n} }

fori =2,...,k + 2. We define Si(1) = N1(L1ge, —1), and T (1) = N1(L1ge,1). The
following are candidates of the largest subsets avoiding the largest distance /10.

k+1
X =Ti(k+1)U Usk ) for k > 1,

Vi =Ti(1),  Yy=Tu(k)U (U Si(3)) for k > 2,

Zo =To(1),  Zj =Ti(k USk )) for k > 3.

Note that | Xy | = |Yi| = | Zk| = My, and they can be inductively constructed by

X, = {(O,x) | S kal} UNl(leg, —1),
Vi ={(0,7) |z € Y1} U N1 (L1g2, —1),
Zy = {(O,J?) | xr e Zk—l} UNl(leg, —1).

We also use the following notation.
X,Q:Xk\Sk(l):{(O,x) |.T6Xk,1} (kZQ),

Y=Y\ Su(l) = {(0,2) |z € Yi1} (k>2),
Zl = Zu\ Sk(1) = {(0,2) |z € Ze_1} (k> 3).

Theorem 2.5. Let X C Lyje with D(X) < D(L1g2). Then we have
| X < M.
If equality holds, then
(1) fork=1, X = Xy, or Y1,
(2) fork > 2, X = Xy, Y, or Zg,
up to isomorphism.
This theorem will be proved by induction. We first prove the inductive step.

Lemma 2.6. Let k > 2. Assume that the statement in Theorem 2.5 holds for some k — 1.
Let X C Lygo with D(X) < D(L1k2), such that n;(X,0) = 9My_1 for some i. Then we
have | X | < My.. If equality holds, then X = Xy, Yy, or Zy, up to isomorphism.
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Proof. Without loss of generality, ni(X,0) = 9;_1, and hence X contains X ,fc, Yk’, or
Z;, for k > 3, and X1, or Y{ for k = 2.

(i) Suppose X, C X for k > 2. The set of other candidates of elements of X is
Sk(1) U U (k). The diameter graph G of Sk (1) U Uy (k) is a bipartite graph of the partite
sets S (1) and Uy (k). Since the three elements

(-1,0,...,0,0,1,1),(~1,0,...,0,1,0,1),(=1,0,...,0,1,1,0) € Si(1)

are isolated vertices in G, they may be contained in X . Let G’ be the subgraph of G formed
by removing the three isolated vertices. A perfect matching of G’ is given as follows.

Matching (i)

Sk(1) U (k)
(—1,372,. .. ,xk+3) (1,y2,. .. 7yk+3>
mi=la;=1Q<i<hki<j<n) |yi=—Lys=1
zi=1z,=12<i<k) yi=—-lyipn =1

By this matching, we can show
‘X| <Mp_1+ |Sk(1)| =M.

We will classify the sets attaining this bound. First assume that x € X for some
x € Sg(1) with zo = 1. By Lemma 2.4, X must contain any x € Si(1) with zo = 1. In
particular, (—1,1,1,0,...,0) € X. Using Lemma 2.4 again, X must contain « € Sj(1)
with z3 = 1. By a similar manner, X must contain any = € Sy (1). Therefore X = Xj,.

Assume X does not contain any x € Si(1) with 53 = 1, namely no(X,1) = 0. By
assumption, we have

k+2
|X=n2(X,—1)+n2(X,O)§( ; )“rmk_l:mk.

If | X | = My, then we have ny (X, —1) = (kf) and n2(X,0) = 9M;_;. This implies that
X is isomorphic to Xy, Yy, or Zj.

(ii) Suppose Y, C X for k > 2. The set of other candidates of elements of X is the
union of Sy (1), Uy(k — 1), and

St ={(z1,.. ., why3) € Lz | w1 = Ly, = Ly = =1,k < j}

for k > 3, and S5(1) U S; for k = 2. The diameter graph G of Si(1) UUx(k — 1) U Sy is
a bipartite graph of the partite sets Sy (1) and U (k — 1) U S;. Since the three elements

(-1,0,...,0,1,1,0,0), (—1,0,...,0,1,0,1,0),(—1,0,...,0,1,0,0,1) € Si(1)

are isolated vertices in G, they may be contained in X . Let G’ be the subgraph of G formed
by removing the three isolated vertices. A perfect matching of G’ is given as follows.

Matching (ii)
Sk(1) Ur(k = 1)
(—1,x2,...,xk+3) (1,y2,...,yk+3)
mZ:17xJ:1(2§z§k—1,z<]<n) yi:_lvyj+1:1
,=1z,=12<i<k—-1) yi=—Lyi11 =1
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Se(D) S

(-1,0,...,0,1,1,0) | (1,0,...,0,1,—1,0,0)
(-1,0,...,0,0,1,1) | (1,0,...,0,1,0,—1,0)
(-1,0,...,0,1,0,1) | (1,0,...,0,1,0,0,—1)

By this maching, we can show | X| < 9.

We will classify the sets attaining this bound. For k = 2, the maximum indepdent sets
of G'is {(-1,0,0,1,1),(-1,0,1,0,1),(—1,0,1,1,0)} C Sa(1) or S;. This implies that
X = Y5 or Zy. For k > 3, we assume that z € X for some x € Si(1) with zo = 1. By
Lemma 2.4, X must contain any x € Si(1). Therefore X = Y. If X does not contain any
x € Sk(1) with z2 = 1, namely ny(X, 1) = 0. It can be proved that X is isomorphic to
Xk, Yk, or Zk.

(iil) Suppose k > 3, and Z;, C X. The set of other candidates of elements of X is the
union of Sy (1), Ux(k — 2), and

82 :{(xla-"a'rk'+3) EleQ | Ty = 171‘/?,—1 :171‘j = _17k<]}

for k > 4, and S3(1) U Sy for k = 3. The diameter graph G of Si(1) U Ux(k — 2) U Sa is
a bipartite graph of the partite sets S (1) and Uy (k — 2) U Ss. Since the four vectors

(-1,0,...,0,1,1,0,0,0),(=1,0,...,0,1,0,1,0,0),
(=1,0,...,0,1,0,0,1,0), (=1,0,...,0,1,0,0,0,1) € Si(1)

are isolated vertices in GG, they may be contained in X . Let G’ be the subgraph of G formed
by removing the four isolated vertices. A maximum matching of G’ is given as follows.

Matching (iii)

Sk(l) Uk(k’—2)
(_1,$27...,Ik+3) (1?y27'-'ayk+3)
$1:1,$j21(2§2§k72,2<j<n) yizf].,yj_;,_l:l
Sk(1) So

(—1,0,...,0,1,1,0,0) | (1,0,...,0,1,-1,0,0,0)

(~1,0,...,0,0,1,1,0) | (1,0,...,0,1,0,—1,0,0)

(~1,0,...,0,0,0,1,1) | (1,0,...,0,1,0,0,~1,0)

(~1,0,...,0,1,0,0,1) | (1,0,...,0,1,0,0,0, 1)

Note that the two vectors
(~1,0,...,0,1,0,1,0), (~1,0,...,0,0,1,0,1) € Si(1) 2.1

are unmatched in this matching. By this matching, we can show | X| < 9.

We will classify the sets attaining this bound. If |X| = 9, then the two vectors
in (2.1) must be contained in X. Therefore X does not contain any element of So, and
contains an element of Sk (1) which matches some element of So. For k = 3, X therefore
contains Sk (1), and X = Z3. For k > 4, we assume that x € X for some = € Sy (1) with
29 = 1. By Lemma 2.4, X must contain any « € Sk (1). Therefore X = Z. If X does
not contain any = € S (1) with z2 = 1, namely ny(X, 1) = 0. Therefore X is isomorphic
to X, Y, or Z;. O
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Matchings (i)—(iii) and the notation Sy, Sz defined in the proof of Lemma 2.6 are used
again later. The base case in the induction is the case £k = 3. We will prove the cases
k =1,2,3 in order.

Proposition 2.7. Let X C Lq12 with D(X) < D(L112). Then we have
|X| <9y =6.
If equality holds, then X = X, or Y1, up to isomorphism.

Proof. Since the diameter graph G of Ly is isomorphic to Cy U C4 U Cy, where Cy is
the 4-cycle, the bound | X | < 6 clearly holds. Considering the permutation of coordinates,
G has the automorphism group S4. Since the stabilizer of X7 in Sy is of order 6, the orbit
of X, has length 4. Similarly the orbit of Y] has length 4. Since the number of maximum
independent sets of G is 23 = 8, this proposition follows. O

For k = 2, we also classify (9y — 1)-point sets X with D(X) < D(Lj22) in order to
prove the case k = 3.

Proposition 2.8. Let X C Ly with D(X) < D(L122). Then we have
| X| <My =12.
If | X| =12, then X = X5, Ys, or Zs, up to isomorphism. If | X | = 11, then X is

Vo= X,U{(-1,0,0,1,1),(-1,0,1,0,1),(-1,0,1,1,0),
(-1,1,1,0,0),(1,-1,1,0,0)},

Wy =Y, U{(-1,1,1,0,0),(-1,1,0,1,0),(—1,1,0,0,1),
(-1,0,0,1,1),(1,1,-1,0,0)},

or the set obtained by removing a point from Xo, Ya, or Zs, up to isomorphism.

Proof. First suppose n;(X,0) = 6 for some i. Then we have |X| < 12, and X with
|X| = 12is X5, Y3, or Z5 by Lemma 2.6. In order to find X with | X| = 11, we consider
5-point independent sets in the diameter graph of Sz (1) U Uz (2) or S2(1) U Uz (1) U Sy. If
X is not isomorphic to a subset of X, Ys, or Zs, then X = V5 from Sa(1) U Us(2), and
X = W5 from 52(1) U Ug(l) U S,

Suppose n;(X,0) < 5 for any 4. If | X| > 11, then the average of n;(X,0) is greater
than 4. Without loss of generality, we may assume n (X, 0) = 5. Since the diameter graph
of L1 is C4 U C4 U C4, we can show that X contains a 5-point subset of X/ or Y3.

(i) Suppose X contains a 5-point subset of X. By considering the automorphism group
of X/, we may assume X contains the 5-point subset obtained by removing (0,—1,0,1,1)
or (0,0,—1,1,1). First assume that X contains the 5-point subset obtained by removing
(0,—1,0,1,1). Since other candidates of elements of X are still in So(1) U Ua(2), we
have | X| < 11, and if |X| = 11, then X is isomorphic to a subset of X, Ys, or Zs.
Assume that X contains the 5-point subset obtained by removing (0,0, —1,1, 1). The set
of other candidates of elements of X is S2(1) UUz(2) U{(1,0,1,-1,0),(1,0,1,0,—1)}.
If X does not contain both (1,0,1,—1,0) and (1,0,1,0,—1), then |X| < 11, and X
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attaining this bound is isomorphic to a subset of X5, Y5, or Z5. To make a new set, X may
contain (1,0, 1, —1,0). The two vectors (—1,1,0,1,0),(—1,0,0,1,1) € S5(1), which are
at distance /10 from (1,0,1,—1,0), are not contained in X . The set P; consisting of the
two isolated vertices

(71, 07 ]-a 07 1)3 (717 07 13 17 0) € SZ(l)

and 6 points

(-1,1,1,0,0),(-1,1,0,0,1),(1,-1,1,0,0),
(17 713 O» 170)7 (L 717 Oa 03 1)> (17 Oa 1; 0, 71)

has the unique maximum 6-point independent set

(_17 Oa 1) 07 1)7 ( 1707 17 1a 0)7 (17 _1a 17070)a
1 ~1,0,0,1),(1,0,1,-1,0) [’

which gives X isomorphic to Y3, and no(X,0) = 6. If X contains a 5-point independent
set in P; and is not isomorphic to a subset of Y5, then X contains the 5-point independent
set

{(~1,0,1,0,1),(~1,0,1,1,0), (—1,1,1,0,0), (1, —1,1,0,0), (1,0,1,0, —1)}.

Then X is isomorphic to Ws and na(X,0) = 6.

(ii) Suppose X contains a 5-point subset of Y3 . By considering the automorphism group
of Yy, we may assume X contains the 5-point subset obtained by removing (0,1, —1,0, 1).
The set of other candidates of elements of X is S3(1) US; U{(1,0,1,0,—1)}. To make a
new set, X may contain (1,0,1,0,—1). The two vectors (—1,1,0,0,1),(—1,0,0,1,1) €
S5(1), which are at distance 4/10 from (1,0, 1,0, —1), are not contained in X. The set
consisting of the two isolated vertices

(-1,1,1,0,0),(—1,1,0,1,0) € Sa(1)
and 5 points
(-1,0,1,1,0),(-1,0,1,0,1),(1,1,-1,0,0),(1,1,0,-1,0),(1,1,0,0, —1)
has the unique maximum 5-point independent set
{(-1,1,1,0,0),(-1,1,0,1,0),(1,1,-1,0,0),(1,1,0,-1,0),(1,1,0,0,—1)},
which gives X is isomorphic to a subset of Z,. O
Proposition 2.9. Let X C L3z with D(X) < D(L132). Then we have
| X < 95 = 22.
If equality holds, then X = X3, Y3, or Zs, up to isomorphism.

Proof. If n;(X,0) = 12 for some 4, then we have |X| < 22, and the set attaining this
bound is X3, Y3, or Z3 by Lemma 2.6.
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Suppose n;(X,0) < 11 for any i. If | X| > 22, then the average of n;(X,0) is greater
than 11, which gives a contradiction. Therefore |X| < 22, and if |X| = 22, then the
average of n;(X,0) is 11, and n;(X,0) = 11 for any 4. By Proposition 2.8, X may contain

‘/3/ = {(O,U) S L132 ‘ RS ‘/2},

Wé = {(O,UJ) (S L132 ‘ w e WQ},

or an 11-point set obtained by removing a point from X4, Yy, or ZJ.

(i) Suppose X contains an 11-point subset of X3. By considering the automorphism
group of X%, X may contain the set in X} obtained by removing (0,—1,0,0,1,1), (0, -1,
1,1,0,0),(0,0,-1,0,1,1),0r (0,0,0,—1, 1,1). If X contains the set X} with (0,—1, 0,0,
1,1),(0,-1,1,1,0,0), or (0,0,—1,0, 1, 1) removed, then the set of other candidates of X
is still S5(1) UUs3(3), and | X| < 22. Suppose X contains the set X% with (0,0,0,—1,1,1)
removed. Then new candidates of vectors of X are only (1,0,0,1,—1,0) and (1,0,0, 1,0,
—1), and X may contain (1, 0,0, 1, —1,0). The three vectors (—1,1,0,0,1,0), (—1,0,1,
0,1,0), and (—1,0,0,0,1,1), which are at distance /10 from (1,0, 0,1, —1,0), are not
contained in X . Therefore by | X | = 22, the other new candidate (1,0, 0, 1,0, —1), and two
isolated vectors (—1,0,0,1,0,1), and (—1,0,0, 1, 1,0) must be contained in X. Moreover
a 7-point independent set must be obtained from Matching (i). Since (—1,1,0,0, 1,0) and
(-1,0,1,0,1,0) are not contained in X, by Lemma 2.4, (1, —1,0,0,0,1) and (1,0, —1,0,
0, 1) must be contained in X, and consequently any element of Us(2) is contained in X.
This implies no (X, 1) = 0, and X is isomorphic to X3, Y3, or Zs.

(ii) Suppose X contains an 11-point subset of Yy. By considering the automorphism
group of Yy, X may contain the set in Y3 obtained by removing (0,—1,0,0,1,1), (0,—1,1,
1,0,0),0r(0,0,1,—1,0,1). If X contains the set Y3 with (0, —1,0,0,1,1),0r (0,—1,1,1,
0,0) removed, then the set of other candidates of X is still S5(1) U U3(2) U &1, and
|X'| < 22. Suppose X contains the set Y3 with (0,0, 1, —1,0, 1) removed. Then a new can-
didate of an element of X is only (1,0,0,1,0,—1), and X may contain (1,0,0,1,0, —1).
The three vectors (—1,1,0,0,0,1), (-1,0,1,0,0,1), and (—1,0,0,0,1, 1), which are at
distance /10 from (1, 0,0, 1,0, —1), are not contained in X. By considering Matching (ii),
we can show | X | < 22.

(iii) Suppose X contains an 11-point subset of Z5. By considering the automorphism
group of Z}, X may contain the set in Z} obtained by removing (0,1, —1,0,0,1). Then a
new candidate of an element of X isonly (1,0,1,0,0, —1), and X may contain (1,0, 1,0,0,
—1). The three vectors (—1,1,0,0,0,1), (=1,0,0,1,0,1), and (—1,0,0,0,1,1), which
are at distance /10 from (1,0, 1, 0,0, —1), are not contained in X. By considering Match-
ing (iii), we can show | X| < 22.

(iv) Suppose X contains V4. The set of other candidates of X is S3(1) U Us3(3) \
{(1,-1,1,0,0,0)}, and the maximum independent set is of order at most 10 by Matching
(i). Thus | X| < 22.

(v) Suppose X contains WJ. The set of other candidates of X is S5(1) U Us(2) U Sy \
{(1,-1,0,1,0,0)}, and the maximum independent set is of order at most 10 by Matching
(if). Thus | X| < 22.

Therefore this proposition follows. O

Finally we prove Theorem 2.5.
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Proof of Theorem 2.5. By Propositions 2.7-2.9, the statement holds for £ = 1,2, 3. By the
inductive hypothesis and Lemma 2.3, if | X | > 90, then there exists ¢ € {1,...,n} such
that n;(X,0) = 9y, for k > 4. By Lemma 2.6, this theorem holds for any k. O]

3 Classification of the largest 4-distance sets which contain .J (n, 4)

A finite set X in R? is called an s-distance set if the set of Euclidean distances of two
distinct vectors in X has size s. The Johnson graph J(n, m) = (V, E), where

V:{{ilw-wi'rn}‘1Si1<"'<imgn7ijez}7
E={(v,u)|lvnul=m—-1,v,u eV},

is represented into R" ! as the m-distance set j(n, m) = Lo n—m,m. Indeed j(n, m) C
R”, but the summation of all entries of any = € .J(n,m) is m, and J(n,m) is on a hy-
perplane isometric to R”~!. Bannai, Sato, and Shigezumi [1] investigated m-distance sets
containing .J (n,m). In their paper, for m < 5 and any n, the largest m-distance sets
containing .J(n,m) are classified except for (n,7m) = (9,4). In this section, the case
(n,m) = (9,4) will be classified.

The set of Euclidean distances of two distinct points of J(9,4) is {v/2, V4, V6, /8}.
The set of vectors which can be added to .J (9, 4) while maintaining 4-distance is the union
of the following sets [1].

w(@ ) (0
O (ORORO

where the exponents inside indicate the number of occurrences of the corresponding num-
bers, and the exponent P outside indicates that we should take every permutation. They
conjectured that .J(9,4) U X U X0 U {(—4/3,(2/3)®)} U X(¥) is largest, where
(—4/3,(2/3)%) € XU, and

., , 2 4 4
X () :{(ml,...,xg)eX(”) |xi:_§,$]‘1 :3,xj2:3,z<31,]2}

SU((EY 42 4) (1) (4) 2
3) 73 3'3)° 3) '\3/) " 3 '
Actually X ()" is isometric to Xg in Section 2 by replacing —2/3, 1/3, 4/3 to —1, 0, 1,

respectively. Let X ()" (resp. X ()"") be the set obtained from Yg (resp. Zg) by the same
manner. Using Theorem 2.5, we can classify the largest 4-distance sets containing J(9, 4).

Theorem 3.1. Let X C {(x1,...,29) € R | 21 + - 4+ w9 = 1} be a 4-distance set
which contains J(9,4). Then we have

1X| < 258.

If equality holds, then X is one of the following, up to permutations of coordinates.
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(1) J(9,4) U X® U XDy {(—4/3,(2/3)8)} U X @),

4
(2) J(9,4) UX® U XD U {(-4/3,(2/3)%) U X",
4

9
(3) J(9,4)UX® U XD U {(-4/3,(2/3)8)} U X )",

Proof. For any z € X® U X0 4 ¢ U?ZIXU), the Euclidean distance of x, ¥ is in
{V/2,v/4,1/6,/8}, and hence X may contain X U X (%) The set X is isomet-
ric to Lig2 by replacing —2/3, 1/3, 4/3 to —1, 0, 1, respectively. Therefore the largest
subsets of X (") with distances {v/2, v/4, v/6, v/8} are X @) x (@) and X" up to
permutations of coordinates. If X does not contain any element of X (), then

X[ < |J(9,4) UX® U x| 4| x| = 257,

If X contains z € X with x; = —4/3, then X cannot contain y € X (@) with
y; = 4/3. By re-ordering the vectors, we may assume that the set

X(”)(t) ={ze x (@) | z; = —4/3,3i € {1,...,t}}

is in X for some ¢. Clearly, from the definition of X (")(¢), this set must have size ¢. For
t =7,8,9, X contains at most one element of X ("), and hence

1X| < [J(9,4) UX®D UXED| ¢ +1 <181

If the set X (¢) is in X for 1 < ¢ < 6, then consider the set of vectors in X N X ()
in which the entry 1/3 occurs in all of the first ¢ positions. The final 9 — ¢ entries of
one of these vectors forms a vector from L 6 2; no two vectors in this set can be at the
maximum distance. Thus the size of

Hze XN X |z, =1/3,Vie{l,...,t}}]
is bounded by 9Mg_,. It is clear that
Hex e XNX® |z, =—2/3,x;, =4/3,x;, = 4/3,
Jie{l,...,t}, 1,42 e {t+1,...,9}}

is bounded by t(ggt). Thus, for 1 < ¢t < 6, we have

- 4 9_1¢
|X| < |J(9,4)UX(”UX(’“>|+t+9ﬁ6t+t( ) >

3 92 31t
=———+ — +257 <258
3 2 + 6 + - ’
and equality holds only if t = 1. The sets attaining this bound are only the three sets in the
statement. O

4 Remarks on other M,,,.;

Actually it is hard to determine M,,,x; for other (m, k, [) by a similar manner in Section 2.

Fix m, [, where m < [. By Proposition 2.2, if k < | — m, then M,,; = (mﬁil) (m;k)
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In general there are many largest sets for k = [ — m. For k > [ — m, we can inductively
construct a large set Xy, C Ly, satisfying D(Xy) < D(Ly,k;) as follows

Xe={00,2") |2 € X1} U{(x1,...,%n) € Ly | 11 = —1},

where X;_,, is a largest set for kK = [ — m. Therefore we have

m+1l—1\/k+m+1 m+1—1
Mmklzmmkl::( m—1 )( m+1 )+< m )

We can generalize Lemma 2.3 as follows.

Lemma 4.1. Let X C L,y with D(X) < D(Lyp1). Suppose k > m(mH) —m—-1+1,

m

and | X| > M,y Then there exists i € {1,...,n} such that n;(X,0) > M, k_1,.

Proof. This lemma is immediate because the average of n;(X,0) is

1 & k| X]| EM
- iX7O = 2

nZ;M ey Ay gy R
m+1 (m+k+l

:m _ _—_—a-
mk L Y k41 I

>>9ﬁk_1—1. ]

In the manner of Section 2, it is hard to classify M,x; form —1+1 < k < m(mH —

m — [. Moreover it seems to be difficult to give matchings, like Matching (i) or (7111), of
many possibilities of X;. We need another idea to determine other M, ;.
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Abstract

The distinguishing index D' (G) of a graph G is the least cardinal d such that G has an
edge colouring with d colours that is preserved only by the trivial automorphism.

We derive some bounds for this parameter for infinite graphs. In particular, we investi-
gate the distinguishing index of the Cartesian product of countable graphs.

Finally, we prove that D’(K5°) = 2, where K" is the infinite dimensional hypercube.

Keywords: Distinguishing index, automorphism, infinite graph, edge colouring, infinite dimensional
hypercube.

Math. Subj. Class.: 05C25, 05C80, 03E10

1 Introduction

Albertson and Collins [1] introduced the (vertex-)distinguishing number D(G) of a graph
G as the least cardinal d such that G has a labelling with d labels that is only preserved
by the trivial automorphism. This concept has spawned numerous papers, mostly on finite
graphs. But countable infinite graphs have also been investigated with respect to the dis-
tinguishing number; see [12], [13], and [14]. For graphs of higher cardinality, see [8]. The
corresponding notion for endomorphisms instead of automorphisms is investigated in [5].
Let us consider now any edge colouring of a graph G; it is merely a function f :
E(G) — C which labels each edge of G with a colour from some set C'. Given a graph
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G with an edge colouring f, we say that a graph automorphism ¢ : V(G) — V(G) of G
preserves the edge colouring f if f(xy) = f(p(x)e(y)) for every edge zy € E(G); if, on
the other hand, there is an edge xy such that f(zy) # f(¢(z)p(y)), then we say that ¢ is
broken by xy. It is easy to see that there is, for every connected graph G # Ko, an edge
colouring of G which is preserved only by the trivial automorphism of G, i.e., only by the
identity idg : V(G) — V(G): Merely choose different colours for different edges. The
distinguishing index D'(G) of a graph G is the least cardinal d such that G has an edge
colouring with d colours that is only preserved by the trivial automorphism. Obviously for
K> the distinguishing index is not defined and it is the only such connected graph.

For finite graphs this concept is investigated by Kalinowski and Pil§niak in [9] and by
Pil$niak in [11]. In [2], the following general upper bound was proved.

Theorem 1.1. Let G be a connected, infinite graph such that the degree of every vertex of
G is not greater than A. Then D' (G) < A.

A graph G is said to be prime with respect to the Cartesian product if whenever G =
G10G?3, then either G or G is the graph consisting of a single vertex. It is well known
(see [6]) that if G is connected, then G has a unique prime factorization, i.e.,

G = G10G0---0G,

such that for 1 < ¢ < ¢, G; is prime. Two graphs G and H are called relatively prime if
K is the only common factor of G and H. About forty-five years ago Imrich and Miller
independently proved the following theorem — see Thm. 6.10 in [6].

Theorem 1.2. If G is connected and G = G10G20 - - - OG,. is its prime decomposition,
then every automorphism of G is generated by the automorphisms of the factors and the
transpositions of isomorphic factors.

A basic fact, which is a reformulation of the above theorem for » = 2 and which is used
frequently in this paper, is:

If p is an automorphism of the Cartesian product G10G5 of two connected relatively
prime graphs, then there are automorphisms p; of G;, i = 1,2, such that p(v1,v2) =
(¢1(v1), p2(ve2)) for all (v1,v2) € V(G10G:) .

In this case we write ¢ = (¢1, ¢2) for short and we note that ¢ is non-trivial if and only if
at least one of ¢; and 5 is non-trivial.

An asymmetric graph has only one automorphism, the trivial automorphism. We now
state an easy corollary of these properties and definitions for product graphs with distin-
guishing index 1.

Proposition 1.3. Let G be the Cartesian product of two graphs G1 and Gs. Then
D'(G10G3) =1
if and only if Gy and G5 are relatively prime and both are asymmetric graphs.

The aim of this paper is to present new results for the distinguishing index of the Carte-
sian product of infinite graphs. Most graphs in this document are countable, i.e., finite or
denumerable; numbers used are either finite or N.

Subgraphs of the Cartesian product G;0G> of the form G10{v} (for any v € V(G3))
are isomorphic to G; and are called G1-layers of G10G5. The Gy-layers of G10OG are
defined similarly.
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The distinguishing index of the Cartesian product of finite graphs is investigated in [4]
where the authors prove, amongst others, a result which will be useful in the next section
and which we now record as

Theorem 1.4. Let G be a connected finite graph and k > 2. Then D'(G*) = 2 with the
only exception: D'(K3) = 3.

2 The distinguishing index of the Cartesian product

First we consider the Cartesian product of two denumerable graphs with infinite edge sets.

Lemma 2.1. Let G1 and G4 be two connected relatively prime denumerable graphs. Then
D'(G10Gs) < 2.

Proof. We start by labelling the edges of G with eq, eo, . . . and those of G5 with f1, fo, ...
This is possible since both edge sets have to be denumerable. Note that these labellings
effectively order the edges of these graphs. We can now easily describe the required edge
distinguishing colouring in colours 1 and 2:

Colour the first (in terms of the above ordering) k edges of the k’th layer of G; and the
first k£ edges of the k’th layer of G5 with 1; colour all other edges with 2. Recall that
every edge in G10G, lies in a G-layer or a G2-layer; hence this process colours indeed
all edges of G10G,. Using the labels, this means that the edges corresponding to the
edges {e1, ea, ..., e} of Gy in the k’th G;-layer and the edges corresponding to the edges
{f1, f2,--., fx} of G2 in the k’th Go-layer, for all k = 1,2, ..., are coloured 1 and all
other edges are coloured 2.

Now consider, if possible, any non-trivial automorphism ¢ = (1, ps) of G1OGs
which preserves the above edge colouring of G;0G5. Since every two different G -layers
have different numbers of edges coloured with 1, the automorphism o of GGy must be
trivial. Similarly, ¢, must be trivial. Hence ¢ is the trivial automorphism, proving that for
every non-trivial automorphism ¢ of G;0Gs there is an edge e of G1 0G5 for which e and
©(e) are coloured differently. O

The same result was obtained for the distinguishing number of two connected relatively
prime denumerable graphs by Imrich and KlavZar in [7]. Recently it was shown by Estaji,
Imrich, Kalinowski, Pil$niak and Tucker in [3] that the condition that the two graphs are
relatively prime can be omitted.

Note that Lemma 2.1 assures us that D'(G;0G>) is at most two irrespective of the
values of D'(G1) and D’(G2). Next we consider the case in which both G; and G2 of
orders being any cardinals and with finite values for the distinguishing index.

Lemma 2.2. Suppose Gy and G4 are connected relatively prime graphs with finite distin-
guishing indexes. If D'(G;) < k;, i = 1,2, then D'(G10G2) < max{ky, k2}.

Proof. Since D'(G;) < k;, i = 1,2, there are, with k = max{ky, k2 }, edge colourings f;
of G1 and f5 of G using the colours 1, 2, .. ., k which are distinguishing colourings of G
and G respectively. In order to prove now that D’(G10G3) < k, we again use the notion
of a “first” layer through a labelling of the vertices (which here is not explicitly chosen or
named). Hence consider the function f : E(G10G2) — {1,2,...,k} defined by

D) f((v1,w)(va, w)) = f1(v1v2) for edges of the first G -layer and
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2) f((v,w1)(v,w2)) = fa2(wrwz) for edges of the first Ga-layer and
3) f(e) = 1 for all remaining edges.

Consider any non-trivial automorphism « = (a1, ag) of G10G2 with o a non-trivial
automorphism of G; or g a non-trivial automorphism of G5. Assume that the first is true
(for G1): Then, since f; is a distinguishing colouring of the first G; -layer, there is an edge
e of G1 such that f1(e) # fi1(ai(e)). Now, if ay does not move the first layer, then this
edge (considered as an edge of G10G5) is an edge of the required kind in the first G -layer.
On the other hand, if as does move the first layer to another layer, we can remark, since
fi(e) # fi(ai(e)), that at least one of f1(e) and f1 (a1 (e)) is different from 1 so that this
edge is moved by as to an edge in another layer which has colour 1 by 3) above.

A similarly argument holds if the second is true (for G) — merely interchange the roles
of G; and G2 (and their colourings and automorphisms) in the above argument.

Hence we are assured that all non-trivial automorphisms of G; 0G5 are broken by the
colouring f. O

Observe, that D’(G10G5) can be arbitrary large, for instance if G is isomorphic to
Ps and G is isomorphic to an infinite ray with many (but finitely many) leaves adjacent to
its first vertex.

In our next result we prove that if G satisfies D'(G1) = Xy and the graph Gy is finite
(so that, in particular D’(G3) is finite), then D’(G10G3) = No.

Lemma 2.3. Suppose G and G4 are connected relatively prime graphs with D'(G1) = R
and Gy is finite. Then D'(G10G2) = No.

Proof. Suppose, for a proof by contradiction, that D’(G10G2) is finite. Since Gs is a
finite graph, there are finite values for ||G2||, the number of edges of G2, and D' (G2) too.
Hence we can choose a positive integer k such that each of these three numbers is at most
k.

Since D'(G10G32) < k, there is a k-distinguishing edge colouring f of the edges of
G10G5. Furthermore, since D’(G1) = Ny, there exists, for every positive integer ¢, a non-
trivial automorphism «; of G; which needs at least ¢t + 1 colours to break it. So if ¢t > k,
the colouring by f of any layer of G; induces a colouring on G; which cannot be broken
by the automorphism oy of GG1. Since there are infinitely many such automorphisms, we
may assume without loss of generality that oy # a; when s # t.

Now consider non-trivial automorphisms of G10G3> of the form a = (a,idg,) (for
some t > k). For each such ¢, and each edge vw of G; (which we can consider as an edge
of any G1-layer of G10G3), we have that f(vw) = f(ox(v)ag(w)), i.e., these automor-
phisms of G;0G> are not broken by edges in layers of G.

The automorphisms « of the above form should therefore be broken by edges of layers
of G5. But this means that, for each ¢ > k, for at least one edge zy of the G-layer
determined by a vertex v € V(Gy), we have that f(xy) in this layer is different from
f(ay(x)ay(y)) in the Go-layer determined by oy (v) € V(G1). Since there are infinitely
many Gs-layers, this requires infinitely many different colourings of G>. However, there
are at most k!lG2Il different colourings of Ga-layers. Hence the colouring f cannot break
all the infinitely many automorphisms described above. O

As a consequence of the above three lemmas we immediately obtain the following
characterisation.
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Theorem 2.4. If Gy and G2 are connected relatively prime countable graphs, then
D'(G10G?2) is infinite if and only if for some i € {1,2} we have that D'(G;) is infinite
while for j # i we have that G is finite. O

Now we consider a graph which is the Cartesian power G* of a denumerable graph G.
For a finite graph G, the distinguishing number of the Cartesian power of G is considered
in [4]. Here we prove a result for graphs G with a finite number of prime factors (counted
with their multiplicities). We begin with a result for prime graphs.

Lemma 2.5. Let k > 2 be an integer. If a connected denumerable graph G is prime with
respect to the Cartesian product, then D'(G*) = 2.

Proof. If k = 2, the proof is similar to the proof of Lemma 2.1. Indeed, denote G2 =
G10G4, where G1,G9 are isomorphic to G. Using an analogous proof technique but
colouring distinct even numbers of edges of each GG;-layer with red and distinct odd num-
bers of edges of each G'2-layer with red will also take care of the additional automorphisms
generated by the isomorphism between GG; and Gi.

Now we show that D'(GOH) = 2 if D'(H) = 2 and G is prime. In particular, if
we consider H = G*~! then we obtain the thesis by induction. Namely, let f be a dis-
tinguishing colouring of H with two colours. We define a colouring of GOH as follows:
One H-layer is given the colouring f, hence all automorphisms of this H-layer are bro-
ken. We colour another H-layer completely blue and all remaining H-layers we colour
with distinct numbers of red edges different from the number of red edges in f. Hence all
automorphisms of G are broken. If G’ isomorphic with G is a factor of H, then we have
additional automorphisms, generated by interchanging of G and G’. To break them, we
colour each G-layer red. Then every G’-layer contained in a blue H-layer is completely
blue, so it cannot be interchanged with G. In this way we break all nontrivial automor-
phisms of GOH with two colours if D'(H) = 2 and G is prime. O

The above proof is analogous to the proof of a similar result in [7]. Observe that
D'(GOH) =2if D'(H) = 2 and G is prime, also if G is finite.

Theorem 2.6. Let k > 2 be an integer and G be a connected denumerable graph with
the prime factor decomposition G = G10...0G,., where G, ..., G, are not necessarily
distinct. Then D'(G*) = 2.

Proof. If G is prime, the claim follows from Lemma 2.5. If G is not prime, we consider
the prime factorization G = G10...0G,. and apply Lemma 2.5 to every infinite factor (G
has at least one infinite prime factor). Moreover, we can use Theorem 1.4 for every finite
factor. The result then follows from Lemma 2.2 unless G = KoUOH and k = 2, where
H is an infinite graph relatively prime with K,. But we already know that D’(H?) = 2
due to the above arguments, so let f be a distinguishing colouring of H? with two colours.
We then define a colouring of G2 in terms of its four H2-layers as follows: One H>-layer
is given the colouring f, hence all automorphisms of this H2-layer are broken. The three
remaining H 2-layers are coloured with distinct numbers of red edges (while all remaining
edges are blue), hence all automorphisms of G? are broken. O

We say the G has infinite diameter if there are vertices of arbitrarily large distance.
Such a situation occurs in particular in any weak Cartesian product G of infinitely many
non-trivial factors (finite or infinite). Hence the above theorem immediately implies the
following.
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Corollary 2.7. Let k > 2 be an integer and let G be a connected denumerable graph with
finite diameter. Then D'(G*) = 2.

3 The distinguishing index of the infinite hypercube

The situation is quite different when we have infinitely many factors in the Cartesian power
— consider for example the infinite dimensional hypercube K ;‘0. This (uncountable) graph
has vertices represented by (denumerable) sequences of 0’s and 1’s and two vertices are
adjacent whenever their binary sequences differ in exactly one entry. This graph also has
uncountably many connected components, each a countable graph, which are pairwise iso-
morphic. The automorphism group of K?” is well described (see [10]). Using this infor-
mation, we are now ready to prove

Theorem 3.1. Let KJ° be the infinite dimensional hypercube. Then D' (KY°) = 2.

Proof. We first construct an asymmetric spanning tree and then show how it can be used to
prove the existence of an asymmetric spanning subgraph in every component of K. ?0; these
subgraphs will be constructed in such a way that different components have non-isomorphic
subgraphs. Towards the end of the proof, we shall show how they can be exploited to break
all non-trivial automorphisms of the hypercube K. §°.

It is convenient to describe the required asymmetric subgraphs by first handling the
connected component C in which all sequences have only finitely many 1’s (and therefore
an infinite tail of 0’s). First we build an asymmetric tree 1", which is a spanning subgraph
of C9, as follows:

Take (0,0,0,0,...) and let it be the central vertex. Then add (1,0,0,0,...), and the
edge between it and the central vertex, to form the first branch of the tree. Next take
(0,1,0,0,0,...)and (1,1,0,0,0,...) and the path between them and the central vertex to
form the second branch of the tree. The 7’th branch of this tree will therefore be the path on
the central vertex and (0°~1,1,0,0,0,...), (0°°2,1,1,0,0,0,...), ... and will have length
2¢=1. All these binary sequences have 1 on the i’th entry and if we restricted them to the
first ¢+ — 1 entries, then we obtain the binary-reflected Gray code list with ¢ — 1 bits. It can
be generated recursively from the list for ¢+ — 2 bits by reflecting the list (i.e. listing the
entries in reverse order), concatenating the original list with the reversed list, prefixing the
entries in the original list with 0, and then prefixing the entries in the reflected list with 1.
In particular, the last vertex of the 4’th branch has the code (1,0°72,1,0,0,0,...), and the
last but one has the code (1,0°3,1,1,0,0,0,...).

Note that all branches of 7" are of different length, which ensures us that 7" is asym-
metric, and note that it is a spanning tree of the component C. So it means that we can
easily distinguish the weak Cartesian product of R, copies of K5 by two colors: Namely
we colour all the edges of 1" with one colour and the remaining edges with the second
colour.

Now we would like to distinguish the Cartesian product of Ny copies of K5 by two
colours. Consider any sequence x = (x1,Z2,...) of 0’s and 1’s and suppose it is in the
connected component C' of the hypercube K. 2& °. Since C is isomorphic to C°, we can find
a copy of T, say T, in C. Now we use x and T to create a spanning subgraph 7€' of C
by adding edges to T'¢ as follows:

For every positive integer ¢ we add the edge of K §° between the endvertex of the i’th
branch and the last but one vertex of the (i + 1)’th branch of 7' to this tree if and only if
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x; = 1. We remark that this edge is indeed in K. QN” since the binary sequences representing
these vertices in C* differ in exactly one entry, namely the (i+1)’th entry, and therefore the
same is true in the isomorphic copy 7'¢ of T'. Note also that the choice of the added edges
ensures us that T is not isomorphic to Ty, whenever x # x’. Since there are uncountably
many sequences X, we thus have uncountably many pairwise non-isomorphic subgraphs all
of which are asymmetric.

Finally we prove, using these subgraphs of the components of Kg“, that the infinite
hypercube is 2-distinguishable. Consider the following colouring f of the edges of KQNO:
Colour, for each component C' of K§“ and some fixed choice of a vertex x of C, all the
edges of the spanning subgraph 7. with 1; colour all the other edges of K. § ¢ with 2.
Then consider any automorphism « of KQNO. Since isomorphisms, and thus «, preserve
connectivity, « has to take every component C' of K2N ° to a component C’ of K. § °. But,
if C # (', then the asymmetric spanning subgraphs 7€ and T; Slof C and C' are not
isomorphic (because x # x’), hence the colouring f breaks c. O
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Abstract

Let P be a polyhedron whose boundary consists of flat polygonal faces on some com-
pact surface S(P) (not necessarily homeomorphic to the sphere S?). Let vog(P), eor(P),
for(P) be the numbers of rotational orbits of vertices, edges and faces, respectively,
determined by the group G = GRr(P) of all the rotations of the Euclidean space E?
preserving P. We define the rotational orbit Euler characteristic of P as the number
Eor(P) = vor(P) — eor(P) + for(P).

Using the Burnside lemma we obtain the lower and the upper bound for Fog(P) in
terms of the genus of the surface S(P). We prove that For € {2, 1,0, —1} for any convex
polyhedron P. In the non-convex case Eor may be arbitrarily large or small.

Keywords: Polyhedron, rotational orbit, Euler characteristic.

Math. Subj. Class.: 52B0S5, 52B10

1 Introduction

CONTEXT: Euler (1752) discovered the famous relation v—e+ f = 2 between the numbers
of vertices v, edges e and faces f of any convex polyhedron. This Euler polyhedron formula
was implicitly stated in the formulas of Descartes (1630) p = 2f + 2v — 4, p = 2e, where
p is the number of ”plane angles” — corners of faces determined by pairs of adjacent edges
([5], p-469).

The number y = v — e + f can be defined for any map (a graph cellularly embedded
into a compact surface S) and is called its Euler characteristic. 1t is related to the genus
g of the surface S as follows: x = 2 — 2g ([5], p. 473.) and it may be used for the
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classification of surfaces by two parameters: one is x and the other is orientability (or non-
orientability) of the surface. In [4] we introduced the concept of Euler orbit characteristic
FEo = vo — eo + fo, where vo, eo, fo denote the number of orbits of vertices, edges and
faces, respectively, determined by the group of all rotations and reflections of the Euclidean
space E3, preserving the polyhedron P, and we used it for the classification of the 92
Johnson solids ([4], p.258). In this paper we introduce a similar concept, called rotational
orbit Euler characteristic, and we use it for the classification of convex polyhedra.

Definition 1.1. The rotational Euler orbit characteristic of the polyhedron P is defined as
the number For = vor — eor + fogr where vog, eor, fog are the numbers of rotational
orbits of the vertices, edges and faces, respectively, of P (these orbits are determined by
the group G'i(7P) of all the rotations of the Euclidean space E? preserving P).

Proposition 1.2. For = 1 for all the Platonic solids and all the n-prisms and n-anti-
prisms, while 1 < For < 2 for all the Archimedean solids.

Proof. In the Table 1 the number of rotational orbits of Platonic and Archimedean solids
are given. These values can be easily found for each solid directly or deduced from the
symmetry-type graphs of Platonic and Archimedean solids [3]. The 5 Platonic solids have
just one rotational orbit of vertices, edges and faces. The 13 Archimedean solids have
at most two rotational orbits of vertices and at most three rotational orbits of edges and
faces. The n-prisms and the n-antiprisms have just one rotational orbit of vertices and two

rotational orbits of edges and faces. O
l class “ solid P [ vertex pattern [ VOR [ €OR [ for [ Fogr ‘

L tetrahedron (3.3.3) 1 1 1 1
L octahedron (3.3.3.3) 1 1 1 1
L cube 4.4.4) 1 1 1 1
L icosahedron (3.3.3.3.3) 1 1 1 1
L dodecahedron (5.5.5) 1 1 1 1
1L cuboctahedron (3434 1 1 2 2
II. icosidodecahedron (3.5.3.5) 1 1 2 2
111. truncated tetrahedron (3.6.6) 1 1 2 2
II1. truncated cube (3.8.8) 1 1 2 2
111 truncated octahedron (4.6.6) 1 1 2 2
111. truncated dodecahedron (3.10.10) 1 1 2 2
I1I. truncated icosahedron (5.6.6) 1 1 2 2
Iv. rhombicuboctahedron (3.4.44) 1 2 3 2
Iv. rhombicosidodecahedron (34.54) 1 2 3 2
V. truncated cuboctahedron (4.6.8) 2 3 3 2
V. truncated icosidodecahedron (4.6.10) 2 3 3 2
VI snub cube (3.3.3.3.4) 1 3 3 1
VI snub dodecahedron (3.3.3.3.5) 1 3 3 1
VIL n-prism (4.4.n) 1 2 2 1
VIIL n-antiprism (3.3.n) 1 2 2 1

Table 1: Values of vog, eor, fog for Platonic and Archimedean solids and for the infinite
families of n-prisms and n-antiprisms.

MOTIVATION: Similar bounds on Fop, exist for the Johnson solids (i.e. convex polyhedra
with regular polygonal faces and at least two orbits of vertices [2]). The direct motivation
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for writing this paper came from the empirical observation that the values of Fop for the
92 Johnson solids are in a small range between —1 and 2. This was discovered during
the process of constructing a table of 16 parameters of the Johnson solids presented in [4],
while the range for Fo for the same solids turned out to be bigger: 0 < Fo < 5.
COMPARISON OF Eo AND Eop: The two characteristics behave very differently on the set
of all convex polyhedra: the main result of the paper (Theorem 2.1) states that the relation
—1 < Fog < 2holds for all convex polyhedra, while for Eo there is no fixed upper bound,
we can obtain only the following estimate: Fo = vo—eo+ fo < vo+ fo < wvor+ for =
< (vogr — eor + for) + eor = Fog + eor < 2 + eog.

Definition 1.3. Let Gr(P) = {R1, Ra,..., Rn—1, R, = Id} be the group of rotational
symmetries of the polyhedron P. The poles of the rotation R; are the points in which the
axis of the rotation R; intersects the surface S(P). Let v, (R;), e,(R;), fp(R;) denote the
numbers of poles of R; in the vertices, edge centers and face centers of P, respectively.
The number E,(R;) = v,(R;) — ep(R;) + fp(R;) is called the Euler polar characteristics
of the rotation R;.

Lemma 1.4. Let n; denote the number of poles of any non-trivial rotation R; of the poly-
hedral map P on the surface S of genus g. Then

n; <2(g+1),
n; €{0,2,4,...,2(g+ 1)},
vp(Ri) + ep(Ri) + fp(Ri) = n;
0 < ep(Ri) <y,
Ep(Ri) = ni — 2e,(Ri),
—2(g+1) < —n; < Ep(Ri) <n; <2(g+1).

)

If the order of the rotation R; is greater than 2 (i.e. R} = id and n > 2), then
ep(Ri) = 0and E,(R;) = n.

Proof. Any line intersecting P has at most 2g intersecting points with S. If P is a convex
polyhedron then any nontrivial rotation R; has exactly two poles, hence n; = 2. If n; > 2
then each segment of the rotational axis r; not lying in the interior of P contributes two
poles (hence n; is an even number!) and at least one new handle. Thus it ”increases” the
genus of S for 1 (since it is well known that the genus counts the numbers of ”handles” of a
surface), therefore it must be n; < 2(g+ 1). The poles can be only in vertices, edge centers
or face centers, hence v,(R;) + e,(R;) + fp(R:) = n; and 0 < e, (R;) < n;. Obviously
E,(R;) = vp(R;) — ep(Ryi) + fp(Ri) = ni — 2ep(R;). Therefore the upper bound for
E,(R;) is n; and the lower bound is —n,. O

Corollary 1.5. If P is a convex polyhedron, then E,(R;) = 2 — 2e,(R;) € {2,0,-2}. If
ep, = 0then B, = 2, ife, = 1 then k), = 1, and if e, = 2 then E, = —2. If the order of
the rotation R; is greater than 2, then E,(R;) = 2.

Proof. Every convex polyhedron is homeomorphic (by a radial projection from any point
of its interior) to a sphere, which has genus g = 0. Now n; = 2 and the formulas follow
from the Lemma 1.4. O

The next tool we need (in order to prove the main result, Theorem 2.1) is the Burnside
lemma, a standard tool for calculating the number of orbits.
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Lemma 1.6. (Burnside lemma) Let a group G act on some set Q). Let |G| = n denote the
number of elements of G and let |Fix(g)| denote the number of elements a of the set Q,
preserved by the given element g of the group: g(a) = a. Then the number of orbits Qo of
the set Q) is given by the formula

1 .
Qo= o1 2 Fix(o).

geG

If the group of rotational symmetries of a convex polyhedron is the cyclical group
C,, then the exact value for the Euler orbit characteristic For(P) can be obtained by a
straightforward application of the Burnside lemma. This is a generalization of the similar
result for the spherical polyhedra ([4], p.253).

Proposition 1.7. Let P be a convex polyhedron. If Gr(P) = C,, where C,, is generated
by a rotation Ry (thus R} = I), then Eog(P) € {0,1,2}.

Proof. The identity transformation fixes all vertices, edges and faces while the other n — 1
rotations fix only the poles. Hence we get by the Burnside lemma and using the Euler
formula v — e + f = 2 (valid for any convex polyhedron) the following formulas for the
numbers of rotational orbits:

1
VOR = ﬁ(v + (n—1)vy),
eop = %(e + (n—1)ey),
for = (f+ (= 1)f,)

Eon = (2 + (0~ 1) Ey(Ry).

and using E,(R1) = 2 — 2e,(Rq) we see: if e,(R1) = 0 then E,(Rq) = 2 and Eog = 2;
if e,(R1) = 1thenn = 2, E,(R1) = 0and Eor = 1;if ep(R1) = 2thenn = 2,
E,(R1) = —2and Eor = 0. Thus, if n > 2 then Eor = 2. O
2 The main result

Theorem 2.1. Let P be a polyhedron with faces on the surface S of genus g. Then

n—1

Bor(P) = —(x(P) + 3 By(R1),

=1

and we get the following bounds on Eog(P):

L) = 0 20+ 1) < Bon(P) < LixP) + a9+ 1)

If P is a convex polyhedron, then

—1< Eog(P) <2.
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Proof. Let n be the number of elements in the group G r(P).
The identity transformation fixes each vertex, edge or face.
Every rotation R; fixes v, (R;) vertices, e, (R;) edges and f,(R;) faces.
Therefore, by the Burnside lemma:

VOR = %(v +vp(Ra) + - vp(Ri-1)),
€oR = %(6 +ep(R1) + - ep(Rn-1)),
for = Tll(f + fp(Ba) + - fp(Rn-1)),

Fop = (x + By(R) + -+ Ey(R 1))

Using —2(g + 1) < E,(R;) < 2(g + 1) (proved in Lemma 1.4) we get

n—1

(= 200+ 1)) < Bor < S+ Y209+ 1)

1
n
1

?

If P is a convex polyhedron, then g = 0, x = 2, hence
1
Eor < =2+ (n—-1)2) =2,
n

Bop> (24 (n—1)(-2)) = (44 n(~2) > 2+ > > 1,

3

because % > 0 and Eopr must be an integer.

27

O

Thus there are 4 classes Cs, C1, Cy, C_1 of convex polyhedra, whose Fog are 2,1,

0, —1, respectively.

Is the lower bound For = —1 actually obtained, and (if it is so) for which convex

polyhedra? And is there any simple description of these four classes?

Proposition 2.2. Let a, b, ¢ be the numbers of rotations R; in the group G r(P) of a convex
polyhedron for which E,(R;) equals 2, 0 and —2, respectively, and let n be the number of

elements in Gg(P). Then

Eog(P) = %(24—@ 24¢(-2) = %(1 +a—c).

Thus the number 1 + a — c is an integer multiple of 5. The numbers a and c can be (for

each of the 4 possible values of Fog) expressed by b, n and FEog.

Proof. This formula follows immediately from the Burnside lemma. Also, it is clear that

at+tb+c+1=n,

hence
at+c=n—>b—1.
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The equation 2(1 + a — ¢) = Fog implies 2(1 4+ a — ¢) = Fog - n and

n

Then (a+c¢)+ (c—a)=2c=n—b—1+1— Eorn = (Q_EQOR)'" —band

(2— FEogr)n —2b
c= .
4

Similarly, 2a =n —-b—-1-1+ %, hence

n-(2+ Eog) — (2b + 4)
. .

For example, if Fog = —1and b= 0thena = % — 1 and ¢ = 2. In that case n must
be divisible by 4. O

Example 2.3. To find such a solid with 4 symmetries we have to look for one having three
rotations with poles in edge centers! The lower bound For = —1 is really obtained for
the Johnson solid J84 (Snub Disphenoid, see Figure 1), where vor = 2,eo0r = 6, for =
3, hence Eop = 2 — 6 + 3 = —1. Here the number of symmetries is 4 (the identity
transformation and 3 rotations of order two with axes going through edge centers), b =
0,a = 0 and ¢ = 3. Thus this lower bound —1 is sharp.

Figure 1: The Johnson solid J84, also known as the Snub Disphenoid.

bl

Remark 2.4. A rotational axis of a non-convex polyhedron may have more than 2 ”poles”.
As a consequence, there is no upper or lower bound for Fog, in the non-convex case.

3 Classification of convex polyhedra

As an immediate consequence of the formulas in Proposition 3 we get:
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Corollary 3.1. The four classes Cy,Cy,Cy,C_1 of convex polyhedra (whose Eog are
2,1,0, —1, respectively) can be characterized as follows:

Cora—c=n-—1

Cira—c=-1+7%

Cora—c=-1

C_i:a—c=—-1-— %, all poles in edge centers, a = 0.

Corollary 3.2. Ifa > n/2 then Eog € {1,2}.

Proof. The relation ¢ > n/2 is a sufficient condition for a — ¢ > 0 (since there is also
the identity transformation in the group G g (P)) that holds only for polyhedra from C and
Ch. O

Corollary 3.3. Let q be the number of all rotations R; € G g(P) with the property that R;
has the same rotational axis as some k-fold rotation for any k > 2. If ¢ > n/2, where n is
the order of the group Gg, then Eog(P) € {1,2}.

Proof. No rotation with such an axis can have any of its two poles in an edge center, hence
a > q > n/2, therefore Eogr(P) € {1,2}. O

Now we can classify convex polyhedra with respect to their rotational symmetry groups
and their rotational orbit Euler characteristic.

The only possible rotational groups of the Euclidean space E> are the rotational groups
of 1) the n-gonal pyramid, 2) the n-gonal dipyramid or prism, 3) the regular tetrahedron, 4)
the cube or the regular octahedron, 5) the regular dodecahedron or the regular icosahedron
([11, p.34).

Theorem 3.4. Convex polyhedra with at least one rotational symmetry can be classified
by their G r and by their Eog, into 13 classes (in Table 2 the impossible cases are marked
with ()):

Cy | C1 | Co | Oy
C', cyclical group [}
D,, dihedral group
T tetrahedron group
O octahedron group
D dodecahedron group

LSSIRSSTRSSY
JSSIRGSTRGSY

Table 2: Classification of convex polyhedra by G and Fog.

Proof. If Ggr = C,, then Eor # —1 (by Proposition 2). If G € {T, O, D} then ¢ > n/2
(Table 3) hence P cannot be in Cy or C_; (by Corollary 3.3). O
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2 3 141|5 n q

T tetrahedron 3 4 3+442+1=12 9
O cube 6 | 4|3 6+42+33+1=24 | 17

D dodecahedron | 15 | 10 6 | 15+10.2+124+1=60 | 44

Table 3: Numbers of the 2-,3-,4-,5-fold axes in the solids PP with the rotational groups 7', O
or D, orders n of the groups T, O, D and the numbers ¢ of all rotations R; € Gr(P) with
the property that R; has the same rotational axis as some k-fold rotation for any k£ > 2.
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1 Introduction

An important and well studied problem in Artificial Intelligence, Computer Vision and
Robotics is to find efficient methods for determining whether a straight line drawing in
the Euclidean plane (also known as a ‘2-picture’) corresponds to the projection of a 3-
dimensional polyhedral surface (also known as a polyhedral ‘3-scene’). Applications of
these results include image understanding, monocular vision and automatic reconstructions
of 3-dimensional polyhedral objects or environments.

In the Computer Vision community, this problem was first studied by Mackworth and
Huffman [12, 7]. Using ‘labeling schemes’ and ‘reciprocal diagrams’, they obtained nec-
essary conditions for the realizability of 2-pictures as polyhedral 3-scenes. However, the
geometric method of the ‘reciprocal diagram’ has already been used by J. C. Maxwell and
L. Cremona in the 19th century as a graphical tool to analyze the statics of trusses and
mechanical structures [5, 13]. This work provides a beautiful connection between the field
of polyhedral scene analysis and the field of static (or equivalently, infinitesimal) rigidity
of frameworks [27, 29]. For further connections between these fields and other areas of
discrete geometry, such as parallel redrawings of configurations (which is the dual inter-
pretation of liftings of pictures), Minkowski decomposability of polytopes, and projective
point-line configurations, see [21, 33, 34] for example. While reciprocal diagrams pro-
vide a powerful tool to check for inconsistencies in pictures, they do not provide sufficient
conditions for the realizability of pictures as polyhedral scenes.

In [22, 23, 24] Sugihara used linear programming methods to establish both a necessary
and sufficient condition for a general picture to represent a polyhedron (see also [25]).
Various other necessary and sufficient conditions were subsequently obtained by Crapo,
Whiteley, et al. using a variety of different methods ranging from projective geometry and
Grassmann-Cayley algebra to invariant theory (see e.g. [3, 4, 14, 26, 30, 31, 32]).

A fundamental tool for analyzing a given picture is the lifting matrix, whose rank, row
dependencies and column dependencies completely determine the liftability properties of
the picture (see e.g. [3, 31, 33, 34]). In particular, this matrix yields some simple necessary
counting conditions for a (d — 1)-dimensional picture to be ‘flat’ (i.e., non-liftable to a d-
dimensional polyhedral scene) in terms of the number of vertices, faces and incidences of
the underlying combinatorial incidence structure. Following a conjecture of Sugihara [23],
Whiteley showed in [31] that these counts are also sufficient for ‘generic’ pictures (with
the same underlying incidence structure) to be flat.

In this paper, we study the impact of symmetry on the lifting properties of (d — 1)-
dimensional pictures. This has important practical applications since symmetry is ubiqui-
tous in both man-made and natural structures. Moreover, there has recently been a surge
of interest in studying the impact of symmetry on the static or infinitesimal rigidity prop-
erties of structures (see e.g. [2, 6, 10, 15, 18, 19]), and hence it is natural to apply similar
group-theoretic methods to the lifting analysis of symmetric pictures.

In Section 4 we first show that the lifting matrix of a symmetric (d — 1)-picture can
be transformed into a block-diagonalized form using methods from group representation
theory. This is a fundamental result, since the block-decomposition of the lifting matrix
can be used to break up the lifting analysis of a symmetric picture into a number of in-
dependent subproblems, one for each block of the lifting matrix. In fact, the analogous
result for the rigidity matrix of a symmetric framework (see [10, 15]) is basic to most of the
recent results regarding the rigidity analysis of symmetric structures (see e.g. [2, 6, 18]).
Similarly to [15], the block-decomposition of the lifting matrix is obtained by showing that
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()

Figure 1: A (minimally) flat 2-picture (where all four interior regions are faces) (a) which
becomes sharp if realized with reflectional symmetry (b). A non-trivial (and sharp) lifting
of the picture in (b) is shown in (c).

it intertwines two particular matrix representations of the given symmetry group. For the
lifting matrix, one of these representations is associated with the incidences of the picture
and the other one is associated with the vertices and faces of the picture (see Theorem 4.1).

In Section 5 we then use these results, together with some methods from character the-
ory, to derive new necessary counting conditions for a symmetric picture to be ‘minimally
flat’ (i.e., flat with the property that the removal of any incidence leads to a picture which
does have a non-trivial lifting). Such pictures may be thought of as the basic building blocks
for symmetric flat pictures, as we may (symmetrically) add further incidence constraints to
a minimally flat picture to obtain classes of (over-constrained) flat pictures. We then follow
the approach in [2] to derive a complete list of the necessary conditions for 2-dimensional
pictures to be minimally flat, as these are the most important structures for practical ap-
plications. Similar counts for higher-dimensional pictures can easily be obtained for any
symmetry group using Corollary 5.5. A well established tool in rigidity theory for trans-
ferring results from an Euclidean space to the next higher dimension (as well as to other
types of metrics) is the technique of ‘coning’ (see e.g. [20, 28]). In the end of Section 5 we
show that coning can also be used to transfer lifting results for pictures from (d — 1)-space
to d-space.

Finally, in Section 6 we offer some conjectures regarding combinatorial characteriza-
tions of minimally flat pictures which are as generic as possible subject to the given sym-
metry constraints. Moreover, we briefly discuss the question of whether a picture which is
generic modulo symmetry has a ‘sharp’ lifting, i.e. a lifting where any two faces sharing a
vertex lie in different hyperplanes.

2 Pictures, liftings, and scenes

A (polyhedral) incidence structure S is an abstract set of vertices V, an abstract set of faces
F', and a set of incidences I C V x F.

A (d — 1)-picture is an incidence structure S together with a corresponding location
mapr:V — R r, = (25,9, ..., w;)T, and is denoted by S(r).

A d-scene S(p, P) is an incidence structure S = (V, F';I) together with a pair of
location maps, p: V — R%, p; = (z4,...,w;, 2;)T,and P: F = RY, P7 = (A7,...,C9,
D7)T | such that for each (i, j) € I we have AVz; +. ..+ Clw; + 2+ D7 = 0. (We assume
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that no hyperplane is vertical, i.e., is parallel to the vector (0,...,0,1)T.)

A lifting of a (d — 1)-picture S(r) is a d-scene S(p, P), with the vertical projection
I(p) = r. Thatis, if p; = (@i, ..., w;, z;)T, thenr; = (24, ..., w;)T = U(p;).

A lifting S(p, P) is trivial if all the faces lie in the same plane. Further, S(p, P) is
folded (or non-trivial) if some pair of faces have different planes, and is sharp if each pair
of faces sharing a vertex have distinct planes. A picture is called sharp if it has a sharp
lifting. Moreover, a picture which has no non-trivial lifting is called flat (or trivial). A
picture with a non-trivial lifting is called foldable.

The lifting matrix for a picture S(r) is the |I| x (|V|+d|F|) coefficient matrix M (S, )
of the system of equations for liftings of a picture S(r): For each (,j) € I, we have the
equation A7x; + Bly; + ...+ Clw; + z; + DI = 0, where the variables are ordered as
[, Ziyevvs..., A, B ... DI ... Thatis the row corresponding to (i, j) € I is:

7 —
(i,j)]O...O 1 0...0 HO...O T 1 0...0 ‘

V] d|F|

Theorem 2.1 (Picture Theorem). [31, 33] A generic picture of an incidence structure S =
(V, F'; I) with at least two faces has a sharp lifting, unique up to lifting equivalence, if and
only if |I| = |V +d|F| = (d+1) and |I'| < |V'| +d|F'| — (d + 1) for all subsets I' of
incidences with at least two faces.

A generic picture of S has independent rows in the lifting matrix if and only if for all
non-empty subsets I' of incidences, we have |I'| < |V'| 4+ d|F'| — d.

Note that it follows from the Picture Theorem that a generic picture of an incidence
structure S = (V, F; 1) is minimally flat, i.e. flat with independent rows in the lifting
matrix, if and only if |I| = |V| + d|F| — d and |I'| < |V'| + d|F’| — d for all non-empty
subsets I’ of incidences.

3 Symmetric incidence structures and pictures

An automorphism of an incidence structure S = (V, F';I) is a pair « = (m, o), where
7 is a permutation of V and o is a permutation of F' such that (v, f) € I if and only if
(m(v),o(f)) € Iforallv € V and f € F. For simplicity, we will write a(v) for 7(v) and
a(f) for o(f).

The automorphisms of .S form a group under composition, denoted Aut(.S). An action
of a group I' on S is a group homomorphism 6 : I' — Aut(S). The incidence structure S
is called I'-symmetric (with respect to ) if there is such an action. For simplicity, if 6 is
clear from the context, we will sometimes denote the automorphism 6(-y) simply by +.

Let I' be an abstract group, and let S be a I'-symmetric incidence structure (with respect
to 0). Further, suppose there exists a group representation 7 : I' — O(R9~1). Then we say
that a picture S(r) is I'-symmetric (with respect to 6 and 7) if

7(7) (i) = o(4)(s) foralli € V and all v € T. 3.1

In this case we also say that 7(I') = {7(v)|~v € '} is a symmetry group of S(r), and each
element of 7(T") is called a symmetry operation of S(r). Throughout this paper, we will
use the Schoenflies notation for symmetry operations and symmetry groups, as this is one
of the standard notations in the literature on symmetric structures [2, 6, 10, 15].
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4 Block-decomposing the lifting matrix of a symmetric picture

In this section we will show that by changing the canonical bases for R/l and RIVI+@I |
to appropriate symmetry-adapted bases, the lifting matrix of a symmetric picture can be
transformed into a block-decomposed form.

Let I be an abstract group, and let S = (V| F’; I) be a I'-symmetric incidence structure
(with respect to 6 : T' — Aut(.9)). Further, let S(r) be a T'-symmetric (d — 1)-picture with
respect to the action § and the homomorphism 7 : T' — O(R?~!). We fix an ordering of
the vertices in V/, the faces in " and the incidences in 1.

We let Py : I' — GL(RIV!) be the linear representation of ' defined by Py (y) =
[06(7)(j)li,5, Where 0 denotes the Kronecker delta symbol. That is, Py () is the permutation
matrix of the permutation of V" induced by 0(vy). Similarly, we let Pr : T' — GL(RIF)
be the linear representation of I" defined by Pr () = [0g(y)(j)li,j- Thatis, Pp(7) is the
permutation matrix of the permutation of F' induced by 6(+). Moreover, note that for each
~ € T, the automorphism &(~y) of S clearly also induces a permutation of the incidences T
of S. So, analogously to Py, and P, we let P; : T' — G L(R!'!) be the linear representation
of I which consists of the permutation matrices of the permutations of I induced by 6. We
call Py the internal representation of " (with respect to 6 and 7).

The external representation of I' (with respect to 6 and 7) is the linear representation

Py & (7 ® Pp) : T — GLRIVI @ RUF],

() 0
0o 1)
Recall that given two linear representations, p; : I' = GL(X) and p; : I' = GL(Y)
with representation spaces X and Y, a linear map 7" : X — Y is said to be a I'-linear map
of p1 and po if T o p1(y) = p2(7y) o T for all v € T'. The vector space of all I'-linear maps
of p; and ps is denoted by Homr(p1, p2).

where 7 : T — O(R?) is the augmented representation of 7, defined by 7(y) =

Theorem 4.1. Let S = (V, F'; I) be a T-symmetric incidence structure (with respect to 0),
let 7 : T — O(RI"Y) be a homomorphism, and let S(r) be a T'-symmetric (d — 1)-picture
(with respect to 6 and 7). Then M (S,r) € Homr(Py @ (7 ® Pr), Pr).

Proof: Suppose we have M (S, r)c = b. Then we need to show that for all v € T', we
have M (S,r)(Py & (7 ® Pr))(y)c = Pr(v)b.

Fix v € T', and let () = (7, o). The automorphism of I induced by 6(vy) we denote
by a.

Let (i,7) € I. Further, let 7(¢) = k and o(j) = I. Thus, &((4, 7)) = (k,!). Note that
Pr(y)bisan |I]x 1 column vector which is indexed by the incidences in I. By the definition
of Pr(v), for the (k,1)-th component, (P;(7)b) .1y, of Pr(7y)b we have (Pr(7)b) 1y =
(b)(i,5)- So we need to show that (M (S, 7)(Py @ (7 ® Pr))(v)e) @) = (b))

Note that (M (S, 7))y = (0)(kp) = 2k + Alzy + Blyp + ...+ Clwy, + D'. By the
definition of Py @ (7 ® Pr)(7v), (M(S,7)(Pv & (T ® Pr))(v)c) &k, is equal to

A
0 B
Zi+(wk,yk,---,wk71)(7(07) 1) :

Di
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By symmetry (recall that 7(¢) = k, and hence 7(7)(r;) = r1), this is equal to
A

2i + (T4, Y, - . wi, 1) < T(O’Y) (1) >T< T(()’y) (1) ) 37
Di

Since 7(7) (and hence also 7()) is an orthogonal matrix, this is equal to
zi + A+ L+ wiC7 4+ DT = (b))

This completes the proof. O
Since M(S,r) € Homr(Py & (7 ® Pr), Pr), there are non-singular matrices A
and B such that BT M(S,r)A is block-diagonalized, by Schur’s lemma (see [8] e.g.).
If po, ..., p, are the irreducible representations of I', then for an appropriate choice of
symmetry-adapted coordinate systems, the lifting matrix takes on the following block form
M 0 (S ) T) 0
BTM(S,7)A := M(S,r) = , 4.1)
0 M, (S.7)

where the submatrix block ]\A/[/i(S, r) corresponds to the irreducible representation p; of I'.
More precisely, the symmetry-adapted coordinate systems can be obtained as follows.
Recall that every linear representation of I' can be written uniquely, up to equivalency of
the direct summands, as a direct sum of the irreducible linear representations of I'. So we

have
Pv@(%(gpp):)\0[)0@...@)\npn,WheI‘C)\Q,...,)\nENU{O}. “4.2)

For each ¢t = 0,...,n, there exist \; subspaces (V("f))l, ceey (V(pt)))\t of the R-vector
space RIVI+4IF| which correspond to the ), direct summands in (4.2), so that

RIVIHIFl — y/(po) @y 7 (en) 4.3)

where
vl = (vied) e e (V) (4.4)

Similarly, for the internal representation P; of I', we have the direct sum decomposition
Pr = popo @ ... ® pinpn, where o, . .., pi, € NU{0}. 4.5)
Foreach t = 0,...,n, there exist 11; subspaces (W) ..., (W("‘))M of the R-vector

space RI7l which correspond to the ju; direct summands in (4.5), so that

R = W) g @ Wien), (4.6)

where
Wwiee) — (V[/(I,s))1 D...0 (W(pt))m' .7
If we choose bases (A(P)), ..., (A("f))/\f for the subspaces in (4.4) and we also choose

bases (B(#)) ..., (B(”t))m for the subspaces in (4.7), then |J;_, U?;l (AlPe)) “and

Ui Ui, (B(pf))i are symmetry-adapted bases with respect to which the lifting matrix
is block-decomposed as shown in (4.1).
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Definition 4.2. A vector ¢ € RIVIH4Fl is symmetric with respect to the irreducible linear
representation p, of T'if ¢ € V(?*), Similarly, we say that a vector b € RII is symmetric
with respect to p; if b € W(Pe),

Note that the kernel of the block matrix ]\Z(S, r) is isomorphic to the space of all
liftings of the I"-symmetric picture S(r) which are symmetric with respect to p;.

5 Symmetry-extended counting rules for the foldability of pictures

Recall from the Picture Theorem (Theorem 2.1) that if S(r) is minimally flat, then it sat-
isfies |I| = |V| 4+ d|F| — d. Clearly, if |[I| < |[V| 4 d|F| — d, then S(r) has a non-trivial
lifting, and if |I| > |V| 4+ d|F| — d, then the lifting matrix M (.S, r) has a non-trivial row
dependence.

In Section 5.1, we will use the results of the previous section to derive a symmetry-
extended version of this formula, which will provide further necessary counting conditions
for a symmetric picture in an arbitrary dimension to be minimally flat. As we will see,
these conditions can be stated in a very simple way in terms of the numbers of structural
components of the picture that are fixed by the various symmetry operations. In Section 5.2
we will then derive a complete list of the necessary counting conditions for symmetric
pictures in the plane to be minimally flat. Finally, in Section 5.3 we consider the transfer
of lifting results for pictures from (d — 1)-space to d-space via coning.

5.1 Symmetry-extended counting rules

Recall that if p : I' — GL(X) is a linear representation of a group I" with representation
space X then a subspace U of X is said to be p-invariant if p(y)(U) C U forall v € T".

Proposition 5.1. Let S(r) be a picture which is T-symmetric with respect to 6 : T —
Aut(S) and 7 : T — RI~L. Then the space T (S, r) of trivial liftings of S(r) is a Py ®
(7 ® Pp)-invariant subspace of RIV! @ RIF,

Proof: Let t be any element of 7 (.S, ). Then ¢ is an element of the kernel of the lift-
ing matrix M (S, r) of the form (..., z;,...,..., A/, BJ, ..., D7 ...)T, where A7 = A*,
Bl = BF .., DI = DFforalll < j,k < |F’|. It follows from Theorem 4.1 that
(Py @ (7 ® Pr))(t) is also an element of the kernel of M (S, r), and it follows imme-
diately from the definition of Py @ (7 ® Pr) that (Py @& (7 ® Pp))(¢) is of the form
(o2l A BY . D )T where A = A’* B = B'* .. D'i = D'*
forall 1 < j, k < |F|. This gives the result. O

We denote by (Py @ (7 ® Pr))(7) the subrepresentation of Py & (7 ® Pp) with
representation space 7 (.9, ). Recall that the character of a representation p : I' — GL(X)
is the row vector x(p) whose i-th component is the trace of p(~y;), for some fixed ordering
Y15 -+ -, | of the elements of T'.

Theorem 5.2 (Symmetry-extended counting rule). Let S(r) be a (d — 1)-picture which is
D-symmetric with respect to 0 and . If S(r) is minimally flat, then we have

X(Pr) = x(Py @ (+ ® Pp)) — x((Pv ® (+ ® Pp))T)). 5.1

Proof: By Maschke’s Theorem (see [8] e.g.), T (S, ) has a (Py @ (7 ® Pr))-invariant
complement @ in R!VI+4IFl We may therefore form the subrepresentation (Py @ (7 ®
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Pr))@ of Py @ (7 ® Pp) with representation space (. Since (.S, ) is minimally flat, the
restriction of the linear map represented by the lifting matrix M (.S, r) to @ is an isomor-
phism onto RI’|. Moreover, since M (S, r) is T-linear with respect to the representations
Py @(7®Pp) and Py, this restriction is I-linear for the representations ( Py @ (7® Pr))(@)
and P;. Hence (Py @ (7 ® Pr))(@) and Py are isomorphic representations of T. It follows
that

X(Pr) = x((Py @ (7 ® Pp)) Q) = x(Py @ (+ ® Pr)) — x((Pv @ (+ ® Pp))T)).

O

Suppose for a I'-symmetric picture S(r) we have x(Pr) # x(Py®(7®Pr))—x((Pv®
(7® Pr))(T)). Then, by Theorem 5.2, we my conclude that S(r) is not minimally flat, that
is, S(r) either has a non-trivial lifting, or a row-dependence in the lifting matrix M (S, r),
or both. Further information about the non-trivial liftings of S(r) and the row dependencies
of M (S, r) may be obtained as follows.

It is a well-known fact from group representation theory that if I' is a finite group
with the irreducible linear representations py, . .., pn, and H : I' — G L(X) is any linear
representation of I with H = agpo @ . .. ® appn, Where ayp, . . ., a, € NU {0}, then for
the character of H we have x(H) = aox(po) ® ... ® anXx(pn). Thus, by (4.5) we have
X(Pr) = pox(po) ® ... ® pinX(pn). Similarly, the character of (Py @ (7 ® Pr))(@) can
be written as X ((Py @ (7 ® Pr))( @) = kox(po) ® . . . ® knX(pn) for some ko, ..., ki €
NU{0}. Since x(Pr) # x((Py @ (7®Pr))(@)), we have ; # u; forsomet € {0,...,n}.

Fort = 0,...,n, the dimension of W (P*) (recall (4.7)) is equal to the dimension of the
representation p, multiplied by ;. Similarly, the dimension of V' (?*) (recall (4.4)) minus
the dimension of the space of trivial liftings of S(r) which are symmetric with respect to
p¢ (recall Def. 4.2) is equal to the dimension of p; multiplied by «;. Thus, if x; > u, then,
by (4.1), there exists a non-trivial lifting of S(r) (i.e., a non-trivial element in the kernel of
M (S, r)) which is symmetric with respect to p;, and if x; < i, then there exists a non-
trivial row dependence of M (S, r) (i.e., a non-zero element in the co-kernel of M (.S, r))
which is symmetric with respect to p;.

Before we illustrate this symmetry-adapted counting rule by means of an example, we
show how the characters in (5.1) can be computed in a very simple way. We need the
following definitions.

Let S be an incidence structure and let § : T' — Aut(S) be a group action on S. A
vertex v of S is said to be fixed by v € I' (with respect to ) if yv = v. Similarly, a face
f=A{v1,...,um} of Sis said to be fixed by v € T' (with respect to ) if vf = f, i.e., if
y{v1,...,vm}) = {v1,..., v} Finally, an incidence (i, j) of S is said to be fixed by
~ € T (with respect to ) if v((i,j)) = (i, ) The sets of vertices, faces, and incidences of
a I'-symmetric incidence structure S which are fixed by v € I are denoted by V,, F’,, and
I, respectively.

Remark 5.3. Note that if a (d — 1)-picture S(r) is [-symmetric (with respect to € and 7)
and a vertex ¢ is fixed by some v € I, then 7; must occupy a special geometric position in
R4~ For example, if 7() is a reflection in the plane, then ; must lie in the corresponding
mirror line. Similarly, if 7(+y) is a rotation in the plane, then r; must lie at the center
of rotation (i.e., the origin). Similar geometric restrictions are imposed on any faces (or
incidences) of S(r) that are fixed by an element v € T'.
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Proposition 5.4. Let T = {1, ..., |} be an abstract group and let S(r) be a (d — 1)-
picture which is T'-symmetric with respect to 0 and . Then we have

(i) X(PI) = (|171|7 B |I’Y\r| |)’
(ii) X(Py & (7 ® Pp)) = ([Vy, [+ tr(F(y)) [Pyl -5 (Vo [ 4 87 (F () [Py
(iii) X((Pv & (7 ® Pr))T) = x(7).
Proof: (i) Note that tr(Pr(vy)) = |I,| for each v € T..
(i) Similarly, we have tr(Py (7)) = |V4|, tr(Pr (7)) = |Fy|, and tr((7 @ Pp)(7)) =
tr(7(y))tr(Pr(7y)) for each vy € T
(iii) A basis for the space 7 (.9, r) of trivial liftings of S(r) is given by the d vectors
T = (T1,.- s Ty, —€1, ey —e)?, 7 = (y1,... YV €250 —e)t, L Tal =
(w1, Wy —€d—1,- - -, —eq_ 1)l and 7y = (1,...,1,—eq,...,—eq)T, where e; de-
notes the i-th canonical basis vector of R%. An elementary calculation shows that for every
v € I', we have

);

(Py ® (7@ Pp)) D ()1 = GF(y)m + -+ + (F(9))ajTa-

This gives the result. O
By Proposition 5.4, the symmetry-extended counting rule in (5.1) can be simplified to
x(Pr) = x(Pv & (7 @ Pr)) — x(7), (5.2)

and each of these characters can be computed very easily. (The calculations of the charac-
ters x(Pr), x(Py & (7 ® Pr)), and x(7) for pictures in dimension 2 are shown in Table 2.)
Moreover, note that this vector equation gives one equation for each element of the group
T'". This leads to the following very useful corollary of Theorem 5.2, which allows us to de-
tect non-trivial liftings in symmetric pictures by simply counting the number of structural
components of the picture that are ‘fixed’ by a given symmetry operation of the picture.

Corollary 5.5. Let (S, r) be a (d — 1)-picture which is T-symmetric with respect to 6 and
7. If (S,7) is minimally flat, then for each v € T,

1| = Vol + tr(7(7) (17 [ = 1) (5.3)

Proof: This follows immediately from Theorem 5.2 and Proposition 5.4. O
The following example illustrates how to apply the symmetry-extended counting rule
to a picture in dimension 2.

Example 5.6. Consider the 2-picture with the reflectional symmetry group Cs = {id, s}
in Figure 2. For this picture, we have |V| = 6, |F| = 4, |I| = 15, and hence |I| =
|[V| + 3|F| — 3 = 15. So, for generic positions of the vertices, we obtain flat pictures.
However, using our symmetry-extended counting rule we can easily show that the mirror
symmetry shown in Figure 2 induces a non-trivial lifting. The group C, has two non-
equivalent irreducible representations py and p;, each of which is of dimension 1 (see
Table 1).

Since tr(7(id)) = 3, tr(7(s)) = 1, |V| + 3|F| = 18, and |V,| + |Fs| =2+ 2 = 4, we
have

X(Py @ (7 @ Pp)) = x((Py & (7 ® Pr))\7)) = (18,4) — (3,1) = (15,3) = 9po + 6p1.
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Cs || id | s
po || 1| 1
pr | 1/|-1

Table 1: The characters of the irreducible representations of the group Cs.

Further, since |I| = 15 and || = 1, we have

Thus, we may conclude that the picture in Figure 2 has a non-trivial lifting which is sym-
metric with respect to pg (i.e., the lifting preserves the mirror symmetry) and a row depen-
dence which is symmetric with respect to p;.

Note that for this particular example, we could also have used the results in [2] to see
that the corresponding bar-joint framework has a self-stress, and then deduce the existence
of a (sharp) lifting via the technique of the reciprocal diagram [13, 12].

Figure 2: A 2-picture with mirror symmetry which has a symmetry-induced non-trivial
lifting (see also Figure 1(c)).

5.2 When is a symmetric 2-picture minimally flat?

The possible non-trivial symmetry operations of a picture in dimension 2 are reflections in
lines through the origin (denoted by s), and rotations about the origin by an angle of 27”,
where n > 2 (denoted by C,). Therefore, the possible symmetry groups in the plane are
the identity group C;, the rotational groups C,,, n > 2 (generated by a single rotation C},),
the reflection group C, (generated by a single reflection s), and the dihedral groups C,.,
n > 2.

In Table 2, we show the calculations of characters for the counting condition in (5.1) (or
equivalently, (5.2)) for 2-pictures. In this table, |V, |, |F,|, and |I,,| denote the numbers of
vertices, faces, and incidences that are fixed by an n-fold rotation C,,, n > 2, respectively.
Similarly, |V5|, | Fs|, and |I| denote the numbers of vertices, faces, and incidences that are
fixed by a reflection s, respectively (recall also the notation introduced in Subsection 5.1).

From equation (5.3) and Table 2, we obtain the following necessary conditions for a
I-symmetric 2-picture (with respect to § and 7) to be minimally flat. If x(Pr) = x(Py &
(7 ® Pr)) — x(7), then
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‘ id On>2 02 S
x(Fr) ] [ n] |2 ||
X(Pv & (7@ Pp)) [ [VI+3[F] [Val+ (1 +2cos 2)[F| Vo] — [Fo] [Vl + [Fy
x(7) 3 1+ 2cos 22 -1 1

Table 2: Calculations of characters for the symmetry-extended counting rule for minimally
flat pictures in dimension 2.

id: [I|=|V|+3|F| -3 (5.4)
Co: || = |Va| — | F2| +1 (5.5)
s: || = [Vl + | Fs| = 1 (5.6)
Croo: | = Vol + (1Fa] — 1)1 + 2cos%”) 5.7)

where a given equation applies when the corresponding symmetry operation is present in
7(T'). Some observations on minimally flat 2-pictures, arising from this set of equations
are:

1. Every symmetry group contains the identity ¢d, and hence we must always have the
standard count |I| = |V| + 3|F| — 3.

2. It follows from (5.5) that the presence of a half-turn C'; imposes limitations on the
placements of vertices and faces. Note that if |V2| = 0 or |Fz| = 0, then |I2| = 0.
Thus, we must have |Fy| > 0. Also, if |V2| = 0, then we must have |Fy| = 1. If
|Va| = 1 then by |Io| < |Fs| either |I2| = |F2| = 1 or |I2| = 0, |F3| = 2 holds.

3. Similarly, by (5.6), presence of a mirror line implies that if |[V;| = 0, then |Fy| = 1,
and if | F5| = 0, then |V,| = 1.

4. By (5.7), presence of a rotation of higher order C,,~5 gives rise to the following
conditions.

If n = 3, then the equation in (5.7) becomes |I5| = | V5.
If n = 4, then the equation in (5.7) becomes |I4| = |V4| + |Fy| — 1. Therefore, if
|Va] = 0, then |Fy| = 1 and, if | V4| = 1 then |I4]| = |Fy| < 1 by |I4] < |I3].

If n = 6, then the equation in (5.7) becomes |Ig| = |Vg| + 2|Fg| — 2. Therefore,
| Fs| > 0 (for otherwise, | V5| = 2 and the location map of the picture would be non-
injective). Further, if |V5| = 0, then |F5| = 1 and, if |V| = 1 then |I¢| = |Fg| = 1
holds by |Ig| < |I.

Finally, if C, is present, where n ¢ {2,3,4,6}, we must have |F,,| = 1 and |I,,| =
Vil

Similarly, we may obtain lists of necessary conditions for symmetric pictures in 3- or
higher-dimensional space to be minimally flat (using Corollary 5.5).
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CQ 65 C4 Cs

Figure 3: Some symmetric minimally flat 2-pictures (where all interior regions are faces).
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Figure 4: Some symmetric 2-pictures with a (sharp) symmetry-induced lifting (where all
interior regions are faces).

5.3 Coning (d — 1)-pictures

In the following we show that the technique of ‘coning’ can be used to construct (min-
imally) flat I'-symmetric d-pictures from (minimally) flat I'-symmetric (d — 1)-pictures.
Let S = (V, F; 1) be an incidence structure and let S(r) be a (d — 1)-picture for d > 2.
The coned incidence structure S = (V, F'; T) is obtained by adding a new vertex v to V,
replacing each face f € F by f U {v}, and adding the incidences (v, f) f e F. Areal-
ization of S as a d-picture S(7) is called a coned picture of S(r). An example of a coned
2-picture is shown in Figure 5.

Let I" be a group, and let S(r) be a I'-symmetric (d— 1)-picture (with respect to 6 and 7)
with n vertices. Then S(r) is said to be I'-generic if the set of coordinates of the image of
are algebraically independent over Qr, where Qr denotes the field generated by Q and the
entries of the matrices in 7(I"). In other words, S(r) is I'-generic if there does not exist a
polynomial A(z1, ..., 2(4—1),) With coefficients in Qr such that h((r1)1,. .., (Tn)d-1) =
0. (Note that if I" is the trivial group, then Qr = Q. In this case, a I'-generic picture is
simply called generic.) Clearly, the set of all I"-generic realizations of S is a dense (but not
open) subset of all I"-symmetric realizations of S. Moreover, all I'-generic realizations of
S share the same lifting properties. We say that S is I'-generically (minimally) flat in R4~!
if all I'-generic realizations of .S in R4 are (minimally) flat.

For a I'-symmetric (d — 1)-picture S(r) (with respect to 6 : I' — Aut(S) and 7 :
I' = O(R1)), welet 7 : T' — O(R?) be the augmented representation, i.e., 7(7) =
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0
v), we define § : T — Aut(S) as follows: (y)|y = 6(7), 8(7)(v) = v, and §(y)(f U
{v}) =O@)(f))U{v}forall f € FandyeT.

(T (") (1)) Moreover, for the coned incidence structure S = (V, F'; I) (with cone vertex

Theorem 5.7. Let S = (V, F'; I) be a T-symmetric incidence structure (with respect to 0),
and let S(r) be a (d — 1)-picture which is I'-symmetric with respect to 0 and 7. Then the
following hold:

(i) S(r) has a non-trivial lifting if and only if the coned d-picture S(F), with the cone
vertex at the point (0,...,0,a) € RY, for some non-zero a € R, has a non-trivial
lifting.

(ii) S is I-generically (minimally) flat (with respect to 6 and T) in R if and only if S
is T-generically (minimally) flat (with respect to 6 and 7) in R?.

Proof: (i) Let r1,...,7)y| be the vertices of the picture S(r). Embed S(r) into the
space R? via 7; = (r;,0) fori = 1,...,|V|. Then form the coned picture S(7), with the
cone vertex 7o = (0,...,0,a) € R%, a # 0.

The lifting matrix of S(r) is of the form

1 fi

M(S,r) = (i,f;)10...0 1 0...0]0...0 [z, 4., wi,1] 0...0[

The lifting matrix of the coned picture S(7) (with the cone vertex fixed) is of the form

i fi
(i,£10...0 1 0...0[0...0 [zs,9...,w;,0,1] 0...0
M'(8,7) = : :
0,£)]0...0 0 0...0]0...0 [0,0,...,0,a,1] 0...0
Note that we added | F'| rows (one for each incidence of the form (0, f;), j = 1,...,|F]|,

where 0 is the cone vertex) and |F’| columns. Furthermore, for each added column (under
face j) we have a 0 in each row, except in the one added row corresponding to the inci-
dence (0, f;), where the entry is equal to . Thus we have increased the rank by |F'|, and
preserved the dimension of the kernel. Now, if we add the missing column for the cone
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vertex, then we obtain the lifting matrix of the coned picture S(7):

0 i fj
. : )
(i, f;) | :10...0 1 0...0/0...0 [z4,9...,0;,0,1] 0...0
M(S,7) = 0 : :
1
(0,f;)|:10...0 0 0...0/0...0 [0,0,...,0,a,1] 0...0
1

This added a 1-dimensional space of liftings (namely the space {A74| A € R} of all ‘verti-
cal’ translations of the picture (recall the proof of Prop. 5.4)), but did not add any non-trivial
liftings. The rank of the matrix has not changed, nor has the space of row-dependencies.
This proves (i).

(i1) Note that if there exists some (minimally) flat I'-symmetric realization of an in-
cidence structure S, then clearly all I'-generic realizations of S are also (minimally) flat.
Therefore, by (i), it suffices to show that S(r) is I'-symmetric with respect to § and 7 if and
only if the coned picture S(7) (with the cone vertex at the point (0, .. .,0,a) € R?, a # 0)
is I'-symmetric with respect to 6 and 7.

Let 71, ...,7y| be the vertices of the picture S(r), and let 7o, 71, . .., 7|y be the ver-
tices of the picture S(7), i.e., 7o = (0,0,...,0,a), and 7 = (r;,0) fori = 1,...,|V].

Forall v € ', we clearly have 7(y)7o = 7o = 7, (o)~ Furthermore, for i # 0, S(r) is
I'-symmetric with respect to 6§ and 7 if and only if

FNTi = (7(V)ri,0) = (Foe)(),0) = (50331 0) = T (i)

() (b) (©)

Figure 5: A C4-symmetric 2-picture S(r) (where all five interior regions are faces) (a) and
a C4-symmetric coned picture S(7) in 3-space with cone vertex 7o = (0,...,0, ) and
7; = (r;,0) fori = 1,...,8 (b). A C4-generic realization of S is shown in (). Note that S
also has five faces, namely the ones corresponding to the ‘interior cells’ of the cube in (c)
except for the ‘top cell’ {7, 71, 72, T3, 74}
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6 Further work

In the previous sections we have derived new necessary conditions for a symmetric picture
to be minimally flat. It is now natural to ask whether these conditions, together with the
standard non-symmetric counts, are also sufficient for a picture which is realized generi-
cally for the given symmetry group to be minimally flat. We conjecture that this is in fact
the case, for all symmetry groups in all dimensions.

Conjecture 6.1. A I'-generic (d — 1)-picture S(r) is minimally flat if and only if

(i) [I| = |V|+d|F| —dand |I'| < |V'| +d|F'| — d for all nonempty subsets I' of
incidences;

(ii) S satisfies the conditions for U in the symmetry extended counting rule (Corol-
lary 5.5);

(iii) For every subset I' of I which induces a T'-symmetric incidence structure S’ with
I'l = |V'| +d|F'| — d (where I C T"), S’ satisfies the conditions for I in the
|
symmetry extended counting rule.

Note that if every face of the incidence structure S is incident to exactly four vertices
(i.e., if S induces a 4-uniform hypergraph), then the count |I| = |V'|+ 3|F'| — 3 in condition
(i) for d = 3 simplifies to |F'| = |V| — 3. Thus, a natural approach to prove this conjecture
for d = 3 is to first focus on incidence structures which induce 4-uniform hypergraphs and
to develop a symmetry-adapted version of the recently established recursive construction of
4-uniform (1, 3)-tight hypergraphs [9]. For each of the symmetric hypergraph operations in
this construction scheme, we then need to check that it preserves the full rank of the lifting
matrix. Finally, one could then try to extend the result to general incidence structures with
the same symmetry. Using this approach, Conjecture 6.1 has recently been verified for
2-pictures with three-fold rotational symmetry [11]. All the other cases, however, remain
open, and we invite the reader to join in these explorations.

Note that a similar approach based on symmetry-adapted recursive Henneberg-type
graph constructions was successfully used in [16, 17] to establish symmetry-adapted ver-
sions of Laman’s theorem for various groups. These results provide combinatorial char-
acterizations of symmetry-generic isostatic (i.e. minimally infinitesimally rigid) graphs
in the plane. However, the recursive construction of (non-symmetric) (1, 3)-tight hyper-
graphs developed in [9] is more complex than the recursive Henneberg construction of
(non-symmetric) Laman graphs, and hence Conjecture 6.1 presents us with new challenges
of both combinatorial and geometric nature.

For practical applications of scene analysis, it is of particular interest to develop meth-
ods which allow us to determine whether there exist a (unique) sharp lifting for a given
picture, rather than just a non-trivial lifting. It is therefore natural to ask whether our re-
sults can be extended to provide necessary and/or sufficient conditions for a symmetric
picture to be sharp, rather than just foldable.

A combinatorial characterization of those pictures which have a unique sharp lifting if
realized generically in (d — 1)-space (without symmetry) is given by the Picture Theorem
(recall Theorem 2.1). This result is essentially a corollary of the combinatorial characteriza-
tion of generic independent pictures (i.e., pictures whose lifting matrices have independent
rows) given in [31]. Therefore, in order to obtain a complete symmetry-adpated version
of the Picture Theorem we need to first obtain a combinatorial characterization of those
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pictures which are independent if realized generically with respect to the given symme-
try group. Note that in the non-symmetric situation, any generic independent picture is a
substructure of a minimally flat picture. In general, however, this is no longer the case for
symmetric pictures. For example, it is easy to construct a Cs-generic picture in the plane
which satisfies |V3| = 1 and |I5| = |F3| > 1, so that it is not contained in a minimally
flat Cs-generic picture (by Corollary 5.5), but whose lifting matrix has independent rows.
It follows that a combinatorial characterization of I'-generic minimally flat pictures would
in general not provide us with a combinatorial characterization of I'-generic independent
pictures. However, once a characterization of I'-generic independent pictures has been es-
tablished for a group I' (again using a symmetric recursive construction scheme, e.g.), then
we expect that the proof idea in [31] can be extended to obtain a characterization of those
pictures which have a unique sharp lifting if realized generically with respect to I'. For
some initial results for C3-generic pictures in the plane, we refer the reader to [11].
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Abstract

The ErdGs-Sés Conjecture states that if GG is a simple graph of order n with average
degree more than k£ — 2, then G contains every tree of order k. In this paper, we prove that
Erd6s-Sos Conjecture is true for n = k + 4.

Keywords: Erdds-Sos Conjecture, tree, maximum degree.
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1 Introduction

The graphs considered in this paper are finite, undirected, and simple (no loops or multiple
edges). Let G = (V(G), E(G)) be a graph of order n, where V(G) is the vertex set and
E(G) is the edge set with size e(G). The degree of v € V(G), the number of edges incident
to v, is denoted d¢ (v) and the set of neighbors of v is denoted N (v). If w and v in V(G) are
adjacent, we say that u hits v or v hits u. If w and v are not adjacent, we say that u misses v
or v misses u. If S C V (@), the induced subgraph of G by S is denoted by G[.S]. Denote by

D(G) the diameter of G. In addition, 6(G), A(G) and avedeg(G) = ﬁf((g))‘ are denoted
by the minimum, maximum and average degree in V (G), respectively. Let T' be a tree on
k vertices. If there exists an injection g : V(T') — V(G) such that g(u)g(v) € E(G) if
uv € E(T) for u,v € V(T), we call g an embedding of T into G and G contains a copy

of T as a subgraph, denoted by 7' C G. In addition, assume that 7" C T is a subtree of T
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and ¢’ is an embedding of 7” into G. If there exists an embedding g : V(T') — V(G) such
that g(v) = ¢'(v) forallv € V(1”), we say that ¢’ is T —extensible.
In 1959, Erdds and Gallai [6] proved the following theorem.

Theorem 1.1. Let G be a graph with avedeg(G) > k — 2. Then G contains a path of
order k.

Based on the above result, Later Erd6s and Sé6s proposed the following well known
conjecture (for example, see [5]).

Conjecture 1.2. Let G be a graph with avedeg(G) > k — 2. Then G contains every tree
on k vertices as a subgraph.

Various specific cases of Conjecture 1.2 have already been proven. For example, Brandt
and Dobson [2] proved the conjecture for graphs having girth at least 5. Balasubramanian
and Dobson [1] proved this conjecture for graphs without any copy of K g, s < % +1. Li,
Liu and Wang [15] proved the conjecture for graphs whose complement has girth at least 5.
Dobson [3] improved this to graphs whose complements do not contain K 4. More results
on this conjecture can be referred to [7, 8, 9] and [11, 12]. On the other hand, in 2003,
Mclennan [10] proved the following theorem.

Theorem 1.3. Ler G be a graph with avedeg(G) > k — 2. Then G contains every tree of
order k whose diameter does not excess 4 as a subgraph.

In 2010, Eaton and Tiner [4] proved the the following two theorems.

Theorem 1.4. [4] Let G be a graph with avedeg(G) > k — 2. If §(G) > k — 4, then G
contains every tree of order k as a subgraph.

Theorem 1.5. [4] Let G be a graph with avedeg(G) > k — 2. If k < 8, then G contains
every tree of order k as a subgraph.

In 1984, Zhou [17] proved that Conjecture 1.2 holds for £ = n. Later, Slater, Teo and
Yap [13] and WozZniak [16] proved that Conjecture 1.2 holds fork =n—1and k = n — 2,
respectively.

Theorem 1.6. [16] Let G be a graph of order n with avedeg(G) > k — 2. Ifk =n — 2,
then G contains every tree of order k as a subgraph.

Recently, Tiner [14] proved that Conjecture 1.2 holds for k = n — 3.

Theorem 1.7. [14] Let G be a graph of order n with avedeg(G) > k — 2. Ifk > n — 3,
then G contains every tree of order k as a subgraph.

In this paper, we establish the following:

Theorem 1.8. Let G be a graph of order n with avedeg(G) > k — 2. If k > n — 4, then
G contains every tree of order k as a subgraph.
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2 Proof of Theorem 1.8

Let T be any tree of order k. If £ > n — 3, or k£ < 8 or the diameter of 7" is at most 4, the
assertion holds by Theorems 1.3, 1.5 and 1.7. We only considerk =n—4>9, D(T) > 5
and prove the assertion by the induction. Clearly the assertion holds for n = 6. Hence
assume Theorem 1.8 holds for all of the graphs of order fewer than n and let G be a graph
of order n. If there exists a vertex v with dg(v) < [£], then avedeg(G — v) > k — 2
and the assertion holds by Theorems 1.7. Furthermore, by Theorem 1.4, without loss of
generality, there exists a vertex z in V(G) such that | § | < dg(z) = 6(G) < k—>5. Without
loss of generality, we can assume that e(G) = 1+ [$(k — 2)(k + 4)]. Let T be any tree
of order k with a longest path P = agpay ...ar—1a, and Nr(ay) \ {a2} = {b1,...,bs}
and Np(ar—1) \ {ar—2} = {c1,...,c:}. Since avedeg(G) > k — 2, we can consider the
following cases: A(G) =k + 3,k +2,k+ 1,k, k — L.

21 AG)=k+3

Let u € V(G) be such vertex that dg(u) = k+ 3 andlet G’ = G — {u,z} and T" =
T —{a1,b1,...,bs}. Thene(G') > e(G) — (k+3) — (k—5) +1 > F(k+4)(k —2) —
(k+3)—(k—5)+1=1(k* -2k —2). So avedeg(G') > (k* =2k —2)/(k+2) > k—4
and | V(T") |< k — 2. By the induction hypothesis, 7" C G’. Let f’ be an embedding
of T"into G’. Thenlet f = f'in T’ and f(a1) = u, X = V(G) \ f(V(T")). Since
de(u) = k + 3, whits at least s vertices in X. Hence f can be extended to an embedding
of T into G or we can say that f is T'—extensible.

Remark: For the remainder of this paper we shall always let f’ be an embedding of 7" into
G’ and when we do not define the value of f on any vertex of 77, we always let f = f/ on
those vertices.

22 AG)=k+2

Let u € V(G) be such vertex that dg(u) = k + 2. Then there exists only one vertex
x € V(G) \ {u} not adjacent to u. We consider two subcases: dg(z) < k — 2 and
dg(x) >k—1.

221 dg(z) <k-—2

LetG' = G—{u,z}and T =T —{a1,b1,...,bs}. Thene(G’) > e(G) — (k+2) — (k—
2) > 1(k?—2k—8). So avedeg(G') > (k*—2k—8)/(k+2) = k—4and | V(T") |< k—2.
By the induction hypothesis, 77 C G’. Then let f(a;) = wand X = V(G) \ f/(V(T")).
Since d(u) = k + 2, w hits at least s vertices in X, f is T'—extensible.

222 de(z)>k—1

Since x # z, we consider the following two cases.

(A). z misses z. Let G’ = G — {u,z,2} and T" = T — {aq,b1,...,bs,a,}. Then
e(G) > e(G)— (k+2)— (k—5) — (k+1) +1 > J(k? — 4k — 2). Hence avedeg(G') >
(k? —4k—2)/(k+1) > k—5and | V(T") |< k— 3. By the induction hypothesis, we have
T’ C G'. Since z misses z,u and dg(z) > k — 1, x misses at most two vertices of G’. If
x hits f/(az), let f(a;) = x and f(a,) = u. Since dg(x) > k — 1 and w hits all vertices
of T, f is T—extensible. Hence we assume that « misses f’(az). If 2 hits f'(a,—1), let
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f(a;) = z and f(a1) = u. Then f is T—extensible. If z misses f’(az) and f'(a,—_1), then
 hits all of V(G')\ {f'(a2), f'(ar—1)}, because D(T') > 5, as and a,-_1 are not adjacent.
Then let f(a,—1) = x, f(a1) = u, which implies that f is T—extensible.

(B). z hits z. We consider the following two subcases.

B.1). dg(z) >k —1.LetG =G —{u,z,2}, 7" =T — {ay,by,...,bs,a,}. Since
x misses u and dg(z) > k — 1, 2 misses at most two vertices of G’, the assertion can be
proven by the similar method of (A).

(B.2). dg(x) = k — 1. Then x misses 3 vertices of V/(G) \ {u}, says y1, y2, ys.

(a). There exists one vertex y; with 1 < ¢ < 3 such that dg(y;) > k + 1. Let
G =G —{u,z,y,z}and T = T — {a1,b1,...,bs,ar_1,¢1,...,¢}. Then e(G') >
e(G)— (k+2)— (k—5)— (k+2)— (k—1)+3+1 > 1(k? — 6k + 4), which implies
avedeg(G') > (k* — 6k +4)/k > k — 6 and | V(T"') |< k — 4. Hence by the induction
hypothesis, 7" C G’. Note that y; misses at most one vertex of G'. If y; misses f'(az), let
fla1) = u, f(ar—1) = ys; if y; misses f'(a,—2), let f(ar—1) = u.f(a1) = y;. Thus f is
T —extensible.

(b). There exists one vertex y; with 1 < ¢ < 3 such that dg(y;) = k and y; misses z.
Then the proof is similar to (a) and omitted.

(c). There exists one vertex y; with 1 < ¢ < 3 such that dg(y;) < k — 2. Let
G' =G—{u,y;,x}and T = T—{a1,by,...,bs,a,}. Thene(G') > e(G)—(k+2)—(k—
2)—(k—1)+1 > 3 (k?—4k—4), which implies avedeg(G') > (k*—4k—4)/(k+1) > k—5
and | V(T") |< k — 3. Hence by the induction hypothesis, 7" C G’. Similarly as in case
(A), there exists an embedding from 7" into G.

(d). dg(y;) = k, y; hits zor dg(y;) = k — 1 fori € {1,2,3}.

@d.1). dr(a1) + dr(ar—1) > 5. Let G' = G — {u,z,y1,92,2} and T = T —
{a1,b1,...,bs,ar_1,¢1,...,¢:}. Thene(G') > e(G)—(k+2)—(k—5)—(k—1)—(k—1)—
(k—1)43 > 1(k?—8k+10) which implies avedeg(G') > (k* —8k+10)/(k—1) > k—7
and | V(T") |< k — 5. Hence by the induction hypothesis, 7/ C G’. Moreover, x misses
only one vertex of G'. If x misses f'(a2), let f(a1) = u, f(ar,—1) = x; if 2 misses
f'(ar—2), let f(ar—1) = u, f(a1) = 2. In both situations, f is T —extensible.

(d.2). dr(a1) = dr(ar—1) = 2. Let G = G — {u,z} and T = T — {ag, a1}. Then
e(G") > e(G) — (k+2) — (k—5) +1 > L(k* — 2k), which implies avedeg(G’) >
(k* —2k)/(k +2) >k —4and | V(T') |< k — 2. By the induction hypothesis, 7" C G'.
Moreover, u hits all vertices of V/(G) \ {2} and z hits z. Let f(a;) = vorzand f(ag) = z
or u. Then f is T'—extensible.

23 AG)=k+1

Let v € V(QG) be such vertex that dg(u) = k + 1 with v missing vertices 1 and z5.
Without loss of the generality, we can assume dg(x1) > dg(x2) and dr(a1) > dr(ar—1).

231 dr(ai) +dr(ar_1) > 5

We consider the following two cases: (A) and (B).

(A). 1 misses xs.

(A1) dg(x1) + da(z2) < 2k —3. Let G = G — {u,z1, 22 and T = T —
{a1,b1,...,bs}. Then e(G') > e(G) — (k + 1) — (2k — 3) > (k* — 4k — 4), which
implies avedeg(G') > (k? — 4k —4)/(k+1) > k—5and | V(T') |< k — 3. Hence by
the induction hypothesis, 7" C G'. Let f(a1) = u. Itis easy to see that f is T—extensible.
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(A2). dg(z1) + de(z2) > 2k — 2.

(@). dg(x1) = k—1Thendg(z2) = k—1 and z1 misses {u, z2, y1, Y2} fy1, 92 # 2,
let G' = G — {u,z,21,29,y1} and T" = T — {ay,b1,...,bsar_1,¢1,...,¢:}. Then
e(G) > e(G)— (k+1)— (k—5)— (2k —2) — (k+1) + 3 > 3(k® — 8k + 8), which
implies avedeg(G') > (k? — 8k +8)/(k — 1) > k — 7 and | V(T") |< k — 5. Hence by
the induction hypothesis, 7/ C G’. Note that x1 misses only one vertex of G'. If z1 misses
f'(az2), let f(a1) = wand f(ar—1) = x1; if x1 misses f'(a,_2), let f(a,—1) = u and
f(a1) = x1. In both situations, f is T'—extensible. Now assume that y; = 2z or y2 = 2.
Let G' = G — {u,x1,22,y1,y2} and T/ = T — {a1,b1,...,bs,ar_1,¢1,...,¢t}. Then
e(G)>e(G)—(k+1)—(k—5)—(2k—2)—(k+1)+2+1> L(k* -8k +38),
which implies avedeg(G') > (k* — 8k +8)/(k —1) >k —T7and | V(T") |< k — 5. Let
f(ar—1) =wand f(a1) = 1. Then f is T—extensible.

(). dg(z1) > k. Let G’ = G—{u,z,x1,z2} and T =T —{ay, by, ..., bs,ar_1, 1,
..,¢t}. Thene(G') > e(G) — (k+1) — (k—5) — (2k+2) + 142 > 1(k* — 6k +2),
which implies avedeg(G') > (k* — 6k +2)/k > k —6and | V(T") |< k — 4. Hence by
the induction hypothesis, 77 € G’. Note that z; misses at most one vertex of G'. If x;
misses f'(az), let f(a;) = wand f(a,—1) = x1; if x1 misses f'(a,_2), let f(a,—1) = u
and f(a;) = x1. In both situations, f is T—extensible.

(B). z1 hits z».

(B.1). dg(x1) + dg(x2) < 2k — 2. The proof is similar to (A.1) and omitted.

(B.2). dg(x1) + dg(x2) > 2k — 1. The proof is similar to (A.2) with (a)dg(x1) =
kdg(ze) =k —1ork, (b)dg(z1) =k + 1.

2.3.2 dT(al) = dT(aT_l) = 2.

We consider the following four cases.

(A). There exists a vertex v # u of degree at most &k such that it hits both z; and 5.
Let G' = G — {u,v}and T = T — {ag,a1}. Thene(G') > e(G) — (k+1)—k+1 >
1(k* — 2k — 8), which implies avedeg(G’) > (k* — 2k — 8)/(k +2) = k — 4 and
| V(T") |< k — 2. Hence by the induction hypothesis, 77 C G’. If f'(a2) hits u, let
f(a1) = w. If f’(a2) misses u, then f'(az) = x1 or x2 and let f(a1) = v, f(ag) = u.
Thus f is T'—extensible.

(B). There exists a vertex v # u of degree at least k£ + 1 such that it hits both z; and .
Then dg(v) = k + 1 and v misses y; and yo. Since the case z € {1, 22,y1, Y2} is much
easier, we may suppose z # x1,T2,Y1,Y2. Let G’ = G — {u,v,2} — 122 — y1y2 and
T" =T —{ap,a1,a,}. Thene(G') > e(G)—2(k+1)— (k—5)+1-2 > 1(k? -4k —4),
which implies avedeg(G’) > (k* — 4k — 4)/(k+ 1) > k—5and | V(T') |< k — 3.
Hence by the induction hypothesis, T/ C G'. If f'(a2) = x1 or 22, and f'(a,—1) = 11
or Yo, then let f(a1) = v and f(a,) = w. If f'(a2) = 21 and f'(a,—1) = w2, then let
flay) = v, f(ar—1) = u, because w hits all the neighbours of f'(a,_1). If f'(az) =
y1,f (ar—1) = ya, then let f(a;) = wand f(a,—1) = v. For the rest situations, it is easy
to find an embedding from 7 into G.

(C). There is no vertex in V(G) \ {u} hitting both 21 and x2, and 1 misses 3. Then
dg(z1) +de(ze) < k+ 1. Let G = G — {u,z1,22} and T" = T — {ag,a1}. Then
e(G') > e(G) — (k+1) — (k+1) > 3(k? — 2k — 12), Since k > 9, avedeg(G') >
(k? =2k —12)/(k+1) > k—4and | V(T') |< k — 2. By theorem 1.7, T’ C G'. Let
f(a1) = u. Then f is T—extensible.
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(D). There is no vertex in V(G) \ {u} hitting both x; and x9, and z; hits z3. Then
da(z1) +dg(ze) < k+ 3. If dg(z1) + dg(z2) < k + 2, the assertion follows from
(C). Hence assume that dg(x1) + dg(x2) = k + 3. If 2 # 21,29, then z has to hit z;
or xg, say that z hits 1. Let G’ = G — {u, 2} — z129 and T = T — {ag,a1}. Then
e(G") > e(G) — (k+1) — (k—5)+1—1> (k* — 2k), which implies avedeg(G') >
(k* —2k)/(k +2) > k—4and | V(T") |< k — 2. Hence by the induction hypothesis,
T C G If f'(ag) hits u, let f(a1) = w; if f'(a2) = 21, let f(a1) = z and f(ap) = u.
If f'(az) = x2 and if there is a vertex w in T” such that f'(w) = x4, let f(w) = wu,
f(a1) = z1 and f(ag) = z, because w hits all neighbours of f/(w) in G’; if f'(a2) = x4
and there does not exist any vertex w in 7" such that f'(w) = z1, let f(a1) = z1, and
f(ag) = z. In all situations, f is T—extensible. If z = x1 or o, then let G’ = G — {u, z}
and 7" = T — {aop, a1 }. Similarly, we can find an embedding from 7" into G.

24 AG)=k

Let u € V(G) be a vertex of degree dg(u) = k and misses three vertices x4, x2, T3.
Denote by S = {1, 22, 23}

2.4.1 G[S] contains no edges.

Let G = G —{u} and T' = T — {ao}. Then e(G’) > e(G) — k > 5(k* — 8), which
implies avedeg(G') > (k? — 8)/(k +3) > k —3and | V(T") |< k — 1. By the induction
hypothesis, 77 C G'. If f'(aq1) hits u, let f(ag) = w; if f'(a1) = x;, 1 < i < 3, let
f(a1) = u. Since u hits all neighbours of f’(a;) in G', f is T'—extensible.

2.4.2 G[S] contains exactly one edge.

Without loss of the generality, z; hits 2, dg(z1) > dg(x2), and dr(a1) > dr(ar—1). We
consider two cases.

(A) dT(al) + dT(ar_l) Z 5

(AD). do(xa) > k—1. Ifzz # 2z, let G = G — {u,z,23} — x129 and T" =
T —{a1,b1,...,bs}. Thene(G') > e(G) — k — (k—5) — k — 1 > J(k® — 4k), which
implies avedeg(G’) > (k? — 4k)/(k +1) > k—5and | V(T') |< k — 3. By the
induction hypothesis, 77 C G’. If f’(a2) hits u, then let f(a1) = u; if f'(a2) = 1
and o ¢ f'(V(T")), then let f(a1) = zo; if f'(a2) = z1 and z2 € f/(V(T")) and
f'(w) = xq, then let f(w) = u, f(az) = 21, and f(a;) = z5. Hence f is T—extensible.
On the other hand, if 25 = z,let G’ = G —{u, z} —{x129} and T = T —{a1,by,...,bs}.
Similarly, we can prove that the assertion holds.

(A.2). dg(z3) > k — 1. By (A.1), we can assume that dg(x2) < k — 2. If 2 # 21, x9,
let @ = G —{u,z,21,29,23} and T" = T — {ay,b1,...,bs,ar_1,¢1,...,¢}. Then
e(G) >elG)—k—(k—5) —(k—2)—k—k+2+1> 1(k* — 8k + 12), which
implies avedeg(G’) > (k* — 8k +12)/(k — 1) > k—7and | V(T") |< k — 5. Hence
by the induction hypothesis, 7" C G’. Moreover, 23 misses at most one vertex of V' (G").
If z3 misses f'(az), let f(a1) = wand f(a,—1) = x3; if x3 hits f'(az), let f(a,—1) = u
and f(a1) = z3. then f is T—extensible. On the other hand, if ©1 = z or x5 = z, let
G' =G —{u,r1,29,2z3} and T =T —{ay,b1,...,bs,ar_1,¢1,...,c }. Using the same
above argument, we can prove the assertion.
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(A3). dg(z1) = kydg(xe) < k—2and dg(zs) < k—2. If 2 # 29,23, let G =
G —{u,z,x1,29,23} and T = T — {ay,by,...,bs,ar_1,¢1,...,c¢}. Hence e(G") >
e(G)—k—(k—5)—(k—2)—k—(k—2)+2 > 1(k*—8k+10), which implies avedeg(G') >
(k? — 8k +10)/(k —1) > k— 7and | V(T') |< k — 5. By the induction hypothesis,
T’ C G’'. Note that x; misses at most one vertex in V(G’). If x1 misses f'(az), let
flar) =wand f(ar—1) = x1; if 21 hits f/(az), let f(a,—1) = wand f(a1) = x;. Hence
f is T—extensible. On the other hand, if 25 = z or 23 = 2, let G’ = G — {u, z1, 2,23}
and 7" = T — {a1,b1,...,bs,ar_1,¢1,...,¢t}. By the same above argument, we can
prove the assertion.

(A4).dg(z1) < k—1,dg(ze) < k—2and dg(z3) < k—2. Then there exists a vertex
' in V(G) \ {z1, 22, x3,u} with degree at least k — 1. Otherwise, by 0(G) < k — 5, we
have avedeg(G) < ka*l)(k72)+(£;i)+2(k72)+(k75) < k — 2, which is a contradiction.
LetG' = G—{u,v'} —{x12x2} and T =T —{a1,b1,...,bs}. Thene(G') > e(G) —k —
k+1—1> %(k*—2k—8), which implies avedeg(G') > (k* —2k—8)/(k+2) = k—4 and
| V(T") |< k — 2. By the induction hypothesis, 7" C G'. If f/(a2) hits u, let f(a1) = u;
if f/(az) misses u, let f(az2) = wand f(a;) = u'. Then f is T—extensible.

(B). dr(a1) = 2 and dr(a,—1) = 2. If there exists a vertex w that hits both z; and x3,
let G' =G —{u,w} —z1z2and T = T — {ap, a1 }. Then e(G’) > e(G) — 2k +1—-1 >
1(k* — 2k — 8), which implies avedeg(G') > (k* — 2k + 8)/(k +2) = k — 4 and
| V(T') |< k — 2. By the induction hypothesis, 7/ C G’. If f'(az) = x1 or z3, let
fla1) = wand f(ap) = w; if f'(az) = x9 and 1 ¢ f'(V(T")), let f(a1) = x; and
flag) = w; if f'(az) = xz2 and x1 € f/(V(T")),f (v) = x1, let f(v) = u, f(a1) = x1
and f(ap) = w. In the above situations, f is T'—extensible. On the other hand, if there is no
vertex hits both z1 and x3, or x5 and z3. then dg (21 )+dg(z3) < k, dg(z2)+da(z3) < k.
Since dg (x;) > Lg] and k > 9, dg(x;) < k — 2. Hence, similarly as in (A.4), there exists
a vertex v’ in V(Q) \ {x1, z2, x3,u} with degree at least &k — 1, and an embedding of T
into G.

2.4.3 G][S] contains exactly two edges

Without loss of the generality, assume that 1 hits both x5 and z3. We consider the follow-
ing two cases.

(A). dr(a1) = 2. Let @ = G —{u,z1} and T" = T — {ag,a1}. Then e(G’) >
e(G) -2k > §(k? — 2k — 8), which implies avedeg(G’) > (k* —2k —8)/(k+2) > k—4
and | V(T”) |< k — 2. By the induction hypothesis, 77 C G’. If f'(a2) = x5 or x5 (say
x2), let f(a1) = x1; Moreover, if x5 & f/(V(T")), let f(ag) = z3; if z3 € f'(V(T"))
and f'(v) = x3, let f(v) = u, f(a1) = x1, and f(ag) = x3. Hence, f is T-extensible. If
f'(a2) # x2,x3, then it is easy to find an embedding from T to G.

(B). dT(CLl) Z 3.

@). dg(z) > k—1. If 2 # z9,23, let G = G — {u,z,z1} and T = T —
{a1,br,...,bs}. Then e(G") > e(G) — k — (k —5) — k+1 > (k? — 4k + 4), which
implies avedeg(G') > (k* — 4k +4)/(k +1) > k—5and | V(T') |< k — 3. By
the induction hypothesis, 77 C G'. If f'(a2) = x5 or x3 (say x2), let f(a1) = x1.
Moreover, if z3 ¢ f/(V(T")), let f(b1) = z3; if z3 € f/(V(T")) and f'(v) = z3, let
f(v) = u,f(a1) = x1 and f(by) = w3. Because w hits all neighbours of f/(v) and
dg(z1) > k — 1, f is T—extensible. If f'(as) # x9,x3, it is easy to find an embedding
from T to G. On the other hand, if z = x5 or z3 (say x2), let G’ = G — {u, 1, 22}, by the
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same argument above, the assertion holds.

(). dg(z1) < k —2,dg(xq) = k or dg(xs) = k (say dg(x2) = k). Then there
exists a vertex y € V(G) \ {u,z1,x2, 23} such that 25 misses y. So xo misses u,x3
and y and v misses 3. By Case 2.4.2, we can assume y hits z3. Further, by (a), we
can assume dg(y) < k—2. If z # z1,y, let G = G — {u,z,22,25,y} and T" =
T —{a1,b1,...,bs,ar_1,c1,...,¢t}. Thene(G') > e(G) =k — (k—5) —k —k — (k-
2) +3 > $(k? — 8k + 12), which implies avedeg(G') > (k* —8k+12)/(k—1) > k-7
and | V(T”) |< k — 5. By the induction hypothesis, 7/ C G’. Further, if f'(a2) = 21,
let f(a1) = a2 and f(a,—1) = u; if f'(ar—2) = 1, let f(ar—1) = 22 and f(a1) = w.
Hence f is T—extensible. On the other hand, if z = y, let G’ = G — {u, x9,z3,y} and
T =T —{a1,b1,...,bs,ar_1,¢1,...,c:}sif z = 21, let G = G — {u, z, 22, 23,y} and
T =T-{ay,b1,...,bs,ar_1,¢1,...,ct}. Then by the same argument, it is easy to prove
that the assertion holds.

©).dg(z1) <k—2,dg(x2) =k —1landdg(zs) =k —1.Let G' = G — {u, x2, 23}
andT" = T—{ay,by,...,bs}. Thene(G’') > e(G)—k—(k—1)—(k—1) > L (k*—4k—1),
which implies avedeg(G’) > (k* —4k —4)/(k+1) > k—5and | V(T") |< k — 3. By the
induction hypothesis, 7" C G'. If f'(a2) = x1, let f(a1) = 2, which f is T—extensible.
If f'(a2) # w1, it is easy to find an embedding from T to G.

d). dg(z1) <k —2,and dg(z2) <k —2ordg(zs) < k— 2 (say dg(z2) < k —2),
hence dg(z3) < k — 1 by (b). Then there exists a vertex v’ € V(G) \ {x1,x2,x3,u}
of degree at least k — 1, otherwise 2¢(G) < (k — 1)(k —2)+ (k —5) + k + 2(k —
2)+ (k—1) < (k+ 4)(k — 2) which is impossible. Let G = G — {u,u', 21} and
T' =T — {a1,by,...,bs}. Then e(G') > e(G) — 2k — (k — 2) + 1 > L(k? — 4k — 2),
which implies avedeg(G') > (k* —4k —2)/(k+1) > k—5and | V(T") |< k — 3. By the
induction hypothesis, 7" C G’. Hence if f'(as) hits u, let f(a1) = w; if f'(as) = x2 or
x3 (say x2), let f(az) = wand f(a;) = v’ since w hits all the neighbours of f/(as). Then
f is T—extensible.

2.4.4 G[S] contains exactly three edges

The following two cases are considered.

(A). dr(ay) = 2. If there exists an 1 < ¢ < 3 (say ¢ = 1) such that dg(z1) < k—1, let
G' =G—{u,z1} —xsx3and T' = T —{ag,a1 }. Thene(G’) > e(G)—k—(k—-1)—1 >
1(k*—2k—8), which implies avedeg(G') > (k* —2k—8)/(k+2) = k—4and | V(T") |<
k—2. By the induction hypothesis, 77 C G'. If f'(as) = x5 or z3 (say 2), let f(a1) = z;1.
Moreover, if x5 ¢ f'(V(T")), let f(ag) = z3; and if z5 € f/(V(T")) and f'(v) = z3,
let f(v) = u, f(a1) = 1, f(ap) = x3. Hence f is T—extensible. On the other hand, if
dg(r1) = dg(x2) = dg(z3) =k, let G = G — {u,z1} and T" = T — {agp, a1 }. Then
e(G') > e(G)—2k > & (k*—2k—8), which implies avedeg(G') > (k?—2k—8)/(k+2) =
k—4and | V(T") |< k — 2. By the induction hypothesis,7’ C G'. If f'(a3) = x5 or x3,
let f(a1) = x1;if f'(az) # xa, 3, let f(a;) = u. Hence f is T-extensible.

(B). dr(ay) > 3. If there exists an 1 < 4 < 3 (say ¢ = 1) such that dg(z1) > k — 1,

Let G’ = G —{u, z, 21} — xox3. By the same argument as Case 2.4.3.(B).(a), the assertion
holds. The rest is similar as Case 2.4.3.(B).(d).
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25 AG)=k—1

Since A(G) = k — 1 and §(G) < k — 5, there exist at least four vertices of degree k — 1.
Otherwise 2e(G) < 3(k—1)+k(k—2)+(k—5) = (k—2)(k+4), which is a contradiction.
Let u; be vertex of dg(u;) = k — 1 missing four vertices of S; = {21, 2, i3, T4} for
i = 1,2,3,4. If there exists a vertex u; with 1 < 4 < 4 such that G[S;] contains at
most one edge. Let G’ = G — {u;} — E(G[S;]) and T" = T — {ap}. Then e(G’) >
e(G) — (k—1) =1 > $(k? — 8), which implies avedeg(G’) > (k* —8)/(k+3) > k—3
and | V(T") |< k — 1. By the induction hypothesis, 77 C G'. If u; hits f'(a1), let
f(ap) = u;, and if w; misses f'(a1), let f(a1) = u;. Then f is T—extensible. Hence we
assume that G[S;] contains at least two edges fori = 1,2, 3, 4.

2.5.1 dT(al) 2 3,dT(a,~_1) Z 2

We consider the number of the edges in Gluy, ug, uz, uy).

(A). Gluy, ug, us, uy) contains at least one edge, say u hits us. If z ¢ S1 = {11, 212,
1’13,5814}, let G/ =G — {ul,uz, Z} - E(G[Sl]) and 7' =T — {al, bl, ey bg} Then
e(G') > e(G)—2(k—1)— (k—5)+1—6 > 1(k? — 4k —4), which implies avedeg(G') >
(k* —4k —4)/(k+1) > k—5and | V(T") |< k — 3. By the induction hypothesis,
T’ C G'. Hence if uy hits f/(az), let f(a1) = u1; and if uy misses f’(az), let f(az) = uy
and f(a1) = us. Since u; hits all the neighbours of f’(as) in G’, f is T—extensible. On
the other hand, if z € S1 = {211,212, 213,14}, 88y 2 = x11. Let G’ = G — {ug,u9, 2} —
E(G[x12, %13, T13]). By the same argument, the assertion holds.

(B). G[uy, uz, us, u4] contains no edges.

(B.1). If there exist two vertices, say uj and wus, in {u1,us,us,us} such that ug
misses y; and up misses y2, where y1 # yo and y1,y2 ¢ {u1,...,us}. Let G' =
G — {u1,u,uz,us} and T/ = T — {a1,b1,...,bs,ar_1,¢1,...,¢}. Then e(G') >
e(G) — 4(k — 1) > L(k* — 6k), which implies avedeg(G') > (k® — 6k)/k = k — 6
and | V(T") |< k — 4. By the induction hypothesis, 7/ C G’. Hence if f'(a2) = y1,
let f(a1) = ug and f(ar—1) = uq; if f'(a2) = yo, let f(a1) = uy and f(ar—1) = us.
Moreover, if f'(a,—2) = y1, let f(a1) = uy and f(a,—1) = ug; and if f'(a,_2) = yo, let
f(a1) = ug and f(a,—1) = uy. Therefore, f is T—extensible.

(B.2). There exist a vertex y ¢ {ui,...,us} such that y misses uq,...,us. Then
Glus, . .., uq,y] contains no edges.

(@). dr(ar—1) = 2. Then there exists a vertex w hits {uy, us, us, us} and y. Let G' =
G—{ui,w}and T’ = T—{a,_1,a,}. Thene(G’) > e(G)—2(k—1)+1 > (k*—2k—2),
which implies avedeg(G') > (k? — 2k —2)/(k+2) > k—4and | V(T’) |< k—2. By the
induction hypothesis, 7" C G’. Hence if f'(a,—2) = ug,us, uq ory, let f(a,—1) = w and
f(ay) = uy; and if f/(a,—2) # ua,us, uq,y, let f(ar-—1) = uj and f(a,) = w. Therefore
f is T—extensible.

(). dr(ar—1) > 3. If z # y, let ' = G — {uy,us, uz,uq,y, 2} and 7" = T —
{a1,b1,...,bs,ap_1,¢1,...,¢:}. Thene(G') > e(G)—4(k—1)—(k—1)—(k—5)+4 >
(k% — 10k + 20), which implies avedeg(G') > (k? — 10k + 20)/(k — 2) > k — 8 and
| V(T”) |< k — 6. By the induction hypothesis, 77 C G'. Let f(a1) = u1 and f(a,—1) =
ug. Then f is T—extensible. On the other hand, if z = y, let G' = G — {u, us, ug, ug, 2}
and7/ =T—{ay,b1,...,bs,ar_1,¢1,...,c:}. By the same argument, the assertion holds.
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2.5.2 dT(al) = 2,dT(a7-_1) = 2.

We will discuss the following four cases: (A4), (B), (C) and (D).

(A). There existsa 1 < ¢ < 4, say ¢ = 1, such that G[S1] contains two or three edges. If
w1 hits one vertex, say us, of three vertices ug, us, ug. Let G’ = G — {uy,us} — E(G[S1])
and T’ =T — {ag,a1}. Then e(G’) > e(G) —2(k — 1)+ 1 —3 > 1(k* — 2k — 8), which
implies avedeg(G') > (k* — 2k —8)/(k+2) = k —4and | V(T') |< k — 2. By the
induction hypothesis, 77 C G’. Hence if u; hits f’(as), let f(a1) = uy; and if u; misses
f'(a2), let f(az) = ug and f(a1) = ug. Since u4 hits all the neighbours of f/(az) in G', f
is T'—extensible. Therefore, we assume that u; misses u; for j = 2, 3,4. Then u; misses
11 = Ug, X1z = U3, T13 = Ug, X14 and Glua, us, ug, x14] contains two or three edges.

(A.1). x4 hits one vertex, say uo, of three vertices ug,uz,uy. Let G = G —
{u1,us,ug,us} and 7" = T — {ag,a1,a,-1,a,}. Then e(G') > e(G) — 4(k — 1) >
1(k? — 6k), which implies avedeg(G') > (k* — 6k)/k =k —6 and | V(T”) |< k — 4. By
the induction hypothesis, 7/ C G’. Since G[usg, ug, u4, 214] contains two or three edges,
there exists a vertex, say us, of two vertices us,u4 misses at most one vertex, say yi, in
V(G) \ {ul,UQ,U47$14}. Hence if f/(ag) = x14 Or Y1, and f’(ar,g) = y1 O T14, let
f(a1) = ug orwuy and f(a,—1) = uy or ug, then f is T—extensible. For the rest cases, it is
easy to find an embedding from 7" to G.

(A.2). x14 misses three vertices usg, us, u4. Then Glug, us, us] contains two or three
edges. We can assume that us hits ug and uy. If ug misses uy, uz misses at most one vertex,
says y1, in V(G) \ {u1, u2,uq, 14} Thenlet G’ = G — {uy, x14,u3,ug} and T =T —
{ag,a1,a,_1,a,}. By the similar argument as Case (A.1), the assertion holds. Hence we
can assume that ug hits uy and w3 misses z1, z2, u1, x14. Let G' = G — {uy, 14, uz, ug} —
{z1z2} and T" = T — {ap,a1,a,-1,a,}. Then e(G') > ¢(G) —4(k—-1)+1 -1 >
1 (k* — 6k), which implies avedeg(G') > (k* —6k)/k =k —6and | V(T") |< k — 4. By
the induction hypothesis, 77 C G’. Hence if f'(az) = 21 or 29, and f'(a,_2) = 29 or 21,
let f(a2) = us, f(a1) = u4, f(ar—1) = uy. Therefore f is T— extensible. If f'(a3) = 21
or zo, and f'(a,—2) = ug, let f(a1) = u1, f(ar—1) = ug. Therefore f is T— extensible.
For the rest cases, it is easy to find an embedding from 7" to G.

(B). There exists a 1 < ¢ < 4, say ¢ = 1, such that G[S] contains exactly four edges.

(B.1). There exists a vertex, say x11, of degree 3 in G[S1] and | E(G[S1]) |< 5.
Then T11 hits 12,213 and T14. Let G/ =G — {ul,xll} - E(G[$127$13,x14]) and
T" =T —{ag,a1}. Then e(G’) > e(G) — 2(k — 1) — 2 > 1(k? — 2k — 8), which implies
avedeg(G') > (k* — 2k —8)/(k+2) = k —4and | V(T") |< k — 2. By the induction
hypothesis, 7/ C G’. Hence if u; hits f/(a2), let f(a1) = wy, which implies that f is
T—extensible. If uy misses f'(az2) and f'(as) = x12, let f(a1) = x11. Moreover, if 13
orz14 ¢ f/(V(T")), then let f(ag) = x13 or x14. Then f is T—extensible. If x13 and
z1a € fI(V(T")), f'(w) = x13 or x14, let f(w) = uq, f(ag) = z13 or x14. Then f is
T —extensible. For the rest cases, it is easy to find an embedding from 7" to G.

(B.2). The degree of every vertex in G[S;] is two. We assume that 11 hits 212, 212
hits x13, x13 hits x14, 14 hits z11.

(). uq hits all vertices of {ug, us, uq}.

(a.1). There exists a vertex u;, say usg, in {ug, us, us} which misses 11, 12, 13 and
T14. Let G/ =G - {ul,UQ,xn, .T12} — 13714 andT' =T — {ao,al,a,n_l, ar}. Then
e(G') > e(G) —4(k — 1) + 1 > 1(k* — 6k + 2), which implies avedeg(G') > (k* —
6k +2)/k > k—6and | V(T') |< k — 4. By the induction hypothesis, T/ C G'. If
f'(a2) = w13, f'(ar_2) = w14, let f(a1) = 212, f(ao) = 211, f(ar—2) = w1, flar—1) =
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ug. Since w; hits all the neighbours of f’(a,_2) in G’, f is T—extensible. For the rest
cases, similarly, it is easy to find an embedding from 7" to G.

(a.2). There exists a vertex, say us, in {ug, us, us} such that it hits at least two vertices
of {3311, 12,213, J,‘14}, say us hits x11 and x3, or us hits 17 and 5.

If (%) hits T11 and 13, let G/ =G - {ul,u2} — 211712 — L1213 — 13714 and
T' =T —{ag,a1}. Then e(G’) > e(G) — 2(k — 1) + 1 — 3 > 1(k? — 2k — 8), which
implies avedeg(G') > k —4 and | V(T”) |< k — 2. By the induction hypothesis, 77 C G’.
Hence if f/(ag) = 11 Or x13, let f(al) = ug; if f/(az) = x19, let f(ag) = wuy and
f(al) = U9, if f’(ag) = T14 and 13 ¢ f’(V(T’)), let f(al) = T13 and f(ao) = U2, if
f/(ag) = 214 and r13 € f/(V(T/)), let f(U) = ul,f(al) = I’lg,f(ao) = U2, because
there is a vertex v, f'(v) = x13 and wy hits all the neighbours of f’(v) in G’. Therefore f
is T'—extensible.

If uo hits x17 and xq9, let G =G - {ul,’LLg} — T19%13 — T13T14 — T11X14 and
T" = T — {ag,a1}. Then e(G') > e(G) —2(k — 1) + 1 -3 > J(k? — 2k — 8),
which implies avedeg(G') > k — 4 and | V(T") |< k — 2. By the induction hypothesis,
T C G'. Hence if f'(ag) = 11 or x19, let f(ay) = wug; if f/(az) = x93 or x1y4, let
f(a2) = u1, f(a1) = ug, because u; hits all the neighbours of f'(as) in G'. Therefore f
is T'—extensible.

(a.3). u; hits exactly one vertex of {x11, 12, 13, x14} fori = 2,3, 4.

(i). There exist two vertices of {us,us,us} such that they hit the same vertex in
{11,212, %13, T14}, says both ug and ug hit z14.

If uy and w3 misses the same vertices, say, {211, 12, 13, ¥}, then us hits ug. Further,
if Gx11, 12, 213, Y] contains at most three edges or has a vertex of degree 3, the assertion
follows from Case 2.5.2.(A) or Case 2.5.2.(B.1). Therefore we can assume that y hits both
x11 and x13. Let G/ = G — {ug, us, x11,212} — 13y and 7" = T — {ap, a1, ar—1,a,}.
The assertion follows from Case 2.5.2. (B.2).(a.1).

If us misses {xll,xlg,xlg,yl} and us3 misses {$11,$12,$13,y2} with yq 7é Yo, let
G/ =G - {ul,UQ,U3,l‘14} — 211712 — 12713 and T =T — {ao,al,ar_l,aT}. Then
e(G') > e(G)—4(k—1)+4—2 > $(k®>—6k+4), which implies avedeg(G') > k—6 and
| V(T") |< k — 4. By the induction hypothesis, 77 C G’. Hence if f’(a3) = 11 or z13,
let f(a1) = 14.f(ao) = uz or up or let f(az) = u1.f(a1) = ug or up. If f'(az) = 12,
let f(ag) = ui,f(a1) = ug or ug. If f'(as) = y1 or ya, let f(a;) = us or uy. Since
there is a choice which uses distinct vertices of {uy, us, us, z14} for any two vertices of
{x11,T12, 13, Y1, Y2}, we can find an embedding from T to G. (For example, if f/(as) =
r11,f (ar—2) = 213, let f(a1) = z14,f(ao) = uz,far—2) = u1,f(ar—1) = ua.)

(ii). {ug2,us,uq} hits the different vertices of {11,212, x13,214}. Without loss of
generality, we assume that uo hits x1; and wug hits 213, us misses y; and ug misses ys. Let
G =G - {Ul,UQ,U3,Q?13} — 211712 — X11X14 and T/ =T — {ao,al,ar_l,aT}. Then
e(G') > e(G)—4(k—1)+3+0—2 > 1(k? —6k+2), which implies avedeg(G') > k—6
and | V(T") |< k — 4. By the induction hypothesis, 7" C G'. Hence if f'(a2) = z12 or
z14, let f(a1) = z13 and f(ao) = us, orlet f(az) = ur and f(a1) = ug, if f'(a2) = ¥
or ya, let f(a1) = uy, if f'(a2) = 211, let f(a1) = ug, Therefore f is T—extensible. For
the rest cases, by the same argument, it is easy to find an embedding from 7" to G.

(b). w; hits one or two vertices of {us,us,us}. Without loss of the generality, we
assume that u; hits ug and u; misses ug. Then uy € {x11,x12,T13, 14}, SAY Ug = T14,
Uy MISSES U7 ,L12,21,22.

If us # 21, 2o, then uso hits uy. Let G =G - {U17U27U4,$12} — 2129 and T" =
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T — {ag,a1,ar_1,a,}. Then e(G’') > e(G) — 4(k — 1) +2 — 1 > 1(k* — 6k), which
implies avedeg(G') > k — 6 and | V(T") |< k — 4. By the induction hypothesis, 7" C
G’. Hence if f/(ag) = x11 and f’(ar,g) = x13, let f(al) = ’U,4,f(CLT,2) = wuy and
f(a,._l) = U, if f’(ag) = z; and f/(a7-_2) = 29, let f(al) = Uy, f(a,-_Q) = Uy
and f(a,—1) = us. Therefore f is T-extensible. For the rest cases, it is easy to find an
embedding from T to G. If ug = 27 or 29, say us = 21, let G = G — {u1,ug, uq,x12}
and 7" =T — {ag, a1, a,_1, a,}. This situation is much easier than the above case.

(c). u; misses all the vertices of {us, us, us}. Without loss of generality, we assume
Up = T11, Uz = T12, Ug = x13. Let up miss {uy,x13,y1,y2}. If Glui, 13, y1, 2]
contains two, or three edges, or a vertex of degree 3, the assertion follows from Case 2.5.2
(A). and Case 2.5.2 (B.1). Hence we assume that uq hits vy, y1 hits uy = 13, uq hits yo
and y- hits u;. Hence the assertion follows from Case 2.5.2. (B.2). (a) and Case 2.5.2.
(B.2).(b).

(C). There exists a 1 < i < 4, say ¢ = 1, such that G[z11, 212, T13,214] contains
five edges. Then we assume that x1; hits z12, 213 and 214. Let G’ = G — {uy, 211} —
E(Glx12, %13, 214]) and T/ = T — {ag, a1 }. The assertion follows from the proof of Case
2.5.2 (B.1).

(D). There exists a 1 < i < 4, say ¢ = 1, such that G[z11, 212, 13, Z14] contains six
edges. If dg(x11) < k — 2, similar as Case 2.5.2 (B.1), we can prove the assertion. So
we can assume dg(211) = dg(x12) = dg(213) = dg(x14) = k — 1, we can also assume
if dg(x) = k — 1, and x misses y then dg(y) = k — 1, furthermore we can assume x
hits all of the vertices whose degree is less than k — 1. Let G’ = G — {uy, 2}, z hits all
of {x1,20,23,24}, T' = T — {ap,a1}. Soe(G') > e(G)—(k—1)—(k—-5)+1>
1(k* — 2k + 6). avedeg(G') > (k* =2k +6)/(k+2) > k—4and | V(T') [< k — 2.
By the induction assumption, 77 C G'. If f'(a2) hits uy, then f(a1) = uy, f(ap) = 2. If
f'(az) misses uy, then f(ag) = w1, f(a1) = z. f is T-extensible.
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Abstract

Prior to crashes, the stock index price time series is characterised by the Log-Periodic
Power Law (LPPL) equation of the Johansen—Ledoit—Sornette (JLS) model, which leads
to a critical point indicating a change to a new market regime. In this paper, we describe
the hierarchical diamond lattice, upon which the JLS model is derived, using the diamond
lattice operation D; and derive the recursion for the coefficients of the growth function
in a diamond lattice rooted at the main root vertex r,,. Further, to verify the adequacy
of the JLS model, we analyse the model’s residuals and propose its generalization, using
the ARMA/GARCH error model. We determine the ARMA/GARCH orders using the
extended autocorrelation function (EACF) method and compare the results with those of
the Akaike and Bayesian Information Criteria. Using the data for 33 major world stock
indices we show, that proposed generalization of the JLS model in general performs better
in predicting the market regime changes and has also the ability to recognise false bubble
identification, indicated by the JL.S model.
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1 Introduction

Financial bubbles and crashes are fascinating events for academics and practitioners alike,
and such occurrences are especially interesting in the field of econophysics. These events
are extremely important because of their usually strong impacts on not only financial mar-
kets but also the global economy. Unfortunately, there is still no general agreement in the
literature on what defines a financial bubble or crash. A financial bubble may be recognised
as a long-term positive deviation of a financial asset’s market price from its fundamental
value. A crash may be defined as a sudden dramatic decline of market price over a short
time period. Understanding the behaviour of financial markets and the relationship between
financial bubbles and crashes may help to minimise the damage of the speculative bubbles
that end up with crashes. Consequently, identifying a financial bubble and predicting its
end has become very important issue in financial markets behaviour research.

The Johansen-Ledoit—Sornette (JLS) model [14] was developed to describe the dy-
namics of financial bubbles and crashes. The model states that, prior to crashes, the mean
function of a stock index price time series is characterised by a Log-Periodic Power Law
(LPPL) equation that leads to a critical point indicating the change to a new market regime,
either a large crash or a change in the average growth rate. The model assumes the presence
of two types of agents in the market, namely a group of agents with rational expectations
and a group of irrational agents with herding behaviours, and these agents potentially lead
to the development of speculative bubbles. These agents are organised into a network in
which each exists in only one of two possible states (buy or sell), while their trading ac-
tions depend on the opinions of other agents and on external influences. If the tendency of
irrational agents to imitate their neighbours increases up to a certain critical point, then a
large proportion of agents will be in the same state (sell) at the same time, thus causing a
crash. In the JLS model, bubbles are characterised by faster-than-exponential price growth
due to herding behaviours and imitation of irrational agents during the bubble period. The
key parameter of the model is the critical time ¢., which is interpreted as the moment at
which the bubble ends and the transition to another market regime begins.

Numerous empirical results have been reported by several authors on this subject. The
JLS model has been used in various types of markets, such as the bubbles of stock market
indices [14, 16, 9, 44, 12], the anti-bubbles in different financial markets [15, 32, 40],
exchange rate bubbles [20], the oil bubble [31], real estate bubbles [42, 43], corporate
bond spread bubbles [3], credit default swap (CDS) spread bubbles [36], and the repo
market size [38]. Most of the published research papers on the JL.S model have focused on
the existence of log-periodic fluctuations by fitting LPPL equation to the data. Although
some papers have included several statistical methods for the detection of log-periodicity
[14,29,6, 39, 41, 2], only a few papers have focused on the JLS model residuals [8, 19, 12].

The aim of this paper is to propose the JLS model generalization, based on the analysis
of the JLS model residuals. Specifically, we investigate the presence of ARMA/GARCH
patterns in the JLS model residuals, wherein we also compare our results with the log-peri-
odic-AR(1)-GARCH(1,1) specification, proposed in [8]. According to ARMA/GARCH
model determination, we examine the adequacy of the JLS model. In doing so, we compare
the critical time parameter estimates, calculated with the JL.S model, versus those calculated
with generalized JLS model. We explore whether the generalized JLS model improves the
JLS model estimates of the critical time parameters. To assure the generality of the results,
we perform an analysis on large number of data samples.

The rest of the paper is organised as follows. Section 2 describes derivation of the
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JLS model, together with the g-state Potts model and growth functions on hierarchical
diamond lattice. In this section we also present details of the JLS model estimation, op-
timisation and verification. Our proposed generalization of the JLS model, methodology
for the ARMA/GARCH model determination and parameter estimation are described in
section 3. The data, empirical results of our analysis and main contributions of this paper
are reported in section 4. Section 5 concludes the paper.

2 The Johansen-Ledoit—Sornette model
2.1 Motivation

Financial markets consist of numerous interacting traders, that differ in size from small in-
dividuals to large institutional traders, such as pension funds. Moreover, all traders world-
wide are organised inside a social network (family, friends, etc), within which they locally
influence each other. The structure of financial markets resembles to hierarchical systems
with traders on all different levels of the market.

To develop the Johansen—Ledoit—Sornette (JLS) model, a model of rational imitation,
Johansen et al. [14] used hierarchical diamond lattice representation for the structure of
financial markets. In the case of hierarchical diamond lattice discussed by Berker and
Ostlund [1], the lattice is generated in an iterative manner as shown in Figure 1. This is
quite realistic model of complicated network of interactions between traders. The model is
derived using the g-state Potts model on hierarchical diamond lattice defined in [5], where
free energy exhibits log-periodic oscillations as the critical point is approached. For more
details, see [13].

> Ep€d

Figure 1: First few steps of building a hierarchical diamond lattice.

2.2 The g-state Potts model on hierarchical diamond lattice

Let G be a graph and consider a set {1,2,...,q} of ¢ elements, called spins. A state
of a graph G is an assignment of a single spin to each vertex of the graph. Denote by
V (G) = {v1,...,v,} vertex set of G and by E (G) edge set of G. Then the state of G is
afunctiono : V (G) — {1,2,...,¢}. Let S (G) denote the set of states of G.

The interaction energy may be thought of simply as weights on the edges of the graph
G. Denote by J, = J; j = Jy, ., interaction energy on an edge e = {v;,v;}. Then the

Hamiltonian is
hio)=— > Jid(oi0),
{i.7}€E(G)

where o is a state of graph G, o; is the spin at vertex v;, § is Kronecker delta function and
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each edge {1, j} is assigned an interaction energy J; ;.

Let the spins be positioned on a hierarchical diamond lattice constructed by the iterative
process shown in Figure 1. Denote by (,, graph on the nth level of hierarchical diamond
lattice. Then the g-state Potts model partition function on the nth level is defined as

Zn(Gn)= ) e

ce€S(Gr)

The Potts model partition function is the sum of all possible states of an exponential func-
tion of the Hamiltonian.

There exists a connection between the Potts model, which is useful to study phase
transitions and critical phenomena in physics, and the graph theory, for example the Tutte
polynomial [35] or Chromatic polynomial [28]. The graph theory is mathematical area,
useful to describe and study the relations between participants in networks, such as phys-
ical, biological, social or economic networks. For some basic concepts used in models of
economic networks, see [17].

Figure 1 depicts the first few steps of the diamond lattice operation, denoted by D1,
where the original graph is a single edge. The graphs in the Figure are Gy = Ko, G =
Di(Gy), Gz = Di(G1),Gs = Di(G2). The original graph is planar, so is each next graph
in the sequence. D: can be applied on any map (graph embedded on a surface). Note
that Di is a composite operation. In [7, 24] several operations on maps are considered.
One, Pa, parallelization replaces each edge by a pair of parallel edges and another one
Sul, one-dimensional subdivision subdivides each edge of the original map. In this way
Di(M) = Sul(Pa(M)). Note that Di may be regarded as an operation on map or due to
its simplicity also as an operation on the underlying graph. A theory of representations of
graphs and maps has been laid down by Pisanski and Zitnik [26], where such operations
were considered. Repeated operations were used in other contexts, see for instance [25].
Operations on maps have been studied in connection with symmetry in several papers, see
for instance [23, 22, 4, 10].

2.3 Growth function in rooted diamond lattice

Recall the definition of growth function in rooted graphs [25]. Let G be a connected, finite
or locally finite (infinite graph with finite vertex degrees) graph. Let V(G) be the set of
vertices of G and let r € V(G) be the so-called roor of graph G. The distance d(u,v)
between u, v € V(G) is defined as number of edges on the shortest path between v and v.
Further, we define the (spherical) growth sequence as {6(G,r,n)|n =0,1,2,...}, where
d(G,r,n) denote the number of vertices at distance n from root r in graph G. Then the
(spherical) growth function of graph G rooted at r can be written as follows:

oo

f(Gyr,x) = Z 0(G,r,n)x",

n=0

i.e. the generating function for §(G,r,n) of graph G at root . Here we limit to the
case when the root is single vertex, vertex root, although we can extend the definition by
allowing that a root is any induced subgraph of graph G.

We start the construction of hierarchical diamond lattice with a graph Gy = Ks. Its
growth function is f(Go,r,z) = 1 + z and is independent of the selected root r. Us-
ing the diamond lattice operation on graph G we get graph G; = Di(Gy), for which
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f(G1,r,2) = 1+ 2x + 22 is also independent of 7. If we use diamond lattice operation
at least two times, we have to calculate each of the growth functions separately depending
on the root. Here we first limit ourselves to the case of selecting one of the two vertices
at the top and bottom in each graph G,,, called main root vertex, denoted by r,, (white
vertices of graph GG,, on Figure 1). Note that since each diamond lattice GG,, can be mir-
rored horizontally (vertically for n > 0), horizontally (vertically) symmetrically selected
roots produce an identical growth function. In the next subsection we examine the cases of
selecting vertex root different from r,,, in G,, for n = 1,2, 3, 4. The results for all possible
growth functions of a graph GG,, for n > 4 will be published elsewhere.
Let us present the growth function of graph G,, rooted at r,,, forn = 2 and n = 3:

f(Goyrm, ) = 144z + 222+ 42° + 24
f(G3yrm,x) = 14 8z + 422 + 82% + 22% + 82° + 425 4+ 827 + 8.

If we denote the growth function of graph G,, rooted at r,, by g,(z), we can write the
system of equations that determine the growth functions f(G,,, 7y, z) as follows:

go(z) = (1+uz)
gi(z) = ((A+2)12g(z)— (1+2x))
ga(x) = (142320 () - (1+27))
g3(x) = (142" (2g2(2) — (1 +2")
(@) = (1422 ) (2gn1(z)— (1422 ). @2.1)
Moreover, if we define the function
fo(x)=1 and f,(x)= H(l + in) for n>0, (2.2)

we can write the recursion of the growth function f(G,,, r, ) also as:

9 (@) = gn_1(2®) + 2"z f_1 (2).

To derive the recursion for the list of coefficients of g,, (i.e. for the growth sequence of
graph G, rooted at r,,,), we first define some operations on lists. Let w={wy, wa, ..., wm}
and @ = {1y,Ws, ...,w,} be two lists of coefficients. Let a*) = {a,a,...,a} denote
the list of k repetitions of the value a. Then we define the following operations on the lists:

t(w,w) = w+w={w,ws,..., Wy, W01, Ws,..., 0}
m(w, k) = w-k={wk,wek,..., wyk}
v(w,a) = wxa™ Y ={w,a,w,a,..., Wn_1,a W0}
bw) = w[-1] ={wq,ws,..., wn}
c(w) = w[-1,m] ={ws,ws,...,Wn_1}.

Let a,, denote the list of coefficients of g,,. Then we derive the following rule for
generating the list of coefficients for g,, from the list of coefficients for g,,—1 and go:
apg = {1, 1}
an, = t(blag),t(m(t(b(an-1),clan—1)),2),b(an))). (2.3)
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Alternatively, the recursion in (2.3) can be written as follows:
anp, = v(ap-1,2"). 2.4)

The first four lists a,, of coefficients for g,, are:

ap = {1,1}

ap = {1,2,1}

as = {1,4,2,4,1}

as = {1,8,4,8,2,8,4,8,1}

At each step we get a list a,, of coefficients for g,, of length 2" + 1.

2.4 Different growth functions of G,, forn = 1,2, 3,4

In the previous subsection we examined the growth function in diamond lattice GG,, rooted
at r,,. Here we examine the number of different growth functions in G,, and calculate
the growth functions separately depending on the root r different from r,, in G,, for n =
1,2, 3,4 (the graph G has only two main root vertices).

For a graph G and v € V(G), the degree of a vertex v is denoted by dg(v) and the
degree set of a graph G (i.e. the set of (distinct) degrees of the vertices of G) by D(G),
where we write the degree set in ascending order. Then, we define the set VD(G) =
{pK;(G)|k; € D(G),i=1,2,...,|D(G)|}, where pi(G) denotes the number of vertices
of a degree k in G. Let A be the automorphism group of G that partitions the vertex set
V(@) into orbits:

V(G) = [v1]U[vg] U---U v,

where the number of orbits of G is |Orb(G)| = s.

If u and v belong to the same orbit of G,,, then f(G,, u,x) = f(Gy, v, z). We provide
in Table 1 a number of different growth functions in GG,, for n = 1,2, 3,4. Additionally,
we provide the number of vertices and edges, degree set and set of number of vertices with
the same degree.

n | [V(Gn)| [E(Gn)]  D(Gn) VD(Gn) |Orb(G)|
1 4 4 {21 {4} 1
2 12 16 {2,4} {8,4} 2
3 44 64 {2,4,8} {32,8,4} 3
41 172 256 {2,4,8,16} {128,32,8,4} 5

Table 1: Number of vertices and edges, ascending ordered degree set, set of number of
vertices with the same degree and number of orbits in diamond lattice G, forn = 1,2, 3, 4.

It is not hard to see that

2
V(Gn)l = 3(2+47)
|E(Gn)| = 4"
D(G,) = {2'i=1,2,...,n}
VD(G,) = {22("—i>+1|z': 1,2,...,n—1}u{22}.
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If we are given a root r in G,, this defines a root  in the corresponding Di*(G,,). It is not
hard to see that, if dg,, (r) = 2 fori € {1,2,...,n}, thendp;q,)(r) = da,,, (r) = 2°F%

We now consider the cases of all possible growth functions of a graph G,, (1 < n < 4)
when the root r is a single vertex. First we examine root r of graph G,, which produces an
identical growth function as main root vertex r,,. If r € V(G,,), r # r, and dg, (1) =
dg, (rm), then f(Gy,7,2) = gn(x) and pa,, (r,,)(Grn) = 4. That means only four vertices
in graph G,, (n > 1) produce an identical growth function g, (z) (black and white vertices
on Figure 1). Next, for n = 2, 3,4 the growth functions of a rooted graph G, at , where
da,(r) =2,dg,(r) =4, dg, (r) = 8 (red vertices on Figure 1) are:

f(Go,ryx) = 1+ 2x+52% +22° 4 22*
f(Gs,rx) = 1+4x+22%+122% + 52" + 82° + 22 4 827 + 228
f(G4,r ) = 148z +4x? + 8% + 22" + 242° + 122° + 2427 + 5% + 162°

+8210 + 162" + 22! 4 1623 + 82 + 1625 4 221°.

Moreover, using the polynomial p(z) = 1+ 3x + 222 + 223 and function f,,(z) defined in
(2.2), we can write the following system of equations that determine the growth functions
of a rooted graph G, at r, where dg, (r) = 2"~ 1

f(Gs,ryx) = f(Ga,r, xg) + 22xf0(x)p(x2)
f(Ga,roz) = f(Gs,r,2?) + 2% fi(z)p(z?)
f(Guyrz) = f(Gp_q,7r,2%) + 2"_1mfn,3(x)p(x2"72).

For n = 3,4, the growth functions of a rooted graph G,, at r, where dg,(r) = 2 and
de, (1) = 4 (green vertices on Figure 1) are:

f(Gs,rx) = 142z +92% + 42 + 102" + 32° + 82° 4 327 4 42°
f(Gy, 7, 2) 1 +4x + 222 4 2023 4 92* + 162° + 42° + 2427 + 102® + 162°
+321° + 162" + 822 4 162" + 3z + 162'° + 429,
= [(Gs,r,2%) + dxq(a?),

where q(x) = 1 + 5z + 422 + 623 + 4ot + 42° + 425 + 427,

Finally, we examine the root r of graph G4 with dg, () = 2, which belongs to one of
two orbits. We denote the root in the first orbit by r1 (ur; € E(G4) and dg, (u) = 16)
and in the second orbit by 3 (ury € E(G4) and dg, (u) = 8). Then the growth functions
f(Gpyri,z) forn =4andi = 1,2 are:

f(Gy,r, ) = 1422+ 172% + 82 4 182" + 52° + 1625 + 727 + 202® + 52°
+1621° + 621 + 1622 + 6212 + 162 + 5215 + 8216
f(Gyyro,z) = 142z + 927 4+ 42® 4+ 162 + 725 + 242° + 927 + 202° + 62°

+162'° + 52 + 1622 + 5213 + 162 + 82'° + 8216,

2.5 Derivation of the JLS model

The structure of financial markets, given by hierarchical diamond lattice, can be described
as follows. Start with a two linked traders. Secondly, replace this link by a diamond, where
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the original traders occupy two diametrically opposite vertices, and the two other vertices
are occupied by two new traders. Thirdly, for each of these four links, replace it by a
diamond in the same way. If we repeat this process, we get a hierarchical diamond lattice
and after n iterations we have 2 (2 + 4") traders and 4™ links among them.

Johansen et al. [14] constructed so-called JLS model, a non-linear model suitable for
the prediction of crash time in both microscopic and macroscopic modelling. This model
characterises the occurrence of a crash by the crash hazard rate h (¢). All traders are organ-
ised into a network and they locally influence each other through this model. The model
assumes that agents tend to imitate the opinions of their nearest neighbours. The imitation
process is described by the crash hazard rate h (t) with a power law, i.e. dh/dt = Ch®,
where C is a positive constant and § > 1.

In the JLS model [14] we consider a network of traders, where each trader is indexed
by an integer number ¢ = 1,..., N and N (i) denotes the set of traders who are directly
connected to trader ¢ in the network (hierarchical diamond lattice). For simplicity we con-
sider a special case of the Potts model for ¢ = 2. We assume that trader ¢ can be in only
one of two possible states at time ¢: the buy (s; = +1) or the sell (s; = —1) decision. Then
the state of trader ¢ is determined by the following Markov process:

s; = sign <K Z Sj+O'Ei+G),

JEN(7)

where the sign function, sign (), is equal to +1 (—1) if z > 0 (x < 0), K is positive
constant, ¢, ~ N (0, 1) is an independent and identically distributed random variable and
term GG is a measure of some external influence, which tends to favor state +1 (—1) if
G > 0 (G < 0). In this model, K governs the tendency of imitation among traders, while
o governs their idiosyncratic behaviour. If we define the average state of the market as

M = (1/I) Zle s;, the susceptibility of the system is defined as x = di[éw] and
G=0

measures the sensitivity of the average state of the system to a small external influence.

Further the JLS model assumes that the crash hazard rate behaves in a similar way as
the susceptibility in the neighbourhood of a critical point. By considering a hierarchical
diamond lattice for the financial market, the dynamics of the crash hazard rate can be
described as follows:

h(t)~ By (te—t)™"" 4+ Co(te —t)™ " cos[wln (t. — t) — 1],

where By, Cp and w are real number.

The dynamics of the price is described as dp = p (¢t) p (t) dt — kp (t) dj, where p (t) is
the price, p (t) is time-varying drift and j is a jump process, such that dj = 0 before crash
and dj = 1 after the crash occurs at critical time ¢.. The parameter ~ determines the loss
amplitude associated with the occurrence of a crash.

One assumption of this model is that the price p(t) follows a martingale process, i.e.
E, [p(t/)] = p(t), ¥t > t, where F, [-] represents the conditional expectation on all
information available up to time ¢. Then we have F; [dp] = 0. The dynamics of the jumps
is governed by a crash hazard rate h (t) and F} [dj] = h (t) dt. Furthermore, the drift y (¢)
is chosen so that the martingale condition is satisfied, which yields p (t) = xh (t).

Then the simplest form of a log-price dynamics up to the end of the financial bubble
can be written as follows:

In(p;)=A+B(te—1t)" + C(te —t)" cos (wln (t. —t) — @) + uy, (2.5)
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where p, is the price of a stock index or some other specific asset at time ¢, A = In (p¢_) > 0
is the logarithm of the price at the critical time ¢, and B < 0 for a growing bubble before
the crash. The critical time ¢.. is the end of a bubble and indicates a change to a new market
regime, which could be a large crash or a change in the price growth rate. Note that ¢ is the
most probable time for the crash, but there also exists a nonzero probability that the bubble
ends without a crash. If C' # 0, then the presence of log-periodic behaviour is indicated.
The exponent m lies between 0 and 1 to ensure a finite price, even at ¢.. Parameter w is the
frequency of oscillations during the bubble period, while ¢ is a phase parameter and lies
between 0 and 27. The error term u; has a zero mean and some standard deviation.

2.6 Estimation (optimisation) of the JLS model

The JLS model in equation (2.5) is described by three linear parameters, A, B and C, and
four nonlinear parameters, t., m, w and ¢. For simplicity, we denote the 7-dimensional
vector of these parameters by 6 = [A, B,t.,m,C,w, ¢]. We need to find the vector 0
that best fits the observed log-price time series {In (p;)},”, within the estimation time
period [t1, t,,], where t,, < t.. Although different measures can be used, the most common
approach is to minimise the sum of the squared residuals:

S(9) = Z u? (6), (2.6)

t=ty

where u; is the error term in the JLS model.

The minimisation of such an objective function .S () is not an easy task due to the
presence of many local minima. Therefore, we first reduce the number of parameters by
expressing three linear parameters as a function of the remaining four nonlinear parameters,
as proposed in [14]. If we rewrite the equation (2.5) as In (p;) ~ A + Bf; + Cg:, where
fi=(.—t)" and g; = (t, — t)" cos (wln (t. — t) — ¢), then we obtain the estimates of
linear parameters A, B and C by using the ordinary least squares (OLS) method:

tn In (p;) tn (1 f; gt A
filn(p) | =Y 2 fo| | B]. 2.7
t=t1 \g¢In (py) t=t, \gt fi9+ g7 C

If we rewrite the system of equations (2.7) in matrix form as Xy = (XTX)z3, where

1 fi, 9u hl(]?tl) A
X=1: , Y= and f=|B]|,
1 fi. Gt In(py,, ) ¢

then the well-known solution is § = (XTX)~1XTy.
By reducing the number of parameters from seven to four we decreased the complexity
of the optimisation problem. However, we still need to find the global minimum in a 4-
dimensional space of the objective function:
S1(61) = min S(0), (2.8)
where 61 = [t., m,w, ¢] denotes the vector of nonlinear parameters and S(6) is given in
equation (2.6).
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Many different optimisation algorithms have been proposed to estimate the JL.S model
[30, 14, 11, 27, 8, 18]. In this paper, we use the Differential Evolution (DE) algorithm,
which is a simple and efficient population-based search heuristic developed by Storn and
Price [33]. We employ the DEopt im function in the R package DEoptim (see [21] for
more details) together with the following intervals for each parameter’s optimisation:

te € [ty +1,2t, —t1+1] , me [107°,1-107"] 2.9)
we [107°,40] , ¢ e [107°2r —1077] (2.10)

where t1 and t,, are first and last data point in the estimation time period. These intervals
are similar to those used in [37].

If the parameter m is too small, then we obtain a bubble with a sudden acceleration at
the end, while too large an m corresponds to an almost linear non-accelerating bubble. Sim-
ilarly, if the frequency w of the oscillations is too small, then the log-periodic oscillations
will be too slow, while for too large a value of w, the oscillations are too fast. Therefore,
after the estimation of the JLS model, we accept all results that satisfy the following four
additional constraints:

B<0, 01<m<08  4<w<15 and t.<2,—t. (2.11)

Similar bounds for m and w were used in [29]. It is also reasonable to eliminate the results,
for which the upper bound of the search space for ¢, under (2.9) is attained. Therefore we
use the last constraint under (2.11). For the sake of brevity, we refer to conditions (2.11) as
the LPPL conditions.

2.7 Verification of the JLS model

Important step in building a model is determination of its quality. If the model specifica-
tion is appropriate, then the residuals should behave like true stochastic components. If
this component is white noise, then the residuals should behave like independent (normal)
random variables, with a zero mean and some standard deviation.

To investigate the stationarity of the residuals u; in the JLS model (2.5), we perform
Phillips—Perron (PP) and Augmented Dickey—Fuller (ADF) unit root tests, where the null
hypothesis is the presence of a unit root. Additionally, the Kwiatkowski—Phillips—Schmidt—
Shin (KPSS) test is employed for testing the null hypothesis, which posits that the observ-
able time series is stationary. We perform the Shapiro—Wilk test on the residuals as a formal
test of normality.

We are also interested in searching for possible dependencies in the JLS model residu-
als. We apply a runs test to verify the independence of the residuals. Using the autocorre-
lation function (ACF) of the residuals and squared residuals, we can observe the presence
of linear and nonlinear dependence in the residuals. However, for a mixed autoregres-
sive moving average (ARMA) model, it is usually difficult to identify the ARMA orders
p and g from these plots. Tsay and Tiao [34] proposed an extended autocorrelation func-
tion (EACF) method for model identification that is able to identify mixed ARMA(p, q)
models, as well as pure AR(p) and MA(g) models. Details about the EACF method and
our proposed algorithm for ARMA order determination can be found in supplementary file
(section 1).

We first apply the EACF method on the JLS model residuals to select the appropri-
ate ARMA model. Then we compare this result with two of the information criteria,
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namely Akaike’s Information Criterion (AIC), given by AIC = log (62) + % and Schwarz
Bayesian Information Criterion (BIC), given by BIC = log (&2) +% log (n), where k is the
number of estimated parameters, &2 is the estimated error variance of the fitted model, and
n is the number of observations. We estimate the parameters of all ARMA (p, ¢) models
with 0 < p, ¢ < 5 and select the ARMA orders by minimising AIC and BIC, respectively.

For this purpose, we employ an arima function in the R package TSA.

3 The JLS model with ARMA/GARCH errors

Gazola et al. [8] proposed a log-periodic-AR(1)-GARCH(1,1) model to capture the struc-
ture of the JLS model residuals. According to the analysis of residuals described in subsec-
tion 2.7, our empirical results on different stock indices show similar results, namely, that
the residuals are strongly autocorrelated and in many cases also heteroscedastic. Further-
more, by using the EACF method we also found that an ARMA model is sometimes more
appropriate than a pure AR model. Consequently, to capture the behaviour of the error term
ug in (2.5), we propose the following ARMA (p, ¢)/GARCH(P, Q) error model:

p q
w =) panei ety Ot 3.1
i=1 j=1
Nt = Oy, (3.2)
P Q
of = a0+ Y i+ Y Aot (3.3)
k=1 =1

where ¢ is independent and identically distributed process with a zero mean and unit vari-
ance. If ¢ = 0in equation (3.1), we have a pure AR(p) process and if p = 0 we have a pure
MA (q) process. We also include the conditional variance o7, which evolves according to
a GARCH(P, Q) process described by equation (3.3). If P = (Q = 0 in equation (3.3), we
have a constant variance and obtain a pure ARMA (p, ¢) error model.

3.1 Estimation of the JLS model with ARMA/GARCH errors

Let us denote by ® = [A, B,t.,m,C,w, ¢, p;,0;] the vector of the parameters of the
JLS model with ARMA(p, ¢) errors and by ©, = [A, B,t.,m,C,w, ¢, pi,0;, o, 51,
the vector of the parameters of the JLS model with ARMA(p, ¢)/GARCH(P, Q) errors,
wherei = 1,...,p, 7 =1,...,¢. k = 0,...,P,and Il = 1,...,Q. In our empirical
analysis, we use the following three-step procedure for model identification and estimation
of the JLS model with ARMA/GARCH errors:

1. Estimate the JLS model (2.5), as described in subsection 2.6 and verify that the LPPL
conditions under (2.11) are satisfied.

2. Identity the ARMA orders with EACF method (compare with AIC and BIC) as de-
scribed in subsection 2.7 and estimate the JLS model with ARMA (p, q) errors. Us-
ing the conditional maximum likelihood method, under the normality assumption for
€; in equation (3.2), the estimates of parameters ® are obtained by the maximization
of the log-likelihood function:

n

_ _ 2
c@©=-" . P rog(en) = . P 1og(0?) — T (3.4)
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where 77 and 02 = o7 are obtained with equation (3.2), and n is the length of the

residuals series.

3. Perform the Engle’s Lagrange Multiplier (LM) test (for lags 10, 12 and 20) to ver-
ify the presence of autoregressive conditional heteroscedasticity (i.e. ARCH effect)
in the residuals from the estimated model in the previous step. If necessary, iden-
tify the GARCH orders with EACF method (compare with AIC and BIC) on the
squared and absolute residuals. The maximum likelihood estimation for the JLS
model with ARMA(p, q)/GARCH(P, Q) errors can be carried out by maximizing
the log-likelihood function:

n

P 1 « 1 2
log(2m) =5 > loglo)) =5 D 25, (3.5
t=p+1 t=p+1 !

n —

L(©)=-"3

where 77 and o7 are obtained with equation (3.2), and n is the length of the residuals
series.

For simplicity, if there is an ARCH effect in the residuals, we incorporate a simple
GARCH(1, 1) model. That means, we are not interested in particular GARCH order, but
only in the existence of GARCH structure in the residuals. Therefore, we propose new
algorithm for determination if there exist an ARCH effect; see section 1 in supplemen-
tary file. Some additional comments on described three-step procedure can be found in
supplementary file (section 2).

3.2 Verification of the JLS model with ARMA/GARCH errors

If our proposed model specification is appropriate, than the standardized residuals €, =
7/ are approximately independent and identically distributed. Therefore, we proceed
with the analysis of the standardized residuals from the fitted JLS model with ARMA
errors (the model estimated in step 2 of three-step procedure described in previous subsec-
tion), if the results in step 3 show that there is no need to incorporate a GARCH process.
Otherwise we perform the analysis of the standardized residuals from the fitted JLS model
with ARMA/GARCH errors. The standardized residuals are investigated using the same
set of tests as described in subsection 2.7.

4 Empirical results
4.1 The data

The dataset consists of daily closing prices for 33 major stock indices worldwide, namely
10 American, 12 European and 11 Asian/Pacific indices. Detailed information about the
dataset can be found in supplementary file (section 3). The data were downloaded from
Yahoo! finance to the 28th July 2014. According to the available data, we selected stock
indices that represent trading activities on main stock exchanges in each geographic region
to cover. We did so to cover adequate volume of trading activity in order to assure the
generality of our results.

4.2 The JLS model estimation

We apply the procedure as described in section 3 to estimate the JLS model parameters.
For all stock indices in the dataset, we generate a set of time windows, each consisting of
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500 successive trading days (which is approximately two calendar years). Note, the JLS
model is usually estimated on 2-3 years large time window. Each set is obtained by rolling
such time windows over the whole dataset with increment of 1 day.

To summarize, the results of the JLS model application to rolling time windows for
which the LPPL conditions, as specified in (2.11), are satisfied show, that fraction of such
time windows varies between 15.14% and 2.39%. We note that such variation among stock
indices reflects also different starting points of the dataset and therefore different bubbles
representation across stock indices. To increase the possibility that the selected samples (for
further analysis) resemble the bubble periods, we set the minimum number of successive
time windows (that satisfy LPPL conditions) to 50. For more details, see section 4 in
supplementary file.

4.3 The JLS model residual analysis

In this subsection we investigate the JLS model residuals u; in (2.5) and estimate the JLS
model with ARMA/GARCH errors. We perform analysis of 30 stock indices (121 selected
samples). For three indices no sample is selected. Detailed information about the selected
samples can be found in supplementary file (section 5).

To summarize, results shows that PP, ADF and KPSS tests indicate the stationarity for
most cases at the 5% level. For each stock index, we examine any possible dependence in
the JLS model residuals by performing a runs test on all time windows of selected samples.
For all cases we get p-values of < 0.05, therefore we can reject the null hypothesis of
independence at the 5% level. The Shapiro—Wilk test rejects the normality assumption in
most cases at the 5% level. For more details, see section 6 in supplementary file.

To see how Gazola et al. [8] proposed model specification holds in the case of our se-
lected data, we first investigate the presence of ARMA orders, different from ARMA(1,0)
in selected samples. According to the EACF method the results indicate that the fraction
of ARMA(1,0) models varies significantly across the stock indices. We found that, con-
trary to findings in [8], for only four stock indices the EACF method suggest only the
ARMA(1,0) model, while for two indices it suggests only ARMA models with p,q > 0.
In most cases the BIC method confirms the results of EACF method, while in general the
selected ARMA orders with AIC method are greater compared to those selected by BIC
and EACF methods. For more details, see section 7 in supplementary file.

Next, we investigate the existence of GARCH structure in the residuals. We use the
following strategy to decide, whether there is no need to incorporate GARCH process: if
at least one EACF result on squared or absolute residuals suggest that P = @) = 0 and
LM test for at least two lags (10, 12 or 20) confirms that results, or LM test results cannot
reject the null hypothesis at the 5% level for all three lags, then the JLS model with only
ARMA errors is selected. The results show that, contrary to findings in [8], only for about
third of all analysed stock indices the incorporation of GARCH is always necessary and
also that the biggest proportion of such indices is in Asian/Pacific region. Here we note
that the results comparison between different geographic regions is limited due to different
historical data availability. For more details, see section 7 in supplementary file.

As a last step, we proceed with the analysis of the standardized residuals from our
proposed generalized JLS (GJLS) model. The Shapiro—Wilk test on standardized residuals
of the GJLS model shows quite similar result as JLS model residual analysis. There exists
only one index for which the fraction of rejected normality assumption is smaller than
85%. Similarly, in most cases, the PP, ADF and KPSS indicate the stationarity of the
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standardized residuals at the 5% level. The key difference between analysis of the JLS
and GJLS model residuals is obtained using a runs test. For 16 indices, performing this
test yields fraction smaller than 5% of the rejected null hypothesis at the 5% level. Note
that for almost all indices, where this fraction is larger than 5%, using the GJLS model we
identify the false JLS model bubble identification. Detailed explanation of the false JLS
model bubble identification can be found in supplementary file (section 9).

4.4 The JLS model versus GJLS model

In this subsection we compare the results of the JLS and GJLS model. In doing so, we focus
on the parameter of our key interest, critical time ¢.. For all 121 selected samples, we com-
pute two location parameters for the distribution of ¢., namely the mean and the median,
and 25-75% quantile interval for ¢.. For some explanatory comments on the estimation
methodology; see section 8 in supplementary file.

Our main results show that GJLS model in general performs better in predicting the
actual local or global market peak, denoted by ¢ 445, Which is consistent with findings in
[8], that the GJLS model outperforms the JLS model in predicting t.. For the American
stock indices the mean or median estimate of the GJLS model is 26 times closer to t. obs,
while the JLS model only 14 times. Similar results are also obtained for the European and
Asian/Pacific stock indices; see section 9 in supplementary file.

Estimated 25-75% quantile intervals (QI) for ¢. (calculated with the JLS or GJLS
model) cover the . s for more than half (sub)samples for stock indices in all three geo-
graphic regions. The results differ, however, when comparing the JL.S and GJLS models; in
the case of the American stock indices the coverage for the JLS model is 14 times, while for
the GJLS 18 times. There are also 6 cases for each model, where the estimated QI misses
the . ops for less than 11 trading days. For the European stock indices the QI coverage is
17 (25) times for the JLS (GJLS) model and the number of estimates outside the interval
by less or equal to 2 weeks is 11 (12). For the Asian/Pacific stock indices the JLS (GJLS)
model QI covers the t. o5, 5 (10) times, with 3 estimates outside the intervals for less or
equal to 2 weeks for each model. For more details, see section 9 in supplementary file.

Comparing the mean and median estimates across the JLS and GJLS models for the
American stock indices, the former performs better in 24 cases, while the later in 14 cases.
Similar outcome is observed also for the European stock indices. For Asian/Pacific indices
the mean and median perform almost equally good, but we note that for this region we
have considerably lower number of (sub)samples. It therefore makes sense to take into
account also the choice of the point estimate measure. For more details, see section 9 in
supplementary file.

5 Conclusions

In this paper we consider the Johansen—Ledoit—Sornette (JLS) model, which describes the
behaviour of stock index prices during a bubble regime and also predicts the most probable
time for a change in the regime. We introduce the diamond lattice operation D; which is
a composite operation of parallelization and one-dimensional subdivision, to describe the
construction of the hierarchical diamond lattice used in JLS model derivation. It turns out
that the operation Ds has interesting properties that we are investigating. The results will
be published elsewhere.

The idea of our JLS model generalization is motivated by the behaviour of the JLS
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model residuals. The results of our analysis reveal the presence of a strong autocorrelation
in JLS model residuals and heteroscedasticity in many cases. To incorporate these two
properties into the model, we propose an ARMA (p, ¢)/GARCH(P, Q) error model and a
methodology for model identification, parameter estimation and its verification.

As the first part of our analysis we investigate the behaviour of the JLS model resid-
uals. To assure the generality of the results, we perform an analysis over a large size of
samples for 33 stock indices from three broader world geographic regions. Our results
suggest that there is no general rule for determination of ARMA/GARCH specification
of the JLS model as the proportion of ARMA models, excluding ARMA(1,0) and pro-
portions of ARMA models without GARCH specification varies significantly across the
samples and also within each geographic region. We take this result as a reminder for care-
ful ARMA/GARCH order determination, when analysing particular time period for stock
indices.

In the second part of the analysis we show that specified JLS model generalization
outperforms the JLS model estimates of critical time ¢.. Using the mean value and the
median of ¢, parameter estimates, the results show smaller deviations from the actual crash
dates for the GJLS model. Moreover, we also show that 25-75% quantile intervals more
often cover the t. parameter estimates of the GJLS model than for the JLS model. Further
more, with GJLS model we are able to detect false alarms, meaning that there is no actual
bubble period, which is otherwise identified with JLS model.
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Abstract

An integer Heffter array H (m, n;s,t) is an m x n partially filled matrix with entries
from the set {£1,+2,...,+ms} such that i) each row contains s filled cells and each
column contains ¢ filled cells, ii) every row and column sums to O (in Z), and iii) no two
entries agree in absolute value. Heffter arrays are useful for embedding the complete graph
Koms41 on an orientable surface in such a way that each edge lies between a face bounded
by an s-cycle and a face bounded by a ¢-cycle. In 2015, Archdeacon, Dinitz, Donovan and
Yazici constructed square (i.e. m = n) integer Heffter arrays for many congruence classes.
In this paper we construct square integer Heffter arrays for all the cases not found in that
paper, completely solving the existence problem for square integer Heffter arrays.

Keywords: Heffter array, biembedding.
Math. Subj. Class.: 05820, 05C10

1 Introduction

We begin with the general definition of Heffter arrays [1]. A Heffter array H (m,n; s, t) is
an m X n matrix with nonzero entries from Zs,,s+1 such that

1. each row contains s filled cells and each column contains ¢ filled cells,

2. the elements in every row and column sum to 0 in Zg,, 541, and

3. forevery x € Zams+1 \ {0}, either x or —z appears in the array.
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The notion of a Heffter array H (m, n; s, t) was first defined by Archdeacon in [1]. It is
shown there that a Heffter array with a pair of special row and column orderings can be used
to construct an embedding of the complete graph K5,,41 on a surface. This connection is
given in the following theorem.

Theorem 1.1 ([1]). Given a Heffter array H(m,n;s,t) with compatible orderings w, of
the symbols in the rows of the array and w. on the symbols in the columns of the array,
then there exists an embedding of Ko, s+1 on an orientable surface such that every edge
is on a face of size s and a face of size t. Moreover, if w, and w. are both simple, then all
faces are simple cycles.

We refer the reader to [1] for the definition of a simple ordering and the definition
of compatible orderings. We will not concern ourselves with the ordering problem in this
paper and will concentrate on the construction of Heffter arrays. In [4] the ordering problem
is addressed in more detail in the case whenm =t =3 and n = s.

A Heffter array is called an integer Heffter array if Condition 2 in the definition of
Heffter array above is strengthened so that the elements in every row and every column
sum to zero in Z. In [2], Archdeacon et al. study the case where the Heffter array has no
empty cells. They show that there is an integer H(m, n;n, m) if and only if m,n > 3 and
mn = 0,3 (mod 4) and in general that there is an H (m,n;n, m) for all m,n > 3.

In this paper we will concentrate on constructing square integer Heffter arrays with
empty cells. If the Heffter array is square, then m = n and necessarily s = ¢t. So for
the remainder of this paper define a square integer Heffter array H(n;k) to be an n X n
partially filled array of nonzero integers satisfying the following:

1. each row and each column contains k filled cells,
2. the symbols in every row and every column sum to 0 in Z, and
3. for every element z € {1,2,...,nk} either x or —x appears in the array.

In [3] the authors study the case of square integer Heffter arrays H (n; k). The following
theorem is from that paper.

Theorem 1.2 ([3]). If an H(n; k) exists, then necessarily
3<k<n and nk=0,3 (mod4).

Furthermore, this condition is sufficient except possibly when n = 0 or 3 (mod 4) and
k=1 (mod 4).

It should be noted that [3] also contains partial results when n = 0 or 3 (mod 4) and
k =1 (mod 4). In this paper we will solve those cases completely. Our main result is
given in the following theorem.

Theorem 1.3. There exists an integer H (n; k) if and only if
3<k<n and nk=0,3 (mod4).

We will prove this theorem by first constructing an H (n; 5) where all the filled cells are
contained on 5 diagonals. Then we will add s disjoint H (n; 4) to construct H (n; 5+ 4s) =
H(n; k) where k =1 (mod 4). We begin in Section 2 by giving a general construction for
H (n;4) where all of the filled cells are contained in 4 diagonals. In Section 3 we discuss
the case when n = 3 (mod 4) and in Section 4 we discuss the case when n = 0 (mod 4).
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2 H(n;4) using two sets of consecutive diagonals

An important concept in the prior work on Heffter arrays has been the notion of a shiftable
Heffter array. A shiftable Heffter array H(n; k) is defined to be a Heffter array H (n; k)
where every row and every column contain equal numbers of positive and negative entries.
Let A be a shiftable array and = a nonnegative integer. If x is added to each positive
element and —x is added to each negative element, then all of the row and column sums
remain unchanged. Let A + x denote the array where x is added to all the positive entries
in A and —x is added to all the negative entries.

If A is an integer array, define the support of A as the set containing the absolute value
of the elements contained in A. So if A is shiftable with support .S and = a nonnegative
integer, then A + x has the same row and column sums as A and has support S + z. In
the case of a shiftable Heffter array H(n; k), the array Hg(n; k) &+ = will have row and
column sums equal to zero and support S = {1 + z,2 + z,...,nk + z}.

In this section we describe an easy construction of a shiftable H (n; 4) where all of the
filled cells are contained in two pairs of adjacent diagonals. If H is an n X n array with
rows and columns labeled 1,...,n, fori = 1,...,n define the ¢-th diagonal D; to be the
set of cells D; = {(i,1),(i + 1,2),...,(¢ — 1,n)} where all arithmetic is performed in
Z,, (using the reduced residues {1,2,...,n}). We say that the diagonals D; and D,
are consecutive diagonals. We should note that in [3] there is a construction of a shiftable
H(n;4) for all n > 4 that uses 4 consecutive diagonals.

All the constructions in this paper are based on filling in the cells of a fixed collection
of diagonals. To aid in these constructions we define the following procedure for filling a
sequence of cells on a diagonal. It is termed diag and it has six parameters.

In an n x n array A the procedure diag(r, ¢, s, A1, Ag, £) installs the entries

Alr+iAy,c+iA] =s+iAy for i =0,1,...,0— 1.

Here all arithmetic on the row and column indices is performed modulo n, where the set
of reduced residues is {1,2,...,n}. The following summarizes the parameters used in the
diag procedure:

e 1 denotes the starting row,
e c denotes the starting column,

e s denotes the starting symbol,

A1 denotes how much the row and column are changed at each step,

e A, denotes how much the symbol is changed at each step, and

£ is the length of the chain.

The following example shows the use of the above definition and is also an example of
the construction which will be described in Theorem 2.2.

Example 2.1. A shiftable H(11;4) where the filled cells are contained in two sets of
consecutive diagonals.
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The Heffter array H (11;4) below is constructed via the following procedures:

diag(4,1,1,1,2, 11)
diag(5,1, — —2,11);
diag(4,7, 23,1, —2,11);
diag(5,7,24,1,2,11).

38 |—39 —16| 17
40 |—41 —18| 19
42 |—43 —20| 21
1 44 |-23 —22
-2| 3 24 |-25
—41 5 26 |—27
—6| 7 28 |—29
-81 9 30 |-31
—-33 —10| 11 32
34 [-35 —-12| 13
36 [—37 —14| 15

We point out a few properties of the Heffter array in Example 2.1 which will be useful
in the proof of the main theorem of this section. First we note that all of the filled cells
are in the two pairs of consecutive diagonals {Dy4, D5} and {Dg, D10} and that the sum
of the symbols in the columns of one of the pairs of diagonals is +1 while the other adds
to —1. Hence every column adds to 0. The rows are similar except for row 4. In this row
the sum of the symbols in D4 and D5 is —21 while the sum of the symbols in Dg and
Dy is +21. So all the row sums are 0. It is also apparent that each row and each column
contain two positive values and two negative values making this a shiftable array. Finally
it is clear that the support of D4 and D5 is {1,2,...,22} while the support of Dg and D1
is {23,24,...,44}. We have thus shown that this is indeed a shiftable integer H(11;4)
where all the filled cells are in the two pairs of consecutive diagonals. The following is the
main theorem of this section.

Theorem 2.2. For every n > 4 and any two disjoint pairs of consecutive diagonals, there
exists a shiftable integer Heffter array H (n;4) with filled cells contained in the four diag-
onals.

Proof. Assume that the two pairs of consecutive diagonals are {D,,D,y1} and
{Dp, Dp41} with b > a + 1. We define the square H using the diag procedures as in
Example 2.1 above. So let H be constructed from

diag(a,1,1,1,2,n),
diag(a+1,1,—-2,1,—-2,n),
diag(a,n+a—b+1,—-2n—1,1,—-2,n), and
diagla+1,n+a—-b+1,2n+2,1,2,n).

Clearly diagonal D, is filled from the procedure diag(a,1,1,1,2,n) while diagonal
Dg1 is filled from diag(a + 1,1, —2,1,—2,n). We next note that a cell (¢, j) gets filled
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from the procedure diag(a,n +a — b+ 1,—2n — 1,1,—2,n) if and only if j — i =
m+a—-b+1)—a=n—->b+1=1->b (modn). Socell (b,1) is filled from this
procedure. Since ¢ = n in this procedure we have that every cell in Dy, is filled. Similarly
every cell in Dy is filled from the procedure diag(a + 1,n+a—b+1,2n+2,1,2,n).

Considering the column sums, we see that in each column the sum of the cells in D,
and D, is —1, while the sum of the cells in Dy and Dy is +1. Hence the sum of the
symbols in each column is 0. Similarly, if r # a, then the sum of the cells in row r in D,
and D,y is +1, while the sum of the cells in row r in Dy, and Dy ; is —1. So the sum of
the symbols in each row r # a is 0. Now consider row a. The symbols from D,,D,41, Dy
and Dy are 1, —2n, —2n — 1 and 4n, respectively, and so the symbols in this row also
add to 0.

We next check the support of H. We see that the support of diag(a,1,1,1,2,n) is
{1,3,...,2n — 1}, while the support of diag(a + 1,1,—2,1,—2,n) is {2,4,...,2n}
so together they cover the symbols {1,2,...,2n}. Further, we have that the support of
diagla,n +a—b+1,-2n —1,1,-2,n) is {2n + 1,2n + 3,...,4n — 1}, while the
support of diag(a+1,n+a—b+1,2n+2,1,2,n)is {2n+2,2n+4,...,4n}, so these
two diagonals cover the symbols {2n + 1,2n + 2,...,4n}. Hence the support of H is the

required {1,2,...,4n}. Finally it is clear from the construction that each row and each
column contains two positive numbers and two negative numbers. Thus we have shown
that H is indeed a shiftable integer H (n;4), as desired. O

3 H(n;k)whenn =3 (mod 4)and k =1 (mod 4)

In this section we first give a direct construction for H(n;5) with n = 3 (mod 4) where
all of the filled cells are on exactly 5 diagonals. We then use Theorem 2.2 repeatedly
to construct H(n; k) for all n = 3 (mod 4) withn > 7, and all K = 1 (mod 4) with
5<k<n—-2

We begin with an example of the main construction of this section. Hopefully, the
reader can see the type of patterns which will exist in the general case.

Example 3.1. An H(11,5).

10 | 53 24 |-33 —54
—36| -9 | 44 32 |-31
—45| -8 | 52 30 |—29
=37 =7\ 43 28 |27
—46| —6 | 51 26 |—25
—21 —38|—11| 47 23
12 |-13 —42| 4 | 39
14 |-15 —50| 3 | 48
16 |-17 —41| 2 | 40
18 |19 —49| =5 | 55
35 20 |—22 —-34| 1

Theorem 3.2. There exists an H(n,5) for allm = 3 (mod 4) withn > 7.

Proof. Leth = (n+1)/2 and ¢ = (n — 3)/4. We construct an n X n array H using the
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following procedures. The procedures are labeled A to N.

diag(h+1,h+1,h —2,1,—1,h — 3);

B diag(3,3,—(n—3),1,1,h — 3);
c diag(2,3,4n,2,-1,q);

D diag(3,2,—(4n+1),2,—1,q);
E diag(3,4,5n —3,2,—1,q);

F o diag(4,3,—(3n+4),2,-1,q);

diag(h+ 1,h, —(4n — q),2,1,q);
H diag(h+2,h+1,—(5n — ¢ —3),2,1,q);
1 diag(h,h+1,4n +q+1,2,1,¢);
1 diag(h+1,h+2,3n+q+4,2,1,q);

diag(h+1,2,—(n+2),1,—2,h — 2);
diag(h+1,1,n+1,1,2,h — 1);
diag(1,h+1,—-3n,1,2,h — 1);
diag(2,h +1,3n — 1,1, -2, h — 2);

z 2 o R

We also fill the following cells in an ad hoc manner.

H[1,1]=n—1; H[1,2] =5n—2  H[L,h =2n+2;
H[1,n] = —(5n — 1); H[2,1) = —(3n+3); H[2,2] = —(n—2);
H[h1) = —(2n—1);  H[hh] = —n; Hlh,n] = 2n + 1;
Hn—-1n—-1=—-(h—1); Hn—-1,n]=>5n; Hn,1] =3n+2;
Hn,h] = —2n; Hn,n—1=-Bn+1); Hln,n]=1.

We now prove that the array constructed by the description above is indeed an integer
H(n;5). To aid in the proof we give a schematic picture of where each of the diagonal
procedures fills cells (see Figure 1). The first cell in each of these procedures is shaded and
we have placed an X in the ad hoc cells. (In this picture we used n = 15, so h = 8 and
q=3)

We first check that the rows all add to 0 (in the integers).

Row 1: There are four ad hoc values plus the first value in diagonal M. The sum is
(mn—1)+Bn—-2)+2n+2)—3n—(5n—1) = 0.

Row 2: The sumis —(3n+3) — (n—2)+4n+ 3n—1) — (3n —2) = 0.

Rows 3 to h — 1: First notice that in all of these rows the sum of the N and the M diag-
onal cells is +1 so we must show that the sum of the three cells in the three center
diagonals is —1. There are two cases depending on whether the row r is odd or even.
If r is odd, then write » = 3 + 2k where 0 < k < ¢ — 1. Notice that from the
D, B and E diagonal cells we get the following sum: —(4n + 1) — k — (n — 3) +
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X | X X | M X
X|X|C N | M
D|B|E N | M
F|B|C N | M
D|B | E N | M
F|B|C N | M
D|B|E N | M
X F|X |1 X
L | K G|A |
L | K H|A|I
L | K G|A|]
L | K H|A|I
L | K G|A|J
L | K H| X | X
X L | X X | X

Figure 1: Construction in Theorem 3.2 for n = 15.

2k + (5n — 3) — k = —1 as desired. If r is even, then write r = 4 4 2k where
0 < k < ¢ — 2. From the F, B and C diagonal cells we get the following sum:
—Bn+4)—k—(n—3)+1+2k+4n—1—k = —1, as desired.

Row h: There are three ad hoc values plus the last of the F diagonal as well as the first of
the I diagonal. We get the row sum: —(2n — 1) —n+ (2n+1) — (3n+4) — (¢ —
)+4n+q+1=0.

Rows h+1 to n—2: Note that in all of these rows the sum of the L and the K diagonal cells
is —1 so we must show that the sum of the three cells in the three center diagonals is
+1. There are again two cases depending on whether the row r is odd or even. If r
is odd, noting that h is even, we write r = (h+ 1) 4+ 2k where 0 < k < ¢ — 1. Now,
from the G, A and J diagonal cells we get the following sum: —(4n — q) + k + (h —
2)—2k+(3n+q+4)+k = —n+2q+h+2 = 1. If r is even, write r = (h+2)+2k
where 0 < k£ < ¢ — 2. From the H, A and 1 diagonal cells we get the following sum:
—bn—q=3)+k+(h-3)—-2k+{An+q+2)+k=-n+2q+h+2=1.

Row n — 1: We add the values in diagonals L, K and H with two ad hoc values to get:
n+1)+2h-3)—(n+2)—2(h—=3)—(5n—q¢—3)+(¢g—1)—(h—1)+5n =
—h+2g+2=0.

Row n: The sumis (3n+2)—2n—(3n+1)+1+(n+1)+2(h—2) = —n+2h—1=0.
So all rows add to zero. Next we check that the columns also all add to zero.

Column 1: There are four ad hoc values plus the first value in diagonal L. The sum is
m—1)—-0GBn+3)—2n—-1)+(n+1)+ Bn+2)=0.

Column 2: The sumisbn —2—(n—2) — (4n+1)— (n+2)+ (n+1)+2=0.
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Columns 3 to h — 1: Note that in all of these columns the sum of the L and the K diagonal
cells is +1 so we must show that the sum of the three cells in the three center diago-
nals is —1. There are two cases depending on whether the column c is odd or even.
If ¢ is odd, then write ¢ = 3+ 2k where 0 < k < ¢— 1. From the C, B and F diagonal
cells we get the following sum: 4n —k — (n—3)+2k— (3n+4) —k = —1.If cis
even, then write ¢ = 4+ 2k where 0 < k < ¢— 2. From the E, B and D diagonal cells
we get the following sum: (bn —3) —k—(n—4)+2k—(dn+1)—-1—-k=—1,
as desired.

Column h: There are three ad hoc values plus the last of the E diagonal as well as the first
of the G diagonal. We get (2n+2) —n—2n+ (5n—3) —(¢—1) — (4n—¢q) = 0.

Columns h + 1 to n — 2: In all of these columns the sum of the M and the N diagonal
cells is —1, so we must show that the sum of the three cells in the three center
diagonals is +1. There are again two cases depending on whether the column c is
odd or even. If ¢ is odd, noting that & is even, we write ¢ = (h + 1) + 2k where
0 < k < g— 1. Now, from the I, A and H diagonal cells we get the following sum:
An+q+1)+k+h—-2)—2k—bBbn—q—3)+k=-—n+2g+h+2=11Ifc
is even, write ¢ = (h + 2) + 2k where 0 < k < ¢ — 2. From the J, A and G diagonal
cells we get the following sum: (3n+¢+4)+k+(h—3)—2k—(dn—q)+1+k =
—n+2¢+h+2=1

Column n — 1: We add the values in diagonals M, N and J with two ad hoc values to get:
(=3n)+2(h—3)+(3Bn—-1)—2(h—3)+(Bn+q+4)+q—1—(h—1)—(3n+1) =
2¢g—h+2=0.

Column n: The sumis —=bn+1—-3n+2(h—2)+2n+1+5n+1=-n+2h—1=0.

So we have shown that all column sums are zero. Next we consider the support of H.
We do this by looking at the elements used in each of the diagonals as well as the ad hoc
symbols. We will write [u, v](W) if the elements in diagonal W consist of the integers in
the closed interval [u, v] and we give the ad hoc symbols individually. Note that we write
all the numbers in terms of the value g (where 4q + 3 = n). The support of H is:

{1,[2,2q](A),2q + 1, [2g + 2,4¢|(B),4q + 1,4q + 2,4q + 3, [4q + 4,8¢ + 4] (K U L),
8¢ +5,8¢ +6,8¢ + 7,8¢ + 8, [8¢ + 9, 12¢ + 9] (M UN), 12¢ + 10,12q + 11,12¢ + 12,
[12g + 13, 13¢ + 12)(F), [13¢ + 13, 14q + 12](2), [14¢ + 13, 15 + 12](G),

[15¢ + 13, 16 + 12)(c), [16¢ + 13, 17 + 12)(D), [17q + 13,18¢ + 12](1),

[18¢ + 13,19q + 12](1), [19¢ + 13, 20q + 12](E), 20q + 13, 20q + 14, 20¢ + 15}

= [1,20q + 15] = [1, 5n].

We have shown that H is indeed an integer Heffter array H (n;5). O

We are now ready to prove the main theorem of this section. Let k = 5 + 4s. To
construct an H(n; k) we start with the H(n;5) constructed in Theorem 3.2 and add s
disjoint H(n;4) (with the symbols shifted accordingly), as constructed in Theorem 2.2.
The details are given in the following theorem.

Theorem 3.3. There exists an integer Heffter array H(n; k) for alln = 3 (mod 4) and
k=1 (mod 4) withn > Tand5 < k <n—2.
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Proof. Again let h = (n + 1)/2, noting that h is necessarily even, and let & = 5 + 4s.
When s = 0 we are done by Theorem 3.2. So we assume that s > 1, and hence that
4 < 4s < n—T. Begin with H = H(n; 5) constructed in Theorem 3.2. We place s (shifted)
H (n;4) constructed in Theorem 2.2 in 4s empty diagonals of H. These empty diagonals
will come in pairs of consecutive diagonals. Specifically, for each 0 < ¢ < s — 1 place
H; = H(n;4) £ (5n + 4nt) on the 4 diagonals D3 a;, Datot, Dpyoyor, and Dy gy

A few things need to be checked. The filled diagonals in H are Dy, Dy, Dy, Dy 1,
and D,. The diagonals that get filled with the H,’s are D3, Dy, ..., Dit9,, Dajog and
Dpyo,Dpysy ...y Dhgos, Dpiosy1. Since 4s < n — 7, then 2s + 2 < h — 2 and also
h+2s+ 1 < n— 2. So the filled diagonals in H, Hy, Hs, . .., H, are all disjoint.

The row and column sums in H as well as in each H;, 0 < t < s — 1 is zero, hence the
resulting array has row and column sum zero. Finally, note that the support of H is [1, 5n]
and for each H, the support is [5n + 4nt + 1, 5n + 4nt + 4n] = [5n+4nt + 1, 9n + 4nt].
So the support in the final array is

s—1
[1,5n) U | J[5n + 4nt + 1,9n + 4nt]
t=0
=[1,5n]U[Bn+1,9n]U[9n+1,13n]U---U[Bn+4n(s — 1) + 1,9n + 4n(s — 1)].

Since 9n + 4n(s — 1) = n(5 + 4s) = nk, the support is [1,nk], completing the
proof. O

4 H(n;k)whenn =0 (mod 4) and k =1 (mod 4)

This section follows the same structure as Section 3. We first give a direct construction for
H(n;5) withn = 0 (mod 4) where all of the filled cells are on exactly 5 diagonals. We
then use Theorem 2.2 repeatedly to construct H (n; k) foralln = 0 (mod 4) withn > 8,
and all k = 1 (mod 4) with 5 < k < n — 3. We again begin with an example of the main
construction of this section.

Example 4.1. An H(16,5).

46 |—14| 62 —49|—-45
—63|—13| 75 44 |—43
—50|—12| 61 42 |—41
—64|—-11| 74 40 (-39
—51|—10| 60 38 |-37
—65| -9 | 73 36 [—35
—52| =8| 59 34 |33
-30 —66| 77 | 67 —48
15 |-16 —58| 6 | 53
17 |18 —72| 5 | 68
19 |—-20 —57| 4 | 54
21 |-22 -7l 3 |69
23 |—24 —56| 2 | 55
25 |—26 —70| =778
—-32 27 | 80 —47|-28
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Theorem 4.2. There exists an H(n,5) for alln =0 (mod 4) withn > 8.

Proof. Let h = n/2 and ¢ = n/4. We construct an n x n array H using the following
procedures. The procedures are labeled A to N.

diag(h+1,h+2,h —2,1,—1,h — 3);

diag(]-v 2, —(TL - 2)a 1L,1,h— 1)7

Cc diag(1,3,4n — -1,q);

D diag(2,2,—(4n — 1) 2, —Lq);

E diag(2,4,5n — —1);

F diag(3, (3n+2) 2 l,q—l);

diag(h+1,h+1,—(4n—q—2),2,1,q — 1);
H diag(lh+2,h+2,—(5n—q—4),2,1,q — 1);
1 diag(h,h+2,4n+q—1,2,1,q— 1);
3 diag(h+1,h+3,3n+q+1,2,1,¢g— 1);

diag(h+1,1,n —1,1,2,h — 1);
diag(h+1,2,—n,1,—2 h — 2);
diag(2,h 4+ 2,3n — 4,1, -2, h — 2);
diag(1,h+2,—(3n —3),1,2,h — 1);

z 2 o R

We also fill the following cells in an ad hoc manner.

H[1,1] = 3n—2; H[L,h+1] = —(3n+1)
Hh,1] = —(2n — 2); Hlh,h+ 1] = 5n — 3;
H[h,n] = —3n; Hn—2,n—-1=—-(h—1)
Hn —2,n] =5n—2; Hn—-1,1] = —2n;
Hn —1,h] = bn; Hin—1,n—1]=—(3n—1);
Hn—1,n] =—(2n—4); Hn,1] =1;
Hin,2] = 5n — 4; Hn,h] = —(5n —1);
Hn,h+1]=—(2n - 3); Hn,n] =2n-1

We now prove that the array constructed by the description above is indeed an integer
H (n;5). To aid in the proof we again give a schematic picture of where each of the diagonal
procedures fills cells (see Figure 2). The first cell in each of these procedures is shaded and
we have placed an X in the ad hoc cells. (In this picture we used n = 16, so h = 8 and
qg=4)

We first check that the rows all add to zero.

Row 1: There are two ad hoc values plus the first value in diagonals B, C and N. The sum
isBn—-2)—-(n—2)+4n—-2)—Bn+1)— (3n—3)=0.
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X | B | C X | N
D | B | E M | N
F| B | C M | N
D|B | E M | N
F|B|C M | N
D|B | E M | N
F|B|C M | N
X D | X I X
K| L G| A J
K| L H | A I
K| L G | A J
K| L H A I
K| L G | A J
K| L H| X | X
X K | X X | X
X | X X | X X

Figure 2: Construction in Theorem 4.2 for n = 16.

Rows 2 to h — 1: In all of these rows the sum of the N and the M diagonal cells is +1
so we must show that the sum of the three cells in the three center diagonals is —1.
There are two cases depending on whether the row r is odd or even. If r is even, then
write 7 = 2 4+ 2k where 0 < k& < g — 2. From the D, B and E diagonal cells we get
the following sum: —(4n —1) —k— (n—3)+2k+ (5n—5) —k = —1. If r is odd,
then write » = 3+ 2k where 0 < k& < g — 2. Notice that from the F, B and C diagonal
cells we get the following sum: —(3n+2) —k—(n—4)+2k+(dn—-3)—k = —1
as desired.

Row h: The sumis: —(2n—2)—(dn—1)—(¢—1)+(5n—3)+(4n+¢—1)—3n =0.

Row i +1 to n— 3: Note that in all of these rows the sum of the L and the K diagonal cells
is —1 so we must show that the sum of the three cells in the three center diagonals is
+1. There are again two cases depending on whether the row r is odd or even. If r
is odd, noting that & is even, we write r = (h + 1) 4+ 2k where 0 < k£ < ¢ — 2. Now,
from the G, A and J diagonal cells we get the following sum: —(4n — g — 2) + k +
(h—2)—2k+(3n+qg+1)+k=—n+2g+h+1=1,asdesired. If  is even, write
r = (h+2)+2k where 0 < k < ¢ — 3. From the H, A and I diagonal cells we get the
following sum: —(5n—qg—4)+k+(h—3)—2k+(4n+q)+k = —n+2q+h+1 = 1.

Row n —2: Thesumis: (n—1)+2(h—3)—n—-2h—-3)—(bn—q—4)+(¢—2) —
h+1+(Bn—-2)=2¢q—h=0.

Row n—1: The sumis: —2n+(n—1)+2(h—2)+5n—(3n—1)—(2n—4) = —n+2h = 0.

Row n: The sumis: 1 + (bn —4) — (bn—1) — (2n —3) + (2n — 1) = 0.

So all rows add to zero. Next we check that the columns also all add to zero.

Column 1: There are four ad hoc values plus the first value in diagonal K. The sum is
Bn—-2)—2n—-2)+(n—1)—2n+1=0.
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Column 2: The sumis: —(n —2) — (4n—1) —n+ (n+1) + (5n —4) = 0.

Columns 3 to h — 1: Note that in all of these columns the sum of the L and the K diagonal
cells is +1, so we must show that the sum of the three cells in the three center
diagonals is —1. There are two cases depending on whether the column c is odd or
even. If ¢ is odd, then write ¢ = 3 + 2k where 0 < k < ¢ — 2. From the C, B and F
diagonal cells we get the following sum: (4n—2)—k—(n—3)+2k— (3n+2)—k =
—1. If ¢ is even, then write ¢ = 4 + 2k where 0 < k < ¢ — 3. From the E, B and D
diagonal cells we get the following sum: (5n—5) —k—(n—4)+2k—4n—k = —1,
as desired.

Column h: There are two ad hoc values plus the last of the E, B and D diagonals. We get
5n—(n—1)+GBn-5)—(¢g—2)—(n—2)+(h—2)—(4n—-1)—(¢—1) =0.

Column h + 1: The sumis: —(3n+ 1)+ (4n—2) — (¢ — 1)+ (bn — 3) — (4n — q —
2)—(2n—-3) =0.

Columns h + 2 to n — 2: In all of these columns the sum of the M and the N diagonal
cells is —1, so we must show that the sum of the three cells in the three center
diagonals is +1. There are again two cases depending on whether the column c is
odd or even. If ¢ is even, noting that h is even, write ¢ = (h + 2) + 2k where
0 < k < ¢ — 2. From the 1,A and H diagonal cells we get the following sum:
(An+q—1)+k+(h—2)—2k— (bn—q—4)+k = —n+h+2g+1 = 1. If cis odd,
we write ¢ = (h + 3) + 2k where 0 < k < ¢ — 3. Now, from the J, A and G diagonal
cells we get the following sum: (3n+¢+1)+k+(h—3)—2k—(dn—qg—3)+k =
—n+2¢q+h+1=1

Columnn — 1: The sumis: —(3n —3)+2(h—3)4+ 3n—4) —2(h—3)+ Bn+q+
1)—|—(q—2)—(h—1)—(3n—1)—2q—h:0

Column n: The sum is: —(3n —3) +2(h—2) —3n+ (5n
—n+2h =0.

-2)—2n—4)+(2n—-1) =

So we have shown that all column sums are zero. Next we consider the support of
H. We do this by looking at the elements used in each of the diagonals as well as the ad
hoc symbols used. We again write [u, v](W) if the elements in diagonal W consist of the
integers in the closed interval [u, v] and we give the ad hoc symbols individually. Note that
we write all the numbers in terms of the value ¢ (where 4¢ = n). The support of H is:

{1,12,2¢ — 2|(A),29 — 1, [2¢,4¢ — 2(B), [4g — 1,8¢ — 5](K U L), 8g — 4,8¢ — 3,
8¢ —2,8¢—1,8¢,[8¢+1,12¢g — 3](MUN),12¢g — 2,12¢g — 1,12¢,12¢ + 1,
[12q + 2,13¢|(F), [13q + 1, 14q — 1)(1), [14¢, 15q — 2](G), [15¢ — 1,169 — 2](C),
[16g — 1,17 — 2](D), [17¢ — 1,18q — 3](1), [18¢ — 2,19q — 4](H), [19¢g — 3,20q — 5](E),
20q — 4,20q — 3,20q — 2,20q — 1,20q} = [1,20q] = [1, 5n].

We have shown that the array H is indeed an integer Heffter array H (n;5). O

We now present the main theorem of this section.

Theorem 4.3. There exists an integer Heffter array H(n; k) for alln = 0 (mod 4) and
k=1 (mod 4) with5 < k <n—3.
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Proof. The proof is very similar to that of Theorem 3.3. As above, let h = n/2, where h
is necessarily even, and let k = 5 4+ 4s. When s = 0 we are done by Theorem 4.2. So we
assume that s > 1, and hence that 4 < 4s < n — 8. Begin with H = H(n; 5) constructed
in Theorem 4.2. We place s (shifted) H(n;4) constructed in Theorem 2.2 in 4s empty
diagonals of the H(n;5). These empty diagonals will again come in pairs of consecutive
diagonals. Specifically, for each 0 < t < s — 1 place H; = H(n;4) £ (5n + 4nt) on the
four diagonals D2+2t7 D3+2t7 Dh+2+2t7 and Dh+3+2t~

A few things need to be checked. The filled diagonals in H are Dy, Dy, D41, D1,
and D,,. The diagonals that get filled with the H;’s are Dy, Ds,..., Do, D142, and
Dpio,Dpys, ...y Dhgos, Dpyosi1. Since 4s < n — 8§, then 2s + 1 < h — 3 and also
h+2s+ 1 < n— 3. So the filled diagonals in H, Hy, Hs, . .., H, are all disjoint.

The row and column sums in H as well as in each H;, 0 < ¢t < s — 1 is zero, hence the
resulting array has row and column sum zero. Finally, note that the support of H is [1, 5n]
and for each H; the support is [5n + 4nt + 1,5n + 4nt + 4n] = [5n + 4nt + 1, 9n + 4nt).
So the support in the final array is

s—1
[1,5n) U | J[5n + 4nt + 1,9n + 4nt]
t=0
=[1,5n]U[Bn+1,9n]U[9n+1,13n]U---U[Bn+4n(s — 1) + 1,9n + 4n(s — 1)].

Since 9n + 4n(s — 1) = n(5 + 4s) = nk, the support is [1,nk], completing the
proof. O

5 Conclusion

In the paper [3], it was proven that the necessary conditions for the existence of an integer
H(n; k) are thatn > k and nk = 0,3 (mod 4). Furthermore, this condition was proved to
be sufficient except possibly when n = 0 or 3 (mod 4) and £k = 1 (mod 4). In Section 3
we proved that H (n; k) exist when n = 3 (mod 4) and ¥ = 1 (mod 4) and in Section 4
we proved that H(n; k) exist when n = 0 (mod 4) and k¥ = 1 (mod 4). From this we
have the main result of this paper.

Theorem 5.1. There exists an integer Heffter array H (n; k) if and only if
3<k<n and nk=0,3 (mod4).

In future work we will consider the case when the Heffter array H (n; k) is not an
integer Heffter array. In this case the only necessary condition is that 3 < k < n.

References
[1] D. S. Archdeacon, Heffter arrays and biembedding graphs on surfaces, Electron. J. Combin. 22
(2015), #P1.74.

[2] D.S. Archdeacon, T. Boothby and J. H. Dinitz, Tight Heffter arrays exist for all possible values,
J. Combin. Des. 25 (2017), 5-35, doi:10.1002/jcd.21520.

[3] D.S. Archdeacon, J. H. Dinitz, D. M. Donovan and E. S. Yazici, Square integer Heffter arrays
with empty cells, Des. Codes Cryptogr. 77 (2015), 409-426, doi:10.1007/s10623-015-0076-4.

[4] D.S. Archdeacon, J. H. Dinitz, A. Mattern and D. R. Stinson, On partial sums in cyclic groups,
J. Combin. Math. Combin. Comput. 98 (2016), 327-342.






creative ARS MATHEMATICA
@commons CONTEMPORANEA

Also available at http://amc-journal.eu
ISSN 1855-3966 (printed edn.), ISSN 1855-3974 (electronic edn.)

ARS MATHEMATICA CONTEMPORANEA 13 (2017) 95-106

3-pyramidal Steiner triple systems*

Marco Buratti

Dipartimento di Matematica e Informatica,
Universita di Perugia, via Vanvitelli 1, 06123 Perugia, Italy

Gloria Rinaldi

Dipartimento di Scienze e Metodi dell’Ingegneria,
Universita di Modena e Reggio Emilia, via Amendola 2, 42122 Reggio Emilia, Italy

Tommaso Traetta
Department of Mathematics, Ryerson University, Toronto (ON) M5B 2K3, Canada

Received 21 December 2015, accepted 30 March 2016, published online 19 February 2017

Abstract

A design is said to be f-pyramidal when it has an automorphism group which fixes f
points and acts sharply transitively on all the others. The problem of establishing the set of
values of v for which there exists an f-pyramidal Steiner triple system of order v has been
deeply investigated in the case f = 1 but it remains open for a special class of values of v.
The same problem for the next possible f, which is f = 3, is here completely solved: there
exists a 3-pyramidal Steiner triple system of order v if and only if v = 7,9,15 (mod 24)
orv = 3,19 (mod 48).

Keywords: Steiner triple system, group action, difference family, Skolem sequence, Langford se-
quence.

Math. Subj. Class.: 51E10, 20B25, 05B07, 05B10

1 Introduction

A Steiner triple system of order v, briefly STS(v), is a pair (V, B) where V is a set of v
points and B is a set of 3-subsets (blocks or triples) of V with the property that any two
distinct points are contained in exactly one block. Apart from the trivial case v = 0 in
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which both V' and B are empty, it is well known that a STS(v) exists if and only if v = 1
or 3 (mod 6). For general background on STSs we refer to [7].

Steiner triple systems having an automorphism with a prescribed property or an auto-
morphism group with a prescribed action have drawn much attention since a long time. It
was proved by Peltesohn [15] that a STS(v) with an automorphism cyclically permuting all
points, briefly a cyclic STS(v), exists for any possible v but v # 9. The existence question
for a STS(v) with an involutory automorphism fixing exactly one point, briefly a reverse
STS(v), has been settled by means of three different contributions of Doyen [9], Rosa [18]
and Teirlinck [21]; it exists if and only if v = 1, 3,9, 19 (mod 24). In [16] Phelps and Rosa
proved that there exists a STS(v) with an automorphism cyclically permuting all but one
point, briefly a 1-rorational STS(v), if and only if v = 3 or 9 (mod 24).

Note that a cyclic or 1-rotational STS may be viewed as a STS with a cyclic automor-
phism group acting sharply transitively on all points or all but one point, respectively. Thus
one may ask, more generally, for a STS with an automorphism group G having the same
kind of action without the request that G be cyclic.

Speaking of a regular STS(v) we mean a STS(v) for which there is at least one group G
acting sharply transitively on the points. Also, speaking of a 1-rotational STS(v) we mean
a STS(v) with at least one automorphism group acting regularly on all but one points.

The only STS(9), which is the point-line design associated with the affine plane over
Zs, is clearly regular under Z%. Thus, in view of Peltesohn’s result, there exists a regular
STS(v) for any admissible v.

The problem of determining the set of values of v for which there exists a 1-rotational
STS(v) (under some group) has been deeply investigated in [2, 4]. Such a STS is neces-
sarily reverse so that v must be congruent to 1, 3, 9, or 19 (mod 24). For the cases v = 3
or 9 (mod 24) the existence clearly follows from the result by Phelps and Rosa. In the case
v = 19 (mod 24) we do not have existence only when v = 6PQ + 1 with P = 1 or a
product of pairwise distinct primes congruent to 5 (mod 12) and with @) a product of an
odd number of pairwise distinct primes congruent to 11 (mod 12). The most difficult case
is v = 1 (mod 24) where the existence remains still uncertain only when all the following
conditions are simultaneously satisfied: v = (p* — p)n + 1 = 1 (mod 96) with p a prime;
n # 0 (mod 4); the odd part of v — 1 is square-free and without prime factors = 1 (mod 6).

Of course one might consider the more specific problems of determining all groups G
for which there exists a STS which is regular under G and all groups G for which there
exists a STS which is 1-rotational under GG. These problems appear at this moment quite
hard. The same problems can be relaxed by asking for which v there is a STS(v) which is
regular (1-rotational) under a group belonging to an assigned general class. For instance,
the first author proved that there exists a STS(v) which is 1-rotational under some abelian
group if and only if either v = 3,9 (mod 24) or v = 1,19 (mod 72). Also, Mishima [14]
proved that there exists a STS(v) which is 1-rotational under a dicyclic group if and only if
v = 9 (mod 24).

We have quoted only the results which are closer to the problem that we are going to
study in this paper. Indeed the literature on Steiner triple systems and their automorphism
groups is quite wide. For example, results concerning the full automorphism group of a
STS have been obtained by Mendelsohn [13] and Lovegrove [12].

Now we want to consider the problem of determining the set of values of v for which
there exists a STS(v) with an automorphism group fixing f points and acting sharply tran-
sitively on the other v — f points. Such a STS will be called f-pyramidal. Of course the
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cases f = 0 and f = 1 correspond, respectively, to the regular and 1-rotational STSs
discussed above. It is natural to study the next possible case that is f = 3. This is because,
as we are going to see in the next lemma, the fixed points of an f-pyramidal STS(v) form
a subsystem of order f so that, for f ## 0, we have f = 1 or 3 (mod 6); also, if f # v, then

f<wv/2.

Lemma 1.1. A necessary condition for the existence of an f-pyramidal STS(v) is that
f=0o0rf=1,3 (mod 6), and f =vor f <v/2

Proof. Let (V,B) be an f-pyramidal STS(v) under the action of a group G. Assume,
w.lo.g., that G is additive and let F' = {001,...,00;} be the set of points fixed by G.
Obviously G has order v — f, the set of points V' can be identified with /' U G, and the
action of G on V can be identified with the addition on the right with the assumption that
00; + g = oo; for each oco; € F and each g € G. If a block B € B contains two distinct
fixed points, say co; and co;, then B + g = B for every g € G otherwise B would have
two distinct blocks, B and B + g, passing through the two points oo; and co;. So, the third
vertex of B is also fixed by G. It easily follows that all blocks of 53 contained in F' form a
STS(f) so that we have f =0 or f = 1,3 (mod 6),and f =vor f < v/2. O

The main result of this paper is a complete solution to the existence problem for a
3-pyramidal STS(v).

Theorem 1.2. There exists a 3-pyramidal STS(v) if and only if v = 7, 9, 15 (mod 24)
orv =3, 19 (mod 48).

The “if part” of this theorem will be proved in Section 3 which therefore will give
non-existence results: for v = 1, 13, 21 (mod 24) or v = 27, 43 (mod 48) there is no
3-pyramidal STS(v). The “only if part” will be proved in Section 4 where we will give an
explicit construction of a 3-pyramidal STS(v) whenever v = 7,9, 15 (mod 24) orv = 3,19
(mod 48).

First, in the next section, we have to translate our problem into algebraic terms: any
f-pyramidal STS is completely equivalent to a suitable difference family.

2 Difference families and pyramidal STSs

As a natural generalization of the concept of a relative difference set [17], the first author
introduced [3] difference families in a group G relative to a subgroup of GG or, even more
generally [5], relative to a partial spread of G. By a partial spread of a group G one means
a set X of subgroups of G whose mutual intersections are all trivial. One omits the attribute
“partial” in the special case that the subgroups of 3 cover all G. Let 3 be a partial spread
of an additively written group G, let F be a set of k-subsets G, and let AF be the list of all
possible differences « — y with (x, y) an ordered pair of distinct elements of a member of
F. One says that F is a (G, 3, k, 1)-difference family (DF) if every group element appears
0 or 1 times in AF according to whether it belongs or does not belong to some member
of X, respectively. We say that X is of rype {d7*,...,d% } if this is the multiset (written
in “exponential” notation) of the orders of all subgroups belonging to > and we speak of a
(G,{d{*,...,d}, k,1)-DF.

It is obvious that any STS(v) is v-pyramidal under the trivial group. The following
theorem explains how to construct an f-pyramidal STS(v) with f < v/2. It generalizes
Theorem 1.1 in [3] which corresponds to the case f = 1.
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Theorem 2.1. There exists an f-pyramidal STS(v) with [ < v/2 if and only if there exists
a (G,{27,3°},3,1)-DF for a suitable group G of order v — f with exactly f involutions,
and a suitable integer e.

Proof. (=>). Let (V,B) be an f-pyramidal STS(v) under an additive group G. We can
assume that V' = F' U G with F' and the action of G on V' defined as in Lemma 1.1.
For 1 < i < f, let B; = {c0;,0, z;} be the block of B containing the points co; and 0.
We have B; — x; = {00;, —2;,0} so that both B; and B; — x; contain the points co; and
0. It necessarily follows that B; — z; = B;, hence —x; = x; which means that z; is an
involution. Conversely, if « is an involution of G and B = {0, z, y} is the block through 0
and x, then B + z = {z,0,y + 2} would also contain 0 and « so that B + « = B. This
means that y + = y and this is possible only if y € F. Hence y = oo; and x = z; for a
suitable i. We conclude that {x1, ..., 2} is the set of all involutions of G.

Let F be a complete system of representatives for the G-orbits on the blocks of B with
trivial G-stabilizer. Reasoning as in the “if part” of Theorem 2.2 in [4], one can see that F
isa (G, X, 3,1)-DF where Y. is the partial spread of GG consisting of all 2-subgroups {0, x; }
(i=1,...,f)of G and all 3-subgroups of G belonging to B.

(«<=). Now assume that f = 1 or 3 (mod 6) and that F is a (G, %, 3,1)-DF with G a
group of order v — f having exactly f involutions and with X a partial spread of G of type
{27,3¢°}.

Take an f-set ' = {o01,...,00y} disjoint with G and let (F, B,) be any STS(f)
(which exists because we assumed that f = 1 or 3 (mod 6)). For i = 2,3, let 3; be the
set of subgroups of order i belonging to Y. Set X = {S; |1 < i < f} and ¥ =
{S; U {o00;} |1 < i < f}. Then, as in the “only if part” of Theorem 2.2 in [4], one can
see that

Y5 UX3 U FU By

is a complete system of representatives for the block-orbits of a 3-pyramidal STS(v) under
the action of G on F' U G defined as in the proof of Lemma 1.1. O

Remark 2.2. Considering that “cyclic STS” means “O-pyramidal STS under the cyclic
group”, as a very special case of the above theorem we have the well known fact that any
cyclic STS(6n+1) is equivalent to a (Zey,+1, {1}, 3, 1)-DF and that any cyclic STS(6n+3)
is equivalent to a (Zgy+3,{3},3,1)-DFE.

Example 2.3. The empty-set clearly is a (Z%, {22" =1}, 3, 1)-DF since every non-zero el-
ement of Z% is an involution. It is not difficult to see that one of the associated (2" — 1)-
pyramidal STS(2" ! —1) is the point-line design of the n-dimensional projective geometry
over Zs.

Let Dy,, be the dihedral group of order 2n, namely the group with defining relations
Dy, = (z,y | y> = 2™ = 1; yx = 2~ 1y). We give here an example of a STS(3f) which
is f-pyramidal under Doy.

Example 2.4. Let f = 1 or 3 (mod 6) but f # 9. Let ¢ : Z; — Doy be the group
monomorphism defined by ¢(i) = z* for each i € Z¢. The hypotesis on f guarantees, in
view of Peltesohn’s result, that there exists a cyclic STS(f). Thus, by Remark 2.2, there
existsa (Zy,{1},3,1)-DF ora (Z¢, {3}, 3, 1)-DF F according to whether f = 1 or 3 (mod
6), respectively. It is then obvious that {¢(B) | B € F}is a (Day, {2/,3¢},3,1)-DF with
e = 0 or 1, respectively.
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Thus there exists an f-pyramidal STS(3f) under the dihedral group Dy for any f = 1
or 3 (mod 6) but f # 9.

If, in the above example, we put f = 3, we obtain a representation of the affine plane
of order 3 as a 3-pyramidal STS(9) under Dg. In this case the difference family J is empty
because it is relative to a spread which is not partial; its subgroups {1, y}, {1, zy}, {1, 2%y}
and {1, z, 2%} cover indeed all elements of Dg. Following the instructions of the “only if
part” of Theorem 2.1 the blocks of the STS(9) are:

{001,0023003}7 {1,%,%2}, {y,xy,:va},
{00171,.@}7 {0017x7$2y}» {0011$27$y}7
{00271733y}7 {002755’;:1/}; {002a5527332y}7

{0037171‘231}7 {003737>$y}a {OO3,.’E2,y}.

In Section 4 we will make use of D again, for the construction of a 3-pyramidal
STS(24n + 9) under Dg X Zyyp41-

3 The “if part”

In this section we determine the values of v for which a 3-pyramidal STS(v) cannot exist,
we namely prove the “if part” of the main result Theorem 1.2. For this, we need two
lemmas about elementary group theory.

Lemma 3.1. If G is a group of order 24n + 18, then G has a subgroup of index 2.

Proof. Ttis well known that a group of order twice an odd number has a subgroup of index
2. See, for example, [19, Exercise 262]. O

The next lemma makes use of the so-called “Burnside normal p-complement theorem”
which is here recalled (see [19, Theorem 6.17]).

Theorem 3.2. Let P be a Sylow p-subgroup of a finite group G. If Co(P) = Ng(P), then
P has a normal complement in G.

Lemma 3.3. If G is a group of order 16n + 8 containing exactly 3 involutions, then G has
a subgroup of index 2 containing exactly one involution.

Proof. Let ji, j2, and js be the three involutions of G and let H = (41, j2, j3) be the group
they generate. We point out that H is a normal subgroup of G since it is generated by all
the elements of order 2. Now, let P be a 2—Sylow subgroup of G. As P has order 8 and
G contains exactly three involutions, by taking into account the classification of the groups
of order 8, we have three possibilities: namely P is either isomorphic to the group Z4 X Zsa
or P contains exactly one involution, i.e., it is P ~ Zg or P ~ Qg (the quaternion group
of order 8).

First of all we prove that it is necessarily P ~ Z4 X Z,. By contradiction, assume that
P contains exactly one involution. It is known that, in general, any two involutions of G
generate a dihedral group; also, a dihedral group of order 2/ contains at least h involutions.
Therefore, either (j1,j2) ~ Dy ~ Zg X Zg or (j1,j2) =~ Dg. In both cases, (ji,j2)
has three involutions, hence js € (j1,j2) and H = (j1,72). Since P contains just one
involution, it is necessarily H = Dyg, otherwise P should contain a subgroup isomorphic to
Z2 X ZQ.
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Let T be the subgroup of H of order 3. As usual, we denote by Ng(7T') and Co(T') the
normalizer and the centralizer of 7" in G, respectively. By the N/C-theorem, the quotient
group N (T')/Cq(T) is isomorphic to a subgroup of Aut(T) ~ Z,. Since T is the unique
subgroup of H of order 3, T is characteristic in H and then it is normal in G, that is
Ng(T) = G. Therefore, either C(T) = G or C(T) is a subgroup of G of index 2. In
both cases, C(T') is a normal subgroup of G of even order. The three involutions of G are
pairwise conjugate, hence, they are contained in any normal subgroup of G of even order
and then in C¢(T'). It then follows that T is central in H contradicting the fact that H is
dihedral.

We conclude that P ~ 7,4 X Zs; in particular, P is abelian and contains a subgroup
Q ~ Zy; also, P O H ~ Zy X Zs. To prove the assertion, we need to show that G has a
normal subgroup O of order 2n + 1. In fact, the semidirect product of O and @) will be a
subgroup of G of index 2 containing exactly one involution.

Recall that |G : Cg(j;)| is the size of cl(j;), the conjugacy class of j; in G, which
cannot exceed the total number of involutions in G hence, |G : Cg(j;)| < 3 for any
i = 1,2,3. On the other hand, P is abelian hence, P < Cg(j;) forany ¢ = 1,2,3. It
then follows that either |G : Cg(j;)] = 1forany i = 1,2,3 or |G : C(j;)| = 3 for any
1=1,2,3.

We first deal with the former case in which all involutions of G are central. Since G/H
has order 2d, d odd, then it has a subgroup of index 2 (see for example [19, Exercise 262]).
In other words, there exists a normal subgroup N of G of index 2 which contains H. Since
H is a central 2-Sylow subgroup of IV, by Theorem 3.2, H has a normal complement O in
N; in particular, O has order 2n + 1. Now, suppose the existence of another subgroup K
of N of order 2n + 1. Then K N O is normal in K and the quotient @1 = K/(K N O)
should be isomorphic to Q2 = (K + O)/O. However, (1 has odd order, while )2 has
even order. Therefore, O is the only subgroup of N of order 2n + 1, hence it is normal in
G.

We finally consider the case |G : Ci(j;)| = 3 forany ¢ = 1,2, 3. By the N/C-theorem,
G/Cq(H) is isomorphic to a subgroup of Aut(H) ~ Dg. Since P < Cq(H) < Cq(ji),
we have that Cq(H) = C¢(j;) forany i = 1,2, 3. Now note that C(H) satisfies the same
assumption as G and all involutions are central in C (H ). Therefore, we can proceed as
in the previous case to show that there is a normal subgroup €2 of Cg(H) of order 2%
As before, it is not difficult to check that €2 is the only subgroup of C(H) of order 2"“
therefore it is normal in G.

Setnow G = G/Q and P = Cg(H)/Q. Note that P ~ P, P is normal in G (i.e.,
Ng(P) = G) and G/P has order 3. Also, since P is abelian, then P < Cx(P) hence,
|G : C5(P)| = 1 or 3. Considering that, by the N/C-theorem, G/Cx(P) is 1som0rphlc to
a subgroup of Aut(P), and that Aut(P) has order 8, we then have that |G : C5(P)| = 1.
This means that P is central in G. Hence, G is the direct product of P by a normal subgroup
O of order 3 which is the quotient by Q of a normal subgroup O of G of order 2n + 1. [

Theorem 3.4. There is no 3-pyramidal STS(v) in each of the following cases:
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(v) v=43 (mod 48).

Proof. Cases (i)-(ii). Suppose that there exists a STS(v) with v = 24n+1 orv = 24n+13
which is 3-pyramidal under a group G. Therefore G is a group of order 24n — 2 or 24n+10
with exactly three subgroups of order 2. Now note that these subgroups are precisely the
2-Sylow subgroups of G since the order of G is divisible by 2 but not by 4. Hence na(G),
the number of 2-Sylow subgroups of G, is 3. By the third Sylow theorem ny(G) should be
also a divisor of % We conclude that 3 should be a divisor of |G| which is clearly false.

Case (iii). Now assume that there exists a 3-pyramidal STS(24n + 21). Then there
exists a (G, {23,3°},3,1)-DF F for a suitable group G of order 24n + 18 with exactly 3
involutions and a suitable e > 0.

By Lemma 3.1 there is a subgroup S of G of index 2. Note that an element of G has
odd or even order according to whether it is in S or not, respectively. Thus, in particular,
the three involutions of G are all contained in G \ S while every subgroup of G of order 3
is contained in S. Thus the subset of G\ S which is covered by AF has size |G\ S| —3 =
12n + 6.

If B is any block of F having some differences in G \ S, then it necessarily has two
points lying in distinct cosets of S in G. Thus, up to translations, we have B = {0, s, ¢}
withs € Sandt € G\ S. It follows that AB N (G \ S) = {£t,£(s — t)}, hence AB
has exactly four elements in G \ S.

From the above two paragraphs we conclude that 12n + 6 should be divisible by 4
which is clearly absurd.

Cases (iv)-(v). Assume that there exists a 3-pyramidal STS(v) with v = 27 or 43 (mod
48). Thus there exists a (G, {23,3¢}, 3,1)-DF F for a suitable group G of order 48n + 24
or 48n + 40 with exactly three involutions and where e > 0 in case (iv) or e = 0 in case
(v). Note that in both cases we have |G| = 8 (mod 16) so that, by Lemma 3.3, G has a
subgroup S of index 2 containing exactly one involution. Thus the subset of G \ S which
is covered by AF has size |G\ S| —2 = 24n+ 10 or 24n + 18. Then, reasoning as in case
(iii), 24n + 10 or 24n + 18 should be divisible by 4 which is absurd. O

4 The “only if part”

For proving the “only if part” of our main theorem, we have to give a direct construction
for a 3-pyramidal STS(v) whenever v is admissible and not forbidden by Theorem 3.4,
hence for any v = 7,9, 15 (mod 24) and for any v = 3,19 (mod 48). The most laboured
constructions are those for the last two cases where we will use extended Skolem sequences
and extended Langford sequences.

Given a pair (k,n) of positive integers with 1 < k < 2n + 1, a k-extended Skolem
sequence of order n can be viewed as a sequence (s, . . ., S, ) of n integers such that

n

Ufsivsi +i} ={1,2,...,2n + 13\ {k}.

i=1

The existence question for extended Skolem sequences was completely settled by C. Baker
in [1].

Theorem 4.1 ([1]). There exists a k-extended Skolem sequence of order n if and only if
either k is odd and n = 0,1 (mod 4) or k is even and n = 2,3 (mod 4).
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A k-extended Langford sequence of order n and defect d can be viewed as a sequence
of n integers ({1, ..., {,,) such that

Uttti+i+d—1} ={1,2,....2n+ 1} \ {k}.

i=1
We need the following partial result about extended Langford sequences by V. Linek and
S. Mor.

Theorem 4.2 ([11]). There exists a k-extended Langford sequence of order n and defect d
Sor any triple (k,n,d) withn > 2d, n = 2 (mod 4) and k even.

For general background concerning Skolem sequences, their variants, and their appli-
cations, we refer to [20]. We also refer to the recent survey [10] which, however, fails to
mention some of our work; for instance, extended Skolem sequences have been crucial in
our mentioned work on 1-rotational STSs [2, 4] and also in two papers [6, 22] dealing,
more generally, with 1-rotational k-cycle systems.

In the next lemma we combine Skolem sequences and Langford sequences to get the
last ingredient that we need for proving the “only if part” of our main result. This lemma
will be used, specifically, in the construction of a 3-pyramidal STS(v) with v = 3 (mod
96).

Lemma 4.3. There exists a (Z12n, {3,4}, 3,1)-DF for any even n > 2.

Proof. We have to construct a set F,, of 2n — 1 triples with elements in Z2,, whose
differences cover Zia, \ {0,3n,4n,6n,8n,9n} exactly once. For the small cases n €
{2,4,6,8,12,14,20} one can check that we can take F,, = {B1,...,Ba,—1} with B; =
{0,,b;} and the b;s as in the following table:

| (b1,b2, ..., ban—1)
(5,9,13)
(40, 37, 34, 30, 38, 29, 28)
(13,16, 20, 19, 26, 28, 30, 39, 34, 37, 40)

(17,20, 22, 25, 28, 33, 36, 34, 39, 47, 46, 52, 54, 45, 53)

12 | (66,63,37,64,38,62,39,58,40,59,41, 67,42, 68,43, 69, 44, 70, 45, 71, 46, 57, 47)
14 | (76,74,43,70,44,77,45,73,46, 68, 47,69, 48, 78, 49, 79, 50, 80, 51, 81, 52, 82, 53,
83, 54,67, 55)
20 | (110,103,61,108, 62, 102,63, 100, 64, 105, 65, 106, 66, 107, 67, 98, 68,99, 69, 111,
70,112,71,113,72,114, 73,115, 74,116, 75,117, 76, 118, 77, 119, 78,97, 79)

ol | S

For all the other values of n, set n = 2m and ¢ = r 4+ (—1)" where r is the remainder
of the Euclidean division of m by 4.

By applying Theorem 4.1 one can see that there exists a (2m + 1)-extended Skolem
sequence (s1, ..., Sm+e) of order m + €. Also, by applying Theorem 4.2 one can see that
there exists a (2m— 2¢)-extended Langford sequence (¢1, . .., £3,,—c—1) of order 3m—e—1
and defect m + ¢ + 1. Then one can see that the desired difference family is the one whose
blocks are the following:

{0, —i, s; +4m — 1} withl <i<m+e¢
{0, =(m +e+1), ; + 6m + 2¢} with1 <{<3m—e—1.
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Theorem 4.4. There exists a 3-pyramidal STS(v) for any admissible value of v not for-
bidden by Theorem 3.4.

Proof. Considering that the admissible values of v are those congruent to 1 or 3 (mod 6),
we have to prove that there exists a 3-pyramidal STS(v) in the following five cases:

(1) v="7 (mod 24);
(#3) v =15 (mod 24);
(7i1) v
)
) v

=9 (mod 24);
(iv) v =3 (mod 48);
(v) v=19 (mod 48).

Cases (i)-(ii). Assume that v = 7,15 (mod 24). Let F be an (H, {h},3,1)-DF with
H =Zgny1and h = 1ifv =24n+7,0or H = Z3 X Zap+1 and h = 3 if v = 24n + 15.
In the former case the existence of F is guaranteed by Peltesohn’s result (see Remark 2.2)
while in the latter it is enough to take 7 = {{(0,0), (1,7), (1,—4)} | 1 < i < n}.

The group G := Zg X Zo x H has order v — 3 and exactly 3 involutions. Thus, by
Theorem 2.1, it is enough to exhibit a (G, {23,3¢}, 3, 1)-DF for some suitable e. Such a
DF is, for instance, the one whose blocks are:

{(0,0)} x B with B € F;
{(0,1,0), (1,0, R), (1,1, —h)} with h €

where H is a subset of H such that {{h, —h} | h € H} is the patterned starter of H, i.e.,
the set of all symmetric 2-subsets of H (see [8]).

Case (iii). Assume that v = 9 (mod 24), say v = 24n+9. The group G := Dg X Zygp+1
has order v — 3 and clearly has exactly three involutions. Thus, by Theorem 2.1, it is enough
to exhibit a (G, {2%,3'}, 3, 1)-DF (of course here the DF will “use” multiplication on the
first component and addition on the second). For this, we have to distinguish three cases
according to whether n is odd or congruent to O or 2 (mod 4). The three cases are very
similar; the blocks of the desired difference family can be taken as indicated in the table
below.

Blocks \ n odd \ n = 0 (mod 4) \ n = 2 (mod 4)
{(1,0), (z,n), (z,2n)} Yes Yes Yes
{(y,0), (1, =), (1, 32E)} Yes No No
{(1,0),(17,7%),(%37")} No Yes Yes
{(%,0), (L,4),(1,2n +1—14)} 1<i<n 1<i<n 1<i<n
Z?é n;l
{(y,0), (z,9), (2%, =)} 1<i<n 1<i<n, 1<i<n,
R and i = T2
{(y,0), (z, —1), (x%,4)} n+l<i<2n | n+1<i<2n | n+1<i<2n
andi= 7 and i # T2
{(1,0), (z,7), (z,2n — 4)} 1<i<n-1 1<i<n-1 1<i<n-1
andi # 3 andi # 3

We note that the subgroup of order 3 which is not covered by the differences of the
above families is, in any subcase, {(1,0), (z,0), (z2,0)}.
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Case (iv). Assume that v = 3 (mod 48), say v = 48n + 3. The group G = Zy X Z12,
has order v — 3 and it has exactly three involutions. Then, by Theorem 2.1, it is enough to
exhibita (G, {23,3},3,1)-DF.

Subcase (iv.1): n is odd. Take a (2n + 1)-extended Skolem sequence (s1, ..., S25,—1) Of
order 2n — 1 (which exists by Theorem 4.1). Set n = 2¢ 4 1 and check that the blocks of a
(G, {23,3},3,1)-DF are the following:

{(0,0),(1,0), (3,6t + 3)};

{(0,0), (1,3t +2), (1, =9t — 5)};

{(0,0), (1,4), (3,12t + 7 — )} with 1 <i < 6t+3andi # 3t + 2;
{(0,0), (1,6t + 3+ 1), (3,6t +3—4)}  with1 <i < 6t+2;

{(0,0),(0,1), (0, —s; — 4t — 1)} with1 <i < 4f+1.

Subcase (iv.2): n is even. Take a (Z12,,{3,4}, 3,1)-DF F using Lemma 4.3. One can
see that a (G, {23,3}, 3, 1)-DF is the one whose blocks are the following.

{(0’ 0)7 (1’ O)a (17977‘)};

{0} x B with B € F;
{(0,0), (1,4), (3,6n + 1 — i)} with1 < i < 3n;
{(0,0), (1,4), (3,6n — )} with3n +1 < <6n— 1.

Case (v). Assume that v = 19 (mod 48), say v = 48n + 19. The group G = Z4 X
Z12n+4 has order v — 3 and it has exactly three involutions. Then, by Theorem 2.1, it is
enough to exhibita (G, {23}, 3,1)-DF. Let (s1, 2, ..., S2,,) be any (n+1)-extended Skolem
sequence of order 2n (which exists by Theorem 4.1). Then the required difference family
is the one whose blocks are the following:

{(0,0),(1,0), (1,3n + 1)};

{(0,0), (0,4), (0, —s; — 2n)} with 1 <4 < 2n;
{(0,0),(1,9),(3,6n+2—1)} with 1 <1 < 3n;
{(0,0),(1,6n+3 —1),(3,4)} with 1 <7 <3n+ 1.

5 Conclusion

Theorem 3.4 and Theorem 4.4 are the “if part” and the “only if part” of the main result
Theorem 1.2 which therefore is now completely proved.

The existence of a 3-pyramidal STS(v) can be summarized in the following table where,
in the third column, we put a group acting 3-pyramidally on a STS(v).
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v | Existence | Group
24n + 1 No —
24n + 3 Yes <> n is even Ty X Lgn
2dn + 7 Yes Z% X Len+1
2dn+9 Yes D¢ X Zgn+1
24n + 13 No —
24n + 15 Yes 73 X T3 X Lant1
24n + 19 | Yes <= n is even Ly X L4
24n + 21 No —

Note that an abelian group of order 24n + 6 has only one involution so that there is no
STS(24n + 9) which is 3-pyramidal under an abelian group. Thus we see, from the above
table, that there exists a STS(v) which is 3-pyramidal under an abelian group if and only if
v = 17,15 (mod 24) or v = 3,19 (mod 48).
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Abstract

The Mdbius (84) configuration is generalized in a purely combinatorial approach. We
consider (2n,,) configurations 91, ..y depending on a permutation ¢ in the symmetric
group S,,. Classes of non-isomorphic configurations of this type are determined. The para-
metric characterization of 91,, .,y is given. The uniqueness of the decomposition of M, )
into two mutually inscribed n-simplices is discussed. The automorphisms of 9, ) are
characterized for n > 3.

Keywords: Mobius configuration, (84) configurations, Mébius pair, n-simplex.

Math. Subj. Class.: 51D20, 05B30, 51E30

1 Introduction

The Mobius (84) configuration is a certain configuration in a projective 3-dimensional
space consisting of two mutually inscribed and circumscribed tetrahedra (cf. [7]). Each
vertex of one tetrahedron lies on a face plane of the other tetrahedron and vice versa. Con-
figurations with parameters (n4) were studied in detail in [4], but this is not the case, since
the Mobius (84) configuration is not a point-line structure. An important role of the the-
orem connected with the Mdbius configuration (which says, roughly speaking, that the
Mobius configuration “closes”) in a projective 3-dimensional space was presented in [12]:
it is equivalent to the commutativity of the ground division ring.

In this paper we deal with two n-simplices (simplices with n vertices, n > 3)! instead
of two tetrahedra (4-simplices). The way how an n-simplex is inscribed into another we de-
fine by a permutation ¢ in the group S,,. The generalization of the Mébius configuration we
obtain, is a (2n,,)-configuration and it will be referred to as a Mobius pair of n-simplices,

E-mail address: kryzpet@math.uwb.edu.pl (Krzysztof Petelczyc)
'In geometry an n-simplex usually means a simplex having n + 1 vertices. Our definition is slightly different.
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or shortly a Mobius n-pair. Only a combinatorial scheme (an abstract incidence structure,
see e.g. [2, 10]) of a Mobius n-pair is investigated and we do not discuss problems regard-
ing embeddability into projective (or other) spaces. Although these problems have been
partially solved in [5] (the case with ¢ = id), they are interesting and still open in general.

As we know from [6], in a projective space, up to an isomorphism there are five (84)
point-plane configurations with the property that at most two planes share two points, and
dually at most two points are shared by two planes. These are precisely those configurations
with two mutually circumscribed tetrahedra, and thus all of them are sometimes called the
Mobius configurations. It is also known (cf. [10]), that these (84) configurations correspond
to conjugacy classes of the permutation group .S4. We shall prove, that two Mobius n-pairs
are isomorphic if and only if the permutations, that determine them, are conjugate. Another
important impact of the permutation on the geometry of the Mobius n-pair is that the cycle
structure of ¢ is associated with circuits in the incidence graph of the Mobius n-pair.

As we shall see, the decomposition of the points of the generalized Mobius configura-
tion into two complementary and mutually inscribed simplices is, generally, a unique one.
Exceptions appear “near” the classical case n = 4. Three of five (8,) Mobius configura-
tions contain at least two distinct pairs of complementary 4-simplices.

The next problem, which is considered in the paper, involves Mobius subpairs of a
Mobius n-pair. We simply delete some number of points and blocks of one n-simplex and
the same number of points and blocks of the second n-simplex with a hope to obtain a
Mobius pair again. The conditions, under which we get a subpair in the Mdbius n-pair, are
determined.

In the last part we use most of the established properties to characterize the automor-
phism group of the Mobius n-pair for n > 3.

2 Definitions, parameters and basic properties

By a configuration we mean any point-block structure 9t = (S, L), where the blocks are
subsets of the set of points, i.e. £ C 2°. The rank of a point is the number of blocks
containing this point, and dually the size of a block is the number of points contained in
this block. Let n be a natural number and X be a set. The family of all n-subsets of the set
X will be denoted by §,,(X). Let n > 3. We say that a configuration 91 is an n-simplex
iff |[£| = n, there is a subset V' € §,,(.S) such that for every V' € ,,_1(V) there is a
unique block L € L containing V’, and the rank of each point s € S\ V is less than
n — 1. Elements of V' will be called vertices of the simplex, and blocks of the simplex are
said to be its faces. We say that two configurations 9% = (S1, L1), Mo = (Sa, L) are
isomorphic (and we write 917 = 9My) iff there exists a bijective map f: S; — S5 such
that conditions k£ € £ and f(k) € L are equivalent. In case M = My = I the map f
will be called an automorphism of 0.

Let us consider two sets A = {ay,...,a,}and B = {b1,...,b,} such that ANB = ().
Let ¢ € S, be a permutation of the set I = {1,...,n}. Now we introduce the following
sets:

La={AU{b}: A€, (Aanda; ¢ A},
EB = {B/ U {aw(z)} : B/ S pn—l(B) and bz ¢ B/}

The configuration
im(n#,) = <A UB,L4U £B>7
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will be called a Mobius n-pair. The Mobius configurations can be identified with the
Mobius 4-pairs, which Levi graphs are Figures 1, 2, 3, 4, 5. All of them are also presented
in [10]. In particular, (4 ;q) is the classical (8,) Mobius configuration.

Let M be a Mobius n-pair. We write: A;, B; for blocks of M not containing a;, b;,
respectively; a-points, b-points, A-blocks, B-blocks for points in A, B, and blocks in L 4,
L p, respectively. The configuration M reflects the main abstract properties of the classical
Mobius configuration.

1. The a-points yield a simplex in M: for any (n — 1)-subset A \ {a;} of the a-points
there is a unique block of M, which contains this subset (4;, a face of the simplex
in question); the remaining points (b-points) yield another simplex.

2. The simplex with a-points and the simplex with b-points are mutually inscribed: on
each face, A;, of the first simplex there is a unique vertex (b;) of the second one;
on each face, B;, of the second simplex there is a unique vertex (a(;)) of the first
simplex.

Thus, we can decompose M into two complementary substructures Sa(M) = (A, L4)
and Sg(M) = (B, Lp), which we call simplices of M (although, formally, a block of
each of them is not a subset of its points; there is one extra point on each of its faces).

In the forthcoming part we will use the notion of the incidence graph (the Levi graph)
G am associated with M. Recall that a Levi graph is a bipartite graph with partition induced
by points vs. blocks (cf. [9, 10]). Two of its vertices x, y are said to be adjacent (which is
written  ~ y) if x is a point, y is a block (or vice versa) and x € y (or y € z). Otherwise
x is not adjacent to y, which we write x ~ y. The rank of a vertex is the number of vertices
adjacent to it. A vertex of G will be called point-vertex, block-vertex, a,b-vertex, A, B-
vertex, or simply a;, b;, A;, B; as it corresponds to the point or to the block of M. The Levi
graph associated with S (M), Sp(M) will be denoted by G, (A1), G5 (M), Tespectively.

Remark 2.1. Let M be a Mobius n-pair. The Levi graph G a4 has the following properties:

(i) for X = A, B, every point-vertex from Gg, (1) is adjacent to all but one block-
vertices from G Sx (M)s and vice versa,

(i) for X,Y = A,Band X # Y, every point-vertex from Gg, (aq) is adjacent to
precisely one block-vertex from Gg,, (1), and vice versa.

Immediately from the definition of 9, ), the number of its points coincides with the
number of its blocks and equals 2n, and the rank of every point coincides with the size of
every block and equals n. Thus the structures we investigate are (2n,,)-configurations. A
standard parametric question related to configurations is: what is the number of points that
are contained in two distinct blocks, and dually: what is the number of blocks containing
two distinct points.

Proposition 2.2. Let k, 1 be two different blocks of the structure M, ). Then |k N 1| €
{0,1,2,n — 2}. If both k, | are A-blocks, or both k, | are B-blocks then |k N1 = n — 2.
Otherwise, k = A; and | = B; for some i, j € I, and the following equivalences hold

@) [AinNB;| =0iffp(j) =i=3,

(i) |AiNBj| =1iffo(j) =i# jore(j) #i=j
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(i) [A; N B;| =2iff o(j) #i # j.
Proof. Tt is straightforward from the definition that if k, [ are both A-blocks or B-blocks
then K Nl hasn — 2 elements. Let k = A; € Ly and [ = B; € Lp forsome 4,5 € I.
Leti # j. If ¢(j) # i then A; N B; = {b;,ap(;y}. Otherwise, for ¢(j) = i, we get
A; N By = {b;}. Leti = j. If (i) # i we obtain A; N B; = {ay;)}. In case p(i) = i it
holds A; N B; = 0. O]

Each conjugacy class of S, corresponds to exactly one decomposition of a permutation
¢ € S, into cycles, up to a permutation of the elements of /. Now we describe how the
cycle structure of ¢ is reflected in block paths of My, ).

Fact 2.3. A permutation ¢ contains a cycle of length k < n iff there is a closed path of
length 2k consisting of blocks of M ,, ) such that every two consecutive blocks intersect
in precisely one point of My, o).

Proof. Assume that ¢ contains the cycle (i1i3 . ..ix). Thena;,,, € A;; N By, and b;,,, €
B;,, A;, ., for each j < k. Thus, the closed path in question is the following: A;,, B;,,
AiQ, Biw ey Aik, B“

Now assume that there exists a closed path 11,1}, ..., 1,1 of blocks of M(n,e) such
that every two consecutive blocks intersect in a point. By Proposition 2.2(ii) every two
consecutive blocks of the path are A; € L4, B; € L with p(j) =i # jor p(j) #i=j.
Suppose ¢(j) # ¢ = j holds for the first two blocks of our path, namely I, = A;, I} = B;
and ¢ (i) # ¢ for some ¢ € I. To obtain |I] N lz| = 1 we must have Iy = A; with ¢(¢) = j.
Thus the next two blocks are Iy = Ay, I5 = By(;) and ¢(p(i)) # ¢(i). In general we
obtain I; = Agi-1(;), I = Byi—1(;y and @71 (i) # @ 72(i) for every j = 2,...,k. To

close the path we need (" (i) = 4. Let us put i = 7y. Then the cycle (ig, i1, ..,ir_1),
where i; = 7 (i) for j = 0,...,k — 1, is one of the cycles in the cycle decomposition of
®. O

As the configuration 9, ) is symmetric, it makes sense to consider the dual configu-
ration zm‘gn o)

Fact 2.4. The configuration 93?‘(’”7@ is isomorphic to M, ).

Proof. Tt is easy to note that 910 = M(,,,,-1). Consider o € S, such that a(1) = 1

(np) —
and a(m) =n—m+2form € I'\{1}. Letx € {a,b, A, B},i € I. Then F : z; — x4;)
is an isomorphism mapping 9, ,-1) onto M;, ). O

The problem of two isomorphic Mobius n-pairs will be considered in general in the last
section of the paper. Another parametric characterization is now a simple consequence of
Proposition 2.2 and Fact 2.4.

Proposition 2.5. Let x,y be two different points of M, ). There exist 0, 1, 2, orn — 2
blocks of My, ) containing x and y.

3 Hidden Mobius pairs

The goal of this section is to characterize M = 9, ) that can be transformed into M&bius
pair with simplices distinct from S4 (M), Sp(M) by a decomposition of the points or by a
deletion of some points and blocks. Informally, we say that these Mobius pairs are hidden

in M.



111

K. Petelczyc: On some generalization of the Mobius configuration

Figure 1: The Levi graph of 904 ;q) (isomorphic to the hypercube graph Q).

(1234).

Figure 2: The Levi graph of 94 ) with ¢

(123)(4).

Figure 3: The Levi graph of M4 ) with ¢

(1)(2)(34).

Figure 4: The Levi graph of 94 ) with ¢

(12)(34).

Figure 5: The Levi graph of M4 ) with ¢
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3.1 Mbobius n-pairs with the special decompositions

Let us start with the following combinatorial observation:

Remark 3.1. The Mobius configuration M = 94 ;q) can be presented in 3 distinct
ways as two mutually circumscribed simplices such that each of them is distinct from

Sa(M),Sp(M).

One could say that there are four Mobius 4-pairs hidden in M4 ;qy. Let n > 4,
M =M, ), and assume that it is possible to decompose the points of M into two com-
plementary and mutually inscribed simplices S; (M), S2 (M) such that Sy (M) # Sx (M)
foreacht = 1,2, X = A, B. Such a decomposition will be called a special decomposition.

Lemma 3.2. Ler S1(M), So(M) be two simplices, that arise from a special decomposition
of M.

(i) Foreachi € I, and each t = 1,2, it is impossible to have both B;,b; in S(M),
or both A;,a; in Sg(M).

(ii) Foreacht = 1,2, the blocks of St(M) are two B-blocks and two A-blocks.

Proof. The proof involves only S; (M), since the reasoning for S3(M) will be the same.

(i) Assume that .S; (M) contains both of B;, b;. Then also some a; is a point of .Sy (M)
for 5 € I. Consider the graph Go(. The vertices B;, b; are not adjacent, so from Re-
mark 2.1(i) a; ~ B; and j = (). The unique block-vertex not adjacent to a; in Gg, (A1)
is A; or B for some s # ¢~ 1(j).

Let A; be this vertex, so from Remark 2.1(ii) A; ~ b;, and thus 5 = 4. Consider in
Gs,(m) another vertex a; or by with ¢ # 4. Since (i) = i # t, a contradiction arises:
by =~ A;, and a; ~ B; (see the scheme presented in Figure 6).

b; a; = Q) _at _be
\ - -
L -
\ T+~ -7
- —
I _ | -7
z -

B; A;

Figure 6: The fragment of Gy (4) containing B;, b; and A;, a;.

bi Qi) br
I | I
! !
! | !
B,L' Bs A’L

Figure 7: The fragment of G () containing B;, b; and B, a(;)-

Assume that s # ¢! (j) and B is a unique vertex not adjacent to a; in G 51(Mm)- We
get s # 1, as far as b; ~ By. Let us take another vertex: A; or B;. For ¢t # i there is no
B-vertex adjacent to a;, and A; ~ a;, b; if t = 4. A vertex, which is not adjacent to A;, is
a; or b, with r # i, s. The vertex a; is not adjacent to B; since (i) = j # 4, and thus a;
cannot be the vertex in question. Consequently, this vertex is b, ~ B;, Bs. Following the
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assumption n > 4, there exists another block in S; (M), that is different from B;, B, A;.
We have two b-points in S7 (M) so far, thus this block is a B-block. The B-vertex of G4,
that is associated with this block, must be adjacent to a,;). So this block is B;, which
is already one of the blocks in S;(M) (comp. with the scheme presented in Figure 7), a
contradiction.

(ii) Let B; be the unique B-block of S; (M) for some ¢ € I. Then the remaining blocks
of S1(M) are A-blocks. In view of Lemma 3.2(i), there are n — 1 b-vertices in Gg, ():
every A-vertex is associated with the b-vertex, which is not adjacent to it. Forn > 4 a
contradiction with Remark 2.1(i) arises: every b-vertex is adjacent to precisely one of A-
vertices, and thus it is not adjacent to at least two A-vertices in Gg, (A1)

Let S7 (M) contain at least three B-blocks. Without loss of generality, assume By, By, B
are blocks of S;(M). From Lemma 3.2(i), by, by, b are not in Sy (M). Thus, from Re-
mark 2.1(i), S1 (M) contains a;, , a;,, a;, such that i; # ¢(j) for j = 1,2, 3. Every block-
vertex B; must be adjacent to at least two of the point-vertices a; , with j" # 4. On the
other hand, it is adjacent to at most one of them, what follows from Remark 2.1(ii) applied
to Gaq. This contradiction actually completes the proof as other cases run dually. O

By Lemma 3.2 we prove a generalization of Remark 3.1.

Proposition 3.3. Let M =9, . The following conditions are equivalent

(i) there is a special decomposition of M,
(i) n =4 and thereis X C I suchthat |X|=2and p(X) = X.

Proof. (i) = (ii): From Lemma 3.2(ii) we get n = 4, and two B-vertices and two A-
vertices in Gg, (r)- Let (e.g.) Bi, Ba be the B-vertices of Gg, (aq). In view of Re-
mark 2.1(i), there are vertices z,y in Gg, (pq) such that z ~ By, y ~ By and x = B,y ~
Bi. By Lemma 3.2(i),  # ba, y # b, and thus z = a;, y = a; where p(1) = i, p(2) = j.
Then two A-vertices in Gg, (rq) are Ag, Ay with s,¢ # 4,j. The remaining two point-
vertices must be of the form by, by with s',t' # 1,2, since they must be adjacent to both
of By, By. On the other hand, by, by need to be adjacent to precisely one of A, A¢, so
{s',t'} = {s,t}. Thus s,t # 1,2, {1,2} = {i, 5} = {(1),¢(2)}, and X = {1, 2} is the
required set.

(ii) = (i): Assume, without loss of generality, X = {1, 2} and consider M = M4 )
with ¢(X) = X. Take blocks By, By, A3, A4 and points a, (1), ay(2), b3, by of M, and
consider Gaq. We have By < a2y, B2 » ay(1), and By, By ~ b3, by. Similarly Az ~ by,
Ay o bz, and Az, Ay ~ ayp(1), p(2), since ©(1),0(2) € {1,2}. Thus the Levi graph
we consider is a Levi graph of a 4-simplex. It is easy to verify that Ay, As, B3, By and
b1,bs, a3, ay form another 4-simplex. The two obtained simplices are mutually circum-
scribed. Indeed, By, ba; Ba,b1; Az, a4; Ag,az, and Ay, apqy (or A1, ag(2)); Az, ap2) (or
Az, ag(1)); B, ba; By, bs are all pairs of adjacent vertices representing blocks (points) of
the first simplex and points (blocks) of the second simplex in each pair. In other words, we
have found a special decomposition of M. 0

Due to Proposition 3.3 there is a correspondence between the special decompositions
of M, ) and 2-subsets of I preserved by . The correspondence is established up to
complements, since the special decompositions arise only for n = 4, and thus if ¢ pre-
serves a 2-subset of {1,2, 3,4} then it preserves its complement as well. So, directly from
Proposition 3.3 we get:
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Corollary 3.4. All (up to an isomorphism) Mobius n-pairs with a special decomposition
are the following:

1. M4 5qy with 3 distinct special decompositions associated with
X =1{1,2},{1,3},{1,4},

2. M4, (13)(24)) With the special decomposition associated with X = {1, 3},

3. M4, (12)(3)(4)) With the special decomposition associated with X = {1,2}.

3.2 Subpairs of Mébius n-pairs

Let M =M, ), n >4, k>3, k <n,and M’ be a Mobius k-pair obtained from M by
deleting 2(n — k) points and 2(n — k) blocks. We call M’ a k-subpair of M. The blocks of
M’ are subblocks of M, that is every block of M arises as a block of M with n— k points
removed. The subblocks of the A-blocks, the B-blocks are called the A-subblocks, the B-
subblocks, respectively. Let S1 (M), Sa(M’) be two simplices of M'. For any t = 1,2,
X = A, B we write S;(M’) < Sx (M) if all the points and the blocks of S;(M’) are
points and subblocks of Sx (M). Otherwise we write S;(M’) £ Sx(M). ForY C I by
¢ [y we mean the restriction of ¢ to the set Y.

In order to determine all M&bius n-pairs with k-subpairs we need to prove some auxil-
iary facts.

Lemma 3.5. One of the following conditions holds
i) S1(M’) < S4(M) and Sa(M') < Sp(M),

(i) Sa(M’) < S4(M) and S;(M') < Sp(M),
(if)) S1(M) £ Sa(M), S(M) and Ss(M’) £ Sa(M), Sp(M).

Moreover; if M’ satisfies (iii) then there is a special decomposition of M'.

Proof. Let S1(M’) < S4(M) and S3(M’) £ Sp(M). So there is an a-point or A-
subblock in S3(M’). We consider only the case with an a-point, as the case with an
A-subblock is symmetric. From Remark 2.1(ii) applied to G, and Remark 2.1(i) applied
to Gy, there are at most two B-subblocks in S3(M”). Since k > 3, there is at least one
A-subblock in Sa(M). Note that a unique A-subblock, which does not contain an a-point
of S1(M’), is a block of S1(M’). Thus all the points of S;(M) are in an A-subblock
of So(M’). This yields a contradiction with Remark 2.1(ii). The proof for each of the
remaining cases (i.e. So(M’) < Sy(M) and S1 (M) £ Sp(M), S1(M’) < Sg(M)
and Sy (M) £ Sa(M), or Sa(M') < Sp(M) and S1(M’) £ S4(M)) is analogous.
Let M’ satisfy (iii). The steps of the proof of Lemma 3.2 can be repeated for simplices
of M’. As aresult we get k& = 4, and two A-subblocks and two B-subblocks in each of
simplices of M’. Let Y C I be the set of subscripts of A-subblocks and B-subblocks
in one of these simplices. From the reasoning analogous to the first part of the proof of
Proposition 3.3 we get that Y is the set of all the subscripts used for labelling the points
and the blocks of M’, and there is a two-element set X C Y such that ¢ [y (X) = X.
Therefore, in view of Proposition 3.3, there is a special decomposition of M’. O

Lemma 3.6. If the number of deleted B-blocks and the number of deleted A-blocks coin-
cide (and equals n — k), then there is X C I such that | X|=n —kand p(X) = X.
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Proof. Assume that B;,,...,B;, , and A;,,..., A, , are removed blocks. Consider a
vertex ag(;,) With s = 1,...,n—k of G, and assume ay,(;,) is in Gg, (A1) (the case with
Gy, in QSZ(M/) will be analogous). Note that a, ;) ~ B;,, and from Remark 2.1(ii) B;,
is a unique B-vertex adjacent to a,(;,). According to Lemma 3.5 two cases arise: (i) or
(iii) holds for M’. Let M’ satisfy (i) of Lemma 3.5. Then there is a B-vertex in G Sa (M)
adjacent to a,(;, ), a contradiction. If M’ satisfies (iii) of Lemma 3.5 then there is a special
decomposition of M’. So, by Proposition 3.3, there is a B-vertex in Gg, (A4 adjacent
to a,(;,), a contradiction again. Therefore all a,(;,) - - ., ay(;,_,) are removed. Likewise
we consider the pairs a;,, A, , b;,, A;,, and b;_, B;,. Each of these reasonings leads us
to contradiction. Consequently points a;, ..., aj, ,, b ...,b; ,,andb; ..., b; , are
deleted as well. Hence

{1y sdn—kt ={pli1), ..., o(in—k)} and {i1, ..., in—k} = {J1, - -, Jn—k}

Finally we get {©(¢1), ..., 0(in—)} = {41, tn—k},and X = {i1,..., i1} is the set
from our claim. O

1

Let us present a condition, which is sufficient and necessary to find a k-subpair in
Mn.)-

Proposition 3.7. Let M = 0, ). The following conditions are equivalent
(1) there is M’, which is a k-subpair of M,

(i) thereis X C I suchthat | X|=n—kand p(X) =X.

Furthermore, if (ii) holds then M" = My o1 1\ x)-

Proof. (i) = (ii): By Lemma 3.5 M’ satisfies one of (i) — (iii) of Lemma 3.5. In cases (i)
and (ii) of Lemma 3.5 the numbers of A-blocks and B-blocks deleted from M coincide and
are equal to n — k. The claim follows directly from Lemma 3.6. If case (iii) of Lemma 3.5
holds, then there is a special decomposition of M’, and we get our claim by Proposition 3.3.

(i) = (i): Without any loss of generality, let X = {1,...,n — k}. Recall that the rank
of every vertex in G is n. Observe the Levi graph obtained from G by removing the
vertices a;, A; and b;, B; for every i € X, and all edges passing through these vertices. We
denote this Levi graph by H. Note that a,(;) is not a vertex of H, since (i) € X. Let
j ¢ X and take A;. Clearly A; is a vertex of H. There are n — k edges joining A; with
all a; in Grq. Thus, the rank of A; in H is n — (n — k) = k. Similarly we set ranks of the
remaining vertices a;, b;, B; of H. All these ranks are k. From this and the construction
of H we get that H is the Levi graph of two mutually circumscribed k-simplices, where
the way they are inscribed one into another is induced by the action of ¢ on the set I \ X.
Therefore H = Gy for some M’, which is a k-subpair of M. O

4 Isomorphisms and automorphisms
4.1 Isomorphic Mobius n-pairs

Recall that the Mobius (84) configurations (i.e. Mobius 4-pairs) correspond to conjugacy
classes of the permutation group Sy. In this section we generalize this property to all
Mobius n-pairs.

Let us start with a key lemma that gives an account on isomorphisms of configurations
M () With the unique decomposition into two n-simplices.
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Lemma 4.1. Let f be an isomorphism mapping M, ) onto My, ). Assume that either
n = 4 and both ¢, # id contain no cycle of length 2, or n > 5. There is o € Sy, such
that f(B;) = Ba) for eachi € I, or f(B;) = Aq(s) for eachi € 1.

() If f(Bi) = Bag) then f(b;) = bag), f(Ai) = Aag) [(ai) = aq) for each
1€l

(i) If f(B:) = Aag) then f(b;) = aae), f(Ai) = By-1(a@)), f(ai) = by-1(a0))
foreachi e I.

Furthermore, ap = Y« holds in both cases: (i) and (ii).

Proof. Let My := M, ) and My := M, 4. Let 4,5 € I and B; be an arbitrary B-
block of M;. Clearly, either f(B;) = B, for some B-block B; of M, or f(B;) = A,
for some A-block A; of Mo.

Assume that f(B;) = B;. In view of Corollary 3.4, both M;, M, are Mobius n-
pairs without the special decompositions. Thus all the B-blocks of M are mapped onto
B-blocks of Ms. We introduce a map a € S, associated with f by the formula

foralld,j € I. Then f(B;) = Bq;). Let us analyze graphs G, and Gaq,: f(bi) = bai)
as b;, b, (;) are unique b-vertices not adjacent to B;, B, respectively in graphs G, ,
GMos [(As) = Agy as Ai, Ay are unique A-vertices adjacent to b, by ;) respectively
in Gaty» G f(@i) = aagi as ai, aq ;) are unique a-vertices not adjacent to A;, A, ;)
respectively in Gaq,, Gag,. On the other hand, f(ayi)) = Gy(a(i)) @S Gp(i)» Gyp(a()) are
unique a-vertices adjacent to B;, B;) respectively in Gaq,, G, SO a(p(i)) = Ay(ali))
and thus ap = Ya.
In case f(B;) = A; the map a € .5, is determined by the condition

for all ¢, 5 € I. Then we proceed in a similar way as in the former case, namely: f(b;) =
Ao (i) 8 i, aq(;) are a unique b-vertex and a-vertex not adjacent to B;, A, ;) respectively
in Gty GMys F(Ai) = By—1(agi)) @ Ai, By—1(a(s)) are a unique A-vertex and B-vertex
adjacent to b;, aq ;) respectively in Gaq,, Gays f(@i) = by—1(a(i)) @S @i, by—1(a()) are a
unique a-vertex and b-vertex not adjacent to A;, By,—1 (a(i)) respectively in Gy, , Gag,. But
also f(ap(iy) = ba(s) @S Gy (s), ba(i) are a unique a-vertex and b-vertex adjacent to B;, A, ;)
respectively in Gaq,, G, Hence by —1(a(p(i))) = ba(s), and consequently ap = . [

We are ready to characterize two isomorphic Mobius n-pairs.

Theorem 4.2. Letn > 4 and p,v, a € S,,. The following conditions are equivalent:
i) ¢* =1,
(>i1) m(n#p) = m(mw).

Proof. Let M = m(n’w) and My = m(nvw).
(i) = (ii): Leti € I, a;, b; be points and A;, B; be blocks of M. Consider a map f
associated to the permutation o given by the formula

f(x5) = x4 for z € {a, b},
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which maps the points of M onto the points of Mj. Then f(A;) = A,(;) and f(B;) =
B i), as the conditions a; ¢ A;, b; ¢ B; uniquely determine blocks A;, B;, respectively.
Clearly, conditions b; € A; and b,(;) € Aq(s) are equivalent. Note that a(,(i)) € Ba(s)
is equivalent t0 ay(q(i)) € Ba(s) as well, since a = 1a. Thus f is the required isomor-
phism.

(i) = (i): We restrict ourselves to n > 5 since for n = 4 this fact is well known, as
it was mentioned at the beginning of this section. Let f be an isomorphism mapping M,
onto M. By Lemma 4.1, there is « € S,, associated with f such that ap = 9a. O

According to Theorem 4.2, the number of non-isomorphic configurations 9, .y is
equal to the number of partitions p(n) of a positive integer n. There is the generating
function, recursive formula, asymptotic formula, and direct formula for p(n) (cf. [1]).
The increase of n implies quick growth of p(n): p(5) = 7,p(6) = 11,...,p(100) =
190569292, . .., p(1000) = 24061467864032622473692149727991.

4.2 The automorphism group structure of a Mobius n-pair

For n = 3 the structure M, ) consists of two mutually inscribed triangles. From [8]
the automorphism group of 93, is isomorphic to S3 x Ca. From the original paper
of Mobius [7] the automorphism group of 90(4;q) has order 192. The Mdbius configu-
ration is also a particular case of the Cox configuration. Recall the definition of the Cox
configuration (comp. [3]). Let X be a set with n elements. The incidence structure

(Cx)x = (Cx)n = (J{92041(X) 1 0 < k <}, {92(X): 0 < k <}, c U D)

is the (2"7! ) configuration, which is called the Cox configuration. Since the automor-
phism group of (Cx), is established in [11] and 94 ;q) = (Cx)4 (see Figure 8), we get
the following:

Fact 4.3. The automorphism group of M4 q) is isomorphic to Sy X Cs.

It follows from Theorem 4.2 that the centralizer of ¢ in S,, consists of automorphisms of
M (y,,) for any n. Nevertheless, we will give a detailed characterization of automorphism
group of My ) with ¢ # id, and of M,, ) withn > 5.

Let M = M, ) and 1 < vy < ... < v, be the lengths of the cycles which are
contained in the cycle decomposition of ¢ € S,,. Assume that there are m; cycles of
length v;, son = E:Zl m; V. In other words

v, V1 V2, Vs 12 Vp Up 7
P=Pr Py P PP Py PP P

where Q&Zt isacycle of length v, for k < my, t < r. In view of Theorem 4.2 we can assume,

that each cycle consists of consecutive natural numbers. If we set jif, := Zf;i mv; + (k—

1)v; + 1 then
PR g = gt L g+ 2 e g+ (= 1) = g,

and the effective domain of ¢}* is the set X;* := {pf,pf +1,...,p00 + (v, — 1)} C
1. Taking all the domains of all the cycles we obtain the family of pairwise disjoint sets
XU X X X, X, X that yields a covering of 1. Thus for
any cycle ¢* we have ¢, (X;*) = X, and ¢}* | nxve=id.
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Figure 8: The Mgbius configuration as (Cx)s.

The points and the blocks of M can be identified with the sequences (¢, k, i, ) such
thatt <r,k <my,i=0,...,1y — 1,and € € {1,2,—1,—2} according to the formula:

Ayt fore =1,

. biJmt fore = —1,
— k
(t,k,i,c) At e, (4.1)
k
Bi+% fore = —2.
Letv, = (vi,...,vL,,) € O, oy € Sy, and v = (vy,...,v,) € X, O, o =
(o1,...,0a,) € X;_,S,,,. With the pair (v, a) we associate the map f(v,a) as follows:
fw,a)(t Ky iye)) = (, ai(k), i+ vl mod vy, ). “4.2)
In like manner we define the map g(, o) by:
o w_J (ae(k),i+ vl —1mod vy, —e) fore=1,2,
I (1 F,7,€)) = { (t, ar(k), 7 + vl mod vy, —¢) fore = —1,-2. @3

Lemma 4.4. The map f, ) is an automorphism of M, which preserves each of simplices
Sa, Sp.

Proof. 1t follows directly from (4.2), that f(, o) maps S4 onto Sy, and f(, o) maps Sp
onto Sp. Leti € X;* and j € I.

Assume that b; € B;. By (4.1), B; = (¢, k, iy, —2) for some ¢y € {0,...,; — 1}, and
b; = (t', K, jo,—1) for some ¢’ < r, k' < my, jo € {0,..., vy —/1}. Then f(B;) =
(t, o (k),ip + fo,,(k) mod vy, —2) and f(b;) = (¢, ap (K'), 0 + Ugt/(k’) mod vy, —2).
Set i’ = (io + vf,, ) mod 1) + pl,, 4y and j' = (jo + v,y mod vr) + il 11, 50
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f(B;) = By and f(b;) = Bj/. Recall that b; € B; iff j # 4. If j/ # ¢’ then: firstly ¢’ = ¢,
next oz (k') = (k) and thus k' = k, and finally jo, = io. It means that j = 4, which yields
a contradiction. Hence f(b;) € f(B;).

Letaj € B;. Then j = o(i). We have a,(;y = (t,k,40 + 1 mod vy, 1), 50 f(au)) =
(t,k,io + 1 + v}, mod vy, 1) = ay ;1. Therefore f(ayy) € f(Bs).

The incidence (membership) relation is preserved by f(,,) in case a; € A; and in case

b; € A; as well, that can be easily proved by similar reasoning. O
Letv; = (v,...,v) forallt <r,and v = (vy,...,Vv,). Let us put go := g(o,id)-
N——

t

Lemma 4.5. The map g is an automorphism of M, which interchanges simplices S 5, Sp.

Proof. Immediately from (4.2), go maps S onto Sp, and Sp onto S4. We restrict our
proof to the incidence relation involving the B-blocks, as the case with the A-blocks runs
similarly. Let i € X*. From (4.1) B; is represented by the sequence (¢, k,ig, —2) for
some 79 € {0,...,1; — 1}. The points that belongs to B; are b; with j € I'\ {i} and a,(;).
Clearly, go(bj) = a; € A; = go(B;). We have a,(;) = (t,k,i0 + 1 mod v, 1) and thus
go(ay(y) = (t,k,i0,—1) = b;. Then finally go(a,()) € go(B;). O

Since g(y,0) = 90f(v,a), from Lemma 4.4 and Lemma 4.5 we infer that:

Corollary 4.6. The map g, «) is an automorphism of M, which interchanges simplices
Sa, Sp.

We write M;* for the set of all the points and the blocks of M labelled by the elements
of the set X;*, and M"* = {M}* : k < my}.

Lemma 4.7. Let f be an automorphism of M, which
(1) maps the B-blocks onto the B-blocks, or
(2) maps the B-blocks onto the A-blocks.

Thereisv € X ::101” and a € X ::1 Sm, such that
(i) f = f,a) incase (1), or

() f = g(v,a) in case (2).
In particular, for each k < my there is k' < my such that f(M}") = M.

Proof. (i): Leti € X.*. Assume that f(B;) = B; for some j € I. According to (4.1)
there is i9 € {0,...,v — 1} such that B; = (¢, k, 49, —2), and jo € {0,...,vpy — 1}
such that B; = (', k', jo, —2) for some ¢’ < r, k' < my. Then, by Lemma 4.1(ii) we
get f((t, k,i0,e)) = (', K, jo,e) for each value of e. The unique B-block containing
a; = (t,k,i0,1)is By-1¢;y = (t,k,io — 1 mod v, —2), and a unique B-block containing
ajis By-1(5) = (t',k,jo — 1 mod vy, —2). Hence, f maps (t,k,io — 1 mod v, —2)
onto (t',k',jo — 1 mod vy, —2), and f maps (¢, k,i0 — 1 mod vy, ¢) onto (¢, k', jo —
1 mod vy, €) generally. By induction we get

fi(tkyig —umod vy, e) — (', k', jo — umod vy, e) forallu =0,...,v — 1.
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Uyt

This characterizes the action of f on M}*, in particular, f (Mzt) C M,7". Conversely,
/! maps B; onto B;. By the reasoning, analogous to this, which has been already done,
we come to f~H(M}) C M7t Consequently, f(M}) = M, and therefore ¢’ = ¢
since f is a bijection. It provides that f preserves the set M"*. We define the map a € S,
associated with f [ aqv¢ by the formula

a: ke K ff f(MP) = M,
forall k, k" < my. Set v}, = jo — ip mod v;. Finally the formula for f is the following:
fi(tkyie) = (t,a(k),i+ vl mod v, e) foralli =0,...,v; — 1.

(ii): Based on Lemma 4.5, go f is an automorphism of M, which maps the B-blocks
onto the B-blocks. Then, from Lemma 4.7(i), gof = f(v,) for some v € X::1ijzt
and o € X:lemt, and thus f = galf(v,a). Note that ggl = g(1,id)- Consequently,
f =910 fwa) = 90f(v+1,0) = J(v+1,a)- What is more, f preserves the set M, that
follows directly from (4.3). O

Now we characterize automorphisms of 9, .y, which can be uniquely decomposed
into two mutually inscribed n-simplices.

Theorem 4.8. Let M = M, ) and 1 < vy < ... < v, be the lengths of the cycles in the

cycle decomposition of ¢ € S,,. Assume that either n = 4 and @ # id contains no cycle of
length 2, or n > 5. Then Aut(M) = @_, (Cgf,: X Sm,',)-

Proof. Let F' be an automorphism of M. By Proposition 3.3, there is no special decom-
position of M. Thus, F' either interchanges S4(M) with Sp(M) or preserves each of
them. According to Lemma 4.7 there is vy € X::lCZZZt and ag € X;_;Sy,, such
that ' = f5,00) OF F' = Glug,a0) = 90f(vo,a0)- Furthermore, every f(, a)» 9(v,a)
with v € X::IC]]?' and o € X;_,S,,, is an automorphism of M by Lemma 4.4
and Corollary 4.6. Since, by Lemma 4.7, F preserves each of the sets M"*, we can
restrict the proof to the one fixed set M. Thus, we assume that ¢ = 0,...,1 — 1,
k < my. For the simplicity of the notation, we will write (c(k), i + vqo(k),€) instead of
(t,at(k),i—&—vflt(k) mod 14, ). Moreover, we identify f, o) With f(, o) [ pee, and gy a)
with gey.a) [ mve, S0 we assume v € CJ', o € Sy, Letw € CJ't, B € Sy, and note
that

f(w,ﬂ)f(v,a)((kv iv 5)) = f(u),,l?)((a(k)vi + vk, 5)) = (ﬁ()é(k),l + vg + wa(k)a E)‘
Let ¢*: S,,, — Aut(C]*) be the map defined by
¢oz: (Ulv s 7Umt) = (Ua(1)7 oo 7’Ua(mt,))'
Then the formula for the composition of f(, ) and f(,, g) is
Jwp)fwe) = Jwtéaw) pa)-

It is not difficult to check that go and f, o) commute. Note also that

. [z ifziseven,
% = 9(-232 ia) if z is odd.
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Let &’ < my . We introduce the family of maps

roow ) go((Kde)) ifkK =k,
gOk((k 7176)) B { (k/7ia€) otherwise.

Then the following equalities hold

{95, :2=0,...,2, —land ziseven} = {f(ya): vw =0for k' # k},

{96, :2=0,...,2v, —land zisodd} = {g(ya):vw =0for k' # k}.
Therefore, for each v € C]'* we have f,;a)y = 95. 9. - - .gg:z, where all numbers
2z = 0,...,2vy — 1 are even. Likewise g(,iq) = géigéi ...gg::Z, where all numbers

2y, are odd. Hence, for each F' € Aut(M) there is v € C}'* and o € Sy, such that
F = fuia)fo,0) or F = g(y,id) f(0,a)- To complete the proof it suffices to determine the
remaining compositions:

fwidyfwid)y = flwstv,id)s
foafop = fopa),
fwidyfo,0) = figo@),a)
9wid) f0,0) = 90 f(wid) f0,0) = oS (42 ),0) = (2 (v),0)>
f(v,id)g(w,id) = f(v,id)gof(w,id) = gOf(v,id)f(w,id) = 90f(w+v,id) = 9(w+wv,id)>
9(v,id)9(w,id) = gof(v,id)gof(w,id) = ggf(w+v,id) = f(fl,id)f(w+v,id) = f(w+u—1,id)-

O

The Mo6bius n-pairs, which automorphism groups are not characterized by Theorem 4.8,
admit a special decomposition. We say that an automorphism f of a Mdbius n-pair M
yields a special decomposition of M if f maps the pair {S4, Sp} onto a distinct pair of
mutually inscribed simplices.

Theorem 4.9. The automorphism group of M4 ) is isomorphic to

(1) (C4 @ S2) x Cs if p € Sy contains precisely one cycle of length 2,
(i) (CF % Sy) x Cq if ¢ € Sy contains two cycles of length 2.

Proof. In view of Theorem 4.2, without loss of generality we can consider M1 = M4, ,,)
with 1 = (1)(2)(34) in case (i), and My = M4,y With o = (12)(34) in case (ii)
(comp. Figures 4, 5). Let F, € Aut(M;) for s = 1,2. By Corollary 3.4, there is the
special decomposition of each of M. Thus, F; maps the pair {S4, Sp} onto {S4,Sp}
or Fy yields the special decomposition of M. In case Fs maps the pair {S4, Sp} onto
{S4,Sp}, by Lemma 4.7, there is vg € {0} x {0} x Ca, ag € S2 x {id} for My, or
vy € Cy x Co, ag € Sy for M5 such that Fy = f(v(),ao) or Fy = I(vo,00) = gof(vo,ao)’
respectively for s = 1,2. By Lemma 4.4 and Corollary 4.6 all maps F f(y,a)> Fs9(v,a),
where v € {0} x {0} x Caand a € Sy x {id} if s = 1,0orv € C2 x Cq, @ € Sy if
s = 2, are automorphisms of M preserving the pair {S4, Sp}. Based on the proof of
Theorem 4.8, these maps form the group Cy @ S, if s = 1, and the group C% x Sy if s = 2.



122 Ars Math. Contemp. 13 (2017) 107-123

Consider the following two transformations:

X aq a9 as ayq b1 b2 bg b4
f(x) by b2 ay a3 ar az by by
f (x) az a; by by by by az a4

The map fisan automorphism, which yields a special decomposition of M;; and f is an
automorphism, which yields a special decomposition of M. Assume that F; yields a spe-
cial decomposition of M. Then F; = fF] and F, = fF}, where F! is the automorphism
of M given by (4.2) or (4.3).

Let us set the commutativity rules in the automorphism group of M. By (4.1), the
points of My, My correspond to the sequences (¢,i, k,e) with e = 1, —1. Using the
convention introduced at the beginning of this paragraph we gett = 1,2, 11 = 1, 15 = 2,
my = 2, my = land X{ = {1}, X3 = {2}, X? = {3,4} for My;t = 1, v, = 2,
my = 2, and X? = {1,2}, X2 = {3,4} for Ms. To avoid any misunderstanding, in case
My we will write Y2, Y instead of X2, X2 respectively. Then f maps the points of M
by the formula:

t,k,i,—¢ fori+ put € X1, X3,
- ( H, 1542
f((t,kyie)) =< (t,k,i+1mod?2,e) fore=1, i+ pu, e X3, (4.4)
(t,k,i,e) fore = —1, i + p} € X3
The map f can be defined on points of My as:
R (t,k,i+1mod2,e) fore=1, i+ pul € Y?,
fl(t, k,ie)) =< (t k,ie) fore = —1, i+ pb € Y7, 4.5)
(t,k,i,—¢) fori + ul € Y2

Note, that f2 = f2 = id. Hence the cyclic group generated by f and the - cyclic group
generated by f both coincide with Cs. All the formulas for compositions of f with go, and
J with f = f(, «) can be calculated using (4.4) and (4.5) (it is rather technical and thus
omitted) and then we get

where T(O’AO’I) (U) = T(O,O,l) ((’U%, ’U%, U%)) =
done for f. If we set 7(1,1)(v) = 7(1,1)((

fgo = fg(o,id)

ff(v,a)

ff:ffaﬂdeOng(o,id)

= Y(ra(0),id) S5
ff('u,oz)

= f(v,a)f
= 90f(w,a)f = Gw,a)f

ffwa =90 ool = 9eqs, 0 f

= Y(70,0.1 (0),id)f7

(vi,vd,v? 4+ 1). Analogous calculation can be

if only
provided that

as long as

vi,v3)) = (v} + 1,03 + 1), then

a =id,
i+ ph € Y and o = (12),
i+ ph € Yy and o = (12).

O
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Abstract

Domination game is a game on a simple graph played by two players, Dominator and
Staller who are alternating in taking turns. In each turn a player chooses a vertex in such
a way that at least one new vertex gets dominated by this move. The game ends when
all vertices are dominated, and thus no legal move is possible. As the names of the play-
ers suggest, Dominator tries to finish the game as fast as possible, while Staller wants to
prolong its end as long as she can. By 7, (fy;) we denote the total number of moves in
the game when Dominator (resp. Staller) starts, and both players play according to their
optimal strategies. In a manuscript from 2012, Kinnersley et al. determined ~y, and ~y,’ for
paths and cycles, but have not yet published this very important result. In this paper we
give an alternative proof for these formulas. Our approach also explicitly describes optimal
strategies for both players.

Keywords: Domination game, game domination number, paths, cycles.

Math. Subj. Class.: 05C57, 91A43, 05C69

1 Introduction

The Domination game is a game played on a simple graph G by two players, Dominator
and Staller. They are alternating in choosing vertices from G such that in every move at
least one new, previously undominated, vertex gets dominated. We say that a vertex is
dominated if it is either chosen or is a neighboor of a chosen vertex. The game ends when
all vertices of G are dominated, that is when the set of chosen vertices forms a dominating
set of G. As the names of the players suggest, Dominator wants to finish the game in the
least possible number of moves, while Staller’s goal is just the opposite: to play the game
as long as she can. A game when Dominator makes the first move will be called a D-game,
while S-game will denote a game when Staller starts. The game domination number ~y4(G)
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(Staller-start game domination number ~,(G)) denotes the total number of moves made in
the D-game (resp. S-game) on G when both players play optimally.

Although the game was introduced not long ago by BreSar et al. in [4], it has already
attracted several authors who have studied different aspects of the game, among which the
most popular seems to be the so-called 3/5—conjecture posed by Kinnersley et al. in [14].
A major breakthrough was made by Bujtés in [5] by introducing a powerful greedy method
for proving upper bounds of the game domination number. For other papers with results
regarding the mentioned conjecture see [2, 6, 10]. Moreover, the greedy method has already
been applied in [7] to improve upper bounds on the domination number of a graph.

Other topics of the domination game that were studied include computational com-
plexity of the game (see [1, 16]), metric properties with respect to the domination game
(see [3]), the domination game played on disjoint union (see [9]), realizations of the game
domination numbers (see [17]), and characterizations (see [15, 18]). Also, the game has
motivated studies of new games such as the total version of domination game, introduced
and studied in [11, 12], and the disjoint domination game introduced by Bujtds and Tuza
in [8].

In this paper we will study the domination game on paths and cycles. Kinnersley et al.
have in [13] already found formulas for the game domination number of these graphs. Since
these results are fundamental for the theory of the domination game, it is rather unfortunate
that they are not published yet. Moreover, their proof is analytical and does not offer us
much of an insight into the optimal strategies of both players. The latter will implicitly
follow from our proof in the next section. In the rest of this section we introduce some
notation and results needed in the new proofs of formulas for paths and cycles.

For a graph G and a subset of vertices S C V(G) we denote by G|S a partially domi-
nated graph where the vertices of S are considered to be already dominated, and thus not
need to be dominated in the course of the game. Note that S can be an arbitrary subset of
V(G), and not only a union of closed neighborhoods of some vertices. From G|S we get
the residual graph if we remove from G all edges between already dominated vertices, and
all vertices v that cannot be chosen anymore, more precisely N[v] C S.

Theorem 1.1 (Continuation Principle, [14]). Let G be a graph and A,B C V(G). If
B C A, then 14(G|4) < 7,(G|B) and (G| 4) < 7)(G|B).

One of the corollaries of Continuation Principle is the fact that -y, and 'y; never differ
for more than one.

Theorem 1.2 ([4, 14]). For any graph G,

V9(G) = 7,(G) < L.

We say that a partially dominated graph G/|S realizes a pair (k, £) € NxNifv,(G|S) =
k and v, (G|S) = ¢. In the light of Theorem 1.2 we can now classify graphs into three
different families, each of them realizing one of the possible pairs (k,k + 1), (k, k) and
(k + 1,k). By PLUS we denote the family of all graphs that realize (k,k + 1) for some
positive k. Similarly we define EQUAL and MINUS. Lastly, we say that a graph is a no-
minus graph if 7, (G|S) < 74 (G|S) for every S C V(G).

Theorem 1.3 ([14]). Forests are no-minus graphs.

Some other families of no-minus graphs are given in [9], as well as the game domination
numbers of the disjoint union of two no-minus graphs. If at least one of the components is
an EQUAL graph the following holds.
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Theorem 1.4 ([9]). Let G1|S1 and G2|Ss be partially dominated no-minus graphs. If
G1|51 realizes (k, k) and G2|S2 realizes (¢£,m) (where m € {£,{ + 1}), then the disjoint
union (G1 U G2)|(S1 U S2) realizes (k + £,k +m).

In the second case, when both of the components are PLUS graphs we get the next
result.

Theorem 1.5 ([9]). Let G1|S1 and G2|Ss be partially dominated no-minus graphs such
that G1|51 realizes (k,k + 1) and G2|Sz realizes (¢,¢ + 1). Then

k+€<9(G1UG2)|(S1US2) <k+£+1,
k+0+1<~,((G1UG)[(S1USL)) < k+(+2.

2 Paths and cycles

The following formulas for the game domination number of paths and cycles were proved
in [13]:

{ %%_L n=3 (mod4),

Vg(Pn) = 74(Cn) = otherwise,

[
[
ey = [5]
’yg(Cn) _ {rl}—l; n=2 (mod 4),

=17, otherwise.

In the course of the game on a path or on a cycle, we come across two special partially
dominated paths. Let P/ denote a partially dominated path of order n+2 with both pendant
vertices being already dominated, see Fig. 1. By P/ we denote a partially dominated path
of order n + 1 where exactly one of the leaves is dominated, see Fig. 1 again. Note that in
both cases n denotes the number of undominated vertices.

Figure 1: Partially dominated paths P,/ (left) and P,, (right)

At first we prove the formulas for the game domination number of paths with both
leaves dominated.

Lemma 2.1. For every n > 0, we have

7 _ (%-‘ - n=3 (mOd 4)’
Vg(Py) = { [%], otherwise,

1Dl _ (%—‘ +1, n=2 (mOd 4)’
V(P) = { [%7; otherwise.

Moreover, for every i,j > 0 such that i + j = n, i, = (i mod 4) and j, = (j mod 4), we
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also have
Yo(B') + g (P}); (ir, Jr) € {0,1} x {0,1,2,3} U
vg(Pi” U PJ{’) = {0,1,2,3} x {0,1},
Yo(P) + 9 (P) + 15 (ir, 5r) € {2,3} x {2,3},
Yo(P') +74(P)); (ir,jr) € {0,1} x {0, 1},
N (PIUP!) = Vg(P') + 'Yq(P]N) +1; (ir,jr) € {0,1} x{2,3} U
g\* i

{2,3} x {0,1} U {(2,2)},
Vo (P) +7g(P]) + 2 (ir,5r) € {(2,3),(3,2),(3,3)}.

Proof. We prove all four formulas simultaneously by induction on the number of undomi-
nated vertices n. It is easy to check by hand that all formulas hold for n < 8. Let us now
assume that n > 9.

Let us first consider a D-game on P//. Let u be one of the (dominated) leaves, v
its (unique) neighbor and w the neighbor of v different from w. Since N{u] C N[v] C
N[w] U {u} holds, using Continuation Principle we get that v, (P)/|(N[w] U {u})) <
Yo (PrIN[v]) < v (Py/|N[u]), and thus we can assume that Dominator does not choose
a leaf nor a leaf’s neighbor in his first move on P//. Hence we get that the residual graph
after the first move is the disjoint union P/ U P! where r, s > 0 and r + s = n — 3. More
precisely, we get the following:

Yo(Py) = 14 min{y, (P UP/) |r+s=n—3,r,5s>0}.

1
I

Figure 2: Partially dominated path after Dominator choosing = on P,/

We now consider four cases regarding the value of n mod 4. By induction hypothesis
we get that the following holds for every & > 2.

Yo(Prp) = 1+min [{y(PUPL, 1) [ L+m+1=Fk £,m>0}U

() (Ploia U Pl | £ m 2= k, £ym > 0}}

= 1+ min {'Vg(Pzilz)‘F'Yg(Pzi/m+1)‘£+m+1:ka £,m >0} U
OoPlesa) + 30(Plonss) 421t 2=k £ > 0)]
= 1+4min [{204+2m+1)|[{+m+1=Fk, {,m>0}U

{(+1)+@m+1)+2) [ L+m+2=F, £,m>0}}



Yo (Piks1)

’Yg(Péﬁf+2)

(P4k+3)

G. Kosmrlj: Domination game on paths and cycles

1+ min{2k — 1,2k} = 2k,

1+ min |{v, (P UPy, ) [ L+m+1=Fk £,;m>0}U
{ng( e+1UP4m+1)|€+m+1—k €m>O}U
(UPles U Plis) | € mt 2=, £ > 0)]

1+ min{2k, 2k, 2k} = 2k + 1,

1 + min {{*y;(P&UPZWr;g)E—J—m—&—l:k, l,m >0} U

((Plhy UP o) | £+ m 41 =k, é,sz}}

14+ min{2k, 2k + 1} =2k + 1,

1+min[{’y;(Pi’ZUme)€+m:k, {,m >0} U
{’Yg( Py UPL ) [ +m+1=Fk (,m>0}U
{7y (Piryo U Pppyio) [ £+ m 41 =Fk, £,m >0}

14 min{2k, 2k + 1,2k +1} =2k + 1.
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Similarly we compute the game domination number of P of the S-game. Since the
moves available are the same as those in the D-game, the set of possible residual graphs
after Staller’s first move is the same as above, thatis P/_,, P//_,, P" . or P/ U P/, where
r,s > 1 and r + s = n — 3. By Continuation Principle, Staller either plays on a dominated
vertex (which is a leaf) or chooses such a vertex x that the residual graph of P)|N|[z]
has two components, both of which are paths with both of their leaves already dominated.
Continuation Principle assures us that choosing the neighbor of a leaf or the vertex on a
distance two from a leaf is never better for Staller than choosing a leaf. Using induction
hypothesis the following holds for every k > 2.

Yo (Piy)

= 1+ max [{’Yg( 4(k— 1)+3)}U

{Yg(PLUPL, )| L+m+1=Fk, £,m>0}U

{74( 4e+2UPzﬁn+3)|€+m+2=k, €,m>0}}

1+mwﬁ%mhm%nu

{'711( )+79(P4m+1)|€+m+1—k €m>0}u

hﬂﬂ@»+%uﬁwg+1e+m+2:mam>oﬂ



130 Ars Math. Contemp. 13 (2017) 125-136

= 1+ max [{2k—1} U
{20+ 2m+1)[L+m+1=k, {,m >0} U
{20+ +©Cm+1)+1[l+m+2=Fk, ¢,m>0}

= 1+max{2k—1,2k—1,2k — 1} = 2k,

Vo(Pik1) = 1+ max | {y,(Pyp)}U

{vg(PpUPL, o) [ L+m+1=Fk, {,m=>0}U
{Vg(Pipiqa U PG, 1) [ L4+m+1=Fk, £,m>0}U

{79(P41/4+3UP41/T,1+3)|€—|—m+2=k, E,sz}

= 14 max{2k,2k —1,2k,2k — 1} = 2k + 1,

Vo(Piiya) = 14+max |{yy(Pyhy1)} U
{’YQ( P4m+3)|€+m+1:k7‘€am20}u
{79(P41/5+1UP11{171+2)|€+m+1:k‘a gamzo}

= 14 max{2k+1,2k — 1,2k} = 2k + 2,

’Y;(PzﬁHS) = l+max {'Yg(szkJrz)} U

{1g(PUPL) [ £+m=k, £,m>0}U
{79(Pioy1 U Ppys) [ £+m+ 1=k, £,;m >0} U

{74 (P €+2UP4m+2)|f+m+1—k £,m >0}

= 14 max{2k + 1,2k, 2k,2k + 1} =2k + 2.

Next we show the formulas for the game domination number of the disjoint union
P{" U P/'. From the first two formulas proven above we can quickly deduce that P} is an
EQUAL if and only if ¥ =0 (mod 4) or k = 1 (mod 4). In the other two cases we get that
P/ is a PLUS. Since paths are no-minus graphs, by Theorem 1.4 it follows that formulas
hold when at least one of the components is an EQUAL.

It remains to prove the case when both components are PLUS. Let us assume first that
i =40+ 2and j = 4m + 2, where £,m > 1. We would like to prove that Py, , U Py, .,
realizes the pair (2¢ 4+ 2m + 3,2¢ 4+ 2m + 3). By Theorem 1.5 it follows that we only
need to prove the lower bound for 7, and the upper bound for 7_(’]. For the former we need
to prove that Staller can ensure that on Py, , U Py, ., at least 2m + 2¢ + 3 moves are
played. Since we did not say anything about the relation between ¢ and m we can without
loss of generality assume that Dominator plays his first move in Py ,. Using Continuation
Principle in the same way as above when proving the formula for 4 (P}/), he has only two
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conceptually different options for his move so that the residual graph of Py, after this
move is either Py, U Py, s or Py | UPy,  ,, wherer+s={—1andr,s > 0. If Staller
then chooses a dommated leaf in the component with the odd number of undominated
vertices, by induction hypothesis and by Theorem 1.4 we get the following.

(P U P, s UPL )
P U P = 1+ min ( g( 4s5+3 4m—+2 )
Yo Fier2 U Pim2) ;(P4r+1 U Pl UPL, o)
: Yo (Pp U Py U PL o)
> 2+ min H s+ m+
( o(Pi U P o UPL, o)

2+ (79(Py) + 79 (Piss2) + Y9 (Pamya) +1)
24 2r+2s+1)+(2m+1)+1)

24 (20+2m+1)

204+ 2m + 3.

Proof of the upper bound in the S-game follows similar lines. Staller has three concep-
tually different options for her first move, and then Dominator plays in the component with
an odd number of undominated vertices such that he chooses a vertex at a distance 2 from
a dominated leaf. By induction hypothesis and Theorem 1.4 we then get the following for
everyr,s > 0,r+s=4¢—1.

Yo Péili-i-l U 4m+2)
Yg(Pioyo U Py, o) = 14max| v, ir Pysi3U Ppyia)
g P4r+1 U P UPH, o)

=2

'Y!/] Pi/(g 1)42 U P4m+2)
< 24 max ’y;
’Y; Pi/(r 1)+2 P45+2 U Pzilm+2)
'Y; P;i/(g 1)+2) + 79(P4m+2) +1
= 2+ max | v,(Py) + 75 (Pls) + 79 (Pr2) +1

=2

(
(Py
(
(
E%LURﬁUP%HQ
(
(Py
(

;P 1y42) + V9 (Pir2) + 79 (Pins2) +2

(2([—1)+1)+(2m+1)+1

= 24max| 2r+2s+(2m+1)+1

Cr-D+D+2s+1)+(2m+1)+2
2 + max{2¢ +2m + 1,20+ 2m, 20 + 2m + 1}

= 20+2m+3.

Finally, we prove that the disjoint unions Py, , U Py, .5 and Py 5 U Py, 5 both
realize the pair (2¢ + 2m + 3,2¢ + 2m + 4) for every £, > 0. By Theorem 1.5 it is
enough to prove the lower bound in the S-game presenting Staller’s strategy. If she chooses
a dominated leaf in Pj;, ., 5 in her first move, by the formulas proven above, we get that

Yo(Pipra U Piis) = 14 7g(Pioya U Ppyyo) = 1420+ 2m + 3 = 204 2m + 4

and from here also

Vo(Pirs U Piinys) 2 1+799(Ploy3 U Py y) = 1+204+2m +3 =20+ 2m +4.
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This concludes the proof. O

A direct corollary of the above lemma are formulas for the game domination number
on cycles. Since cycles are vertex-transitive graphs any first move on a cycle leads to the
same residual graph — a path with both leaves dominated.

Theorem 2.2. For every n > 3, we have

_ [ [5]1-% n=3 (mod4)
WQ(Cn) = { [g], otherwise,
n—1 =
oy _ {1 n=2 (modd)
’Yg(cn) = { ["T—W, otherwise.
Proof. By Lemma 2.1 it follows
Y9(Cn) = 1+47,(P)_s)

B (253141, n—3=2 (mod4),

= 1+ { "”T*ﬂ, otherwise

_ [ ']+l =1 (modd),

Lﬂ}; otherwise

2
1-1; n=3 (mod4),
IE otherwise.
where we get the last equality by listing the values of both functions for n = 4k, 4k +
1,4k + 2,4k + 3 and £ > 0. Similarly, using Lemma 2.1 again we get the Staller-start
game domination number. For every n > 3, we get that

V9(Cn) = 147(P )
_ [23]1-1; n—3=3 (mod4),
= 1+ { (”;31, otherwise
_ (%27 -1; n=2 (mod4),
B 247 otherwise.

O

The proof of Lemma 2.1 also gives us optimal strategies for both players. Choosing a
vertex at a distance 2 from a dominated leaf is always optimal for Dominator, while playing
on a dominated leaf in every move of the game is optimal for Staller. Since every residual
graph of P/ that occurs during the game has at least one dominated leaf, both players can
play in the same way as on P.”. Hence the following lemma directly follows.

Lemma 2.3. For every n,m > 0, we have
Yg(Py, U Py,) = 74(Py U Py,) = y(P, U Py) and
Yo(Pr U Py,) =, (PY U PL) =y (P)UPY).

In particular, the last lemma says that v, (P,) = 7,(P,) and v, (P;) = v, (P)/) for
every n > 0. Now everything is ready for the main theorem - the formulas for paths.
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Theorem 2.4. For every n > 0, we have

wir) = {17 nEE ead)
V(P) = g}

Proof. We can easily check by hand that the assertion holds for n < 4. Let us now assume
that n > 5. In the first move Dominator can either dominate two vertices by choosing
one of the leaves, or three vertices by choosing any other vertex. By using Continuation
Principle we can assume that Dominator never chooses a leaf. More precisely, choosing
the leaf’s neighbor can never be worse for Dominator than choosing a leaf. Hence, in his
first move exactly three vertices are dominated, and the residual graph after this move is the
disjoint union P/ U P! where r, s > 0 and r + s = n — 3. We consider four cases regarding
the value of n mod 4. In every case we first use the above argument about Dominator’s
first move, and then apply Lemma 2.3 and Lemma 2.1 to get the result for every k£ > 1.

Vg(Par) = 1+ min {{VQ(P&UPAKW_H)E—Fm-Fl:k, L,m >0} U
(4lPlera U Pini) | 4+ 2= by £ > 0)]
_ 1+min{{7;(Pi}UPiﬁn+1)€+m+1:k,£,m>0}u
(UPler U Plngs) | 5 mt 2=, £ > 0)]
= 1—|—min{{2€+2m+1|€+m—|—l=k,€,m20}U
{2(€+m+2)|£+m+2:k,e,mzo}]

= 1+ min{2k — 1,2k} = 2k,

Vo(Part1) = 1+min[{7§(PieUPim+2)f+m+1=/€,f,m20}U
{7g(Pieg1 U Pipyr) | £+m+ 1=k, £,m >0} U
{%G@HUP@HHE+m+2=namzoﬂ

= 1+ min{2k, 2k, 2k} = 2k + 1,

Yg(Pary2) = 14+min [{y,(PyUPy, .3)|[{+m+1=k {,;m>0}U

{%@@HUR@HHé+m+1—hamzoﬂ

= 14 min{2k,2k+ 1} =2k +1,
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Yo(Parys) =

We can see that Dominator’s moves are similar to those in a game when one or two
leafs are dominated. Since this is not the case in the S-game, we have to be more careful
when considering moves of Staller on P,. In the first move she clearly can not select a
dominated leaf and dominate only one new vertex. Hence she either plays on a leaf and
dominates two new vertices, or plays on a vertex of degree two, and thus splits the path into
two (smaller) partially dominated paths. By using Lemma 2.3 and Lemma 2.1 we get the

Ars Math. Contemp. 13 (2017) 125-136

1+ min |{v; (P UPy,) | £+m=Fk, {,m>0}U
{’Y;;(Péi€+1upﬁim+3)|‘€+m+1:k7 €,m20}U
{7;(Plif+2uplim+2)|€+m+1:k7 Eamzo}

14 min{2k, 2k + 1,2k +1} =2k + 1.

following for every k& > 1.

Vg (Par)

Vo (Par+1)

Vo (Pa+2)

- 1+mmﬁwummnwnu
{'Vg(PzieUPzierl)M"’m‘f'l:k, ¢,m >0} U

{%ULHUP%HH€+m+2—h&m204

= 1+ max {{2k—1}u
{20+2m+1|[l+m+1=k £{,m>0}U
{204+m+1)+1|L+m+2=k, E,m>0}}
= 1+max{2k—1,2k—1,2k—1} = 2k,

= 1+ max |{7y(Pi_1)13)} U

{'Yg(PziulUPzimH)|€+m+1:k7 ¢,m >0} U

{,Yg(Plif—HSUPéim-i-B)|€+m+2:k7 €7m20}

= 1+ max{2k —1,2k—1,2k,2k — 1} =2k + 1,

= 1+max |{7,(Py)}U
{'Vg(PzieUPzierB)M"’m‘f'l:k, ,m >0} U
{Yg(Pioy1 U Ppio) | L+ m+ 1=k, £,;m >0}

= 1+ max{2k,2k — 1,2k} =2k + 1,
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Yo(Pirys) = 1+max [{v4(Py )} U

{74(Pl UP},) [ £4+m =k, £,m >0} U
{’VQ(P41£+1UP4177L+3) |£+m+1:k7 £7m20}U

{79(Pieso U Phyn) [ L4+ m + 1=k, £,m > 0}
= 14+ max{2k+ 1,2k, 2k, 2k + 1} =2k + 2.

O

The last proof does not only give us the game domination number of paths, but also tells
us what are the optimal moves of both players. We can see that choosing one of the leaves
is an optimal first move of Staller on P,, when n # 1 (mod 4). In the case when n = 1
(mod 4) holds, Staller’s optimal move is to play on a vertex v such that the residual graph
obtained from P, | N [v] consists of exactly two components P/ and P, where r+s = n—3,
r=1 (mod 4)and s =1 (mod 4).
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Let n be a positive integer, ¢ be a prime power, and V' be a vector space of dimension
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are interested in the class of all diameter two graphs I' that admit such a group G as an arc-
transitive, vertex-quasiprimitive subgroup of automorphisms. In particular, we consider
those graphs for which Gy is a subgroup of either I'L(n, ¢) or I'Sp(n, ¢) and is maximal in
one of the Aschbacher classes C;, where i € {2,4,5,6,7,8}. We are able to determine all
graphs " which arise from Gy < T'L(n,q) with i € {2,4,8}, and from Gy < I'Sp(n, q)
with ¢ € {2,8}. For the remaining classes we give necessary conditions in order for I' to
have diameter two, and in some special subcases determine all G-symmetric diameter two
graphs.

Keywords: Symmetric graphs, Cayley graphs, quasiprimitive permutation groups, linear groups.

Math. Subj. Class.: 05C25, 20B15, 20B25

*This paper forms part of the first author’s Ph.D., which is supported by an Endeavour International Post-
graduate Research Scholarship (with UPAIS) and a Samaha Top-Up Scholarship from The University of Western
Australia, and forms part of the Australian Research Council Discovery project DP0770915 held by the last two
authors.

T Corresponding author.

E-mail address: mcamarra@math.upd.edu.ph (Carmen Amarra), michael.giudici@uwa.edu.au (Michael
Giudici), cheryl.praecger @uwa.edu.au (Cheryl E. Praeger)

©@@® This work is licensed under http://creativecommons.org/licenses/by/3.0/



138 Ars Math. Contemp. 13 (2017) 137-165

1 Introduction

A symmetric graph is one which admits a subgroup of automorphisms that acts transitively
on its arc set; if G is such a subgroup, we say in particular that the graph is G-symmetric.
We are interested in the family of all symmetric graphs with diameter two, a family which
contains all symmetric strongly regular graphs. We consider those G-symmetric diameter
two graphs where G is a primitive group of affine type, and where the point stabiliser G
is maximal in the general semilinear group or in the symplectic semisimilarity group. Our
main result is Theorem 1.1. Those affine examples where G is not contained in either of
these groups were studied in [2].

Theorem 1.1. Let V' = Fy for some prime power ¢ and positive integer n, and let G =
V' % Go, where Gy is an irreducible subgroup of the general semilinear group I'L(n, q)
or the symplectic semisimilarity group I'Sp(n, ¢), and G is maximal by inclusion with
respect to being intransitive on the set of nonzero vectors in V. If I' is a connected graph
with diameter two which admits G as a symmetric group of automorphisms, then I is
isomorphic to a Cayley graph Cay(V,.S) for some orbit S of G satisfying (S) = V and
S = -5, and one of the following holds:

1. (Go, S) are as in Tables 1.0.1 and 1.0.2;
2. (i satisfies the conditions in Table 1.0.3;
3. Gy belongs to the class Cg.

Furthermore, all pairs (Gg,.S) in Tables 1.0.1 and 1.0.2 yield G-symmetric diameter two
graphs Cay(V, S).

Notation for Tables 1.0.1 and 1.0.2. The set X is as in (3.2) and Wy is as in (3.5) in
Section 3.2, Y; is as in (3.7) in Section 3.3, ¢(v) is as in (3.9) in Section 3.4, Sy is as in
(2.4) in Section 2.2, and Sy, So and S are as in (3.1) in Section 3.1. Cayley graphs are
defined in Section 2.1. The graphs marked { did not appear in [2].

Table 1.0.1: Symmetric diameter two graphs from maximal subgroups of I'L(n, q)

GoNGL(n,q) S Conditions
GL (m, q) 1 Sym (t), mt =n X q" >2ands > t/2
2 GL(k,q) ® GL (m,q),km =n Y s > imin {k,m}
'3 GL(n,¢"/") 0 Zy_1,r>2andn > 2 v9 asin (3.14) c(v)=r—lorc(v)=r
4 GL(n,¢"/")oZy 1.,r=20rn=2 v9 asin (3.14) c(v) =1
(Zg—10(Z10Qs)).Sp(2,2),n =2,qodd v°0 veV#
GL (m,q) g Sym (2), m*> =n Y, s>m/2
17 GU(n,q),n>2 So, Sy
8 GO(n,q),n=3andqg=3 So
9 GO(n,q),ngodd,n >3o0rq >3 So, Sg, or S

10 GO™(n,q),neven, godd,n>20rqg>2 SporSy
11 GO~ (n,q), neven, godd, n > 2 So or Sy
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Table 1.0.2: Symmetric diameter two graphs from maximal subgroups of I'Sp(n, ¢)

GoNGL (n,q) S Conditions
1 Sp(m,q)*.[¢ — 1].Sym (t), mt = n X g™ >2and s > t/2
T2 GL(m,q).[2,2m =n Usenu( ) Wee  @">2and B R,
3 (Z4-10Q8).07(2,2),n =2, qodd p©o veV#
GO"(n,q),n =2and ¢ = 2 So

GO™(n,q),gand neven,n >20rq >2 Spor Sy
GO~ (n,q), g and n even, n > 2 So or Su

Table 1.0.3: Restrictions for remaining cases

GoNGL (n,q) Conditions Restrictions

1 GSp(k,q) ® GO*(m,q), modd, g > 3 Proposition 3.14

2 GL (n 1/*) 0 Zgn c(v) £ —1,r Proposition 3.16 (2), (3), (4)
3 (Z4—10R)Sp(2t,7),n =1 RType 1,t > 2 Proposition 3.23 (1)

4 (Zy—10R).Sp(2t,2),n =1 RType2,t>2 Proposition 3.23 (2)

5 (Z4—10R).0” (2t,2),n=1" RType4,t>2 Proposition 3.23 (3)

6 GL(m,q)lg Sym(t),m' =n t>3 Proposition 3.25

7 GSp(m,q)le Sym(t),m' =n,qodd t>3 Proposition 3.26

The reduction to these cases is achieved as follows. Itis shown in [1] that any symmetric
diameter two graph has a normal quotient graph I" which is G-symmetric for some group
G and which satisfies one of the following:

(I) the graph I has at least one nontrivial G-normal quotient, and all nontrivial G-normal
quotients of I' are complete graphs (that is, every pair of distinct vertices are adja-
cent); or

(II) all G-normal quotients of I" are trivial graphs (that is, consisting of a single vertex).

The context of our investigation is the following. It was shown that those that satisfy (II)
fall into eight types according to the action of G' [7]. One of these types is known as
HA (see Subsection 2.1). In this case, the vertex set is a finite-dimensional vector space
V= Fg over a prime field F, and G = V' x G, where V is identified with the group of
translations on itself and G is an irreducible subgroup of GL (d, p) which is intransitive
on the set of nonzero vectors of V. The irreducible subgroups of GL (d, p) can be divided
into eight classes C;, i € {2, ...,9}, most of which can be described as preserving certain
geometric configurations on V, such as direct sums or tensor decompositions [3]. Note
that, if a diameter two graph I is G-symmetric, then the stabiliser G, of a vertex v is not
transitive on the remaining vertices since G, leaves invariant the sets of vertices at distance
1, and distance 2, from v. Thus, in our situation, the group G is intransitive on the set
V#, where V# := V \ {0}, the set of nonzero vectors. In paper [2] we considered the
graphs corresponding to the groups Gy which are maximal in their respective classes C;,
for 7 < 8, and which are intransitive on nonzero vectors. (We did not consider the last class
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Cy since the groups in this class do not have a uniform geometric description.) Several
classes were not considered because the maximal groups in these classes are transitive on
V#, namely, the maximal groups are (a) symplectic groups preserving a nondegenerate
alternating bilinear form on V/, and (b) “extension field groups” preserving a structure on
V' of an n-dimensional vector space over I, where ¢" = p?. The aim of this paper is to
examine the cases not treated in [2], namely, G preserves either an alternating form or an
extension field structure on V', and:

() The group Gy is irreducible and is maximal in GL (d, p) with respect to being in-
transitive on nonzero vectors.

All quasiprimitive groups of type HA are primitive; the condition of irreducibility of
Gy is necessary to guarantee that G is maximal in G, and hence that G is primitive. In
particular, since G is intransitive on V#, G does not contain SL (V) or Sp (V). The clas-
sification in [3] can be applied to the two groups I'L(n, ¢) and GSp (d, p): the irreducible
subgroups of I'L(n, ¢) and of GSp (d,p) which do not contain SL (n,q) and Sp (d, p),
respectively, are again organised into classes Co to Cg. Again we do not consider the Co-
subgroups. Observe that of the maximal subgroups of I'L(n, ¢) in classes C5 to Cs, the only
transitive ones are the Cs-subgroups T'L(m, ¢"™/™) with n/m prime, and the Cg-subgroup
I'Sp(n, q) of symplectic semisimilarities. We avoid these possibilities by choosing ¢ max-
imal such that g™ = p?. We then consider the two cases: (1) where Gy < I'L(n, ¢q) and G
does not preserve an alternating form on Fy/, and (2) where Go < I'Sp(n, q). Note that in
this case it is possible for d/n to be not prime, and it follows from the maximality of ¢ that
Gy is not contained in a proper Cs-subgroup of I'L(n, q) or I'Sp(n, ¢), respectively. Since
G| is irreducible and we are not considering Cy-subgroups, we now have Gy a maximal
intransitive subgroup in the C; (for I'L(n, ¢) or I'Sp(n, ¢)) for some 7 € {2,4,5,6,7,8}.

All such subgroups of I'L(n, ¢q) for which n = d and ¢ # 5 are considered in [2];
moreover, for some of these cases, the arguments were given in the general setting of C;-
subgroups of I'L(n, ¢), and so can be applied here. The cases requiring the most detailed
arguments are those for subfield groups and, to a lesser extent, normalisers of symplectic-
type r-groups (C;-groups with ¢ € {5,6}).

As in [2], for each family of groups Gy we have two main tasks:

(i) to determine the G-orbits, and

(i1) to identify which of these orbits correspond to diameter two Cayley graphs.

In the instances where we are not able to achieve either of these, we obtain bounds on
certain parameters to reduce the number of unresolved cases.

The rest of this paper is organised as follows: In Section 2 we give the relevant back-
ground on affine quasiprimitive permutation groups, semilinear transformations and semi-
similarities. In Subsection 2.3 we present Aschbacher’s classification of the subgroups of
T'L(n, q) and T'Sp(n, ¢). Section 3 is devoted to the proof of Theorem 1.1, which we do by
considering separately the maximal intransitive subgroups in each of the classes C;, where
1€{2,4,5,6,7,8}.

Notation. If A is a vector space, a finite field, or a group, A# denotes the set of nonzero
vectors, nonzero field elements, or non-identity group elements, respectively. The finite
field of order g is denoted by IF,. The notation used for the classical groups, some of which
is nonstandard, is presented in Section 2. If I is a graph, V' (I") and E(T") are, respectively,
its vertex set and edge set.
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2 Preliminaries
2.1 Cayley graphs and HA-type groups

The action of a group G on a set ) is said to be quasiprimitive of type HA if G has a unique
minimal normal subgroup NV and N is elementary abelian and acts regularly on 2. The
group G is then a subgroup of the holomorph N.Aut (V) of N (hence the abbreviation
HA, for holomorph of an abelian group). It follows from [4, Lemma 16.3] that a graph
I that admits G as a subgroup of automorphisms is isomorphic to a Cayley graph on N,
that is, a graph with vertex set N and edge set {{z,y} | z — y € S} for some subset S
of N# with § = —S and 0 ¢ S. (Since N is abelian we use additive notation, and in
particular denote the identity by 0 and call it zero.) Such a graph is denoted by Cay(N, S).
If, in addition, I" is G-symmetric, then S must be an orbit of the point stabiliser G of zero.
Thus, in order for I' to have diameter two, the group GGo must be intransitive on the set of
nonzero elements in V.

The result that is most relevant to our investigation is Lemma 2.1, which follows from
the basic properties of Cayley graphs and quasiprimitive groups of type HA.

Lemma 2.1 ([7]). Let T be a graph and G < Aut(T"), where G acts quasiprimitively on
V(T') and is of type HA. Then G = Fg x Go < AGL (d,p) and T" = Cay(IFg,S) for
some finite field F,,, where the vector space Fg is identified with its translation group and
Go < GL (d, p) is irreducible. Moreover, T is G-symmetric with diameter 2 if and only if
S is a Gy-orbit of nonzero vectors satisfying —S =5, S CVand SU(S+ S)=V.

The condition —S = S implies that |S + S| < |S|(|S| — 1) + 1, and if S is a Gy-orbit
then clearly | S| < |Gp|. It follows from Lemma 2.1 that if Cay(V, S) is G-symmetric with
diameter two then

VI <SP +1<|Gol* +1. 2.1

This fact will be frequently used in obtaining bounds for certain parameters.
In our situation p? = ¢™ and G, preserves on V the structure of an F,-space; we
therefore regard V' as V' = Fy, and G as a subgroup of T'L(n,q).

2.2 Semilinear transformations and semisimilarities

Throughout this subsection assume that ¢ is an arbitrary prime power, V' is a vector space
with finite dimension n over Fy, and 55 := {v1,..., v, } is a fixed F-basis of V.

The general semilinear group T'L(n, q) consists of all invertible maps h : V' — V for
which there exists a(h) € Fy, which depends only on A, satisfying

(Au +v) = xeMWyh ok forall A € F, and u,v € V. (2.2)

The group I'L(n, ¢) is isomorphic to a semidirect product GL (1, q) x Aut (F,) with the
following action on V:

n g n
<Z )\wi) = Z Afv?  forall g € GL(n,q), o € Aut(F,), and (2.3)
i=1

i=1

As.os A € Fy.

If V' is endowed with a left-linear or quadratic form ¢, then the elements of I'L(n, ¢) that
preserve ¢ up to a nonzero scalar factor or an [F;-automorphism are called semisimilarities
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of ¢. That is, h is a semisimilarity of ¢ if and only if for some A(h) € IF‘jf£ and some
o/(h) € Aut (FF,), both of which depend only on A,

d(u, ") = A(h)p(u, v)* ™ forall u,v € V
if ¢ is left-linear, and
(") = A(h)p(v)*' ™) forallv e V

if ¢ is quadratic. It can be shown that o/(h) is the element «(h) in (2.2). The set of
all semisimilarities of ¢ is a subgroup of I'L(n, q) and is denoted by 'l (n, q), where I
is Sp, U, 0, 0", or O, if ¢ is symplectic (i.e., nondegenerate alternating bilinear), uni-
tary (i.e., nondegenerate conjugate-symmetric sesquilinear), quadratic in odd dimension,
quadratic of plus type, or quadratic of minus type, respectively.

The map « : I'l(n,q) — Aut(F,) defined by h — «(h) is a group homomorphism
whose kernel GI(n, q) consists of all g € GL (n, q) that preserve ¢ up to a nonzero scalar
factor. The elements of GI(n, q) are called similarities of ¢. Likewise, the map g — A(g)
for any g € I'l (n, ¢) defines a homomorphism A from GI(n, ¢) to the multiplicative group
F#. The kernel I(n, q) of X consists of all ¢-preserving elements in GL (n, ¢), which are
called the isometries of ¢. It should be emphasised that our notation for the similarity
and isometry groups is non-standard, but follows for example [5]: the symbol GI(n, q) is
sometimes used to denote the isometry group, whereas in the present paper this refers to
the similarity group.

In Subsection 3.1 we determine the orbits in V# of the groups 'l (n, ¢). The following
result, which gives the orbits of the isometry groups I(n, ¢), is useful:

Theorem 2.2 ([8, Propositions 3.11, 5.12, 6.8 and 7.10]). Let V' = Fy and ¢ a symplectic,
unitary, or nondegenerate quadratic form on V. Then the orbits in V# of the isometry

group of (V, ¢) are the sets Sy for each \ € Im (¢), where
Sy:={veV#|o(v) = A} (2.4)
and
- Jo(v,v) if ¢ is symplectic or unitary;
9(v) = {¢(v) if ¢ is quadratic. 2:5)

Observe that if ¢ is symplectic then ¢(v, v) = 0 for all nonzero vectors v, so it follows
from Theorem 2.2 that Sp (n, ) is transitive on V#.

2.2.1 Some geometry

Let f be a left-linear form on V. A nonzero vector v is called isotropic if f(v,v) = 0;
otherwise, it is anisotropic. If f is symplectic or unitary, then an isotropic vector is also
called singular. If f is symmetric bilinear and () is a quadratic form which polarises to f
(thatis, f(u,v) = Q(u+ v) — Q(u) — Q(v)), then a singular vector is a nonzero vector v
with Q(v) = 0. Hence, in general, all isotropic vectors are singular and vice versa, unless
V' is orthogonal and ¢ is even; in this case all nonzero vectors are isotropic but not all are
singular. A subspace U of V is rotally isotropic if f|y = 0, and totally singular if all its
nonzero vectors are singular. On the other hand, a subspace U is anisotropic if all of its
nonzero vectors are anisotropic.



C. Amarra et al.: Affine primitive symmetric graphs of diameter two 143

For any subspace U of V' we define the subspace
Ut :={veV|fluv)=0YucU}

andwewrite V=U L WifV=U@Wand W < UL, Clearly a nonzero vector v
is isotropic if and only if v € (v)~, and the subspace U is totally isotropic if and only if
U < U*. A symplectic or unitary form f, or a quadratic form with associated bilinear
form f, is nondegenerate (or nonsingular) if the radical V' of f is the zero subspace.

A hyperbolic pair in V is a pair {x, y} of singular vectors such that f(x,y) = 1. The
space V' can be decomposed into an orthogonal direct sum of an anisotropic subspace and
subspaces spanned by hyperbolic pairs, as stated in the following fundamental result on the
geometry of formed spaces.

Theorem 2.3 ( [6, Propositions 2.3.2,2.4.1,2.5.3]). Let V = F", and let f be a left-linear
form on V' which is symplectic, unitary, or a symmetric bilinear form associated with a
nondegenerate quadratic form Q. Then

V=Ax1,y1) L... L{®pm,ym) LU

where {x;,y;} is a hyperbolic pair for each i and U is an anisotropic subspace. Moreover:

1. If f is symplectic then U = 0. Hence n is even and, up to equivalence, there is a
unique symplectic geometry in dimension n over IF.

2. If f is unitary then U = 0 if n is even and dim (U) = 1 if n is odd. Hence up to
equivalence, there is a unigque unitary geometry in dimension n over I,

3. If f is symmetric bilinear with quadratic form @ and n is odd, then q is odd,
dim (U) = 1, and there are two isometry classes of quadratic forms in dimension
n over Fy, one a non-square multiple of the other. Hence all orthogonal geometries
in dimension n over ¥, are similar.

4. If f is symmetric bilinear with quadratic form ) and n is even, then U = 0 or
dim (U) = 2. For each n there are exactly two isometry classes of orthogonal ge-
ometries over F, which are distinguished by dim (U).

In Theorem 2.3 (4), the quadratic form () and the corresponding geometry is said to be
of plus type if U = 0, and of minus type if dim (U) = 2.

2.2.2 Tensor products

Some of the subgroups listed in Aschbacher’s classification arise as tensor products of
classical groups. In order to describe the group action we define first the tensor product of
forms. If V = U ® W, and if ¢y and ¢y are both bilinear or both unitary forms on U and
W, respectively, then the form ¢y ® ¢y on V' is defined by

(pv ® ow) (u @ w,u' @ w') = ¢y (u,u’)pw (w, w")

for all v ® w and v’ ® w’ in a tensor product basis of V, extended bilinearly if ¢y and
ow are bilinear, and sesquilinearly if ¢y and ¢y are sesquilinear. If ¢y and ¢y are both
bilinear then so is ¢y ® ¢yy7; moreover, oy ® Py is alternating if at least one of ¢y and ¢y
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Table 2.2.4: Tensor products of classical groups

U, ov) 1W,ow) U SW, du ® dw)
Sp O {Sp if the characteristic is odd;
Ot else
Sp Sp ot
Ot  ife; = + for some i, or ¢; = — for both i;
O 0Oe2 O  ifdim (U) and dim (W) are odd;
O~ else
U U U

is alternating, and ¢y ® ¢y is symmetric if both ¢ and ¢y are symmetric. If ¢y and ¢y
are both unitary then ¢y ® ¢y is unitary. The tensor product I (U, ¢r7) @ I(W, ¢y ) acts
on V with the usual tensor product action — that is, for any g € I(U, ¢y ), h € I(W, pw ),
ueUandwe W,

(u® w)(g’h) = u? @wh.

The types of forms ¢y @ ¢y that arise according to the various possibilities for ¢y and ¢y,
which are given in terms of the possible inclusions I (U, ¢ ) QI (W, ow) < I(V, puQdw ),
are summarised in Table 2.2.4.

The tensor product of an arbitrary number of formed spaces can be defined similarly:
IV =U; ®---®U; and ¢; is a nondegenerate form on U; for each ¢, and either all ¢; are
bilinear or all are sesquilinear, the form ¢; ® - - - ® ¢ is given by

t

(®f’:1¢i) (®§:1Ui»®f:1wi) = H¢(“iawi)

i=1

as ®!_,u; and ®!_,w; vary over a tensor product basis of V, extended bilinearly if the ¢
are bilinear, and sesquilinearly if they are sesquilinear. Then ®!_,¢; is a nondegenerate
bilinear (respectively, sesquilinear) form on V. If the spaces (U;, ¢;) are all isometric, then
we can extend the results of Table 2.2.4 to the following (see [6, 9]):

Sp (m', q)
t_.Sp(m,q) <
®171 p (m q) {O+ (mt, q)
0 (m', q)
®:_,0%(m,q) < { O~ (mt,q)
O™ (m', q)

®§:1U (m7 Q) < U (mtv Q)

2.3 Aschbacher’s classification

if ¢t odd;

if gt is even

if gm is odd;

if e = — and t is odd;
else

The irreducible subgroups of semisimilarity and semilinear groups are classified by As-
chbacher’s Theorem [3]. In [6], Aschbacher’s Theorem is used to identify those irreducible
subgroups which are maximal. We present below the versions that correspond to I'L(n, q)
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and to I'Sp(n, ¢). Recall that Gy does not contain either of the transitive groups SL (n, q)
or Sp (1. q).

Theorem 2.4. If M is a maximal irreducible subgroup of T'L(n, q) that does not contain
SL (n, q), then M is one of the following groups:

(C2) (GL (m,q)Sym (t)) x Aut (F,), where mt = n;
(Cs) TL(m,q"), where r is prime and mr = n;

(Cs) (GL (k,q) @ GL (m, q)) x Aut (F,), where km = n and k # m, and the action of T
is defined with respect to a tensor product basis of IE"; QFT;

(Cs) (GL (n, ql/r) o Zq,l) x Aut (Fy), where n > 2, q is an rth power and r is prime;

(C6) ((Zg—1 0 R).T) x Aut(F,), where n = r* with r prime, q is the smallest power of p
such that ¢ = 1 (mod r), and R and T are as given in Table 2.3.5 with R of type 1
or2;

(C7) (GL(m,q) s Sym (t)) x Aut(F,), where m' = n, t > 2, and the action of T is
defined with respect to a tensor product basis of ®§:1F;”;

(Cs) TO (n,q) or TOE(n, q) with q odd, TSp(n, q), or TU (n, q);

(Cy) the preimage of an almost simple group H < PTL (n,q) satisfying the following
conditions:

(a) T < H < Aut(T) for some nonabelian simple group T (i.e., H is almost
simple).

(b) The preimage of T in GL (n, q) is absolutely irreducible and cannot be realised
over a proper subfield of F,.

In Theorem 2.5 the symbol [o] denotes a group of order o. In case (Cz) the group [¢ — 1]
is generated by the map
Op o i > Uiy Yi > Yi
for all z; and all y;, ¢ € {1,...,n/2}, where u is a generator of the multiplicative group
F# and {21,...,Zn/2,Y1,- - Yn/2} is a basis of F7, satisfying ¢(z;, 7;) = ¢(ys,y;) =
&(x4,y;) = 0 whenever i # j and ¢(x;,y;) = 1 forall i. Such a basis is called a symplectic
basis.

Theorem 2.5. If M is a maximal irreducible subgroup of T'Sp(n, q), then M is one of the
following groups:
(C9) ((Sp (m,q)".[¢ — 1].Sym (t))) x Aut (F,), where m = n/t; or
(GL (m, q) .[2]) x Aut (Fy), where m = n/2;

(C3) (Sp(m,q").[g —1]) x Aut(F,), where r is prime and m = n/r; or
I'u (m, q2), where m = n /2 and q is odd;

(Ca) (GSp(k,q) x GO“(m,q)) x Aut(Fy), where q is odd, k # m, m > 3, and GO*
can be any of GO, GO™T, or GO~;
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(C5) (GSp (n,q'/") 0 Zy—1) » Aut(F,)

(Cs) (Zq—10R).O™ (2t,2), where ¢ > 3 and is prime, and R is of type 4 in Table 2.3.5;
(C7) (GSp(m,q) e Sym (t)) x Aut (F,), where gt is odd;

(Cs) TO*(n,q), where q is even;

(Co) the preimage of an almost simple group H < PT'L (n,q) satisfying the following
conditions:

(a) T < H < Aut(T) for some nonabelian simple group T (i.e., H is almost
simple).

(b) The preimage of T in GL (n, q) is symplectic, absolutely irreducible, and can-
not be realised over a proper subfield of F.

Table 2.3.5: Cg-subgroups
r R T

Typel odd Rpo---0Rp, Ro:= ri_“ Sp (2t,r)
—_——

t

Type2 2 Z40Qgo---0Qs Sp (2t,2)
— ——
t
Type 4 2 Dg O---0 Dg OQg o~ (2t, 2)
N————

t—1

3 Symmetric diameter two graphs from maximal subgroups of groups
I'L(n, g) and I'Sp(n, q)

In this section we prove Theorem 1.1. In view of the observations in Section 1, assume that
the following hypothesis holds:

Hypothesis 3.1. LetV = Iﬁ‘g with p prime and d > 2, which is viewed as F with ¢ = pd/m
for some divisor n of d (possibly d/n composite or n = d). Let H be one of the subgroups
below of GL (d, p):

1. H=TL(n,q) = GL(n,q) x (7), the general semilinear group on V', or

2. H =T'Sp(n,q) = GSp (n,q) x (7}, the group of symplectic semisimilarities of a
symplectic form on V,

Let 7 denote the Frobenius automorphism of I, and B be a fixed [F-basis of V, with 7
acting on V' as in (2.3) with respect to B (with ¢ = 1 and @ = 7); for the case where
H =T'Sp(n, q) assume that B is a symplectic basis of V. Define G =V x Gy <V x H <
AGL (d,p) and L = G¢ N GL (n, q), where Gy is a maximal C;-subgroup of H for some
i€{2,4,5,6,7,8} and Gy does not contain Sp (n, ¢) or SL (n, q).
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We note that the groups considered in [2] are the same as the subgroups L, as defined
above, of H = I'L(n, q).

All irreducible subgroups of GL (d, p) which are maximal with respect to being intran-
sitive on V# thus occur as subcases of the groups considered in Hypothesis 3.1 or belong
to class Cy. (Indeed, Gg is maximal intransitive if n = d or if d/n is prime.) For each
Aschbacher class assume that Gy = M is of the form given in Theorem 2.4 or 2.5.

Since some of the other subgroups of I'Sp(n, ¢) involve classical groups, we begin with
class Csg.

3.1 ClassCg

In this case the space V' has a form ¢, which is symplectic, unitary, or nondegenerate
quadratic if H = I'L(n, ¢), and is nondegenerate quadratic if H = I'Sp(n, ¢) with ¢ even.
Since the symplectic group is transitive on VV#, we consider only the unitary and orthogonal
cases.

Throughout this section we shall use the following notation: for § € {{J, X, #} let

So = | Sa 3.1)

AEF?

where the Sy are as in (2.4). If ¢ is a square (as in the unitary case), let qo := ,/q and let
IF,, denote the subfield of IF, of index 2. Also let Tr : F, — I, denote the trace map, that
is, Tr(o) = a + a® forall « € F,,.

We begin by describing the orbits of the similarity groups GI(n, q), where I € {U, O,
o+, 07}
Proposition 3.1. Let V = Fy, ¢ be a unitary or nondegenerate quadratic form on 'V, and

Go = GI(n,q) with1 € {U,0,0%, 07}, according to the type of ¢. Let Sy be as in (2.4)
and Sp, Swx and Sy be as in (3.1).

1. If ¢ is unitary, then the Go-orbits in V¥ are Sy and Sy.

2. If ¢ is nondegenerate quadratic, then the Go-orbits in V# are as follows:

(i) Sy ifn=1;
(ii) So and Sy if nis even;
(iii) So, Sg and S if n is odd and n > 3.

Proof. Statement 2 is precisely [2, Proposition 3.9], so we only need to prove statement 1.
Assume that ¢ is unitary; hence g is a square and go = /q. It follows from Theorem 2.2 that
Sp is a G-orbit (that is, provided that Sy # @), so we only need to show that Sy is a Go-
orbit. Let v € Sy; clearly, v C Sy. Forany u € Sy set a := f(u,u)f(v,v)~*. Then
a € Fjﬁ, so a = BT for some 3 € F,. Hence f(u,u) = f2T! f(v,v) = f(Bv,Bv),
so by Theorem 2.2 we have u = (Bv)? for some g € U(n,q). Then u = v?9, where
Bg € GU (n, q). Therefore v“° = Sy, which proves statement 1. O

The orbits of the semisimilarity groups can be easily deduced from Proposition 3.1.

Proposition 3.2. Let V' = Ky, ¢ be a unitary or nondegenerate quadratic form on 'V, and
Go = T'I(n,q) with1 € {U,0,0%,07}, according to the type of ¢. Then for all cases,
the Gy-orbits are exactly the same as the GI(n, q)-orbits.
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Proof. This follows from Proposition 3.1 and the fact that the elements of I'I(n, ¢) preserve
the form up to an automorphism of F,. O

Hence, a direct consequence of Proposition 3.2 and [2, Proposition 3.12] is:

Proposition 3.3. Let I" be a graph and G < Aut (T') such that G satisfies Hypothesis 3.1
with Gy =T0 (n,q) or Go = T'O%(n,q) (¢ = %). Then T is G-symmetric with diameter
2 if and only if T = Cay(V,S) with V = [y and the conditions listed in one of the lines
8-11 of Table 1.0.1 or lines 4—6 of Table 1.0.2 hold.

We now consider the unitary case. Note that Theorem 2.3 implies that the space V
contains a hyperbolic pair, which implies that there is some v € V which is nonsingular.
The following are two easy but useful results which are analogous to Lemma 3.13 and
Corollary 3.14 in [2].

Lemma 3.4. Let V = Fy, ¢ a unitary form on'V, and ¢ as in (2.5). Then Im (¢) = F,,,
the subfield of index 2 in IF,.

Proof. Recall that f(v,v)V? = f(v,v) for any v € V, so Im (¢) < F,,. By the preced-
ing remarks V' contains a nonsingular vector, say u. So f(au,au) = aVitif(u,u) =
n(a) f(u, ) for any a € F,, where n : F;, — F, is the norm map. Since 7 is surjective so

is ¢, and the result follows. O

If ¢(v,v) # 0, then (v)~ is nondegenerate and V' = (v) L (v)L. On the other hand,
if ¢(v,v) = 0 then (v) < (v)+. By the remarks in [6, pp. 17-18], the form ¢ induces a
nondegenerate unitary form ¢ on the space U := (v)1/(v), defined by ¢y (x + (v),y +
(v)) == ¢(z,y) for all z,y € (v)*. It follows from [6, Propositions 2.1.6 and 2.4.1] that
all maximal totally isotropic subspaces of V' have the same dimension, which, in all cases,
is at most n/2, so in particular v contains a nonsingular vector whenever n > 3.

Corollary 3.5. Let V = F}, ¢ a unitary form on V, ¢ as in (2.5), and v € V#. Then
Im ($|<U>J.) =T, if v is nonsingular and n > 2, or if v is singular and n > 3.

Proof. This follows immediately from Lemma 3.4 applied to (v)*, and the remarks above.
O

Proposition 3.6. Let I" be a graph and G < Aut (T") such that G satisfies Hypothesis 3.1
with Go = T'U (n, q). Then I is G-symmetric with diameter 2 if and only if n > 2 and
I' = Cay(V, S), where V.= T} and S € {Sp, Sy}, with Sy and Sy as in (2.4) and (3.1),
respectively.

Proof. By Lemma 2.1 and Proposition 3.1 we only need to prove that Cay(V, S) has diam-
eter 2 if and only if n > 2. If n = 1 then V is anisotropic, so GU (n, q) is transitive on V#
by Proposition 3.1 (1) and Cay(V, S) is a complete graph. If n > 2 then V# \ Sy = Sy
and V# \ Sy = Sy by Proposition 3.1.

Claim 1: Sy C So + Sp. Let v € Sy. Then by Corollary 3.5 there exists u € (v)*

with ¢(u) = —¢(v). Setw := B(u + v), where 8 := ad(v)~! and o € F, such that
Tr(a) = ¢(v). Then w,v — w € Sp, so v € Sy + Sy and therefore Sy C Sp + So.

Claim 2: Sy C S, + S, for any p € (Im(¢))#. Let v € So. Suppose first that n > 3.
Then by Corollary 3.5, for any u € (Im (¢))# there exists w € S, N (v)L. It is easy to

verify that ¢(v — w) = ¢(w), sov —w € S, andv € S, + S,,. Therefore Sy C S, + S,..
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If n = 2 then (v)+ = (v) for any v € Sy. We show that there exists u € Sy such that
¢(u,v) = 1. Indeed, take x € V' \ (v). Then ¢(v,z) # 0. If x € S define v’ := x; if
x ¢ S letu := av + ¢(v,z)r where o € F, with Tr(a) = —¢(x). Then in both cases
u' € Sp and ¢(u',v) # 0, and we take u to be the suitable scalar multiple of u’ such that
¢(u,v) = 1. Let w := fu + ~yv, where 3,7 € F, with Tr(8) = 0 and Tr(5%y) = p.
Then w,v —w € S, and thus v € S, + S,,. Therefore Sy C S, + 5.

It follows from Claims 1 and 2, respectively, that Cay(V, Sp) and Cay(V, S4) both have
diameter 2. This completes the proof. O

3.2 ClassC,

In this case V = &!_,U;, where U; = " for each i, m¢ = n and ¢ > 2. Assume that

B = U§:1 B;, where B; is a basis for U; for each i. We write the elements of V' as t-tuples
over F"; under this identification the T-action is equivalent to the natural componentwise
action.

Assume first that H = T'L(n, ¢). It turns out that the G-orbits in V# are the same as
the L-orbits, and thus the graphs that we obtain are precisely those in [2, Proposition 3.2].

Lemma 3.7. Let G be as in case (C3) of Theorem 2.4. Then the Gy-orbits in V# are the
sets X foreach s € {1,...,t}, where

X, = {(u1,...,us) € V¥ | exactly s coordinates nonzero}. (3.2)

Proof. Letv € X,. Clearly v& C X,; since v~ = X by [2, Lemma 3.1] it follows that
Go = X 0
v s

Proposition 3.8. Ler T be a graph and G < Aut (T") such that G satisfies Hypothesis 3.1,
with H = T'L(n, q) and Gq as in case (C3) of Theorem 2.4. Then T is G-symmetric with
diameter 2 if and only if T' = Cay(V, X;), where X is as in (3.2), such that ¢™ > 2 and
s>t/2.

Proof. This follows immediately from Lemma 3.7 and [2, Proposition 3.2]. O

We now consider the case where H = I'Sp(n, ¢) with n > 4. By Theorem 2.5 there
are two types of Ca-subgroups, corresponding to two kinds of decompositions. We refer to
these subcases as (Cs.1) and (C2.2).

(C2.1) The dimension m of the subspaces U; is even, U; is a symplectic space for each 4,
the subspaces U; are pairwise orthogonal, and

Go={(g1,--.,9)mo | m € Sym(t), o € (1), g € GSp (m, q) , A(g:) = A(¢1)}
= (Sp(m. q)" g — 1].Sym (£)) x (), (33)
where A : GSp (n, ) — F¥# is as defined in Subsection 2.2.

(C9.2) The dimension m = n/2 so that t = 2, both subspaces U; are totally singular with
dimension n/2, ¢ is odd if n = 4, and

Gy = {(g7g*T) 7TO"7T €Sym(t), o € (1), g€ GL(m,q)}
= (GL (m, q) .[2]) x (1),
.

where g denotes the transpose of g, and g~ = (g

34

T)—l.
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Lemma 3.9. Foreach s € {1,...,t} let X, be as in (3.2). The Gy-orbits in V# are
1. the sets X for each s € {1,...,t} if case (C3.1) holds and Gy is as in (3.3);

2. the sets X and |J
(3.4), where

Wao for all B € Fy, if case (C2.2) holds and Gy is as in

O'E(‘r)

Wg = (wl,ac,g)L7 (3.5)

L = GoNGL(n,q) = GL (m,q) .[2], wy := (1,0,...,0) € F", and x5 € (F;")#
with first component 3.

Proof. The proof of part (1) is similar to that of [2, Lemma 3.1] and uses the transitivity
of Sp (m,q) on UZ#, so we only need to prove part (2). Assume that case (C.2) holds.
Then L = K.Sym (2), where K := {(g,97 ") ‘ g € GL(m,q)}. Itis easy to see that
Uy @ {0} and {0} & U are K-orbits, so X1 = (U; ® {0}) U ({0} & Us) is a G-orbit.
Let (u,v) € Xo, and for any 5 € F, define

0,...,0 if 0
wyi= {0000 A (3.6)
(0,1,0,...,0) if3=0.
Since w; € uC(™9) we can assume that u = w;. Suppose that v = (3, va, ..., Up,).

Claim 1: (w1,y) € (wi,v)X ifand only if y = (ﬂ Y2y« Ym) for some yo, ... Ym €

F,. Indeed, (wy,y) € (wy,v)¥ if and only if y = v" " for some h € Stabgy(m,q) (w1).

Now w! = w, if and only if the matrix of h~ T has the form

where C'is a 1 x (m — 1) matrix over F; and D € GL (m — 1,¢). Clearly, the orbit of
v under the subgroup {h ™" | h € Stabgy (m,q)(w1)} is the set of all nonzero vectors in F7"
with first component 3. Therefore Claim 1 holds.

Claim 2: (wy,v)F = (w1, v)¥. By Claim 1 we can assume that v = wg. If 8 # 0 let

I3 =0letg:— ((1’ é)

if m > 2. Then g € GL (m, q) for all cases, and w] = wéfT = v. Hence (w?,v9 ) =
(v,w1), so that (v,w;) € (wy,v)X. Therefore (wy,v)l = (wi,v)X U (v,w)X =

(wy,v)¥, which proves Claim 2.
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It follows from Claims 1 and 2 that each set Wp is an L-orbit (and moreover W =
Wy if and only if 8 = (). It follows from the definition of the 7-action on V# that
(w1,0)9° =, ¢(ry Wpe. This completes the proof of part (2). O

Proposition 3.10. Let I" be a graph and G < Aut (I") such that G satisfies Hypothesis 3.1
with H = T'Sp(n,q) and i = 2. Then I' is G-symmetric with diameter 2 if and only if
I’ = Cay(V, S), where

1. if case (C2.1) holds, then ¢™ > 2, Gg is asin (3.3), S = X, and s > t/2;
2. if case (C3.2) holds with ¢™ = 2, then Gy is as in (3.4), and S = W forany 8 € F,;

3. if case (C2.2) holds with ¢ > 2, then Gy is as in (3.4), and S = Xy or S =
Use(ry Wae for some B € Fy;

with X as in (3.2) and Wg as (3.5).

Proof. The graph of (1) is precisely that of Proposition 3.8, and the fact that it is G-
symmetric follows from Lemma 2.1. So assume that case (C2.2) holds. By Lemma 2.1
we only need to show that V. = S U (S + S) unless S = X; and ¢ = 2. It follows
from Proposition 3.8 (with ¢t = 2) that Cay(V, X;) has diameter 2 (with G quasiprimitive)
if and only if ¢ > 2, which proves part of statement (3). Thus we may assume that
S =U,e(r) Wp- for some § € F,. It remains to prove that V= SU (S + 5).

Let wg be as in (3.6) and v € Iy, with v # 3. Define

11 0 -1
go.—(o l)and ho.— (_1 ’7())’

where vp :=1— 37 1yif B#0and vy :=0if 5 = 0. If m = 2let g := gg and h := hg;
if m > 3 define g and h by
— (9 0
o= (0 )

and

Then g, h € GL (m, q) for all m > 2, and w{ + w? = w;. Recall that q is odd if m = 2,
so we can take z € (F")# where

ws if B #0;
z:=< (0,—v/2) if 3=0and m = 2;
(0,0,1,0,...,0) if 8 =0andm > 3.

Then for all cases y := a9 " 4+ 2h " has first component . Hence, applying Lemma 3.9,
we have W, = (wy,y) C Wg + W for any v # 3. Since also {0} U X; C Wg + W,
it follows that V' = W U (W3 4+ W3). Therefore V = S U (S + 5), which completes the
proof of parts (2) and (3). O
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3.3 ClassCy

Inthiscase V =U @ W = ]F’;‘ ® IE"(;1 with k,m > 2, and B is a tensor product basis of V,
that is,
B:{uz®w]\1§z§k, 1§j§m},

where By = {ui,...,ur} and By := {w1,...,w,,} are fixed bases of U and W, re-
spectively. We choose 7 to fix each of the vectors u; ® w;. Then for any simple vector
u®w € V,wehave (u®w)” =u” @w,and foranyv = >\, (a; ® b;) €V,

T
T __ T T
v = g a; @b;.
i=1

Recall that k£ # m in the description given in Theorems 2.4 and 2.5; however, all of the
results in this section also hold for k¥ = m, so we do not assume that £ and m are distinct.
In this way the results yield useful information for the C; case.

A nonzero vector in V' is said to be simple in the decomposition U ® W if it can be
written as u ® w for some u € U and w € W. The tensor weight wt(v) of v € V#, with
respect to this decomposition, is the least number s such that v can be written as the sum
of s simple vectors in U ® W. It follows from [2, Lemma 3.3] that wt(v) < min {k, m}
for any v € V#, and that for each s € {1,...,min {k,m}} there is a vector v € V# with
weight s.

The proof of the following observation is straightforward and is omitted.

Lemma 3.11. Forany v € V¥ and any o € Aut (F,),
wt(v7) = wt(v).

Assume first that H = T'L(n,q). As in the previous section, the G-orbits in V# are
the same as the L-orbits. This follows easily from Lemma 3.11 and the results in [2].

Lemma 3.12. Let G be as in case (Cy) of Theorem 2.4. Then the Gy-orbits in V# are the
sets Ys foreach s € {1,...,min{k, m}}, where

Y, i={veVv?# | wt(v) =s}. 3.7
Proof. This is a consequence of Lemma 3.11 above, and of [2, Lemmas 3.3 and 3.4]. [
We then obtain the same graphs as those in [2, Proposition 3.5].

Proposition 3.13. Let T" be a graph and G < Aut(T') such that G satisfies Hypothesis
3.1 with Gy as in case (Cy) of Theorem 2.4, where k and m may be equal. Then I is G-
symmetric with diameter 2 if and only if ' = Cay(V,Y;), where s > imin {k, m} and Y,
isasin (3.7).

Proof. This follows immediately from Lemma 3.12 and [2, Propositon 3.5]. O

Now assume that H = T'Sp(n,q). In this case k is even, m > 3, ¢ is odd, and
o = ou @ ¢w, where ¢y is a symplectic form on U and ¢y is a nondegenerate symmetric
bilinear form on W. We can choose By and By appropriately so that B is a symplectic
basis and hence we can again choose 7 to fix each of the vectors u; ® w;. The Gg-orbits
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in this case are proper subsets of the sets Y in (3.7), and are in general rather difficult to
describe, as are the L-orbits. For instance, if v = Zle a; ® b; € Yy, it is easy to see that

vCo = {i:a’i @b,

=1

a, e U# b, € bSO“m’q)} .
If s = 1 then the set Y; of simple vectors splits into the Go-orbits Y/, where § € {0, #} if
miseven and 6 € {0,0, X} if m is odd, and

VY :={a®b|lacU¥ be Sy}.

If s > 1 suppose that exactly r of the vectors b; belong in Sy for some r, 0 < r < s; if
m is odd suppose further that exactly o belong in S and rx in S. If m is even then
v& C Y/, where

Y= {Za;@@bgeys

=1

exactly r of the vectors b/ are in S#} ,

and if m is even then v&° C Yy ©"® where

S
YSTDaTX = {Za; ® b{L (S 1/3
=1

exactly 7¢ of the vectors b/, are in Sy for 6 € {(J, &}} .

The sets Y, and Y, 2™ above are, in general, not Gg-orbits. For instance, if s = 2, the
weight-2 vectors a; @ by 4 ag ® by, a) ® b + al @ by € Y2 (or Yy"? if m is even), such
that b; L by and b} [ b}, belong to different Gg-orbits.

The following is an easy consequence of the preceding discussion. However, as dis-
cussed, we do not have a good description of the Gy-orbits.

Proposition 3.14. Let I" be a graph and G < Aut (I") such that G satisfies Hypothesis 3.1
with Gg as in case (C4) of Theorem 2.5, where k and m may be equal. If T is G-symmetric
with diameter 2, then T = Cay(V, S) where S = v¥° for some v € Y, where Yy, is as in
(3.7) and s > imin {k,m}.

Proof. This follows immediately from the discussion above together with Proposition 3.13.
O

3.4 ClassCs

In this case n > 2, d/n is composite with a prime divisor r, and V has a fixed ordered basis
B:= (vi,...,0p).

Let go := ¢'/" and let F,,, denote the subfield of F, of index 7. Let V; be the I, -span of
B. Then V; is a vector space over [P that is contained in V/, but Vj is not an F,-subspace
of V.

Toany v =Y. | a;v; € V we can associate the I, -subspace D,, of F,, where

D, :={a1,...,an)F (3.8)

a0 °



154 Ars Math. Contemp. 13 (2017) 137-165

Set
c(v) := dimg, (D,), (3.9)

and note that c(v) < min{r,n}. For any A € F, it is clear that Dy,, = A\D,, so c(\v) =
c(v), and it is also easy to show that c¢(v?) = ¢(v) for any o € Aut (F,). Let

[D,] :={AD, | A € F¥},

and observe that D,, € [D,-] if and only if D,, = AD,o = (/\UleU) for some \ € IF?;L.
Hence D ,—1 = (D)’ " = A" D,, so that D, .1 € [Dy]. Thus [Dyo] = [D,]7.

34.1 Case H =TL(n,q)
By Theorem 2.4
Go = (GL (1, o) 0 Zg—1) » (T)

and L = GL (n,qo) © Z4—1.
Regard the field IF, as a vector space of dimension r over Iy, and for any a €
{1,...,r}, define

F, ifa=
K(a):=4 ¢ "¢7"0 (3.10)
Fy, otherwise.

Fora € {1,...,r} define

n(a) : [ . L”

=% 3.11
|F : K(a)# G-AD

where
a—1

T L QS_Q(g
o], =10
q0

a 10
i=o 90 — %

the number of a-dimensional subspaces of Fy . In particular 7(r) = n(1) = 1. Lemma
3.15 gives some elementary observations about K(a) and 7, whose significance will be
apparent in Corollary 3.19. The proof of Lemma 3.15 is straightforward and is omitted.

Lemma 3.15. Let ¥y, be a proper nontrivial subfield of ¥, with prime index r, and suppose
that ¥, is viewed as a vector space over F o, with dimension r. For any a € {1,...,r}, let
D denote the set of all F -subspaces of F, with dimension a, and let K(a) and n(a) be as
defined in (3.10) and (3.11), respectively. Then the following hold:

1. Forany D € D,
{ANeF, | AD =D} =K(a).

2. Forany D € D, the sets [D] = {AD | A € F¥} partition D. Moreover, |[D]| =
’Fq# : K(a)#|, and the number of distinct parts [D)] in D is n(a).

The main result for this case, which relies on the value of the parameter c(v), is the
following. It shows that examples do exist.
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Proposition 3.16. Let T" be a graph and G < Aut(T') such that G satisfies Hypothesis
3.1 with H = T'L(n,q) and i = 5. Then I is connected and G-symmetric if and only if
I = Cay(V,v%°) for some v € V#. Moreover, if D, and c(v) are as in (3.8) and (3.9),
respectively, then the following hold.

1. Ifc(v) = rore(v) =r — 1 then diam(T") = 2.

2. If ¢(v) = 1 then diam(T") = min {n,r}. In particular diam(I") = 2 if and only if
n=2orr=2.

3. If2 < ¢(v) < imin{n,r} then diam(T) > 2.
4. Let 1) be as defined in (3.11), s be the largest divisor of d/n with s < n(c(v)), and

o (g0) 1= 18s/17 ifqo = 2;
1o)== s—=>5/4 ifqy > 2.

If3<n<randn/2 <c(v) < (r(n—2)+ki(q))/(2n), then diam(T") > 2.

The cases not covered by Proposition 3.16 are discussed briefly at the end of the section.
The proof of Proposition 3.16 is given after Lemma 3.20, and relies on several intermediate
results. We begin by describing the GL (n, go)-orbits in terms of the subspaces D,,, which
in turn leads to a description of the G-orbits in V7.

Lemma 3.17. For any v € V# let D, and c(v) be as in (3.8) and (3.9), respectively, and
let U denote the set of all F ,,-independent c(v)-tuples in Vy. Then for any fixed F g, -basis

{ﬁla cee 7ﬂc(v)} Ova;

c(v)
WOLnan) — I g

(ul,...,uc(v)) el

i=1

{ueV#|D,=D,}.

Proof. Suppose that v = >_""_| a;v;. Define
U:={ueV#|D,=D,} (3.12)

and
c(v)

W= Z Bi;
i1

Claim 1: v®-(m%) C U. Let g € GL (n, qo) with matrix [g;%] with respect to . Then
v9 =31, aj vy, where o), = Z?Zl a;jg;r € D, for each k. Hence D,s < D,,. Since v
and g are arbitrary, we also have D,, < D,s. So D,s = D,,, and therefore pOL(n90) C [,
Claim 2: U C W. Letu = Z?zl ov; € U. Writing a; = Z?(”) Biyij for each

(ul,...,uc(v)) eUu ;. (3.13)

J =1
J, where all v;; € Fy, we get u = Zf(:vl) Biug, with u; = Z}Ll viv; € V for all
i. It remains to show that the set u := {u1,...,uc(,)} is Fg, -independent. Indeed, let
{uf, ..., u}} be amaximal I, -independent subset of u, and extend this to an ordered F, -

basis B/ := (u},...,u};) of Vj. Then u = 22:1 Buy, for some B1,...,0; € Fg, and
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if g € GL (n, qo) is the change of basis matrix from B’ to B, then v9 = 22:1 B vk. So
Dy, = Dys by Claim 1, and thus b < c(v) = dimg, (D,) = dimg, (Dys) < b. Hence
b = c¢(v) and u is F,,-independent. Therefore U C W.

Claim 3: W C pOL(m.90) Ttis easy to see that T is contained in one orbit of GL (n, go ),
and it follows from Claims 1 and 2 thatv € W. So W C vGL(”qu), as claimed.

Thus we have v@("%) = 7 = W by Claims 1 — 3. O

Proposition 3.18. For any v € V# let D, and c(v) be as in (3.8) and (3.9), respectively,
and let U be the set of all F -independent c(v)-tuples in Vi Then for any fixed F 4, -basis

{ﬁh cee aﬁc(v)} Ova we have

(v)
vl =4 Z Biu;
i=1

={ueV#|D,=AD,, N €F¥}

(ul,...,uc(v)) eu, )\EFq#

and

(v)
v¥o = )\Zﬁfui (ul,...,uc(v))eu,)\e]Fj,ae(T)
i=1

={ueV#|D,=\D,), NeF¥ oce(r)}.

(3.14)

Proof. LetU’ := {u € V¥ | D, = AD, for some A € F#}. Since L = GL (n, qo) 0 Z—1
and Dy, = AD, forany A € F, it follows from Lemma 3.17 that vl = U’. Thus

o = U {u"|u€vL}§W',
oe(T)
where W := {u € V# | D, = A(Dy)’, A € F#, 0 € (r)}. Forany w € W with
Dy = p(Dy,)? for pp € F# and p € (), we have w € (v”)F C v&o. Therefore v&0 = W,
and the rest follows from Lemma 3.17. O

Corollary 3.19. Letv € V#, and let K, 0, D, and c(v) be as defined in (3.10), (3.11),
(3.8) and (3.9), respectively.

1. Fora € {1,... ,min{n,r}}, the number of orbits vt with c(v) = a is n(a).

2. |vf| = [ cg)) LO -|GL (c(v), qo) | - |F# : K(c(v))#]

3. |vC| = s |vl| for some divisor s of d/n with s < 1(c(v)).

Proof. Tt follows from Proposition 3.18 that the map v& — [D,] := {AD, | A € F¥}
is a one-to-one correspondence between the set of L-orbits and the set of classes [D] of
IF,,-subspaces of F,. Therefore, by Lemma 3.15 (2), there are exactly 7)(a) orbits v with
c¢(v) = a, which proves part (1). Also by Proposition 3.18, we have [vL| = U] - [[D,]],
where U is the set of F -independent c(v)-tuples in Vp. So

U= ooy ], IOLE@ @],
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and by Lemma 3.15 (2), [[D,]| = |[F# : K(c(v))#|. This proves part (2). Since L <1 G
we must have [v°| = s|v”| for some s dividing |Gy : L| = |Aut(F,)| = d/n. Also
s < n(c(v)) since ¢(v?) = ¢(v), which proves part (3). O

Lemma 3.20. Let I' = Cay(V,v%°) for some v € V¥, and let c(v) be as in (3.9). Let
weV.

1. If w € vE0 + v90 then c(w) < 2¢(v).
2. If Dy, < D, then w € v&° + %o,

Proof. LetU and W denote the sets of F,, -independent ¢(v)- and ¢(w)-tuples, respectively,
inV.

Suppose first that w = 2 + y for some x,y € v°. Then by Proposition 3.18 we can
write « and y as © = Zf(zvl) A3lx; and y = Zf(zvl) pB¢y; for some scalars \, u € F#,

maps p, o € Aut(F,), and c(v)-tuples (21, ..., Tcw)) , (Y1, -, Ye(w)) € U. Hence

Dw = Dm+y g <)‘ﬂ55 ) )\55(@)7 Nﬂfﬂ ce a:U'/Bg(q;)>]F i
a0

and therefore c(w) = ¢(z + y) < 2¢(v). This proves part (1).
To prove part (2), observe that Lemma 3.17 implies that we can write v and w as
v = Zj(:vl) ~iu; and w = Zj(:ul’) 8izi for some (u1,...,Ucr)) €U and (21, ..., Ze(w)) €
W, and for some fixed Fy, -bases {7i,...,Ve(w)} and {01, ..., 0cw)} of D, and D, re-
spectively. Since D,, < D, then c(w) < ¢(v), and we can extend {41,...,0q(w)}
to an Fy,-basis {d1,...,0)} of Dy, and (21,...,2c0u)) 10 (21, 2¢()) € U. Set
T = Zf(:vl) dizi and y = Zf(:vl) 8iyi» where y; 1= 241 — 2 if 1 < i < c(w) — 1,
Ye(w) = 21, and y; = —z if c(w) + 1 < i < c(v). Then (y1,...,Yew) € U
and D, = D, = D,, so by Lemma 3.17 we have x,y € vOL(m%) C &0 There-
fore x +y € v% + v%. Now D,, = D; 4y, so applying Lemma 3.17 again we get
w € (x4 y)oH ) C p&o 4 yGo_ Thus (2) holds. O

Proof of Proposition 3.16. Suppose thatr—1 < ¢(v) < r. Observe thatn(r—1) = n(r) =
1, so for either value of c(v) we have v = {u € V| ¢(u) = c¢(v)}, which in turn implies
that v% = v&. If ¢(v) = r then D,, = F,, and clearly D,, < D, for any w € V# \ v%0,
Sow € v&° 4 v&0 by part (2) of Lemma 3.20, and thus V# \ v&0 C v@0 4-¢G0, Therefore
diam(I") = 2. Now suppose that c(v) = r — 1, and let w € V#\ v, If ¢(w) < r — 1 then
it follows from part (1) of Corollary 3.19 that D,, < AD,, = D), for some \ € Fff Thus

w e (W) + (M) = vGo 4 G0 by Lemma 3.17. If ¢(w) = r let 2 :== 37— a;v; and
Y= Z:;lz Bivi + yvp, where {a, ..., a,_1} is an Fy -basis of D, v € ]ij \ D,, and

iy —oy 1< <r—3;
Bi = .
ap — Qo ifi=1r—2.

Then c(z) = c(y) = r—1land c(x+y) = r,soz,y € v¥° andw € (z+y)¥° C v¥o oy,
Therefore V# \ v C v + v&0, and again we have diam(T") = 2. This completes the
proof of part (1).

If c(v) = 1 then we get the special case vi' = v = (F,Vp)#. Let distr(0y,w)
denote the distance in T' between the vertices Oy and w; we claim that distr (0y,w) =
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c(w) for any w € V. Let (w) := distr(Oy,w). Then w € Y by Proposition 3.18,
where Y is as in (3.13), so w can be written as a sum of ¢(w) elements of (F,V;,)# and

thus £(w) < c¢(w). On the other hand w = Zf(w) Aiui, where \; € F# and u; € VO
for all 7. Writing each u; as u; = Z;;l pijw; where p; ;5 € Fo for all 7,7, we get

w = Z i1 Ajw; where A = Zﬁ(:“’l) Aipi,j for each j. Hence Dy, < (A1, oy Agu)) Ry, »

so that c(w) < l(w). Therefore l(w) = c¢(w), as claimed. It follows immediately that
diam(T") = min {n,r}, and that diam(T") = 2 if and only if n = 2 or r = 2. This proves
2.

Suppose that diam(I") = 2. Then c(w) < 2¢(v) for any w € V# by part (1) of
Lemma 3.20, and in particular 2¢(v) > min {n, r} since there clearly exists u € V# with

c(u) = min{n,r}. Hence c(v) < imin{n,r} implies that diam(I") > 2, and part (3)
holds.

Finally, let a := c(v), S := v%°, and 7(a) as in (3.11). By Corollary 3.19 we have
si<[ ] IGLGaw)l[Ff Fh]s,
where s is the largest divisor of d/n with s < n(a). Hence
IS2 +1 < g3 [F# : F£|” 52,
Observe that s < qgt forall s > 1, where t = 197 ifgo=2,and t = % if go > 3. Also, for

go > 3, wehave go — 1 > qg/s, so that |[F# : F# | < gy~ 5/8 With these bounds we obtain

|S|2 +1< qg(an-‘rr)-i-kl(qg),

where k1 (qo) is as defined in (4). It is easy to verify that if a < (r(n — 2) — k1(qo))/(2n)
then 2(an + 1) + k1(qo) < rn, so |S|> +1 < |V, and thus diam(T") > 2 by Lemma 2.1.
This proves part (4). O

Remark 3.21. Some small cases covered by Proposition 3.16 are summarised in Table
3.4.6. The cases left unresolved by Proposition 3.16 are the following:

. 5<r<n,r/2<c(v) <r—2;
2.2=n<r—-2,¢c(v)=2;
3. 3<n<r,maxn/2, (r(n —2) —k1(q))/(2n) < c(v) <r —2.

Leta := c(v) < r, S = v%, and s as in Proposition 3.16 (4). Then s > 1,
F# :F#| > q; > and
&

2
|G02+12<{n} IGL (a,qo) | |F} « F7, S) 1
q0

3

i| ‘GL (a qo) | > q2a(n 1)
90

SO

a

> qga(n71)+2(r72) .

It is easy to show that if condition (1) or (2) holds then 2(a(n — 1) +7 — 2) > rn, and thus
|Go|? + 1 > |V|. This, unfortunately, does not lead to any conclusion about diam(T").
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Table 3.4.6: T" as in Proposition 3.16 for small values of  and n

r n  c¢(v) Conclusion about I' = Cay(V,v°)
diam(T") = 2 by Proposition 3.16 (2)
diam(I") = 2 by Proposition 3.16 (1)

2 >2

3 2 diam(I") = 2 by Proposition 3.16 (2)
diam(I") = 2 by Proposition 3.16 (1)
3 >3 diam(I') = 3 by Proposition 3.16 (2)
diam(I") = 2 by Proposition 3.16 (1)
diam(I") = 2 by Proposition 3.16 (2)

I)
@)
I)
IT)
I)
I)
diam(I") = 2 by Proposition 3.16 (2)
diam(T") = 3 by Proposition 3.16 (2)

I)

I)

@)

I)

I)

I)

diam(I") = 4 by Proposition 3.16 (2)
diam(I") = 2 by Proposition 3.16 (1)
diam(I") = 5 by Proposition 3.16 (2)
diam(I") > 2 by Proposition 3.16 (3)
diam(I") = 2 by Proposition 3.16 (1)

diam(I") = 2 by Proposition 3.16 (1)

S}
(O J U NC S [ NG U [N IVOCTN O YR (N S I ORI,

3.4.2 Case H =T'Sp(n,q)

By Theorem 2.5,

Go = (GSp(n,q0) © Zg—1) » (T)
and L = GSp(n,qo) © Z4—1. The main result in this section is parallel to part (4) of
Proposition 3.16.

Proposition 3.22. Let " be a graph and G < Aut (T) such that G satisfies Hypothesis
3.1 with H = T'Sp(n,q) and i = 5. Then T is connected and G-symmetric if and only
if T = Cay(V,v%) for some v € V#. Moreover, if s := |7| = |Gy : L| and c(v) is as
defined in (3.9), and if
o ifa=2

/2 a2
then the following hold:

1. If c(v) < gmin{n,r} then diam(T’) > 2.

2. If3<n<r c(v)>n/2andr > (n?> +n+ 2st)/(n — 2), then diam(T") > 2.

Proof. Assume that c(v) < Smin{n,r}. Let S = v%°, and let I' = Cay(V,v%), such
that G’ satisfies Hypothesis 3.1 with H = T'L(n, ¢) and ¢ = 5. Then T" is a subgraph of T,
and hence diam(T") > diam(I"). If ¢(v) = 1 then diam(I") > min {n,r} > 2 by part (2)
of Proposition 3.16, and if ¢(v) > 2 then diam(I"") > 2 by part (3) of Proposition 3.16. In
both cases diam(I") > 2. This proves statement (1).

We now prove statement (2). Observe that for any A\ € ]Ff and g € GSp(n,qo),

we have \v9 = v*9 € vO5P(m20) if and only if I, € Z,,_1, the subgroup of scalar
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matrices in GL (n, go). Hence v” = |J, _g# AvSP(™90) can be written as a disjoint union
q

vl =y AP(90) where T is a transversal of F# in F#. Thus

[v"] < |T|GSp (n,90) | = (a5 — 1)ISP (1, 0) |
and | S| < s|vL|, where s = |Gg : L|. We have

n/2

n? i n2+n
Sp (nq0) | = g5 " [] (¢* = 1) <a" T2
i=1

Also, as in the proof of Proposition 3.16 (4), we have s < qgt for any s, where t = 1% if
go =2,and t = 1 if go > 3. Hence

‘S|2 +1< 82(q70" _ 1)2q6L2+n < q612+n+27“+2st.

If r > (n? +n+ 2st)/(n — 2) then rn > n? + n + 2r + 2st, so |[V| > |S|> + 1 and
diam(T") > 2 by Lemma 2.1. Therefore part (2) holds. O
3.5 ClassCg

In this case dim (V') = rt where r is a prime different from p, ¢ is the smallest power of p
such that g =1 (mod |Z(R)|) for some R in Table 2.3.5, and

Go = (Z4—10R).T x (1),

with T as in Table 2.3.5. By Theorems 2.4 and 2.5, if H = T'L(n, ¢) then R is of type 1 or
2, and if H = I'Sp(n, q) with g odd then R is of type 4.

Proposition 3.23 is an extension of [2, Proposition 3.6], and is proved somewhat simi-
larly.

Proposition 3.23. Let V and Gq be as above, and let T := Cay(V, S) for some Gq-orbit
SCV#.

1. Suppose that v is odd, ¢ = 1 (mod r), and R is Type 1. If diam(T') = 2 then
1<t <3 r<rot),and q < qo(r,t), where ro(t) and qo(r,t) are given in Table
3.5.7.

2. Suppose thatr = 2,t > 2, ¢ = 1 (mod 4), and R is Type 2. If diam(T") = 2 then
2 <t<6andq < q(t), where qo(t) is given in Table 3.5.8.

3. Suppose thatr = 2,t > 2, q is odd, and R is Type 4. If diam(I") = 2 then 2 <t <7
and q < qo(t), where qo(t) is given in Table 3.5.9.

4. Suppose thatr = 2,t =1, q is odd, and R is Type 2 or 4. Then diam(T") = 2 for any
S.

Proof. If ¢ = p* and R is Type 1 or 2, then

Go| = £(qg — 1)r2!|Sp (2t,7) | < £(q — 1)r2+3¢,
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Table 3.5.7: Bounds for 7 and ¢ when R is Type 1

t 1 2 3

ro(t) 1 3 3
w(3,1) 186619 73 11
qo(5,1) 521 - -
qo(7,1) 71 - -
qo(11,1) 23 - -

Table 3.5.8: Bounds for ¢ when R is Type 2 and ¢ > 2
t 2 3 4 5 6

q(t) 23029 569 73 17 5

Table 3.5.9: Bounds for ¢ when R is Type 4 and ¢ > 2
t 2 3 4 5 6 7

qo(t) 1913 149 37 11 5 3

Suppose first that R is Type 1. In this case r is odd and ¢ = p* =1 (mod 7),s0 ¢ < r—1,
q > r,and

2
IGO‘Z +1< <(q _ 1)7‘2t2+3t+1) +1< q4t2+6t+4-

It can be shown that 4¢% + 6t + 4 < r* for the following cases: t > 5andr > 3,t =1
and r > 17,t = 2andr > 7, and t € {3,4} and r > 5. Thus for all these cases
|Go|? + 1 < |V|. For all remaining pairs (r, ¢) define

(g, mt) := ((r —1)(qg — 1)r*|Sp (2t,7) \)2 +1-— qrt.

Then [Go[>+1—|V]| < n(q,r£) and (g, 1, ) < 0if g > ((r — 1)r2|Sp (2t, ) )%/ "7,
Getting the largest prime power ¢ = p‘ = 1 (mod r) less than or equal to this bound, with
¢ <r—1landn(q,rt) > 0, gives the values go(r,¢) in Table 3.5.7, and for each ¢ we take
7(t) to be the largest value of 7 for which there exist such ¢. In particular, 7 (g, r, ) < 0 for
the following cases: (r,t) = (13,1) and ¢ > 13, (r,t) = (5,2) and ¢ > 7, (r,t) = (3,4)
and g > 3; for these cases there is no value of ¢ less than or equal to the given bound that
satisfies all the required conditions. This proves part (1).

Now suppose that R is Type 2 with ¢ > 2. Thenr = 2 and ¢ = p’ = 1 (mod 4), so
£ <2,q>4,and

G 2 p G x
Gol? +1 < ((q— 1)22t2+3t+1) 11< q2t2+3t+3.

We have 2t + 3t + 3 < 2! whenever t > 7, hence |Go|? + 1 < |V| for all such ¢. For
t€{l,...,6} define

7(g,t) == (2(q — 1)2%Sp (26,2) ) + 1 — ¢,
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t—1
and observe that |Go|? + 1 — |V| < 7(q,t) < 0forall ¢ > (22*7!|Sp (2¢,2) \)1/(2 ),
The values of go(t) in Table 3.5.8 are the largest prime powers ¢ = p* = 1 (mod 4) less
than or equal to these bounds, with ¢ < 2 and satisfying 7 (g, t) > 0. This proves (2).
For (3), suppose that R is Type 4 with ¢ > 2. Then r = 2 and |Z(R)| = 2,s0{ =1
and ¢ = p. Also ¢ > 3, 50 ¢°/? > 4. We have

|Gol = (g — 1)22 |0~ (2t,2)| < (q — 1)22°+t+2

S0
Gol2 +1 < ((q— 1)22t2+t+2)2 1< 222 o S S

We have 3t2 + 3¢ + 5 < 2" (and hence |Go[* + 1 < |V|) forall t > 8. Fort € {2,...,7}
define 9 .
(g, t) := ((q — 1)2% |07 (2t,2)|) +1—4%.

t—1
Then |Go|? + 1 — |V| < 7(q,t) < 0 forall ¢ > (22 |0~ (2t,2)\)1/(2 . As in the
previous cases we take g (), 2 < t < 7, to be the largest prime ¢ less than or equal to these
bounds such that 7(g, ) > 0. This yields Table 3.5.9 and proves (3).
Statement 4 for the case where R is type 2 is precisely [2, Proposition 3.6 (2)]. For the
case where R is type 4 define the matrices a, ¢ € GL (V) by

a:= <_01 (1)> and c¢:= (5 jﬁ) ,

where 3,7 € F, such that 32 + 2 = —1. Then (a, c) is a representation of R in GL (2, q)
(see [6, pp. 153-154]). Since R is irreducible on V, any R-orbit v in V# contains a basis
{v1,v2} of V, and v&0 contains (v1)# U (ve)#. Clearly V# C (v;)# + (v3)#. Therefore
V C v% 4 v%, and thus diam(T") = 2. This proves (4), and completes the proof of the
proposition. O

3.6 ClassCr

In this case V = ®!_,U; with U; = F7* for all 4, m > 2,t > 2, and d = mt. Assume that
B is a tensor product basis of V', with

B:={®_ju;;|1<j<m}.

As in the Cy4 case, it is not difficult to show that for any v = Y77, (@%_,v; ;) € V# we

have
s

o= (@),

i=1
where 7 acts on each U; with respect to the basis {u; ; | 1 < j <m}.

3.6.1 Case H =TL(n, q)

By Theorem 2.4
Go = (GL (m, q) 1 Sym (t)) x (7). (3.15)

If t = 2 then we obtain the examples in Proposition 3.13 with k& = m. We state this in
the next corollary, which is analogous to [2, Corollary 3.7].
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Corollary 3.24. Let V = ®f:1]FZ]" and let Gy be as in (3.15) with m > 2 and t = 2.
Then the Gy-orbits in V¥ are the sets Y for each s € {1,...,m}, where Yy is as defined
in (3.7). Moreover, for any Gy-orbit S C V#, the graph Cay(V, S) has diameter 2 if and
only if S = Y for some s > m/2.

Proof. This follows immediately from Lemma 3.12 and Proposition 3.13. O

Using Lemma 2.1, we get the following bounds which significantly reduce the cases
that remain to be considered. It turns out that these are exactly the same as those in [2,
Proposition 3.8]; we prove them here for subgroups of I'L(n, q).

Proposition 3.25. Let " be a graph and let G < Aut (T), such that G satisfies Hypothesis
3.1 with Gy as in (3.15), m > 2 and t > 3. Then I is connected and G-symmetric if and
only if T' = Cay(V,v%°) for some v € V#. Moreover, if diam(T") = 2 then either:

I. m=2andt € {3,4,5}; or
2. t=3andm € {3,4,5}.

Proof. Recallthat (ag1)®¢g2® - g =1 Q- ®(ag;) ®---Qgiforall g1,...,q; €
GL (m, q), so that
|Go| < |GL (m,q) | t14(g — 1)~ V.

Now ,
IGL (m, q) | < ¢ Vg™ Mg —1) =¢™ "Hqg—1),

s< ¢ 'foralls>2andq>2,and ¢ < p’ = g forall £ > 1 and p > 2, so that

1Gol2+1 < (q(m2‘1)t(q - 1)t)2 (q%tu—l))

It can be shown that t + (2m? — 3)t + 4 < m! whenever t > 7 and m > 2, and
whenever ¢ € {3,4,5,6} and m > mg(t), where my(¢) is as given in Table 3.6.10. Hence
|Go|? + 1 < |V] for all such pairs (m,t). Of the remaining pairs we can eliminate (2, 6)
and (6, 3) by considering 7(q, m,t) := (t!)zqzt(m%l)Jr4 — ¢™'; it can be shown that
7m(q,2,6) < 0 forall ¢ > 2 and 7(q,6,3) < O forall ¢ > 7. For ¢ € {2,3,4,5} it can
be checked that 36 £% |GL (6,q) [S(q — 1)™% + 1 < ¢*'6. Therefore |Go|*> +1 < |V|if
(m,t) € {(2,6), (6,3)}, which completes the proof. O

2 _o(i_ 2 (om2_
qQ(q_ 1) 2(t—1) < qt +(2 3)t+4'

Table 3.6.10: Values for mg(t)
t 3 4 5 6

mo(t) 6 2 2 2

3.6.2 Case H = I'Sp(n, q)
By Theorem 2.5, both ¢ and ¢ are odd and

Go = (GSp (m, ) 1o Sym (t)) » (7). (3.16)

Hence q,t > 3.
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Proposition 3.26. Let I" be a graph and G < Aut (I") such that G satisfies Hypothesis 3.1
with Gy as in (3.16), m > 2 and t > 3. Then T is connected and G-symmetric if and only
if T = Cay(V,v%) for some v € V#. Moreover, if diam(T") = 2 then either:

1. m=2andt € {3,5}; or
2.t=3m=4,andq=0.
Proof. In this case |Go| < |GSp (m, q) |' t!£(q — 1)~ =), where
(GSp (m.q) | = (q = 1)Sp (m.q) < (g — g™+,
Also s < k/2 forall k > 3and s > 2, so that £ < g, t! < qt(t=D(+2) and
IGol? +1< (q— 1)2tqt(m2+m)+§(t71)(t+2)+1(q _ 1) < q%t2+(m2+m+%)t+2.

It can be shown that ¢2 + (m? 4+ m+ 1)t +2 < m' whenever t > 6 andm > 2, ¢t =3
andm > 5,and t = 5and m > 3. So |Go|?> + 1 < |V] for all such pairs (m,t). Let
7(q,m,t) = (t1)2qtm*+m)+3 _ gm® If (m, t) = (4,3) then for all ¢ > 37 we get

|Gol? +1—|V| < 7(q,4,3) <O0.

For 3 < q < 31, ¢ # 9, we have 36¢% (¢ — 1)?|Sp (4,9) | + 1 < ¢5*. Therefore if
(m,t) = (4,3) and g # 9 then |Gy|? + 1 < |V|, which completes the proof. O

3.7 Proof of Theorem 1.1

We now give the proof of Theorem 1.1.

Proof of Theorem 1.1. The first part follows immediately from Lemma 2.1, so we only
need to show statements (1) — (3). Assume that Gy does not belong in the Aschbacher class
Cy. Line 1 of Table 1.0.1 follows from Proposition 3.8, line 2 from Proposition 3.13, lines 3
and 4 from Proposition 3.16 (1) and (2), respectively. Line 5 follows from Proposition 3.23
(4), line 5 from Corollary 3.24, line 7 from Proposition 3.6, and lines 8 — 11 from Propo-
sition 3.3. Line 1 of Table 1.0.2 follows from Proposition 3.10 (1), line 2 from Proposition
3.10 (2) and (3), and line 3 from Proposition 3.23 (4). Lines 4 — 6 follow from Proposition
3.3. This proves statement (1).

Statement (2) follows from the results given in the Restrictions column of Table 1.0.2.
This completes the proof of Theorem 1.1. O
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1 Introduction

Given two latin squares of the same order a latin trade describes the differences between
them. Early motivation [13] for their study arose from considering the differences between
the operation tables of a finite group and a latin square of the same order, that is: what
is the ‘distance’ between a group and a latin square? The study of the topological and
geometric properties of latin trades has lead to significant progress towards understanding
such differences, see for example [1, 9, 11, 19, 20], also see [7] for a survey of earlier
results.

Given a latin trade it may be the case that the constituent partial latin squares are not
‘contained’ (do not embed) in any group operation table, [9]. Hence, it is desirable to
identify those that are. Connected latin bitrades of maximum size, equivalently spherical
latin bitrades provide a family of latin bitrades for which the constituent partial latin squares
do embed. We are interested in the ‘minimal group’ that such constituent partial latin
squares embed in, and indeed what groups arise as such minimal groups.

1.1 Spherical latin bitrades

A partial latin square P is an ¢ x m array, in which the cells either contain an element of
a set .S of symbols or are empty, such that each row and each column contains each of the
symbols of S at most once. Without loss of generality we let S = {s1, s2,...,,} and
index the rows and columns by the sets R = {ry,72,...,7¢} and C = {c1,¢2,...,Cm}
respectively (we may assume that each symbol in S occurs at least once in the array and
the rows of R and columns of C are all nonempty). As such a partial latin square P can be
considered to be a subset of R x C' x S such that if (r1, ¢1, s1) and (rq, 2, s2) are distinct
triples in P, then at most one of 71 = 79, ¢ = c2 and s7 = s holds.

A latin bitrade is an ordered pair, (W, B) say, of non-empty partial latin squares such
that for each triple (75, ¢;, sy) € W (respectively B) there exists unique ;s # 74, ¢jr # ¢;
and sy # sy such that

{(m,/cj, sk), (ri, ¢, Sk), (14, ¢4, sk/)} C B (respectively ).

Note that (W, B) is a latin bitrade if and only if (B, W) is also a latin bitrade. The size of
such a latin bitrade is |W| (equivalently | B|). A latin bitrade (W, B) for which there does
not exist any latin bitrade (W', B’) such that W/ C W and B’ C B is said to be connected.

Let (W, B) be a latin bitrade; for each row, r say, of (W, B) a permutation p, of the
symbols in row 7 can be defined by p,.(s) = ¢’ ifand only if (r, ¢, s) € W and (r, ¢, s’) € B
for some cin C. A row r for which p,. is comprised of a single cycle is said to be separated.
Similar definitions hold for separated columns and separated symbols. A latin bitrade in
which each row, each column and each symbol is separated is called a separated latin
bitrade. Suppose that (W, B) is a latin bitrade which is not separated. Then replacing each
non-separated row x (respectively column, symbol) by new rows (respectively columns,
symbol) for each of the cycles in p, we obtain a separated latin bitrade. See the survey
paper [7] for further details and discussion.

A connected latin bitrade (W, B) can be used to construct a face two-coloured trian-
gulation Gy, of a pseudo-surface ¥ in which the vertex set is 2 LI C' LI S and there is an
edge between a pair of vertices if and only if the vertices occur together in a triple of W
(equivalently a triple of B). For each triple (r, ¢, s) € W a white triangular face with ver-
tices r, ¢, s is constructed and for each (', ¢/, s') € B a black triangular face with vertices
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r’,c, s is constructed. As (W, B) is a bitrade the graph underlying Gy g is simple, and
as (W, B) is connected Gy, g is also connected. The pseudo-surface X is a true surface if
the rotation at each vertex is a full rotation; this occurs if and only if (W, B) is separated
(in which case each row, column or symbol permutation corresponds to the rotation at the
corresponding vertex). If X is not a surface, then replacing each pinch point of multiplicity
t with t vertices, one on each of the sheets at the pinch point, corresponds to the above
construction taking a non-separated bitrade to a separated one. As the triangulation Gy, g
is face two-coloured and the underlying graph is vertex three-coloured it follows, see the
proof of Theorem 10.1 in [14], that Gy, p is orientable.

The genus of a separated connected latin bitrade is the genus of the surface obtained in
the above manner; in particular separated connected latin bitrades of genus zero are referred
to as spherical latin bitrades. Note that for any connected latin bitrade of size £ we have
that |R| + |C| + |S| < £ + 2, with equality if and only if the bitrade is a spherical latin
bitrade, see [1]. That is, spherical latin bitrades are the connected latin bitrades of minimal
size (with respect to the sum of the number of rows, columns and symbols).

In [8] Cavenagh and Lisonék prove the following result.

Theorem 1.1 (Cavenagh & Lisonék, [8]). Spherical latin bitrades are equivalent to spher-
ical Eulerian triangulations whose underlying graphs are simple.

Note that an Eulerian graph that has an embedding in the sphere is necessarily vertex
three-colourable [16]. It is not hard to generalise Theorem 1.1 to surfaces of higher genus,
however as face two-coloured triangulations of surfaces of higher genus may not be vertex
three-colourable, an additional condition is required.

Corollary 1.2. Separated connected latin bitrades of genus g are equivalent to vertex
three-colourable Eulerian triangulations of genus g whose underlying graphs are simple.

1.2 Embeddings of latin bitrades into abelian groups

Two partial latin squares are said to be isotopic if they are equal up to a relabelling of their
sets of rows, columns and symbols. A partial latin square P, with row set R, column set
C and symbol set S, is said to embed in an abelian group T if there exist injective maps
$p1: R - T, ¢2 : C — I'and ¢35 : S — T such that ¢1(r) + ¢2(c) = ¢3(s) for
all (r,c,s) € P. In other words P is isotopic to a partial latin square contained in the
operation table of I". See Figure 1 for an example.

By defining ¢|r = ¢1, ¢|c = ¢2, and ¢|s = —¢3 it follows, see [1], that P embeds in
an abelian group I if and only if there exists a function ¢ : RLIC'U.S — I that is injective
when restricted to each of R, C' and S and is such that ¢(r) + ¢(c) + ¢(s) = 0 for all
(r,c,s) € P. The map ¢ is called an embedding of P. An abelian group T' is said to be a
minimal abelian representation of a partial latin square P if P embeds in I'" and the image
of ¢ generates I" for all embeddings ¢ of P in I

Two partial latin squares are said to be conjugate if they are equal up to permutations of
the roles of rows, columns and symbols. Two partial latin squares, say P and @, for which
a partial latin square isotopic to P is conjugate to a partial latin square isotopic to @) are
said to be in the same main class. Note that if a partial latin square P has an embedding
in an abelian group I', every partial latin square in the same main class as P also has an
embedding in I".
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+(0 1 2 3

b ¢ o0 1 2 3

c a 111 2 3 0
a b 212 3 0 1
313 0 1 2

Figure 1: The partial latin square above left embeds into Z4 as illustrated by the bold faced
entries in the operation table of Z,4, above right.

As we are interested in embeddings (into abelian groups) of partial latin squares (and
given that if a partial latin square P embeds in an abelian group I, so does any partial latin
square isotopic to P) from here on we will assume that the row, column and symbol sets of
a partial latin square are pairwise disjoint.

In [10] Cavenagh and Drépal asked the following questions “Can the individual partial
latin squares of a connected separated latin bitrade be embedded into the operation table of
an abelian group? If this is not true in general is it true for spherical latin bitrades?”. The
case of spherical latin bitrades was solved by Cavenagh and Wanless in [9] and indepen-
dently by Drapal, Himéldinen and Kala in [11]. Cavenagh and Wanless [9] also showed
that separated connected latin bitrades of higher genus exist for which the constituent par-
tial latin squares do not embed in any group. Hence our focus on spherical latin bitrades.

Let P be a partial latin square with row set R, column set C' and symbol set S. Let
V = RUC U S and define an abelian group Ap with generating set V' subject to the
relations {r +c+s=0: (r,¢,s) € P}. Note that, if P and @ are two partial latin squares
in the same main class, then Ap = Aq. Also, note that two partial latin squares, P and @,
from different main classes may also satisfy Ap = A (see Figure 2 in [19]).

The group Ap has the ‘universal’ property that any minimal abelian representation of
P is a quotient of Ap, [12], also see [1]. Moreover Ap is of the form Z ®Z®Cp, again see
[1]. Drépal et al [11] and Cavenagh and Wanless [9] proved that Cyy is finite when (W, B)
is a spherical latin bitrade. So in this case Cyy is the torsion subgroup of Ay,. Cavenagh
and Wanless conjectured that Cyy = Cp (and hence Ay = Ap), [9], also see [6, 18]. This
is indeed the case.

Theorem 1.3 (Blackburn & McCourt [1]). Let (W, B) be a spherical latin bitrade, then
Aw 2 Ap X Z O Z @ C, where C is finite.

The group C in Theorem 1.3 is referred to as the canonical group of the spherical latin
bitrade (see [15, 19]).
In [9] Cavenagh and Wanless asked the following question.

Question 1. Which abelian groups arise as the canonical group of a spherical latin bitrade?'

It is this question that we address in this paper. For any cyclic group Z,, the existence
of spherical latin bitrades whose canonical group is isomorphic to Z,, was established by
Cavenagh and Wanless in [9]. They also noted that no spherical latin bitrade exists whose
canonical group is isomorphic to Zy & Zs.

ICavenagh and Wanless actually asked this for the finite torsion subgroup of Ay, as Theorem 1.3 was not
established at the time.
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Figure 2: The vertex r; and nearby faces in Gy, p.

Given a face 2-coloured triangulation of the sphere in which the underlying graph is
not necessarily simple and leaving the definitions of Ay, and Ap unchanged it is still the
case that Ay = Agp = Z ® Z @ C where C is finite [1]. In [19] the second author showed
that given any finite abelian group I' there exists a face 2-coloured triangulation of the
sphere whose canonical group is isomorphic to I'. However, unless I is a cyclic group the
triangulations constructed have underlying graphs that are not simple.

In Section 2 we prove the existence of several, general, infinite families of abelian
groups that arise as canonical groups of spherical latin bitrades. Before doing so, we first
prove that there exist infinitely many abelian groups that do not arise as the canonical group
of any spherical latin bitrade.

Theorem 1.4. There does not exist a spherical latin bitrade whose canonical group is
isomorphic to 7% for any k > 2.

Proof. In the following we will make repeated use of the fact that for u, v, w, x,y, z € Z&,
futw=y,v+w=zandv+x =y, thenu+x = 2.

Let k > 2 and suppose that (W, B) is a spherical latin bitrade whose canonical group
is isomorphic to Z&. So, by Theorem 1.3, both W and B embed in Z5.

Recall that we may assume that the row, column and symbol sets of W (and of B) are
pairwise disjoint; denote them, respectively, by R = {ry,r9,...,1¢}, C = {c1,co,...,
¢m}and S = {s1,82,...,s,}. Let Gy p be the related triangulation and G be the under-
lying graph of this triangulation. As Gy, p has a proper face 2-colouring, G is Eulerian,
and, as (W, B) is a latin bitrade, the minimum degree of G is at least four. Moreover, Gw.B
is a triangulation of the sphere, so, by Euler’s formula, G contains at least six vertices of
degree four.

As spherical latin bitrades in the same main class all have isomorphic canonical groups,
without loss of generality, we may assume that the degree of r; is four, and (r1, ¢, $1),
(r1,co,82) € B and (r1,c1,52), (r1,c2,51) € W where ¢1 # ¢ and s1 # so. Hence,
as (W, B) is a latin bitrade, there exist z1, 22, z3,24 € R\ {r1} such that (z1,cs, $1),
(z3,c1,82) € B and (x2,c¢1,81), (T4, ¢2,82) € W (see Figure 2 for an illustration of the
corresponding faces).

As W embeds in Z5, x5 = x4 and, as B embeds in Z5, x; = 3. Suppose that 71 = z5.
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Let
W' ={(r1,c1,52), (r1, c2,51), (w1, ¢1,51), (21, 2, 52) }

and

B' = {(r1,c1,51), (11, ¢2,52), (21, ¢1, 52), (T1, ¢, 51) }-

Then (W', B’) is a spherical latin bitrade such that W’ C W and B’ C B. As (W, B) is
connected, it must be the case that W’ = W and B’ = B. However, the canonical group
of (W', B') is Z, a contradiction. So x1 # xo; in which case G contains a subgraph H =
(V,E) where V. = {r,21,x2,c1, 81,82} and E = {rycy,r181,7182,21C1, 2151, L1532,
xac1,T2S1, T2S2}. However, H is isomorphic to K3 3; which contradicts Gy, g being a
spherical embedding. O

2 Existence results
2.1 Directed Eulerian spherical embeddings

Let D be a, not necessarily simple, digraph of order n with vertex set V(D) = {v1,v2,. ..,
v }. The adjacency matrix A = [a;;] of D is the n x n matrix where entry a,; is the number
of arcs from vertex v; to vertex v;. The asymmetric Laplacian of D is the n x n matrix
L(D) = B — A where B is the diagonal matrix in which entry b;; is the out-degree of
vertex v;. The digraph D is said to be Eulerian if, for each v € V(D), the out-degree at v
equals the in-degree at v. Hence, in an Eulerian digraph we will simply refer to the degree
of a vertex v, i.e. degv.

Let D be a connected Eulerian digraph of order n with vertex set V(D) = {vq, va, .. .,
vp}. Fix an i, where 1 < ¢ < n and define L'(D,i) to be the matrix obtained by
removing row and column ¢ from L(D). As D is connected and Eulerian, the group
Zn=1/L(D,4)Z"~" is invariant of the choice of 4, see [17, Lemma 4.12]. Hence, the
abelian sandpile group of the connected Eulerian digraph D can be defined to be the
group S(D) = Z"~1/7Z"=1L/(D,n); moreover S(D) = Z"~'/Z"~1L/(D,i), for any
1< <n.

Consider an embedding D of a connected Eulerian digraph D in an orientable surface
S. If each face of the embedding corresponds to a directed cycle in D, equivalently the
rotation at each vertex alternates between incoming and outgoing arcs, then the embedding
is said to be a directed Eulerian embedding, see [2, 3]. If the embedding is in the sphere
we call it a directed Eulerian spherical embedding.

Suppose that G is a face two-coloured triangulation of the sphere. By [16], the under-
lying digraph of G has a vertex three-colouring with colour classes R, C' and S. Tutte [21]
described a construction, from G, of directed Eulerian spherical embeddings D;(G) = D;
with vertex set I, where I € {R,C,S}. We give a description of the construction from
[19].

Let {I,I,I;} = {R,C,S}. Consider a vertex v; € I. Then v; has even degree,
say d, the rotation at i is (u1,v1, U2, V2, .. ., Ug/2, vd/Q), where, without loss of generality,
uj € Iy andv; € I, forall 1 < j < d/2 and the edge e; between u; and v; in the rotation
is contained in a black face. Then in D; there are d/2 outgoing arcs from vertex v;, say a;,
1 < j < d/2, one for each black face, and the terminal vertex for arc a; is the vertex in [
contained in the white face containing edge e;. Clearly, Dy inherits a spherical embedding
from G in which the arc rotation at each vertex alternates between incoming and outgoing
arcs, so Dy has a directed Eulerian spherical embedding. As the sphere is connected the
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graph underlying Dy is connected. Note that given any of D, D¢ or Dy the original face
two-coloured triangulation can be obtained by reversing the above construction:

Lemma 2.1 (Tutte, [21]). Given a directed Eulerian spherical embedding D, there exists

a face 2-coloured spherical triangulation G with a vertex 3-colouring given by the vertex
sets R, C and S, such that for some I € {R,C,S}, D;(G) = D.

Tutte’s Trinity Theorem [21] states that |S(Dg)| = |S(D¢)| = |S(Dg)|. For a spher-
ical latin bitrade (W, B) with corresponding face two-coloured triangulation G, this result
was strengthened implicitly in [1] and explicitly in [19] to S(Dgr) = S(D¢) =2 S(Dg) =
Aw = Ap.

Given an arbitrary directed Eulerian spherical embedding applying the above construc-
tion in reverse yields a face two-coloured triangulation. However, the underlying graph is
not necessarily simple. In order to make use of the above equivalences (between sandpile
groups and canonical groups of spherical latin squares) we make use of the following result.

Proposition 2.2 McCourt, [19]). Suppose that D is a directed Eulerian spherical embed-
ding with underlying digraph D. Further suppose that D is connected, has no loops, no
cut vertices and its underling graph has no 2-edge-cuts. Then there exists a spherical latin
bitrade whose canonical group is isomorphic to S(D).

Hence, in order to construct a spherical latin bitrade with canonical group I it suffices
to find a directed Eulerian spherical embedding satisfying the connectivity conditions of
Proposition 2.2 whose abelian sandpile group is isomorphic to I'.

2.2 Arbitrary rank

In this section we will construct families of canonical groups that have arbitrary rank. We
will make repeated use of the following, elementary lemma.

Lemma 2.3. Let 2 < p,a and 0 < x,y,{. Furtherletr = p(x +1)+a—z — 1,
s=ply+1)+a—y—1landt,; €Z forl <i<mandl < j </ Then the matrix

[ p —-p+1 0 0 0 0 -1 0 0
—p r —p - —p 0 0 z+1—a 0 0
0 —-p+1 0 0 -1 0 0
: : Pl .
0 —-p+1 0 0 —1 0 0
0 -1 0 0 -p+1 0 0
L= : : : : pl : : :
0 -1 0 0 —-p+1 0 0
0 y+1—a 0 0 -p ... —p s tig - ti,e
0 —1 0 0 0 0 *erl tgyl t2’€
0 0 0 0 0 0 0 [ZN (ZW
L 0 0 0 0 0 0 0 tm,l tm,f i
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reduces (under row and column operations invertible over 7)) to

M1 ojo --- 0 0 0 0

0O ap|0O0 --- O 0 0 ce 0

0 O 0 0 0

: Platy :

0 O 0 0 0

0O 0|0 0 D 11 o t1,0

0 0 O e 0 —p t271 e tgvg

o o0 --- 0 0 t3,1 s t3.0
L0 010 --- O 0 tma o tmye |

Proof. Forl1 <i<zandl1<j<yaddRow2+iandRow2+z+jtoRowz +y+3
of L. Subsequently, for 1 < i < z, add Column 2 + ¢ to Column 2 and, for 1 < 5 < v,
Column 2 + z + j to Column 3 + x + y. Next add Column 2 to Column 1.

Now add Column 1 to Column 3 + = 4 y and p — 1 copies of Column 1 to Column 2.
Row 1 can now be used to clear all non-zeros from Column 1. Once this is completed it is
easy to see that the remaining non-zeros in Column 2 can also be cleared. [

The proof of Lemma 2.4 is essentially a special case of the proof of Theorem 2.6,
however, to aid the reader, we detail this simpler case before proving the general result.

Lemma24. Let1 < kandlet2 < m,aq,aq,...,a,. Then there exists a spherical latin
bitrade whose canonical group is isomorphic to @,_; Zma,-

Proof. We begin by defining a digraph D4, a,.....a), With vertex set {ag, o, g, . .., o,
Y1,Y2, -« Yk} and

e foreachl <i<k:

o m — 1 arcs from «; to ; and m — 1 arcs from 7; to «;;
o a; — 1 arcs from «;_1 to ; and a; — 1 arcs from ~; to o;_1;
o an arc from «; to o;_1;

e foreach 1 <i < k — 1: an arc from ~; to v;4+1; and
e an additional arc from «a to 7 and an additional arc from ~; to .

The digraph D4, .a,.....a;, has a directed Eulerian spherical embedding and satisfies the
connectivity conditions of Proposition 2.2, as can be seen from Figure 3 (in this figure
t arcs from wu to v alternating with ¢ arcs from v to u are represented by a bidirectional
edge labelled t). Hence, there exists a spherical latin bitrade whose canonical group is
isomorphic to S(Dim.a1,as,....a1)-

Suppose that we order the vertices of Dyy.q, as.....ar DY @k, Vir Qk—1, V=15 - - - » 02, V2,
a1, 71, o, and construct the associated asymmetric Laplacian. Then, removing the row and

column corresponding to «y yields the reduced asymmetric Laplacian £ (Dy,.q, 40,05 )-
m —-m+1

Let kK > 1 and m,as,as,...,ax41 > 2. Note that £'(Dpe,) = m maag—1

1 0 1. ~
reduces to [0 mal} 380 S(Dimiay) = L, -

Assume that S(Diia,.as,....a, ) 1S iSOmorphic to @le Zima,- Setting a; — 1 = a, for
1 < i < k, the reduced asymmetric Laplacian £}, = L' (D4, as.....a, ) 1S sShown below.
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Y1 Y2 Y3 V-2 V-1 Tk

a; —1
ag — 1 az — 1 ap_1— 1, aj — 1

m — 1 m — 1
Qg m—1 m—1 m—1 m—1

Qa1 Qg Qa3 Qf_2 Qp_1 Qg

Figure 3: A directed Eulerian spherical embedding of D4, as,...,a5 -

[m —-m+1 -1 0 0 0 0 0
-m m+a, —aj 0 0 0 0 0
0 —a, m+a, -m+1 -1 0 0 0
0 -1 -m+1 m+a,_, —a,_, 0 0 0
c, = 0 0 0 —aj_, m4+aj,_; —m+1 0 0
0 0 0 -1 -m+1 m+aj_, 0 0
0 0 0 0 0 0 m+ah -m+1
K 0 0 0 0 0 o —m+ 1 m+tdl

Now, consider the digraph D,.q, q,,.. Applying Lemma 2.3, with p = m and

5Ak+1"

r =y = 0,t0TOWS Q1 1, V1, Ok, Vi We have that £ | = L'(Dyniay,a0,...,a5,, ) Teduces
to

1 0 o --- 0

0 mag+1 | O 0

0 0

: : L,

0 0
It follows that S(Dyp.a;,as,...,a5., ) 18 iSomorphic to @f:ll Zma;- O

It is now easy to establish the existence of spherical latin bitrades whose canonical
groups can be expressed as the direct sum of components of composite order.

Theorem 2.5. Suppose that T is a group isomorphic to a direct sum of cyclic groups of
composite order; i.e. I is isomorphic to @lelni, where each n; is composite. Then there
exists a spherical latin bitrade whose canonical group is isomorphic to I.

Proof. Letny,no,...,n; be composite integers and consider I' = @leZm. Recall that if
ged(ny,ny) = 1, u# v, then ®F_Zy,, X Zpp &+ ®Zp, , ®ZLp,,, B DLpn, , D
Ly ® -+ @ Ly, ® Ln,n,- Thus we may assume that ged{n,na,...,n,} # 1. Hence

there exists a prime, p say, such that p divides gcd{ni,ns,...,nx}. Note that, as n; is
composite for all 1 < ¢ < k, p # n;. By setting m = p and applying Lemma 2.4 the result
follows. O

The next result addresses the existence of spherical latin bitrades for which the Smith
Normal Form of their canonical groups contains components of prime order.
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Theorem 2.6. Let p be a prime and let 2 < ai,a9,...,a. Further let n < 1 +
2229:1((11' — 1). Then there exists a spherical latin bitrade whose canonical group is

isomorphic to
k
% ()
i=1

Proof. If n = 0, then this is Lemma 2.4. So for the remainder of the proof assume that
n>1 Asn <142 Zf;l(ai—l) thereexistsak’,0 < k' < k,and¢,0 <t < 2(agp41—1)
such that

k/
n=1+2> (a;—1)+t.
i=1

First construct the graph D, 4,.....a, (from the proof of Lemma 2.4). Next, add the
following vertices,

foreach 1 <7 < k': add vertices d;jande; jforalll < j<a;—1;
foreach 1 < j < [t/2]: add vertices dg/ 41,55

foreach 1 < j < |t/2]: add vertices €1 ;; and

the vertex €1 0.

Now add arcs to and replace arcs from Dy,.q, a,....,q, as illustrated in Figures 4 and 5.
Note that D} a, has a directed spherical embedding, and that it satisfies the

pia1,a2,...,
connectivity conditions of Proposition 2.2. Therefore, there exists a spherical latin bitrade

whose canonical group is isomorphic to S(Dp.,, 4,y )-
For ease of notation, let
a; —1 forl<¢<k a; —1 forl<i<Fk
di=< [t/2] fori=FkK +1 and e; =« [t/2] fori=kK +1
0 otherwise 0 otherwise
1 n
Suppose that we order the vertices of Dy, ..~ . by
(ak7’7k7 6k,dk7 e 76]6,1’ €k,eps s 61@,1)7 ey (O[Q,’YQ, 62,(127 e 762,17 €269y 62,1),
(Q1,71,02,dy5 -+, 01,15 €16y, -+, €1,1,€1,0), X0
and construct the associated asymmetric Laplacian. Then, removing the row and column
corresponding to oy yields the reduced asymmetric Laplacian £'(D}.o. 4y ap)-

Let k > 1and p,ay,as, ... a1 > 2andlet 1 < n < 1+23 1 (a; — 1). Then,
lettingz =dy,y =e;andr =p(z+ 1) +a; —z — 1,

p —p+1| 0 - 0|0 007
—p T -p ... —p |0 ... 010
0 —-p+1 0O --- 010
: : pla, : S
r (D;)I?(izri{n,1+2(a171)}) _ 0 -p+1 0 -~ 010
’ 0 -1 0o .- 0 0
ple, 0
0 -1 0 0
| 0 -1 0 0 1]0 0lp |
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Leta=a; — 1.

For k' > 0:
7
p—1 p—1
&%y}
aj
For k' =0, if t = 2¢:
7
o p—1 —1
ay

Fork/' =0,ift =20 + 1:

p—1

Figure 4: Constructing Dy, . 4, .. 4, for arcs incident with av.
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Forl < i <k':
Vi—1 Vi
- n T
Q-1 (&%}

Leta = apr41 — 1, then, if t = 2¢:

Vk/+1

-1 —

g/ 41

Again let a = ag/4q1 — 1, then, if t = 2¢ + 1:

Yk’ +1

-1 —

Qg 41

k' +1

Figure 5: Constructing D] , for arcs not incident with av.

m;a1,a2,.
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Which reduces, under a similar argument to that used to prove Lemma 2.3, to

1 0 o --- 0
0 pap |O -+ O
0 0

Pl 4eq41
0 0

Hence, S(Dg?(ilri{n,l-i-Q(al—l)}) o Zglin{n71+2(a1—l)} @ Zpal-
. k . k o
Assume that S (D;)I;l;rfgé)lj’?a%izl(az—l)}) ~ Z;n1n{n,1+2 S (ai—1)} & (@521 Zp%) )

i 1+25°k i—1
Denote £’ (Dg;lgi{gépf7ak:z:1(a )}

) by £}, = [€;j]. Letx = dp11,y = exq1, p(z+1) +
ak+1 = dp41 — land s = p(y + 1) 4+ ax41 — y — 1. Then the asymmetric Laplacian
cl (D” ) is

P;a1,a2,...,0k41

P —p+1 0 - 010 0 -1 0 0 1
p r —p - —p| 0 0 | 2+1—apq 0 0
0 —p+1 0 0 -1 0 0
: : Pl : : : : :
0 pt1 0 0 ~1 0 0
0 —1 0 e 0 —-p+1 0 0
. - ply : : :
0 -1 0 -~ 0 —p+1 0 0
0 y+l—ap1| 0 -~ 0 | —p —p s o 01 2k4n
0 -1 0o - 0 0 0 -p+1 loo 02 2k1n
0 0 0 cee 0 0 0 0 U3 o U3 2k tn
L 0 0 0 -~ 010 0 0 Loktn,2 loktn2ktn |
Applying Lemma 2.3 to T0WS Oj4-1, Yit1> Okt 1@ - - - s Okt1,15 €kt L,ys - - > €kt1,15 Ohs
Vi of Li11(Dpiay as,... ap., ) Tduces it to
M1 0 0 0]0 0
0 pagy1 | O 01]0 0
0 0 0 0
: pI[rer : :
0 0 0 0
0 0 0 0
/
: : : L,
Lo o0 o 0 |
~ k+1
Therefore S(DJ., 0y, apss) = Ly & (@izl Zpai)' -

2.3 Canonical groups of rank two

In this section we will restrict our attention to canonical groups of rank two. We show that,
with two exceptions and a further two possible exceptions, any finite abelian group of rank
two is isomorphic to the canonical group of some spherical latin bitrade.
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We will make use of the following elementary lemma.

Lemma 2.7. Let2 <d, 1<z, 2<yandt;; € Zfor1 <i<zandl <j <y. Further
let M = [m;;] be the d — 1 by d matrix where

2 ifi=j
mij = -1 l'fj:i+10rj:i71
0 otherwise

Then the d + x — 2 by d + y — 2 matrix

0 . 0
M 0 . 0
0 . 0
0 - 0|tin ti2 tiz - tiy
L 0 T 0 tm,l tw,Z tw,3 T tm,y B
reduces (under operations invertible over 7) to
[ 0 0 0 0
Ia—s . . SR
0 0 0 e 0
o --- 0] d 1—-d| O e 0
0 - 0]tin tiz tiz 0 tiy
L 0 e 0 t:r,l tz,2 t:r& e tm,y i

Proof. When d = 2, the result is trivial. Assume that the statement holds for d = k, and
consider L(k + 1). Then L(k + 1) reduces to

0 0 0 0 0
I : :
0 0 0 0 0
0 0| k 1-k 0 0 0
o --- 0] -1 2 -1 0 0
0o --- 0] 0 t11 ti2 tiz o tiy
L 0 cee 0 0 t:r,l ta:,2 ta:,B T tw,y _

Adding k& — 1 copies of Row k to Row k — 1 followed by adding one copy of the updated
Row k — 1 to Row k yields a 1 in entry (k — 1,k — 1) and this is now the only non-zero in
Column k — 1. The result follows. O

Lemma 2.8. Suppose that 1 < a,b,c. Then there exists a spherical latin bitrade whose
canonical group is isomorphic 10 Zap+bvetact+1 D Zab+betact1-
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Qg

Figure 6: A directed Eulerian spherical embedding of Dy ..

Proof. Without loss of generality we may assume that 1 < a < b < c. Define D, . to be
the digraph of order a + b + ¢ + 1 with vertex set {1, s, ..., a4, 81, B2, -+, Bby 71,72,
-y%e, 0} and

for 1 <3 < a—1anarc from o; to ;41 and an arc from a4 to

for1 <7 <b—1an arc from ; to 5;+1 and an arc from [3; 11 to f3;;

for 1 <4 < ¢ — 1 an arc from ~; to ;41 and an arc from ;41 to v;;

for each ¢ € {a, 8,7} an arc from 4 to ¢ and from ¢; to J; and

a arcs from S to 7. and from . to SBy; b arcs from «, to . and from -, to a,; and
c arcs from a, to 3, and from 3 to ay,.

Note that D, 3, . has a directed Eulerian spherical embedding, see Figure 6, and that D, 3 .
satisfies the connectivity conditions of Proposition 2.2. Hence, there exists a spherical latin
bitrade whose canonical group is isomorphic to S(Dg . ¢)-

Suppose that we order the vertices of Dy, 3 . by

Y1572 - 570—2770—1a70761752a AR 7Bb—276b—1aﬁbva17a27 s 7aa—27aa—17aa75~

Let £'(Dgp,c) be the reduced asymmetric Laplacian for D, ; . obtained by removing the
row and column corresponding to §.
3 -1 -1 1 0 0
Whena=b=c=1,L'(D111) = [1 3 1] , which reduces to [0 4 0} .
1 -1 3 0 0 4
Suppose that 2 < a, b, c¢. Consider £’ (D, ), via three applications of Lemma 2.8 and
setting a + b + ¢ + 1 = t, this reduces to
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i 0 0 0 0 0 0 0 0] 0 0 7
II:c—2 . . . . :
0 0 0 O 0 0 0] 0 0
0 0| c l1—c|0O --- 0 O 0 0 0] 0 0
0 O|-1 t—=c|0O -~ 0] O —a |0 0] 0 —b
0 0 0 0 0 0 0 0] 0 0
: Iy—o : : :
0 0 0 0 0 0 0 0] 0 0
0 0 0 0 0 0 b 1-b61]0 0] 0 0
0 0 0 —a |0 0| -1 t=b |0 0] 0 —c
0 0 0 0 0 0 0 0 0 0
: . : : : : . : : : ]Ia—2 :
O --- 0] O 0 o -~ 0] 0 0 0 0
O --- 0] 0 0 o -~ 0] 0 0 0 -+ 0] a 1—a
L0 -~ 0] O —b 0o -~ 0] 0 —c o -+ 0|—-1 t—a |

Computing the Smith Normal form of

c 1—c O 0 0 0

-1 t—c O —a 0 —b

0 0 b 1-b 0 0

0 —a -1 t—=b 0 —c

0 0 0 0 a 1l—a
0 —b 0 —c -1 t—a

we have that S(Da,b,c) = Zab+bc+ac+1 ©® Zab+bc+ac+1~
The cases where 1 =a < b < cand 1 =a =b < cfollow similarly. O

Theorem 2.9. For n,m > 2, with two exceptions and a further two possible exceptions,
there exists a spherical latin bitrade whose canonical group is isomorphic to Z,, & Zn,.

The exceptions are as follows. There does not exist a spherical latin bitrade with canon-
ical group isomorphic to Zo ® Zo or Zs ® Z3. There may or may not exist a spherical latin
bitrade with canonical group isomorphic to Zs @ Zs or L, ® Z, for some r greater than
101,

Finally, if we assume the Generalised Riemann Hypothesis, then there exists a spherical
latin bitrade with canonical group isomorphic to Z, ® Z,.

Proof. If n and m are coprime, then Z,, ® Z,,, = Z, and the result follows from [9] (it
also follows from Lemma 2.4 with £ = 1). So assume that n and m are not coprime; that
is, we are in the rank 2 case.

Suppose that n # m. If n and m are both composite, then the result follows from
Theorem 2.5. So suppose that n is prime and m is composite. Then as n and m are not
coprime m = kn for some k > 1 and the result follows from Theorem 2.6.

So, suppose that n = m. If there exist a, b, ¢ > 1 such that ab + ac + bc + 1 = n, then
by Lemma 2.8 there exits a spherical latin bitrade whose canonical group is isomorphic to
Zy, ® Zy,. In [4] Borwein and Choi proved that there are at most nineteen integers that are
not of the form ab 4 ac + bc + 1 where a, b, ¢ > 1. The first eighteen are: 2, 3, 5, 7, 11,
19, 23, 31, 43, 59, 71, 79, 103, 131, 191, 211, 331 and 463. The nineteenth is greater than
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m (679

Figure 7: Directed Eulerian spherical embedding of a digraph with abelian sandpile group
isomorphic to Zg,+5 © Zem-5, whenm € {1,3,9,11, 21, 31}.

Figure 8: Directed Eulerian spherical embedding of a digraph with abelian sandpile group
isomorphic to Zspm+1 ® Zsm+1, when m € {2, 6,10, 14, 26, 34,70, 110, 154}.

10" and is not an exception if the Generalised Riemann Hypothesis is assumed. For n €
{7,11,19,23,31,43,59,71,79,103,131, 191, 211, 331,463} directed Eulerian spherical
embeddings whose underlying digraphs satisfy the connectivity conditions of Proposition
2.2 and with abelian sandpile groups isomorphic to Z,, ® Z, are given in Figures 7 and 8.

Cavenagh and Wanless noted in [9] that there does not exist a spherical latin bitrade
with canonical group isomorphic to Zy & Zs (also see Theorem 1.4).

By [15, Theorems 5 and 6], the minimum order of the canonical group of a spherical
Eulerian triangulation of order n is (n — 2)/2. The computer program plantri [5] can
be used to generate all spherical Eulerian triangulations of order up to 20. None of these

triangulations have Z3 @ Zs as their canonical group; hence this group is also an exception.’
O

2.4 Questions

We conclude with three questions for future consideration. The first two address the re-
maining cases to be considered in order to resolve Question 1.

Question 2. Let p # 2 be a prime, n > 3if p > 5 and n > 2 if p = 5; does there exist a
spherical latin bitrade with canonical group is isomorphic to Z;?

Question 3. Let p be aprime and let 2 < a1, as,...,a5. Ifn > 1+2 Zle(ai —1), does

2The families of indicated in Figures 7 and 8 generalise to give abelian sandpile groups isomorphic to
Zem+5 D Zem+s, for all m > 1 and Z3m+41 @ Z3m+1, for all m > 1, respectively. However, we do not
require these more general results to prove Theorem 2.9.

3This proof that Zs @ Z3 is an exception is due to an anonymous referee.
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there exist a spherical latin bitrade with canonical group is isomorphic to

k
Zr & <@ Zm,) ?
=1

Our final question arises naturally in response to the non-existence result Theorem 1.4.
For a separated, connected latin bitrade (A, B) of genus greater than zero, the group Ay,
is isomorphic to Z ® Z & C, but the minimal abelian representation (if one exists) is now a
quotient of C, [1, Theorem 6]. Hence, we ask the following.

Question 4. Does there exist a family of separated, connected latin bitrades for which the
minimum abelian representation of one (or both) of the partial latin squares is isomorphic
to Z& for arbitrary k? If so does such a family exist for a fixed genus?
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Abstract

In a pursuit-evasion game, a team of pursuers attempt to capture an evader. The players
alternate turns, move with equal speed, and have full information about the state of the
game. We consider the most restrictive capture condition: a pursuer must become colocated
with the evader to win the game. We prove two general results about this adversarial motion
planning problem in geometric spaces. First, we show that one pursuer has a winning
strategy in any compact CAT(0) space. This complements a result of Alexander, Bishop and
Ghrist, who provide a winning strategy for a game with positive capture radius. Second,
we consider the game played in a compact domain in Euclidean two-space with piecewise
analytic boundary and arbitrary Euler characteristic. We show that three pursuers always
have a winning strategy by extending recent work of Bhadauria, Klein, Isler and Suri from
polygonal environments to our more general setting.

Keywords: Pursuit-evasion, lion and man, CAT(0) space, motion planning.

Math. Subj. Class.: 91A24, 49N75, 53A04

1 Introduction

A pursuit-evasion game in a domain D is played between a team of pursuers p1, po, . . ., P
and an evader e. The pursuers win if some p; becomes colocated with the evader after
a finite number of turns, meaning that the distance d(p;,e) = 0. When this occurs, we
say that p; captures e. We consider the discrete time version of the game, which proceeds
in turns. Initially, the pursuers choose their positions p{,p3, ..., p?, and then the evader
chooses his initial position €Y. Inturn t > 1, each pursuer p; moves from her current
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position p!~! to a point p! € B(p!™',1) = {x € D | d(pi~',z) < 1}. If the evader
has been captured, then the game ends with the pursuers victorious. Otherwise, the evader
moves from e‘~! to a point e/ € B(e'~!,1). The evader wins if he remains uncaptured
forever. We consider the full-information (full-visibility) game in which each player knows
the environment and the locations of all the other players. Furthermore, the pursuers may
coordinate their movements.

Turn-based pursuit games in simply connected domains have been well-characterized:
one pursuer is sufficient to capture the evader. Winning pursuer strategies have been found
for environments in E” [21, 16], and in simply connected polygons [14]. Taking a geomet-
ric viewpoint and using the weaker capture criterion d(p, e) < ¢ for some constant € > 0,
Alexander, Bishop and Ghrist [3] proved that a single pursuer can capture an evader in any
compact CAT(0) by heading directly towards the evader at maximum speed. We provide an
alternate strategy for a compact CAT(0) space that achieves d(p, e) = 0 in a finite number
of turns. Our winning pursuer strategy is a generalization of lion’s strategy, which has been
used successfully in E™ [21] and in simple polygons [14]. We defer the description of this
strategy to Section 2.

Theorem 1.1. A pursuer p using lion’s strategy in a compact CAT(0) space D, captures
the evader e by achieving d(p, e) = 0 after at most diam(D)? turns.

Theorem 1.1 implies that a single pursuer can become colocated with an evader in
a simply connected, compact domain D C [E2. In particular, this result holds for the
polygonal setting in [14]. Notably, the general CAT(0) viewpoint leads to an improved
capture time bound for polygons, compared to the O(n - diam(D)) result in [14], where n
is the number of vertices of polygon D.

It is easy to construct compact domains that are evader win: removing one large open set
from the middle of a simply connected domain tips the game in the evader’s favor. Indeed,
the evader can keep this large obstruction between himself and the pursuer, indefinitely.
Such an open set is called an obstacle or hole in the environment. It is not hard to show
that adding a second pursuer to this two-dimensional domain gives the game back to the
pursuers. Adding multiple obstacles creates a distinct topology, and it is natural to wonder
how many pursuers are needed to capture an evader in such an environment. The analogous
question has been resolved for pursuit-evasion games in certain two-dimensional environ-
ments. Aigner and Fromme [1] proved that three pursuers are sufficient for pursuit-evasion
on a planar graph. Bhadauria, Klein, Isler and Suri [8] showed that the analogous result
holds in a two-dimensional polygonal environment with polygonal holes. We generalize
the latter three-pursuer result to a broader class of geometric spaces.

Our pursuit game takes place in a compact and path-connected domain D C E2. The
set D contains a finite set of disjoint open obstacles O = {O1,03,...,0x}. The do-
main boundary is 9D = {00y, 901,003, . .., 00} where we define 9O, to be the outer
boundary of D, for convenience. We place two conditions on the boundary. First, 9D can
be decomposed into a finite number of analytic curves v(¢) = (z(t),y(t)) for 0 < ¢ < 1,
where each of z(t),y(t) can locally be expanded as convergent power series. Second,
we require that 9D is a 1-manifold: for any x € 0D, there exists an ¢ > 0, such that
B(x,¢) N D is homeomorphic to E!. In other words, we forbid self-intersections. For
brevity, we say that a domain D satisfying these properties is piecewise analytic. We list
three consequences of these conditions. First, the number of singular points on the bound-
ary is finite. Second, the absolute value of the curvature at the nonsingular points of 9D
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is bounded above by some constant Ky, > 0. Third, there is a minimum separation
dmin > 0 between boundary components: d(O;,0;) > dmin forall 0 < i < j < k.
During the game, the pursuers will guard a sequence of geodesics; crucially, we will see
in Section 4 that each of these geodesics is also piecewise analytic. This brings us to our
main result.

Theorem 1.2. Three pursuers can capture an evader in a compact domain in B2 with
piecewise analytic boundary. The number of turns required to capture the evader for a
domain with k obstacles is O(2k - diam(D) + diam(D)?).

At a high level, our winning three-pursuer strategy builds on those found in [1, 8],
and we are indebted to those previous papers. However, our geometric and topological
approach is entirely new. In particular, our arguments are grounded in a careful investiga-
tion of the convexity, curvature and homotopy classes of geodesic curves in our domain.
Furthermore, Theorem 1.2 significantly extends the class of known three-pursuer-win do-
mains.

Finally, we recently became aware of an unpublished technical report of Zhou et. al
[22] that proves a similar result. Like our proof, their strategy adapts that of [8] to a more
general setting. However, our underlying methodology is quite distinct: we use a homotopy
based argument, while they use a geometric one. Furthermore, we devote more attention
to the boundary of our region. In particular, we use analytic curves (rather than smooth
curves) to avoid potential pathologies of geodesics. We provide more detail on finding
guardable paths: we explain how to restrict ourselves to finding geodesics in closed sets,
rather than in sets that are neither open nor closed (see Lemma 3.6 below). Finally, they
use an endgame that requires two aggressive pursuers. We stick with lion’s strategy due to
its broad applicability to CAT(0) spaces.

1.1 Related Work

Pursuit-evasion games are a class of adversarial motion planning problems. Chung,
Hollinger and Isler [11] provide an informative survey of pursuit games in mobile robotics.
The interdisciplinary literature on pursuit-evasion games spans a range of settings and
variations. Pursuit games have been studied in many environments, including graphs, in
polygonal environments and in geometric spaces. Researchers have considered motion
constraints such as speed differentials between the players, constraints on acceleration, and
energy budgets. As for sensing models, the players may have full information about the po-
sitions of other players, or they may have incomplete or imperfect information. Typically,
the capture condition requires achieving colocation, a proximity threshold, or sensory visi-
bility (such as a non-obstructed view of the evader).

Pursuit games enjoy a wide range of applications, including intruder neutralization,
search-and-rescue, and environmental monitoring of tagged wildlife. In these settings,
modeling an adversarial evader gives worst-case feasibility and time bounds. For an over-
view of pursuit-evasion on graphs, see the monograph by Bonato and Nowakowski [9].
Kopparty and Ravishankar [16] give a nice an introduction to pursuit in the polygonal
setting.

Research on pursuit-evasion spans nearly a century. In the 1930s, Rado posed the
Lion and Man game in which a lion hunts the man in a circular arena. The players move
with equal speeds, and the lion wins if it achieves colocation. At first blush, it seems that
lion should be able to capture man, regardless of the man’s evasive strategy. However,
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Besicovitch showed that when the game is played in continuous time, the man can follow
a spiraling path so that lion can get arbitrarily close, but cannot achieve colocation [17].
However, when lion and man move in discrete time steps, our intuition prevails: lion does
have a winning strategy [21].

The past decade has witnessed a renaissance of pursuit-evasion results in multiple dis-
ciplines. Prominent research efforts come from the robotics community, where pursuit-
evasion in polygonal environments is a productive setting for exploring autonomous agents.
Pursuit-evasion has also thrived in the graph theory community, where it is known as the
game of Cops and Robbers. More recently, researchers have started exploring pursuit-
evasion games in topological spaces. This is a natural evolution for the study of pursuit-
evasion games. Indeed, determining the number of pursuers required to capture an evader
in a given environment becomes a question about its topology since the various loops and
holes of the environment provide escape routes for the evader.

The classic paper of Aigner and Fromme [1] initiated the study of multiple pursuers
versus a single evader on a graph. In this turn-based game, agents can move to adjacent
vertices, and the cops win if one of them becomes colocated with the robber. This paper
introduced the cop number of a graph, which is the minimum number of pursuers (cops)
needed to catch the evader (robber). Aigner and Fromme proved that the cop number of
any planar graph is at most 3. This bound is tight, as the dodecahedron graph requires
three cops. At a high level, their winning pursuer strategy proceeds as follows. Two cops
guard distinct (u, v)-paths where u, v are vertices of the graph G. This restricts the robber
movement to a subgraph of G. The third pursuer then guards another (u, v)-path, chosen so
that (1) the robber’s movement is further restricted, and (2) one of the other cops no longer
needs to guard its path. This frees up that cop to continue the pursuit. This process repeats
until the evader is caught.

More recently, an analogous result was proven by Bhadauria, Klein, Isler and Suri
[8] for pursuit-evasion games in a two-dimensional polygonal environment with polygonal
holes. In this turn-based game, an agent can move to any point within unit distance of its
current location. Like Aigner and Fromme, they use colocation as their capture criterion.
Bhadauria et al. prove that three pursuers are sufficient for pursuit-evasion in this setting,
and that this bound is tight. The pursuer strategy is inspired by the Aigner and Fromme
strategy for planar graphs: two pursuers guard paths that confine the evader while the
third pursuer takes control of another path that further restricts the evader’s movement. Of
course, the details of the pursuit and the technical proofs are quite different from the graph
case. Their proofs make heavy use of the polygonal nature of the environment, both to find
the paths to guard and to guarantee that their pursuit finishes in finite time.

Just as the proofs of Bhadauria et al. were inspired by Aigner and Fromme, our proof of
Theorem 1.2 is inspired by those for the polygonal environment. Bhadauria et al. actually
give two different winning strategies for three pursuers. At a high level, these strategies
progress in the same way, but the tactics for choosing paths and how to guard them are
different. Herein, we adapt their shortest path strategy to our setting. Our more general
geometric environment introduces a distinctive set of challenges to overcome. In particular,
we do not have a finite set of polygonal vertices to use as a backbone for our guarded paths.
Instead, we rely on homotopy classes to differentiate between paths to guard. Looking
beyond the high-level structure of our pursuer strategy, the arguments (and their technical
details) in this paper are wholly distinct from those found in [8], and our result applies to a
much broader class of environments.



A. Beveridge and Y. Cai: Pursuit-evasion in a two-dimensional domain 191

Finally, we note that our result follows in the footsteps of other recent explorations
of pursuit-evasion games in general geometric and topological domains. Pursuit-evasion
games in such spaces have further applications in robotics, where agents must navigate
and coordinate in high dimensional configuration spaces. Alexander, Bishop and Ghrist
helped to pioneer this subject, studying pursuit-evasion games with the capture condition
d(p,e) < € for some constant ¢ > 0 (rather that colocation). In [3], Alexander, Bishop
and Ghrist prove that a single pursuer can capture an evader in any compact CAT(0) space:
the simple pursuit strategy of heading directly towards the evader is a winning strategy. In
[5], these authors explore the simple pursuit strategy in unbounded CAT(K) spaces with
positive curvature K > 0, developing connections between evader-win environments and
the total curvature of the pursuer’s trajectory. Finally, in [4], they consider pursuit games
in unbounded Euclidean domains using multiple pursuers. They provide conditions on
the initial configuration of the players that guarantee capture, generalizing (and amending)
results of Sgall [21] and Kopparty and Ravishankar [16].

1.2 Preliminaries

We introduce some notation and review some concepts and results from algebraic topology
[13]. We then prove three lemmas about convex paths in two-dimensional compact regions
with piecewise analytic boundary.

A topological space is a set X along with a collection of subsets of X, called open sets
that satisfy a sequence of axioms [7]. Amap f : X — Y between two spaces is continuous
when the inverse image of every open set in Y is open in X. A path IT : [0,1] — D is
a continuous map from the interval [0, 1] to D, with initial point IT(0) and terminal point
I1(1). The length I(IT) of this path is its arc length in Euclidean space E2. A path II is
a loop when II(0) = II(1). A simple path has no self-intersections, meaning that II is
injective. By abusing notation, we write € II when x = II(¢) for some ¢ € [0,1]. For
x,y € II, we use II(z,y) to denote the subpath connecting these points. The space X is
path-connected if there exists a path between any pair of points z,y € X.

A homotopy of paths is a family of maps f; : [0,1] — X, ¢ € [0,1], such that the
associated map F' : [0,1] x [0,1] — X given by F(s,t) = f;(s) is continuous, and the
endpoints f;(0) = x¢ and f;(1) = 2, are independent of ¢. The paths fj and f; are called
homotopic. The relation of homotopy on paths with fixed endpoints is an equivalence
relation and we use [f] to denote the homotopy class of the curve f under this relation. The
set [f] of loops in X at the basepoint x forms a group under path composition, called the
Sfundamental group of X at the basepoint xy. The space X is simply connected when it is
path-connected and its fundamental group is trivial. For example, a subspace X of E? is
simply connected if and only if it has the same homotopy type as a 2-disc.

We now turn to some geometric properties of paths in [E2. The distance d(z, y) between
points x,y € X is the length of a shortest (z, y)-path in X. When restricting ourselves to
R C X, we use dr(x,y) to denote the distance between these points in the subdomain.
We will frequently consider a subdomain R enclosed by two simple (u, v)-paths II;, IT,.
We denote such a set as R[IT;, II] C X.

Fora C? path v : [0, T] — E2, its curvature at y(¢) is defined as x(t) = :I:W,
with the sign positive if the tangent turns counterclockwise, and negative if the tangent
turns clockwise. The smoothness of a piecewise analytic curve ~y : [0,1] — [E? ensures

that its absolute curvature is bounded at its nonsingular points. If 7 is piecewise C? and
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Figure 1: (a) A piecewise convex (u, v)-path II. (b) Shortcutting a non-convex (u, v)-path
I1;.

continuous, with ¢y < t; < --- < ¢, as the preimages of the singular points, then its total

curvature is . , .
1
Rtotal (’Y) - Z/ K?(t)dt + Z 91
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where 0; is the exterior angle at y(¢;), and 8,, = 0 when ~y(to) # y(t,,). This brings us to
the celebrated Gauss-Bonnet Theorem which relates the total curvature of a closed curve
with the Euler characteristic of its enclosed region. In our setting, the Euler characteristic
equals 1 — &, where k is the number of obstacles in the region R.

Theorem 1.3. [Gauss-Bonnet Theorem, cf. [12]] Given a compact region R C E? with
boundary OR, we have

K/total(aR) = 27TX(R)7
where x(R) is the Euler characteristic of R.

We use the Gauss-Bonnet Theorem to understand the effect of obstacles on shortest
paths. In particular, we will consider pairs of paths II;, II; with shared endpoints u, v.
These paths will be piecewise analytic (so that they have a finite number of singular points).
Our goal is to prove that if the shortest (u, v)-path is not unique, then each shortest path
must touch an obstacle in the given region. We begin with a definition of convexity, which
we define for the broader family of piecewise C? smooth curves; an example is shown in
Figure 1(a).

Definition 1.4. Let IT : [0,1] — E2 be a piecewise C? smooth curve in E2. Then II is
convex when the following holds for any point 2 € IT\{u, v}:

(a) If IT is C? smooth at z, then the curvature at x is nonpositive;

(b) If IT is not C? smooth at z, then the tangent line at = turns clockwise by an angle
0<60<m.

The definition for a concave curve is similar, but the curvature must be nonnegative and
the tangent line must turn counterclockwise. Note that if the (u, v)-curve II is convex, then
the (v, u)-curve I' given by I'(¢) = II(1 — t) is concave.

Lemma 1.5. Let Iy and I1; be two piecewise analytic (u,v)-paths with II; N1y = {u, v}
and such that R[11y,11s] lies to the left of T1y. If the curve 11, is a shortest (u,v)-path in
RI[I1;, 115] and touches no obstacle inside R[I1y,11s), then I1; is convex in R[II;, 5]
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Note that the curve II; does not to need to be a straight line: see Figure 1(a) for an
example. Similar convex bounding curves will arise as the pursuers remove obstacles from
the evader’s reach.

Proof. We prove the lemma by contradiction. Suppose that there exists an = € II\{u, v}
where the convexity of I1; in R[II;, 1] is violated. Either (a) IT; is C? smooth at x, but
the curvature at x is positive, or (b) II; is not C? smooth at x, and the tangent line turns
counterclockwise by an angle 0 < 6 < 7 at x, creating a non-convex corner. Let dy denote
the minimum distance between I1; and any obstacle O € R[II;, IT,] with IT; N 90 = .

Suppose that the curvature at z is positive, see Figure 1(b). There must be a C? subpath
II, between y; and ys of II; around x with positive curvature. Using the lower bound dy on
the separation between II; and any obstacles inside R[IIy, II5] and I15, we may take yi, yo
to be close enough so that the line segment A connecting y; and y» lies inside R[IIy, II5)
and does not encounter any obstacles. Replacing IT, with A creates a path that is strictly
shorter than I1;, contradicting the minimality of I1;.

Next suppose there is a non-convex corner at z. By an analogous argument to the
previous case, we can create a short-cut A around z to make a shorter path than IT;, a
contradiction. O

Lemma 1.6. Let I11, 115 be two (u, v)-paths with 111 N1y = {u, v}. Suppose that 115 is a
convex and piecewise analytic (u,v)-path in R[11y,I1s), and let 115 be a convex and piece-
wise analytic (v, u)-path in R[1y,Ils). Then 11y and 115 are both straight lines connecting
U, V.

Proof. Let Q = Q[II,II,] be the simply connected, closed region between IT; and Iy
(so we ignore all obstacles in D). The concatenation of II; (u,v) and I3 (v, u) is a loop
0@ bounding the simply connected region Q. By the Gauss-Bonnet Theorem 1.3, the total
curvature along 0Q equals 27x(Q) = 2w. We decompose the total curvature of Q) as
the sum of total curvature of IT; and Il respectively, and the exterior angles at u and v.
Because of convexity, both II; and II; have total curvature no greater than 0. As for the
two angles at u, v, neither can exceed 7. Therefore the total curvature of the loop does not
exceed 2, and could only achieve 27 when Kiotal (I11) = Ktota1(II2) = 0. Therefore, 1y
and II, are both straight lines connecting v and v. 0

Lemma 1.7. Suppose 111,15 are two shortest (u,v)-paths in the region R = R[I1;,115],
with 111 N1y = {u,v}. Then each of 111,115 touches at least one obstacle in R.

Proof. Suppose that the conclusion is false. Without loss of generality, II; does not touch
any obstacles in R. By Lemma 1.5, the (u, v)-path II; is convex in R. Let @) be the simply
connected region obtained by removing the obstacles in R. We have [(I1;) = [(Il5), so
they are both shortest (u, v)-paths in the simply connected environment ). Therefore I1y
is also convex by Lemma 1.5, if parameterized as a path from v to u. By Lemma 1.6, II;
and Il are both straight lines connecting u, v, which contradicts II; N Iy = {u,v}. This
proves that when there is more than one shortest (u, v)-path, each of these paths must touch
an obstacle inside R. O

This concludes our topological and geometric preliminaries.
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Figure 2: Lion’s strategy in E2. On each move, the pursuer moves on the line segment
connecting the center c to the evader, and increases her distance from c.

2 Lion’s Strategy in a CAT(0) space

In this section, we describe a winning strategy for a single pursuer in a compact CAT(0)
domain, and prove Theorem 1.1. Our strategy generalizes lion’s strategy for pursuit in
[E2, introduced by Sgall [21]. This strategy was adapted for pursuit in polygonal regions
by Isler, Kannan and Khanna [14]. Their adaptation relies heavily on the vertices of the
polygon P and gives a capture time of n - diam(P)?, where n is the number of vertices
of P. We give a version of lion’s strategy that succeeds in any compact CAT(0) domain D
(including polygons) with capture time bounded by diam(D)?2.

Sgall’s version of lion’s strategy proceeds as follows. Fix a point c as the center of our
pursuit, see Figure 2. The pursuer starts at p = c and the evader starts at some point e.
On her first move, the pursuer moves directly towards e along the line ce. Considering a
general round, the pursuer will be on the line segment between ¢ and e prior to the evader
move. After the evader moves to ¢’ € B(e, 1), the pursuer looks at the circle centered at p
with radius e. If e is inside this circle, then the pursuer can capture the evader. Otherwise,
this circle intersects the line segment ce’ at two points. The pursuer moves to the point p’
that is closer to e.

Lemma 2.1 (Sgall [21]). A pursuer using lion’s strategy in E? re-establishes her location
on the line segment between c and the evader. Furthermore, if the evader moves from e to
e’ and the pursuer moves from p to p' then d(c,p')? > d(c,p)? + 1.

Before generalizing lion’s strategy, we introduce of the basics of a CAT(0) geometry;
see [10] for a thorough treatment. A complete metric space (X, d) is a geodesic space
when there is a unique path II(x,y) whose length is the metric distance d(x,y). This
path II(x, y) is called a geodesic (or shortest path). A triangle Axyz between three points
x,y,z € X is the triple of geodesics II(z,y),I1(y, ), (2, z). To each Azyz € X, we
associate a comparison triangle A% C E? whose side lengths in E? are the same as the
lengths of the corresponding geodesics in X. The complete geodesic metric space (X, d)
is CAT(0) when no triangle in X has a geodesic chord that is longer than the corresponding
chord in the comparison triangle. In other words, pick any triangle Azyz and any points
u € I(x,y) and v € II(y, 2). Let & € Z§ and ¥ € §Z be the corresponding points, chosen
distancewise on the edges Zg and 3Z. If the space X is CAT(0) then dx (u,v) < dgz(a, D).
Colloquially, this is called the “no fat triangles” property, since it also implies that the sum
of the angles of the triangle is not greater than 7.

Our cAT(0) lion’s strategy generalizes the extended lion’s strategy for polygons of Isler
et al. [14]. The pursuer starts at a fixed center point ¢ and her goal is to stay on the shortest
path II(c, e) at all times. In particular, assume that p; is on the shortest path II(c, e;) and
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that the evader moves from e; to e;11. If d(ps,er+1) < 1 then the purser responds by
capturing the evader. Otherwise, the pursuer draws the unit circle C' centered at p; and
moves to the point in C' N TI(c, e;41) that is closest to e;41.

Lemma 2.2 (Lion’s Strategy). A pursuer using lion’s strategy in a CAT(0) space (X, d) re-
establishes her location on the line segment between c and the evader. Furthermore, if the
evader moves from e to ' and the pursuer moves from p to p' then d(c,p')? > d(c,p)?® + 1.

Proof. Suppose that p € II(c, e) and then the evader moves to e’. Consider the CAT(0)
triangle Acee’ and its comparison triangle Aééé’ in E2. Look at the corresponding E2
pursuit-evasion game with the pursuer at p € ce. By Lemma 2.1, the pursuer can move to
apoint ' € &' such that dg= (¢, p')? > dg2(¢, p)* + 1. Since there are no fat triangles in
X, we have dx (p,p’) < dg2(p,p’) where p’ € TI(c,¢€’) is the point corresponding to p'.
Therefore, in our original game, the pursuer can move to the point p’ € (¢, ¢’), which
satisfies dx (c,p’)? > dx(c,p)® + 1. O

Finally, we prove Theorem 1.1: lion’s strategy succeeds in a CAT(0) domain.

Proof of Theorem 1.1. Consider a pursuit-evasion game in the compact CAT(0) domain D.
Pick any ¢ € 0D as our center point. Using lion’s strategy, the pursuer increases her
distance from ¢ with every step by Lemma 2.2, so she captures the evader after at most
diam(D)? rounds. O

3 Minimal Paths and Guarding

The key to our pursuit strategy is the ability of one pursuer to guard a shortest path, meaning
that the evader cannot cross this path without being caught by a pursuer. When this shortest
path splits the domain into two subdomains, the evader will be trapped in a smaller region.
We refer to this region as the evader territory. In fact, we will be able to also guard a
“second shortest path” when the shortest path is already guarded. The definitions and
lemmas in this section are adaptations of the minimal path formulations introduced in [8]
and further developed in [6]. Recall that we use d(z,y) to denote the length of a shortest
(z,y)-path in D. In addition, we will use X and X to denote the interior and the closure of
a set X, respectively.

Definition 3.1. Let X C D be a path-connected region. The simple path II C X is
minimal in X when for any y1,y2 € Il and any z € X, we have dr(y1,v2) < dx(y1,2) +
dx (z,92).

Definition 3.2. Let Z C X and let IT be a minimal (u, v)-path in Z where u,v € 0Z.
Then the path projection with anchor w is the function 7 : Z — II defined as follows. If
dz(u,z) < dz(u,v) = dn(u,v), then 7(z) is the unique point x € II with dpy(u,z) =
dz(u, z). For the remaining z € Z\II, we set 7(2) = v.

We make a few observations. If X = D, then a shortest (z, y)-path is always a minimal
path in D. In this case, we can define the path projection 7w : D — II. When X C D, we
might have dx (x1,22) > d(x1,22). In this case, a shortest path in X will be minimal in
X, but it will not be minimal in D. Next, we show that a path projection is non-expansive,
meaning that distances cannot increase.
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Lemma 3.3. Let 7 : Z — 1l be a path projection onto a minimal path in Z. Then
dn(m(z1),7(22)) < dgz(z1,22) forall z1,25 € Z.

Proof. The proof is a straight-forward argument using the triangle inequality. We consider
the case 21, zo € Z with d(u, z1) < d(u, 22) < d(u,v). We have

dz(z2,21) 2 dz(z2,u) — dz(z1,u) = dn(7m(22),u) — dn(7(z1),u)
= dn(m(z2),7(21))-

The other non-trivial cases are argued similarly. O

A single pursuer can turn a minimal path II into an impassable boundary: once the pur-
suer has attained the position p = 7(e), the evader cannot cross II without being captured
in response. The proof of the following lemma is similar to the analogous result in [6], but
we include this brief argument for completeness.

Lemma 3.4 (Guarding Lemma). Let w : X — II be a path projection onto the minimal
(u,v)-path 11 C X. Consider a pursuit-evasion game between pursuer p and evader e in
the environment X.

(a) After O(diam(X)) turns, the pursuer can attain p* = w(et™1).
(b) Thereafter; the pursuer can re-establish p*™* = 7t(e®) for all s > t.

(c) If the evader moves so that a shortest path from e*~1 to e* intersects 11, then the
pursuer can capture the evader at time s + 1.

Proof. To achieve (a), the pursuer moves as follows. First, p travels to u, reaching this
point in O(diam(X)) turns. Next, p traverses along II until first achieving d(u,p’) <
d(u,7(e™1)) < d(u,p’) + 1. If p* = 7w(e’~!) then we are done. Otherwise, when the
evader moves, we either have d(u, p’) — 1 < d(u, 7(e)) < d(u,p’) + 1 ord(u,p’) + 1 <
d(u,m(e")) < d(u,p’) + 2 by Lemma 3.3. In the former case, p can move to 7(e’) in
response, achieving her goal. In the latter case, p will increase her distance from u by one
unit, re-establishing d(u, p"*1) < d(u,m(e*)) < d(u,p'™") + 1. This latter evader move
can only be made O(diam (X)) times, after which the pursuer acheives p = 7 (e).

Next, suppose that p* = 7(e*~!) and that e~ € X\II. The pursuer can stay on the
evader projection by induction since

du(p*, w(e*)) = du(m(e’™"), w(e”)) < d(e’™e") <1,

so (b) holds. As for (c), suppose that a shortest path from e*~! to e* includes the point
y € II. Then

d(p®,e®) < dn(m(e”™1),y) +d(y,e®) < d(e* ™ y) +d(y,e”) = d(e* ' e”) = 1.
Therefore the pursuer can capture the evader on her next move. O

The Guarding Lemma is the cornerstone of our pursuer strategy. When the pursuer
moves as specified in the lemma, we say that she guards the path II. In Section 4, our
pursuers will repeatedly guard paths chosen to reduce the number of obstacles in the evader
territory. Once the evader is trapped in a region that is obstacle-free, we have reached the
endgame of the pursuit.
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Lemma 3.5. Suppose that the evader is located in a simply connected region R whose
boundary consists of subcurves of the original boundary 0D and two guarded paths 114
and 1ls. If the evader remains in R, then the third pursuer can capture him in finite time.
If the evader tries to leave the region through 111 or 1ls, then he will be captured by the
guarding pursuer.

Proof. By Lemma 3.4, if the evader tries to leave this region, he will be caught by either p;
or ps. If the evader remains in this component, then Theorem 1.1 guarantees that pursuer
ps captures the evader in a finite number of moves. O

The remainder of this section is devoted to identifying guardable paths that touch ob-
stacles. Guarding such a path will neutralize the threat posed by the obstacle. First, we
consider the case when p; guards the unique shortest (u, v)-path II; that touches an ob-
stacle O in the evader region. The objective of po is to guard another (u,v)-path II5 of
a different homotopy type. This path can be guarded even when II, is longer than II;,
provided that any path shorter than II, also intersects II;.

Lemma 3.6. Suppose that the evader territory R = R[I11, A] is bounded by the unique
(u,v)-shortest path 11y and another boundary curve A. Furthermore, suppose that 11y
touches an obstacle O and that 11, is guarded by py. Then we can find a (u,v)-path
IIo C R with the following properties: (a) O C R[Il;,Ils], so that the homotopy type of
115 is different than that of 111; and (b) 115 is guardable by ps, provided that 111 remains
guarded by p1.

A naive attempt to find such a path is to pick some 2 € II; N O and find a shortest
path that does not include the point z. However, R\{x} is not a closed set, which would
complicate our argument. Furthermore, it could be that the next shortest path includes x
without using this point as a shortcut around the obstacle O, as shown in Figure 3(b).! We
handle both problems by removing a small and well-chosen open region A near x, rather
than removing the point x. The delicate choice of A relies on two consequences of our
piecewise analytic boundary: the finite upper bound k,.x > 0 on the curvature and the
minimum distance d,,;, > 0 between boundary components.

Proof. First, suppose that IT; N 0O includes a continuous subcurve C' C II;. Pick 2 € C
and € > 0 so that B(z,¢) N R C O. Let R = R\B(z,¢), which effectively absorbs
the obstacle into the boundary, see Figure 3 (a). The region R’ is closed, so there is a
well-defined shortest (u, v)-path IIy C R’. The path II, is guardable in R/, and therefore
it is guardable by p2 in R, provided that p; guards II;. Indeed, any shorter path in R
must go through the point , so Lemma 3.4 guarantees that an evader using such a path
will be caught by p;. Finally, we note that I1;, II, have distinct homotopy types because
O C R[I14,115].

Next, we consider the case where IT; N O contains no continuous curves: we just focus
on the first point 2 € II; N O encountered as we move from u to v. Locally around
x, the path II; and the boundary O separate R into two external regions (outside of II
and inside 0O) and two internal regions, see Figure 3 (b). The shortest path II; does not
self-intersect, so locally near x, this path consists of two curves meeting at x, creating an

'We note that this unusual circumstance is overlooked in [8], where it can occur during their minimal path
strategy. This case can be easily handled in a manner analogous to our approach, but based on the visibility graph
of their environment.
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Figure 3: Finding the second shortest path. (a) When II; N 0O contains a curve, we can
remove a small open ball. (b) The shortest path IT; touches obstacle O at x. The second
shortest path II> goes around O, but includes the point x. (c) Finding II5 requires removing
a small, open, triangular set A between II; and O, and then finding the shortest (u, v)-path
in the closed set R\ A. (d) Any path that crosses the line segment yz can be short-cut.

interior angle smaller than 2. Therefore, at least one of the two interior angles made by
II; and the obstacle tangent line(s) at x is strictly less than 7. This local region is where
we will remove our triangular open set.

Without loss of generality, suppose that the subpath IT; (x, v) helps to bound this local
region. Take points y € II;(z,v) and z € OO (traveling counterclockwise from x) such
that 0 < dry, (z,y) = doo (2, 2) < dmin/2, and the angle Lyzz < w. Let A C B(z, dmin)
be the closed region with endpoints (x,y, z), where the third curve is the unique shortest
(y, z)-path T', see Figure 3 (c). The bound on the absolute curvature K.y allows us to
choose our y, z so that the region A is essentially triangular. Since dy,;, is the minimum
distance between obstacles, A is obstacle-free, so I is a straight line segment.

We remove the relatively open set A’ = A\T' from our domain. We then find the
shortest (u, v)-path II, in the closed set R = R\ A’. We claim that ps can guard 115 in R,
provided that p; guards II;. As in the previous case, the shorter paths that go through =
are not available to the evader. Therefore, we must show that any path in R that visits A’
is longer than IT5. Such a path A must enter and leave A’ through T, say at points a, b, see
Figure 3 (d). However, the subpath A(a, b) can be replaced with the unique shortest path
I'(a,b) without changing the homotopy type, a contradiction. Once again, II;, II, have
distinct homotopy types because O C R[I1y, IT5]. O

We refer to the paths II;, II» from Lemma 3.6 as a guardable pair. Provided that
the shortest (u, v)-path II; is guarded, the “second shortest (u,v)-path” Il can also be
guarded. The following corollary is a variation of the lemma.

Corollary 3.7. Let 11, I15 be (u, v)-paths that are guarded by p1, pa, respectively. Suppose
that for i = 1,2, the path 11; touches an obstacle O;, where O1 # Os. Then we can find
a path 113 with the following properties: (a) the homotopy type of 113 is different than the
homotopy types of 11y and Ils, and in particular, O; € R[I1;, 3] for i = 1,2; and (b) 113
is guardable by ps, provided that 111, Iy remain guarded by p1, po.

Proof. The proof is similar to the proof of Lemma 3.6. This time, we must remove an
open set A near z € II; N O7 and an open set B’ near iy € II; N Oy. We then find II3 in
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R\(A'UB'). O

This concludes our search for guardable paths that touch obstacles. The next section
lays out the three-pursuer strategy for capturing the evader in a two-dimensional domain.

4 Shortest Path Strategy

In this section, we prove Theorem 1.2: three pursuers can capture an evader in a two-
dimensional compact domain with piecewise analytic boundary. We adapt the the shortest
path strategy of Bhaudaria et al. [8] to our more general setting. In particular, our guard-
able path lemmas from Section 3 supplant their use of polygon vertices to find successive
paths. Their algorithm guarantees success by reducing the number of polygon vertices in
the evader territory. Instead, we keep track of the threat level of obstacles to argue that the
evader becomes trapped in a simply connected region.

Our pursuit proceeds in rounds. At the start of a round, at most two pursuers guard
paths. The third pursuer moves to guard another path with the goal of eliminating obstacles
from the evader territory. This third path will either be a shortest path, or it will create
a guardable pair with the currently guarded path(s). Once this third path is guarded, the
evader is trapped in a smaller region, which releases one of the other pursuers to continue
the process. This continues until the evader is trapped in a simply connected region, where
the free pursuer can capture the evader by Lemma 3.5.

We start by showing that the boundary of the evader territory is always piecewise an-
alytic, after recalling two definitions. First, the endpoints of a line segment touching the
boundary 0D are called switch points. Second, a point x is an accumulation point (or limit
point) of a set S when any open set containing = contains an infinite number of elements
in S. We make use of the following result about the interaction of a geodesic with the
boundary of the domain.

Theorem 4.1 (Albrecht and Berg [2]). If M is a 2-dimensional analytic manifold with
boundary embedded in B2, and v is a geodesic in M, then the switch points on ~y have no
accumulation points.

We restrict ourselves to analytic boundary, instead of smooth (C?, or even C*) bound-
ary, to avoid some potentially pathological behavior of geodesics. For example, Albrecht
and Berg [2] construct a geodesic in C* environment, that achieves a Cantor set of positive
measure as the accumulation of switch points. This unusual geometry hampers our ability
to confine the evader in a well-defined connected component. Theorem 4.1 ensures that our
new evader territory will be bounded by piecewise analytic curves.

Lemma 4.2. Let D be a compact domain with piecewise analytic boundary. If 11 is a
shortest path in D, then 11 is piecewise analytic. Furthermore, if D\II is disconnected,
then it contains finitely many connected components, and the boundary of each connected
component is piecewise analytic.

Proof. Let B C O(IT\OD) be the set of switch points. We claim that B is finite. Otherwise,
there must be an accumulation point of B since (I1) is finite, contradicting Theorem 4.1.

Now we can use the finite set B as endpoints to partition 1I so that each subcurve is either
in the boundary 9D, or in the interior D. Since any shortest path in the interior D must be
a line segment, the path II is piecewise analytic. For each connected component of D\II,
its boundary is a subset of IT U D, hence is piecewise analytic. O
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In order to prove Theorem 1.2, we will show that our pursuit succeeds in finite time. To
aid in this effort, we assign a threat level to each of the k obstacles in the original domain.
These threat levels will reliably decrease during pursuit. An obstacle is in one of three
states: dangerous, safe, or removed. A removed obstacle lies outside the evader territory.
A safe obstacle lies in the evader territory and touches a currently guarded path. This
obstacle is not a threat because the evader cannot circle around the object without being
captured. The remaining obstacles are dangerous. Finally, we say that the evader territory
is dangerous if it contains at least one dangerous obstacle.

At the start of pursuit, all obstacles are dangerous. So long as there are still dangerous
obstacles, a round consists of taking control of a guardable path. This effort succeeds in a
finite number of moves by Lemma 3.4. We will show that after at most two rounds, either
a dangerous obstacle transitions to safe/removed, or a safe obstacle transitions to removed.
This is our notion of progress: after at most 2k rounds, the evader territory is not dangerous.
From here forward, we focus on the transition of the threat levels of obstacles.

In general, our evader territory will be bounded by part of the domain boundary 9D
and by at most two guarded paths II;, II». At the end of a round, the evader territory will
be updated, bounded in part by updated paths IT}, IT}. If these guarded paths intersect or
share subpaths, then the evader is actually trapped in a smaller region by Lemma 3.4. When
this is the case, we advance the endpoint(s) of our paths so that these are the only point(s)
shared by our paths. This obviates the need to discuss degenerate cases.

The first round is an initialization round, so all obstacles might still be dangerous when
this round completes. However, we will be able to neutralize at least one obstacle in the
subsequent round. To kick off the first round, we pick points u,v € 9D, chosen so that
they divide the outer boundary into two curves Ay, A, of equal length, see Figure 4(a). Let
I1; be a shortest (u, v)-path; if there are multiple shortest paths (in which case each touches
an obstacle), then we pick one arbitrarily. Using Lemma 3.4, p; moves to guard II;. The
round ends when p; has attained guarding position, trapping the evader in a subdomain
that is bounded by I1; and one of A, A,. The evader could be trapped in a smaller pocket
region between IT; and a subcurve Az of an obstacle O C D, see Figure 4(b). In the latter
case, the obstacle O is marked as removed and we treat A3 as the new outer boundary.
After updating the evader territory R, any obstacle O ¢ R is marked as removed. Any
obstacle O C R that touches IT; or Il is marked as safe.

For the remainder of the game, the evader territory is one of the following types.

e Type O region: A region containing no dangerous obstacles.

e Type 1 region: A dangerous three-sided region bounded by a (u, v)-shortest path
I1;, a (u, w)-shortest path IT; and a (v, w)-path A C 9D. No obstacle touches both
14, 1.

e Type 1’ region: A dangerous two-sided region bounded by a (u, v)-shortest path ITy
and a (u,v)-path A C 9D. We treat this as a special case of the previous type, where
II, consists of the single point w = u. This point is on Iy, so it is guarded by p; .

e Type 2 region: A dangerous two-sided region bounded by (u, v)-paths ITy, IT5, each
of which touches an obstacle in the evader territory. The path II; is a shortest (u, v)-
path in this region. The path II; might also be a shortest (u, v)-path, or it could be
a “second shortest path,” meaning that it is a shortest (u,v)-path among the set of
(u, v)-paths that are not homotopic to IT;. No obstacle touches both Ty, II5.
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Figure 4: The shortest (u, v)-path II; guarded in round one. (a) The path II; partitions the
outer boundary to subcurves A1, Ay of equal length. (b) The evader may be trapped in a
pocket between the path IT; and the boundary subcurve Az of obstacle O.

e Type 3 region: a dangerous 4-sided region bounded by a (u, v)-shortest path II;, a
(w, x)-shortest path Ils, a (v, w)-path A; from the boundary and a (u, z:)-path Ay
from the boundary. These vertices are arranged so that they are ordered clockwise as
u, v, w, x. No obstacle touches both 11, I1,.

For example, after the initialization round, the evader territory is a type 1’ region, bounded
by a guarded path and part of the boundary 0D. Finally, we emphasize that Lemma 4.2
ensures that the boundary of the evader region is always piecewise analytic, since it consists
of sub-curves of the piecewise analytic boundary along with one or more shortest paths.

We now describe the different types of rounds. In regions of type 1, 1’ and 2, we will
always transition at least one obstacle. At the end of such a round, the evader could now be
trapped in a region of any type. Type 3 rounds are slightly different. Our primary goal is
to trap the evader in a type 1 region, where we will surely make progress in the subsequent
round. However, it is possible to transition an object via a type 3 move (just as in the
initialization round). In this case, we make immediate progress, and the evader could then
be trapped in a region of any type.

First we consider type 1 regions. This also handles type 1’ regions as a special case.
We use the following lemma to identify a point z € A and a shortest (u, z)-path to guard
during this round.

Lemma 4.3. Let shortest paths T1y(u, v), I (u, w) and boundary path A(v,w) bound a
type 1 environment R. If R contains obstacles, then there exists a point x € A such that
there are multiple shortest (u, x)-paths in R, each of which touches at least one obstacle.

Proof. Parameterize the boundary path as A : [0, 1] — R. We prove the lemma by contra-
diction.

Suppose that for every ¢ € [0, 1], the shortest (u, A(t))-path II; is unique. Denote its
length by I(I1;) = d(u, A(t)). Define the function n(¢) to be the number of obstacles in the
region R; bounded by Iy, IT; and A. The function n(t) is well-defined by the uniqueness
of each II;. Furthermore, n(0) = 0, and n(1) > 0, so there must be a jump discontinuity
somewhere in [0, 1]. Let s = inf{¢ € [0,1] : n(t) > 0}.

Case 1: n(s) > 0 where 0 < s < 1. (Recall that n(0) = 0, s0 s > 0.) Let T be
a shortest (u, A(s))-path that is of the same homotopy class as II. The choice of s and
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Figure 5: Representative examples of a type 1 move, where we transition to (a) a type 1
region, (b) a type 1 or type 1’ region, (c) a type 1 or a type 3 region, (d) a type 1 or type 2
region, (e) a type 1 or type 3 region.

the uniqueness of II; guarantee that [(I') > [(II;). Also no obstacles are contained in
the region bounded by IIy,I" and A(0, s). By the definition of T, for all ¢t € [0, s), we
have ¢(T") < ¢(T;) + £(A(t, s)). By the continuity of [(IT;) = d(u, A(t)) with respect to
t €10,s), we have [(T') < I(I1;) 4+ I(A(t, s)), so

Ir) < tlim— (Z(Ht) + I(A(t, s))) = I(ITs) + 0 = I(ILy).

This contradicts I(I") > I(IL,), so Il is not the unique shortest (u, A(s))-path.

Case 2: n(s) = 0, where 0 < s < 1. Let {s;} be an infinite sequence s; — s, such
that n(s;) > 0 for all i. There are finite number of obstacles, so by taking a subsequence
if necessary, we can assume that the shortest paths {II;, } are of the same homotopy class.
Let I" be the shortest (u, A(s))-path of this homotopy class. We have I(T") < [(II,,) +
I(A(s, s;)) for all 4, and therefore

(T) < lim (I(TL,) + U(A(s, 50))) = 1(TL),
1—00
where the limit holds by the continuity of distances in the region. However, this contradicts
the uniqueness of I which would require [(IT5) < I(T).
Thus we can conclude that are multiple shortest (u, x)-paths. By Lemma 1.7, each of
these paths touches at least one obstacle. O

Having found the next path to guard, we now prove that we transition an object during
atype 1 move.

Lemma 4.4. Suppose that the evader is trapped in a type 1 (or type 1') region. Then the
third pursuer can guard a path that transitions an obstacle state.

Proof. By Lemma 4.3, there is some point x € A with multiple shortest (u, z:)-paths, each
of which touches an obstacle. Let II5 be one of these shortest (u, z)-paths. If = v then
we take a path I3 # IT;. Similarly if # = w we choose I3 # IIs. When = ¢ {v, w}, we
can choose II3 arbitrarily from the collection of (u, :)-shortest paths. Pursuer p3 moves to
guard IT5, which traps the evader in either R[IIy,II3] or R[II3,II5]. Any obstacles in the
other region are marked as removed.

Without loss of generality, let O C R[II;, IT3] be an obstacle touched by T3, see Figure
5(a). Suppose that prior to p3 guarding IT3, the object O was dangerous. If e € R[II3, II5]
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then O transitions to removed. If e € R[II;, IT3] then O transitions to safe. However, we
may be in a more advantageous position, shown in Figure 5(b): the evader could be trapped
in a pocket between obstacle O and path II3. In this case, the new evader territory is type
1’ and the obstacle O is marked as removed, since it is now part of the outer boundary of
the evader territory.

Next, suppose that O was already safe, touched by II;. If e € R[Ilo, II3] after p3 guards
II3, then O transitions from safe to removed. If the evader is trapped in a pocket region
between O and IT3, we proceed as in the previous case. Otherwise, we have e € R[II;, II3]
and the obstacle O separates R[I1;, IT3] into disjoint regions, as shown in Figure 5(c). The
evader is trapped in one of these two subregions because both II;, II5 are guarded. Let
A’ be the subcurve of JO that bounds the effective evader territory. We update the evader
territory appropriately, bounded by A’ and subpaths of II;, IT3, and perhaps part of A. The
result is a region of type 1 or 3. The obstacle O is marked as removed: it is now part of the
boundary. This reduces the number of safe obstacles.

When II3 touches multiple obstacles, each of them transitions to a lower threat level.
Figures 5(d) and (e) show that we can also end up in a type 2 or 3 region, depending on the
configuration of these obstacles and the location of the evader at the end of the round. [

Next, we consider a type 2 region. Such a region is bounded by (u,v)-paths II, ITy
that form a guardable pair, where I1;, IT5 touch safe obstacles O1, O, respectively. Without
loss of generality, IT; is a shortest (u, v)-path in the region, and IT; is either another shortest
path, or a “second shortest path” as found in Lemma 3.6. (A type 1 move can lead to the
first case. A type 2 move can lead to the second case, as we are about to see.)

Lemma 4.5. Suppose that the evader is trapped in a type 2 region. Then the third pursuer
can guard a path that transitions an obstacle state.

Proof. Use Corollary 3.7 to find a guardable (u, v)-path I3 in R[IIy, IT5] whose homotopy
type is distinct from that of both II;,II5. Pursuer p3 establishes a guarding position on
II3. The evader is now trapped in either R[II;, II5] or R[II3,II3], so one of O1, Oy tran-
sitions from safe to removed. Furthermore, II3 must touch at least one obstacle in each
of R[II;,1I3] or R[II3,II5]. Otherwise, II3 would be shorter than one of II;, ITo, which
contradicts the minimality of that path in R[IIy,II5]. Depending on the configuration of
the obstacles, we may be able to restrict the evader territory further. After doing so, the
evader territory may be of any possible type, as shown in Figure 6 (a). 0

This brings our discussion to a type 3 region, with p; guarding a shortest (u,v)-path
IT; and po guarding a shortest (w, x)-path II5. Our primary goal is to trap the evader in a
type 1 region, but we might end up transitioning an obstacle instead. In the latter case, the
new evader territory can be of any type, as explained below.

Lemma 4.6. Suppose that the evader is trapped in a type 3 region. Then the third pursuer
can guard a path so that either (a) the evader is trapped in a type 1 region, or (b) an
obstacle transitions to a lower threat level.

Proof. LetII3 be a (u, w)-minimal path. Pursuer p3 moves to guard this path using Lemma
3.4. This traps the evader in a smaller region: without loss of generality, this region is
bounded by ITy, Ay, II3. If IT3 does not touch any obstacles in this region, then the evader
is now in a type 1 region. If II3 touches an obstacle O, then this obstacle transitions to
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Figure 6: Examples of moves where the new guarded path II3 divides the region into five
subregions, each identified by its type. (a) A type 2 move. (b) A type 3 move.

either safe or removed. The evader could be trapped in a region of any type, as shown in
Figure 6 (b). O

We can now prove our main theorem: three pursuers can capture the evader in a two-
dimensional compact domain with piecewise analytic boundary.

Proof of Theorem 1.2. The first round traps the evader in a type 1’ region, or transitions an
obstacle state. If we are in a region of type 1, 1’ or 2 then we transition an obstacle state in
the current round by Lemma 4.4 and Lemma 4.5. When we are in a type 3 region, Lemma
4.6 ensures that we either trap the evader in a type 1 region, or we transition an obstacle.
With each path that we guard, the boundary of the updated evader territory is still piecewise
analytic by Lemma 4.2. At the end of the round, we update the evader territory and our
value for minimum obstacle separation since our new guarded path might be closer to an
obstacle than the current value dp,;,. (Note that the maximum boundary curvature Kpax
never increases since all additions to the boundary are line segments.)

After at most 2k rounds, we have transitioned all k obstacles to either safe or removed.
Once all obstacles have been transitioned, the evader is trapped in a simply connected type
0 region. Lemma 3.5 shows that the evader will then be caught. Each round completes in
finite time, so the three pursuers win the game. The capture time upper bound of O(2k -
diam(D) + diam(D)?) follows easily. The time required to guard any shortest path is
diam(D) by Lemma 3.4 and lion’s strategy completes in time diam(D)? by Theorem 1.1.

O

5 Conclusion

In this paper, we described a winning pursuer strategy for a single pursuer in a CAT(0) space
for turn-based pursuit with capture criterion d(p, ) = 0. We then restricted our attention to
compact domains in IE? with piecewise analytic boundary. We showed that three pursuers
are sufficient to catch an evader in such environments. By adding a fourth pursuer for use
in the final endgame, our strategy could be quickly adapted to a winning strategy in the
continuous time version. However, a clever use of the two guarding pursuers during the
endgame shows that three pursuers are actually sufficient: see [22] for details.

There are plenty of avenues for reseach in geometric pursuit-evasion. Pursuit-evasion
results on polyhedral surfaces are an active area of current research [15, 18, 19]. For ex-
ample, Klein and Suri [15] have proven that 4g 4 4 pursuers have a winning strategy on a
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polyhedral surface of genus g. Meanwhile, Schréder [20] has proven that at most|3g/2 | 42
pursuers are needed for a graph of genus g (meaning that such a graph can be drawn on a
surface of genus g without edge crossings). It would be natural to consider this question
for topological surfaces, or to start by trying to improve the bound for polyhedral surfaces.
Likewise, there are a wealth of motion and sensory constraints to consider. Most of these
variations of pursuit-evasion have a natural analog in a more general geometric setting.
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Abstract

We describe the adjacency matrix and the distance matrix of the wreath product of two
complete graphs, and we give an explicit computation of their spectra. As an application,
we deduce the spectrum of the transition matrix of the Lamplighter random walk over a
complete base graph, with a complete color graph. Finally, an explicit computation of the
Wiener index is given.
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1 Introduction

The construction of new graphs starting from smaller factor graphs is a very natural and
fruitful technique, largely developed in literature for its theoretical interest in several bran-
ches of Mathematics — Algebra, Combinatorics, Probability, Harmonic Analysis — but
also for its practical applications. Among the standard products we find, for instance,
the Cartesian product, the direct product, the strong product, the lexicographic product
[22, 23, 30, 31]. More recently, the zig-zag product was introduced [29], in order to pro-
duce expanders of constant degree and arbitrary size; in [10, 14], some combinatorial and
topological properties of such products, as well as connections with random walks, have
been investigated.

It is worth mentioning that many of these constructions play an important role in Ge-
ometric Group Theory, since it turns out that, when applied to Cayley graphs of two finite
groups, they provide the Cayley graph of an appropriate product of these groups (see [1],
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where this correspondence is shown for zig-zag products, or [15], for the case of wreath
and generalized wreath products).

Spectral properties of graph products have been object of an intensive study in the
last decades, both for their algebraic and combinatorial interest, and for applications to
Probability, Computer Science, and Mathematical Chemistry. The spectrum of a graph is
defined as the spectrum of its adjacency matrix; similarly, the distance spectrum of a graph
is defined to be the spectrum of its distance matrix (see Section 2). The reader can refer,
for instance, to the monograph [5] for an exhaustive treatment of spectra of graphs. We
also want to mention the papers [24, 25, 34], where the distance spectrum of some graph
compositions has been studied.

A related topic of research is the Wiener index, which is defined as the sum of the dis-
tances between all the unordered pairs of vertices of the graph. This index was introduced
by Wiener [36] and, due to the wide range of applications, it is nowadays largely stud-
ied. In particular, it is one of the most frequently used topological indices in mathematical
chemistry, as molecules can be represented by means of undirected graphs. For this rea-
son, it has a strong correlation with many physical and chemical properties of molecular
compounds, whose properties do not only depend on their chemical formula, but also on
their molecular structure [13]. There exists a wide range of fields such as communication,
facility location, cryptology, architecture where the Wiener index of a graph is of great
interest. A large number of papers is devoted to the study of the Wiener index of graphs,
sequences of graphs, products of graphs. In [12] the Wiener index of trees is investigated.
In [16] the Wiener index and the related Hosoya polynomial are studied for a family of
circulant graphs. See also the paper [9], where the Wiener index is studied on an increasing
sequence of finite graphs, introduced in [6], and whose limit graphs have been studied in
[7], which approximates the Sierpinski carpet fractal. In [17, 18] the study of Wiener index
is developed for some graph compositions.

In the present paper, we focus our attention on a different kind of graph product known
in literature, namely the wreath product of two graphs (see Definition 2.1). This con-
struction is nowadays largely studied, and different generalizations have been introduced
[15, 19]. Notice that this construction is interesting not only from an algebraic and combi-
natorial point of view, but also for its connection with Geometric group theory and Prob-
ability, via the notions of Lamplighter group and Lamplighter random walk (see, for in-
stance, [3, 21, 32, 33, 37]). Notice that in a previous paper joint with D. D’ Angeli [8],
we introduced a matrix operation, called wreath product of matrices (recalled in Defini-
tion 2.2), which is a matrix analogue of the wreath product of graphs, since it provides
the adjacency matrix of the wreath product of two graphs, when applied to the adjacency
matrices of the factors (Theorem 2.3 below).

Let us denote by K, the complete graph on n vertices. In this paper, the wreath product
K, U K,, is studied. In Proposition 3.1, we describe in detail distances in K, { K,,, and
we deduce its diameter in Corollary 3.2. Moreover, in Proposition 3.4 we show that the
graph K, ! K, is not distance-regular. After describing in detail the adjacency matrix of
the wreath product K, ! K,, of two complete graphs, we are able to explicitly compute
its spectrum by using a reduction argument, allowing to reduce our computations to the
study of the spectrum of smaller matrices, whose size is the cardinality of the vertex set
of the first graph (Theorem 3.7); we then deduce the spectrum of the transition matrix of
the Lamplighter random walk with base graph K, and color graph K, (Corollary 3.9). In
Proposition 3.10, we provide the distance matrix of K, K, and its spectrum is determined
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in Theorem 3.11 by means of a second reduction argument. Finally, in Theorem 3.13, the
Wiener index of the graph K, ! K,,, is computed.

Notice that the spectrum considered in the present paper concerns the “walk or switch”
Lamplighter random walk. The analogous question for the so called “switch-walk-switch”
Lamplighter random walk has been solved in [26, 27]. A common framework for such
computations has been established in [20].

2 Preliminaries

Let G = (V, E) be a finite undirected graph, where V' denotes the vertex set, and E is the
edge set consisting of unordered pairs of type {u,v}, with u,v € V. If {u,v} € E, we
say that the vertices u and v are adjacent in G, and we use the notation v ~ v. A path in

G is a sequence uq, u1, . . ., ug of vertices such that u; ~ u;y1, foreach: =0,...,¢ — 1.
We say that such a path has length ¢. The graph is connected if, for every u,v € V, there
exists a path ug,uy,...,u in G such that ug = u and wy, = v. For a connected graph

G, we will denote by d(u,v) the geodesic distance between the vertices u and v, that is,
the length of a minimal path in G joining u and v. The diameter of G is then defined as
diam(G) = maxy yev{d(u,v)}.

Recall now that the adjacency matrix of an undirected graph G = (V, E) is the square
matrix A = (@ v )u,vev. indexed by the vertices of G, whose entry a,, ,, equals the number
of edges connecting u and v. As the graph G is undirected, A is a symmetric matrix and
so all its eigenvalues are real. The spectrum of G is then defined as the spectrum of its
adjacency matrix. The degree of a vertex u € V is defined as deg(u) = ) .y Gup. In
particular, we say that G is regular of degree d, or d-regular, if deg(u) = d, foreachu € V.
In this case, the normalized adjacency matrix A’ of G is obtained as A’ = éA.

We recall now the definition of wreath product of graphs.

Definition 2.1. Let G; = (V4, Ey) and Go = (V2, Es) be two finite graphs. The wreath
product Gy 1 Gy is the graph with vertex set VQV1 xVi={(f,v)| f: V1 = Vo, v eV},
where two vertices (f,v) and (f’,v’) are connected by an edge if:

/

(1) (edges of type I either v = v' =: T and f(w) = f'(w) for every w # T, and
f@) ~ f'(v) in Gy;
(2) (edges of type II) or f(w) = f'(w), for every w € Vi, and v ~ v’ in Gj.

It follows from the definition that, if G; is a regular graph on n; vertices with degree d;
and G, is regular graph on no vertices with degree ds, then the graph G1 1 Go is a (d; + d2)-
regular graph on nynj* vertices.

It is a classical fact (see, for instance, [37]) that the simple random walk on the graph
G11G5 is the so called Lamplighter random walk, according to the following interpretation:
suppose that at each vertex of Gy (the base graph) there is a lamp, whose possible states
(or colors) are represented by the vertices of Gy (the color graph), so that the vertex (f,v)
of Gy 1 G, represents the configuration of the |V;| lamps at each vertex of Gy (for each
vertex u € Vi, the lamp at w is in the state f(u) € V), together with the position v of
a lamplighter walking on the graph G;. At each step, the lamplighter may either go to a
neighbor of the current vertex v and leave all lamps unchanged (this situation corresponds
to edges of type Il in G1 ¢ Go), or he may stay at the vertex v € Gy, but he changes the state
of the lamp which is in v to a neighbor state in G5 (this situation corresponds to edges of
type I in Gy ¢ G2). For this reason, the wreath product G; ! Gs is also called the Lamplighter
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graph, or Lamplighter product, with base graph G; and color graph Gs. Also notice that the
model described above is often called “walk or switch” Lamplighter random walk.

It is worth mentioning that the wreath product of graphs represents a graph analogue
of the classical wreath product of groups [28], as it turns out that the wreath product of
the Cayley graphs of two finite groups is the Cayley graph of the wreath product of the
groups, with a suitable choice of the generating sets. In the paper [15], this correspondence
is proven in the more general context of generalized wreath products of graphs, inspired
by the construction introduced in [2] for permutation groups. Also notice that in [19] a
different notion of generalized wreath product of graphs is presented.

In the paper [8], the following matrix construction involving wreath products is intro-
duced. Let M., «,(C) denote the set of matrices with m rows and n columns over the com-
plex field, and let I,, be the identity matrix of size n. We recall that the Kronecker product of
two matrices A = (asj)i=1,...mij=1,.... € Mmxn(C)and B = (bpi)n=1,...pik=1,..,q €
M q(C) is defined to be the mp x ng matrix

anB alnB
A®B = :

amlB o amnB

We denote by A®" the iterated Kronecker product A ® - - - ® A, and we put A®" =1,
—_——
n times

Definition 2.2 ([8]). Let A € M,,»,,(C) and B € M,;,xm(C). Foreachi =1,...,n, let
C; = (ehk)nk=1,...n € Mpxn(C) be the matrix defined by

(1 ifth=k=i
€hk = 0 otherwise.

The wreath product of A and B is the square matrix of size nm™ defined as
AB=1I%" ®A+ZI§_1 ®BRIY " ®C;
i=1
In [8] the following theorem, which shows the correspondence between wreath products
of matrices and wreath products of graphs, is proven.

Theorem 2.3. Ler A} be the normalized adjacency matrix of a di-regular graph G, =
(Vi, E1) and let A} be the normalized adjacency matrix of a da-regular graph Go =

(Va, E5). Then the wreath product ( dli”l o A’l) 2 ( dl‘ff o A’z) is the normalized adjacency

matrix of the graph wreath product G1 ! Go.

For a finite connected graph G = (V, E), the distance matrix D = (dy )u,vev Of G
is, by definition, the square matrix indexed by the vertices of G, such that d,, ,, = d(u,v).
The matrix D is symmetric by definition, so that its spectrum is real. The spectrum of D is
usually called the distance spectrum of the graph G.

We complete this preliminary section by recalling the definition of Wiener index of a
finite connected graph G = (V, E)). The Wiener index of G is defined as the sum of the
distances between all the unordered pairs of vertices, i.e.,

WG =5 3 d(uw),

u,veV
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where d(u, v) denotes the usual geodesic distance between w and v.

In Section 3, we will construct the adjacency matrix and the distance matrix of the
graph K, ! K,,, and we will compute their spectra. Finally, we will provide an explicit
computation of the Wiener index of K, ! K,,.

3 The wreath product K,, ! K,,,

From now on, we will focus our attention on the wreath product K, ! K,,, where K,, =
(Vn, Ey) is the complete graph on n vertices, that is, the graph on n vertices in which every
pair of distinct vertices is connected by a unique edge. Notice that K, is a regular graph
0 ifu=w

1 ifu v for each pair u, v of

of degree n — 1, with diameter 1, where d(u,v) = {

vertices.

Figure 1: The complete graph Kg.

In particular, the adjacency matrix of K, is given by Ad,, = J,, — I,,, where .J,, denotes
the uniform square matrix of size n, whose entries are all equal to 1. Moreover, it follows
from Theorem 2.3 that the adjacency matrix of the graph K, ! K, is the matrix

Ady 1 Adyy = IS © Ady + Y IS © Adp 0 IS ® (3.1)

i=1

with C; as in Definition 2.2. Notice also that, by definition, K,, ! K,,, is an (n + m —
2)-regular graph on nm'™ vertices. A vertex of K, ! K,, will be usually denoted by
(Y15 -+, Yn)xi, where y; € V,,, foreach j = 1,...,n, and z; € V,,. In the lamplighter
interpretation, we can think that the lamp placed at the j-th vertex x; of K,, has color y;,
with y; € V,,,, and the lamplighter is in position ;.

Moreover, it follows from the definition of wreath product of graphs that two vertices
u= (Y1,...,Yn)x; and v = (yi, ..., y, )xx have distance 1 if either there exists a unique
index j € {1,...,n} such that y; # y’ and z; = x; or y; = y; for each j, and x; # w}
(observe that z; ~ x, in K, if and only if x; # xy, as the graph K, is complete).

We are going to develop an explicit analysis of the variability of the distances between
two vertices in the graph K, 1 K, Letu = (y1, ..., yn)z; and v = (y), ..., y,, )zx be two
vertices of K, ! Kp,. Put J = {1,2,...,n} and define the partition J = J , LI J;, ,, by

I, ={ieJ y =y} Jro={j€J:y #y}. 3.2)

Note that the cardinality |J&7U| can be interpreted as the Hamming distance between the
“lamp strings” (y1, ..., yn) and (y], ..., y, ). The following proposition holds.
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Proposition 3.1. Leru = (y1,...,yn)z; and v = (Y}, ..., y.,)xx be two vertices of K,
K., and let Jgﬁv and J&ﬂ) as in (3.2). Then

ﬂww={0 fimk ep g,

1 ifi#k
1 ifi=k=j.
d(u,v) =4 3 ifi#j.#k if Juw = {74}
2 ifi=jguFkiori#j.=k

More generally, for 2 < |J&’v\ <n:

2“]&,1;| + 1 lfk‘,Z € ‘]8,1)
d(u,v) = 2|1, ifieJl, keld) orield, kell,
Q\Ji’v|—1+§ik ifi,ke]&m
. (1 ifi=k
with 6 —{ 0 ifi k.

Proof. First of all observe that, if Jiv = (), we have y; = y; for each j € J, so that u and
v coincide if ¢ = k, whereas they are adjacent, by an edge of type Il in K, ¢ K,,,, if i # k.

Suppose now J; , = {j.}. In the first case, the vertices u = (Y1,...,Yj.,-- -, Un)Zj,
and v = (Y1, .-, Yj - Yn)Ts,, With y; # y;_, are adjacent in K, ! Ky, In the second
case, when i # j, # k, the path

(yla"wyj*w"?yn)xi'\’ (yla""yj*7"'7yn)xj* ~ (yla"'ay;’*a"'ayn)xj* ~
~ (yl,“'ay;'*a"'ayn)xk

is a path of minimal length joining u and v. In the third case, when i = j, # k, the path

(ylv"'aij*"ayn)mj* ~ (yla"'ay;‘*a"'vyn)xj* ~ (yla"wy;‘*w"ayn)xk

is a path of minimal length joining u and v; the case i # j, = k is similar.

Now let 2 < [J; ,| = h < n, with J; , = {j1,...,jn}. In other words, the n-tuples
(y1,-..,yn) and (¥, ...,y ) differ exactly in h places, indexed by the elements j1, . .., jp,
of J, . In the first case, the path

(yla"'7y,717"'ayn)xi ~ (yla"'7yj1,"'ayn)$j1 ~ (yla"'ayé'lw"?yn)le ~
~ W Yy Un) Ty~ (Yo Yy s Yo Un) Ty, ™
~ (yla“-ay;'la---7y;‘h,17-~-ay;‘h7--~7yn)mjh ~

/ / /
~ (ylv'"ayjla"'vyjhflv"'ayjha"-vyn)xk

is a minimal path joining » and v, and it has length 2h 4 1. In the second case, when
i€ J), k€ J&,v’ we can assume, without loss of generality, because K,, is complete,
that j;, = k, so that the last step is not necessary, and a path of minimal length connecting
u and v has length 2h; a similar argument works in the case i € J, .k € Jg . Finally,
ifi #kand i, k € J&yv, we can assume that j; = ¢ and j, = k. Now, a path of minimal
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length joining u and v is given by

! /
(y17"'7yj17"'5y’ﬂ)xj1 ~ (ylﬂ"'7yj17"'7yn)xj1 ~ (ylﬂ"'ayjlw"vyN)sz ~
/ Vi
N(ylv"'ayjlw"7yj27"‘7yn)xj2 N Y
’ / / )
~ (yl,...,yjl,...,y]é...,yjhil,...,yn)x]hi1 ~
/ Vi A
~ (yl,...,yjl,...,yj2...7yjh_17...,yn)acjh ~
! ! !
~ (yl,...,yjl,...,yjhil,...,yjh,...,yn)xjh

and has length 2h — 1. In the special case ¢ = k, we need one more step in order to reach
the final vertex x;, = x;, by means of an edge of type Il in K, ! K,,. O

Corollary 3.2. The diameter of the graph K, ! K,, is 2n.

Proof. Tt follows from the proof of Proposition 3.1 that the maximal distance d(u, v) be-
tween two vertices v and v of K, { K, is equal to 2n, and it is obtained when the vertices
u, v have the form

u:(ylw"vyn)xi U:(yiw"vy;z)xka

with y; # y;-, foreach j = 1,...,n and x; = x. In fact, we get in this case
d(u,v) =2|Jy )| =1+ 6 =2n— 141 =2n.
O
Now, for each i = 0,1, ...,2n, and every vertex u of K,, { K, we denote by S;(u)

the sphere of radius ¢ centered at w, that is:
Si(u) ={v e V(K1 K,y,) @ d(u,v) =i}

Because of the complete symmetry of the graph, it is clear that the integer s; = |.S;(u)| does
not depend on the particular choice of the vertex u. We recall below the classical definition
of distance-regular graph (see, for instance, [4], or [5, Chapter 12] for some results about
spectral properties of distance-regular graphs, also in connection with association scheme
theory).

Definition 3.3. A connected graph G is said to be distance-regular if it is regular and, for
any two vertices u, v at distance ¢, there are exactly ¢; neighbors of v in S;_1(u) and b;
neighbors of v in S; 11 (u).

If d is the diameter of G, the sequence {bg, b1, ...,bq—1;¢1,Ca, ..., cq} is usually called
the intersection array of G; notice that the integers ¢y and b, are undefined.

Proposition 3.4. For every n, m, the wreath product K, ! K,, is not distance-regular.

Proof. Consider two vertices of type © = (y1,...,yn)x; and v = (y1,...,Yn)T;, With
j # i, so that d(u,v) = 1. Now, the neighbors of v having distance 2 from u are exactly
the vertices of type (Y1, .., Y} -, Yn)T;, With yg # y;: the number of such vertices is
m — 1. On the other hand, consider the vertex w = (y1,..., Y}, ..., Yn)Ti, With ¥ # y;,
so that we still have d(u,w) = 1. Tt is clear that the neighbors of w having distance 2
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from w are exactly the vertices of type (y1,...,9,...,yn)z;, With z; # x;, and they are
precisely n — 1. This implies that the coefficient b; cannot be defined, and this is sufficient
to conclude that K, ! K,,, is not distance-regular.

Also in the case n = m, the graph is not distance-regular. In order to show that, it
suffices to consider the vertices © = (Y1, .-, Un—1,Yn)Tn and v = (Y1, .-, Yh_1, Yn)Tns
with y; # y; foreach j = 1,...,n — 1, so that d(u,v) = 2n — 1, according to Proposi-
tion 3.1. Now, the neighbors of v having distance 2n from u are exactly the vertices of type

Yy s Yh_1,Yh ) Tn, With ¢/, # y,,: the number of such vertices is n — 1.

On the other hand, consider the vertices w = (y1,...,yn)x; and z = (y1,...,¥;,)Z;,
with y’ # y; foreach j = 1,...,n and z; # x;, so that we still have d(w, 2) = 2n— 1. In
this case, the unique neighbor of z having distance 2n from w is the vertex (v}, ..., y, );.
This implies that the coefficient by, 1 cannot be defined, and this is sufficient to conclude
that K, ! K, is not distance-regular. O

Example 3.5. Consider the graph K3 K depicted in Figure 2, where the vertices of
K5 and K5 are identified with the sets {0, 1,2} and {0, 1}, respectively. The adjacency
matrices of the graphs K3 and K are, respectively,

1

0

011 0
Ad3 = 1 0 1 and Ad2 = < 1
1 10

so that the matrix wreath product

Ads 1 Ady = IE" ® Ads + Ady @ I, @ I, ® Cy +
+ I RAd @I, RCy+ Ih ® I ® Ads ® Cy

is the adjacency matrix of the graph K3 K5. The graph K3 K> is regular of degree 3, and
its diameter is 6.

3.1 Spectrum of the graph K,, | K,,

In this section, we will give an explicit description of the spectrum of the graph K, ?
K, which is, by definition, the spectrum of its adjacency matrix Ad,, ! Ad,, described in
Equation (3.1). In order to develop our analysis, we need to recall the definition of circulant
matrix. A (complex) circulant matrix C' of size m is a square matrix with m rows and m
columns, of type

c=| + .o : with¢; € C,¥i=0,...,m—1. (3.3)

C1
Cc1 e e Cm—1 Co

The reader can refer to [11] as an exhaustive monograph on circulant matrices.
The following theorem has been proven in [8], by using the spectral analysis developed
in [35] for block circulant matrices.
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000, 0 100,0

000,1 000, 2 100, 2 100,1

001,0 101,0
» * 101,2

001, 2 r/////. .\\\\\\
001,1 ¢ b 101, 1

011,1 ¢ p 111,1
011,2 . . 111,2
011,0 111,0
010, 1 010, 2 110, 2 110,1
010, 0 110,0

Figure 2: The graph K3 Ks.

Theorem 3.6. Let A be a square matrix of size n, and let B be a circulant matrix of size
m as in (3.3). Then the spectrum X of the matrix A B is obtained by taking the union of
the spectra ¥;, .. ;. of the m™ matrices of size n given by

-ain
n m-—1

Mil,ig,...,in — A+ Z Z Cime't,

t=1 i=0

where i; € {0,1,...,m — 1}, foreveryj=1,...,n, andp:exp(%i)

In particular, Theorem 3.6 can be applied in order to determine the spectrum of the
adjacency matrix

Ad V Adyy = 12" @ Ady + 318 @ Addp 0 12 0 C,
i=1
since the matrix Ad,, is a circulant matrix, withcy = Oand¢; = 1, foreachi =1,...,m—
1. When listing eigenvalues and their multiplicities in the next theorem, and in the rest of
the paper, we will write A" to say that the eigenvalue A has multiplicity h; the multiplicity
will be omitted when it is equal to 1. We obtain the following result.

n\ 1)k
Theorem 3.7. The spectrum ¥ of the graph K, 1 K, is ¥ = |, _, Z,(c") (m=1) , with
Yo = {(—2)"_1; n— 2}
Si = {(m —g)kl; (—g)nmhot MY S’L_")QHW} . k=1..,n-1
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and
Shn={(m-2""" m+n-2}.

Proof. By virtue of Theorem 3.6, the spectrum of K, ! K, is obtained by taking the union
of the spectra X;, . ;, of the matrices

7271,

n m-—1
Mil,ig,...,in _ Adn+z Cipmct,
t=1 i=0
where i; € {0,1,...,m — 1}, for each j = ,n, and p = exp (2;;) Notice that
co=0andc; =1foreachi=1,...,m— 1. Moreover, the following identity holds:
m- 1 { -1 ifi, =0
p‘t)”l 1 .
i1 W_].:—l lflt#o

since p is an m-th root of unity. Therefore, the matrix M 1-%2:+in can be rewritten as

M’il,ig,‘..,in — Adn+ Z ( —1 Ct Z Ct

t:ig=0 t:i+#0
= I—I—Z —1Ct th+zct +ZCt
t:i,=0 11,0 t:i,=0 t:i,=0
= Jo—2I,+m Y Ci
t:i:=0

By using iterated conjugations with appropriate elementary permutation matrices, it can
be shown that the spectrum of the matrix M %2:-in only depends on the number k of

indices equal to O in the n-tuple (41,42, ...,1,), but it is independent of the particular
position of such indices. As a consequence, for each k£ = 0,1,...,n, we can reduce
to investigate the spectrum of the matrix M +0@+1:in  corresponding to the n-tuple
0,...,0,4k41,...,9n), withi; # 0 foreach j = k +1,...,n. We have:
——
k times
—1+m 1 ‘e ‘e ce 1
1 1
MO" 0,k 4150 in 1 1 71+m 1
-1 1
1
1 1 -1

Then we can write M0+0ik+1in = J 4 Q. where Q = meZl C, — 21I,, is the
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diagonal matrix

—24m

—24m

Now we have:

det(AL,, — MOOiikstrin)

det (M, — J,, — Q)
= det (M, — Q) (I, — (M, — Q)" J,))
= det(\l, — Q) -det (I, — (AL, — Q)" J,) .

It is clear that
det(\, — Q) = (A — (m —2))* - (A +2)"F, (3.4)

Now it can be seen that the matrix (AI,, — Q)’lJn is the matrix of rank 1, whose first k
rows are constant, with entries all equal to m, whereas the remaining n — k rows are

constant, with entries all equal to %H Therefore, (A, — Q)_lJn has n — 1 eigenvalues

k

equal to 0, and one eigenvalue equal to >m=y t ’;—jr’; This implies that the matrix

I, — (M, — Q)~'J, has n — 1 eigenvalues equal to 1, and one eigenvalue equal to 1 —
k n—=~k .

3—(m=2) ~ Atz SO that:

k n—=k

det (I — (A, — Q)™ ) SR Wy ey Sl W

(3.5)

By gluing together (3.4) and (3.5), we obtain:

det( AL, — MO Okttminy — (X — (m —2))F=1. (A 4 2)" k=L
A2+ (d—m—n)A+mn+4—km—2n—2m).

For the particular value k = 0, we get:
det(Al,, — Min) = (A +2)""1 - (A= (n —2));
for the particular value & = n, we have:
det( AL, — M%) = (A= (m—2))"""- (A= (m +n —2)).
The claim follows, if we observe that, foreach k = 0,1, . .., n, the spectrum of ¥; must be

considered (}) - (m — 1)"~* times, corresponding to the number of n-tuples (i1, . .., i)
with k indices equal to 0, and the remaining indices varying in {1,...,m — 1}. O
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Example 3.8. Consider the graph K3 K4, so that n = 3 and m = 4. The spectrum of the
matrix Ads ! Ady consists of the following eigenvalues:

27 9
. oll, 127. 81. (34417 . (3£V33
9y 2775 17 (_2) ’ ( 2 ) ) ( 2 ) .
The corresponding matrices M2+ of size 3, with iy, i9, i3 € {0, 1,2, 3}, have eigenval-
ues:

(@) (—2)2;1, for k = 0. For instance, this is the case of the matrix

MY o= 1 -1 1

(b) —2; 3i§/ﬁ , for k = 1. For instance, this is the case of the matrix

. 3 1 1
MOV = J, 2, +4C, = 1 -1 1
1 1 -1
(©) 2; 3i§/§, for k£ = 2. For instance, this is the case of the matrix
. 3 1 1
MO0t = Jy — 2034+ 4(C1+C) = 1 3 1
1 1 -1
(d) 22;5, for k = 3. This is the case of the matrix
— 3 11
MO’O’O=J3—213+4(C1+CQ+03)=J3+2I3= 1 3 1
1 1 3

Corollary 3.9. The spectrum X! of the transition matrix of the Lamplighter random walk
p n n—k
with base graph K,, and color graph K., is ' =, _, E;C(k)'(m_l) , with

svo_ (2 o
0 — m+n—2 ! m4n—2

s {( m—2 )’“‘1, ( 5 )"—k—l. m+n4i\/m}

k m-+n—2 » \ T m+tn—2 2(m+n—2)

fork=1,...,n—1, and

m={ ()" i1}

Proof. 1t suffices to take into account that the transition matrix of the Lamplighter random
walk on the base graph K, with color graph K,,, is the normalized adjacency matrix of
the graph K, ! K,,,, which is a regular graph of degree m + n — 2. O
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3.2 Distance spectrum and Wiener index of the graph K,, | K,,,

The aim of this section is to describe the distance matrix of the graph K, ! K,,, together
with its spectrum. Moreover, we will exhibit an explicit computation of the Wiener index
of the graph.

Proposition 3.10. The distance matrix of the graph K,, ! K,,, is the matrix
D= > Adly @ Ad2 @ - @ Adlr @ Ay iy i s (3.6)
(i15-10n ) €{0,1}7

where we put Ad?n = I, and the matrix A;, ;, ... i, is the square matrix of size n, indexed
by the vertices of K, defined as follows. Let {i1, ..., i,} = IoU I, with Iy = {i; : i; =
0} and I = {i; : i; = 1}. Then, for any pair of vertices x; and xj, of K:

(a) Ay, i, =Ad, =J,— L, if[; = 0;

1 ifi=k=17,
(b) Aiy i, (xiwp) =8 3 ifiFj.Fk if Iy = {ij. };
2 ifi=jguFtkioritj.=k
2|Il‘+1 l:fiJ{?EIO
(C) Ail,...,in(wi;xk): 2|Il‘ l'fZ-EIQ,k'EIl; OriEIl,kEIO

2|Il‘_1+5ik ifi,kelh
if2§|]1|§n,where(5ik:{(l) gz;:

Proof. Observe that, for each j = 1,...,n, the index i; € {0, 1} establishes whether the
color of the lamp at the j-th vertex x; of K, is changed. More precisely, the index i; = 0
produces the matrix Ad?n = I, as j-th term of the Kronecker product, so that we are not
changing the color of the lamp in that position; conversely, the index 7; = 1 provides the
matrix Ad,, as j-th term of the Kronecker product, so that we are changing the color of the
lamp in that position, with any other color, as K, is the complete graph. Therefore, for any
fixed n-tuple (i1, .. .,i,) € {0,1}", the contribution A ® Ad2®- - -@Adir @Ay, 4y,
to D must take into account the distances between vertices u, v of K, { K,,, corresponding
to lamp configurations which differ exactly at the places indexed by ;. Therefore, if
the configurations of lamps corresponding to the vertices u = (y1,...,yn)z; and v =
(Y- yn)z, of K, U Ky, differ at exactly |I;] vertices of K, indexed by I, the last
contribution in the Kronecker product is an n X n matrix, whose entry (z;,xj) must be
equal to the distance d(u, v). Then the claim follows from Proposition 3.1. O

As in the case of the adjacency matrix Ad,, ! Ad,,, the spectrum of the matrix D can be
computed by using a reduction argument. In fact, the matrix D in (3.6) has the following
block circulant structure

Dy Dy Dy - Dpy
Dpm_i Do Dy :
D= Y Dy . : (3.7)
Dy
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with
Dy = Z AdZ @ - @ Adly ® Ag i,
(i25-.,in)€{0,1}"
D; = Z Adffl®~~~®Adi,”;®A17i2 ,,,,, i, foreachi=1...,m—1

(i2,...,in)€{0,1}"

Then the spectral analysis of block circulant matrices developed in [35] ensures that the
spectrum of D can be obtained by taking the union of the spectra of the following m
matrices of size nm™1:

_ m—1
Din = Z phl]thl
h1=0
_ 3 Ad2 @@ Adlr @ Ay, iy +

(i2,...,in)€{0,1}"

m—1
DM Y AdR e @ AdG® A, L,
hi1=1 (i2,..0y0n ) €{0,1}7

m—1
> Ad2 ® - ® Adir ® (Ao + > p’“flALm,,,in) :
(i2,...,in)€{0,1}7 hi=1

with j; € {0,1,...,m — 1}. Observe that each of these matrices is still a block circulant
matrix, with blocks of size nm™~2, given by

m—1
Dy = > Ad @ @ Adlr @ (Ao,o,ig,...,in + phllel,Oyiz,m,in> ;
(ig,...,in)e{o,l}TL h1=1
m—1
D; = Z Adp @ - ® Adyr @ (Ao,l,ig,...,in + Z Phl]lAl,l,ig,...,in>
(i3,0yin)€{0,1}7 hi=1

fort =1,...,m — 1. Therefore, the same argument can be repeated, so that the spectrum
of D is obtained by taking the union of the spectra of the following m? matrices of size

nm" 2
m—1
5]%]’2 — haja pt
- p hy —
ho=0

m—1
= D Adp®-9Ad;e <A0,0’i3w~77f'n + > phllel,O,is,u.,in> +
(3,.-,in ) €{0,1}7 h1=1

m—1
n Z i Z Adl @ ® Adln®
ho=1 (i37---,in)e{071}n

m—1
W
® | Ao,1,is,...00 + E PUIYAY 1y i

hi1=1
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= Y, Adpe--®Ade (Ao,o,is,...yi,ﬂr
(i3,...,in)€{0,1}7

m—1 m—1
hij hoj
+ Z PN AL g, in T Z P2 A0 g, it

hlil hg:l

m—1 m—1
S S )
hi=1 ho=1
with (j1, j2) € {0,...,m — 1}2. This reduction argument can be iterated further, until we

. . . m—1 hjs — -1 if js 7& 0
get blocks of size n. Once again, notice that ), " p { m—1 ifj, =0, We
thus have proven the following theorem.

Theorem 3.11. The distance spectrum X of the graph K, ! K,, is obtained by taking the
union of the spectra ;. ;. of the m™ matrices of size n:

n m—1 ts
5j17---7jn — Z H (Z phsjs> Ail,...,in7

(i1ye.0yin)€{0,1}7 s=1 \hy=1
(jla"'ajn) S {0,...,7’)1* 1}71’

where, if we put Iy = {i; : i; =0} and I, = {i; : i; = 1}, we have:

AO ..... 0 :Adna
1 l.fZ.,kEIl
Aihm,i"(mi,azk) = 3 lfi, k€ Iy fOl" |Il‘ =1;
2 ifieli,kely;,orielykel
and
2|Il|+1 lfi,kEIO
Ai1 11111 1n(ﬂfl,$k): 2|Il| l:fiEIo,kEIl;iEIl,kEIo

2|Il| — 1406 ifikelh

1 ifi=k

0 ifi#k.
Example 3.12. Let us consider the explicit example K3 K3. The distance matrix of this
graph is

f0r2 < |Il| < n, with Oik, = {

D:.[3®13®13®A000+13®13®Ad3®AOOl+Ig®Ad3®I3®A010+
+13® Adz ® Ads ® Ap11 + Adz @ Is ® I3 @ A1gp + Ad3 ® I3 @ Ads ® Ajg1+
+ Ads ® Ads ® Is ® Aj10 + Ads ® Ads ® Ads ® Aq11,

with

AOOO =

== O
—_ O
O = =
2
[}

=

|

DWW
DWW
=N N
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3 2 3 5 4 4
Ap1o = 2 1 2 Ap11 = 4 4 3
3 2 3 4 3 4
1 2 2 4 4 3
AlOO = 2 3 3 A101 = 4 5 4
2 3 3 3 4 4
4 3 4 6 5 5
Ajio=1| 3 4 4 A= 5 6 5
4 4 5 5 5 6

The spectrum of D consists of the following eigenvalues:
312; 15%; 0%8; (—3)'8; (—24 4 3v/43)S.
‘We have, for instance:

D220 = Agoo + 24001 — Aoro — 24011 + 24100 + 44101 — 24110 — 4411, =

-21 -9 -18
= -9 -9 -9
—-18 -9 -21

whose eigenvalues are —3 and —24 4 3+/43.

Next, we pass to the computation of the Wiener index W (K, ! K,,) of the graph K, ?
K,,. It follows from the definition of the Wiener index that W (K ,0/{,,,) is given by the sum
of all the entries of D, divided by 2, due to the fact that each contribution d(u, v) appears
twice, as the matrix D is symmetric. Keeping in mind the block structure of the distance
matrix D described in (3.7) and the fact that each block D;, fori =0, ..., m—1, appearing
in (3.7) can be recursively regarded as a block circulant matrix, until one gets elementary
blocks of size n represented by matrices of type A;, .., , we obtain the following result.

,,,,,

Theorem 3.13. The Wiener index of the graph K,, | K, is
WK,V Ky) = #(2771”712 —nm" = 2n*m" "t £ m" 4 2nm T —m T —m).
Proof. First of all, for every n-tuple (i1,...,i,) € {0,1}", put:
isyin = D Aigyeein (@, 7))
T, 2;EVn

Now observe that, by definition of the matrices A4;, ., ,the sumd;, only depends on
the cardinality of the sets Jo = {i; : i; = 0} and I = {i; : i; = 1}, while it is independent

consln

from the particular position of the indices. Therefore, for every £k = 0,1, ..., n, it makes
sense to define:
de= Y Ay 10, 0@,

Moreover, by performing a direct computation which uses the explicit description of the
matrices A;, . ;. given in Theorem 3.11, we are able to determine:
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(@) do =n(n—1);
(b) di =1+4(n—1)+3(n—-1)%
() dp = 2k +1)(n — k)2 +4k*(n — k) +2k> + k(k — 1)(2k — 1) for2 < k < n.

Now we have to establish the number of contributions of type dj, to W (K, K,;,), for every
k. First of all, a factor equal to (") appears, taking into account all the p0551ble choices
of k indices equal to 1. Moreover, a second factor given by m™(m — 1) appears, since
a fixed n-tuple (i1, ...,%,) containing k indices equal to 1 (see Equation (3.6)) produces
m™(m — 1)"' blocks of size n, within the matrix D, which are equal to A;h“_,gn, due to the
fact that, when we change the color of a lamp, we have m — 1 possibilities for the choice
of the new color. This implies that

_mh k
W(K, 0 K, 220( ) —1)*dy,. (3.8)
By explicitly computing the sum in (3.8), we get the claim. O

Example 3.14. Consider the case of K30 K3. Theorem 3.13 gives W (K3 K3) = 12636,
with dg = 6; d; = 21; dy = 35; d3 = 48.
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Abstract

It is a classical fact that the number of vertices of the graphical zonotope Zr is equal to
the number of acyclic orientations of a graph I'. We show that the f-polynomial of Z is
obtained as the principal specialization of the g-analog of the chromatic symmetric function
of I.

Keywords: Graphical zonotope, f-vector, graphical matroid, symmetric function.
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1 Introduction

The f-polynomial of an n-dimensional polytope P is defined by f(P,q) = Y1, fi(P)q’,
where f;(P) is the number of i-dimensional faces of P. The f-polynomial f(Zr,q) of
the graphical zonotope Zr is a combinatorial invariant of a finite, simple graph I". The
vertices of Zr are in one-to-one correspondence with regions of the graphical hyperplane
arrangement Hr, which are enumerated by acyclic orientations of I".

Stanley’s chromatic symmetric function ¥(I') = >", . xsofagraphT' = (V, E),
introduced in [7], is the enumerator function of proper colorings f: V' — N, where
Xf = Tf(1) " Tyfn) and f is proper if there are no monochromatic edges. The chromatic
polynomial (T, d) of the graph T, which counts proper colorings with a finite number of
colors, appears as the principal specialization

x(I',d) = ps(¥(D))(d) = U(T) |ay= =2y=1,2411==0 -

The number of acyclic orientations of I' is determined by the value of the chromatic poly-
nomial x(T',d) atd = —1, [6]

a(T) = (-1)VIx(r, -1). (1.1)

* Author is supported by Ministry of Education, Science and Technological developments of Republic of Ser-
bia, Project 174034.
E-mail address: vgrujic@matf.bg.ac.rs (Vladimir Gruji¢)
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There is a g-analog of the chromatic symmetric function ¥, (I") introduced in a wider
context of the combinatorial Hopf algebra of simplicial complexes considered in [2]. It is
a symmetric function over the field of rational functions in g. The principal specialization
of ¥, (T) is the g-analog of the chromatic polynomial x, (T, d).

The main result of this paper is the following generalization of formula (1.1):

Theorem 1.1. Let I' = (V, E) be a simple connected graph and Zr the corresponding
graphical zonotope. Then the f-polynomial of Zr is given by

f(Zr.q) = (=1)VIx_o(T, -1).

The cancellation-free formula for the antipode in the Hopf algebra of graphs, obtained
by Humpert and Martin in [3], reflects the fact that f(Zr, ¢) depends only on the graphical
matroid M (T") associated to I'. For instance, for any tree 7,, the graphical matroid is
the uniform matroid M (7T,,) = U and the corresponding graphical zonotope is the cube
Zp, = I""'. Whitney’s theorem from 1933 describes how two graphs with the same
graphical matroid are related [9]. It can be used to find more interesting nonisomorphic
graphs with the same f-polynomials of corresponding graphical zonotopes.

The paper is organized as follows. In Section 2, we review the basic facts about zono-
topes. In Section 3, the g-analog of the chromatic symmetric function ¥, (I") of a graph
T" is introduced. Theorem 1.1 is proved in Section 4. We present some examples and
calculations in Section 5.

2 Zonotopes

A zonotope Z = Z(v1, ..., v,,) is a convex polytope determined by a collection of vectors
{v1,...,0m,}in R™ as the Minkowski sum of line segments

Z = [*vlavl] +-- [*Um,fum]-

It is a projection of the m-cube [—1,1]™ under the linear map t — At,t € [-1,1]™,
where A = [v1 -+ vy, is an n X m-matrix whose columns are vectors vy, ..., v;,. The
zonotope Z is symmetric about the origin and all its faces are translations of zonotopes.

To a collection of vectors {v,...,v,,} is associated a central arrangement of hyper-
planes H = {H,,, ..., H,, }, where H, denotes the hyperplane perpendicular to a vector
v € R™. The zonotope Z and the corresponding arrangement of hyperplanes H are closely
related. In fact the associated fan Fy of the arrangement H is the normal fan N'(Z) of the
zonotope Z (see [10, Theorem 7.16]). It follows that the face lattice of F3 and the reverse
face lattice of Z are isomorphic. In particular, vertices of Z correspond to regions of H
and their total numbers coincide

fo(Z2) =r(H). 2.1
The faces of the zonotope Z are encoded by covectors of the oriented matroid M
associated to the collection of vectors {v1, ..., v, }. The covectors are sign vectors

V* = {sign(v) € {+,—,0}" | v € R"},

+, (v,v;) >0
where sign(v); =< 0, (v,v;) =0 ,i=1,...,m. The face lattice of the zonotope Z
] <'U, vi> <0

is isomorphic to the lattice of covectors componentwise induced by +, — < 0 on V*.
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A special class of zonotopes is determined by simple graphs. To a connected graph
I' = (V, E), whose vertices are enumerated by integers V' = {1,...,n}, are associated the
graphical zonotope
Zr=2Z(e;—e;|i<j{i,j} € E)

and the graphical arrangement in R™
Hr = {Hez—e.,' ‘ i <7, {Za]} € E}

There is a bijective correspondence between regions of Hr and acyclic orientations of I,
[8, Proposition 2.5], which by (2.1) implies

fo(Z2r) = r(Hr) = a(T). 2.2)

The arrangement Hr is refined by the braid arrangement A,,_; consisting of all hyper-
planes He, .,,1 < i < j < n. Thus Zr belongs to a wider class of convex polytopes
called generalized permutohedra introduced in [4]. Since arrangements Hr and A,,_; are
not essential we take their quotients by the line [ : z; = --- = x,, and without confusing
retain the same notation. Consequently dimZr =n — 1.

>

Figure 1: Permutohedron Pe? and cube 3.

Example 2.1. (i) The permutohedron Pe™~1 is represented as the graphical zonotope Z,
corresponding to the complete graph K, on n vertices (Figure 1).

(ii) The cube 1™~ is represented as the graphical zonotope Z7, corresponding to an
arbitrary tree 7T,, on n vertices. This shows that the graph I is not determined by the
combinatorial type of the zonotope Zr.

3 g-analog of chromatic symmetric function of graph

Stanley’s chromatic symmetric function ¥(T") can be obtained in a purely algebraic way.
A combinatorial Hopf algebra H is a graded, connected Hopf algebra equipped with the
multiplicative linear functional {: H — k to the ground field k. For the theory of combina-
torial Hopf algebras see [1]. Consider the combinatorial Hopf algebra of graphs G which is
linearly generated over a field k by simple finite graphs with the product defined by disjoint
union I'y - 'y = T'; U 'y and the coproduct

AT)=>"T|; & s,
cv
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where I |; denotes the induced subgraph on I C V. The structure of G is completed by the
character (: G — k defined to be ((I') = 1 for I" with no edges and {(I") = 0 otherwise.
Then it turns out that ¥(T") is the image of the unique morphism of combinatorial Hopf
algebras to symmetric functions ¥ : G — Sym, ([1, Example 4.5]).

An important part of the structure of the Hopf algebra G is the antipode S: G — G.
The cancellation-free formula for the antipode in terms of acyclic orientations of a graph
T" is obtained in [3]. We recall some basic definitions. Terminology comes from matroid
theory. Given a graph I' = (V, E), for a collection of edges F' C E denote by I'y, ¢ the
graph on V' with the edge set F'. A flat I of the graph I' is a collection of its edges such that
components of 'y p are induced subgraphs. The rank rk(F") is the size of spanning forests
of 'y, . We have that |V| = rk(F) + ¢(F), where ¢(F) is the number of components of
I'v,r. By contracting edges from a flat F' we obtain the graph I'/F'. Finally, let a(I") be
the number of acyclic orientations of I'. The formula of Humpert and Martin is as follows

ST = > (1) Ma(T/F)Tvp, 3.1)

FeFT)

where the sum is over the set of flats 7 (I).

The following modification of the character ¢ is considered in [2] in a wider context of
the combinatorial Hopf algebra of simplicial complexes. Define (,(I') = ¢"*(T) which de-
termines the algebra morphism (,: G — k(g), where k(q) is the field of rational functions
in g. This character produces the unique morphism ¥,: G — QSym to quasisymmetric
functions over k(g). The expansion of ¥,(T") in the monomial basis of quasisymmetric
functions is determined by the universal formula [1, Theorem 4.1]

\Ijq(l—‘) = Z (Cq)a(F)Ma-

afEn

The sum above is over all compositions of the integer n = |V/| and the coefficient of the

expansion corresponding to the composition o = (a1, ..., a;) = nis given by
(¢g)a() = Z Tl 4r(T],)
Lu. U=V

where the sum is over all set compositions of V' of the type «.. The coefficients ({;)q(T)
depend only on the partition corresponding to a composition «, so the function ¥, (T") is
actually symmetric and it can be expressed in the monomial basis of symmetric functions.

The invariant ¥, (I") is more subtle than W(I'). Obviously W((I") is the chromatic
symmetric function of a graph I'. It remains open to find two nonisomorphic graphs I'; and
I'; with the same g-chromatic symmetric functions ¥, (T'1) = ¥, (T'2). Let

Xq(I', d) = ps(¥q (1)) (d)

be the g-analog of the chromatic polynomial x(T', d). It is a consequence of a general fact
for combinatorial Hopf algebras (see [1]) that

Xq(T, =1) = (¢g 0 S)(D). (3.2)
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Example 3.1. Consider the graph I on four vertices with the edge set E={12, 13, 23, 34}.
We find that

U (1) =24my 111 + (8¢ + 4)ma 11 + (2¢° + 4q)mas + (3¢> + @)ma1 + ¢*ma.

sy ds

By principal specialization and taking into account that

ps(myn i )(d) = (h;r'—;'zk)' (z‘l + d + m)’
we obtain
Xq(T,d) = d(d —1)*(d — 2) + qd(d — 1)(4d — 5) + 4¢*d(d — 1) + ¢*d,
which by Theorem 1.1 gives
f(Zr,q) =12+ 18¢+8¢° + ¢’

4 Proof of Theorem 1.1

Proof. By applying (3.2) and the formula for antipode (3.1) we obtain
(D)o -1 = (=DM Y7 (=) Da(l/F)(—q)™ .
FeF(T)
It follows that the statement of the theorem is equivalent to the following expression of the
f-polynomial
fZr,g)= > a/F)g*". (4.1)

FeF(D)
Therefore it should be shown that components of f-vectors are determined by

fuZr)= ) al/F), 0<k<n-—1 “.2)

FeF(T)
tk(F)=k

By duality between the face lattice of Zr and the face lattice of the fan F3;. we have
fe(2r) = fa—k-1(Far)-

Let L(Hr) be the intersection lattice of the graphical arrangement Hy. For a subspace
X € L(Hr) there is an arrangement of hyperplanes

HY ={XNH|X ¢ H,Hc Hr}

whose intersection lattice L(H5¥ ) is isomorphic to the upper cone of X in L(Hr). Since
‘Hr is central and essential we have

frookr(Fr) = ) (M), 43)
X€eL(Hr)
dim(X)=n—k—1
where r(?—[ff ) is the number of regions of the arrangement ”Hff , see [8, Theorem 2.6].
The intersection lattice L(r) is isomorphic to the lattice of flats of the graphical ma-
troid M (T"). By this isomorphism to a flat F* of rank % corresponds the intersection sub-
space XT' = N{ijyerHe,—e; of dimension n — k — 1. It is easy to see that arrangements

Hff " and ‘Hr,r coincide, which by (2.2) and comparing formulas (4.2) and (4.3) proves
theorem. ]
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5 Examples

By applying Theorem 1.1 we obtain the following interpretation of identities elaborated in
[2, Propositions 17, 19].

Example 5.1. (i) For the permutohedron Pe"~! = Zx , the f-polynomial is given by

[(Zk,,q) = An(q+1),

where A, (q) = > s, q4*(™) is the Euler polynomial. Recall that des() is the number
of descents of a permutation 7 € S,,. It recovers the fact that the h-polynomial of the
permutohedron Pe™ ! is the Euler polynomial A,,(q).
(ii) For the cube I~ ! = Zr,, where T, is a tree on n vertices, the f-polynomial is
given by
f2r, q)=(g+2)" "

Figure 2: Rhombic dodecahedron Z¢,.

Proposition 5.2. The f-polynomial of the graphical zonotope Z¢, associated to the cycle
graph C., on n vertices is given by

f(Ze.a)=q"+q¢" "+ (g+2)" —2(¢+1)"

Proof. A flat F € F(C,,) is determined by the complementary set of edges. If rk(F') =
n — k,k > 1 then the complementary set has k edges and C,,/F = C}. Since a(Cy) =
ok _ 2,k > 1, by formula (4.2), we obtain

n

for(Z0,) = (28 = 2) (k) 2<k<n,

which leads to the required formula. O

Specially, for n = 4 the resulting zonotope is the rhombic dodecahedron (see Figure 2).
We have
f(Zey,q) = 14+ 24q + 12¢° + ¢°.

Proposition 5.3. Let ' = T'y V,, I's be the wedge of two connected graphs I'1 and I's at
the common vertex v. Then

f(ZFa Q) = f(ZF17Q)f(ZF27 Q>'
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Proof. The graphical matroids of involving graphs are related by M (I") = M(T';) ®
M (T'3). For the sets of flats it holds F(I') = {Fy U F» | F; € F(I';),i = 1,2}. For
F=FUF,wehave'/F =T'1/F, V[, '/ Fy, where [v] is the component of the vertex
vin Ty p. Obviously a(I'/F) = a(T'1/F1)a(Ty/Fy) and tk(F') = rk(Fy) + rk(F%). The
proposition follows from formula (4.1). O

The formula for cubes in Example 5.1 (ii) follows from Proposition 5.3 since any tree
is a consecutive wedge of edges and f(I', q) = g+ 2. It also allows us to restrict ourselves
only to biconnected graphs. For a biconnected graph I' with a disconnecting pair of vertices
{u, v} Whitney introduced the transformation called the twist around the pair {u, v}. This
transformation does not have an affect on the graphical matroid M (T") [9].

Iy Iy

Figure 3: Biconnected graphs related by twist transformation.

Example 5.4. Figure 3 shows the pair of biconnected graphs on six vertices obtained one
from another by the twist transformation. The corresponding zonotopes have the same
f-polynomial

f(Z2r,,q) = f(Z2r,,q) = 126 + 348q + 358¢> + 164¢° + 30¢* + ¢°.

On the other hand their g-chromatic symmetric functions are different. One can check that
corresponding coefficients by mg 13 are different

[m313]9,(T1) = (11¢° + 8¢ + 1) - 3,
[m3,15]¥4(T2) = (10¢* + 10g) - 3L.

This shows that the g-analog of the chromatic symmetric function of a graph is not deter-
mined by the corresponding graphical matroid. By taking ¢ = 0 we obtain that even the
chromatic symmetric functions are different since [ms 13]W(I'y) = 6 and [mg 13]¥(I'y) =
0.

Let us now consider Stanley’s example of nonisomorphic graphs with the same chro-
matic symmetric functions, see [7]. We find that the f-polynomials of the corresponding
graphical zonotopes differ for those graphs. From these examples we conclude that chro-
matic properties of a graph and the f-vector of the corresponding graphical zonotope are
not related.

We have already noted that graphical zonotopes are generalized permutohedra. The
h-polynomials of simple generalized permutohedra are determined in [5, Theorem 4.2].
The only simple graphical zonotopes are products of permutohedra [5, Proposition 5.2].
They are characterized by graphs whose biconnected components are complete subgraphs.
Therefore Proposition 5.3 together with Example 5.1 (i) prove that the h-polynomial of a
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simple graphical zonotope is the product of Eulerian polynomials, the fact obtained in [5,
Corollary 5.4]. Example 3.1 is of this sort and represents the hexagonal prism which is the
product Zg., X Zk,.
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