creative ARS MATHEMATICA
@commons CONTEMPORANEA

ISSN 1855-3966 (printed edn.), ISSN 1855-3974 (electronic edn.)

ARS MATHEMATICA CONTEMPORANEA 22 (2022) #P2.01 / 163-205
https://doi.org/10.26493/1855-3974.2352.eaf
(Also available at http://amc-journal.eu)

Tight relative ¢t-designs on two shells in
hypercubes, and Hahn and Hermite
polynomials*

Eiichi Bannai

Faculty of Mathematics, Kyushu University (emeritus), Japan, and
National Center for Theoretical Sciences, National Taiwan University, Taiwan

Etsuko Bannai

National Center for Theoretical Sciences, National Taiwan University, Taiwan

Hajime Tanaka  ®

Research Center for Pure and Applied Mathematics, Graduate School of Information
Sciences, Tohoku University, Sendai 980-8579, Japan

Yan Zhu ¢ @

College of Science, University of Shanghai for Science and Technology,
Shanghai 200093, China

Received 3 June 2020, accepted 24 May 2021, published online 14 April 2022

Abstract

Relative t-designs in the n-dimensional hypercube Q,, are equivalent to weighted regu-
lar t-wise balanced designs, which generalize combinatorial ¢-(n, k, \) designs by allowing
multiple block sizes as well as weights. Partly motivated by the recent study on tight Eu-
clidean ¢-designs on two concentric spheres, in this paper we discuss tight relative ¢-designs
in Q,, supported on two shells. We show under a mild condition that such a relative ¢-design
induces the structure of a coherent configuration with two fibers. Moreover, from this struc-
ture we deduce that a polynomial from the family of the Hahn hypergeometric orthogonal
polynomials must have only integral simple zeros. The Terwilliger algebra is the main tool
to establish these results. By explicitly evaluating the behavior of the zeros of the Hahn
polynomials when they degenerate to the Hermite polynomials under an appropriate limit
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process, we prove a theorem which gives a partial evidence that the non-trivial tight relative
t-designs in Q,, supported on two shells are rare for large t.

Keywords: Relative t-design, association scheme, coherent configuration, Terwilliger algebra, Hahn
polynomial, Hermite polynomial.

Math. Subj. Class. (2020): 05B30, 05E30, 33C45

1 Introduction

This paper is a contribution to the study of relative t-designs in (Q-polynomial associa-
tion schemes. In the Delsarte theory [16], the concept of t-designs is introduced for arbi-
trary (Q-polynomial association schemes. For the Johnson scheme J(n, k), the ¢t-designs
in the sense of Delsarte are shown to be the same thing as the combinatorial ¢-(n, k, \)
designs. There are similar interpretations of ¢-designs in some other important families of
@-polynomial association schemes [16, 17, 19, 34, 41]. The concept of relative ¢t-designs
is also due to Delsarte [18], and is a relaxation of that of ¢-designs. Relative ¢-designs can
again be interpreted in several cases, including J(n, k). For the n-dimensional hypercube
Q,, (or the binary Hamming scheme H (n, 2)) which will be our central focus in this paper,
these are equivalent to the weighted regular t-wise balanced designs, which generalize the
combinatorial ¢-(n, k, ) designs by allowing multiple block sizes as well as weights.

The Delsarte theory has a counterpart for the unit sphere S"~! in R", established
by Delsarte, Goethals, and Seidel [20]. The ¢-designs in S~ ! are commonly called the
spherical t-designs, and are essentially the equally-weighted cubature formulas of degree
t for the spherical integration, a concept studied extensively in numerical analysis. Spher-
ical t-designs were later generalized to Euclidean t-designs by Neumaier and Seidel [35]
(cf. [21]). Euclidean ¢-designs are in general supported on multiple concentric spheres in
R™, and it follows that we may think of them as the natural counterpart of relative ¢-designs
in R™. This point of view was discussed in detail by Bannai and Bannai [3]. See also [7, 8].
The success and the depth of the theory of Euclidean ¢-designs (cf. [38]) has been one driv-
ing force for the recent research activity on relative ¢-designs in (Q-polynomial association
schemes; see, e.g., [3,5,6,7,8,9, 11, 32, 51, 53, 54].

A relative t-design in a Q-polynomial association scheme (X, %) is often defined as
a certain weighted subset of the vertex set X, i.e., a pair (Y,w) of a subset Y of X and
a function w: Y — (0,00). We are given in advance a ‘base vertex’ z € X, and (Y, w)
gives a ‘degree-t approximation’ of the shells (or spheres or subconstituents) with respect
to  on which Y is supported. See Sections 2 and 3 for formal definitions. Bannai and
Bannai [3] proved a Fisher-type lower bound on |Y'|, and we call (Y, w) tight if it attains
this bound. We may remark that ¢ must be even in this case. In this paper, we continue the
study (cf. [5, 9, 32, 51, 53]) of tight relative ¢-designs in the hypercubes Q,,, which are one
of the most important families of ()-polynomial association schemes. The Delsarte theory
directly applies to the tight relative ¢-designs in Q,, supported on one shell, say, the k"
shell, as these are equivalent to the tight combinatorial ¢-(n, k, A) designs. (We note that
the k** shell induces J(n, k).) Our aim is to extend this structure theory to those supported
on two shells. We may view the results of this paper roughly as counterparts to (part of) the
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results by Bannai and Bannai [2, 4] on tight Euclidean ¢-designs on two concentric spheres.

Let t = 2e be even. In Theorem 5.3, which is our first main result, we show under
a mild condition that a tight relative 2e-design in Q,, supported on two shells induces the
structure of a coherent configuration with two fibers. Moreover, from this structure we de-
duce that a certain polynomial of degree e, known as a Hahn polynomial, must have only
integral simple zeros. We note that the case e = 1 was handled previously by Bannai,
Bannai, and Bannai [5]. The Hahn polynomials are a family of hypergeometric orthogonal
polynomials in the Askey scheme [31, Section 1.5], and that their zeros are integral pro-
vides quite a strong necessary condition on the existence of such relative 2e-designs. The
corresponding necessary condition for the tight combinatorial 2e-(n, k, A) designs from
the Delsarte theory was used successfully by Bannai [1]; that is to say, he showed that, for
each given integer e > 5, there exist only finitely many non-trivial tight 2e-(n, k, \) de-
signs, where n and k (and thus \) vary. See also [22, 36, 52]. We extend Bannai’s method
to prove our second main result, Theorem 7.1, which presents a version of his theorem for
our case.

The sections other than Sections 5 and 7 are organized as follows. We collect the
necessary background material in Sections 2 and 3. Section 3 also includes a few general
results on relative ¢-designs in (Q-polynomial association schemes. As in [6, 44], our main
tool in the analysis of relative ¢-designs is the Terwilliger algebra [46, 47, 48], which is
a non-commutative semisimple C-algebra containing the adjacency algebra. Section 4 is
devoted to detailed descriptions of the Terwilliger algebra of Q,,. It is well known (cf. [30,
31]) that the Hahn polynomials (3 F%) degenerate to the Hermite polynomials (3 Fjy) by an
appropriate limit process, and a key in Bannai’s method above was to evaluate precisely the
behavior of the zeros of the Hahn polynomials in this process. In Section 6, we revisit this
part of the method in a form suited to our purpose. Our account will also be simpler than
that in [1]. In Appendix, we provide a proof of a number-theoretic result (Proposition 7.2)
which is a variation of a result of Schur [40, Satz I].

2 Coherent configurations and association schemes
We begin by recalling the concept of coherent configurations.

Definition 2.1. The pair (X, %) of a finite set X and a set % of non-empty subsets of X>
is called a coherent configuration on X if it satisfies the following (C1) — (C4):

(C1) Z is a partition of X?2.
(C2) There is a subset % of % such that

| | R={(z,2):2 € X}.

REeZy

(C3) % is invariant under the transposition 7: (z,9) — (y,2) ((z,y) € X?), i.e.,
R e Zforall R € Z.

(C4) Forall R, S,T € # and (z,y) € T, the number
pg’s = !{z € X :(z,2) €ER, (z,y) € S}’

is independent of the choice of (x,y) € T.
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Moreover, a coherent configuration (X, %) on X is called homogeneous if |%| = 1, and
an association scheme if R™ = Rforall R € %.

Remark 2.2. Suppose that a finite group & acts on X, and let Z be the set of the orbitals
of &, that is to say, the orbits of & in its natural action on X 2. Then (X, %) is a coherent
configuration. Moreover, (X, %) is homogeneous (resp. an association scheme) if and only
if the action of & on X is transitive (resp. generously transitive, i.e., for any z,y € X we
have (29,y9) = (y,«) for some g € &).

Let (X, Z) be a coherent configuration as above. For every R € %, let Oy be the
subset of X such that R = {(z,z) : € ®r}. Then we have

|_|<I>R:X.

REZ

We call the & (R € %) the fibers of (X, %). By setting in (C4) either R € %, and
S=T,orS € %yand R = T, it follows that for every T' € #, we have T C & x g
for some R, S € %y. In particular, (X, %) is homogeneous whenever it is an association
scheme. Let

’}/R7S:|{T6<@:TC(I>RX¢’S}| (R,SE%@).
The matrix
[VR,s]R, S0
which is symmetric by (C3), is called the rype of (X, Z).
Let Mx (C) be the C-algebra of all complex matrices with rows and columns indexed

by X, and let V' = C¥ be the C-vector space of complex column vectors with coordinates
indexed by X. We endow V' with the Hermitian inner product

(u,v) = vu (u,v € V),

where T denotes adjoint. For every R € %, let Ag € Mx(C) be the adjacency matrix of
the graph (X, R) (directed, in general), i.e.,

1 if (z,y) € R,

z,y € X).
0 otherwise, (.9 )

(AR)x,y = {

Then (C1) — (C4) above are rephrased as follows:

(A1) Z Apg = J (the all-ones matrix).
ReZ

(A2) Z Apg = I (the identity matrix).
REZ

(A3) (Ap)t € {As:S e %} (Rc%).

(Ad) AgAs = > phsAr (R.S€ZR).
TeZx
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Let
A =span{Agr : R € #}.

Then from (A2) and (A4) it follows that A is a subalgebra of M x (C), called the adjacency
algebra of (X, %). We note that A is semisimple as it is closed under ' by virtue of (A3).
By (A1), A is also closed under entrywise (or Hadamard or Schur) multiplication, which
we denote by o. The Ap are the (central) primitive idempotents of A with respect to o, i.e.,

AroAs = dp.sAr, > A=
Re#

Remark 2.3. If (X, %) arises from a group action as in Remark 2.2, then A coincides with
the centralizer algebra (or Hecke algebra or commutant) for the corresponding permutation
representation g — Py (g € &) onV, ie.,

A={BeMx(C): BP, = P,B (g€ ®)}.

A subalgebra of Mx (C) is called a coherent algebra if it contains J, and is closed
under o and T. We note that the coherent algebras are precisely the adjacency algebras of
coherent configurations. It is clear that the intersection of coherent algebras in My (C) is
again a coherent algebra. In particular, for any subset S of Mx (C), we can speak of the
smallest coherent algebra containing S, which we call the coherent closure of S.

From now on, we assume that (X, &) is an association scheme. As is the case for many
examples of association schemes, we write

X = {Ro,Rh . .,Rn}, where %0 = {Ro},

and say that (X, %) has n classes. We will then abbreviate pﬁ ;= pgf r;» Ai = AR,
and so on. The adjacency algebra A is commutative in this case, and hence it has a basis
Ey, E1, ..., E, consisting of the (central) primitive idempotents, i.e.,

El'Ej = 61‘7]‘Ei, iEl =1

1=0

Put differently, EoV, E4V, ..., E,V are the maximal common eigenspaces (or homoge-
neous components or isotypic components) of A, and the E; are the corresponding orthog-
onal projections. Since the A; are real symmetric matrices, so are the E;. Note that the
matrix | X|~1J € A is an idempotent with rank one, and thus primitive. We will always

set

1
Eo=——J.
°=1x1”

For convenience, we let
A; = E; := O (the zero matrix) ifi < OQori > n.
Though our focus in this paper will be on (Q-polynomial association schemes, we first

recall the P-polynomial property for completeness. We say that the association scheme
(X, %) is P-polynomial (or metric) with respect to the ordering Ay, Ay, ..., A, if there



168 Ars Math. Contemp. 22 (2022) #P2.01 / 163-205

are non-negative integers a;,b;,¢; (0 < ¢ < n) such that b, = ¢9 = 0, bj—1¢; # 0
(1<i<n), and

A1A; =bi1 A1 +ai A+ i Ain (0< i< n),

where b_; and ¢, are indeterminates. In this case, A; recursively generates A, and
hence has n + 1 distinct eigenvalues 0y, 64, ..., 0, € R, where we write

A = ZGZE,». 2.1
1=0

We note that (X, %) is P-polynomial as above precisely when the graph (X, R;) is a
distance-regular graph and (X, R;) is the distance-i graph of (X, R;) (0 < ¢ < n). See,
e.g., [10, 12, 27, 15] for more information on distance-regular graphs.

We say that (X, %) is Q-polynomial (or cometric) with respect to the ordering
Eo, B, ..., E, if there are real scalars a},bf,c; (0 < ¢ < n) such that b}, = ¢ = 0,
bf_cf #0(1 < i< n) and

1

EloEizi
| X|

(bfﬁlEifl + G:EZ + C:JrlEiJrl) (0 < ) < TL), (22)

where b* | and ¢}, ; are indeterminates. In this case, | X|E; recursively generates A with

respect to o, and hence has n + 1 distinct entries 6, 07, . . ., 0, € R, where we write
n
X|Ey =07 A;. (2.3)
i=0

We call the 6F the dual eigenvalues of | X|E;. We may remark that F; o FE;, being a
principal submatrix of Fy ® L, is positive semidefinite, so that the scalars o, b}, and ¢
are non-negative (the so-called Krein condition). The (Q-polynomial association schemes
are an important subject in their own right, and we refer the reader to [23, 29] and the
references therein for recent activity.

Below we give two fundamental examples of P- and Q-polynomial association schemes,

both of which come from transitive group actions. See [10, 12, 16] for the details.

Example 2.4. Let v and k be positive integers with v > k, and let X be the set of k-subsets
of {1,2,...,v}. Set n = min{k,v — k}. Forz,y € X and 0 < i < n, welet (x,y) € R;
if [t Ny| = k — i. The R; are the orbitals of the symmetric group &, acting on X. We
call (X, ) a Johnson scheme and denote it by J(v, k). The eigenvalues of A; are given
in decreasing order by

,=(k-i)(v—Fk—1i)—1 (0 <i<n),
and J (v, k) is Q-polynomial with respect to the corresponding ordering of the F; (cf. (2.1)).

Example 2.5. Let ¢ > 2 be an integer and let X = {0,1,...,¢— 1}". Forz,y € X and
0 <i< n,welet(x,y) € R; if z and y differ in exactly ¢ coordinate positions. The R;
are the orbitals of the wreath product &, &,, of the symmetric groups &, and &,, acting
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on X. We call (X, %) a Hamming scheme and denote it by H(n,q). The eigenvalues of
Aj are given in decreasing order by

0;=n(qg—1)—qi (0< i< n),

and H (n, q) is Q-polynomial with respect to the corresponding ordering of the F; (cf. (2.1)).
The Hamming scheme H (n,2) is also known as the n-cube (or n-dimensional hypercube)
and is denoted by Q,,.

Assumption 2.6. For the rest of this section and in Section 3, we assume that (X, %) is
an association scheme and is Q-polynomial with respect to the ordering Fy, E1, . .., E, of
the primitive idempotents.

In general, for any positive semidefinite Hermitian matrices B, C' € Mx (C), we have
(cf. [45])
(BoC)V =span(BV o CV),

where
BV oCV ={uov:uec BV,veCV}.

Hence it follows from (2.2) that

El-_lV + EZV + EZ-HV if af 7é 0,
Ei,1V+Ei+1V ifa¥ = 0,

i

span(E1V o E;V) = { (0<ig<n), 24

from which it follows that

Aok hook
ZZSpan(EiV oE;V) = ZZSpan(Elv o---0E1VoE;V)

i=0 j=0 i=0 j=0
h+k

= Z E;V (2.5)
1=0

for 0 < h, k < n. See also [10, Section 2.8].
We now fix a ‘base vertex’ x € X. Let

4 times

Xi={ye X:(z,y) € R} (0<i<n).
We call the X; the shells (or spheres or subconstituents) of (X, ) with respect to . For
every i (0 < ¢ < n), define the diagonal matrix Ef = Ef(z) € Mx(C) by

(B )yy = (y € X).

1 ifye X,
0 otherwise,

Then we have
E}E} =6, ;E}, > B =1
i=0

We call the E the dual idempotents of (X, 2) with respect to x. The subspace

A* = A*(z) = span{E{, Ef,...,E’}
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is then a subalgebra of Mx (C), which we call the dual adjacency algebra of (X, %) with
respect to x. The Terwilliger algebra (or subconstituent algebra) of (X, %) with respect to
x is the subalgebra T' = T'(x) of Mx(C) generated by A and A* [46, 47, 48]. We note
that T is semisimple as it is closed under .

Remark 2.7. If (X, %) arises from a group action as in Remark 2.2, which we recall is
generously transitive in this case, then T is a subalgebra of the centralizer algebra for the
action of the stabilizer &, of x in &. The two algebras are known to be equal, e.g., for
J(v, k) and H(n, q); see [25, 43].

For every subset Y of X, let Y € V be the characteristic vector of Y,ie.,

N 1 ifyey,
(Y)y = . (y € X).
0 otherwise,

In particular, X denotes the all-ones vector in V. We will simply write £ for the character-
istic vector of the singleton {z}. With this notation established, we have

XZ‘:E:X:AZ‘L% (Oézgn),
from which it follows that
T: = span{f(i :0< i< n}=span{E;%:0 < i< n}. (2.6)

The T-module T'% is easily seen to be irreducible with dimension n 4 1 (cf. [46, Lem-
ma 3.6]), and is called the primary T-module.
We define the dual adjacency matrix A7 = Aj(x) € Mx(C) by (cf. (2.3))

A7 = |X|diag Eyi = » 07 ;. 2.7
1=0

Since the 6} are mutually distinct, A} generates A*. Moreover, since
Ajv = | X|(Er&) ow (veV),
it follows from (2.4) that
EATE; =0 ifli—j|>1 (0<4i,j<n). (2.8)

Let W be an irreducible T-module. We define the dual support W, the dual endpoint
r*(W), and the dual diameter d*(W') of W by

W ={i: E;W £0}, (W) =minW>,  d"(W)=|W:| -1,

respectively. We call W dual thin if dim E;W < 1 (0 < ¢ < n). We note that the
primary T-module T'Z is dual thin, and that it is a unique irreducible T'-module up to
isomorphism which has dual endpoint zero or dual diameter n. The following lemma is an
easy consequence of (2.8):

Lemma 2.8 ([46, Lemma 3.12]). With reference to Assumption 2.6, write A} = Aj(x),
A* = A*(z), T = T(x). Let W be an irreducible T-module and set r* = r*(W),
d* = d*(W). Then the following hold:
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2 W= {1, dr)
3. BATE;W £0ifli— j| =1 (* <i,j <r* +d*).

4. Suppose that W is dual thin. Then

> EnaW=> (A)'E-W  (0<i<d).
h=0 h=0

In particular, W = A*E,.-W.

3 Relative t-designs in Q-polynomial association schemes

In this section, we develop some general theory on relative ¢-designs in ()-polynomial
association schemes.

Recall Assumption 2.6. Throughout this section, we fix a base vertex x € X, and write
Ef = Ef(z) (0 <i<n), A} = Aj(z), A* = A*(z), and T = T'(z). In Introduction,
we meant by a weighted subset of X a pair (Y,w) of a subset Y of X and a function
w:Y — (0,00). For convenience, however, we extend the domain of w to X by setting
w(y) = 0 for every y € X\Y. We will also naturally identify V" with the set of complex
functions on X, so that w € V and Y = suppw. In our discussions on relative ¢-designs,
we will often consider the set

L=Ly={(:YNX,#0}, 3.1)

and say that (Y,w) is supported on | |,.; X,.
For comparison, we begin with the algebraic definition of ¢-designs in (X, %) due to
Delsarte [16, 17].

Definition 3.1. A weighted subset (Y,w) of X is called a t-design in (X, %) if E;w =0
forl <7<t

Delsarte [18] generalized this concept as follows:

Definition 3.2. A weighted subset (Y, w) of X is called a relative t-design in (X, %) (with
respect to x) if F;w € span{E;%} for 1 <i < .

Remark 3.3. Delsarte introduced the concept of ¢-designs for subsets Y of X in [16], i.e.,
when w = Y, whereas in [17, 18] he mostly considered general (i.e., not necessarily non-
negative) non-zero vectors w € V in the discussions on ¢-designs and relative ¢-designs.
Some facts/results below, such as Examples 3.4 and 3.5, Proposition 3.6, and Theorem 3.8,
are still valid for general w € V, but the Fisher-type lower bound on |Y| = |suppw|
(cf. Theorem 3.9) makes sense only when w is non-negative.

For the Johnson and Hamming schemes, Delsarte [16, 17, 18] showed that these alge-
braic concepts indeed have geometric interpretations:

Example 3.4. Let (X, %) be the Johnson scheme J (v, k) from Example 2.4. Then (Y, w)
is a t-design if and only if, for every ¢-subset z of {1,2,...,v}, the sum A, of the values
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w(y) over those y € Y such that z C y, is a constant independent of z. On the other hand,
(Y,w) is a relative ¢-design if and only if the above A, depends only on |z N z[. We note
that (Y,Y") is a t-design if and only if Y is a t-(v, k, A) design (cf. [13, Chapter I1.4]) for
some A.

Example 3.5. Let (X, %) be the Hamming scheme H(n,q) from Example 2.5. Then
(Y, w) is a t-design if and only if, for every ¢-subset .7 of {1,2,...,n} and every function
fr 7 — {0,1,...,¢ — 1}, the sum Az ; of the values w(y) over those
y = (Y1,Y2,---,Yn) € Y such that y; = f(i) (: € ), is a constant independent of
the pair (.7, f). On the other hand, (Y, w) is a relative ¢-design if and only if the above
Az, depends only on |[{i € .F : x; = f(i)}|, where z = (21,22, ...,2,). We note that
(Y,Y) is a t-design if and only if the transpose of the |Y'| x n matrix formed by arranging
the elements of Y (in any order) is an orthogonal array OA(|Y|,n, ¢, t) (cf. [13, Chapter
I1.6]). For the case ¢ = 2, i.e., for Q,, if we choose the base vertex as z = (0,0,...,0),
then (Y, Y) is a relative t-design if and only if Y is a regular ¢-wise balanced design of type
t-(n, L, \) (cf. [38, Section 4.4]) for some A, where L is from (3.1), and where we identify
the elements of X = {0, 1}" with their supports.

Similar results hold for some other important families of P- and Q-polynomial association
schemes; see, e.g., [17, 18, 19, 34, 41].

Proposition 3.6 (cf. [3, Theorem 4.5]). With reference to Assumption 2.6, let (Y,w) be a
weighted subset supported on | |, ; X¢. Then we have

w, Xo) 4
wlrs = Z < X |€>sz, 3.2)
teL :

where w|Ts denotes the orthogonal projection of w on the primary T-module T'%. More-
over, (Y,w) is a relative t-design if and only if

(w0) = fotrse) = - 2 15,0

leL

foreveryv € ZZ:O E;V.

Proof. Recall (2.6). The first part follows since the X, form an orthogonal basis of T'%
with || X;||?> = | X;|. The second part is also immediate from

Eiw € span{E;i} <— Fw € Ti <— Ew|r: = Fw. O

Remark 3.7. It is clear that (X, X ¢) is a relative n-design for every 0 < ¢ < n. Hence,
if (Y,w) is a relative ¢t-design such that X, C Y for some ¢, and if w is constant on Xy,
then the weighted subset (Y\ Xy, (I — E})w) obtained by discarding X, from Y is again
a relative ¢-design. This observation is particularly important when applying Theorem 3.8
below; for example, we can always assume that 0 ¢ L.

The following is a slight generalization of Delsarte’s Assmus—Mattson theorem for Q-
polynomial association schemes [18, Theorem 8.4], and can also be viewed as a variation
of [9, Theorem 3.3], which in turn generalizes [28, Proposition 1]. See also [11]. The
proof is in fact identical to that of [44, Theorem 4.3], but we include it below because of
the potential importance of the result.
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Theorem 3.8. With reference to Assumption 2.6, let (Y, w) be a relative t-design supported
on| e Xe. Then (Y N Xy, Ejw) is a relative (t — |L| + 1)-design for every { € L.

Proof. Let U = (T'¢)* be the orthogonal complement of T'% in V, which we recall is the
sum of all the non-primary irreducible T'-modules in V. On the one hand, we have

w|U S ZEZU
LelL

Since A7 generates A* and has at most || distinct eigenvalues on this subspace (cf. (2.7)),
it follows that
A*wly = spanf{wly, Ajwlu, . .., (AP wlu ). (3.3)

On the other hand, since EoU = 0, that (Y, w) is a relative ¢-design is rephrased as
wly € Y EU.
i=t+1
Hence it follows from (2.8) and (3.3) that

|L]-1

A'wly C Y (ApF iEiUc zn: E;U.
k=0

i=t+1 i=t—|L|+2
In particular, for every ¢ € L we have
Ejwlye Y. EU
i=t—|L|+2
In other words, (Y N X, Ejw) is a relative (¢t — | L| + 1)-design, as desired. O

Bannai and Bannai [3, Theorem 4.8] established the following Fisher-type lower bound
on the size of a relative t-design with ¢ even:

Theorem 3.9. With reference to Assumption 2.6, let (Y, w) be a relative 2e-design (e € N)
supported on | |, ; Xy. Then

Y| > dim (Z E;) (Z EiV> .
teL i=0
Definition 3.10. A relative 2e-design (Y, w) is called fight if equality holds above.

Recall from Example 3.5 that the relative ¢-designs in the hypercubes are equivalent to
the weighted regular ¢-wise balanced designs.

Example 3.11. Let (X, %) be the n-cube Q,, from Example 2.5. Xiang [51] showed that
ife <l <n—-eforevery? € L, then

; min{|L|~1,e}
dim (ZE,)(Z&EV) 3 (e:) (3.4)

leL i=0
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We may remark that (cf. [12, Theorem 9.2.1])

dim E;V = (?) (0 <i<n). 3.5)

See also [32] and [6, Theorem 2.7, Example 2.9].

Example 3.12. Consider a symmetric 2-(n + 1, k, ) design (cf. [13, Chapter I1.6]). Ob-
serve that removing a point yields a tight relative 2-design in Q,, with L = {k — 1,k}.
Likewise, taking the complement of every block which contains a given point followed by
removing that point gives rise to a tight relative 2-design in Q,, with L = {k,n + 1 — k}.
The complement of this is yet another example! such that L = {k — 1,n — k}. See [32,
Section 3] and [50, Theorem 8]. Note that the weights are constant for these three exam-
ples. On the other hand, Bannai, Bannai, and Bannai [5, Theorem 2.2] showed that there
is a tight relative 2-design in Q,, with L = {2,n/2} for n = 6 (mod 8), provided that a
Hadamard matrix of order n/2 + 1 exists. This construction provides examples in which
the weights take two distinct values depending on the shells. See also [53].

Example 3.13. Working with the tight 4-(23, 7, 1) and 4-(23, 16, 52) designs instead of a
symmetric 2-(n+1, k, \) design as in Example 3.12, we obtain four tight relative 4-designs
in Qoo with constant weight such that

L e {{6,7},{6,15},{7,16},{15,16} }.
See [9, Theorem 6.3] and [32, Section 3].

Let (Y,w) be a tight relative 2e-design supported on | |,., X,. Bannai, Bannai, and
Bannai [5, Theorem 2.1] showed that if the stabilizer of x in the automorphism group of
(X, 2) acts transitively on each of the shells X; then w is constant on Y N X for every
£ € L. The next theorem generalizes this result by replacing group actions by combinatorial
regularity. Observe that the fibers of the coherent closure of T' are in general finer than the
shells X;.

Theorem 3.14. With reference to Assumption 2.6, let (Y, w) be a tight relative 2e-design
(e € N) supported on | |, X¢. For every € L, the weight w is constant on' Y N X,
provided that X, remains a fiber of the coherent closure of T'.

Proof. Let (cf. (3.2))

N X
D = diagw, D = diagw|rs = Z <u|i;( |e> Ej.
¢

Note that D € T'. Let F be the orthogonal projection onto BV, where

Bzx/f)i:EieT.
=0

Observe that
BV = (BB")V,

!t seems that this construction is missing in [50, Theorem 8].
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and that F' is written as a polynomial in the Hermitian (in fact, real and symmetric) matrix
BB, In particular, F € T.
Since (Y,w) is tight, we have

(&)

dim BV = dim VD <Z E;) (Z EiV> =Y.

ter i=0
Let uy,uz, ..., ujy| be an orthonormal basis of BV, and let
G=lufuz| - fuy].

Then we have
F = GG, (3.6)

Let
D' =Dlyxy, D' =Dlyxy, F' =Flyxy, G = Gly x{1,2,..]¥]}>

where |y »y etc. mean taking corresponding submatrices. Note that these are square matri-
ces, and that D’ and D’ are invertible. Then it follows that

(G"'D'(D)7'G" = Iy (3.7)
Indeed, since we may write
u; = \/Bvi, where v; € ZETV 1<ig|y),
r=0

it follows from (2.5) (applied to h = k = e) and Proposition 3.6 that the (i, j)-entry of the
LHS in (3.7) is equal to

(01)'Dvj = (w,v; 0 77) = (wlrs, vi 015) = (03) Dy = (uj,us) = 8 5,
where ~ means complex conjugate. By (3.6) and (3.7), we have
I|Y| — D/(D/)—lG/(G/)T _ D/(D/)_lF/,
so that
(DYt = (D)"'F. (3.8)

In particular, F” is a diagonal matrix.

Now, let ¢ € L and suppose that X, remains a fiber of the coherent closure of T'. Then
the (y, y)-entry of F' € T is constant for y € X, (cf. (A1) and (A2)), and the same is true
for D. Hence it follows from (3.8) that w(y) = D, , must be constant for y € Y N X,.
This completes the proof. O
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4 The Terwilliger algebra of Q,,

For the rest of this paper, we will focus on relative ¢-designs in the n-cube Q,, from Ex-
ample 2.5. We will need detailed descriptions of the Terwilliger algebra of Q,, and its irre-
ducible modules, and we collect these in this section. Thus, we assume that (X, %) = Q,,
where X = {0,1}". We again fix a base vertex z € X, and write Ef = E(z)
(0 <i<n), A = Aj(z), and T = T'(z). The Q-polynomial ordering we consider
is the one given in Example 2.5.2

Proposition 4.1 (cf. [39, Section I.C]). We have
T =span{E; A;E}; : 0 < 1,5,k <n}. 4.1)
In particular, T is a coherent algebra.

Proof. The RHS in (4.1) is a subspace of T'. Recall from Example 2.5 that Q,, admits
the action of & = G9! &,,. The stabilizer &, of z in & is isomorphic to S, and it is
immediate to see that every orbital of &, is of the form

{(y,2) e X x X : (z,y) € Ri, (y,2) € R, (2,x) € Ry}

for some 1, j, and k, where the corresponding adjacency matrix is £ A;E};. Hence the
RHS in (4.1) agrees with the centralizer algebra for the action of &, on X, which is a
coherent algebra; cf. Remark 2.3. Since T is generated by the A; and the E, the result
follows. O

Lemma 4.2. For 0 < 4,7,k < n, we have Ef A; E; # O if and only if
je{li—klJi—kl+2|i—kl+4,...,min{i + k,2n —i — k}}.
Proof. Routine. U

Next we recall basic facts about the irreducible T"-modules. Let W be an irreducible
T-module. We define the support W, the endpoint v(W), and the diameter d(W') of W
by

W, ={i: EfW # 0}, r(W) = min W, d(W) = |Ws| -1,

respectively. We call W thin if dim EW < 1 (0 < i < n).

Theorem 4.3 (cf. [26]). Let W be an irreducible T-module and set r = r(W),
r* =r*(W),d=d(W), and d* = d*(W). Then W is thin, dual thin, and we have

r=r" d=d"=n—2r Ws=W:={rr+1,...,n—r}.
Moreover, the isomorphism class of W is determined by r.

Remark 4.4. Recall that the universal enveloping algebra U (sly(C)) is defined by the
generators r, 1, ) and the relations
w—yr=0  br—rh=2,  by—ph=-2.

21f n is even then Q, has another Q@Q-polynomial ordering Eo, Ey,—1, F2, Ey_3, ... in terms of the natural
ordering; cf. [10, p. 305].
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There is a surjective homomorphism U (sl3(C)) — T such that (cf. [26, Lemma 7.5])

n n—1
r— ZEiflA’{Eiv n— Z Ei+1A>{Ei, h — Al.
=1 =0

Every irreducible T-module is then irreducible as an sly(C)-module. We also obtain an-
other surjective homomorphism U (sl3(C)) — T by interchanging A; and A} and replac-
ing the E; by the E above; cf. [26, Lemma 5.3].

From now on, we fix an orthogonal irreducible decomposition

V= @ 1474 4.2)

WeA
of the standard module V. In view of Theorem 4.3, let
A={WeA:r(W)=r*(W)=r} (0<r<|n/2)), 4.3)
and fix a unit vector vy € E, W foreach W € A,.. Since
dmEV = Y dmEW =Y |A,]  (0<i< [n/2]) (4.4)
WeA r=0

by Theorem 4.3, it follows from (3.5) that

n=(1)- (")) s,

It is known (cf. [26, Theorem 9.2]) that if W € A,. then the vectors

E:vw, E*+1vw, ey E;,_TUW (45)

T

form an orthogonal basis of W, called a standard basis of W. By [26, Lemma 6.6], we
also have

—2
B |2 = (” ) Bl (r<i<n—r). 46)
T—T
‘We note that
L= owl? = 3 I B7ow|? = 222" | B ow | 7

For W, W’ € A,, we observe that the linear map W — W’ defined by
Efvw — Efvy: (r<ign-—r)

is an isometric isomorphism of T"-modules. Let

—2r
WeA,

i—r j—r
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Then we have o o
(B =B (r<ij<n—r), @9

and from (4.6) and (4.7) it follows that
Ev'f;’jEv’ill’j, = 5r,r/(sj’i/Evi’j/

for0 < rr’ < |n/2|,r <i,j <n—r,and " < ¢,5° < n—r'. By Theorem 4.3
and Wedderburn’s theorem (cf. [14, Section 3]), T is isomorphic to the direct sum of full

matrix algebras
/2]

T= P My_241(C),
r=0
and the EV}J form an orthogonal basis of T". See also [24, Section 2]. We note that
E{TE; =span{E : 0 <r <min{i,j,n—i,n—j}}  (0<4,5<n). (4.10)
We now recall the Hahn polynomials [31, Section 1.5]

Qr(f;a,ﬁ,N)=3F2<_€’_;’1J1’a;5+1‘1) eR[] (0<r<N), (411

where
i

= (@1)i e (as)i &
) =2 G

i=0 7 t)i

ai,...,04
vP’ ) b
si't

biy... b

(a);=ala+1)---(a+i—1).
For o, 8 > —1, or for o, 5 < — N, we have

Nl E\(B+N-€\, |
;)( § )( N —-¢ )Qr(f7a7ﬁaN)Qr’(£,a7ﬂ,N)

and

_s Vot B+ Dnsa(B+1)r!

T 2r+a+ B8+ 1) (a+1).(=N).N!I'" (“412)

Our aim is to describe the entries of the EU’,U . In view of (4.9), we will assume for the
rest of this section that
By Proposition 4.1 and Lemma 4.2, we have
E;TE; = span{Engf_,_j_iE; 10 <& <min{i,n — j}}.
Moreover, it follows that (cf. (4.10))

B Agerj—i B

min{i,n—j}
_ 3 3F2(‘f’f’"”"‘7?‘1‘1

i EM . (4.13)

) G2 NGV

r=0
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This formula can be found in [33, Section 10]. See also [39, 49] for similar calculations.
If i <n — jthen

BFQ(—scw—@—l‘l) = Qu(&j—n—1,—j—1i).

() = (I

it follows from (4.12) (appliedtoa =j —n —1, 8 = —j — 1, N = i) and (4.13) that, for
0<r<sq,

: & -rr—m-—1
Z3F2< i ’1>E:A25+j—iE;

= j—n,—1

Since

G TG WA R el YRRV, G
2r—n—1)(F —n)(—i),4! (g) (n‘727") T

OeEE
- Frisd

(=)o

Likewise, if n — 7 < ¢ then

j—mn,—1

3F2<‘5"“‘"‘1‘1> = Qu(&—i—1,i—n—1n—j).

In this case, since

(IO = (GG
=&\ € i 3 n—j—§ J\n—j
again it follows from (4.12) (appliedtoa = —i— 1,6 =i—n—1, N = n — j) and (4.13)
that, for0 < r < n —j,

n—j
o (f’ —nron—l ‘ 1) Ef Age; B!

= j—n,—i

(L —n =Dyl —m)rt GO CIDYOTD

= (27" o 1)(—Z)r(] _ n)r(n _ j)' . (n,Z) (nf?r) By

o meayeE
(=) )
In either case, it follows that
@J:Gﬁ—QLD@ﬁ)CL?
(02
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min{i,n—j} f n—1
x ;0 o ( e ’1)E:A2£+jiE; (4.14)

for0<:¢<j<nand0<r < min{i,n — j}.

5 Tight relative 2e-designs on two shells in Q,,

We retain the notation of the previous sections. In this section, we discuss tight relative
2e-designs (Y, w) in Q,, supported on two shells X, U X,,,, i.e., L = {¢,m} (cf. (3.1)).
Recall from (3.4) that we have in this case

(1)

but recall also that this is valid under the additional condition that e < ¢, m < n — e. How-
ever, both (Y N X, Ejw) and (Y N X,,, B w) are relative (2e — 1) -designs by Theorem
3.8, so that if £ < 2e or £ > n — 2e for example, then (Y N Xy, Eg‘w) must be trivial in
view of Example 3.5, i.e., Xy C Y and w is constant on X/, and hence (Y N X,,,, EX,w) is
by itself a relative 2e-design; cf. Remark 3.7. This shows that the above condition is not a
restrictive one. We also note that

Lemma 5.1. Let (Y, w) be a relative t-design in Q,, supported on| |,.; Xo. Then (Y', A,w)
is a relative t-design supported on | |,c; Xy, where Y' = {y' : y € Y}, and for every
y € X, i/ denotes the unique vertex such that (y,y') € R,,.

Proof. Tmmediate from E; A,, € span{F;} (0 < i< n). O
In view of the above comments, we now make the following assumption:

Assumption 5.2. In this section, let (Y,w) be a tight relative 2e-design (e € N) in Q,
supported on two shells X, U X,,, where

e<l<m<n—L0(<n—e).

Our aim is to show that Y then induces the structure of a coherent configuration with
two fibers, and to obtain a necessary condition on the existence of such (Y, w) akin to
Delsarte’s theorem on tight 2e-designs. To this end, we first recall the proof of (3.4) given
in [6, Theorem 2.7, Example 2.9] under the above assumption.

For convenience, set

E; =E;+E},.

By (4.2) and (4.3), we have
E} (Z EiV> Z Z E} (Z E; W) (5.1)
=0 r=0WeA,

Let W € A,, where 0 < r < e. Recall Theorem 4.3 and also the standard basis (4.5) of
W. If r = e then E.W is spanned by vy, and hence we have

E;E.W = span{Ejvw}.
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Note that 7 vy is non-zero by Assumption 5.2, and hence
dmE;E.W =1

in this case. Suppose next that 0 < r < e. On the one hand, since

e
E; (Z EiW> C EfW = E;W + E:,W,

we have
e
dim E} <Z EiW> < 2.

On the other hand, it follows from (2.8) that

vw, Ajvw € EJW + B, W C Y EW, (5.2)

and hence
Eivw, Ef Ajow € Ej <Z EiW> :
=r

Moreover, we have (cf. (2.7))
EZ’UW = EZUW + E;Uw, EZATUW = QZEZUW + Q;E;’Uw,

so that these two vectors are non-zero and are linearly independent by Assumption 5.2 and
since 87 # 6, . It follows that

m*

dim E; (Z EiW> =2

i=r

Note that in this case we in fact have

E; <Z EZ'W> = span{E;vw, E} vw },

as
05 I — A

E;UW — E* m

071 — A7
VW
L 0r, — 03 ’

* _ *
Em’UW = ELig* — 0* W -
YA m

(5.3)

Combining these comments, we now obtain (3.4) as follows:

dim E} (Z EiV> = Z Z dim E} (Z EiW>

=0 r=0WeA, i=r

e—1
= M|+ 21A,|
r=0

=dimFE,V +dimE._ 1V
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_(n n n
~\e e—1)’
where we have used (3.5) and (4.4).

By the above discussions, the set of vectors below forms an orthogonal basis of the
subspace (5.1):

(I_I ] {Ez‘vw,E;:,vW}> |_|< ] {EZvW}>.

r=0WEcA, WeA.

As in the proof of Theorem 3.14, let
D = diagw.

We next apply v/D to the above basis vectors and compute their inner products. First, let
W, W' e [|Z A, Itis clear that

(VDE;vw VDE;vw:) = (VDE}ow,VDEjuw: ) = 0. (5.4)

By (5.3), we have
(Egow) o (Efvw) = Epu,

where ~ means complex conjugate, and

01 —A7 . 0r1— Ay
u = — ——Uw/ .
b0 )\ 0
Observe that u belongs to Z?io FE;V by (2.5) (applied to h = k& = ¢e) and (5.2). Hence, by

Proposition 3.6 we have

(VDE;vw,VDEjvw:) = (w, Eju)

= (w,u)
= X g 4 ekl ig
= B0 5, i
= O o B
= dw,w- <U|J§;Q> B¢ vw [ G-5)
Likewise, we have
<\/5E:an7 \/BELUW/> = dw,w W”E‘;UW”2~ (5.6)

Next, let W € L]i;(l) A, and W’ € A.. Then, by the same argument we have

(VDE;vw, VDEvw) = (VDE}vow,VDEj o ) = 0. .7
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Finally, let W, W’ € A.. In this case, we have

<\/5Esz, \/BEZ’UW/>

<W7XZ> 2 <WaXm> 2
=5w,w’< ——[|Efow [|” + —=——|Eqow[I” | . (5.8)
| X | X

Since (Y, w) is a tight relative 2e-design, it follows from (5.4) — (5.8) that the set of vectors
below is an orthogonal basis of the subspace VDV = span{y : y € Y} of dimension

V1= () + ()

e—1

<|_| | {JEE;UW,\/EE;;UWD | | ( | {\/EEZUW}> .
r=0WeA, WeA.
For convenience, set
Yo=Y N Xy, Y,.=YNX,.
We will naturally make the following identification by discarding irrelevant entries:
VDE;V =span{j :y € Yi} +— CY,
VDE!V =span{jj:y € Y;,} +— C¥.

We write
AT:{WE,W,?,...,WAAT‘} (0<r<e).

For 0 < r < e, define a |Yy| x |A,| matrix H! and a |Y,,,| x |A,.| matrix H™ by

H! = [VDEjowy | -+ [ VDB |,

e = [ VB | - | B |

We then define a characteristic matrix H of (Y,w) by

H =

HS\\Hf,l\ o) “ o) Hf]

1) “ 0 ‘Hgl‘m‘Hjﬁ_l‘Hg”

We note that H is a square matrix of size [Y| = (%) 4+ (,",). By (4.6), (4.7), and
(5.4) - (5.8), and since

xi=(71)  w<i<w.

we have
e—1 e—1
H'H = ( & mﬁ[m,,) o ( &) KTIA,) @ keljp, ), (5.9)
r=0 r=0
where
n—2r n—2r
w w.
HZ: e([—r) m m(m—r) (O<T<€),
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() wm ()

and we abbreviate . .
we = (w, Xp), W = {w, Xpm).

Let K denote the diagonal matrix on the RHS in (5.9). Then it follows that

Iy = HK'H!

[ S, HUEDT| LHNHD) 510
S mErEDT | S Hr N |
where we write
KO = KM =k, (5.11)
for brevity. In particular, we have
1 4 m\T
—H (H")' = 0. (5.12)

Ke
Moreover, from (5.9) and (5.10) it follows that

1 1 1
<MH5<H5)*>(@Hﬁ(Hﬁ)*)ﬂanf(Hf)* O0<rr <e), (513)

T r’ T

-1
RN 621 0/ eyt
;eHe(He) = I|Yﬁ| - ~ ;ﬁHT(HT) ) (514)

<1H’Zn <H;”)*)< 1 7"<Hﬁ)*>:6r,w LapEr)t < <€), (5.15)
K K

KT mer m
e—1
1 1
—H(H =Ty, = Y —H(H) (5.16)
e r—0 r

Note that the matrices (%) "L H.(HE)T, (k™) LH™(H™)T (0 < r < e) are non-zero since
H®, H™ are non-zero. Likewise, by setting

1 1 1

(MH,?(H{E)TXK ,Hf, (H;??)’f) = 6r,r/K—Hf(H;”)T 0<rr <e), (517)
1 14 m\t 1 m m\t 1 14 m\t !

;HT(HT ) o HT(HMN | = 6T,T’;HT(HT ) 0<rr <e), (5.18)
| P — | L oo vt /

;HT(HT ) m HY(H ) | =0, T«EHT(HT) 0<rr <e), (5.19)
1 m Nt 1 4 m\t 1 m m\t /

;HT (H,) . H. (HM)" | =6y —H; (H™) 0<rr <e). (520
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Since the matrices (k%) ~YHS(HE)T, (k)= H™(H™)' (0 < r < e) are non-zero, it fol-
lows from (5.17) — (5.20) that the matrices (x,) "' HE(H™)" (0 < r < e) are non-zero and
are linearly independent.

It follows from Theorem 3.14 and Proposition 4.1 that w is constant on each of Y, and
Y., from which it follows that

Wy

—  ify €Yy,
_ _ J 1Yl
Dyy=w¥) =19 w, oy (5.21)
Iy e Yn.
Yon|
Hence, by comparing with the formula (4.8) for the matrices E}] , we have
—H‘(Hz) ( )E‘ y, v, 0<r<e) (5.22)
l‘ié T |Y| £ £ ’
n—2e
We( _ ) o
Lyt = e e 5.23
Ke e( e) 2n72e/€e|}/€| e ‘YzXYp ( )
1 n
mH;”(H,l") = ( ) Emm|y XY, (0<r<e), (5.24)
Ky Yon|
iHm(Hm)’r: m(z—f:) Emm (5.25)
PR e 2n72eﬂe|y | Y XY .
1 (1)(n)
—HYHM = By, (07 <e), (5.26)
for VIV
\/wzwm () |
Hf HM' = ES™ |y, x v, (5.27)

202 e/ |Ye| [Yon

where |y, xv, etc. mean taking corresponding submatrices. From (5.23) and (5.25) it fol-
lows that the matrices (k)™ 1HK(HE) (ke)"LH™(H!™)' are also non-zero, since each of

e |Yz><Ye ’ E(T’
Let H' be the set consisting of the |Y'| x |Y| matrices of the form

[ Ze Z@ 1H€(H€) ‘ Ze 1 Km 1H€(H7n)

rOT;-c‘Z rOrn

e—1 m. m e m m
Sipamt LHMH)T | S e LB ()

r=0ar"’

where a ¢ etc. are in C, and we are again using the notation (5.11). By (5.13) — (5.20) and
the above comments, H' is a C-algebra with

dim H' = 4e + 2. (5.28)

Define
Seg {j Rﬁ(YzXYg 75(2)}

and define Sy ., (Y)(= Sm’g(Y)) and Sy, (Y) in the same manner. Let H be the set
consisting of the Y| x |Y'| matrices of the form

0.0
Yjesev) by Ailvixv, ‘ deszmm A|WY

, (5.29)

m,
ZjeSm,g(Y) b] AjIYnL XYy E]ESm m(Y) b A |Y77L><Y77L
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where bﬁ’f etc. are in C. Then H is a C-vector space with

dim H = [See(Y)| + [Se,m(Y)| 4+ [Sm,e (V)| + |Sm,m (Y)]- (5.30)
Note that H is closed under o. By (5.22) — (5.26) and Proposition 4.1 (or (4.14)), H' is a
subspace of H.
By (4.14), (5.14), (5.22), and (5.23), we have

n wé(n72e)
nINA l—e A4
Im Z |y |E |YeXYz + 2n72e,{e‘YZ|Ee |Yesz

min{l,n—¢} [ e

1 U s n & —rr—n—1
w2 (S (0)-(1)eC )

T

+we<’;—?>(<z>—<e"1))3F2<_5,_e,e .

1
2, (}) 0—n,—t ‘1> Azelvixve: (53D

Hence it follows that {{ # 0 : 2¢ € Sy ¢(Y)} is a set of zeros of the polynomial

- S0 ( )

r=

N we (nz_}ee)((e) - (eﬁ1)> ) <—§, —e,e—n

1
211—25%6 (ZL) {— n, .y ‘ ]‘) € ]R[g] (532)

Note that 1% (€) has degree exactly e, from which it follows that
|See(Y)| <e+1. (5.33)

Likewise, we find that {§ # 0 : 2§ € Sy, (Y)} is a set of zeros of the polynomial

=3 (()-( 7))

L en G- () F(g Cee—n—1

2n- 26&6 (m) m—=n,—m

‘ 1) e R[¢], (5.34)
and hence that

|Smm(Y)] <e+1. (5.35)
Finally, by (4.14), (5.12), and (5.27), we have

\/Wewm ne 2: 7:;1—2:) “0m
E’e7 |Y€><}/7n
on— 2e,£ ‘Y€||Ym|
VI (- ()
2n-2¢5, \/1Ya[ Yol (2)("29)
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_ga_eae_n_

min{¢,n—m}
( m—mn,—{

X Z 3Fy

£=0
Hence it follows that {£ : 26 +m — £ € Sy, (Y)} is a set of zeros of the polynomial

1
’ 1>A2£+mzlyexym.

£ - —n—1
wg,m(g) = 3F2( Eame;en’ :7“6 ’ 1> € R[f], (5.36)
and that
Se,m(Y)| = [Sm,e(Y)| <e. (5.37)

By (5.30), (5.33), (5.35), and (5.37), we have
dim H < 4e + 2.

Since H' is a subspace of H, it follows from (5.28) that H = H'. In particular, H is a
C-algebra. It is also clear that H is closed under { and contains Jjy-|. We now conclude
that H is a coherent algebra. Note also that equality holds in each of (5.33), (5.35), and
(5.37).

To summarize:

Theorem 5.3. Recall Assumption 5.2. With the above notation, the following hold:
(1) The set H from (5.29) is a coherent algebra of type [eil er1 ]
(ii) The sets of zeros of the polynomials % (€),v™ ™ (€), and YE™(€) from (5.32),
(5.34), and (5.36) are given respectively by
{5 7é 0: 2& € SE,E(Y)}v {E 7é 0: 2§ € Sm,m(y)}a and
{€:26+m—2Le Sym(Y)}.
In particular, the zeros of these polynomials are integral.

Concerning the scalars w; and w,,, appearing in the polynomials ¢ (&) and 7™ (&),
it follows that

Proposition 5.4. Recall Assumption 5.2. The scalars wy and wy, satisfies
o (O Yl = (1)
we o ()05 el = ()

In particular, the weight function w is unique up to a scalar multiple.

Proof. By comparing the diagonal entries of both sides in (5.31), we have

v >+we(’2‘ie>(<2>—(e"1))

vl vl (\e—1 2n2e55, (7)

Likewise,

n—2e\((n n
1= M - n ) n wm(Tn—e)((e)i(e—l))
Yl Yl e—1 2n—2ep, (::l)
By eliminating ., we obtain the formula for w,, (w¢) ~*. The uniqueness of w follows from
this and (5.21). =
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Example 5.5. Suppose that e = 1. In this case, Theorem 5.3(i) was previously obtained by
Bannai, Bannai, and Bannai [5, Theorem 2.2 (i)]. Moreover, Theorem 5.3(ii) and Proposi-
tion 5.4 are together equivalent to [5, Proposition 4.3].

Example 5.6. Suppose that e = 2. Then we have
(O —n)  (FHA=H(ED(EDA —n)(2—n)
(m —n)(=4) (m—n)(m—n+1)(—£)(1—1¢)2

2n—1)E | (n— D)o~ 2)(¢ 1
(n—m)t  (n—m)(n—m-—1)¢(—-1)

Yo =1+

=1-

From Example 3.13 we find two parameter sets satisfying Assumption 5.2:

n £ m £
22 6 7 3,5
22 6 15 1,3

The zeros ¢ given in the last column are indeed integers. Note that the other two parameter
sets in Example 3.13 correspond to the complements of these two; cf. Lemma 5.1. On the
other hand, the existence of tight relative 4-designs with the following feasible parameter
sets was left open in [9, Section 6]:

n £ m £

37 9 16 4(71+/337)

37 9 21 4(55++/337)
41 15 16 55(237 £ /1569)
41 15 25  5-(153 +1/1569)

Here, we are again taking Lemma 5.1 into account. Observe that the zeros & are irrational,
thus proving the non-existence.

We end this section with a comment on the expressions of the polynomials *(¢)
and "™ (&). We first invoke the following identity which agrees with the formula of the
backward shift operator on the dual Hahn polynomials (cf. [31, Section 1.6]):

(N +1)(a+B+2r)Q(&a—1,8N+1)
=(a+r)a+f+r)(N+1-7r)Q:({— L, B, N)
—rla+B+N+1+7r)(B8+r)Qr-1(§ —1;a,8,N). (5.38)

This can be routinely verified by writing the LHS as a linear combination of the polynomi-
als (1 —&); (0 < ¢ < r)using

(=8)i=1—=&)i —i(1=E&)i-1,

and then comparing the coefficients of both sides. Setting « = ¢ —n, 3 = —¢ — 1, and
N = ¢ — 1 in (5.38), it follows that the first term of the RHS in (5.32) is rewritten as
follows:

€

() )
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e—1

ZZ:Z:?LDQ(é;a—l,b’,NH)

Lol S (Uendn)on-(E-n) o

_f(n—£)7_z_(;< rl(n —r+1)! Qr(€—La, B, N)
_’I"(’I" +£T'—(7’IL’L—T1K7"1)—‘ {— 1) QT71(€ _ l,a,B,N))

_ n! e l—n+e—1){l—e+1) L

“n-n T T e D er Qe BN

(n \Yn—t—e+1)(l{—-e+1) 7 1-¢1—-e,e—n—1 1
T \e—1 ((n—10) S d—n+1,1-0 '

Likewise, the first term of the RHS in (5.34) is given by

(-G

:< n )(nme+l)(me+1)3F2<1—f,1—e,e—n—1‘1>.

e—1 m(n —m) m—-—n+1,1-m

(&

I
o

T

6 Zeros of the Hahn and Hermite polynomials

Recall the Hahn polynomials @, (&; a, 8, N) from (4.11). Recall also that the zeros of
orthogonal polynomials are always real and simple; see, e.g., [42, Theorem 3.3.1]. It is
well known that we can obtain the Hermite polynomials as limits of the Hahn polynomials;
cf. [30, 31]. In this section, we revisit this limit process and describe the limit behavior of
the zeros of the Q,-(£; a, 3, N), in a special case which is suited to our purpose.

Assumption 6.1. Throughout this section, we assume that « < —N and 8 < —N, so
that the Q.- (§; v, B, N) satisfy the orthogonality relation (4.12). We consider the following
limit:

a+p

— +0.
afN +

We write

and assume further that

Ne . Be
im =0, lim
e—+0 e + S =40 e + e

=pel0,1].

Remark 6.2. We do not require in Assumption 6.1 that «., 3., and N, are uniquely deter-
mined by e. In other words, these are multi-valued functions of € in general (for admissible
values of ¢), but their limit behaviors are uniformly governed by e.

With reference to Assumption 6.1, observe that

. . 2 . Qe + Be e+ Be
lim a. = lim ae® = lim . = —00
e—+0 e—+0 e——+0 ﬁe Ne
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Likewise, we have

lim 8. = —o0, lim N, =

€4, 00).
e—+0 e——+40 p(l — p) [ OO]

We will work with the normalized (or monic) Hahn polynomials:

(@4 1)r(=N),

(&) = q-(&5¢) = (r+a+pB+1),

Qr(&§ . B,N).
Their recurrence relation is given by (cf. [31, Section 1.5])

Eqr(g) = QT’+1(€) + (ar + br)Qr(f) + ar—lbrq'r—l(g)a
where g_1(§) := 0, and

_(rta+p+1)(r+a+1)(N —r)

" @r+a+B+D2r+a+B+2)]
_r(r+a+pB+N+1)(r+p)
2r+a+B)2r+a+B8+1)

=

For convenience, let
)\ _ 2(a6 + Be + NG)
‘ ae+ B

Note that
lim A = V2.
e——+0
Consider the polynomial G, (n; €) in the new indeterminate 7 defined by

@r(n) = Gr(m€) = qr (Azn + (aeaﬁﬁ)@)' (;:)T € R[y).

Note that g, (n) is also monic with degree r in 7. Then (6.2) becomes

aeNe ~ arflb'r€2 ~
Jato

1
0 () = dr1(n) + - (W e G B )1

It is a straightforward matter to show that

1
)\6<(ar + b )e— o +ﬁe > —(pre +ro)e + O(e3),
ay_1b,€2 _r
()\6)2 2 + ( )7
where
. (O‘e — BG)NE o = (056 — Be)(ae + /86 + 2Ne)
P Nae+ oz 7 Aclae + Bo)?
are convergent:
. 1-2p
lim p. =0, lim o, = .

e—+0 e—+0 V2

+ qufl(n)-

6.1)

6.2)

(6.3)

(6.4)

(6.5)

(6.6)

6.7)
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Recall the Hermite polynomials [31, Section 1.13]

2> eR[p] (r=0,1,2,...).

H.(n) = (277)T2F0<_r/2’ —(r=1)/2 ’ - nl

Their normalized recurrence relation is given by

Mhe(n) = hea () + Sheoa (1), (6.8)
where "
hi(n) = ;E"), (6.9)

and h_1(n) := 0. We also note that
dh,

d77 (77) = rhrfl(n% (610)
and that
he(=n) = (=1)"hr(n). (6.11)
Since Go(n) = ho(n) = 1, it follows from (6.4) — (6.8) that
lim (3 ) = () 6.12)

in the sense of coefficient-wise convergence.
We now set

Gr(1;0) = h.(n),

and discuss partial derivatives of §,.(n; €) as a bivariate function of 7) and ¢. First, it follows
from (6.10) and (6.12) that

0Gr dh,
P OE ) =) = rhea () (6.13)

Concerning the partial differentiability of g, (7; €) with respect to e, it follows that

Lemma 6.3. The function §,.(n; €) is partially right differentiable with respect to € at (1, 0),
and we have

8@7" . _ T(l B 2p)
66 (77’0) - 3\/§

Proof. Throughout the proof, we fix 7 € R and set

dr(n; 6) — hr(n) )

((r =1+ 1) he_i(n) — nhe (1)) -

Ar(e) = An(n;€) =
It follows from (6.4) — (6.8) and (6.12) that
. r
1Ar(€) = Aryi(e) = (e +706)Gr(m;€) + 5Ar-1(€) + O(e)
T
2

= Ar-‘rl(e) - T'Uohr(ﬁ) + Ar—l(e) + 0(1)7 (614)



192 Ars Math. Contemp. 22 (2022) #P2.01 / 163-205

where we set
. 1-2p
op:= lim o0 = ———

e—+0 V2
for brevity. Since go(n;€) = 1, we have Ag(e) = 0. Solving the recurrence (6.14) using
this initial condition and (6.8), we routinely obtain

r(rz— 1)00]%71(77) n r(r— 11)2(r -2)

where h_1(n) = h_2(n) = h_3g(n) := 0. It follows that §,(n; €) is partially right differen-
tiable with respect to € at (7, 0):

Ay(e) =

aoh,—3(n) +o(1),

o, o
5 (1:0) = lim Ar(e)
r(r—1 r(r—1)(r—2
= ( 7 )Uohrﬂ(n) + %00}7473(”)-
Finally, from (6.8) it follows that
dq, r(r—1 r(r—1
E(U;O) = ( )Uohrq(n)‘f‘ ( G )Uo(nhrﬁ(n) — hy—1(n))
r(r—1 r
_ 3 )Uohrfl(ﬂ)Jr gaoﬂ(ﬁhrfl(ﬁ) — hy (1))
ro
= (0 = 10" hr s () = b ()
as desired. ]

Proposition 6.4. Recall Assumption 6.1. Fix a positive integer e, and let
Eleya) < o0 <€ < (&) <& <ot <Elegays
Nlesz) <o <m-1< (o) <m <+ < Neja

be the zeros of q.(&; €) and he(n) from (6.1) and (6.9), respectively, where &y and 1o appear
only when e is odd. Then &; satisfies

lim <£1- _ Ak el > kYA

e—=+0 € (e + Be)e? 3
as a function of ¢, fori = —|e/2],...,—1,(0),1,..., |e/2].
Proof. Define 7; by
€ = Ae(ni + 7i) aeNe
L € (e + Be)e?’
so that 1; + 7; is a zero of G.(n; €). Then, from (6.12) it follows that
lim 7, = 0. (6.15)
e——+0

For the moment, fix 7. Then we have

0.
0= Ge(ni + Tis€) = Ge(mis €) + 87657(772 + 015 €)7;
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for some € € (0, 1) depending on e. Hence, from (6.13), (6.15), Lemma 6.3, and since
Ge(n:;0) = he(ni) = 0,
it follows that

LT 1 . Ge(nise€)
lim — =— lim
e—+0 € ehe_1(n;) e>+0 €
1 0de

T eh 1 (m) Oc (n:;0)

= 2)0_1(6—1‘*‘(771‘)2)7

3V2

where we note that h.(n) and h._1(7n) have no common zero by the general theory of
orthogonal polynomials; see, e.g., [42, Theorem 3.3.2]. By (6.3), we have

. Al o N, A 2p—1 )
o (& T (ae+ﬁe>62) = Jim, e = Ty et ).
This completes the proof. O

The following is part of the estimates on the zeros of h. () used in [1].3

Proposition 6.5 ([1, Proposition 13]). Fix a positive integer e, and let the 7); be as in
Proposition 6.4. Then n_; = —n; for all i. Moreover, the following hold:

1. Ifeisodd and e > 5, then g = 0 and (n;)? < 3/2.
2. Ifeisevenande > 8, then (n2)? — (m)? < 3/2.

Proof. That n_; = —n;, is immediate from (6.11). We now write 1; = 7{ to compare these
zeros for different values of e. Then, as an application of Sturm’s method, it follows that

V2e+1nf <v2e + 108  (i=1,2,...,]€/2)),

whenever ¢/ < e and €/ = e (mod 2); see the comments preceding (6.31.19) in [42]. Since

3 3
hs(m)=n>—<n,  ha(n) =n*—3n*+ =,

2 4

we have
ni”Z\/? = 346

2 2

Hence, for odd ¢ > 5 we have
05 < 5 O = 15 < 5
and for even ¢ > 8 we have
) — 1)? < (5)? < oty = VO B

as desired. O

3Bannai [1] worked with the polynomial v/2¢he(n/+/2). We may remark that the upper bounds /3 men-
tioned in Proposition 13 (i) and (ii) in [1] should both be 3. See also [22, Proposition 2.4].
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7 A finiteness result for tight relative 2e-designs on two shells in Q,,

In this section, we prove that

Theorem 7.1. For any 6 € (0,1/2), there exists eg = eo(0) > 0 with the property that,
for every given integer e > ey and each constant ¢ > 0, there are only finitely many tight
relative 2e-designs (Y,w) (up to scalar multiples of w) supported on two shells X, U X,
in Q,, satisfying Assumption 5.2 such that

< c-nd. (7.1)

Our proof is an application of Bannai’s method from [1]. We will use the following
result, which is a variation of [40, Satz I]:

Proposition 7.2. For any 9 > 0 and § € (0,1/9), there exists ty = €,(9,0) > 0 such
that the following holds for every given integer € > €y and each constant ¢ > 0. for all but
finitely many pairs (a, b) of positive integers with

b<c-a5,

the product of € consecutive odd integers
(2a+1)(2a43)---(2a+2¢ — 1)

has a prime factor which is greater than 2¥ + 1 and whose exponent in this product is
greater than that in

(b+1)(b+2)---(b+ |VE]).

The proof of Proposition 7.2 will be deferred to the appendix.
We will establish Theorem 7.1 by contradiction:

Assumption 7.3. We fix § € (0,1/2). Ler ¢y = £,(2,0) > 0 be as in Proposition 7.2
(applied to ¥ = 2), and set

eo = eg(d) = max{2¢g, 8}.

We also fix a positive integer e > eqg and a constant ¢ > 0. Throughout the proof, we
assume that there exist infinitely many tight relative 2e-designs (Y,w) in question.

Let © denote the set of triples (¢,m,n) € N? taken by those (Y,w) in Assumption 7.3.
Recall from Proposition 5.4 that w is uniquely determined by Y up to a scalar multiple.
Moreover, for each (¢,m,n) € © there are only finitely many choices for Y. Hence we
have

|O] = oc. (7.2)

For the moment, we fix (¢,m,n) € © and consider the polynomial )%™ (&) (which
also depends on n) from (5.36). We recall that

PEM(E) = Qe(&; a, B, N),

where
a=m-—n-—1, B =-m-—1, N =V{. (7.3)
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We note that o, 8 < —N in view of Assumption 5.2. By Theorem 5.3(ii), if we let
Eolesz) < v <&o1 < (&) <& <o <Elep2y (7.4)
denote the zeros of 1)%™ (&) (cf. Proposition 6.4), then we have
& €{0,1,....¢4} for all 5. (7.5)

We also rewrite 1)5™ (&) as follows:
w.ﬁ’m(g) = Z Sefi(_l)i(_g)iv
=0

where

From (7.5) it follows that the polynomial ¥“™ (£) /s is monic and integral:

¢&m - Se—i i
D) S e 1)) = (€~ o pepa) o (€= o) €ZI) (6

s s
0 i—0 0

where the factor (£ — &) appears only when e is odd. Since (—1)*(—¢); is also monic and
integral, and has degree i for 0 < ¢ < e, it follows that

()

ezZ\{0} (0<i<e), (17)

where that these coefficients are non-zero follows from Assumption 5.2.
We now consider the map f : © — [0, 1]? defined by

F(6,m,n) = <£ZZ) €[0,12  ((t,m,n) € O).
Recall (7.2). Moreover, from (7.1) it follows that
[f 7 a,b)] <00 ((a,0) € [0,1]). (7.8)
Hence it follows that
1/(©)] = oo,

so that f(©) has at least one accumulation point in [0, 1]2. Again by (7.1), such an accu-
mulation point must be of the form

(0,p) € [0,1]%.

We next show that the parameters «, 3, and IV from (7.3) satisfy Assumption 6.1 when
ft,m,n) — (0, p).

Claim 7.4. {,m,n —m — oo as f(¢,m,n) — (0, p).
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Proof. Since m,n —m > ¢ by Assumption 5.2, it suffices to show that £ — oco. Suppose
the contrary, i.e., that there is a sequence (i, my,ny) (k € N) of distinct elements of ©
such that

lim f(lg, mg,ng) = (0, p), sup £ < 00.

k—o00 k
Since the ¢, are bounded, it follows from (7.5) and (7.6) that there are only finitely many
choices for 5™ (€)/so when (£, m,n) ranges over this sequence. In particular, there are
only finitely many choices for each of the coefficients s1/sg and s2 /s, and hence the same
is true (cf. (7.7)) for each of

n—m-—e+1 n—m-—e+2
n—2e+2 "’ n—2e+3

However, it is immediate to see that these distinct scalars in turn determine n and m
uniquely, from which it follows that the nj, are bounded, a contradiction. O

Claim 7.5. ¢m(n —m)/n* — oo as f(¢,m,n) — (0, p).
Proof. If 0 < p < 1 then the result follows from Claim 7.4 and since

W%p(l—p)>0.

Suppose next that p = 1. Suppose moreover that there is a sequence (g, my, n)
(k € N) of distinct elements of O such that

Ekmk. (nk — mk)

kli_{gof(gk,mmnk) =(0,1), SI;I)W < 0.
Since my /ni — 1, we then have
¢ _
sup 7k(nk mk) < 0.
k Nk
Let
. (g —mp—e+ 1)l —e+1) ; (g —mp—e+2)(lr —e+2)
k= ng —2e +2 ’ ko ny —2e+3 ’
Then the r;, and the ¢;, are bounded since
¢ _
Rt k(ng — my)
ng

by Claim 7.4. From (7.7) it follows that s1/so and s3/s( are bounded as well, and hence
take only finitely many non-zero integral values when (¢, m, n) ranges over this sequence.
It follows that the r; and the t; can assume only finitely many values, and then since
T, ~ t, we must have r; = ¢ for sufficiently large k. However, it is again immediate to
see that 7, # t;, for every k € N, and hence this is absurd. It follows that the result holds
when p = 1.
Finally, suppose that p = 0. For every (¢, m,n) € © we have
e(m—e—l—l)(ﬁ—e—i—l) s1

= — {— 1
n—2e+2 50+e( e+ 1),
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e\(m—e+1)s(l—e+1)y s s1 (e
(2) (n722€+2)2 2_Sz—i—(e—l)(ﬁ—e—i—Q)s(l)—i—<2>(Z—e+1)2.

From (7.7) and Assumption 5.2 it follows that these scalars are non-zero integers. By the
same argument as above, but working with these two scalars instead of s1/s¢ and s2/sg,
we conclude that the result holds in this case as well. O

By Claims 7.4 and 7.5, it follows that the parameters «, 3, and N from (7.3) satisfy
Assumption 6.1 when f(¢,m,n) — (0, p), since
at+p n N l B8

— ~

7\/045N~\/€m(n—m)7 C¥—|-ﬁ%7n7 a+pB

JE

Note that the scalar p in Assumption 6.1 agrees with the one used here in this case. Hence
we are now in the position to apply the results of the previous section to wﬁ*m (€), which is
the Hahn polynomial having these parameters.

Claim 7.6. We have p = 1/2. In particular, (0,1/2) is a unique accumulation point of
f(©). Moreover, we have n. = 2m for all but finitely many (¢, m,n) € ©.

Proof. Let the &; be as in (7.4). Then from Propositions 6.4 and 6.5 it follows that

4p .
Eit&i—&—&— T((Tli)2 - (1j)?) for all 4, j, (7.9)
as f(¢,m,n) — (0, p), where the 7, are the zeros of the monic Hermite polynomial h.(n)
from (6.9) as in Proposition 6.4. Recall that e > 8 by Assumption 7.3. Set (i,7) = (1,0)
in (7.9) if e is odd, and (7, j) = (2,1) if e is even. Then, since
22
3 3
it follows from Proposition 6.5 that the RHS in (7.9) lies in the open interval (—1,1).
However, the LHS in (7.9) is always an integer by (7.5), so that this is possible only when
the RHS equals zero, i.e., p = 1/2. In particular, we have shown that (0, 1/2) is a unique

accumulation point of f(©).
Again by (7.5) and (7.9), we then have

€i+§—i :gj +£—J for all ivja

provided that f(¢,m,n) is sufficiently close to (0,1/2). By the uniqueness of the accu-
mulation point and (7.8), this last condition on f(¢,m,n) can be rephrased as “for all but
finitely many (¢,m,n) € ©.” Now, let £ be the average of the zeros &; of /%™ (¢). Then
the above identity means that the &; are symmetric with respect to é . Hence, if we write

l,m € >
%870(0 = wei(€ - &),
1=0

then we have
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for all but finitely many (¢, m,n) € ©. On the other hand, using (7.6) and (7.7), we
routinely obtain

ws = @ (n — 20)(n — 2m)

" l—e+1l)m—e+)(n—t—e+1)(n—m—e+1)
(n—2e+2)3(n—2e+3)(n—2e+4) '

Hence, by Assumption 5.2, that ws = 0 forces n = 2m. The claim is proved. O
By virtue of Claim 7.6, we may now assume without loss of generality that
n=2m ((¢,m,n) € O),

by discarding a finite number of exceptions. Set

e
e=3).
and let ¢’ be a constant such that ¢’ > 2%¢. Note that
>t =8(2,0)
by Assumption 7.3. Let (¢, m,2m) € ©. We have
c-(2m)° < - (m—e+1)°

provided that m is large. Hence it follows from Proposition 7.2 (applied to ¥y = 2) and
(7.1) that if m is sufficiently large then there is a prime p > 2¢ + 1 such that

vp((2m —2e+3)(2m —2e+5)--- (2m —2e + 28+ 1)) > v, (€ — e+ 1)),

where 1, (n) denotes the exponent of p in n. Assuming that this is the case, leti (1 < i < £)
be such that
vp(2m —2e +2i+1) > 0.

Observe that 7 is unique since p > 2¢ 4 1, so that we have
vp(2m —2e +2i 4+ 1) > v (€ — e+ 1)2¢).
Moreover, we have
ged(2m —2e+2i+1m—e+i+j)=ged(2j—1l,m—e+i+j)<p
for 1 < j < 4, from which it follows that
vp((m—e+i+1);)=0.

By these comments and since
21 < e < p,

it follows from (7.7) (with n = 2m) that

() (=)
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(m—€+l+1)l(f—€+1)22
~ P\ 2iem —2e+3)2m —2e+5) - (2m— 2e + 2i + 1)

< 0.

However, this contradicts the fact that so; /sq is a non-zero integer. Hence we now conclude
that © must be finite.
The proof of Theorem 7.1 is complete.
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Appendix A Proof of Proposition 7.2

203

Our proof of Proposition 7.2 is a slight modification of (the first part of) that of [40, Satz I].

For a positive integer n, let

(2n)!

Xn=1-3-5---(2n—1) = TR

Observe that the exponent v, (x») of an odd prime p in x,, is given by
[log, (2n)] [log, (2n)]
2n n n 1
wor= 2 ()= % el
where we have used )
)+ |erg| =2 €em,
Now, let (a, b) be a pair of positive integers with

b<c-a’,

which does not satisfy the desired property about a prime factor; in other words,

Vp(Xate) — Vp(Xa) < vp((0 4 [UE])!) — v (b)) ifp>2¢+1.

(A1)

(A2)

(A3)

Our aim is to show that a is bounded in terms of ¥J, d, ¢, and &, and hence so is b by (A.2),
from which it follows that there are only finitely many such pairs. (We will specify ¢y =

€ (¥, 0) at the end of the proof.) To this end, we may assume for example that
a> ¢t c-a®>e+1.
Without loss of generality, we may also assume that
b > ¢
for otherwise the pair (a, € + 1) would also satisfy (A.2) and (A.3).

Let
_ Xatt b!

T Yexa (6 + [0

Then from (A.3) it follows that

5 < H p”P(5)7

3<p<2e+1
where the product in the RHS is over the odd primes p < 2¢ + 1, and where

Vp(5) = Vp(Xate) — Vp(xe) — Vp(Xa) + vp(b!) — v ((b + [UE]))).
By (A.1), for every odd prime p we have

Vp(8) < vp(Xate) — ¥p(Xe) — Vp(Xa)

(A4)

(A5)

(A.6)
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[log, (2a+2¢)]

S el o)

{§+n+1J - F+;J - {n+;J €{-1,0,1}  (&meR).

Note that

2

Hence it follows that (2 %)
n(2a +
I/p(ﬁ) < logp(2a+ 2?) = T
for every odd prime p. From (A.6) and (A.7) it follows that
Ins < (w(28+ 1) — 1) In(2a + 2¢),

where 7(n) denotes the number of primes at most n.
On the other hand, we have

(2a + 2¢)lelal b!

~ (a+8)!(26)!(2a)! (b + [vE))

Using Stirling’s formula

1 In2
In(n!) = <n+2>lnn—n+ = 7T+rn,
where L
0<Tn<ﬁ’
we obtain
Ins > (a+€)In(a+¢) —tlnt—alna+ P& —2
1 1
+<b—|—2>lnb—(b+ﬁf+2)ln(b+1%).
Let b
. a ~
= -, b= —.
"% ¢
Note that B
a,b>1,

in view of (A.4) and (A.5). With this notation, we have

1
Ins > ¢tlna+ (a+ 1)?111(1 + &) —Vtlnt+ 9t -2
- - 1 ¥
—9¢tlnb —((b—i—ﬁ)?—i— 2) ln(l + 6)

> elna—JElne —2 — YeInb —(1%+ ;) ln(1+ i)

(A7)

(A.8)

(A.9)

(A.10)
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1
> (1—96)elna — d€lnc— I5tIne — 2 —(19{3+ 2) In(1+9), (A.11)

where the first inequality is a restatement of (A.9), the second follows from
0<In(1+¢) <&  (£>0),

and the last one follows from (A.2) and (A.10).
Concerning the prime-counting function 7 (n), it is known that [37, (3.6)]

n
1.25506 — 1).
m(n) < on (n>1)

By this, (A.8), and (A.10), we have

Ins < (m(26+1) - 1) (lna+ 1n2e(1 + i))

2 +1 i
<(1.25506 + )—1> (Ina + In 4¢). (A.12)

In(2¢ 4+ 1
Combining (A.11) and (A.12), it follows that

2t 41 -

1
< ﬂ?lnc+195?ln?+2+<19?+ 2) In(1 + )

26 +1
+ (1.25506 t+ ) — 1) In 4¢. (A.13)

In(2¢ 41

1 2.51012
{’0:%(19,(5):2(6)@( 15_(’)05) —1> >0

for example, then we have

If we set

26 +1 >1+195

1—96)k—1.25506 —— —— +1> — <
(1—098)e 5506 e ) 5

>0 (et

Hence, whenever £ > £, it follows from (A.13) that In a = In a + In € is bounded in terms
of ¥, 4, ¢, and ¢, from which and (A.2) it follows that there are only finitely many choices
for the pairs (a, b).

This completes the proof of Proposition 7.2.



