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Application of the Thin Slice Model for Determination
of Face Load Distribution along the Line of Contact
and the Relative Load Distribution Measured along Gear Root

Wiktor Kamycki* — Stanistaw Noga
Rzeszow University of Technology, Faculty of Mechanical Engineering and Aeronautics, Poland

This article concerns the investigation of the relationship between stress distribution caused by contact during tooth flank engagement and
tensile stress distribution due to bending at the tooth root. Four different approaches are discussed. The first refers to ISO 6336 guidelines
describing the relationship with a simple empirical formula. The second is the proposed thin slice model developed in MATLAB computer
software. The third approach is based on finite element analysis (FEA). The last experimental method uses a bespoke test rig designed
and manufactured for this work. The thin slice model has been verified against ISO 6336 guidelines, FEA simulation, and the test rig
measurements. Two phenomena have been observed: coupling and edge effect, both of which impact the relationship between load intensity

distribution for contact and bending.
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Highlights

e Athin slice model for conversion between face load distributions has been developed.
*  FEA has been performed and a bespoke test rig manufactured as a point of reference.

*  The coupling effect follows ISO 6336 prescriptions.

*  Gear tooth edge compliance noted in FEA and test rig measurements.

0 INTRODUCTION

Gears are integral elements of machines and car
drivetrain systems. Every mechanism, including
transmissions, is fraught with errors, which must
be taken into account in the design stage. The most
common deviation regarding gearboxes is gear
misalignment causing non-uniform load distribution
along the gear face width. A crucial point in the design
process relates to the need to determine face load
distribution for contact and root stress.

Face load factors Kpz and Kpp have a direct
impact on gear durability. Non-uniform distribution
of transmitted load leads to stress concentration
in specific regions of teeth, making them prone to
failures. According to ISO 6336 [1] to [3], the two
face load factors Kpz and Ky directly affect the
maximum permissible load (regarding contact and
bending stress) that the gear teeth transmit. The
constantly growing power density of gearboxes
and the continued requirement to improve their
reliability call for accurate determination of the
above factors, ideally using method A prescribed
in ISO 6336-1 [1] (measurements by root strain
gauging). Strain measurements across the gear roots
allow the determination of the relative root bending
stress  distribution factor Ky However, direct
measurements of the face load factor for contact stress

Ky are presently not possible; to derive this factor,
an additional conversion is required, based on the gear
geometry and known face load factor Ky [1].

The relationship between relative stress intensity
distribution across gear root and gear flank forms the
basis of gear strength calculations. The possibility
of converting between face load distribution and
measured root stress distribution enables the
calculation of the maximum permissible load
transferred by a gearbox. Despite certain guidelines
and empirical relationships found in ISO standards,
the available information does not provide a thorough
understanding of the correlation between the factors.
This research discusses the correlation between the
face load factors as recommended in ISO 6336-1
standard [1].

The relationship between the face load factors
has not been extensively examined. However, much
work has been done on the investigation of the load
distribution factors separately. An influence of shaft
misalignment on the contact stress status has been
proved in [4], investigating load distribution along the
tooth profile and along the tooth width. Additionally,
a model of the gear system was developed using finite
element analysis (FEA), based on dividing the system
into a number of substructures. Gear mesh stiffness
has been analysed by Chang et al. [5], dividing the
deformation of a tooth into global and local contact
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terms. The effect of contact ratio has been examined,
and parameters influential on mesh stiffness have been
identified. Various misalignment modes have been
simulated by Lias et al. [6], using different contact
load arrangements and investigating their influence
on root bending stress distribution. In [7] and [8], the
authors compared methods for determining the gear
teeth load capacity using ISO, AGMA standards, and
FEA. The accuracy of the geometry of cylindrical
spur gear teeth was analysed in [9]. The authors
designed and manufactured the gears with the direct
metal laser sintering method, sand-blasted, ground
and measured on a coordinate measuring machine
after each manufacturing step. Zeng et al. [10] and
[11] aimed to simulate straight bevel gear [10] and
spur gear [11] transmission by deducing the equations
for the tooth surface, tooth root surface, and tooth-
root transition surface. The equations led to create
3D assembly model of gear pairs and simulate in
ANSYS software. The proposed modelling method
is claimed to be more accurate than the traditional
modelling method, especially in terms of contact
and root bending stress values. In [12] and [13], the
authors discuss proposed algorithms for teeth contact
analysis under load, focused on determining the
load distribution, including manufacturing and shaft
seating errors. In [14] and [15], the authors propose
methods for gear transmission error evaluation used
for gear mesh analyses. Other research [16] estimated
the impact of the method used to determine the face
load factors on the results of gearing calculations.
Wang et al. [17] developed the thin slice model in
which the time-varying mesh stiffness of a helical
gear was examined. The thin slice model was used
for the calculation of transverse tooth stiffness. In
addition, they took into consideration transverse gear
foundation stiffness, axial mesh stiffness and Hertzian
contact stiffness. The authors compared time-varying
mesh stiffness of the developed analytical model and
FEA, distinguishing transverse and axial stiffness.
Gear root stress distribution was tested against
various load conditions and lead to modifications
by Haigh and Fawecett [18] as a part of a programme
of experimental work carried out using an 8 MW
facility for gear noise and vibration at the University
of Newcastle upon Tyne. Pedrero et al. [19] presented
a model of non-uniform load distribution along the
line of contact for spur and helical gear teeth. The
analytical model was obtained from the minimum
elastic potential energy criterion and validated against
FEA, yielding similar results. The authors present an
approximate equation for the inverse unitary potential
expressed as a function of transverse contact ratio.

The equation allows the evaluation of the contact and
bending stresses. Guilbaut et al. [20] have developed
an express model for the analysis of load sharing, fillet
and contact stresses. The model uses the fine-strip
method combined with a pseudo-three-dimensional
(3D) model of a tooth base as an alternative to FEA.
Ajmi and Velex [21] proposed a theory covering tooth
contact characteristics and dynamic calculations. The
developed theory of gear mesh stiffness includes gear
body stiffness, tooth deflections, and contact stiffness.
An experimental study [22] was made, with the use
of strain gauged gears, observing the significant
influence of gear misalignment and the amount of lead
crown on maximum root and contact stress values,
as well as root stress distribution. Another work
[23] focuses on lead crown optimisation to reduce
maximum contact and root stress values. The authors
have successfully developed a method of lead crown
modification that was based on FEA simulations.

Most of the work focuses on gear calculation
methods to verify its parameters for load capacity.
However, there is a lack of published research
results on the relationship between the Kz and Ky
factors. Knowledge of this relationship would allow
drawing conclusions about the load distribution along
the contact line only based on the load distribution
at the root of the tooth, which can be measured
under real conditions. An attempt was made [24] in
which the authors determined the load distribution
along the contact line based on circumferential
tooth deformation measurements. These types of
measurements can only be carried out at a test rig
under conditions that do not correspond to actual
operating conditions. A correlation between root strain
measurements and the Ky has been analysed in [25].
A bottom-up approach was presented based on gear
tooth stiffness calculations, in which signal from the
strain gauges is transformed to the load on the tooth
flank by means of a tooth stiffness model. The stiffness
values were derived from dedicated FEA. The model
consists of functions that express the relationship
between strain gauge signal and applied force located
at a point, perpendicular to the tooth flank. The
author claims that when several forces are applied
on the tooth flank, the resulting strain gauge signal
is a superposition of the strain signals induced by the
individual forces. The analysis required experimental
verification of the predicted load distribution on the
tooth flank adjusting the gear misalignment.

This work constitutes the development of a
master’s thesis [26], which was written with support
from the company Transmission Dynamics Ltd. The
approach presented in this paper has been verified by
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the authors [27] against ISO 6336 guidelines, in which

the correlation between the face load factors Kzp and

Kpp was analysed in relation to gear face width and

unevenness of the load applied.

This research aims to develop an algorithm to
investigate the relationship between face load factors
K and Ky, which take into account the effect of load
distribution over the face width for bending stress and
contact stress, respectively. To achieve the above aims,
the following objectives have been accomplished:

* guidelines available in ISO 6336-1 concerning
the determination of face load factors have been
examined,

* an original tool using MATLAB software
allowing the transformation of bending stress
distribution measured across gear root into
contact stress distribution over tooth flank has
been developed,

o finite eclement analysis of a gear tooth to
investigate its behaviour under certain load
conditions have been performed,

* a bespoke test rig as a verification point of
computer simulations has been designed and
manufactured.

This enabled investigation of various load cases
and observation of the gear tooth response. The
results from the simulation of the gear tooth model
have been compared to calculations based on ISO
recommendations.

1 METHODS

Analysis of the effect of load distribution over the
face width, on the contact stress and on the stress
at the root, was carried out using the four methods
described in the following subsections. Calculations
and simulations in all four methods were based on
planetary stage gear parameters (sun and a planet)

Table 1. Gear geometry parameters

Parameters Planet gear Sun gear
Normal module 71, [mm] 8

Centre distance a,, [mm] 379

Face width b, [mm] 210

Pressure angle a,, [°] 25

Helix angle f [°] 0

Numbers of teeth z 64 30
Profile shift coefficients x 0.1487 0.233
Tip diameter d,, [mm] 529.77 261
Fillet radius p/p 0.3 0.3

of a 2 MW wind turbine gearbox. The geometry
parameters of the gears are shown in Table 1.

For the computer simulations, typical material
properties of steel were applied (Young’s modulus of
210 GPa and a Poison ratio of 0.3). In each method,
the load was applied at the highest point of a single
tooth contact.

1.1 1S0 6336 Guidelines

Design guidelines provided by ISO 6336-1 [1] express
uneven load distribution along the face width as a
function of mesh misalignment in the plane of action,
taking into account elastic deformations of the gear
and housing, as well as bearing clearances and the
deviations caused by manufacturing errors. ISO 6336
distinguishes two face load factors; one for contact
stress Kz and one for tooth root-bending stress Ky,
which are defined as maximum load per unit face
width over average load per unit face width relatively
for contact and root stress:

(F/b)max

: 1
F, /b W

Kyp,Kpp =
where (F/b) a1 @ maximum load per unit face width,
and F,,/b an average load per unit face width.

There are three different methods contained in the
standards, enabling calculation of the face load factors
[1]. A comprehensive analysis of all influence factors
enables the bending stress distribution over the face
width to be determined. Method A is based on strain
measurements across a gear root during operation
at working temperature. This research focuses on
Method A; however, all of the methods give guidelines
and requirements for only one of the two factors,
whereas the calculation of the second factor is based
on the empirical relationship given below [1]:

Kpp = KHﬂNF’ 2)

where the influential factor is described as [1]:

2
b/h
RN 11 SN
1+b/h+ (b / h)

As shown in Eq. (3), the empirical relationship
between the face load factors Kpy and Ky is based on
the face width to tooth height ratio (5/k). For condition

b/h < 3, it is recommended to substitute b/4 = 3 [1].
1.2 Thin Slice Model

In recent times, more and more engineering
calculations are being conducted with the use
of computer-aided engineering (CAE) tools. To
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investigate the load distribution along face width,
the tooth was divided on a finite number of constant
width elements as pictured in Fig. 1. The operation
allowed investigating the load acting on the tooth as
some concentrated forces determined by the divisions,
in which each force had an impact on an assigned slice
of the tooth. Therefore, the tooth needed to be “cut”
into an appropriate number of slices. The number of
slices has been determined experimentally to obtain
satisfactory accuracy with relatively short calculation
time.

Fig. 1. Visualisation of the thin slice model of a gear tooth

The tooth loaded by a transverse force reacts in a
manner similar to a cantilever beam. The deflections of
the tooth slices can be expressed as bending combined
with shearing. However, an uneven load applied
along the face width causes different deflections
of the slices. The basic thin slice model assumes a
separation between the elements. However, despite
the idea that each element is independent of the other
elements, an interaction between adjacent elements,
known as the coupling effect, is introduced. The
difference in displacement between adjacent elements
creates a shearing force, acting with the same value
on both of the two coupled elements but in opposite
directions. While the internal slices are affected by the
two neighbouring elements, the two marginal slices
can only be supported from inside, exhibiting higher
compliance under concentrated load.

The assumptions stated above were taken into
account when creating a physical model of the gear
tooth. The prepared model shown in Fig. 2 consists of
a number of bodies (representing the number of slices)
bound together by a set of springs. The stiffness of
the elastic elements is described as shearing stiffness
between the slices (k), shearing stiffness of the slices
(kyy) and bending stiffness of the slices (k;;). Each
shearing stiffness is calculated taking into account the
shearing modulus of the material and the geometry
of the elements, Eq. (4) and (5). Bending stiffness
is calculated according to the Euler-Bernoulli beam
theory, Eq. (6). The shearing force, Eq. (7), acts on

each element from both sides apart from the first and
the last element. The first and last slice is connected
to only one neighbouring slice, as shown in Egs. (8)
and (9).
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Fig. 2. Physical model of a gear tooth
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where G is shear modulus, b gear face width, 2 tooth
depth, s; thickness of ith tooth division, £ Young’s
modulus, 7 area moment of inertia of the cross-section,
F; ith shearing force, y; the displacement of the ith
slice, nd the number of tooth divisions, and ns the
number of slices.

The effective compliance of one separate slice
(without taking into consideration the relationship
between the slices) is then:

_ gty

(10)

© kg
Gear mesh analysis has been conducted in [28],
in which the overall stiffness of a tooth was separated
into three major components:
«  stiffness of the gear body,
*  bending stiffness of the teeth,
«  stiffness of the teeth mesh.
For this work, the base rotation and meshing
teeth contact deflections were neglected. Investigation
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of the face load factors with the use of the thin slice
theory was based only on tooth bending and shearing
effects. The simplifications facilitated understanding
of basic tooth response to certain load conditions.

A mathematical model based on the physical
interpretation shown in Fig. 2 was created in MATLAB
software. To obtain an approximate representation of a
gear tooth cross-section, each slice was divided on a
finite number of beams which stack upon each other.
Consequently, the tooth discretization was conducted
not only along the face width but also within the
slices, as shown in Fig. 1. Additionally, a variable
cross-section of stacked beams, and the effective
stiffness between the slices, results in a more accurate
coupling effect.

The obtained model of gear tooth can be used as
a tool in direct calculation of root stress distribution
based on face load distribution (design stage of
gears), but also in the bottom-up calculation of face
load distribution (measurement and diagnostics). A
bottom-up approach means that the data extracted
from root strain measurement is used as a target in the
computations. The initial contact stress distribution is
assumed and, after each iteration, the load acting on
the gear is adjusted to obtain the desired root stress
distribution.

1.3 Finite Element Analysis

The tooth shape of the investigated gear was taken
directly from an existing design of a planetary gearbox
from a 2 MW wind turbine (Table 1). The drawings,
including undercuts and tooth modifications, provide
an accurate reproduction of the tooth profile. The FEA
was performed using CAE Abaqus software. FEA
enabled verification of the results from the thin slice
model.

An analysis of gear tooth stiffness in [29] presents
difficulties and recommendations for reliable FEA,
in which factors such as gear body rim thickness
or contact positions were examined. Observations
from the literature helped in the determination
of assumptions and boundary conditions in 3D
modelling. The load was applied at the highest point
of single tooth contact, and the model is fixed at the
surface separating the segment from the rest of the
gear body.

The omnipresent problem of FEA modelling is the
complexity of the model, which impacts the credibility
of the results. Since an analysis of the entire gear is
not the focus of the investigation, it has been decided
to separate a single tooth with two adjacent fillets, as
shown in Fig. 3. The gear mesh was created with two

types of hexagonal elements. The mesh in the close
vicinity of the tooth root, and the tooth itself was
shaped using a structured technique, whereas the rest
of the gear body was created with a sweep technique.
To maintain the high reliability of the results without
involving a high overall number of elements, the
created mesh features variable mesh size with smaller
elements in the area around gear roots. The structural
and relatively uniform shape of the elements across
the tooth width was crucial in terms of analysis of
the stress distribution. The aforementioned practices
avoided stress concentration on irregular shapes.

Fig. 3. FE model of the gear tooth

1.4 Test Rig

For this work, it was decided to perform a static
simulation of the gear tooth behaviour under strictly
controlled conditions. A need to validate computer
simulations led to the creation of a test rig that, with
the use of precise strain measurement system, enabled
analysis of the response of the tooth to various load
conditions. Moreover, the rig provided an opportunity
to analyse undistorted results, taking into account all
mechanical properties of the material.

Although real gear mesh conditions require the
presence of two mating gears, which was not a case
of the investigation, a known load was applied across
gear face width as a number of concentrated forces.
As in real cases, the most severe (with regard to the
tooth root) load conditions could be recorded at the
highest point of single tooth contact, thereby creating
the highest possible bending moment in the tooth root
during gear mesh. As described in the ISO standards,
the highest bending stress should be observed in the
critical cross-section of a tooth (sz,), as shown in Fig.
4, where the load is applied on the bending moment
arm, hr,, at the angle ag,,. However, in real cases,
measurement of the root stress in the critical section
could cause an interaction of the installed gauges with
a mating wheel.
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/

Fig. 4. Critical section of a tooth root

Therefore, to maintain similarity between
conditions of real working gearboxes and the designed
test bench, strain was measured in the middle between
two adjacent teeth. The concentrated forces were
applied mechanically through a number of push-
rods, which were also strain gauged to measure the
applied load. The load was applied, as shown in Fig.
4, perpendicularly to the tooth surface.

As shown in Fig. 5 a test bench was created as
a part of an existing planet gear from the planetary
gearbox of 2 MW wind turbine (Table 1). The
measured tooth was separated from unwanted, random
loads by including additional teeth and extending
the bench length. To record higher compliance of
the tooth, the tested gear was machined from an
aluminium alloy block.

The resulting number of strain gauges installed
across the two gear roots and on each of the push-rods,
and desired high quality of measurements, required
using a bespoke large-channel-count data acquisition
system (DAS) that was developed to support the task.
The system used a state-of-the-art 32-bit analogue-to-

digital converter (ADC) combined with 33 differential
multiplied inputs. The fact that the system generates
inconsiderable noise is notable. The recorded signal
is subjected to a 0.2 % error related to the range of
the measurements. To obtain the desired resolution
of load intensity distribution, 13 strain gauges were
installed in the tensile and compressive root (26
gauges in total). The load was applied via seven push-
rods instrumented with strain gauges, each completed
in a full Wheatstone bridge to measure directly the
load applied to the flank.

Fig. 5. Test rig

The load was applied via tightening the bolts
located in the steel support. The tip of the bolt contacts
the push-rod, which transfers load directly to the
surface of the tooth. The DAS receives voltage signals
from the seven push-rods and the 26 installed gauges.
The values of change in voltage are then displayed in
computer software, as shown in Fig. 6. Channels 1
to 7 are assigned to the seven push-rods. Channels 8
to 20 are assigned to the non-driving flank, whereas
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Fig. 6. Test rig measurements
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channels 21 to 33 are assigned to the driving flank of
the tooth.

The obtained values of change in voltage are then
converted into strain, in accordance with the rules of
strain measurements Eq. (11) and (12), and then into
stress, in accordance with Hooke’s law (Eq. (13)).

AR
—=kxeg, 11
2 X & (11)

where R is a resistance of strain gauge, k gauge factor,
and ¢ strain, and the measured voltage takes the form:
Ry xRy —R, xR,

Uu,= U
4 (Rl><R2)><(R3><R4)>< £ (12)

where R; is a resistance of strain gauge (i=1,2,3,4),
U, measured voltage, and Uy excitation voltage:

o=Exg, (13)

where o is stress, £ Young’s modulus, and ¢ strain.

The advanced telemetry system developed by
Transmission Dynamics Ltd. combined with principle
mathematical formulas enabled measurement of stress
at the bottom of the gear root caused by the applied
load.

2 RESULTS

The four methods of analysis of the relationship
between face load distribution described in the
previous chapter present a diverse approach
to the problem. It was decided to compare the
methods against each other, allowing the finding of
compatibilities and irregularities occurring between
them.

2.1 Comparative Analysis of the Methods

Comparison of the methods was based on tooth
response analysis to three special load cases, which
were unique for normal gear operation. Every load, its
type, and location, applied directly to the tooth flank,
causes relative bending stress specific to each case
distributed across the gear root. Stress outputs were
taken from the driving flank of the tooth, matched and
related to the common mean value to provide valuable
analyses.

One of the load cases was the force concentrated
near the edge of the gear tooth. The applied load
causes non-uniform stress intensity distribution across
the gear root shown in Fig. 7, in which the blue line
shows FEA results, the red line shows thin slice results,
and the dots show the test bench measurements. The

horizontal axis of the graph describes the position on
the gear face with and the vertical axis describes the
dimensionless value of tensile stress over the mean
tensile stress ratio. The mean value c,,,,, is calculated,
taking into account results from each load case and for
each method. The results show the occurrence of the
highest stress under the applied load. Relative stress
intensity decreases towards the opposite end of the
tooth, finally reaching zero. Differences between the
methods are seen in the values of relative stress in the
area of the applied load. They result from simplifying
assumptions applied in the thin slice model. It is also
noticeable that the thin slice plot features discontinuity
in the point of applied load due to imperfections in
coupling reaction between the slices. However, the
overall shape of the curves indicates a convergence of
the methods.

12

e FEA
10 A e Slice model
g / Testrig
6
s,
0 N — — — — — — =

0 30 60 90 120 150 180 210
Face width [mm)]

Fig. 7. Response to load applied next to the gear edge

The second load case, i.e., load concentrated in
the middle of face width, is shown in Fig. 8. The load
causes symmetric tooth deflections and relative root
stress decreasing towards the edges of the tooth in
each of the methods.

12

e FEA
10 = Slice model
g Test bench
6
§4
0 = - .

0 30 60 90 120 150 180 210
Face width [mm)]

Fig. 8. Response to load applied in the middle of face width

A closer comparison between the two load
cases reveals an interesting feature of the gear tooth.
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The results shown in Figs. 7 and 8 indicate higher
tooth compliance closer to the edge. The above
phenomenon is a result of the coupling effect, which
binds together the adjacent cross-sections of the gear
tooth. Because the boundary conditions at the edges of
face width determine zero coupling forces, the higher
tooth deflections cause larger bending stress in the
gear root. In both cases, the thin slice model features
discontinuity of the stress curve appearing on the
loaded slice. This minor drawback disrupts the results,
but should not play a significant role in more realistic
load cases.

The third load case investigates the response
of the tooth to uniformly distributed load across the
face width. The relative bending stress distribution
is shown in Fig. 9. In this case, uniform load causes
a discrepancy in the results. Equal force acting on
each of the elements in thin slice model causes equal
deflection along the face width, as a result, eliminating
coupling forces between the slices.

1.8
: ———FEA
1.6 = Slice model
Test bench
1.4
5 1.2
“‘g 1 7& N
0.8
0.6 I
0.4

0 30 60 90 120 150 180 210
Face width [mm)]

Fig. 9. Response to uniform load

Measurements made on the test bench show
disrupted results. In the central part of the gear face
width, one of the measurements differs significantly
from the others. Inspection of the bench revealed
an air bubble just below a strain gauge disrupting
the measurements. In addition, it is recommended
to perform gauge sensitivity analysis to their
deviation from the centre of the gear root. Another
noticeable disruption in the side regions is caused
by discontinuous load application by seven push
rods spaced 30 mm apart, explaining the alternating
readings. However, interesting behaviour can be
seen at the very edge of the tooth where the relative
stress suddenly increases to the highest value and
gradually decreases towards the middle of the tooth.
The phenomenon repeats in FEA results on both sides
of the tooth. Despite the high dispersion of probe
values, an overall trend seems to match the FEA

outcome. Additional experiments in FEA revealed the
strong influence of Poisson’s ratio on the edge effect.
However, because the middle section of a tooth is
heavily constrained, the effect is only noticeable at the
tooth edges pushing the material further and causing
higher root bending stress.

2.2 Relative Stress Intensity Distribution Measured on
Existing Gear Set

The previous subsection dealt with comparison of
the results from three methods in terms of three
load cases, whereas the present section shows the
relationship between the two face load factors, Ky
and Kpg, obtained from the thin slice method and in
accordance to ISO 6336-1 [1] recommendations.

As an input to the calculations, the relative stress
distribution was measured across the existing gear
root of the 2 MW gearbox, whereas the aim was to
convert the obtained face load factor for tooth root
stress Kpp into face load factor for contact stress
Kpp using both methods. Fig. 10 shows blue and
red curves representing the face load distribution of
bending stress and calculated face load distribution of
contact stress, respectively. The face load factor Ky,
the same for both methods, was calculated from given
root stress values according to Eq. (1).

1.5 T T T T T T

@

o

2

=05 ]

~ Kp=12179
—Kup=1.2368

0 . | | | . :
0 10 20 30 40 50 60 70

Slice label
Fig. 10. Thin slice calculations

In this particular case: Kz =1.2197.

Face load factor K was calculated according to
ISO 6336-1 [1] recommendations using Eq. (2) and
(3): Kypiso = 1.2412.

Whereas face load factor Ky, was calculated with
the thin slice model: K3 = 1.2368.

The relative percentage error of the thin slice
method for this particular load case is then: 6=0.36 %.
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Fig. 11. Deflection in the physical model of gear tooth
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Fig. 12. Tensile stress due to bending

Deflections and the tensile stress of a gear tooth
calculated by using the thin slice model are shown in
Figs. 11 and 12, in which the load is determined from
gear root strain measurements as in the above test.
The obtained deflections and tensile stress are plotted
for any element of the model, with 70 slices and 100
elements within the slices.

The above test confirms the success of the
development of the thin slice model as a reliable
tool for the determination of relative contact-stress-
intensity distribution based on strain measurements
across the gear root, despite minor deviations revealed
previously in the extreme load cases.

3 DISCUSSION

Analysis of unique tooth behaviour under various
extreme load cases covered in subsection 2.1 helped in
defining features having an impact on the relationship
between face load factors for contact and bending
stress. Two major phenomena have been observed: the
edge effect and the coupling effect.

The idea of coupling is to provide an interaction
between two or more elements. Any deflections of
the tooth are transmitted across the face width by
shearing forces, locally sharing the load. As simulated
in the thin slice model, the coupling effect binds
two adjacent elements together distributing the load
between the closest slices. This feature directly affects
the relationship between stress intensity distribution
on the tooth flank and in the tooth root. The strength of
the coupling effect refers to the magnitude of shearing
force, which depends on the material properties and
size of gear tooth cross-section in the transverse plane
(mainly its height).

The edge effect, observed in the analysis of tooth
response to uniform load, is largely dependent on the
material properties of which the gear was made. The
described phenomenon relates to stress concentration
areas next to the tooth edges due to the influence of
the Poisson effect. Unsurprisingly, both FEA and
test rig measurements featured similar response to
uniformly distributed load. The FEA analysis helped
to understand the causes of the effect by changing the
value of Poisson’s ratio of the material. The values
close to zero caused the disappearance of the edge
effect. Narrow gears can be affected more by the edge
effect because of its greater contribution to overall
stress intensity distribution.

Growing requirements to improve gear reliability
entails the need to develop methods of gear modelling,
especially the ends of the teeth. Higher compliance
of the gear tooth around its edge is likely to have a
significant influence on the load distribution along the
line of contact.

1 e« 8 8 8 8 & o @
—~ 08
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206
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Fig. 13. Convergence of Kgand Ky factors

Recommendations contained in ISO 6336-1 [1]
concerning the relationship between Kpz and Kpp
factors tend to confirm the validity of the above
observations. According to Egs. (2) and (3), the
principle of the relationship is b/A ratio. As shown in
Fig. 13, the coincidence of the face load factors grows
asymptotically with the b/h ratio, which is consistent
with the observations. A simple formula provided by
ISO 6336-1 describes the relationship between the two
face load factors. The plot shows that results from thin
slice calculations also tend to grow asymptotically
with the b/h ratio. However, the obtained values of
Nr exponential differ from ISO guidelines, especially
for b/h < 7. The above observations show the need
for further analysis between the face load factors and
possible modification of the formula given in ISO
6336-1 [1].
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4 CONCLUSIONS

A thin slice model has successfully been developed;
it allows a reliable correlation to be established
between Kpz and Kpp factors. Validation of the
model has been performed based on ISO 6336-1
recommendations, confirming the compatibility of
the methods. A comparative analysis of the methods
investigating root stress distribution under various
load cases gave a satisfactory response of the thin
slice model concerning the coupling effect. However,
further development should be done to incorporate the
sensitivity of the tool to edge effect and eliminate the
discontinuity revealed in the extreme load cases.

The bespoke designed test rig enabled the
determination of the relative stress intensity distribution
by direct strain measurements in gear roots. Test rig
measurements were carried out in controlled load
conditions with the use of specialized instrumentation
and developed software. Determination of face load
factors is based on Method A specified in ISO 6336
standards (measurements by strain gauging). The test
rig provides a point of reference for other methods;
however, one should be aware of measurement error
due to strain gauge positioning. Additional research
indicates the high sensitivity of the gauge output to
the accuracy of its positioning. It is recommended to
perform strain gauge calibration to ensure compliance
of measurements with the actual stress conditions.

The thin slice model confirmed that the coupling
effect was related to the shearing forces between the
slices, closely following the relationship between face
load factors described in ISO 6336-1. The coupling
effect represents a tendency of the gear tooth to
transmit deflections across face width. Investigation of
the feature shows the influence of material properties
and tooth cross-section sizes on the magnitude of the
effect. ISO guidelines provide formulas regarding the
correlation between face load factors only for gears
made of steel.

The edge effect, associated with Poisson’s
ratio, affects bending stress distribution and tooth
deflections in the area around tooth edges. The results
from FEA and test rig measurements confirm the
suppositions. Concerning the middle section of gear
face width as highly constrained, the Poisson effect
has no noticeable impact on tooth deflections. The
influence of this feature on the coincidence of the face
load factors decreases for wider gears. The edge effect
is unprecedented in the available literature, which
prompts further study of the observed problem.

5 NOMENCLATURES

S

gear face width, [mm]

effective compliance of a slice, [mm/N]
Young’s modulus, [Pa]

load applied to a tooth, [N]

shear modulus, [Pa]

average load applied to a tooth, [N]

; ith shearing force, [N]

tooth depth, [mm]

bending moment arm, [mm]|

area moment of inertia, [mm#]

gauge factor, [-]

kg bending stiffness, [N/mm]

ky; shearing stiffness of a slice, [N/mm]

ky, shearing stiffness between slices, [N/mm]
Ky face load factor for contact stress, [-]
Kpp face load factor for bending stress, [-]
nd number of tooth divisions, [-]

ns number of slices, [-]

Np exponential used in Eq. 2, [-]

R resistance of a strain gauge, [Q]

Sg, tooth root chord at the critical section, [mm]
s;  thickness of ith tooth division, [mm]

U, measured voltage, [V]

Ur excitation voltage, [V]

y; displacement of ith slice, [mm]

0., load direction angle, [rad]

o  relative percentage error, [%]

€  strain, [-]

pr tooth root radius at the critical section, [mm]
6 stress, [MPa]

Gean Mean stress, [MPa]

SmmQmmo

=~ =
&
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