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Abstract

The auto-index of a skew morphism ¢ of a finite group A is the smallest positive integer
h such that ©" is an automorphism of A. In this paper we develop a theory of auto-index
of skew morphisms, and as an application we present a complete classification of skew
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1 Introduction

Throughout the paper, groups considered are all finite. A skew morphism of a group A is
a permutation ¢ on A fixing the identity element of A and for which there is a function
72 A = 7, on A, called the power function of o, such that p(ab) = ©(a)p™@ (b) for all
a,b € A. It is apparent the notion of skew morphism is a generalization of that of group
automorphism. A skew morphism of A is called proper if it is not an automorphism. Two
skew morphisms ¢ and ¢’ of A are conjugate if there exists an automorphism 6 of A such
that ¢’ = 0pf~!.

The concept of skew morphism was first introduced by Jajcay and Sirafi in [13] as an
algebraic tool to study regular Cayley maps, which are regular embeddings of graphs on
orientable closed surfaces admitting a regular subgroup of automorphisms on the vertices
of the embedded graph. In this direction, regular Cayley maps of cyclic groups and dihedral
groups have been classified, see [8, 21] and [14, 15, 16, 19, 28, 27]. In contrast, classifi-
cation of regular Cayley maps of non-cyclic abelian groups and other metacyclic groups is
still in progress; see [4, 5, 7, 20, 22, 26] for details.

The connection between skew morphisms and regular Cayley maps reveals a deep re-
lationship between skew morphisms and group factorizations with cyclic complements.
Indeed, if a group G is expressible as a product A(y) of a subgroup A and a cyclic sub-
group (y) with A N (y) = 1, then left multiplication of elements of A by y gives rise to a
skew morphism ¢ of A, determined by ya = ¢(a)y™@ for all a € A. Conversely, if ¢ is
a skew morphism of a group A, then for any a,b € A, we have

¢La(b) = p(ab) = ¢(a)e™ ) (b) = Lye™ ™ (b),

$0 {(@)La C La(p), where Ly = {L, | a € A} is the left regular representation of A.
Since (p)NLa =1, wehave [(©)L | = |La(p)|, and hence (p)L 4 = L4(p). Therefore,
G = L 4{p) is a factorization of a transitive permutation group with a cyclic complement,
which is often referred to as the skew-product group of ¢. The interested reader is referred
to [6, 17] for more details.

A prominent problem in this field is the classification of skew morphisms of cyclic
groups, which is closely related to regular Cayley maps [8] as well as edge-transitive
embeddings of complete bipartite graphs [11]. Kovécs and Nedela [17] showed that if
n = ming such that ged(nq,ne) = 1 and ged(ng, ¢(n2)) = ged(d(n1),n2) = 1, then
every skew morphism ¢ of the cyclic additive group Z,, is a direct product ¢ = @1 X (2 of
skew morphisms ¢; of Z,,,, © = 1,2. In a subsequent paper [18] the authors classified all
skew morphisms of the cyclic groups Z,., where p is an odd prime. As for the case p = 2,
the associated skew product groups are classified by Du and Hu in [9].

Recently, Bachraty and Jajcay introduced the notion of period of skew morphisms [1].
More precisely, the period of a skew morphism ¢ is the smallest positive integer d such
that 7(p%(a)) = m(a) for all @ € A. In particular, if d = 1 then the skew morphism
is said to be smooth (or coset-preserving). In [1, 23], it was shown that if ¢ is a skew
morphism of period d, then ¢? is a smooth skew morphism. The smooth skew morphisms
of cyclic groups and of dihedral groups were classified in [2] and [23] respectively. Let ¢
be a skew morphism of a group A with power function . If for any a € A either (a) =
m(p(a) = --- = w(pl#17L(a) = Lor m(a) = 7(p(a) = --- = (1~ (a)) = t where
|o] is the order of ¢ and ¢ is a fixed integer with 1 < ¢ < ||, then ¢ is called t-balanced.
Observe that every t-balanced skew morphism ¢ of a group A is necessarily smooth, and



K. Hu et al.: Classification of skew morphisms of cyclic groups which are square roots . .. 153

in particular '*! is an automorphism of A (see [10] and Remark 3.2 in Section 3). Thus,
any ¢-balanced skew morphism is a (¢ + 1)-th root of a group automorphism.
Inspired by those results above, we propose the following two related problems:

Problem 1.1. Let A be a given group, and d a given positive integer.

(a) Classify all skew morphisms of A which are d-th roots of automorphisms of A.

(b) Classify all skew morphisms of A which have period d.

For A = Z,, and d = 2, the following main result of this paper is a solution to the first
problem, and by Theorem 3.8 (a) in Section 4 it is also a partial solution to the second one
(skew morphisms of period 2 of Z,, whose square is an automorphism are determined).

Theorem 1.2. Every proper skew morphism of the cyclic additive group 7., which is a
square root of an automorphism is conjugate to a skew morphism of the form

z(x —1)n
2k

where the pair (k, s) of positive integers satisfy the following conditions:
(a) k2 dividesn and s € Z7 if k is odd, and 2k? divides n and s € Z2/2 if k is even,
(b) s = —1 (mod k), s has multiplicative order 2{ in Z,, ;, and ged(w, k) = 1 where

o(x) = sw— (mod n),

L.

The power function of @ is given by w(z) = 14+2zw'f (mod m), where w'w = 1 (mod k)
and m = 2kV is the order of p. Moreover, two such skew morphisms corresponding to
distinct integer pairs are not conjugate.

The paper is organized as follows. After a summary of preliminary results in Section 2,
we develop a more comprehensive theory of powers of skew morphisms by defining a new
notion called auto-index in Section 3. In Section 4 we show that if ¢ is a proper skew
morphism of a group A which is a square root of an automorphism, then its power function
has the property m(zy) = 7(z) + 7(y) — 1 (mod |p|) for all x,y € A; in particular, if
A="Zp,thenm(z) = (7(1) =)z +1 (mod |¢|) for all z € Z,,. As an application of the
theory, we present a proof of Theorem 1.2 in Section 5. Finally, for the special case when
n = p° is a prime power, we enumerate proper skew morphisms of Z,, which are square
roots of automorphisms in Section 6.

2 Preliminaries

In this section we summarize some preliminary results on skew morphisms for future ref-
erence.

Proposition 2.1 ([1, 13]). Let @ be a skew morphism of a group A, and let w: A — Z,,, be
the power function of @, where m is the order of p. Then for any positive integer k,

©F (ab) = ©*(a)p?@P) (b), forall a,be A,
k
where o(a, k) = > w(¢"~1(a)); moreover, ©* is a skew morphism if and only if the

i=1

congruence kx = o(a, k) (mod m) is solvable for every a € A.
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Proposition 2.2 ([13]). Let @ be a skew morphism of a group A, and let m: A — Z,, be
the power function of p, where m is the order of @. Then for any a,b € A,

7(a)
m(ab) = > w(@1(b)) (mod m).

i=1

Proposition 2.3 ([23]). Let @ be a skew morphism of a group A, and let w: A — Z,, be
the power function of ¢, where m is the order of w. Then for any automorphism 0 of A,
@' = 000~ is a skew morphism of A with power function ' = w0~ .

It follows that the automorphism group Aut(A) of A acts by conjugation on the set
Skew(A) of all skew morphisms of A. Two skew morphisms of A are conjugate if they
belong to the same orbit under such action.

An important subgroup related to skew morphisms is the kernel of ¢ defined by

Kero={a€ A|7n(a)=1 (mod m)}.

It is well known that, for any a,b € A, 7(a) = m(b) (mod m) if and only if ab~! € Ker ¢,
so 7 takes exactly |A : Ker | distinct values in Z,,,. The index |A : Ker | is called the
skew-type of . It is obvious that ¢ is an automorphism if and only if it has skew-type 1. A
skew morphism which is not an automorphism will be called proper.
The subset
Fixp={a€ A| p(a) =a}

of fixed-points of ¢ forms a subgroup of A. A subgroup N of A is p-invariant if p(N) =
N. Clearly, Fix ¢ is y-invariant, but Ker ¢ may not be. However, the subset

Core p = m o' (Ker )
i=1

forms the largest p-invariant subgroup of A contained in Ker ¢, and in particular, it is
normal in A [28]. Thus Ker ¢ is @-invariant if and only if Ker ¢ = Core ¢, in which case
the skew morphism is called kernel-preserving. It is apparent that if ¢ is kernel-preserving,
then the restriction of ¢ to Ker ¢ is an automorphism of Ker . The following result is
well known.

Proposition 2.4 ([5]). Every skew morphism of an abelian group is kernel-preserving.
The importance of (p-invariant normal subgroups is reflected by the following result.

Proposition 2.5 ([29]). Let @ be a skew morphism of a group A, and let m: A — Z,, be
the power function of p, where m is the order of . If N a p-invariant normal subgroup of
A, then @ defined by (%) = (x) is a skew morphism of the quotient group A := A/N. In
particular, the order m1 of ¢ is a divisor of m, and the power function T of ¢ is determined
bym(a) = m(a) (mod mq) forall a € A.

Since Core ¢ is a normal subgroup of A, ¢ induces a skew morphism @ of the quotient
group A = A/Core . Define

Smoothp = {a € A | ¥(a) =a},
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which is the preimage of the fixed-point subgroup Fix % of © under the natural epimor-
phism of A onto A/Core . Since Fix is a p-invariant subgroup of A, Smooth ¢ is a
-invariant subgroup of A.

In the extremal case that Smooth p = A, the skew morphism ¢ is called smooth.
In [23] it is shown that a skew morphism ¢ of A is smooth if and only if 7(a) = 7(¢(a))
(mod m) for all a« € A. More generally, the period of ¢ is the smallest positive integer d
such that 7(p%(a)) = 7(a) (mod m) forall @ € A. Thus, ¢ is smooth if and only if it has
period 1. The following properties on the periodicity of skew morphisms are fundamental,
see [23] for details.

Proposition 2.6 ([23]). Let @ be a skew morphism of a group A, and let w: A — Z, be
the power function of p, where m is the order of . If p has period d, then the following
hold:

(a) d is equal to the order of the induced skew morphism % of A = A/Core ¢;

(b) d is the smallest positive integer such that ® is a smooth skew morphism of A;

(c) foranya € A, Zd: 7(p*"1(a)) =0 (mod d);

i=1

(d) conjugate skew morphisms have identical periods.
Note that for any positive integer k, by Proposition 2.6 (a), if ©* is a smooth skew

morphism, then the period d of ¢ divides k.

3 Skew morphisms and automorphisms

Lemma 3.1. Let ¢ be a skew morphism of a group A, and let 7: A — Z,, be the power
function of @, where m is the order of p. Then for any positive integer k, ©* is a group
automorphism if and only if

Zw(goi_l(a)) =k (modm)

k
i=1

7

for all a € A. In particular, if ¢ is smooth, then ©* is an automorphism if and only if
kr(a) =k (mod m) forall a € A.

Proof. By Proposition 2.1, ¢ is a skew morphism of A if and only if the congruences
kx =o(a,k) (mod m) 3.1)
are solvable for all a € A, where
ola, k) = Zﬂ(goifl(a)).
i=1

Note that if 7, is the power function of y := ©F, then 7, (a) is the solution of (3.1), and
therefore 1 is an automorphism if and only if o(a,k) = k (mod m) for all a € A. In
addition, if ¢ is smooth, then o(a, k) = km(a), so u is an automorphism if and only if
km(a) =k (mod m) forall a € A. O
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Remark 3.2. If ¢ is a t-balanced skew morphism of a group A, then ¢ is smooth and for all
a € A\Kerp, n(a) =t (mod m) where t> =1 (mod m) [5]. Therefore (t+1)t = t+1
(mod m). By Lemma 3.1, ¢**! is a group automorphism. This is a generalization of [10,
Lemma 3.4].

Definition 3.3. For a skew morphism ¢ of a group A, the auto-index of ¢ is defined to be
the smallest positive integer h such that " is a group automorphism of A.

Clearly, ¢ is an automorphism if and only if it has auto-index 1. Lower and upper
bounds of the auto-index of a skew morphism are given as follows.

Lemma 3.4. Let p be a skew morphism of a group A. Suppose that @ has order m, period
d and auto-index h, then d divides h and h divides m.

Proof. Note that d is the smallest positive integer such that ¢ is a smooth skew morphism.
Since " is an automorphism which is necessarily smooth, the minimality of d implies that
d | h. Since ™ = 1 is the identity automorphism, the minimality of & implies that & | m,
as required. O

Corollary 3.5. If ¢ is a proper skew morphism of prime order; then it is smooth with auto-
index equal to its order.

Proof. Let d and h denote the period and auto-index of ¢, respectively. As ¢ is proper,
d < |A:Kery| < |p| and h > 1. By Lemma 3.4, d divides h and h divides |¢|. Since
|| = pis prime, we obtain d = 1 and h = p, as required. O

As an example of Corollary 3.5, ¢ = (0)(153)(2)(4) is a proper skew morphism of the
cyclic group Zg. It is smooth, and both its order and auto-index are equal to 3.

Lemma 3.6. Let ¢ be a skew morphism of the cyclic group Z.,, and let @ : Z,, — Zy, be
the associated power function, where m is the order of @. If © has period 2 and auto-index
h, then h is an even positive divisor of m and there exists some u € Zy, such that

m(z) = (w(1) — 1) Z (1 + %)Fl +1 (modm), foralxé€Z,. 3.2)

i=1

Proof. Since ¢ has period 2, by Proposition 2.6 (¢), w(z) + 7(¢(x)) = 0 (mod 2) for all
r € Z,. By Lemma 3.4, h is an even positive divisor of m. By Lemma 3.1, we have

h

(77(1) + W(go(l)))h (mod m),

N =

e (1) =

i=1

and then
1

5(7r(1) +7r(<p(1))) =1+ um/h,

for some u € Zj,.
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Moreover, since ¢ has period 2, by Proposition 2.6 (a), i is an automorphism of order
2. Thus, 7(1) = 7(1) = 1 (mod 2). Consequently, by Proposition 2.1, we have

(1)
w(2) = Z (¢ (1))
M= (1) 4 (1))

(m(1) = 1)(1 + um/h)
=(m(1)—1)(1+ (1 +um/h)) +1 (mod m).

By induction, we obtain (3.2), as required. O

In what follows we study skew morphisms of auto-index 2. These skew morphisms are
all square roots of automorphisms. Clearly, every permutation of order 2 on A is a square
root of the identity automorphism of A. Generally, a square root of an automorphism of
A maybe not a skew morphism of A. It seems too difficult to determine all square roots
of automorphisms for a family of groups. In the following example, all square roots of
nonidentity automorphisms of Zg are determined.

Example 3.7. The cyclic group Zg has three nonidentity automorphisms as follows:

o1 = (0)(2)(4)(6)(1,5)(3,7), o2 = (0)(4)(2,6)(1,3)(5,7), o3 = (0)(4)(2,6)(1,7)(5,3).

Since the square of every permutation of order 4 on Zg either fixes no element or fixes 4
elements, o2 and o3 have no square roots. Set i = (0)(2)(4)(6)(1,3,5,7) and use C,, to
denote the set of all square roots of the identity automorphism of Zg which commute with
w. Then every square root of o can be represented as a product 7y where 7 € C),. It is
straightforward to check that ; and ;3 are the only two square roots of o, which are skew
morphisms. Since p® = o3 1105, Zs has a unique conjugate class of skew morphism of
auto-index 2.

We are only concerned with square roots of automorphisms which are also skew mor-
phisms. For convenience, skew morphisms of auto-index 2 are called proper square roots
of automorphisms throughout this paper.

Theorem 3.8. Let ¢ be a skew morphism of a group A, and let w : A — Z,,, be the power
Sfunction of @, where m is the order of @. If  is a proper square root of an automorphism,
then

(a) @ is kernel-preserving of period at most 2;
(b) w(x) is odd for all x € A;
©) m(zy) =7n(xz)+n(y) — 1 (mod m) forall x,y € A;

Proof. Take an arbitrary element z € A. Since (2 is an automorphism and ¢ is not an
automorphism, by Lemma 3.1, we have

m(z) + m(p(z)) =2 (modm) and 7(p(z)) +7m(p*(x)) =2 (mod m). (3.3)



158 Ars Math. Contemp. 21 (2021) #P2.01/151-173

(a) From (3.3) we deduce 7(z) = ( ) mod m), so the period of ¢ is at most
2. In particular, we see that w(¢(z)) = 1 whenever m(x) = 1. It follows that ¢ is kernel-
preserving.

(b) If ¢ has period 1, then 7(z) = 7(p(z)) (mod m), and hence 2 (z) = w(z) +
m(p(z)) = 2 (mod m). Since ¢ is not an automorphism, m must be even. Since 7 is
a group homomorphism from A to Z;, [23, Theorem 4.9], 7(z) is an odd integer. Now
assume ¢ has period 2. Since ¢ is kernel-preserving, Ker ¢ = Core ¢ is normal in A.
By Proposition 2.6 (a), the induced skew morphism @ of A/Ker ¢ is an automorphism of
order 2. Thus, 7(z) = 7(Z) =1 (mod 2), and 7(x) is also odd.

(c) By Proposition 2.2, we have

m(zy) = Z (" (y))

forall z,y € A. O

Corollary 3.9. Let © be a proper square root of an automorphism of a group A, and let
7w A — Ly, be the power function of @, where m is the order of . Then

(a) if @ is smooth, then it has skew-type two, 4 divides m, and n(x) = 1 + m/2 for all
xz € A\ Kery;

(b) if ¢ is not smooth, then it has skew-type at least 3.
Proof. If ¢ is smooth, then from the proof of Theorem 3.8, we see that m is even and
27(z) = 2 (mod m) for any x € A. Hence w(z) = 1 or 1 + m/2. Since ¢ is proper and

m(x) is odd, 4 divides m. If ¢ is not smooth, then the skew-type of ¢ is at least 3 since ¢
is kernel-preserving of period 2. O

Example 3.10 ([25]). The cyclic group Zg has four skew morphisms of period 2:

o1 = (0)(1,2,7,5,4,8)(3,6), = [1[3,5,3,5,3,5][1, 1];
= (0)(1,5,4,2,7,8)(3,6), = [1[3,5,3,5,3,5][1, 1];
= (0)(1,8,4,5,7,2)(3,6), =[1][5,3,5,3,5,3][1, 1];
= (0)(1,8,7,2,4,5)(3,6), = [1]]5,3,5,3,5,3][1, 1]

It can be directly verified that ¢? (i = 1,2,3,4) are automorphisms of Zg, so that all of
these skew morphisms are proper square roots of automorphisms. Note that up to conjuga-
tion by automorphisms they are divided into two classes {1, @4} and {p2, 3}

Example 3.11. Define two functions ¢ and 7 on the cyclic group Zs,, where n is a positive
integer as follows:

(@) = 2 (mod 8n), if © = 24;
U= 2(n+i)+1 (mod 8n), ifz=2i+1
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and
= { L ife=2
M= 3, ife=2i+1.

It is straightforward to check that ¢ is a skew morphism of Zg,, with power function 7
whose square is an involutory automorphism.

4 Technical lemmas
In what follows we restrict our discussion to proper square roots of automorphisms of the

cyclic groups.

Lemma 4.1. Let ¢ be a skew morphism of the cyclic group Z,,, and let 7: Z,, — Z, be
the power function of », where m is the order of . If ¢ is a proper square root of an
automorphism and it has skew-type k, then the following hold:

(a) there is some integer £ > 1 such that m = 2k{;

(b) there is some integer u € Z, such that m(x) = 1+ 2zul (mod m) for all x € Z,;

(c) the number v = p2(1) is coprime to n and there exists some integer v € Z} such
that v* =1+ vn/k (mod n);

(d) k2 is a divisor of n;

(e) the multiplicative order of T in Z,, y, is equal to L.
Proof. By Theorem 3.8, ¢ has period 1 or 2 and
(@ +y) = (@) +7ly) =1 (mod m)
forall z,y € Zy,. Thus 7(2) = 27(1) — 1 = 2(7(1) — 1) + 1 (mod m) and by induction
m(z) =x(r(1) = 1) +1 (mod m), Vz € Z,.

In particular, 7(m) = m(7(1) — 1) + 1 = 1 (mod m), and therefore m € Ker . Since
¢ is of skew-type k, Ker ¢ = (k), and hence k | m. Noting that

l=n(k)=k(r(1)—1)+1 (mod m),

we get m(1) = 14 um/k for some u € Zj. Consequently, 7(z) = 14+ zum/k (mod m).
Since 7 takes k distinct values of the form 1 + im/k (i = 0,1,...,k — 1) in Z,,, we
have u € Zj. By Theorem 3.8, 1 + m/k is odd, that is, m/k is even. Thus we can write
m = 2k{, where / is a positive integer. Then 7(z) = 1 + 2zul (mod m).

Set 7 = ©?(1). Since ¢? € Aut(Z,), r is coprime to n and p?(z) = rz (mod n) for
all x € Z,,. In particular, ©?*(k) =’k (mod n). On the other hand, there exists v’ € Z,
such that 7(v') = 1 + 2¢ (mod m). Therefore

o(k) +o(u) = ok +u') = pu' + k) = o(u') + ' **(k)  (mod n)

and then ©?**(k) = k. Thus, r* = 1 (mod n/k). Write r* = 1 + vn/k. Recalling that
¢ has period at most 2, we have 7(¢?(1)) = m(1) (mod m) and hence ©*(1) = 1
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(mod k). It follows that 1 4+ vn/k = r = p?(1) = 1 (mod k), and hence k is a divisor
of vn/k. Note that

<p2£j 1) = Pl

(oY = ) ) =t

for any positive integer j. By [29, Lemma 3.1], the length of the orbit of 1 under ¢ is equal
to the order m = 2kl of . If 0 < j < k, then 1 # ¢¥*(1) = 1 + jun/k (mod n).
Consequently, v € Z} and k? divides n.

If the multiplicative order of 7 in Z,, /, is ¢, then r® = 1+tn/k for some positive integer
t. Since 7* = 1 (mod n/k), we have i | £. On the other hand, since k? | n for all z € Z,,
we have

" (@) =r*z =1 +tn/k)*z =2 (modn).

Since the order of ¢ is 2k¢, we get £ | i, and therefore £ = i. O

Corollary 4.2. Let ¢ be a skew morphism of the cyclic group Z,,. If @ is a proper square
root of an automorphism, then the induced skew morphism @ of Z,, /Ker ¢ maps each T to
—T.

Proof. Let m and k be the order and the skew-type of , respectively. By Lemma 4.1,
m = 2k/ for some positive integer ¢, and

2=m(z)+7(p(x)) =2+2(z + ¢(x))ul (mod 2kl)

for all z € Z,,, where u € Z}. Thus 2(z + ¢(z))ul = 0 (mod 2k() and then ¢(z) = —z
(mod k), as required. O

The converse of Corollary 4.2 is generally not true, see [6, Theorem 6.5] for a coun-
terexample. However, we have the following result.

Lemma 4.3. Let p be a proper skew morphism of the cyclic group Z.,. If the induced skew
morphism @ of Z,, /Ker ¢ maps each T to —7, then ©? is a skew morphism of skew-type at
most 2. In particular; if the skew-type of p is odd, then ©? is an automorphism of Z,,.

Proof. Throughout the proof, we denote the order and the skew-type of ¢ by m and k, and
the power functions of ¢ and @ by 7 and 7, respectively.

If £ = 2, then the result is obviously true. In what follows we assume k£ > 2. Since
©» maps each T to —Z, ® is an automorphism of order 2. By Proposition 2.6 (a), ¢ has
period 2. It follows that m is even, m(¢?(z)) = m(x) (mod m) and 7(p(z)) = n(—x)
(mod m) for all z € Z,,. Since 7(z) = 7(Z) =1 (mod 2), 7(z) is odd.

Take two arbitrary elements z,y € Z,,. By Proposition 2.2, we have

nle+y) = Y wle W) = () + g (r(y) +7(~y)) (mod m).
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In particular,

m(x) —1

l=n(x—z)=n(-z)+ (7(z) + (=) (mod m),

M(ﬂ(z) +a(-2)) (mod m),
7(71'@) + 71'(—3:)) (mod m),

f(ﬁ(lﬂ) +m(—z)) (mod m),

(7(2z) + m(=22)) (mod m),

m(—1) -1
2

Adding (4.1) to (4.2) and (4.3) to (4.4), we get

m(—2z — 1) = w(—2z) + (7(2z) + 7(—2z)) (mod m).

(m(z) + W(*I))2 =2 (mod m)

N |

and )
§(w(x) + 77(—30))2 =n(2z) + 7(—2z) (mod m).
Thus,
m(2z) + 7(—2z) =2 (mod m).

Substituting 2 for 7(2x) + w(—2x) in (4.5) and (4.6) we obtain
72z +1)=72z)+7(1)—1 (mod m)

and
m(—2z —1) =n(-2x) + 7(—1) =1 (mod m).

It follows that
72z +1)+7(—2z—-1)=7(1)+7n(-1) (mod m).
From (4.7) and (4.8) we deduce that
P (z +y) = ¢*(2) + ¢°(v)

if x is even, and
(@ +y) = (@) + "N (y)

161

4.1
4.2)
(4.3)
(4.4)
(4.5)

(4.6)

4.7

(4.8)

if z is odd. Thus, ¢? is a skew morphism of skew-type at most 2. In particular, if the

skew-type k of ¢ is an odd number, then
() +7n(-)=nk+1)+7(k—1)=2 (mod m)

and therefore <p2 is an automorphism, as claimed.
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5 Classification
In this section, we classify proper square roots of automorphisms of Z,, .
Theorem 5.1. Define a quadratic polynomial over the ring (Zy,, +, X) by

z(x —1)n
2k

where k and s are positive integers satisfying the following conditions:

(a) k2 dividesn and s € Z7 if k is odd, and 2k? divides n and s € 22/2 if k is even,

o(z) = sz — (mod n), x € Z,, (5.1

(b) s =—1 (mod k), s has multiplicative order 2( in Z,, ;;, and ged(w, k) = 1 where
20 s(s —1)
S0 TR W2

w n(s ) 5

Then @ is a proper square root of an automorphism of the cyclic additive group Z.,, whose
skew-type is k and power function is given by

m(z) =14 2zw'¢ (mod m),

where w'w = 1 (mod k) and m = 2k( is the order of p. Moreover, up to conjugation ¢
is uniquely determined by the parameters k and s.

Proof. First, we show that ¢ is a permutation on Z,. Assume ¢(x) = ¢(y) (mod n)
where x,y € Z,,. Then it suffices to prove that x = y (mod n). Since
z(x—1)n y(y — n

ST — = =Sy o (mod n),

we get

(z—y)lz+y—1n
2k

By (a) and (b) we have s € Z} . Thus, from the above equation we deduce thatz —y = 0

(mod n/k). By (a) again we obtain

(x—y)z+y—1)n
2%

s(z—y) = (mod n).

=0 (mod n),

and hence z = y (mod n).
Second, we show that (2 is an automorphism of Z,,. By (a) and (b), we derive from
formula (5.1) that

= — Jnign —kjn = _n (mod n) (5.2)

for all positive integers j. Now for any x,y € Z,,

¢@+y)zdx+y%—@+ﬂﬂzzy—nn

z(x —1)n _yly—DLn ayn
2k
= ¢(@) +¢ly) -

2k k

+ sy
% (mod n).
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It follows that

P(a) = e - )
= (sz) "‘90( B x(xQ—kl)n) N %sx (;gk— n
= p(sz) + ¢< - W)
<5§2> 2y se(st—1)n  x(x—1)n

2k + 2k
(52 _s(s— l)n)x B (s2 —a(z —1)n
2k 2k

o (32 - W)x (mod n).

Since s € Z, and k? | n, we have ged (5% — %, n) = 1. Thus, ©? is an automorphism
of Z,,.

Next we show that ¢ is a skew morphism of Z, with associated power function 7
defined by 7(x) = 1 + 2w’¢ (mod m) for any © € Z,, where w'w = 1 (mod k). Take
arbitrary x,y € Z,,. By the conditions (a) and (b), we have

and

Therefore, p(z + y) = p(z) + ¢™*)(y) and thus ¢ is a skew morphism of Z,,.

Finally, we prove that up to conjugation ¢ is uniquely determined by the parameters k
and s. It is evident that if two such skew morphism are conjugate, then they must have the
same skew-type k. Suppose now that ¢; (i = 1,2) are two conjugate skew morphisms of
Z., defined by
z(x —1)n

ok (mod n),

vi(z) = s;z —
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where n, k and s; satisfy the stated conditions. Then there exists an automorphism 6 of Z,,
such that 160 = 0. Set r = 6(1). Then

ra(re — 1)n re(z —1)n

SIre — ———— = ©10(z) = Opa(x) = sara — ok (mod n).
Since ged(r, n) = 1, this is reduced to
x(re —n z(zx—1)n
1T — ok = 590 — ok (mod n),
or equivalently,
-1 -1 2(r—1
(51— s2)3 = z(re —n  z(x—1n _z (r—1)n (mod ).

2k 2k 2k

If we choose © = +1, then +(s1 —s2) = (r—1)n/2k (mod n). Therefore 2(s; —s2) =0
(mod n)andr =1 (mod k). If k is even, so is n, and hence s1 = s (mod n/2). If both
k and n are odd, then s; = sy (mod n). If k is odd but n is even, then r is odd. Since
r =1 (mod k), we obtainr — 1 = 0 (mod 2k). Thus, we also get s; = so (mod n), as
required. O

Now we are ready to prove the main result of the paper.

Proof of Theorem 1.2. By Theorem 5.1, the quadratic polynomial of the stated form is
a proper square root of an automorphism of Z,,, and distinct pairs (k, s) correspond to
disconjugate skew morphisms.

Conversely, suppose that ¢ is a proper square root of an automorphism of Z,, of skew-
type k > 1. By Lemma 4.1, k? | n, |¢| = 2k/ for some positive integer ¢, and the power
function of ¢ is given by m(x) = 1 + 2zuf (mod 2k() for some u € Z;. Set s = ¢(1).
By Lemma 3.1, we have

2=m(1)+7m(e(1)) = (1 +2ul) + (1 +2s5ul) =2+ 2(1 + s)ul (mod 2kY),

which implies 2(1 + s)ul = 0 (mod 2kl). Since u € Z;, we obtain s = —1 (mod k).
Since ¢? is an automorphism of Z,,, ¢?(x) = rz (mod n) for some r coprime to n.
By Lemma 4.1, 7 = 1 + vn/k (mod n) for some v € Z. Then

p(r) =p(x — 1)+ "D (1) = p(x — 1) + > DH(1)
=p(z—1)+ (p%t(x*l)(s) =p(z—1)+ gptul@—1)
u(z—1)
=p(z—1)+ s(l + %) (mod n).
By induction we obtain

i u(i—1)
o(z)=s 14+ (mod n), =€ Zy.
> (1+)

Since k? | n, for any positive integer j, we have

(1+1zl>j51+ﬁ]:l+zj:<‘z>(?>izl+ﬁljl (mod n).
i=2
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Thus,

—SZ( )“(l 1)_52( uon (i 1))

-1 -1
—s(o+ AT DY # (mod )
It follows that
-1
r=p3(1) = p(s) = 5% — %Z) (mod n). (5.3)
Hence, r = s® (mod n/k) and by Lemma 4.1 (e), s has multiplicative order 2/ in Z,, /.
Since
un s(s — Duwn\*¢
14— == ( 2 7>
TR el o

o ey

$2=Dg(s — 1)luvn s(s — 1)luvn
— 20 (Qk ) 826 o ( 2]3 (mod n),

we have ( e
s(s — 1)du\ vn
f)? (mod n/k).

By [12, Lemma 1], there exists ¢ € Z7 such that ¢ = uv (mod k). Define ¢’ := 6.0,
where .. is the automorphism of Z,, taking 1 to c¢. By Proposition 2.3, ¢’ is a skew mor-
phism of Z,,. For all z € Z,,, we have

52551—&—(14—

-1

@' (2) =000 () = Oep(c ™ z) = C(Sc L, © z(c e — 1)cn)

2k
_ z(x—c)n _ (c—1)n z(x —1)n
=sz o% = (s—|— ok )x o% (mod n).
Let s’ = s+ (= ) , then it is easily seen that s = —1 (mod k), ' € Z}, and s has

multlphcatwe order 26 in Zy, /.- Therefore, up to conjugation we can assume

-1
o(x) = sz — W (mod n) and w(z)=1+2w'lx (mod 2kf),
where s = —1 (mod k), s € Z*, w' € Z3, and 2¢ is the multiplicative order of s in Zn/k..
We show that ww’ = 1 (mod k), that is, w’ is the modular inverse of w in Zj,. Noting
that the congruence

s(s—1)

w

%(8% -1)- ¢ (mod k)

is equivalent to
—1)¢
20 s(s—1fn ]

nw
o% - (mod n),
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we have
25— — = ¢(2) = (1) + "M (1)

=s+ 4,02“’/[(8)

s(s;kl)n)f“’
s(s — 1)fn\w
( . ) )

:s+s(1+@>w/
N k

sww'n nww’
=25 —

S+S(82—

Es—|—s(s%—

=2s+ (mod n),

which is reduced to ww’ =1 (mod k).
In what follows we consider the particular case that k is even. We have

-1 2
©*(2) = 2¢%(1) = 25 — M =25 — ?n (mod n)
and
n n
sn n n
=252 -~ — (s——)(2s—1)—
k <S Qk:)( s— Dy
sn sn on\n
=9 2———(2 2_,_ 5" —)f
T S T
2s%n n? 2n n?
— 6.2 5.2
Thus, )
2n 2n n
2 0.2
2s —?:23 T (mod n),
and therefore 2k? | n. Moreover, if s > n/2, then we write s’ = s — n/2 and define
-1
o' (x) Es’x—w (mod n), x € Ln,.

It is easily seen that ¢’ is also a square root of an automorphism of Z,,. We show that ¢’ is
conjugate to . Since 2k? | n, n = 2°kn; where e > 1 and 2 { n;. Note that the number
¢ := knj + 1 is coprime to n. Let 6. be the automorphism of Z,, taking x to cx. Then, for
any x € Zy,

H0.(x) = s'ex — LT = 1n

2k
B n (cx(z — 1)+ c(c — 1)z*)n
=(s— §)cx = o7
_ cx(x —1)n  nx  clc—1)an
I T ok
cx(x —1)n
=scx — ———— =f6.0(x) (mod n).

2k
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Thus, ¢ is conjugate to ¢’, as required. O

Corollary 5.2. Every smooth proper square root of an automorphism of the cyclic group
Z, is conjugate to a skew morphism of the form

@(x)Esz—Lan (mod n), € Zy,

with the associated power function given by
m(x) =1+ 20z (mod 4), x € Z,,

where 8 | n, both s and 2 (s** —1) — @6 are odd numbers, and the multiplicative order
of s in Ly 3 is equal to 2L. In particular;, ¢ has order 4 and skew-type 2.

Proof. By Corollary 3.9, every smooth proper square root of an automorphism has skew-
type 2. The result follows immediately from Theorem 1.2. O

Remark 5.3. Note that if ¢ is proper skew morphism of Z,, and (2 is an involutory auto-
morphism, then |p| = 4, and by Theorem 1.2, k = 2, £ = 1 and ¢ is smooth.

Corollary 5.4. Let  be a non-smooth skew morphism of the cyclic group Z,,. If @ has
skew-type 3, then it is conjugate to a skew morphism of the form

o(z) = sz — %az(x —1) (mod n), € L,

where 9 | n, s € Zy, has multiplicative order 2 in Z,,/3, s = —1 (mod 3) and

%(s% —1)—/4=w"#0 (mod 3).

Moreover, the order of ¢ is m = 6/ and the power function of v is given by
m !/
m(x) =1+ Sw's (mod m).

Proof. Since ¢ is a non-smooth skew morphism of Z,, of skew-type 3, the induced skew

morphism @ of Z,, /Ker ¢ is an automorphism of the form % = (0)(1, —1). By Lemma 4.3,
2

* is an automorphism. The result then follows from Theorem 1.2. 0
By Theorem 1.2, we have the following special property of a square root of an auto-
morphism of the cyclic group Z,.

Corollary 5.5. Let o be a proper square root of an automorphism of the cyclic group Z,.
Then every subgroup of Z.,, is p-invariant.

Proof. Let H = (h) be a subgroup of Z,,. If ¢ and ¢’ are conjugate by an automorphism
of Z,, and H is p-invariant, then H is also ’-invariant. So it suffices to consider the skew
morphisms ¢ given by Theorem 1.2. Let & be the skew-type of ¢. For any integer 7,

N jh(jh —n . jh—=1)n
o(jh) = sjh ok =h|sj ok (mod n).
If n is even, % is a positive integer, and if n is odd, then h is also odd and W is a

positive integer. This means that p(jh) € H, and hence H is @-invariant.
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6 The prime power case

In this section, for the case where n = p°© is a prime power, we enumerate the conjugacy
classes of proper square roots of automorphisms of Z,,.
We need a technical result from number theory.

Proposition 6.1 ([3, 24]). Suppose that n = p°, where p is a prime and e > 1. Then

(@) ifp > 2, then Zye = 7y, 1 X ZLpe-1 is cyclic of order p~Y(p — 1). In particular, for
eachi, 1 <1 < e —1, an element of the form 1 + up®~" in Z,. has order p* if and
only if p { u,

(b) if p = 2, then Zs. is trivial if e = 1, Z5. = Zs ife = 2, and Z5e = Lo X Lge—2 if
e > 3. In particular, in the last case for each i, 2 < i < e — 1, an element of the
form £1 + u2® in Z5. has order 2°* if and only if 2 { u.

Let N(p©) denote the number of conjugacy classes of proper square roots of automor-
phisms of Zj.. Then N (p°) is determined in the following theorem.

Theorem 6.2. Suppose that p is a prime and e > 1. If p # 2, then

1 e+1 e—1

1= —1(p= —1), ifeisodd,

1 (¢ 2 L
—L(ps —1
N(p°) = {p_l(W )% if e is even

while if p = 2, then

0, ife <3

1 ife =3
N(Qe): ’,1 e-2 l.fe .

207 —3-2727, ife>3iseven

2¢=1 _ 2% ife > 3isodd.

Proof. Denote n = p°® and k = pf. Then for fixed prime p and integer ¢ > 1, by Theo-
rem 1.2, N(p©) is equal to the number of pairs ( f, s) which satisfy the following conditions:

(a) 2S2f§eandsGZ;eifp#2,and2§2f§eflands€Z§e,1ifp:2,

(b) s=—1 (mod p’), s has multiplicative order 2/ in Z,.-; and p { w, where
f—er 20 1
w=p (s —1) - is(s—l)f.

For each admissible value of the parameter f, let N (p¢, p/) denote the number of admis-
sible values of the parameter s. In what follows, we first determine N (p°©, pl ), and then
determine N (p¢). We divide the proof into two cases according to the parity of p.

Case (A). p # 2.

Since s = —1 (mod p/), we may write s = tp" — 1 where 1 < f < h < e and
t € Zy. . Then 52 = 14 tp"(tp" — 2). According to the multiplicative order 2¢ of s in
Z,.-, we distinguish two subcases as follows.

If h < e — f, by Proposition 6.1 we have £ = p*~/~". Since s has multiplicative ordr
20in Z,e—s, we have p°~/ || s — 1. Since p | 3s(s — 1)¢, we have p { w.

P
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If h > e— f,then ¢ = 1. Recalling that 1 < f < h < e, we have
1
w = tpf The(tph — 2) — i(tph —D)(tp" —2) = =1 —2tpf "¢ (mod p).

Thus, p | wif and only if » = e — fand p | 1 + 2, where t € Z7,, in which case the

number of such ¢ is equal to p/ .
Consequently,

e e—1
Nt p )= o ™) —p =14 p " p-1)—p/ Tt =p =l
h=f h=f

where ¢ is the Euler’s totient function. Therefore,

/2] le/2]
Np) =Y Ne-ph)=> 0 —p/")=

f=1 f=1

%(pte/% S )(peler2) — 1),
.

Note that |[e/2| = e/2 if e is even, and |e/2] = (e — 1)/2 if e is odd. The stated formula
follows from substitution.

Case (B). p = 2.

It is straightforward to check that N (22) = 0, N(23) = N(23,2!) = 1 and N(2%) =
N(2%,21) = 2. In what follows, we assume e > 5 and distinguish two subcases.
Subcase (a). s =1 (mod 4).

Since s = —1 (mod 2f), we have f = 1. Since s € Z%._,, we may write s = 1 + 2/t

2
where 2 < h <e—2andt € Z}._,_,. By Proposition 6.1 (b), s has multiplicative order

2¢=h=1in Zoe—1, and so £ = 26—%1‘2. We have 2 § w since
e—1 20 1
2 | (s*°—=1) and 2| is(s — 1)L

Subcase (b). s = —1 (mod 4).
We may write s = —1 + 2"t where2 < h<e—1landt € Z;E_h_l. Since s = —1
(mod 2/), we have f < h. Recall that s has multiplicative order 2¢ in Zoe—.
Ifh<e—f—1,thene > f+ h+ 1 > 4. By Proposition 6.1, s has multiplicative
order 2~/ ~"in Zy. s, and hence ¢ = 2¢~f~"~1, We also have 2 { w since

1
27/ || (s** —1) and 2| 55(5 —1)e.

Ifh>e— f—1,then ¢ =1 and hence

w=2""((=1+2")? — 1) — (=1 +2") (-1 +2"1¢)
= (=14 2" ) (2f ety okt 4 1)
=2/~ethtl L1 (mod 2).

It follows that 2 t w if and only if o > e — f — 1. Therefore the case h = e — f — 1 should
be excluded.
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From the above discussion, we obtain

e—2 e—1
N2 = g2+ 3 gt < g2) =272 —2,
h=2 h=2
and for f > 1,
—f— e—1
29 2f Z 26—h—1> + Z ¢(2€—h—1) —9e—f-1 _of-1
h=f h=e—f

Consequently, for e > 5, we get

L5 L5
N2 = Y N@2f)=22—24 Y (2o/t -2l
f=1 f=2

e—1

=202 94 (2l (2ot L

D —2).

Note that [ 51| = (e — 2)/2if e if even, and | <51 ] = (e — 1)/2 if e is odd. The result

follows from substitution for Leglj in the above formula, as required. O

Remark 6.3. By Theorem 1.2, one can enumerate the conjugacy classes of proper square
roots of automorphisms of Z,, for any positive integer n in the following steps:

(a) Find the set of all positive integers k satisfying that k2 divides n if k is odd, and 2k>
divides n if k& is even. Denote this set by A(n).

(b) Forany k € A(n), find the set of all s satisfying (i) s = —1 (mod k) and (i) s € Z
if kis odd, and s € Z, , if k is even. Denote this set by S(n, k).

(c) For any s € S(n,k), calculate the smallest positive integer ¢ such that s?¢ =

(mod n/k) and check whether £ (5% — 1) — 1s(s — 1) is coprime to k or not. Let
A(n, k) be the set of all s € S(n, k) satisfying that £(s?* — 1) — Is(s — 1)¢ is

2
coprime to k.

(d) Now (k, s) is admissible for proper square root of automorphism of Z,, if and only
if k € A(n) and s € A(n, k). The number N (n) of the conjugacy classes of proper
square roots of automorphisms of Z,, is ), - A(n \A(n k).

Using the method above, we obtain N (18) =2, N(24) = 2, N(40) = 2 and N(72) =
16. In each case the parameters (n, k, s) are given below (details are omitted):

(n,k) | (18,3) | (24,2) | (40,2) (72,2) (72,3) (72,6)
s 11,17 | 7,11 | 11,19 | 7,11,19,23,31,35 | 11,17,29,35,47,53,65,71 | 23,35

We close the paper by attaching a full list of conjugacy classes of proper square roots
of automorphisms of Z,, for some small values of n.
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Table 1: Proper square roots of automorphisms of Z,,.

171

) @) @)

8 627 + 5z (mod 8) 1+ 2z (mod 4) 5z (mod 8)

9 327 + 2 (mod 9) 1+ 2z (mod 6) 4z (mod 9)

9 327 4+ 4z (mod 9) 1+ 2z (mod 6) 4z (mod 9)
16 1227 + 9z (mod 16) 1+ 2z (mod 4) 9z (mod 16)
16 1227 + 11z (mod 16) 1+ 2z (mod 4) 9z (mod 16)
18 1527 + 22 (mod 18) 1+ 2z (mod 6) 13z (mod 18)
18 1527 + 14z (mod 18) 1+ 2z (mod 6) 7z (mod 18)
24 1827 + 13z (mod 24) 1+ 2z (mod 4) 23z (mod 24)
24 1827 4+ 17z (mod 24) 1+ 2z (mod 4) 13z (mod 24)
27 927 + 2z (mod 27) 1+ 6z (mod 18) 4z (mod 27)
27 927 4+ 5z (mod 27) 14 6z (mod 18) 25z (mod 27)
27 927 + 8z (mod 27) 1+ 2x (mod 6) 10z (mod 27)
27 927 + 11z (mod 27) 1+ 6z (mod 18) 13z (mod 27)
27 927 4 14z (mod 27) 1+ 12z (mod 18) 7x (mod 27)
27 927 + 172 (mod 27) 1+ 4z (mod 6) 19z (mod 27)
27 927 + 202 (mod 27) 1+ 6z (mod 18) 22z (mod 27)
27 927 4 23z (mod 27) 1+ 12z (mod 18) 16z (mod 27)
32 2427 4 11z (mod 32) 1+ 4z (mod 8) 25z (mod 32)
32 2427 + 13z (mod 32) 1+ 4z (mod 8) 25z (mod 32)
32 2427 + 17z (mod 32) 1+ 2z (mod 4) 17z (mod 32)
32 2427 4+ 19z (mod 32) 1+ 4z (mod 8) 92 (mod 32)
32 2427 4+ 21z (mod 32) 1+ 4z (mod 8) 9z (mod 32)
32 2427 4 23z (mod 32) 1+ 2z (mod 4) 17z (mod 32)
32 2827 4 11z (mod 32) 1+ 2z (mod 8) 9z (mod 32)
32 2827 4+ 19z (mod 32) 1+ 6z (mod 8) 25z (mod 32)
40 3022 + 21z (mod 40) 1+ 2z (mod 4) 31z (mod 40)
40 3022 4 29z (mod 40) 1+ 2z (mod 4) 21z (mod 40)
64 4827 + 192 (mod 64) 1+ 8z (mod 16) 41z (mod 64)
64 4827 + 21z (mod 64) 1+ 8z (mod 16) 25z (mod 64)
64 4827 + 23z (mod 64) 1+ 4z (mod 8) 17z (mod 64)
64 4827 + 252 (mod 64) 1+ 4z (mod 8) 17z (mod 64)
64 4827 + 27x (mod 64) 1+ 8z (mod 16) 25z (mod 64)
64 4827 + 292 (mod 64) 1+ 8z (mod 16) 41z (mod 64)
64 4827 + 332 (mod 64) 1+ 2z (mod 4) 33z (mod 64)
64 4827 + 35z (mod 64) 1+ 8z (mod 16) 9z (mod 64)
64 4827 + 37x (mod 64) 1+ 4z (mod 16) 57z (mod 64)
64 4827 + 392 (mod 64) 1 +4z (mod 8) 49z (mod 64)
64 4827 + 41z (mod 64) 1+ 4z (mod 8) 49z (mod 64)
64 4827 + 43z (mod 64) 1+ 8z (mod 16) 57z (mod 64)
64 4827 + 452 (mod 64) 1+ 8z (mod 16) 9z (mod 64)
64 4827 4 47z (mod 64) 1+ 2z (mod 4) 33z (mod 64)
64 562 4 11z (mod 64) 1+ 12z (mod 16) 25z (mod 64)
64 5622 4+ 192 (mod 64) 1+ 4z (mod 16) 9z (mod 64)
64 5627 + 23z (mod 64) 1+ 2z (mod 8) 17z (mod 64)
64 5622 4 27z (mod 64) 1+ 12z (mod 16) 57z (mod 64)
64 5622 4 35z (mod 64) 1 +4x (mod 16) 41z (mod 64)
64 5627 + 39z (mod 64) 1+ 6z (mod 8) 49z (mod 64)
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Abstract

A Cayley (resp. bi-Cayley) graph on a dihedral group is called a dihedrant (resp. bi-
dihedrant). In 2000, a classification of trivalent arc-transitive dihedrants was given by
Marusi¢ and Pisanski, and several years later, trivalent non-arc-transitive dihedrants of or-
der 4p or 8p (p a prime) were classified by Feng et al. As a generalization of these results,
our first result presents a classification of trivalent non-arc-transitive dihedrants. Using this,
a complete classification of trivalent vertex-transitive non-Cayley bi-dihedrants is given,
thus completing the study of trivalent bi-dihedrants initiated in our previous paper [Dis-
crete Math. 340 (2017) 1757-1772]. As a by-product, we generalize a theorem in [The
Electronic Journal of Combinatorics 19 (2012) #P53].

Keywords: Cayley graph, non-Cayley, bi-Cayley, dihedral group, dihedrant, bi-dihedrant.
Math. Subj. Class. (2020): 05C25, 20B25

1 Introduction

In this paper we describe an investigation of trivalent Cayley graphs on dihedral groups
as well as vertex-transitive trivalent bi-Cayley graphs over dihedral groups. To be brief,
we shall say that a Cayley (resp. bi-Cayley) graph on a dihedral group a dihedrant (resp.
bi-dihedrant).

Cayley graphs are usually defined in the following way. Given a finite group G and an
inverse closed subset S C G\ {1}, the Cayley graph Cay(G, S) on G with respect to S is a
graph with vertex set G and edge set {{g, sg} | g € G,s € S}. Forany g € G, R(g) is the
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permutation of G defined by R(g) : © — zg forz € G. Set R(G) := {R(g) | g € G}. It
is well-known that R(G) is a subgroup of Aut (Cay(G, S)). We say that the Cayley graph
Cay(G, S) is normal if R(G) is normal in Aut (Cay(G, S)) (see [19]).

In 2000, Marusic and Pisanski [13] initiated the study of automorphisms of dihedrants,
and they gave a classification of trivalent arc-transitive dihedrants. Following this work,
highly symmetrical dihedrants have been extensively studied, and one of the remarkable
achievements is the complete classification of 2-arc-transitive dihedrants (see [7, 12]). In
contrast, however, relatively little is known about the automorphisms of non-arc-transitive
dihedrants. In [1], the authors claimed that every trivalent non-arc-transitive dihedrant is
normal. However, this is not true. There exist non-arc-transitive and non-normal dihe-
drants. Actually, in [22, 26], the automorphism groups of trivalent dihedrants of order 4p
and 8p are determined for each prime p, and the result reveals that every non-arc-transitive
trivalent dihedrant of order 4p or 8p is either a normal Cayley graph, or isomorphic to the
so-called cross ladder graph. For an integer m > 2, the cross ladder graph, denoted by
CLy4, is a trivalent graph of order 4m with vertex set Vo UVi U. .. Va2 U Vs, 1, where
V; = {9, x}}, and edge set {{a%;, 2%, 1 }, {ah; 1, 25,00} | © € Zm, 7, s € Lo} (see Fig. 1

for CLy,,). It is worth mentioning that the cross ladder graph plays an important role in the

1 1
Lom—1 Lo 2 m—4 Tam-3 Toam—2

Figure 1: The cross ladder graph CL,,

study of automorphisms of trivalent graphs (see, for example, [5, 21, 26]). Motivated by
the above mentioned facts, we shall focus on trivalent non-arc-transitive dihedrants. Our
first theorem generalizes the results in [22, 26] to all trivalent dihedrants.

Theorem 1.1. Let X = Cay(H, S) be a connected trivalent Cayley graph, where H =
{a,b|a™ = b2 = 1,bab = a~')(n > 3). If ¥ is non-arc-transitive and non-normal, then
n is even and 3 = CLy.3 and S® = {b,ba, ba’* } for some a € Aut (H).

Recall that for an integer m > 2, the cross ladder graph CL4,, has vertex set V) U
ViU... Va2 UVapy,_1, where V; = {29, x}1}. The multi-cross ladder graph, denoted
by MCLy4, 2, is the graph obtained from CL4,, by blowing up each vertex x; of CL4y,
into two vertices z"° and z"'. The edge set is {{x5;, zb’  }, {zh 1 250} | i €
Ly, 1, 8,t € Lo} (see Fig. 2 for MCLg 2).

Note that the multi-cross ladder graph MCLy,, 2 is just the graph given in [23, Def-
inition 7]. From [6, Proposition 3.3] we know that every MCLy,, 2 is vertex-transitive.
However, not all multi-cross ladder graphs are Cayley graphs. Actually, in [23, Theo-
rem 9], it is proved that MCLy), » is a vertex-transitive non-Cayley graph for each prime

p > 7. Our second theorem generalizes this result to all multi-cross ladder graphs.

Theorem 1.2. The multi-cross ladder graph MCLy,, 2 is a Cayley graph if and only if
either m is even, or m is odd and 3 | m.
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Figure 2: The multi-cross ladder graph MCLy 2

Both of the above two theorems are crucial in attacking the problem of classification
of trivalent vertex-transitive non-Cayley bi-dihedrants. Before proceeding, we give some
background to this topic, and set some notation.

Let R, L and S be subsets of a group H such that R = R™}, L = L~! and R U
L does not contain the identity element of H. The bi-Cayley graph BiCay(H, R, L, S)
over H relative to R, L, .S is a graph having vertex set the union of the right part Hy =
{ho | h € H} and the left part Hy = {h; | h € H}, and edge set the union of the
right edges {{ho,go} | gh~! € R}, the left edges {{h1,91} | gh~' € L} and the spokes
{{ho,g1} | gh~! € S}. If |R| = |L| = s, then BiCay(H, R, L, S) is said to be an s-type
bi-Cayley graph.

In [20] we initiated a program to investigate the automorphism groups of the trivalent
vertex-transitive bi-dihedrants. This was partially motivated by the following facts. As
one of the most important finite graphs, the Petersen graph is a bi-circulant, but it is not
a Cayley graph. Note that a bi-circulant is a bi-Cayley graph over a cyclic group. The
Petersen graph is the initial member of a family of graphs P(n,t), known now as the
generalized Petersen graphs (see [17]), which can be also constructed as bi-circulants. Let
n>3,1<t<n/2andset H= (a) = Z,. The generalized Petersen graph P(n,1)
is isomorphic to the bi-circulant BiCay(H, {a,a"'}, {a’,a'}, {1}). The complete
classification of vertex-transitive generalized Petersen graphs has been worked out in [8,
14]. Latter, this was generalized by MarusSi€ et al. in [13, 15] where all trivalent vertex-
transitive bi-circulants were classified, and more recently, all trivalent vertex-transitive bi-
Cayley graphs over abelian groups were classified in [24]. The characterization of trivalent
vertex-transitive bi-dihedrants is the next natural step.

Another motivation for us to consider trivalent vertex-transitive bi-dihedrants comes
from the excellent work in a highly cited article [16], where the authors give a census of
trivalent vertex-transitive graphs of order up to 1280. This is very important in the study of
trivalent vertex-transitive graphs. Actually, by checking this census of graphs of order up
to 1000, we find out that there are 981 non-Cayley graphs, and among these graphs, 233
graphs are non-Cayley bi-dihedrants. This may suggest bi-dihedrants form an important
class of trivalent vertex-transitive non-Cayley graphs.

In [20], we gave a classification of trivalent arc-transitive bi-dihedrants, and we also
proved that every trivalent vertex-transitive 0- or 1-type bi-dihedrant is a Cayley graph, and
gave a classification of trivalent vertex-transitive non-Cayley bi-dihedrants of order 4n with
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n odd. The goal of this paper is to complete the classification of trivalent vertex-transitive
non-Cayley bi-dihedrants.

Before stating the main result, we need the following concepts. For a bi-Cayley graph
I’ = BiCay(H, R, L, S) over a group H, we can assume that the identity 1 of H isin S
(see Proposition 2.3 (2)). The triple (R, L, S) of three subsets R, L, S of a group H is called
bi-Cayley triple if R = R™', L = L™, and 1 € S. Two bi-Cayley triples (R, L, S) and
(R',L',S") of a group H are said to be equivalent, denoted by (R, L, S) = (R, L', 5"), if
either (R, L', S") = (R, L,S)*or (R, L', S") = (L, R, S~1)* for some automorphism «
of H. The bi-Cayley graphs corresponding to two equivalent bi-Cayley triples of the same
group are isomorphic (see Proposition 2.3 (3)-(4)).

Theorem 1.3. Let I' = BiCay(R, L, S) be a trivalent vertex-transitive bi-dihedrant where
H = (a,b|a™ =b*> = 1,bab = a~') is a dihedral group. Then either T is a Cayley graph
or one of the following occurs:

(1) (R,L,S) = ({b, ba},{a, a='},{1}), where n = 5.

(2) (R,L,S) = ({b, ba*™1}, {ba, ba’” ++1} {1}), wheren > 5, 63 + (2 + ( +1 =
0 (mod n), £2 # 1 (mod n).

(3) (R,L,S) = ({ba™*, ba‘},{a, a='},{1}), where n = 2m and (*> = —1 (mod m).
Furthermore, I is also a bi-Cayley graph over an abelian group Z.,, X Zs.

(4) (R,L,S) = ({b,ba},{b,ba*"},{1}), where n = 2(2m + 1), m # 1 (mod 3), and
the corresponding graph is isomorphic the multi-cross ladder graph MCL 4, 2.

(5) (R, L,S) = ({b,ba}, {ba*** ba'?*~1} {1}), where n = 48¢ and £ > 1.

Moreover; all of the graphs arising from (1)-(4) are vertex-transitive non-Cayley.

2 Preliminaries

All groups considered in this paper are finite, and all graphs are finite, connected, simple
and undirected. For the group-theoretic and graph-theoretic terminology not defined here
we refer the reader to [3, 18].

2.1 Definitions and notations

For a positive integer, let Z,, be the cyclic group of order n and Z;, be the multiplicative
group of Z, consisting of numbers coprime to n. For two groups M and N, N x M
denotes a semidirect product of N by M. For a subgroup H of a group G, denote C(H)
the centralizer of H in G and by N¢ (H) the normalizer of H of G. Let G be a permutation
group on a set 2 and a € ). Denote by G, the stabilizer of « in G. We say that G is
semiregular on Q) if G, = 1 for every a € ) and regular if G is transitive and semiregular.

For a finite, simple and undirected graph I", we use V(T'), E(T"), A(T"), Aut(T") to
denote its vertex set, edge set, arc set and full automorphism group, respectively. For any
subset B of V(I'), the subgraph of T" induced by B will be denoted by I'[B]. For any
v € V(T') and a positive integer ¢ no more than the diameter of T, denote by T';(v) be the
set of vertices at distance 4 from v. Clearly, I'; (v) is just the neighborhood of v. We shall
often abuse the notation by using I'(v) to replace I'y (v).

A graph I is said to be vertex-transitive, and arc-transitive (or symmetric) if Aut (I")
acts transitively on V(T') and A(T'), respectively. Let I' be a connected vertex-transitive
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graph, and let G < Aut(I") be vertex-transitive on I'. For a G-invariant partition B of
V(T'), the quotient graph T'p is defined as the graph with vertex set B such that, for any
two different vertices B, C' € B, B is adjacent to C' if and only if there exist v € B and
v € C which are adjacent in . Let N be a normal subgroup of G. Then the set B of
orbits of N in V(T") is a G-invariant partition of V' (I"). In this case, the symbol I'z will be
replaced by I'y. The original graph I is said to be a N-cover of I'y if I and 'y have the
same valency.

2.2 Cayley graphs

Let T' = Cay(G, S) be a Cayley graph on G with respect to S. Then T is vertex-transitive
due to R(G) < Aut (T"). In general, we have the following proposition.

Proposition 2.1 ([2, Lemma 16.3]). A vertex-transitive graph I is isomorphic to a Cayley
graph on a group G if and only if its automorphism group has a subgroup isomorphic to
G, acting regularly on the vertex set of I'.

In 1981, Godsil [9] proved that the normalizer of R(G) in Aut (Cay(G, S)) is R(G) %
Aut (G, S), where Aut (G, S) is the group of automorphisms of G fixing the set S set-
wise. This result has been successfully used in characterizing various families of Cayley
graphs Cay (G, S) such that R(G) = Aut (Cay(G, S)) (see, for example, [9, 10]). Recall
that a Cayley graph Cay(G, S) is said to be normal if R(G) is normal in Aut (Cay(G, S))
(see [19]).

Proposition 2.2 ([19, Proposition 1.5]). The Cayley graph T' = Cay(G, S) is normal if
and only if A; = Aut (G, S), where Ay is the stabilizer of the identity 1 of G in Aut (T").

2.3 Basic properties of bi-Cayley graphs

In this subsection, we let I" be a connected bi-Cayley graph BiCay(H, R, L, S) over a group
H. Tt is easy to prove some basic properties of such a I, as in [24, Lemma 3.1].

Proposition 2.3. The following hold.
(1) H is generated by RULU S.

(2) Up to graph isomorphism, S can be chosen to contain the identity of H.
(3) For any automorphism « of H, BiCay(H, R, L, S) = BiCay(H, R*, L%, S%).
(4) BiCay(H, R, L, S) = BiCay(H, L, R, S71).

Next, we collect several results about the automorphisms of bi-Cayley graph I' =
BiCay(H, R, L, S). For each g € H, define a permutation as follows:

Set R(H) ={R(g) | g € H}. Then R(H) is a semiregular subgroup of Aut (") with Hy
and H, as its two orbits.

For an automorphism « of H and z,y,g € H, define two permutations of V(I") =
Hy U H; as follows:

60‘7337?/ : h’o = (xh’a)h hl — (yha)()v vh e Ha

22
Tag: ho = (K)o, h1 = (gh®)1, Vh € H. (2.2)
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Set

I={60u2y|a€Aut(H)st. R* =2 'La, L =y 'Ry, S* =y 'S 2},

2.3)
F={0a,|acAut(H)st. R*=R, L* =g 'Lg, S* =g 'S}.

Proposition 2.4 ([25, Theorem 1.1]). Let ' = BiCay(H, R, L, S) be a connected bi-
Cayley graph over the group H. Then Ny (F)(R(H)) = R(H)x FifI =0 and
Nput ry(R(H)) = R(H)(F, dauy) if I # 0 and Sa,2,y € I. Furthermore, for any
Oa,z,y € I, we have the following:

(1) (R(H), 0a,z,y) acts transitively on V (T');

(2) ifahas order2andx =y = 1, then I is isomorphic to the Cayley graph Cay(H, RU
«aS), where H = H % («).

3 Cross ladder graphs

The goal of this section is to prove Theorem 1.1.

Proof of Theorem 1.1. Suppose that ¥ = Cay(H, S) is a connected trivalent Cayley graph
which is neither normal nor arc-transitive, where H = (a,b | " = b*> = 1,bab =
a~Y)(n > 3). Then S is a generating subset of H and |S| = 3. So S must contain an
involution of H outside (a). As Aut(H) is transitive on the coset b(a), we may assume
that S = {b,z,y} forx,y € H \ (b).

Suppose first that z is not an involution. Then we must have y = x~!. Since S
generates H, one has (a) = (z), and so bxb = 1. Then there exists an automorphism of
H sending b, x to b, a respectively. So we may assume that S = {b, a,a'}. Now it is easy
to check that ¥ is isomorphic to the generalized Petersen graph P(n,1). Since X is not
arc-transitive, by [8, 14], we have |Aut (X)| = 2|H|, and so ¥ would be a normal Cayley
graph of H, a contradiction.

Therefore, both = and y must be involutions. Suppose that x € (a). Then n is even
and z = a™/2. Again since S generates H, one has y = ba’, where 1 < j < n — 1 and
either (j,n) = 1 or (j,n) = 2 and % is odd. Note that the subgroup of Aut (H) fixing b
is transitive on the set of generators of (a) and that (a”/?) is the center of H. There exists
a € Aut (H) such that

S = {b,ba,a*®} or {b,ba? a?}.

Without loss of generality, we may assume that S = {b,ba,a?} or {b,ba®,a%}.If S =
{b,ba?,a%}, we shall prove that ¥ = P(n,1). Note that the generalized Petersen graph
P(n,1) has vertex set {u;,v; | © € Z,, } and edge set {{wu;, w;y1}, {vi, vig1}, {wi,v;} | €
Z,}. Define a map from V' (X) to V(P(n, 1)) as follows:

. 21 2+ %
P a® = uy, a ”_271'—> Vas,
ba%t — U25—1, ba?ts — V2i—1,

where 0 < i < & — 1. It is easy to see that ¢ is an isomorphism form X to P(n, 1). Since
Y is not arc-transitive, by [8, 14], we have |Aut (X)| = 2|H|, and so 3 would be a normal
Cayley graph of H, a contradiction. If S = {b, ba,a? }, then ¥ has a connected subgraph
¥, = Cay(H, {b,ba}) which is a cycle of length 2n, and X is just the graph obtained from
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331 by adding a 1-factor such that each vertex g of X is adjacent to its antipodal vertex
a?g. Then R(H) x Zy = Aut(X;) < Aut(X), and then since ¥ is assumed to be not
arc-transitive, Aut (X) will fix the 1-factor {{g,a% g} | g € H} setwise. This implies that
Aut(X) < Aut(X;) and so Aut (X) = Aut(3;). Consequently, we have 3 is a normal
Cayley graph of H, a contradiction.

Similarly, we have y ¢ (a). Then we may assume that = = ba’ and y = ba’ for some
1 <i,j<mn-—1andi # j. Then S = {b,ba’,ba’} C b(a). This implies that ¥ is
a bipartite graph with (a) and b{a) as its two partition sets. Since ¥ is not arc-transitive,
Aut (X)) is intransitive on the neighbourhood S of 1, and since ¥ is not a normal Cayley
graph of H, there exists a unique element, say s € S, such that Aut (X); = Aut(X)s.
Considering the fact that Aut (H) is transitive on b(a), without loss of generality, we may
assume that Aut (X); = Aut (X), and Aut (X); swaps ba’ and ba’. Then for any h € H,
we have

Aut (D)), = (Aut (2)1) " = (Aut (2),) " = Aut (2)y,

Direct computation shows that

Yo(1) = {a=% a7 ,at,a" 7, a,a? "},
$3(1) = {ba=*,ba? = ba=7  ba' =7, ba®, bal Tt ba? =7 ba% ba?I 1},

Let Aut ()7 be the kernel of Aut (X); acting on S. Take an o € Aut (X)}. Then «
fixes every element in S. As Aut (%), = Aut (%), for any h € H, a will fix b(ba’) = a’
and b(ba’) = a’. Note that E(ba’) \ {1, a'’} = {a~7} and E(baj) \ {1, a} = {a?}.
Then « also fixes a7 and ¢’ ~*, and then « also fixes ba’~7 and ba’/ .

If [Z2(1)] = 6, then it is easy to check that ™" is the unique common neighbor of b
and ba’~*. So « also fixes a~*. Now one can see that « fixes every vertex in ¥o(1). If
|¥2(1)| < 6 and either |31 (b) N X1 (ba’)| > 1 or [£1(b) N1 (ba’)| > 1, then « also fixes
every vertex in Xo(1). In the above two cases, by the connectedness and vertex-transitivity
of ¥, a would fix all vertices of ¥, implying that « = 1. Hence, Aut(X); = 1 and
Aut (X); = Z5. This forces that ¥ is a normal Cayley graph of H, a contradiction.

Thus, we have [Z2(1)] < 6 and [21(b) N Xy (ba’)| = [21(b) N X1 (ba’)| = 1. This
implies that ¥; (ba’) N ¥y (ba?) = {1,a* 7} = {1,a’ "%}, and so a*~7 = a’~*. It follows
that a’~7 is an involution, and hence n is even and a’~7 = /2. So S = {b, ba’, ba’*"/?}.
As S generates H, one has (a’,a"/?) = (a). So either (i,n) = 1 or (i,n) = 2 and % is
odd. Note that the subgroup of Aut (H) fixing b is transitive on the set of generators of (a)
and that (a™/2) is the center of H. There exists o € Aut (H) such that

= {b,ba,ba'* %} or {b,ba? ba* % }.

Let 3, be the automorphism of H induced by the map a — a1, b — ba¢, where € € Z,.
Then

{b,ba,ba** 2} = (b, ba,ba?},and {b,ba? ba®*t %} = {b ba®, ba*}.

If 2 is odd, then the map 7 : a + a?*2,b — ba? induces an automorphism of H,
and {b,ba,ba?}" = {b,ba? ba?}. So there always exists ¥ € Aut (H) such that S7 =
{b, ba, ba>}, completing the proof of the first part of our theorem.

Finally, we shall prove ¥ = CL4.z. Without loss of generality, assume that S =
{b,ba,ba?}. Recall that V(CLyn) = {af | i € Zyy,r € Zy} and E(CLyy) =



182 Ars Math. Contemp. 21 (2021) #P2.02 / 175-200

Haf, zi 1}, {:vgwxgzj_ll}, | i € Zayp,r € Za}. Let ¢ be amap from V(%) to V(CLy.2)
as following:
¢: a— Y, a'tE e 2l
ba’ xgjfl, ba’itz — x%jfl,
where 0 < ¢ < % —land1 <5 < g It is easy to check that ¢ is an isomorphism from 3
and X (CLy.2 ), as desired. O

4 Multi-cross ladder graphs

The goal of this section is to prove Theorem 1.2. We first show that each MCLy,, 2 is a
bi-Cayley graph.

Lemma 4.1. The multi-cross ladder graph MCLyy, 2 is isomorphic to the bi-Cayley graph
BiCay(H, {c, ca},{ca, ca®b}, {1}), where

H=<a,b,c\am:b2:c2:1,ab:a,a“:a_1,bc:b>.

Proof. For convenience, let I' be the bi-Cayley graph given in our lemma, and let X =
MCLy,, 2. Let ¢ be a map from V(X)) to V(T") defined by the following rule:

. 1,1 t 1,1 t+1 1,0 t+1 1,0 t
¢ ay = (a)o, Taipy — (ca™ o, zyp = (ca™ )1, aoiiy = (af)s,
0,1 t+1 0,1 t 0,0 t 0,0 t+1
x> (ca’™1b)1, w9, — (a'b)1, xg, > (a'h)o, Topq > (ca’™1b)o,
where t € Z,,.
It is easy to see that ¢ is an adjacency preserving isomorphism from X to I'. O

Remark 1 Let m be odd, let e = ab and f = ca. Then the group given in Lemma 4.1 has
the following presentation:

H={(e,f|e®=f* =1l =e!).

Clearly, in this case, H is a dihedral group. Furthermore, the corresponding bi-Cayley
graph given in Lemma 4.1 will be

BiCay(H, {f, fe}, {f, fe™ '}, {1}).

Proof of Theorem 1.2. By Lemma 4.1, we may let I' = MCLy,, 2 be just the bi-Cayley
graph BiCay(H, R, L, S), where

H={(a,bcla™ =0 =c?=1,a" =a,a°=a"1,b° =),
R ={c,ca}, L = {ca,ca®b}, S = {1}.

We first prove the sufficiency. Assume first that m is even. Then the map
ar ab,b— b,c+— cb

induces an automorphism, say « of H of order 2. Furthermore, R* = {¢, ca}* = caLca,
L® = {ca,ca’b}* = caRca and S® = {1}* = ca{l}ca = S~!. By Proposition 2.4,
da,caca € Aut (I') and R(H) X (0q,ca,ca) acts regularly on V' (I"). Consequently, by Propo-
sition 2.1, I' is a Cayley graph.
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Assume now that m is odd and 3 | m. In this case, we shall use the bi-Cayley presen-
tation for I" as in Remark 5.1, that is,

I’ = BiCay(H, {f, fe}, {f, fem_l}> {1},

where ‘
H={(e, fle*=f2=1¢e =e7).

Let 3 be a permutation of V' (I") defined as following:

5 . (fz:€3t+1)i o (fi6@+3t+1)i’ (fz:+163t+1>2_ o (fi6m+3t+1)i+1,
(fz+163t+2)1_ o (]chr16w~bJr31‘/+2)Z_7 (f163t+2)i o (fz+lem+3t+2)i+1’

(e3%)i < (fe)iqa, (emT3); 5 (fem™t3h), 44,

where ¢ € Zx and i € Zo. Itis easy to check that 3 is an automorphism of I' of order 2.
Furthermore, 72( ), R(f) and § satisfy the following relations:

R(e)*™ =R(f)? = B2 =1, R(f)""R(e)R(f) = R(e)~", R(f)"'BR(f) = B,
R(e)°B = BR(e)®, R(e)*s = BR(e)'BR(e)

Let G = (R(e?), R(f), ﬁ) and P = (R(e?),3). Then R(f) ¢ P and G = P(R(f)).

Since R(e)%3 = BR(e)®, we have R(e%) € Z(P). Since R(e)?8 = fR(e)*BR(e) 2
follows that

(R(e)?B)* = R(e)*B[BR(e)* FR(e)"*|R(e)*8 = R(e°).
Let N = (R(e")). Clearly, N is a normal subgroup of G. Furthermore,
P/N = (R(¢*)N, BN | R(e?)3N = 2N = (R(¢*)B)>N = N) = A,.

Therefore,
Let

= 4m and |G| < 8m.

Ao ={zo |z € (e, f)}, Ao ={(ex)o |z € (% f)},
Aoy ={z1 ]|z e (e’ f)}, An={(ex)|ze (e f)}

Then A;;’s (i, j € Zs) are four orbits of (R(e?), R(f)). Moreover,
1gR(f) = 11 S A()l, eg = (eerl)() S Aoo, ef = (feerl)Q S AOO‘

This implies that G is transitive on V(I"). Hence, |G| = 8m and so G is regular on V(T'),
and by Proposition 2.1, I is a Cayley graph.

To prove the necessity, it suffices to prove that if m is odd and 3 t m, then T" is a non-
Cayley graph. In this case, we shall use the original definition of I' = MCLy,,, 2. Suppose
that m is odd and 3 1+ m. We already know from [6, Proposition 3.3] that T" is vertex-
transitive. Let A = Aut (I"). For m = 5 or 7, using Magma [4], T is a non-Cayley graph.
In what follows, we assume that m > 11.

For each j € Z,,, CO (.ngo, mgﬁl,xgjl,xgﬁrl) and C1 (méjl, méleruxé]vaégoﬂ)
are two 4-cycles. Set ]—" = {C; | i € Zo,j € Zp}. From the construction of T' =
MCLyyy 2, it is easy to see that in I' = MCLy,, 2 passing each vertex there is exactly one 4-
cycle, which belongs to F. Clearly, any two distinct 4-cycles in F are vertex-disjoint. This
implies that A = {V(C;) | i € Zs,j € Zy,} is an A-invariant partition of V(I"). Consider
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the quotient graph I'a, and let T" be the kernel of A acting on A. Then I'a = C,,[2K1],
the lexicographic product of a cycle of length m and an empty graph of order 2. Hence
A/T < Aut(C,,[2K1]) = Z5* X Ds,,. Note that between any two adjacent vertices of
T'a there is exactly one edge of I' = MCLy,, 2. Then T fixes each vertex of I' and hence
T = 1. So we may view A as a subgroup of Aut (I'a) = Aut (C,,[2K1]) = Z5* X Day,.

For convenience, we will simply use the C;- ’s to represent the vertices of I'a. Then I'a
has vertex set

{C},C; 1j € Zm}
and edge set
{{CO C0+1} {Cl C1+1} {CO C1+1} {Cl CO+1} | j € Zm}

Let B = {{C?,C;} | i € Zy,}. Then B is an Aut (T A )-invariant partition of V(T'a).
Let K be the kernel of Aut (I'a) acting on B. Then K = (ko) x (k2) X -+ X (kpm_1),
where we use k; to denote the transposition (C(; CJI) for j € Z,,. Clearly, K is the maximal
normal 2-subgroup of Aut (I'a).

Suppose to the contrary that I' = MCL4,, 2 is a Cayley graph. By Proposition 2.1, A
has a subgroup, say G acting regularly on V(I"). Then G has order 8m, and

G/(GNK)=GK/K < Aut(Ta)/K < Dop,.

Since m odd, it follows that |G N K| = 4 or 8, and so G N K = Z3 or Z3.

If GNK = 73, then |GK/K| = 2m and GK/K = Aut(T'a)/K = Ds,,. So
GK = Aut(Ta) = Z% % Dy,y,. Let M be a Hall 2'-subgroup of G. Then M & Z,,
and M is also a Hall 2’-subgroup of Aut (I'a). Clearly, Aut (I'a) is solvable, so all Hall
2’-subgroups of Aut (T'a) are conjugate. Without loss of generality, we may let M = {(«),
where « is the following permutation on V/(T'a):

a=(CHCY...Ch1)(CrCl...Cppy).

Then K X () acts transitively on V(I'a). Clearly, Ck(«) is contained in the center of
K x {(a). So Ck (o) is semiregular on V(I'a). This implies that

CK(a) = <k0k1 . ..k’m,1> = ZQ.

On the other hand, let L = (G N K)M. Clearly, G N K <G, so L is a subgroup of G
of order 4m. For any odd prime factor p of m, let P be a Sylow p-subgroup of M. Then
P is also a Sylow p-subgroup of L, and since M is cyclic, one has M < Np(P). By
Sylow theorem, we have |L : Np(P)| = kp + 1 | 4 for some integer k. Since 3 { m, one
has L = Np(P). It follows that M < L and so L = M x (G N K). This implies that
GNK < Cg(M)=Ck(a) = Zs, a contradiction.

If GN K = 73, then |GK/K| = m. Furthermore, GK/K = Z,, and GK/K acts
on B regularly. Since G is transitive on V/(T'), there exists g € G such that (z4")9 =
:c} ! where xé 1,33% le Cé As V(Tpa) = {C; | i € Za,j € Zp,}, g fixes the 4-cycle
Cl =zt 2t zh° 2P, Since B = {{C?,C}} | j € Zy,} is also A-invariant, g
fixes {CJ,Ch} setwise. Since GK / K acts on B regularly, g fixes {C%C%} setwise for
every j € Z,. Observe that {xo @yt }and {x]", 23"} are the unique edges of T'
between C0 and C},_,, C0 and C}, respectively. This implies that g will map C.,_, to C3,

contradicting that g fixes {C?, le} setwise for every j € Z,,. O
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5 A family of trivalent VNC bi-dihedrants

The goal of this section is to prove the following lemma which gives a new family of
trivalent vertex-transitive non-Cayley bi-dihedrants. To be brief, a vertex-transitive non-
Cayley graph is sometimes simply called a VNC graph.

Lemma 5.1. Let H = {(a,b| a™ = b?> = 1,a® = a™!) be a dihedral group, where n = 48¢
and ¢ > 1. Then T = BiCay(H, {b, ba}, {ba?**,ba'?~1},{1}) is a VNC dihedrant.

Proof. We first define a permutation on V'(T") as follows:

g: (a¥)y > (@), ()1 = (ba®" ), (a%7 1) 1= (ba¥ 1),
( 37'-1—1) ( 24€+3r+1)1, (G3T+2)i — (ba12€-&-3r+2)H_l7 (ba?’r)o — (a3T)17
(ba?)r) — (ba24€+3r) 1, (ba3r+1)0 — (ba?)r—i-l)o7 (ba3r+1)1 — (aiir-i-l)o7
(ba3r+2) ( 712£+3r+2)i+1’

where r € Zyge, @ € Zo.
It is easy to check that g is an involution, and furthermore, for any ¢ € Z¢¢, we have

a®)o)? = {( (@*)o),
1 gb a’")1, (a° o, (a°" 1o} = T((ba’)o

(ba242+3r) 3r> ’( 122+3r+1) } )IZ(( a24€+3r)1),

E {CLBT)l’(baBr)O (ba3r+1) } F(

( 0

(a3r+1)0>g {(ba3r+1) 7( 24é+3r+1)1 ( 364+43r+2 }:F((ba3r+1)1)7
(

(

(

(

g {( 24é+3r+1) 7(ba?,r-i-l) 7(ba36€+3r) } 1-\((a24é-§—3r-i-1)1)7

)? = {(ba®*1)1, (@®*1)o, (a®)o} = L'((ba®*1)o),

g {(b 12@+3r+2)0’(a36f+37"+2)17( 3r+3) } F((ba12é+3r+2) )

g — (b 2@+37‘+2)1’(a12f+3r+2)07( 12E+3r+1) } F((ba12é+3r+2) )

This implies that g is an automorphism of I'. Observing that g maps 1; to by, it follows that
(R(H), g) is transitive on V(I"), and so T" is a vertex-transitive graph.
Below, we shall first prove the following claim.

Claim. Aut (T');, = (g).

Let A = Aut(T"). It is easy to see that g fixes 1p, and so g € Aj,. To prove the Claim,
it suffices to prove that |A;,| = 2.

Note that the neighborhood T'(1p) of 1o in T" is = {17, by, (ba)o}. By a direct com-
putation, we find that in I" there is a unique 8-cycle passing through 1y, 1 and by, that
is,

Co = (1o, 11, (ba®*)1, (ba**)o, (a**)0, (a**)1, by, bo, To).
Furthermore, in T there is no 8-cycle passing through 1 and (ba)g. So Ay, fixes (ba)o.

If Ay, also fixes 1; and by, then A;, will fix every neighbor of 1, and the connected-
ness and vertex-transitivity of I" give that A;, = 1, a contradiction. Therefore, A;, swaps
11 and bg, and (ba)o is the unique neighbor of 1y such that A;; = A, It follows that
{10, (ba)o} is a block of imprimitivity of A acting on V(I'). Since T is vertex-transitive,
every v € V(T') has a unique neighbor, say u such that A,, = A,. Then the set

B={{u,v} € ET)| A, = A}

forms an A-invariant partition of V(T'"). Clearly, {1, (ba)o} € B. Similarly, since Cy
is also the unique 8-cycle of I" passing through 1o, 1; and by, A1, swaps 1g and by, and
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(ba'#~1); is the unique neighbor of 11 such that A1, = Apai2e-1y,. So {11, (ba'?71)1} €
B. Set

Bo = {{10, (ba)o} ™ | h € H} and By = {{11, (ba?>*~1)1}*™ | h € H}.

Clearly, B = By U B;.

Now we consider the quotient graph I'z of T relative to B. It is easy to see that (R(a))
acts semiregularly on B with By and B; as its two orbits. So I'i is isomorphic to a bi-
Cayley graph over {a). Set By = {lo, (ba)o} and By = {1y, (ba'?*~1);}. Then one

- Z12¢
may see that the neighbors of By in I'g are: B(zz(a)’ Bg)z(a 1), By, BF(CL ¢ +2), and the

neighbors of By in ' are: BZQ(GHHI), BF(‘fm*l)’ Bo, 3(7)3(“1”*2)' So
I 21" = BiCay((a), {a,a™"}, {a'**1, a7}, {1,a712072}).

Observe that there is one and only one edge of I' between B and any one of its neighbors in
I's. Clearly, A acts transitively on V' (I'z), so there is one and only one edge of T" between
every two adjacent blocks of B. It follows that A acts faithfully on V' (I'g), and hence we
may view A as a subgroup of Aut (I's). Recall that g € Ay, = A(yq),- Moreover, g swaps

the two neighbors 1, and by of 1o. Clearly, 1, € By and by € BX@ )

two blocks B; and BZ]z (@™, Similarly, g swaps the two neighbors (ba); and ag of (ba)g.

Clearly, (ba); € BF(ainz) and ag € BJ'), s0 g swaps the two blocks Bﬁ(ailwz) and

BZ} (@) Note that R(ab) swaps the two vertices in By. So (g, R(ab)) acts transitively on the
neighborhood of By in I'z. This implies that A acts transitively on the arcs of 'z, and so
I" is a tetravalent arc-transitive bi-circulant. In [11], a characterization of tetravalent edge-
transitive bi-circulants is given. It is easy to see that our graph IV belongs to Class 1(c) of
[11, Theorem 1.1]. By checking [11, Theorem 4.1], we see that the stabilizer Aut (I"”),, of
u € V(I") has order 4. This implies that |A| = 4|V (I'g)| = 8n. Consequently, |A;,| = 2
and so our claim holds.

, S0 g swaps the

Now we are ready to finish the proof. Suppose to the contrary that I" is a Cayley graph.
By Proposition 2.1, A contains a subgroup, say J acting regularly on V(T'). By Claim,
J has index 2 in A, and since g € Aj,, one has A = J x (g). It is easy to check that
R(a), R(b) and g satisfy the following relations:

(gR(0)* = R(a*"), gR(a®) = R(a®)g, gR(ba) = R(ba)g, g = R(a)(gR(b))*R(a’*1).

Suppose that R(H) « J. Then A = JR(H). Since |J|/|R(H)| = 2, it follows that
IR(H) : J \R(H)| = 2. Thus, J N R(H) = (R(a)) or (R(a2), R(b)). T R(H) N J =
(R(a)), then we have R(b) ¢ J, R(a) € J,and hence A = JUJR(b) = JUJg, implying
that JR(b) = Jg. It follows that gR(b) € J, and then g = R(a)(gR(b))*R(a'2*"1) € J
due to R(a) € J, acontradiction. If R(H)NJ = (R(a?), R(b)), then R(a) ¢ J, and again
we have A = JUJR(a) = JUJg, implying that JR(a) = Jg. So, R(a)g, gR(a™ 1) € J.
Then

9="R(a)gR(D)JR(B)R(a'* ") = (R(a)g)R(b)(gR(a™ )R (ba'*2) € J,

a contradiction.
Suppose that R(H) < J. Then |J : R(H)| = 2 and R(H) < J. Since J is regular

on V(I'), by Proposition 2.4, there exists a 64,4, € J such that 13&"“’ = 1, where o €
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Aut (H) and z,y € H. By the definition of d, 5 ,, we have 1; = lg‘”’y = (z-19) = 21,
implying that x = 1. Furthermore, we have the following relations:

R* =2 'Lz, L =y 'Ry, S =y 1S 'z,

where R = {b,ba}, L = {ba?**,ba'?*~1}, S = {1}. In particular, the last equality implies
that z = y due to S = {1}. So we have x = y = 1. From the proof of Claim we know that
By = {1o, (ba)o} and By = {11, (ba'?*~1),} are two blocks of imprimitivity of A acting
on V(T). So we have ((ba)g)’1t = (ba'?~1);. It follows that (ba)® = ba'?*~?, and
then from R® = L we obtain that b® = ba?*‘. Consequently, we have a® = a3%‘~1. One
the other hand, we have {b,ba} = R = L = {b, ba®***1}. This forces that ba = ba?**1,
which is clearly impossible. O

6 Two families of trivalent Cayley bi-dihedrants

In this section, we shall prove two lemmas which will be used the proof of Theorem 1.3.

Lemma 6.1. Let H = {(a,b | a'®>™ = b? = 1,a® = a™ 1) be a dihedral group with m odd.
Then for each i € Zyioy,, I = BiCay(H, {b, ba'}, {ba®™, ba’™ =}, {1}) is a Cayley graph
whenever (a',a*™) = (a).

Proof. Let g be a permutation of V' (I") defined as follows:

'R (a6km+3m (baﬁ(k+1)m+3m) (baﬁkm+3rz) — aﬁkm+371 i1
(a3km+ 3r+1)z)0 — (a3(k+l)m+(3r+1)1) (ba3km+ 3r+1)1)0 — (a3(k+1)m+(3r+1)1)
(a3km+(3r+1)z)1 — (ba3(k+1)m+(37‘+1)z) 0, (ba3km+(3r+1)z)l — (ba 3(k— 1)m+(3r+1)2)
(a3km+(3r+2)z)0 — (ba3(k+1)m+(3r+2)i)1 (ba3km+(3r+2)z)0 ( 3(k+1)m+(3r+2)i 0
(a3km+(3r+2)z)1 — (a3(k—1)m+(3r+2)i)1, (ba3km+(3r+2)z)1 ( 3(k+1)m+(3r+2)z) 0,

where r € Zy,, k € Z4 and j € Zs.
It is easy to check that ¢ € Aut(I"). Furthermore, one may check that g and R(a?)
satisfy the following relations:

R(a'2™) = g* = 1, ¢> = R(a®™), R(a®)g = g'R,(afS%

R(b-1)gR(b) = gR(a®™), R(a?)g = gR(aV)gR(a"2).

By the last equality, we have
(R(a®)g)” = [gR(a")gR(a™?))|R(a*)gR(a®)g = gR(a*)g*R(a*)g-
It then follows from the second and third equalities that
gR(a")g*R(a*)g = gR(a"*")g = g R(a"**") = R(a").

Therefore, (R(a?)g)? = R(a®).
Let G = (R(a?),R(b),g) and T = (R(a®)). Then T' I G and

R(a®)T, RO)T, gT)
R(a )T 9T | R(a®)’T = g°T = (R(a*)g)’T = T) x (R(b)T)

G/T =
o

It
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So |G| = 48m.

Let
Qoo = {to | t € (a®, 1)}, Qo1 = {t1 |t € (a®,b)},
QlO = {(at)o | te <a2,b>}, Qll = {(at)1 | te <a2,b>}.
Then €2;;’s (0 < i,j < 1) areorbitsof Tand V(I') = | ;. Since 1§ = (ba®™); €
0<4,j<1
Qo1, af = (a®™*1)g € Qoo and af = (ba>™*1); € Qpy, it follows that G is transitive,
and so regular on V(T"). By Proposition 2.1, " is a Cayley graph on G, as required. O

Lemma 6.2. Let H = {(a,b | a'®>™ = b? = 1,a® = a™') be a dihedral group with m even
and 4 1 m. Then the following two bi-Cayley graphs:

I'; = BiCay(H, {b,ba}, {ba’™ ba’m~1} {1}),
Iy = BiCay(H, {b,ba}, {ba’™, ba®" =1} {1})

are both Cayley graphs.

Proof. LetV = HoU Hy. Then V(I';) = V(I'y) = V. We first define two permutations
on V as follows:

g1 - (a4r i (b(l6m+4r)i 1, (ba‘”)i — ((14 )7,+17
(a4T+1)1 — (ba9m+4r+1)1+1, (ba4r+1)i — (a3m+4r+1)i+17
(a4r+2)i — (ba4r+2)z+1’ (ba4r+2)i — <a6m+47+2)i+1,
(a4r+3)l — (ba3m+4r+3)z+17 (ba4r+3)i — (a9m+4r+3)i+1,

go+ (a*)i = (a4, (ba*"); = (a*)ig,
(0147‘4-1)Z — (ba3m+4r+l)2+17 (ba4r+l)i — (a9m+4r+l)i+1,
(a4r+2>l — (ba47+2)1+1, (ba4r+2)i — <a6m+4r+2)i+1,
(a47’+3)l — (ba9m+4r+3) i1 (ba4r+3)i — (a3m+4r+3)i+1,

where r € Zs,, and i € Z.
It is easy to check that g; € Aut(I';) for j = 1 or 2. Furthermore, R(a?), R(b) and g;
(j = 1 or 2) satisfy the following relations:

( 12’”) R(b?) =g; =1 R(b R(a IR(b) =R(a™?),
R(a""), R(b)g;R(b) = g; ",
91 173( )g1 = R(a 3T"“) 2 R(a)g2 = R(a”™F1).

For j = 1lor2, let G; = (R(a),R(b), g;). From the above relations it is east to see

that
Gj = ((R(a)){g;)) < (R(b))
has order at most 48m. Observe that 15’ = (ba®™); € H; for j = 1 or 2. It follows that

G| is transitive on V' (T';), and so G acts regularly on V'(I';). By Proposition 2.1, each I';
is a Cayley graph. D

7 Vertex-transitive trivalent bi-dihedrants

In this section, we shall give a complete classification of trivalent vertex-transitive non-
Cayley bi-dihedrants. For convenience of the statement, throughout this section, we shall
make the following assumption.
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Assumption L.

e H: the dihedral group Dy, = {a,b | a™ = b? = 1,bab = a~1)(n > 3),

» I' = BiCay(H, R, L, {1}): aconnected trivalent 2-type vertex-transitive bi-Cayley
graph over the group H (in this case, |R| = |L| = 2),

* (G: a minimum group of automorphisms of I" subject to that R(H) < G and G is
transitive on the vertices but intransitive on the arcs of I'.

The following lemma given in [20] shows that the group G must be solvable.

Lemma 7.1 ([20, Lemma 6.2]). G = R(H)P is solvable, where P is a Sylow 2-subgroup
of G.

7.1 Hjy and H; are blocks of imprimitivity of G

The case where Hy and H; are blocks of imprimitivity of GG has been considered in [20],
and the main result is the following proposition.

Proposition 7.2 ([20, Theorem 1.3]). If Hy and Hy are blocks of imprimitivity of G on
V(T'), then either T is Cayley or one of the following occurs:

(1) (R,L,S) = ({b, ba*™'}, {ba, ba® T} {1}), wheren > 5, (3 + (> + ( + 1 =
0 (mod n), £2 # 1 (mod n);

(2) (R,L,S) = ({ba~*, ba’},{a, a='},{1}), where n = 2k and (> = —1 (mod k).
Furthermore, U is also a bi-Cayley graph over an abelian group Z,, X Zo.

Furthermore, all of the graphs arising from (1)-(2) are vertex-transitive non-Cayley.

In particular, it is proved in [20] that if n is odd and I" is not a Cayley graph, then Hy
and H; are blocks of imprimitivity of G on V' (I"). Consequently, we can get a classification
of trivalent vertex-transitive non-Cayley bi-Cayley graphs over a dihedral group Ds,, with
n odd.

Proposition 7.3 ([20, Proposition 6.4]). If n is odd, then either I is a Cayley graph, or Hy
and H, are blocks of imprimitivity of G on V (T).
7.2 Hjy and H, are not blocks of imprimitivity of G

In this subsection, we shall consider the case where Hj and H; are not blocks of imprimi-
tivity of G on V(I"). We begin by citing a lemma from [20].

Lemma 7.4 ([20, Lemma 6.3]). Suppose that Hy and Hy are not blocks of imprimitivity
of Gon V(T'). Let N be a normal subgroup of G, and let K be the kernel of G acting on
V(Cy). Let A be an orbit of N. If N fixes Hy setwise, then one of the following holds:

(1) T'[A] has valency 1, |V(I'y)| > 3 and T is a Cayley graph;
(2) T'[A] has valency 0, T’ has valency 3, and K = N is semiregular.

The following lemma deals with the case where Core(R(H)) = 1, and in this case
we shall see that I" is just the cross ladder graph.
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Lemma 7.5. Suppose that Hy and Hy are not blocks of imprimitivity of G on V(T'). If
Coreq(R(H)) = yeq R(H) = 1, then I is isomorphic to the cross ladder graph CLay,
with n odd, and furthermore, for any minimal normal subgroup N of G, we have the
following:

(1) N is a 2-group which is non-regular on V (I");
(2) N does not fix Hy setwise;

(3) every orbit of N consists of two non-adjacent vertices.

Proof. Let N be a minimal normal subgroup of G. By Lemma 7.1, G is solvable. It follows
that IV is an elementary abelian r-subgroup for some prime divisor r of |G|. Clearly,
N & R(H) due to Core(R(H)) = 1. Then [INR(H)|/|R(H)| | |G|/|R(H)|. From
Lemma 7.1 it follows that |G|/|R(H)| is a power of 2, and hence N is a 2-group.

Suppose that N is regular on V(T"). Then NR(H) is transitive on V(I') and R(H)
is also a 2-group. Therefore, NR(H) is not transitive on the arcs of I". The minimality
of G gives that G = NR(H). Since n is even, R(a?) is in the center of R(H). Set
Q = N(R(a?)). Then @ <G and then 1 # NN Z(Q) < G. Since N is a minimal normal
subgroup of G, one has N < Z(Q), and hence @ is abelian. It follows that (R(a?)) < G,
contrary to the assumption that Coreg(R(H)) = 1. Thus, N is not regular on V(T'). (1) is
proved.

For (2), by way of contradiction, suppose that N fixes H, setwise. Consider the quo-
tient graph I" ;v of T relative to N, and let K be the kernel of G acting on V(I'y). Take A
to be an orbit of N on V/(T"). Then either (1) or (2) of Lemma 7.4 happens.

For the former, I'[A] has valency 1 and [V (I'y)| > 3. Then I'y is a cycle. Moreover,
any two neighbors of v € A are in different orbits of N. It follows that the stabilizer
N, of v in N fixes every neighbor of u. The connectedness of I' implies that NV, = 1.
Thus, K = N is semiregular and I"y is a cycle of length £ = 2|R(H)|/|N|. So G/N <
Aut(T'y) = Dgp. If G/N < Aut(I'y), then |G : N| = £ and so |G| = 2|R(H)|.
This implies that R(H) < G, contrary to the assumption that Coreq(R(H)) = 1. If
G/N = Aut(T'y), then |G : R(H)| = 4. Since N £ R(H) and since N fixes Hy
setwise, one has |G : R(H)N| = 2. It follows that R(H)N < G. Clearly, Hy and H; are
just two orbits of R(H )N, and they are also two blocks of imprimitivity of G on V(T'), a
contradiction.

For the latter, I'[A] has valency 0, 'y has valency 3 and N = K is semiregular. Let
H;; be the set of orbits of N contained in H; with i = 1,2. Then I'y[H] and I 5[H;] are
of valency 2 and the edges between H, and H; form a perfect matching. Without loss of
generality, we may assume that 1o € A. Since R(H) acts on Hy by right multiplication,
we have the subgroup of R(H) fixing A setwise is just R(H)a = {R(h) | hg € A}. If
R(H)a < (R(a)), then R(H)a < R(H), and the transitivity of R(H) on Hy implies
that R(H ) will fix all orbits of N contained in Hy. Since the edges between H, and
H, are independent, R(H)a fixes all orbits of N. It follows that R(H)a < N, namely,
R(H)N/N acts regularly on Hy. Then |R(H)/(R(H)NN)| = |R(H)N/N| = |Ho/N|,
and so |[N| = |R(H) N N|, forcing N < R(H), a contradiction. Thus, R(H)a £
(R(a)), and so (R(a))R(H)a = R(H). This implies that (R(a), N)/N is transitive and
so regular on Hy. Similarly, (R(a), N)/N is also regular on H;. Thus, T'y is a trivalent
2-type bi-Cayley graph over (R(a), N)/N. By [24, Lemma 5.3], H, and H are blocks of
imprimitivity of G/N, and so H and H; are blocks of imprimitivity of G, a contradiction.
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So far, we have completed the proof of (2). Then N does not fix H setwise, and then
NTR(H) is transitive on V(I'). The minimality of G gives that G = NR(H). Let P and
P; be Sylow 2-subgroups of G and R(H), respectively, such that P, < P. Then N < P
and P = NP;y.

If n is even, then by a similar argument to the second paragraph, a contradiction occurs.
Thus, nis odd. As H = Day,,, P; = Zs and P; is non-normalin R(H). So NNR(H) = 1.
Clearly, |V(I')| = 4n. If N is semiregular on V(I"), then N = Zy or Zg X Zsg, and then
|G| = |R(H)||N| = 2|R(H)| or 4R(H)|. Since Coreq(R(H)) = 1, we must have
|G : R(H)| =4and G < Sym(4). Since n is odd, one has n = 3 and H = Sym(3). So
G = Sym(4) and hence Gy, = Zy. Then all involutions of G(= Sym(4)) not contained
in N are conjugate. Take 1 # g € G1,. Then g is an involution which is not contained in
N because N is semiregular on V(I"). Since R(H) N N = 1, every involution in R(H)
would be conjugate to g. This is clearly impossible because R(H ) is semiregular on V' (T").
Thus, N is not semiregular on V(T'). (3) is proved.

Since n is odd, we have |[V(T'y)| > 2. Since N is not semiregular on V' (T"), I has
valency 2 and I'[A] has valency 0. This implies that the subgraph induced by any two
adjacent two orbits of N is either a union of several cycles or a perfect matching. Thus,
I" v has even order. As I' has order 4n with n odd, every orbit of N has length 2. It is easy
to see that I is isomorphic to the cross ladder graph CLy,,. O

The following is the main result of this section.

Theorem 7.6. Suppose that Hy and Hy are not blocks of imprimitivity of G on V (T'). Then
I’ = BiCay(H, R, L, S) is vertex-transitive non-Cayley if and only if one of the followings
occurs:

(1) (R,L,S) = ({b,ba},{b,ba*"},{1}), where n = 2(2m + 1), m # 1 (mod 3), and
the corresponding graph is isomorphic the multi-cross ladder graph MCLy, 2,
(2) (R,L,S) = ({b,ba}, {ba*** ba'?*~1} {1}), where n = 48¢ and £ > 1.

Proof. The sufficiency can be obtained from Theorem 1.2 and Lemma 5.1. We shall prove
the necessity in the following subsection by a series of lemmas. O

7.3 Proof of the necessity of Theorem 7.6

The purpose of this subsection is to prove the necessity of Theorem 7.6. Throughout this
subsection, we shall always assume that Hy and H; are not blocks of imprimitivity of G on
V(T') and that T" = BiCay(H, R, L, S) is vertex-transitive non-Cayley. In this subsection,
we shall always use the following notation.

Assumption IL. Let N = Coreg(R(H)).

Our first lemma gives some properties of the group N.

Lemma 7.7. 1 < N < (R(a)), |(R(a)) : N| = n/|N| is odd and the quotient graph Ty
of T relative to N is isomorphic to the cross ladder graph CLyy, /| N|.

Proof. If N = 1, then from Lemma 7.5 it follows that I' = CL,4, which is a Cayley
graph by Theorem 1.1, a contradiction. Thus, N > 1. Since Hy and H; are not blocks of
imprimitivity of G on V(T'), one has N < R(H).



192 Ars Math. Contemp. 21 (2021) #P2.02 / 175-200

Consider the quotient graph I'y. Clearly, N fixes Hj setwise. Recall that Hy and
H, are not blocks of imprimitivity of G on V(I') and that T" is non-Cayley. Applying
Lemma 7.4, we see that I'yy is a trivalent 2-type bi-Cayley graph over R(H)/N. This
implies that |R(H) : N| > 2, and since H is a dihedral group, one has N < (R(a)).

Again, by Lemma 7.4, R(H)/N acts semiregularly on V(T ) with two orbits, Hy
and H,, where H; is the set of orbits of N contained in H; with i = 1,0. Furthermore,
N is just the kernel of G acting on V(I'y) and N acts semiregularly on V(I'). Then
G/N is also a minimal vertex-transitive automorphism group of 'y containing R(H)/N.
If Hy and H; are blocks of imprimitivity of G/N on V(I'y), then Hy and H; will be
blocks of imprimitivity of G on V(I'), which is impossible by our assumption. Thus, Hy
and H; are not blocks of imprimitivity of G/N on V(I'y). Since N = Coreg(R(H)),
Coreg;/n (R(H)/N) is trivial. Then from Lemma 7.5 it follows that I'y = CL s where

|%| is odd. O

Next, we introduce another notation which will be used in the proof.
Assumption III. Take M /N to be a minimal normal subgroup of G/N.

We shall first consider some basic properties of the quotient graph I'j; of I relative to
M.

Lemma 7.8. The quotient graph T'yr of T relative to M is a cycle of length n/|N|. Fur-
thermore, every orbit of M on V(') is a union of an orbit of N on Hy and an orbit of N
on Hy, and these two orbits of N are non-adjacent.

Proof. Applying Lemma 7.5 to 'y and G/N, we obtain the following facts:

(a) M/N is an elementary abelian 2-group which is not regular on V(T'y ),
(b) M/N does not fix Hy setwise,

(c) every orbit of M/N on V(I'y) consists of two non-adjacent vertices of I y.

From (b) and (c) it follows that every orbit of M on V' (T") is just a union of an orbit of N on
Hj and an orbit of N on H, and these two orbits are non-adjacent. Since every orbit of N
on V(I') is an independent subset of V' (I"), each orbit of M on V' (T') is also an independent
subset.

Recall that I'y = CLy4,, where m = ﬁ is odd. The quotient graph of I"y relative to
M /N is just a cycle of length m, and so the quotient graph T"; of T relative to M is also
a cycle of length m. O

By Lemma 7.8, each orbit of M on V(I) is an independent subset. It follows that the
subgraph induced by any two adjacent orbits of M is either a perfect matching or a union
of several cycles. For convenience of the statement, the following notations will be used in
the remainder of the proof:

Assumption IV.

(1) Let A and A’ be two adjacent orbits of M on V(T") such that T'[A U A’] is a union
of several cycles.

(2) Let A =AgUA;and A" = AjU A, where Ay, Ay C Hy and Ay, A} C Hj are
four orbits of N on V/(T').
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3) 1p€ Ao.

Since I'[A] and T'[A’] are both null graphs and since I'|/A U A'] is a union of several
cycles, we have the following easy observation.

Lemma 7.9. I'[A; U A%l is a perfect matching for any 0 < i, j < 1.

The following lemma tells us the possibility of R (Recall that we assume that I' =
BiCay(H, R, L, {1})).

Lemma 7.10. Up to graph isomorphism, we may assume that R = {b,ba‘} with i €
Z, \ {0} and that by € A|,. Furthermore, we have

Ao = {ho | R(h) € N}, Ag = {(bh)o | R(h) € N},
Ay ={h1 | R(h) € N}, Ay = {(bh)1 | R(h) € N},

and 14 is adjacent to (ba'); € Ay for some R(a') € N.

Proof. Recall that N is a proper subgroup of (R(a)) and that n/|N| is odd. Since n is
even by Proposition 7.3, it follows that N is of even order, and so the unique involution
R(a"/?) of (R(a)) is contained in N. As 1o € Ag and N < (R(a)) acts on Hy by right
multiplication, one has Ag = {hg | h € N}. Since I'[A¢] is an empty graph, one has
a™? ¢ R. By Proposition 2.3 (1), we have (R U L) = H, and since R and L are both
self-inverse, either R C b(a) or L C b(a). By Proposition 2.3 (4), we may assume that
R C b(a).

Recall that T'[A; U A’] is a perfect matching for any 0 < ¢, < 1. Then 1, is adjacent
to rg € A for some r € R. Since R C b(a) and Aut(H) is transitive on b(a), by
Proposition 2.3 (3), we may assume that » = b. So 1g is adjacent to by € A{. Since
N < (R(a)) acts on H; with s = 0 or 1 by right multiplication, we see that the two orbits
Ag, A of N are just the form as given in the lemma. Since S = {1}, the edges between
Hj and H; form a perfect matching. This enables us to obtain another two orbits Ay, A}
of N which have the form as given in the lemma.

By Lemma 7.9, I'[A; UA]] is a perfect matching. So we may assume that 1, is adjacent
to (bal); € A, for some R(a') € N. O

Now we shall introduce some new notations which will be used in the following.

Assumption V.

(1) LetT = (R(a')) be of order , where a' is given in the above lemma.
(2) Let

(@) |0<i<t—1}, Q ={(ba’%);|0<i<t—1},

Qo =A{
Q) ={(ba’?)g|0<i<t—1}, Q) ={(a'")]0<i<t—1}.

[=h Nl

(3) B={B®R" |hec H}, where B=QqUQ,.
(4) Let B’ = Q,UQ,. Then B’ = BR®),

Lemma 7.11. The followings hold.
(1) T<N.
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(2) Qo,Q,Q0, QY are four orbits of T.
(3) T[Q U QL UQ,UQ ] is acycle of length 4t.
(4) B is a G-invariant partition of V(T').

Proof. By Lemma 7.10, we see that R(a') € N, and so T < N. (1) holds. Since T =
(R(a)) is assumed to be of order ¢, one has T' = (R(a™*)), and then one can obtain (2).
By the adjacency rule of bi-Cayley graph, we can obtain (3).

Set Q = QU UQEUQ, and B = Qp U Q. By Lemma 7.8, I'[A] is a null
graph, and so B = AN Q. Since I has valency 3, it follows that A U A’ is a block of
imprimitivity of G on V(T'), and hence 2 is also a block of imprimitivity of G on V (I")
since I'[Q?] is a component of I'[A U A']. Since A is also a block of imprimitivity of G on
V(T), B(= ANQ) is a block of imprimitivity of G on V(T"). Then B = {BR(") | h € H}
is a G-invariant partition of V'(I"). O

Lemma 7.12. T' < N and the quotient graph I'g of T relative to B is isomorphic to the
cross ladder graph CL an. Moreover, T is the kernel of G acting on B.

Proof. Let Kp be the kernel of G acting on B. Clearly, T' < Kg. Let B’ = QU }. Then
B’ = BR®) ¢ B. Let B*") ¢ B be adjacent to B and BR") #£ B’.

Suppose that T'[B U BR(")] is a perfect matching. Since G is transitive on B, I';s is a
cycle of length 27" Clearly, G/Kp is vertex-transitive but not edge-transitive on I'g, so
G/Kp = Doy ). If t = 1, then it is easy to see that I' = CLy,, which is a Cayley graph by
Theorem 1.1, a contradiction. If ¢ > 1, then since I'[2] = T'[BU B’] is a cycle of length 4¢,
Kp acts faithfully on B, and so K < Aut (I'[B U B’]) & Dg,. Since K fixes B, one has
|K3| | 4t, implying that |G| = |Kg| - 2% | 8n. As |[R(H)| = 2n and R(H ) is non-normal
in G, one has |Kg| = 4t due to T < Kpg. In view of the fact that Kz < Dg;, Kp has a
characteristic cyclic subgroup, say J, of order 2¢. Then we have J < GG because Kz < G.
Clearly, J is regular on B and J N N = T, so JR(H) is regular on V (T"). It follows from
Proposition 2.1 that I' is a Cayley graph, a contradiction.

Therefore, I[BUBT")] is not a perfect matching. If N = T, then B = A and B’ = A’
are orbits of M, and then I'[B U BR(h)] will be a perfect matching, a contradiction. Thus,
N>T.

Now we are going to prove that I's = CL. Since B is adjacent to BRM) Q) is

adjacent to Qf(h) for some 4,5 € {0,1}. Then because ; and Qf(h)

rQ; U Q}z(h)] is a perfect matching. This implies that I' is of valency 3, and so Kp is

are orbits of 7T,

intransitive on B. As every B" € B is a union of two orbits of 7" on V(I'), K fixes every
orbit of T'. Since N is cyclic, the normality of NV in G implies that 7" < G. Clearly, Q) is
adjacent to three pair-wise different orbits of 7', so the quotient graph I'r of I' relative to
T is of valency 3. Consequently, the kernel of G acting on V(I'y) is 7. Then Kg = T.
Now R(H)/T = Dsy,; is regular on B, and so I's is a Cayley graph over R(H)/T.
Furthermore, G/T is not arc-transitive on I'g. Since R(H)/T is non-normal in G/T,
I's is a non-normal Cayley graph over R(H)/T. If T's is arc-transitive, then by [13,
Theorem 1], either |Aut (I'g)| = 3k|R(H)/T| with k < 2, or I'z has order 2-p withp = 3
or 7. For the former, since G /T is not arc-transitive on I'g, one has |G/T : R(H)/T| < 2,
implying R(H) <G, a contradiction. For the latter, we have 2* = 6 or 14, implying 2 = 3
or 7. Tt follows that 7" is a maximal subgroup of (R(a)), and so T = N, a contradiction.
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Therefore, I's is not arc-transitive. Since R(H)/T is non-normal in G/T, by Theorem 1.1,
one has I'g = CL%, as required. O

Proof of Theorem 7.6. By Lemma 7.12, we have I'g = CL4

an. By the definition of CL%,
we may partition the vertex set of I's in the following way:

V(Cp) =VoUViU---Vau_5UVan_y, where Vi = {B, B},i € Zzx
and
E(Tg) = {{B3;, B3it1},{Bsiy1, Boipo) |1 € Zn 1,5 € La}.

Assume that BY = B and B{ = B’. Recall that B = 0o UQ; and B’ = QU Q) =
BR(®). Moreover, Qq, 1, Q) and ) are four orbits of 7. Then every B! € B is just a
union of two orbits of T'. For convenience, we may let

B = QUi € Zzn,j € Lo,

where Q, Q7 are two orbits of T'. For B = BY, we let Qy = QY and Q; = QJ;, and for
B’ = B, welet Q) = Q% and Q) = QY.

For convenience, in the remainder of the proof, we shall use C4; to denote a cycle of
length 4¢, and we also call Cy; a 4t-cycle. Recall that I'[B U B’] = T'[BS U BY] = Cy,
and that the edges between €0,(= ;) and Q,(= €}) form a perfect matching for all
i,] € Zs. Since T' < G, the quotient graph I'y of I relative to 7" has valency 3. So the
edges between any two adjacent orbits of 7" form a perfect matching.

From the construction of Iz, one may see that there exists g € G such that {Vj, V1 }9 =
{Vai, Vaiy1} foreachi € Zy . Soforeachi € Zn,r € Zz, we may assume that I'[Bs, U
Bj; 1] = Cy, and szi)s ~ Qz-2i+1)t for all s,t € Zo. (Here szi)s ~ in2i+1)t means
that Q&i)s and Qz’% 1) are adjacent in I'g.) Again, from the construction of I'z, we may
assume that

Q?mq—z)o ~ Q?2i+1)07 Q?2i+2)1 ~ Q%Qi-i—l)o’ Q%2i+2)1 ~ Q%2i+1)07 Q(121‘-|r2)1 ~ Q?Qi-i—l)ov

for each ¢ € Z . We draw a local subgraph of I'z in Figure 3. Observing that every

B B BY BY

Q| (oo (o)
T TS [
LA O J2 )25,

™ ><f\
Q! = ><QQ}O > [0k,
. X -
- (o e ot S

BL, Bj Bj B;

Figure 3: The sketch graph of I's

every B} U B} with i € Zza is a block of imprimitivity of G acting on V/(I'). Let E be
the kernel of G acting on the block system A = {B} U B} | i € Zza }. Then G/E = D=

Vi = {B}, Bj} with i € Zz is a block of imprimitivity of G/ K acting on V(I's). So



196 Ars Math. Contemp. 21 (2021) #P2.02 / 175-200

acts regularly on A. Clearly, R(H) is also transitive on €2, so G/E = R(H)E/E. By
Lemma 7.12, T is a the kernel of G acting on B. So E/T is an elementary 2-group.
From R(H)/(R(H) N E) = Dax it follows that R(H) N E = (R(a2)) = Zy, and
) (R(H) N E)/T is a normal subgroup of G/T of order 2. This 1mp11es that B} =
(B?)R(‘”t) for i € Zzn. We may further assume that Q= (28R (a%) ¢ B} S
09, U Q}, is just the orbit of (R(az7)) containing 1o.

Observing that Y, ~ Q9 and the edges between them are of the form {g0, (ba’g)o}
with go € 9, one has Q9 = ba’Q); = ba'(Qy)*® = ()" ). So O, C
(BYRE,

Since BY = B’ = BR®) = (BY)R®), one has B} = (B})*®). Recall that 1, €
09, = Qf and 1; is adjacent to 15 € QJ; = Qo and (ba'); € QY, = Q1. As we assume
that Q9; ~ Q1,, 1; is adjacent to some vertex in 3,. So 23, C H; and hence

Qo = (2)" "
= (@) REFRE
= (@fy)RF T
= {(ba*¥), |0 <k <t —1}REFT,

So we have the following claim.

Claim 1 L = {ba!,ba*i+% "} and R = {ba’,b}, where [R(a')| = t, i € Z, and
0<k<t—1.

Let G7, be the kernel of G, acting on the neighborhood of 1y in I'. Then G7, < Ej,,.
Recall that for each i € Zn,r € Zs, I'[By; U By, ;] = Cy and the edges between
BY; 1UB3;,, and BY, , ,UBj;  , form a perfect matching. It follows that E acts faithfully
on each BY U B}. Clearly, Gj, < E1,, so G}, acts faithfully on each BY U B}.

Claim 2 If t > 2 then G, = 1, and if t = 2 then G7 < Z3 and 3 | n.

Assume that ¢ > 2. Since I'[Bj U BY] = Cy;, Gf, fixes every vertex in B, and so
fixes every vertex in %)), since ), ~ Q, (see Figure 3). This implies that G7, fixes
QF_,), setwise, and so fixes Q5 setwise since Q) ), ~ Qgo. Consequently, G, also
fixes 2}, setwise. Similarly, by considering the edges between BY U B} and BY U B3, we
see that G, fixes both 1, and 01, setwise. Recall that the edges between Ql and Qf;
form a perfect matching for i, j € Zo. As I'[BY U B}] = Cyy, 1, acts falthfully on Q},
(or 5,), and so G, < Zs.

If ¢ > 2, then since ['[BY , U B? |] = Cyy, G, will fix every vertex in this cycle, and in
particular, G, will fix every vertex in Q_,),. As Q0_,); ~ Qy, G, will fix every vertex
in Qf,. Since G7, acts faithfully on Qf,, one has G =

Lett = 2. We shall show that 3 | n. Then T' = (R(a?)). Recall that (R(H) N E)/T is
anormal subgroup of G/T of order 2. Let M = R(H)N E. Then M is a normal subgroup
of G of order 4. Since R(H) is dihedral, one has M = (R(a%)). Let C = Cq(M).
Then R(a) € C and R(b) ¢ C. It follows that C is a proper subgroup of G. Since
G/E acts regularly on A, C, fixes every element in A. Since C4, centralizes M, C,
fixes every vertex in the orbit Q8, U Q3, of M containing 1g. Clearly, C;, < G1,, so
C1,/(C1, NG;,) < Zy. As we have shown that G, acts faithfully on Qf, it follows that
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C1, NG}, = 1since C,, fixes 4, pointwise, and hence C, < Zs. On the other hand, as
G7, < Zgy, one has |G| | 4-4n = 16n. Since C' < G and R(a) € C, one has |C] = kn
with & | 8.

Suppose that 3 1 n. For any odd prime divisor p of n, let P be a Sylow p-subgroup
of (R(a)). Then P is also a Sylow p-subgroup of C. If P is not normal in C, then by
Sylow’s theorem, we have |C' : No(P)| = k'p + 1 | 8 for some integer k’. Since p # 3,
one has p = 7 and k' = 1. This implies that |C| = 8| N¢(P)|, and so |C| = 8n due to
R(a) € Cand C < G. Since Cy, < Zsg, one has |C : C,| > 4n, and so C' is transitive
on V(I'). Moreover, we have Co(P) = N¢o(P) = (R(a)). By Burnside theorem, C
has a normal subgroup M such that C = M x P. Then the quotient graph I'j; of I’
relative to M would be a cycle of length | P|, and the subgraph induced by each orbit of M
is just a perfect matching. This implies that M is just the kernel of G acting on V (I"js).
Furthermore, C'/M is a vertex-transitive subgroup of Aut (I'57). Since '/ is a cycle, C/M
must contain a subgroup, say B/M acting regularly on V' (I"js). Then B will be regular on
V(T'), and so by Proposition 2.1, T" is a Cayley graph, a contradiction. Therefore, P < C,
and since C' < G, one has P <G, implying P < N. By the arbitrariness of P, n/|N| must
be even, contrary to Lemma 7.7. Thus, 3 | n, as claimed.

The following claim shows that t = 1 or 2.

Claim 3¢ < 2.

By way of contradiction, suppose that ¢t > 2. Let C = C¢(T'). Then (R(a)) < C and
R(H) & C'since |T| =t > 2. Clearly, C1, < Ei,. As C1, centralizes T', Cy, will fixes
every vertex in €, since 2, is an orbit of T containing 1o. Since I'[BJ U BY] = Cy,
(1, fixes every vertex in this 4¢-cycle, and so C, < G’{O = 1 (by Claim 2). Thus, C
acts semiregularly on V(I'). If C = (R(a)), then by N/C-theorem, we have G/(R(a)) =
G/C < Aut(T). Since T < N < (R(a)) is cyclic, Aut (T") is abelian. It then follows
that R(H)/C < G/C, and hence R(H) < G, a contradiction. If C > (R(a)), then
|C| = 2n because I is non-Cayley. Since Hy and H; are not blocks of imprimitivity of
G on V(I'), C does not fix Hy setwise, and so R(H)C is transitive on V(I'). Clearly,
RH)NC = (R(a)),so |[R(H)C| = |R(H)||C|/|{R(a))| = 4n. 1t follows that R(H)C
is regular on V (I"), contradicting that I" is non-Cayley.

By Claim 3, we only need to consider the following two cases:

Caselt = 1.

In this case, by Claim 1, we have R = {b,ba’} and L = {b,ba* ~*}. For convenience,
we let n = 2¢. Then R = {b,ba’} and L = {b, ba’~*}.

By Proposition 2.3 (1), the connectedness of T implies that (a’, a*) = (a). Then either
(i,2¢) = 1, or i = 2k with (k,2¢) = 1 and ¢ is odd. Recall that H = (a,b | a** = b? =
1,bab = a~1). Forany \ € Z},, let v be the automorphism of H induced by the map

a* —a, b b.
So if (¢,2¢) = 1, then we have
(R, L)* = ({b,ba}, {b,ba"""}),
and if ¢ = 2k with (k,2¢) = 2 and £ is odd, then we have
(R, L)™* = ({b,ba”}, {b,ba"?}).
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So by Proposition 2.3 (3), we have
(R,L,S) = ({b,ba}, {b,ba" '}, {1}) or ({b,ba®}, {b,ba" 2}, {1})(¢is odd).

Suppose that £ is even. Then (R, L, S) = ({b,ba}, {b,ba’'},{1}). Since ¢ is even,
one has (2¢,£+1) = 1 and (£ +1)? = 1 (mod 2¢). Then it is easy to check that ap 1 is an
automorphism of H of order 2 that swaps {b, ba} and {b, ba*~'}. By Proposition 2.4, we
have dq,,,,11 € I, and then ' = BiCay(H, {b, ba}, {b,ba*"'},{1}) is a Cayley graph, a
contradiction.

Now we assume that n = 2¢ with £ = 2m + 1 for some integer m. Let

I'y = BiCay(H, {b,ba}, {b,ba*™},{1}),Ty = BiCay(H, {b,ba’}, {b,ba*" "1}, {1}).

Direct calculation shows that (n,2m — 1) = 1, and 2m(2m — 1) = 2 (mod n). Then
the automorphism az,,—1 : @ — a*™~1 b+~ b maps the pair of two subsets ({b, ba},
{b,ba®™}) to ({b,ba*"~ 1}, {b,ba’}). So, we have (R, L, S) = ({b,ba}, {b,ba®"},{1}).
By Lemma 4.1 and Theorem 1.2, ' & MCL(4m, 2) and I is non-Cayley if and only if
31 (2m + 1). Note that 3 { (2m + 1) is equivalent to m # 1 (mod 3). So we obtain the
first family of graphs in Theorem 7.6.

Case2t =2.

In this case, by Claim 1, we have R = {b,ba’} and L = {ba?,ba’t ~} or {ba?,
ba i ~"}. We still use the following notation: For any A € Z3,, let av) be the automorphism
of H induced by the map

a*—a, b b.

Note that
({b.ba'}, {ba¥,ba™ )7t = ({b,ba ™"}, {ba¥ ba¥ =9},
By replacing —¢ by ¢, we may always assume that
(R,L) = ({b,ba’}, {ba? bai~?}).

By Claim 2, we have 3 | n. So we may assume that n = 12m for some integer m.
Then we have ' _
(R,L) = ({b,ba'}, {ba®™, ba*"~"}).

Since T is connected, by Proposition 2.3, we have (a’,a®™) = (a). If m is odd, by
Lemma 6.1, I" will be a Cayley graph which is impossible. Thus, m is even. It then follows
that (a’) N (a®™) > 1 since (a*,a*™) = (a*)(a®™) = (a). Since (a®™) = Z4, one has
|{(a’) N (a®>™)| = 2 or 4. For the former, we would have |{a‘)| = 6m, and since m is
even, one has 4 | |(a’)], and hence a®™ € (a'), a contradiction. Thus, we have |{a’) N
(a®™)| = 4, that is, (a’) = (a). So (i,12m) = 1, and then o; € Aut(H) which maps
({b,ba’}, {ba®™, ba®>™~}) to ({b,ba}, {ba®™, ba®>™~1}) or ({b,ba}, {ba’™, ba=3m"1}).
Then

(R,L,S) = ({b,ba}, {ba®™, ba>" "1}, {1}) or ({b, ba}, {ba®™ ba=3""1}), {1}.

If m = 2 (mod 4), then by Lemma 6.2, we see that I" will be a Cayley graph, a con-
tradiction. Thus, m = 0 (mod 4). Clearly, (3m — 1,12m) = 1, and hence the map
a v+ a1, b — ba%" induces an automorphism, say 3 of H. It is easy to check that

({b,ba}, {ba®™,ba®>"~'})7 = ({ba®™, ba™*" "'}, {b, ba}).
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Thus,
(R,L,S) = ({b,ba}, {ba"™, ba>" "1}, {1}).

By Proposition 5.1, I is a non-Cayley graph. Let m = 4/ for some integer /. Then n = 48/
and then we get the second family of graphs in Theorem 7.6. This completes the proof of
Theorem 7.6. O

7.4 Proof of Theorem 1.3

By [20, Theorem 1.2], if I" is O- or 1-type, then I' is a Cayley graph. Let I' be of 2-
type. Suppose that I is a non-Cayley graph. Let G < Aut (") be minimal subject to that
R(H) < G and G is transitive on V(T"). If T is arc-transitive or Hy and H; are blocks
of imprimitivity of G on V (I'), then by [20, Theorem 1.1] and Proposition 7.2, we obtain
the graphs in part (1)—(3) of Theorem 1.3. Otherwise, I' is not arc-transitive and Hy and
H; are not blocks of imprimitivity of G on V(T"), by Theorem 7.6, we obtain the last two
families of graphs of Theorem 1.3. O
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Abstract

We consider families of finite sets that we call flagged and that have been character-
ized by Chang as being the families of sets that admit unique solutions to Hall’s mar-
riage problem and we consider generalizations of Edelman and Greene’s balanced tableaux
previously investigated by Viard. In this paper, we introduce a natural generalization of
Edelman and Greene’s balanced tableaux that involves families of sets that satisfy Hall’s
marriage condition and certain words in [m]™, then prove that flagged families can be char-
acterized by a strong existence condition relating to this generalization. As a consequence
of this characterization, we show that the arithmetic mean of the sizes of subclasses of such
generalized tableaux is given by a generalization of the hook-length formula.

Keywords: Balanced tableaux, Hall’s marriage condition, shelling.
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1 Introduction

Hall’s Marriage Theorem is a combinatorial theorem proved by Hall [11] that asserts that
a finite family of sets has a transversal if and only if this family satisfies the marriage con-
dition. This theorem is known to be equivalent to at least six other theorems which include
Dilworth’s Theorem, Menger’s Theorem, and the Max-Flow Min-Cut Theorem [20]. Hall
Jr. proved [10] that Hall’s Marriage Theorem also holds for arbitrary families of finite sets,
where by arbitrary we mean families of finite sets that do not necessarily have a finite num-
ber of members. Afterwards, Chang [3] noted how Hall Jr.’s work in [10] can be used to
characterize marriage problems with unique solutions.

*The author would like to thank Stephanie van Willigenburg for her guidance and advice during the develop-
ment of this paper. Furthermore, the author gratefully acknowledges the insightful advice and feedback from the
anonymous referees. The author was supported in part by the Natural Sciences and Engineering Research Council
of Canada [funding reference number PGSD2 - 519022 - 2018]. https://sites.google.com/view/btchan

E-mail address: bchan600@gmail.com (Brian Tianyao Chan)

©@@® This work is licensed under https://creativecommons.org/licenses/by/4.0/



202 Ars Math. Contemp. 21 (2021) #P2.03 / 201-217

Standard skew tableaux are well-known and intensively studied in algebraic combina-
torics, for example [15, 18, 19, 21]. Moreover, another class of tableaux was introduced by
Edelman and Greene in [5, 4], where they defined balanced tableaux on partition shapes.
In investigating the number of maximal chains in the weak Bruhat order of the symmet-
ric group, Edelman and Greene proved [5, 4] that the number of balanced tableaux of a
given partition shape equals the number of standard Young tableaux of that shape. Since
then, connections to random sorting networks [1], the Lascoux-Schiitzenberger tree [16],
and a generalization of balanced tableaux pertaining to Schubert polynomials [7] have been
explored.

In this paper we consider a new perspective for marriage problems with unique so-
lutions by interpreting such objects as shapes for generalized tableaux. Specifically we
call the families of finite sets that admit marriage problems with unique solutions flagged
and give a new characterization of these families of sets in Theorem 3.10. In this char-
acterization, we generalize standard skew tableaux and Edelman and Greene’s balanced
tableaux to families with systems of distinct representatives, we generalize hook sets to
members of such families, and we generalize bijective fillings of tableaux to certain words
in [m]™. We then use our characterization of marriage problems with unique solutions to
show in Theorem 3.25 that the arithmetic mean of the sizes of subclasses of such gener-
alized tableaux is given by a generalization of the hook-length formula. The hook-length
formula was discovered by Frame, Robinson, and Thrall and they proved that it enumerates
the number of standard Young tableaux of a given partition shape [8]. The formula consists
of parameters known as hook-lengths. Subsequent to Frame, Robinson and Thrall’s work,
hook-lengths have been shown to be connected to many known properties of tableaux.
They are integral, for instance, in work by Edelman and Greene on balanced tableaux [4]
and in results established by Morales, Pak, and Panova [17, 18]. Properties of Edelman
and Greene’s balanced tableaux and related notions are of interest [6, 7]. Moreover, gen-
eralizations of balanced tableaux were investigated by Viard. In [24, 23], Viard proved
what is equivalent to the following which we state using the terminology in this paper.
If F is a flagged family, if ¢ is a transversal of F, and if f is a configuration of ¢, then
there exists a permutation o that satisfies f. Moreover, Viard proved [24] what is equiv-
alent to the following which we also state using the terminology in this paper. Let S
be a finite subset of N? and let F be the family of hooks {H(; ;) : (i,j) € S} where
Hi ;) =1{06,7)yu{(,j") € S:j > jru{(,j) € S:i" > i}. Furthermore, let t be
the transversal of F defined by ¢(H ; j)) = (4,j) for all (7, j) € S. Then the average value
of A, (f) over all configurations f of ¢ satisfying A, ,(f) > 1 is given by the hook-
length formula n!/ []; - s h,j) where h(; j) = [H ;)| for all (i,5) € S. Afterwards,
we indicate how our generalization of standard skew tableaux and balanced tableaux can
be analysed using Naruse’s Formula for skew tableaux and how such an approach can be
extended to skew shifted shapes [9, 17, 19] and likely to certain d-complete posets [9, 19].

2 Preliminaries

Throughout this paper, let N denote the set of positive integers and for all n € N, define
[n] = {1,2,...,n}. Forall X’ C X, let the restriction of f to X', which we denote by
flx, be the function g : X’ — Y defined by g(r) = f(r) forallr € X’. Forallm,n € N,
say that a function f : [n] — [m] is order-preserving if forall 1 < i < j < n, f(i) <
f(4). Lastly, we write examples of permutations using one-line notation. When describing
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families of sets, call F' € F a member of F. We treat families of sets as multisets, so the
members of F are counted with multiplicity. Thatis, |F| = |I| if F = {F; : i € I'}.

An illustrative class of examples that we use in this paper will come from skew shapes.
Hence, we recall them below and describe the notation we will use. A partition X is a
weakly decreasing sequence of positive integers. We write A = (A1, Aa, ..., \¢) to denote
such a partition, where A\; € N forall 1 <14 < /. If A is a partition, then we will also rep-
resent it as a Young diagram, which we also denote by A. Specifically, the Young diagram
of \ = (A1, Az, ..., \¢) is a subset of N? defined by

/4

J{G5) 1 <5< A

i=1

Moreover, if A and p are Young diagrams such that ;1 C A, then define a skew shape A/
to be the set A\ . We also consider a Young diagram \ as the skew shape \/u where p
is the empty partition. We use the English convention for depicting Young diagrams and
skew shapes. In order to follow this convention, we call the elements of A/u the cells of
A/ 1, the non-empty subsets of the form {(i’, j') € A/ : i’ =i} the rows of A/, and the
non-empty subsets of the form {(i’,j) € A\/u : j' = j} the columns of A/ p.

3 Flagged families of sets and words in [m]|"

We investigate families of sets that satisfy Hall’s marriage condition and generalizations of
Edelman and Greene’s balanced tableaux by proving relationships between these classes of
structures. In Section 3.1, we introduce marriage problems with unique solutions as flagged
families and generalizations of balanced tableaux, then we give a new characterization of
marriage problems with unique solutions in terms of these tableaux. In Section 3.2, we
explain how our results relate to tableaux on skew shapes. Lastly, in Section 3.3, we show
that the arithmetic mean of the sizes of subclasses of the above generalized tableaux is
given by a generalization of the hook-length formula.

3.1 A new characterization
A well-known notion for families of sets is the following.

Definition 3.1 (Folklore [14]). Let n € N, and let F be a finite family of subsets of [n].
Then a transversal of F is an injective function ¢ : F — [n] such that ¢(F') € F for all
F € F. Theset {t(F) : F € F} is called a system of distinct representatives of F.

Families of sets that have transversals are of great interest. Exemplary of this is Hall’s
Marriage Theorem, which we present below.

Definition 3.2 (Marriage condition, Hall [11]). Let n € N, and let F be a finite family of
subsets of [n]. Then F satisfies the marriage condition if for all subfamilies 7' of F,

Theorem 3.3 (Marriage Theorem, Hall [11]). Let n € N, and let F be a family of non-
empty subsets of [n]. Then F has a transversal if and only if F satisfies the marriage
condition.

|F'| <
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In order to meaningfully use the families of sets in Hall’s Marriage Theorem, we will
define more structure on them.

Definition 3.4. Let n € N, let F be a family of non-empty subsets of [n], and let ¢ be a
transversal of F. Then a configuration f of t is a function f : [n] — N such that for all
FcF,

f(F)) < |F).

Moreover, for m € [n], a surjective map o : [n] — [m] satisfies f if for all F' € F, the
positive integer o (t(F)) is the k" smallest element of the set o(F), where k = f(t(F)).

Example 3.5. Let 7 = {F}, I} be a family of sets on [2] where F; = [2] and F» = [2].
The injective function ¢ : F — [2] defined by ¢(F}) = 1 and ¢(F%) = 2 is a transversal of
F. Consider three configurations f’, f”, and f"’ of ¢ defined by f’(1) = 1 and f/(2) =1,
£7(1) =1and f"(2) = 2,and (1) = 2 and f"(2) = 2.

Note o : [2] — [1] satisfies f/ because (1) = 1 is the smallest element of o(F}) =
o([2]) = [1] and because o (2) = 1 is the smallest element of o(F) = o([2]) = [1]. How-
ever, no permutation o : [2] — [2] can satisfy f'. It can also be checked that the surjective
map o : [2] — [1] and the permutation o = 21 do not satisfy f” but the permutation
o = 12 satisfies f”’. Moreover, for all m € [2] and for all surjective maps o : [2] — [m], o
does not satisfy f”'.

Now, we define the following stronger form of the marriage condition.

Definition 3.6 (cf. [3]). Let n € N, let F be a finite family of subsets of [n], and write
m = |F|. Then F is flagged if there exists a bijection ox : [m] — F such that for all
k e [m],

k

U er(i)

i=1

= k. 3.1)

Informally, o maps each k to a subset, such that the union of the first £ subsets has
cardinality k.

In [3], Chang noted the following as a simple consequence of Hall Jr.’s work ([10],
Theorem 2).

Proposition 3.7 (Chang [3]). Ifn € N, then a finite family F of subsets of [n] has exactly
one transversal if and only if F is flagged.

In particular, by Theorem 3.3, all flagged families satisfy the marriage condition. The
families of sets F in Proposition 3.7 are referred to as marriage problems with unique
solutions [13, 12].

Remark 3.8. When describing a flagged family F, we will use total orderings on the
members of this family by fixing orderings Fy, Fb, ..., F}, of the members of F that
satisfy

F=A{F;:1<i<n},

and, foralll < k <mn,
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We observe that no flagged family is a multi-set. Let F be a flagged family and fix an
ordering F1, Fy, - - -, F,, of the members of F as described in Remark 3.8. Suppose that
F; = Fj for some j < j'. Then,

contradicting Equation (3.1) of Definition 3.6.
Before proving the main result of this paper, we prove the following lemma.

Lemma 3.9. Let F be a flagged family of subsets of [n]. Moreover, let S C [n] be the set
of elements k € [n] such that k € F for exactly one member F of F. Then S is not empty.

Proof. Let m = |F|. Because F is flagged, Definition 3.6 and Equation (3.1) imply that
there exists a bijection o : [m] — F and an element k € [n] such that

@:”(” - (Qo—m’))\{k}.

Soask € or(m)andas, forall 1 <i <m, k ¢ or(i), it follows that k € S and that S is
non-empty. O

Now, we prove the main result of this paper.

Theorem 3.10. Let n € N, let F be a family of subsets of [n] such that |F| = n, assume
that F satisfies the marriage condition, and let t be a transversal of F. Moreover, let
S C [n] be the set of elements k € [n] such that k € F for exactly one member F of F.
Lastly, let m be an integer satisfying

min(n,n — [S]+ 1) <m < n.

Then F is flagged if and only if for all configurations f of t, there exists a surjective map
o : [n] = [m] such that o satisfies f.

Proof. Let n, F, t, S, and m be as described in the theorem. First assume that for all
configurations f of ¢, there exists a surjective map o : [n] — [m)] that satisfies f. If n = 1,
then the only family of {1} with a transversal is the family 7 = {{1}}, which is flagged.
So assume without loss of generality that n > 2. Consider the configuration f; of ¢
defined by f1(¢(F)) = |F| for all F € F. By assumption, there exists a surjective map
o' : [n] — [m] that satisfies f;. Moreover, let k € [n — 1], and assume that we can fix an

ordering F = {F} : i € [n]} of F so that the following holds for all integers 0 < j < k—1.

n—j

U7

i=1

=n—j (3.2)

Note that Equation (3.2) holds if £ = 1 because the fact that F has a transversal implies

that (Jpcr ' = [n].
Next, let 1 < s < n — k + 1 satisfy

o' (t(F)) = max o (t(F})). (3.3)

1<j<n—k+1
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Suppose that there exists an element j € [n| suchthat 1 < 7 < n—k+1,j # s,
and t(F;) € Fj. By Equation (3.3), o'(t(F})) < o'(t(F;)). So as t(Fy) € F] and
t(F!) # t(FY), it follows that for some 1 < £ < |FJ| — 1, o’ (t(F})) is an £*" smallest
element of o' (F). But then, as f1(¢(F})) = |Fj|, o’ does not satisfy f1, contradicting the
assumption that ¢’ satisfies f7.

Hence, t(F!) ¢ F/ forall 1 < i < n —k + 1 satisfying ¢ # s. In particular, fix an
ordering F = {F}" : i € [n]} of the members of F so that F}' = F/ ifi >n —k + 1 and
F)! 11 = F, where s is as described in the above paragraph. By Equation (3.2) and the
fact that t(F)) ¢ F] forall 1 <i <n—k+ 1 satisfying ¢ # s, it follows that this ordering
of the members of F satisfies the following equation for all integers 0 < j < k.

n—j

Jr

i=1

As the choice of k € [n — 1] is arbitrary, it follows that there exists an ordering F =

{F, Fs,...,F,} of F such that

k
U
i=1
for all 1 < k£ < n. Hence, F satisfies Equation (3.1) of Definition 3.6. So, by Defini-
tion 3.6, F is flagged.

Next, assume that F is flagged. We proceed by strong induction on n. Because F is
flagged, we will use the total orderings as described in Remark 3.8 to describe the members
of this family.

If n = 1, then the only family of subsets of {1} with a transversal is the family F =
{{1}}. Moreover, with ¢ being the transversal of F defined by mapping {1} to 1, the
only configuration f of ¢ is the function f : {1} — N defined by f(1) = 1, S = {1},
min(n,n — |S| + 1) = 1, and the surjective map o : {1} — {1} satisfies f.

So assume that n > 2 and let f be a configuration of ¢. Since S is not empty by
Lemma 3.9, min(n,n — |S| + 1) = n — |S| + 1, implying that n — [S| +1 < m < n.
Assume without loss of generality that

=k

S={n-m'+1n-—m'+2,...,n} (3.4

for some m’ € [n]. If m = 1, thenn — |S| + 1 < 1, implying that n = |S|. Hence, as
|F| =nand S = [n], every element of [n] is contained in exactly one element of F, that is
F = {{k} : k € [n]}. So in this case, t({k}) = k for all k € [n], the only configuration f
of ¢ is the map defined by f(k) = 1 for all k& € [n], and the surjective map o : [n] — [m],
defined by o (k) = 1 for all k € [n], satisfies f. So assume without loss of generality that
m > 2.

Since n — |S| + 1 < m < n, m satisfies the inequality n — m’ + 1 < m < n. As F is

flagged, there is an ordering FY, F3, ..., F of the members of F such that
k
U F| =k (3.5)
i=1

for all 1 < k < n. Define the following subfamilies of F,

Fo={FeF :t(F)<m-1}
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and
flz{FEft(F)Zm}

We first prove that Fy is flagged. Because S is the set of elements k € [n] such that
k € F for exactly one member F of F, Equation (3.4) and the fact thatn—m/+1 <m <n
implies that for all m < k < n, k is contained in exactly one member of F and that for all
F e F,
[FNn{m,m+1,...,n} =1.

In particular, Fy is an (m — 1)-member family of subsets of [m — 1].
Assume that there exists an integer 1 < j < n — 1 such that Fj’ € Fi1 and F;H € Fo.

Write
j—1
!
xX;=JF,
i=1

where we assume that X; = () if j = 1. Since F} € F1, ¢(F}) € {m,m +1,...,n} and
no member of F other than F} contains ¢(F;). Moreover, by Equation (3.5), |F] U X;| =
| X[ + 1. Soas t(Fj) € FY, it follows that [m — 1] N (F] U X;) = [m — 1] N X;. Since
Fi,y € Fo, Fy C [m—1]. Moreover, by Equation (3.5), | X;UFjUF] ;| = | X;UF/[+1.
It follows that F7/,\X; = F},\(X; U F}) = {k} for some k € [m — 1], implying that

|Fj o UXl =X+ 1. (3.6)
So the ordering F = {F{', Fy/,..., F}/} of the members of F, such that " = F] ,,

Fi'\y = Fj,and F}' = F]foralli € [n]\{j, j+1}, satisfies the following by Equation (3.5)
and Equation (3.6). Forall 1 < k < n,

= k. (3.7)

k
"
U#
i=1

Furthermore, FJ’»’ € Fo and Fj”Jrl € JFi. If there exists an integer 1 < j' < n — 1 such that
Fj, € Fyand Fj;, | € Fo, then argue again as above. Repeating this argument at most a
finite number of times, we obtain an ordering F = {F}, F», ..., F,,} of the members of F

where X
U
i=1

forall1 < k <n, Fo={Fr:1<k<m-1},and F; = {F; : m < k < n}.
In particular, Equation (3.8) holds for all 1 < k < m — 1, implying that F satisfies
Equation (3.1) of Definition 3.6. It follows, by Definition 3.6, that Fy is a flagged family
of subsets of [m — 1].

So consider the ordering F}, F3, ..., F}, of the members of F as above and assume
without loss of generality that for all m < ¢ < n, ¢(F;) = i. Let ¢’ be the transversal of
Fo defined by ¢'(F) = t(F) for all F' € Fo. Moreover, let f' = f|,;,_1], where f|;,_1]
denotes the restriction of f to [m — 1]. In particular, f’ is a configuration of ¢'.

Since it is assumed in the theorem that min(n,n — S| + 1) < m < n, and since a
surjective map o : [n] — [m] is a permutation if m = n, the following holds. Because F;
is flagged, because | Fy| = m — 1, and because |[m — 1]| < n, the induction hypothesis
implies that there exists a permutation ¢’ : [m — 1] — [m — 1] such that ¢’ satisfies f’.

=k (3.8)
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If there exists an integer m < j < nsuch that f(j) = |F}|, then there exists a surjective
map k' : [n] — [m] such that '(i) = i forall 1 < ¢ < m — 1 and the following two
properties hold for all m <1 < n.

o If f(i) = |F;|, then ' (i) = m.
o If f(i) < |F}|, then #’(4) is equal to the f ()" smallest element of o’ (F;\{i}).

Otherwise, if (i) < |F;| for all m < ¢ < n, the following holds. Write o’ (F,,\{n}) =
{ry,re, -+ ,r¢} wheret = |F,| — land ry < 79 < -+ < r4. Since f(n) < |F,|, there
exists a map k* : [m — 1] — [m] such that k* is injective and order-preserving and such
that, with 2 € [m]\x*([m—1]), z < £*(r1) if f(n) = Land K" (rfmy—1) < T < K*(Tf(n))
if f(n) > 2. So there exists a surjective map " : [n] — [m] such that x|, _1) = x* and
such that the following two properties hold.

* If m < i < n, then " (i) is equal to the f(i)*" smallest element of k" (¢’ (F;\{i})).

o If i = n, then " (i) ¢ " ([m — 1]) and " (i) is equal to the f(7)*" smallest element
of k(i) U k" (o' (F:\{i})).

We note that x|,,,_1) is injective and order-preserving because x* is injective and
order-preserving.

So define a surjective map « : [n] — [m] as follows. If there exists an integer m < j <
n such that f(j) = |Fj|, then define k = £'. Otherwise, if f(i) < |F;| forallm <i < n,
define k = k”. Now, define the map o : [n] — [m] by

L )k(0’(3) ifl1<i<m-—1
oli) = k(1) ifm <i<n.

Because o’ : [m—1] — [m—1] is a bijection, the definition of x implies that o is surjective.
Moreover, because ¢’ satisfies f’ and because, for all integers m < i < n, 7 is contained in
exactly one member of F and F; N {m,m + 1,...,n} = {i}, the definition of « and the
definition of o imply that o satisfies f. From this, the theorem follows. O

A natural consequence of the above is the following which, combined with Theo-
rem 3.10, gives another characterization of flagged families of sets.

Corollary 3.11. Let F be a family of subsets of [n] such that |F| = n, assume that F
satisfies the marriage condition, and let t be a transversal of F. Moreover, let S be as
in Theorem 3.10. Lastly, let fy be the configuration of t defined by fo(t(F')) = 1 for all
F € F. Then fy is satisfied by some permutation o : [n] — [n] if and only if for all
integers n — |S| + 1 < m < n and for all configurations f of t, there exists a surjective
map o : [n] — [m] that satisfies f.

Proof. Let f1 be the configuration of ¢ defined by f1(¢t(F')) = |F| for all I € F. Then
a permutation o : [n] — [n] satisfies f; if and only if the permutation o’ : [n] — [n]
defined by 0/(i) = n — o(i) + 1 for all ¢ € [n] satisfies f1. In particular, fj is satisfied by
some permutation if and only if f; is. The first half of the proof of Theorem 3.10 implies
that if f; is satisfied by some permutation o : [n] — [n], then F is flagged. Furthermore,
by Theorem 3.10, if F is flagged, then for all integers n — |S| + 1 < m < n and for all
configurations f of ¢, there exists a surjective map o : [n] — [m] that satisfies f. From
this, the corollary follows. O
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Remark 3.12. A family F of subsets of [n] such that ||Jpcr F'| = |F| = n is called
a critical block in [10] by Hall Jr.. He used this notion as a very important ingredient in
extending Hall’s Marriage Theorem to infinite families of finite sets.

3.2 The case of skew shapes

To explain how the results in the previous subsection relate to skew shapes, we will need
the following definitions.

Definition 3.13. Let A/ be a skew shape with n cells, and let 1 < m < n be an integer.
Then a surjective tableau of shape A/ is a surjective function 7' : A\/u — [m] and ele-
ments in the range of 1" are called the entries in T'. In the case m = n a surjective tableau is
a bijective tableau. Moreover, a standard skew tableau of shape A/ is a bijective tableau
of shape A/ such that the entries along every row increase from left to right and the entries
along every column increase from top to bottom.

Example 3.14. The tableaux

T — 3]5

, Ty = 2 3,andT3: 2]3
61112 115|6 3112

4 4 2

have shape (4,3,1)/(2). Here, Ty and T3 are bijective and T5 is standard. All three are
surjective. Moreover, for 77 and 75, m = 6 and for T35, m = 3.

In order to fully relate Definition 3.13 to Definition 3.4, we will use the following
standard definitions.

Definition 3.15. Let A\/u be a skew shape. For any cell (¢,5) € A/u, define the corre-
sponding hook H ; ;) to be

H gy ={(64)} U Au ) Y Laj),
where
Ay =A{0.3") e Xp:j >j}
is the arm of H; ;) and where
Ly =A{0",7) € Mp:i' > i}
is the leg of H; ;). Define the corresponding hook-length h; ;) to be
hi gy = [Higl-

Example 3.16. Consider the following skew shape A/, where A = (5,4,3,3) and pu =
(2,2,1). Then r = (2, 3) is the cell of \/u depicted below that is filled with a bullet. The
entries of H.,. are filled with asterisks, bullets or circles, so h, = 4. Moreover, the entry of
A, is filled with an asterisk and the entries of L, are filled with circles.

|




210 Ars Math. Contemp. 21 (2021) #P2.03 / 201-217

Definition 3.17. Let \/u be a skew shape. Then define )/, to be the set

{H, :r €N u}.

Example 3.18. If )/ is the skew shape depicted below

’ )
then, as \/p = {(1,2), (1, 3),(2,2),(2,3)},

Faw = {(1,2),(2,2), (1,3)}1, {(1,3)},{(2,1), (2,2)}, {(2,2) }}.

Many families of sets that satisfy the marriage condition are not flagged. For instance,
the family F = {F}, F»}, where Fy} = F, = {1, 2}, satisfies the marriage condition but is
not flagged. However, Definition 3.6 is a very broad definition. Let A be a Young diagram.
Then an inner corner of A is a cell » € X such that deleting » from A results in another
Young diagram. For instance, if A = (4, 2, 2), then the inner corners of X are the cells filled
with bullets.

-]

With this definition in mind, let A/ be a skew shape with n cells, and consider the family
F of sets defined by F = F),. Letry,ra,. .., 7, be a sequence of cells in A/ such that:

¢ The cell 1 is an inner corner of .

* Forall k € [n — 1], the cell 7,14 is an inner corner of A\{ry,72,--- ,7%}.

Define o : [n] — F by letting ox(k) = H,, forall k € [n]. It can be checked that
the bijection or satisfies Equation (3.1). Now, because the skew shape \/u is a finite
set, regard A/ as being the set [n], where n is the number of cells in A/u. In particular,
regard F),, as a family of subsets of [n]. Then, by the above and by Definition 3.6,
F is flagged. In particular, by Proposition 3.7, F has a unique transversal. The unique
transversal ¢, : F — \/p of F is given by t,,(H,) = r forall » € \/p.

As we are regarding the cells of a skew shape with n cells as being the elements of
[n], we can regard any surjective tableau T  of shape \/pu as being a surjective function
T : [n] — [m] in which T'(i) = j if j is the entry of T in the cell of T corresponding
to 4. Taking m = n, we can also regard any bijective tableau of shape A\/u as being a
permutation 7" : [n] — [n]. Lastly, as we are regarding the skew shape A/ as being the
set [n] and as we are regarding F) /,, as a family of subsets of [n], we define configurations
f A uw— Nofty,,, where ty,, is the unique transversal of F),, and surjective maps
o : A/ — [m)] that satisfy f analogously to Definition 3.4.

Next, let A\/u be a skew shape with n cells, consider the flagged family of sets F) /,,,
and let ¢/, be the unique transversal of F. We define the configuration f, of ¢y, by
fo(r) = 1forall » € A\/pu. It can be seen that the standard skew tableaux of shape A/
are the bijective tableaux of shape A/u that satisfy fy. Since we regard A\/u as being the
set [n], we can regard fy as being the function fy : [n] — N defined by fo(k) = 1 for
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all k € [n]. So as we regard F), as being a family of subsets of [n], the standard skew
tableaux of shape A/ can be regarded as being the permutations o : [n] — [n] that satisfy

Jo.
Example 3.19. Consider the following surjective tableau of shape A = (4, 3,2).

1121313
213
313

Next, consider Fy. Let ¢y be the unique transversal of F,, and let f : A — N be the
configuration of ¢ defined by f(r) = 1 for all » € \/u. It can be checked that the above
tableau satisfies f.

Edelman and Greene introduced the following class of bijective tableaux, which we
re-formulate in terms of the configurations we defined in this paper.

Definition 3.20 (Edelman and Greene [5]). Let A\ be a Young diagram containing n cells.
Moreover, let ¢ be the transversal of F defined by ¢5(H,.) = r for all » € X and let f be
the configuration defined by

fr) =1L +1

for all r € A. Then a balanced tableau of shape X is a bijective tableau of shape A that
satisfies f.

Example 3.21. Let A = (4,3,2), and let ¢) and f be defined from F) as described in
Definition 3.20. Then

r_ |4]5]8]3]
6

2

is balanced because T satisfies f. For instance, f((2,1)) = 2 since L3 1) = {(3,1)} and
|Ly| +1=2. Soas T((2,1)) = 6, Ho1) = {(2,1),(2,2),(2,3),(3,1)}, and the set of
entries in 7" that are contained in a cell of Hyy ) is {1,6, 7,9}, it follows that T'((2, 1)) is
the f((2,1))*"-smallest element of {1,6,7,9}.

Remark 3.22. The surjective tableaux from Definition 3.13 that satisfy the configuration
f : [n] — N defined by f(k) = 1 for all k& € [n] do not correspond to semistandard
tableaux, nor do they correspond to the semistandard balanced labelings in [7].

Balanced tableaux can be regarded as permutations o : [n] — [n] that satisfy f(r) =
|L.| + 1. The function f(r) = |L,| + 1 was called the hook rank of r by Edelman and
Greene and they used it to define balanced tableaux [5].

Lastly, we give examples illustrating Theorem 3.10 and Corollary 3.11.

Example 3.23. We give an example in which the lower bound min(n,n — |S| + 1) from
Theorem 3.10 cannot be improved on. Consider A = (3,2,1). Next, let F = F) and let
t be the unique transversal of F. As discussed earlier, F is flagged. Now, let f be the
configuration of Fy defined by f((1,1)) =5, f((1,2)) =3, f((1,3)) =1, f((2,1)) =3,
f((2,2)) =1, and f((3,1)) = 1. We depict the configuration f with the below diagram.
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’)—lOJCF\
[

There is exactly one cell in the Young diagram A, the cell (1, 1), that is contained in
exactly one member of F = {H, : € A}. Hence, S = {(1,1)} and min(n,n—|S|+1) =
n — |S| + 1. With this in mind, setn = 6 and, asn — |S|+1 =6 — 1+ 1 = 6, assume that
m is an integer satisfying 1 < m < 5. Suppose that there exists a surjective tableau 7" of
shape ), and with entries from [m], such that T satisfies the configuration f defined above.
The cells (1,1), (1,2) and (2, 1) are cells € A that satisfy f(r) = h,.. Moreover, because
T satisfies f, f(r) = h, implies that no two entries of 7" in H, are the same and that the
entry of T in cell 7 is the hl"* smallest element of the set of entries of 7 that are contained
in H,.

So consider the cell (2,2) of A. Since m < 5, some two entries of T in H(Ll) are the
same, or the entry of 7" in cell (2, 2) equals to the entry of 7" in some other cell, (i1, j1), in
A. Since f((1,1)) =5 = h(y,1, no two entries of T"in H(y ;) are the same. So the entry of
T in cell (2, 2) equals to the entry of 7" in some other cell, (i1, j1), in A. If (i1,51) = (1,1),
then the entry of T in cell (2, 2) of A is larger than the entries of T"in cells (1,2) and (2,1)
of A\. But that is impossible by the above. If (i1,71) = (2,1) orif (i1,51) = (3,1), then
the entry of 7" in cell (2, 1) of \ is the k" smallest element of the set of entries of 7" that
are contained in H , 1) for some & < 2. But that is impossible by the above. By symmetry,
it is impossible for (i1, j1) = (1,2) or for (i1,51) = (1,3). Hence, we have reached a
contradiction. It follows that there is no such surjective tableau 7.

Example 3.24. Consider a skew shape A/ with n cells, and let .S denote the set of cells
of \/u that are contained in exactly one member of {H, : » € \/u}. The elements of S
are also known as the outer corners of p. Clearly, there exists a standard skew tableau of
shape \/u. Corollary 3.11 implies that such a tableau exists if and only if for all integers
n —|S| + 1 < m < n and for all configurations f of A/, there exists a surjective tableau
T of shape A/p, with [m] as the set of entries of T, such that T satisfies f.

3.3 The average number of generalized tableaux

Let S(n,m) denote the Stirling number of the second kind, namely the number of set
partitions of [n] into m parts. Let F be a family of subsets of [n] that satisfies the marriage
condition, let m € [n], and let ¢ be a transversal of F. If f is a configuration of ¢, then let
Ap.m(f) denote the number of surjective maps o : [n] — [m] that satisfy f. Moreover,
let X be the set of configurations f of ¢ such that A, ,,,(f) > 1. Then define the average
value of Ay, m(f) over all configurations f of t satisfying A, m(f) > 1 to be

1
Tv | An m
S A
fex
if | X| > 0, and 0 otherwise.

Theorem 3.25. Let F be a flagged family of subsets of [n] such that | F| = n and let t be
the transversal of F. Moreover, let S C [n] be the set of elements k € [n] such that k € F
for exactly one member F' of F, and let m be an integer satisfying

n—|S|+1<m<n.
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Then the average value of A, m/(f) over all configurations f of t satisfying

An,m(f) > 1

m!S(n,m)
rer Fl

Remark 3.26. Consider the sequence (py(x))r=0,1,2,... of polynomials in Q[z] such that
po(x) = 1 and, for all k,

(3.9)

Prer1(®) — pry1(z — 1) = 2 pi(x).

If K = n —m, then S(n,m) = pr(m) (see [2, 22]). So if k is fixed, then we can compute
closed-form expressions for S(n, m). For instance, Expression 3.9 becomes

m!
[lperIFl

<m+1) m!

2 ) Ilper|F]
1<m+1><<m+1)+2m+1) m!

2 2 2 3 [Lrer |FI

In order to prove Theorem 3.25, we prove the following.

if n =m,

ifn=m+1, and

ifn=m+2.

Lemma 3.27. Let m,n € N such that m < n, and let F be a family of subsets of [n]
that has a transversal t : F — [n] such that t is surjective. Then every surjective function
o : [n] — [m] satisfies exactly one configuration f of t.

Proof. Let o : [n] — [m] be a surjective map. Then o satisfies the configuration f of ¢
defined by letting, for all F' € F, f(t(F)) = k where o(t(F)) is the k*" smallest element
of the set o(F'). Now, suppose that o satisfies more than one configuration of ¢. Then, let
f1 and f5 be two distinct configurations of ¢. Because f; # fo and because ¢ is surjective,
there is an element F' € F such that fi(¢(F)) # f2(t(F)). So write ky = f1(t(F))
and write ko = fo(¢(F)). Since o satisfies fi, Definition 3.4 implies that o(¢(F)) is
the k%" smallest element of o(F). Moreover, since o satisfies fo, Definition 3.4 implies
that o(t(F)) is the k" smallest element of o(F). However, this is impossible because

k1= fi(t(F)) # f2(4(F)) = k2. O
Now, we prove Theorem 3.25.

Proof. By Definition 3.4, the total number of configurations of F equals to [ ]~ [F].
Moreover, it is well-known that the number of surjective maps from [n] to [m] is given
by m! S(n,m). By Lemma 3.27, every surjective map satisfies exactly one configuration.
Moreover, by Theorem 3.10, every configuration of F is satisfied by some surjective map
from [n] to [m]. From this, the theorem follows. O
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Theorem 3.25 implies the following consequence relating to how the values A, ,,,(f)
are distributed. By Theorem 3.10, every configuration f of ¢ is satisfied by at least one
surjective map o : [n] — [m]. Hence, by Theorem 3.25 and the fact that A, ,,,(f) > 1
always holds, it follows that for all constants £ > 1 the number of configurations f of ¢
that satisfy

m! S(n,m)
D= s 7
is at least
1
<1 - k) I 171
FeF

We now illustrate Theorem 3.25 with some examples and in the process describe its
relationship with the hook-length formula.

Example 3.28. Let A = (6,5,4,3,2,1) and pr = (1). The skew shape \/u is depicted
below.

Since A/p has eighteen cells, let n = 18. The cells of A/ that are contained in exactly one
member of the family )/, are (1,3), (2,2), and (3, 1). Hence, S = {(1,3),(2,2),(3,1)}
andn—|S|4+1=n—2. Soletm = n—2 = 16. Then by Theorem 3.25 and Remark 3.26,
the average value of A,, ,,,(f) over all configurations f of \/p satisfying A,, ,,,(f) > 11is
given by

1(m+1>(<m+1>+2m—|—1) m! B
2\ 2 2 3 [rez,,, [F]
1(16+1>((16+1) 2-16+1) 16!
=3 +
2\ 2 2 3 [Lenubor

117 17 T 16!
2\ 2 2 (7-5-3-1)3-5-3-1-3-1-1

1
= 4014814003 + 5

The hook-length formula, first proved by Frame, Robinson, and Thrall [8], is well-
known. It is as follows. A skew shape \/u is a straight shape if ;n = (). Given a Young
diagram A, call a standard skew tableau of straight shape A a standard Young tableaux of
shape \. If X is a Young diagram with n cells, then the number of standard Young tableaux
of shape \ equals

n!

HTGA h‘T .
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Moreover, the above formula was also proved by Edelman and Greene to equal the number
of balanced tableaux of shape A [5]. Furthermore, the hook-length formula does not hold
for skew shapes. Taking m = n in Theorem 3.25, setting F = JF), and letting ¢ be the
unique transversal of F, we see that the average value of A,, ,,,(f) over all configurations
f of t satisfying A,, ,,(f) > 1 equals to the number of standard Young tableau of shape .

Example 3.29. Let A = (6,5,4,3,2,1). The Young diagram \ is depicted below.

|

Since A has twenty-one cells, let n = 21. The cell of A that is contained in exactly one
member of the family F is (1,1). Hence, S = {(1,1)} and n — |S| + 1 = n. So let
m = n = 21. Then by Theorem 3.25 and Remark 3.26, the average value of A,, ,,,(f) over
all configurations f of A satisfying A,, ,,(f) > 1 is given by the hook-length formula

m! B 21!
HFE]:)\ |F| HTE/\ hr
B 21!
T 16.35.54.73.92.11
= 1100742656

and is, by the hook-length formula, equal to the number of standard Young tableaux of
shape A.

Remark 3.30. Theorem 3.25 is versatile. For instance, possible applications of the special
case of Theorem 3.25 in the case of permutations are as follows. There is a formula for the
number of standard skew tableaux of shape A/u, known as Naruse’s formula. Asymptotic
properties of Naruse’s formula were analysed by Morales, Pak, and Panova in [17]. In
particular, it turns out that in general, the number of standard skew tableaux of shape A/u
divided by
n!
HTG)\ /1 ho ’

where n is the number of cells of \/u, can be arbitrarily large. Hence, we can apply
Theorem 3.25 to Naruse’s formula and, using the work of Morales, Pak, and Panova in [17],
analyse lower bounds on the number of configurations f of A\/u such that A, ,,(f) > 1

and A, ,(f) is strictly less than
n!

HTG)\/N hr .

Remark 3.31. Regarding Remark 3.30, there are variants and generalizations of Naruse’s
formula, the formula mentioned in Remark 3.30, for skew shifted shapes [9, 19]. What
we observe about these shapes is that the “hook-sets” for skew shifted shapes as defined
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in [9, 19] also form examples of flagged families. Hence, the results in this section can
be replicated verbatim to include skew shifted shapes. Moreover, it is claimed by Morales,

Pak,

and Panova in [17] that their analysis of Naruse’s formula can be extended to skew

shifted shapes. It also appears that we can even extend the above to involve posets known
as d-complete posets [19], as there is a generalization of Naruse’s formula for such posets
and the “hook-sets” in these formulas are a generalization of the “hook-sets” for the skew
shifted shapes [19].

We conclude this subsection by asking some natural enumerative questions related to
the quantity A,, ,,,(f) in Theorem 3.25.

1.

Which configurations f as specified in Theorem 3.25 are such that A,, ,,,(f) is given
by Equation (3.9)?

Which flagged families F with transversal ¢ are such that A,, ,,,(f), with m fixed, is
independent of the configuration f of ¢?

. If the configuration f as specified in Theorem 3.25 is such that f(F) = 1 for all

F € F,whenis A, ,(f) maximal, and can A,, ,,,(f) be less than or equal to Equa-
tion (3.9)?

Let F be a flagged family and let ¢ be a transversal of F. For m fixed, which config-
urations f of ¢ maximize or minimize the value of A,, ,,,(f)?

Does the value of m in comparison to n affect answers to any of the above questions?
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1 Introduction

A Dyck path is a lattice path in the first quadrant of the xy-plane that starts at the origin,
ends on the z-axis, and consists of (the same number of) up-steps X = (1,1) and down-
steps Y = (1,—1). A peak is a subpath of the form XY, and a valley is a subpath of the
form Y X. The height of a valley is the y-coordinate of its lowest point. A Dyck path is
called non-decreasing if the heights of its valleys form a non-decreasing sequence from left
to right (see Figure 1 for an example). Non-decreasing Dyck paths have been extensively
studied in the literature, see [2, 5, 6, 8, 13, 15, 17, 20]. All the Dyck paths considered in
this paper will be non-decreasing. Following the notation from [5, 6, 13, 14], we denote by
D the set of all non-decreasing Dyck paths, and by D,, the set of all non-decreasing Dyck
paths of length 2n, where the length is defined as the number of steps. For P € D,,, we
write | P|= n to denote its semilength.

A pyramid of semilength h > 1 is a subpath of the form X hyh- it is maximal if it can
not be extended to a pyramid X +1yh+1,

Flérez and Ramirez [16] introduced the concept of symmetric and asymmetric peaks
in Dyck paths, see also recent follow-up work by Elizalde [11] and Flérez et al. [14]. This
concept was motivated in part by Asakly’s [1] study of symmetric and asymmetric peaks
in k-ary words. The concept of symmetric peaks is different from the notion of degree of
symmetry, which has been considered by Elizalde [9, 10] as a measure of how symmetric a
Dyck path is.

In this paper we study symmetric peaks and asymmetric peaks in non-decreasing Dyck
paths. A peak is symmetric if the maximal pyramid containing the peak is not preceded
by an X and is not followed by a Y. A peak is weakly symmetric if the maximal pyramid
containing the peak is not preceded by an X. A peak is asymmetric if the maximal pyramid
containing the peak is either preceded by an X or followed by a Y. Geometrically, a peak is
symmetric if the maximal pyramid containing the peak is either at ground level or bounded
by two valleys at the same height, and it is asymmetric otherwise. For example, in the non-
decreasing Dyck path in Figure 1, the first, third, fourth, and sixth peaks are symmetric.
The weakly symmetric peaks are the symmetric ones along with the seventh peak. Finally,
the second, fifth, and the seventh peaks are asymmetric.

We are also interested in the size of the maximal pyramid containing a peak. We define
the weight of a pyramid X" Y" to be equal to h. In [5, 7], the authors refer to this parameter
as the height, but we will use the term weight to suggest that it is not affected by the
location of the pyramid. We define the weight of a peak to be the weight of the maximal
pyramid that contains it. The symmetric weight of a path is the sum of the weights of its
symmetric peaks. Similarly, the asymmetric weight of a path is the sum of the weights of its
asymmetric peaks. For example, the weights of the symmetric peaks in the path depicted
in Figure 1 are 4, 3, 3, 2 from left to right, and so the symmetric weight of the path is 12.
The weights of asymmetric peaks are 1, 3, and 1, and the asymmetric weight of the path
is 5.

Figure 1: A non-decreasing Dyck path of length 38.
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The generating functions that we present throughout the paper, are given using the
symbolic method (cf. [12]). In Section 2, we give generating functions, recurrence rela-
tions, and closed formulas enumerating symmetric peaks and asymmetric peaks in non-
decreasing Dyck paths. In Section 3, we focus on the enumeration of peaks with respect
to their weight, and we give a connection to directed column-convex polyominoes. In Sec-
tion 4, we study weakly symmetric peaks, and we synthesize the results using Riordan
arrays. A summary of notation used throughout the paper appears in Tables 1 and 2 in the
appendix.

2 Counting symmetric peaks

In this section we study the distribution of the number of symmetric peaks in D,,. We give
recurrences, generating functions and closed formulas (in terms of Fibonacci numbers) that
enumerate these statistics in non-decreasing Dyck paths. Throughout the paper we will use
F,, and L,, to denote the nth Fibonacci number and the nth Lucas number, respectively.

The set D,, can be partitioned into two disjoint sets .4,, and B,,, where A,, consists of
the paths that have at least one valley of ground level (height 0), and 53,, = D,, \ A,,. Note
that

n—1

Dp=A,U B, and A, = |]Cni 2.1

where C,, ; consists of those paths whose first valley touches the x-axis at (24,0), and U
denotes disjoint union. There is a natural bijection

Cn,i — Dn—i
obtained by removing the first pyramid A; = XY of each P € C,, ;. Similarly, there is a
bijection from B,, to D,,_1 obtained by removing the first up-step and last down-step from
each path.

From (2.1), a path @ € D is either empty or has one of these two forms: @) = X PY
or Q = X*Y*P, where k > 1 and P € D is non-empty. This decomposition gives rise to
the following equation for the generating function D(z) = > pcp2!Fl =3 (D, [2™:

D(z) =1+2D(z)+ (D(z) —1). (2.3)

1—=x

Solving this equation and removing the empty path, we obtain the generating function for
non-decreasing Dyck paths with respect to their semilength:

z(1l — )
D(=) = 1 —3:17+502 ZFM 1

n=1

Therefore,
|Dnl= Fan-1. (2.4)

Other derivations of this generating function appear in [2, 13].
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2.1 A generating function for the number of symmetric and asymmetric peaks

In this section we give a multivariate generating function enumerating symmetric peaks and
the number of asymmetric peaks in non-decreasing Dyck paths. We start by introducing
some terminology. We define the insertion vertices of a path to be the lowest point of each
valley Y X, the initial point of the path, and, if the path contains no valleys at positive
height, the final point of the path. For a path P € D, we use 7(P), o(P), a(P), v(P),
and ¢(P) to denote the number of peaks, the number of symmetric peaks, the number
of asymmetric peaks, the number of valleys, and the number of insertion points of P,
respectively. We are interested in the generating function

Ugtrx Zta'P) o (P) \P|
PeD

The coefficient of t'r7z™ in D, (t,r, z) is the number of paths of length 2n with i sym-
metric peaks and j asymmetric peaks.

Theorem 2.1. The generating function for non-decreasing Dyck paths with respect to the
number of symmetric peaks and the number of asymmetric peaks is

1-@B+tz+@B+2t—r)a®> -1 +t—r—r?)ad
1-1+tz)1—-(t+2)z+ 1+t —r)z?)

Proof. In order to obtain an expression for D, #(t,r, x), we show that non-decreasing
Dyck paths where some of their symmetric peaks have been marked can be constructed
by inserting marked symmetric peaks in certain positions of smaller non-decreasing Dyck
paths.

First, we refine Equation (2.3) by introducing a variable v that keeps track of the number
of valleys in the path. Letting D, (v,2) = Y pcp v”(P) Pl the same decomposition gives

D, 5(t,r,x) =

Dy(v,z) =1+ Dy (v, ) + %(Dy(u,z) —1),
X

from where
1-1+4+v)z
1—2+v)z+a?

Next we introduce another refinement. Let D» C D denote the set of paths that con-
sist of a non-empty sequence of pyramids, that is, paths of the form X*1 Y*1 ... X*iyk;
where k; > 1for 1 < i < j, for some j > 1. Let D, ,(p,q,2) = > pep p" Pg P zlFl
be the generating function with respect to the number of peaks and the number of insertion
vertices. Recall that insertion vertices of P are the bottoms of the valleys, the initial point
of P, and, in the case that P € DA, the final point of P. Thus, «(P) = v(P) + 2 if
P € D?, and «(P) = v(P) + 1 otherwise. On the other hand, 7(P) = v(P) + 1 unless P
is empty, in which case 7(P) = 0. Using that

DA (v,a)= 3 v PlglPl = z/(l-2) =

ot l—vzr/(l—2z) 1—x—vx’

D,(v,z) =

it follows that

D..(p,q,z) = q+ pa(D,(pq,z) — D (pg, z) — 1) + pg> D2 (pq, x)

_ . pdPe(1— (24 pg)a + (1 + p)a?)
- (1—2+pgx)(1 —(2+pg)z +x2) (2.5)
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By construction, the insertion vertices of P are those vertices where the insertion of a
pyramid X*Y* creates a symmetric peak and results in another non-decreasing Dyck path.

Our next step is to enumerate non-decreasing Dyck paths where some of its symmetric
peaks have been marked. Formally, we are enumerating pairs (P, M) where P € D and
M is a subset of the symmetric peaks of P. Let D* be the set of such pairs (P, M),
which we refer to as non-decreasing Dyck paths with marked symmetric peaks, and let
D3(p,u, ) = 32 p aryen- p™(P)y/MI2IP1 The key observation is that elements of D* can
be uniquely obtained from paths in D by inserting a possibly empty sequence of marked
pyramids (that is, pyramids whose symmetric peak is marked) at each insertion vertex.
Since replacing each insertion vertex with a sequence of marked pyramids corresponds to

the substitution 1

1—upz/(1—2x)’

1
D* =D, (p— 2.
'r(pv'uwz) ) <p 1_ upa:/(l — 1‘) f)

In order to have a variable ¢ that keeps track of the total number of symmetric peaks,
as opposed to marked symmetric peaks, we make the substitution v = ¢t — 1. Note that, if
3(P) is the set of symmetric peaks of a path P € D, then

q:

we get

S t-)M = ((t-1)+ 1) =47, (2.6)
MC3(P)

It follows that

Dro(p,tia) =Y prPeePalPl=% " %" pr P (e-1) el = Dx(p,t-1,2).

PeD PED MCS(P)
Finally, since o(P) = 7(P) — o(P), we have

D,5(t,r,x) = Dy o(r,t/r,2) = D, (7’, - r%x/(l — x),x> ,

and the formula in the statement follows now from Equation (2.5). O

Corollary 2.2. The generating functions for the total number of symmetric peaks and the
total number of asymmetric peaks in non-decreasing Dyck paths are, respectively,

0 (1 — 5z + 72% — 23 — %)
S(x) := anlP‘——DgUt,l,x = , 27
() PZ:D (P) ot ( ) 1 (1—2z)(1 — 3z + 22)?
0 23(2 — 6z + 322)
7(P)z'¥ = =D,5(1,rx = .
1% (P) or 7 ( ) e (1 =22)(1 =32 + 22)?

2.2 Recurrence relations and Fibonacci numbers

Lets, = > pcp, o(P), thatis, the total number of symmetric peaks in all non-decreasing
Dyck paths of semilength n. Note that S(x) = > ., s,2” is the generating function
in Equation (2.7). Next we give a recurrence for s,, that involves the Fibonacci numbers.
Define the level of a pyramid to be the height of the base of the pyramid.
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Theorem 2.3. The sequence s, satisfies the recurrence relation
Sp = 3831 — Sp—2 + F2(n72) —2n3 forn >3,
with initial values s1 = 1 and so = 3.

Proof. Recall the decomposition given in (2.1). It is clear from the definition of non-
decreasing Dyck paths that the first pyramid in every path in C,, ; has a symmetric peak.
Applying the bijection C,,; — D,,_; from Equation (2.2) to all paths in C,, ; removes a
total of |D,,—;|= F5(n—_iy—1 pyramids (using Equation (2.4)), each having a symmetric
peak. This implies that the number of symmetric peaks in Cy, ; equals Fy(,_;)_1 plus the
number of symmetric peaks in D,,_;. So, the total number of symmetric peaks in A, is

given by
n—1 n—1 n—1
Z Sp—i T Z Fotn—iy-1 = Z si+ Fon_1). (2.8)
i=1 i=1 i=1

We now count the total number of symmetric peaks in 5,,, using the fact that 5,, maps
bijectively into D,,_; by deleting the first X and the last Y. Note, however, that the first
and the last peak of paths in 3,, are not symmetric (unless the path is a pyramid), but they
may become symmetric after the first X and the last Y are deleted. This happens when
the associated path in D,,_; starts or ends with a pyramid at ground level, without the path
being itself the pyramid A,,_; = X" 1Y"~!, resulting in more symmetric peaks in D,,_;
than in B,,. Therefore, to count the number of symmetric peaks in 5,,, we take the number
of symmetric peaks in D,,_1, which is s,,_1, and subtract the total number of first and last
pyramids at ground level of paths in D,,_1 \ {A,_1}.

First of all, we want to know the total number of pyramids at ground level that occur at
the end of the paths in D,,_1 \ {A,_1}. Note that if the last pyramid of a non-decreasing
Dyck path is at ground level, then the path consists of a sequence of pyramids at ground
level. From [13, Corollary 6.3], we deduce that the number of paths in D,,_; ending with
apyramid A; = XY at ground level, for 1 <i < n—2,is 9(n=1-i)=1 Thig implies that
the total number of last pyramids at ground level in D,, 1 \{A,,_; } is 1’ 2f = 272 -1,
From a similar analysis as in the first paragraph of this proof, we have that the total number
of first pyramids at ground level in D,,_1 \ {A,_1} is ZZ:IQ Fyi 1 = Fy(,—2). So, the
total number of symmetric peaks in B,, is given by s,,—1 — Fo(,,_2) — 27=2 + 1. Adding
this to (2.8), we get

n—1
Sp = (Z si + FQ(nl)) + (Sn-1 = Fon—2) — 2" 2 + 1),
i1

with s; = 1, and s; = 3. We can simplify the recurrence by computing s,+1 — s, =
28 — Sn—1 + Fo(n_1) — 2"~ 2. Therefore,

Snt1 = 3Sn—1 — Sn—2 + Fon_2) — 23, O
The first few values of the sequence s,, for n > 1 are
1, 3, 8, 22, 62, 177, 508, 1459, 4182, 11946,

For example, Figure 2 shows the non-decreasing Dyck paths of length 6, where the total
number of symmetric peaks is s3 = 8.
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SN NN AN AN A

Figure 2: Non-decreasing Dyck paths of length 6.

Next we give another expression for s,, in terms of the Fibonacci and the Lucas num-
bers.

Theorem 2.4. The sequence s, satisfies

2F5, 2+ (n—1)Lap_2

on—1,
. +

$n=Fon+ Y (Fara = 2% Fy(np) =
£=3

Proof. We first consider the generating function of the bisection of the Fibonacci sequence

F(z) = Z Fopa™ =

n>0

x
1—3z+ 22

By Equation (2.7), the generating function S(x) can be decomposed as

1—5z+ 72% — 2% — 24 z? a?
—F =F(z) (1 -
@) (=) (1 —2)(1 — 3z + 22) @) ( - 1= 3z +a? 1_%)

= F(z) (1 +aF (@) - 5 ix) .

Using the Cauchy product of series we obtain the desired result. The second equality
follows from the recurrence relation given in Theorem 2.3. O

In [6, Theorem 2], the authors prove that the total number of peaks in D,, is

o (27’L - 1>F2n - (Tl - 5)F2n71

The next corollary is a direct consequence of Theorem 2.4 and Equation (2.9).

2.9)

Corollary 2.5. Let 5, be the total number of asymmetric peaks in D,,. Then, for n > 2,

S 2Fo41+ (n —2)Lop—3
" 5

The first few values of the sequence s,, for n > 1 are

o 2n71.

0, 0, 2, 10, 37, 122, 379, 1136, 3326, 9580,

From the identities in Theorem 2.4 and Corollary 2.5, we obtain some asymptotic re-
sults about the proportion of peaks in non-decreasing Dyck paths that are symmetric.

Theorem 2.6. Among all peaks of non-decreasing Dyck paths, the proportion of those that
are symmetric is asymptotically
-1 5
tim 2 = LV ) G1s0sa.

n—oo t, 2
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Proof. From the well-known limits

F, 1 5 ) L,
lim +1:¢: +5 and  lim 2n — B,
n—oo Fj, 2 n—oo [,
we have
— n—1
liIn sl = liIn (2F2n72 + (n 1)L2n*2)/5 + 2

n—oo t,, n—00 ((2n — 1)F2n — (n — 5)F2n_1)/5

lim 24 (n—1)Lop—o/Fop_o+5- 2"_1/F2n_2

n—oo (2n — 1) Fay, /Fop—o — (n— 5)Fap_1/Fop_o
V5 —1+5

202 — ¢ 2

Corollary 2.7. Among all peaks of non-decreasing Dyck paths, the proportion of those that
are asymmetric is asymptotically

5, 3—5

O

~ 0.381966.

We say that a symmetric peak is low if the y-coordinate of its top vertex is one, and that
it is high if this coordinate is greater than 1. Note that every low peak is symmetric. By [6,
Corollary 6], the total number of high peaks in D,, is ((2n — 1) F3,, —nFs,—1)/5. Together
with Corollary 2.5, this implies the following.

Corollary 2.8. The total number of high symmetric peaks in D,, is

1

5 (F2n73 —|— (7’7, — 4)[42”,2) —|— 2"_1.

3 Symmetric weight and symmetric height

Recall that the weight of a pyramid XY is equal to h and that the weight of a peak is
the weight of the maximal pyramid that contains it. In this section we give a multivariate
generating function for non-decreasing Dyck paths with respect to the weight of their sym-
metric peaks, as well a recurrence relation for the total symmetric weight over D,,. We also
give a recurrence relation for the total sum of the heights of symmetric peaks over D,,. At
the end of the section we describe a connection with polyominoes.

3.1 A generating function for symmetric weight

We introduce an infinite family of variables t = (¢1,to,...) in order to keep track of
symmetric peaks of a given weight. For P € D and i > 1, let w;(P) be the number of
symmetric peaks of weight i in P. Let w(P) = (wy(P),w2(P),...), and let t*F) =
[Li>1 £2") We are interested in the generating function

Dultyz) = 3 6017,
PeD
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Theorem 3.1. Let P(t,z) = -, t;x". The generating function for non-decreasing Dyck
paths with respect to the weights of their symmetric peaks is

1 -3z 42224+ 2% — (1 —2)3P(t,2)
(= 2)(1 - P(t,a)(1 — 22— (1 - 2Pt )

D, (t,x) =

Proof. We modify the proof of Theorem 2.1 in order to keep track of the weight of the in-
serted marked symmetric peaks. Replacing insertion vertices in non-decreasing Dyck paths
with sequences of marked pyramids, with variable u; keeping track of marked pyramids of
the form XY for eachi > 1, corresponds to the substitution

1
= 1—Zuimi

i>1

in D;,(1,q,x). A variant of Equation (2.6), where we replace ¥(P) with the set of sym-
metric peaks of weight ¢, shows that the substitutions u; = t; — 1 yield the generating
function where ¢; keeps track of the total number of symmetric peaks of weight 7 in non-
decreasing Dyck paths. It follows that

1 1
D (t’x):DT,L 1a =, L :DT,L 1,7,1‘ )
© 1-— Z(tl — 1).131 < ﬁ - P(tax) )

i>1
and the formula is now obtained from Equation (2.5). O

The symmetric weight of a path P € D is defined as the sum of the weights of its
symmetric peaks, and it is denoted by w(P) = ) .., w;(P). From Theorem 3.1, one can
easily obtain a generating function for this statistic. Let

Do (t,w,z) =Y 17 (PlglP]
PeD

be the generating function for non-decreasing Dyck paths with respect to the number of
symmetric peaks and the symmetric weight of the path.

Corollary 3.2. The generating function D, ,(t, w,x) is equal to

(1 —wz) (1 - B4 w+tw)z + (2 + 3w + 3tw)z? + (1 — 2w — 3tw)z® — (1 — t)wa?)

1-2)1—(t+Dwz)(l—-2+w+tw)r+2(t+ Hwe? — twa?)

Proof. By definition, D, ,, (¢, w, x) is obtained from D, (t, z) by making the substitution
t; = tw' for all i > 1. When applied to P(t, z), this substitution yields ), , tw'z’ =
twz /(1 — wx), and so the formula follows immediately from Theorem 3.1. O

Corollary 3.3. The generating function for the total symmetric weight in non-decreasing
Dyck paths is

(1 -5z + 72?2 — 2° — 2%)
(1—2)(1 —22)(1 — 3z + 22)2’

W(x) := Z w(P)z! Pl = a%DU,w(l,w,x) =
pPeD w=1
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Comparing this formula with Equation (2.7), we see that

Taking the coefficients of ™ on both sides, and letting w,, = Y pep, w(P) denote the
total symmetric weight of D,,, we get

Wy = Zsk’ (3.])
k=1

that is, the total symmetric weight of paths in D,, equals the total number of symmetric
peaks of paths in UZ:I Dy,. Next we give a bijective proof of this equality.

The right-hand side of (3.1) can be interpreted as counting paths in | J;_, Dy with a
distinguished symmetric peak. Indeed, for each k, the number of ways to choose path in
Dy, and select a symmetric peak of such path equals the total number of symmetric peaks
of paths in Dy, namely s;. Similarly, the left-hand side of (3.1) can be interpreted as
counting pairs (}5, 1), where Pisa path in D,, with a distinguished symmetric peak, and
1 is an integer between 1 and the weight of the distinguished peak of P. This is because,
for a given path P € D,,, the number of ways to choose a symmetric peak of P and then
an integer ¢ between 1 and the weight of that peak equals the sum of the weights of the
symmetric peaks of P, which is w(P).

Let us describe a bijection between the sets counted by both sides of (3.1). Given
a path in Dy, (for some k < n) with a distinguished symmetric peak, insert a pyramid
X7"=Fy "=k at the top of the distinguished peak to obtain a pair (]5, i), where Pisa path in
D,, with a distinguished symmetric peak (the same distinguished peak where the pyramid
was inserted), and ¢ = n—k. Conversely, given such a pair (15 ,1), delete the pyramid XY
around the distinguished peak, to obtain a path in D,,_; with a distinguished symmetric
peak (the same distinguished peak from where the pyramid was removed).

3.2 Recurrence relations and Fibonacci numbers

Recall that w,, denotes the sum of the symmetric weights of all paths in D,,. Similarly, let
w,, denote the sum of the asymmetric weights of all paths in D,,. For example, the paths
in Figure 2 give wg = 3+ 0+ 3+ 3 + 3 = 12 and w3 = 2. The next theorem follows
immediately by applying Equation (3.1) to Theorem 2.3.

Theorem 3.4. The sequence w,, satisfies the recurrence relation
Wy = 3Wp—1 — Wno+ Fan_3—2""24+1 forn >3,
with initial values w1 = 1 and wy = 4.

The first few values of the sequence w,, for n > 1 are

1, 4, 12, 34, 96, 273, 781, 2240, 6422, 18368,

) 3

From the expression for W (x) in Corollary 3.3, we obtain the following corollary.
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Corollary 3.5. We have

wy, = Fo, + Z (F2871 - 2£_1 + 1)F2(n7€)
=1

and 1
Wy = 5 (nLgn_l — an) + 2" — 1.

In [5, Theorem 8] the authors prove that the sum of the weights of all peaks in D, is

2nFop 41 + (2 - n)an
5 .

As a direct application of Corollary 3.5, we obtain the following formula for the sum of the
asymmetric weights of all paths in D,,.

Corollary 3.6. We have

1

5 (3F2n + ’I?,Lgn_g) — 2"+ 1.

Wy =

3.3 Symmetric height

The height of a peak is the y-coordinate of the vertex at the top of the peak. Denote by h,,
the total sum of the heights of all symmetric peaks of paths in D,,. For example, from the
paths in Figure 2, we see that hy = 12.

Theorem 3.7. The sequence h,, satisfies the recurrence relation

Lon_5 + TFap_ _
By = 3ho 1 — hyg + 222 5; 5 _on=2 41 forn > 3,

with initial values h1 = 1 and ho = 4.

Proof. We will find the total sum of the heights of all symmetric peaks of paths in D,, =
A, U B, by adding the total sum of the heights of all symmetric peaks in 4, and the
total sum of the heights of all symmetric peaks in B,,. Recall that 4, = U?;llcn’i, and
that the first peak of every path in C,, ; is symmetric. From (2.2) we know that every path
P € C,, is a concatenation of the pyramid A; = X'Y" with a path Q € D,,_;. So, the
total sum of the heights of all symmetric peaks in P is given by the hight of A; (which is
equal to ) plus the total sum of the heights of all symmetric peaks in (). Summing over
all paths P € C, ;, we deduce that the total sum of the heights of all symmetric peaks of
Cn,i 18 i|Dp_i|+hn—i = iFym_s—1 + hn_; (using that [D,,_|= Fy_s—1, see (2.4)).
Therefore, the total sum of the heights of all symmetric peaks in A,, is given by

n—1 n—1 n—1
D hueit ) iFsoiyo1 =Y hit Fanor — 1. (3.2)
i=1 i=1 i=1

We now count the sum of the heights of all symmetric peaks in B,,, using the fact that
B, is in bijection with D,,_;, for which the sum of the heights of all symmetric peaks
is h,—1. The bijection is given by removing the first and the last step of the path. Let
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us carefully analyze how the sum of the heights of the symmetric peaks is changed by
this bijection. On the one hand, removing the first and last step of the path decreases the
heights of the peaks by one. On the other hand, for paths in D,,_; that begin or end with
a pyramid at ground level, those pyramids contain a symmetric peak that does not give a
symmetric peak in the corresponding path in 5,,. To account for these cases, we subtract,
from the total sum of heights of symmetric peaks in D,,_1, the heights of the first and last
peaks belonging to pyramids at ground level, and then we add one for each symmetric peak
whose height has increased.

We recall that the paths in D,,_1 \ {A,,—1}, whose first pyramid is at ground level have
the form A;P,,_1_;, where P,,_1_; € D,,_1_; and 1 <4 < n — 2. For fixed 4, the height
of all first pyramids in all such paths is given by i |D,,_1_|= @ Fy(,—1_;)—1. So, the total
height of all first pyramids at ground level of paths in D,,_1 \ {A,,—1} is given by

n—2

Z(n —1- i)FQi_l = an_g —1. (33)

=1

‘We count the total height of pyramids at ground level that occur at the end of the paths in
D1\ {A,_1}. If the last pyramid of a non-decreasing Dyck path is at ground level, then
the whole path consists of a sequence of pyramids at ground level. From [13, Corollary 6.3],
we deduce that the number of paths in D,,_; ending with a pyramid A; at ground level, for
1 <i<mn-—2is2"1=9-1 8o, the total height of all last pyramids at ground level of
paths in D,,_1 \ {A,,_1} is given by

n—2

212”*1’2 =9m 1 _p. (3.4)

=1

Now, —to account for the increase by one of peak heights caused by the addition of the
initial X and the final Y to paths in D,,_;— we add the total number of symmetric peaks
in D,,_1, which equals s, _1 (see Theorem 2.4). But this results in some over-counting due
to the first and last pyramids at ground level of the paths in D,,_1, so we have to subtract
Fy,,_4 and 272 — 1. All in all, the term that needs to be added to account for the increase
in peak heights is

<2F2n—4 +(n—2)Lap_4
5

+ 2"2> —Fopg — 2" 2 4 1. (3.5)

Adding (3.2), h,—1, and (3.5), and subtracting (3.3) and (3.4), we get the recurrence
relation

n—1
hp = Z hi +Fop_1 — 1+ hyp 1+
=1
2F5, —2)Loy,—
( 2n 4+(T5L ) 2n—4 +2n_2_FQn—4_2n_2+1)_(F2n—3_1+2n_1_n)'

Simplifying, we have that

n—1

B =D i+ By +

i=1

Fop_1+nLop_4+ Loyp_5
5

-l 4,
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where h; = 1, and ho = 4. Now it is easy to see that

Fop +nLop_3+ 5F,_3

—onl 41,
: +

thrl —hyp =2hy — hp_1 +

Therefore,
Loy — TFy,— _
hoy = 3hyy g — hyy + 22 5; =5 _gn-2 | 0

The first few values of the sequence h,, for n > 1 are

1, 4, 12, 35, 104, 315, 964, 2957, 9044, 27502,

)

3.4 Connections with dccp-polyominoes

Non-decreasing Dyck paths are in bijection with a family of polyominoes called directed
column-convex polyominoes (dccp). A polyomino is directed if each of its cells can be
reached from its bottom left-hand corner by a path which is contained in the polyomino
and uses only north and east steps. A dccp polyomino is a directed polyomino such that
every column consists of contiguous cells [3]. Deutsch and Prodinger [8] give a bijection
between the set of non-decreasing Dyck paths of length 2n and the set of dccp of area n,
where the area of a polyomino is defined as its number of cells. Figure 3 shows a dccp of
area 19. The numbers in the first (second) row represent the final (initial) altitude of each
column.

Figure 3: A direct column-convex polyomino (dccp).

The bijection from [8] can be described as follows. Given a dccp whose columns have
initial altitudes A = (0, aq, ..., a)) and final altitudes B = (b1, ba, ..., bg), from left to
right, its corresponding non-decreasing Dyck path has valleys at heights (as, .. ., a), and
peaks at heights (by,bs, ..., bx), from left to right. For example, the dcep in Figure 3 is
mapped to the path in Figure 1.

We say that two consecutive columns in a dccp polyomino are at the same level if
their initial altitudes are the same. For example, the polyomino in Figure 3 has 4 pairs of
consecutive columns at the same level; columns 1 and 2, columns 3 and 4, columns 4 and 5,
and columns 6 and 7. Thus, the sequence s,, that we introduced in Section 2.2 also counts
the total number of pairs of consecutive columns at the same level in all dccp polyominoes



232 Ars Math. Contemp. 21 (2021) #P2.04 / 219-241

of area n. Moreover, if we define the weight of a pair of consecutive columns at the same
level as the number of cells in the first of these two columns, then the total weight over all
dccp polyominoes of area n is given by wy,.

4 Weakly symmetric peaks

In this section we consider a variation of symmetric peaks. We recall from Section 1 that
a peak is weakly symmetric if the maximal pyramid containing the peak is not preceded
by an X. Figure 4 shows different possibilities for the steps preceding and following the
maximal pyramid of a weakly symmetric peak. Note that the last configuration in Figure 4
can only occur in the last peak of a path.

In Section 2, we gave generating functions to count symmetric and asymmetric peaks
in non-decreasing Dyck paths, in this section we also give generating functions to count the
number of weakly symmetric peaks. Surprisingly, the generating functions in this section
have a simpler construction.

We will find formulas, involving Fibonacci numbers, for the total number of weakly
symmetric peaks, as well as the sum of their weights, using generating functions and recur-
rence relations. The results in this section are synthesized using Riordan arrays.

YANRVAVIVAN

N

Figure 4: Weakly symmetric peaks.

4.1 A generating function for the number of weakly symmetric peaks

Let s,, be the total number of weakly symmetric peaks in D,,. For example, we see from
the paths in Figure 2 that s3 = 9. The first few values of s,, for n > 1 are

1, 3, 9, 27, 80, 234, 677, 1941, 5523, 15615, ...,

which correspond to sequence A059502 in [23].

Given a non-decreasing Dyck path P, we denote by &(P) the number of weakly sym-
metric peaks of P, and recall that |P| denotes the semilength of P. We introduce the
generating function

Ds(w,y) = Y alPly?®.
PeD
Theorem 4.1. The generating function D5 (x,y) is given by

(1—=z)zy
D& ) = :
@) = T e + a2

Proof. Recall the decomposition in (2.1). Non-empty paths in B,, can be written as XY or
XT'Y, where T” is a non-decreasing Dyck paths. Paths in A,, are of the form XAYT",
where A is a pyramid and 7" is a non-decreasing Dyck paths. Figure 5 illustrates the three
cases.
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N\ /

Figure 5: Decomposition of a non-decreasing Dyck path.

Using the symbolic method, we obtain the relation

zy
Y Ds(z,y).
. (z,y)

Ty T
Ds(z,y) = zy + 2(Ds(z,y) —ED&(%Q) + ED&(%?J)) 1z

(a)

The term (@) corresponds to the case where 7" starts with a pyramid, which was symmetric
in T” but is no longer weakly symmetric in the big path. This completes the proof. O

Corollary 4.2. The total number of weakly symmetric peaks in D,, satisfies these

(1) The generating function for s,, is given by

. " 1—2)(1—-2x)x
$ s - Aol 2e)e
n=1

1— 3z +22)?

(ii) The sequence s,, satisfies the recurrence relation
Sp =68,-1 —115,_0 + 65,3 — 5,4 formn > 5,
with initial values §1 = 1, 5o = 3, 53 = 9and 54 = 27.
(iii) The sequence s,, satisfies the recurrence relation
Sp =35n_1— Sp_o+ FQ(n_Q) forn > 3,
with initial values $1 = 1 and s5 = 3.

(iv) Forn > 1, we have the convolution

n—1

Sp = Z F2€71F2(n7€)71-
£=0

(V) The sequence 3., satisfies that §, = (3Fa, + nLay_2) /5.

Proof. By Theorem 4.1,

(1—z)(1—-2x)x
(1 -3z +a22)2 "

i ~ n aD& ((E, y)
Spt = ———
n=0 ay

y=1

This proves part (i). The recurrence in part (ii) is obtained from this rational generating
function. The proof of (iii) is similar to the proof of Theorem 2.3, but in this case we do
not subtract the last pyramid at ground level of paths in B,,.
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To prove part (iv), note that

00
> Sna"

(1—a)x 1—-2x
1—3x+x2 1—3x + 22
= (Z F2n—156n> (Z F2n—1l”n>
n=1 n=0

o) n—1
= Z <Z Fzz—le(n—e)—1> x
n=1

Comparing coefficients of ™ yields the identity.
Finally, it is easy to verify that the right side of part (v) satisfies the same recurrence
relation as $,, given in part (2), or alternatively in (3). O

From Part (v) of Corollary 4.2 and Equation (2.9), we conclude the following.

Theorem 4.3. Among all peaks of all non-decreasing Dyck paths, the proportion of those
that are weakly symmetric is asymptotically
S, -1 5
i 2 = Vo 61804,
n—oo t, 2
Notice that this coincides with the asymptotic proportion of symmetric peaks given in
Theorem 2.6.

4.2 A connection with Riordan arrays

In this section we use Riordan arrays to describe the distribution of the number of weakly
symmetric peaks in non-decreasing Dyck paths. We start by giving some background on
Riordan arrays [22]. We will say that an infinite column vector (ag, a1, ... )T has generat-
ing function f(x) if f(x) = >, > @na", and we index rows and columns starting at 0. A
Riordan array is an infinite lower triangular matrix whose kth column has generating func-
tion g(x) f(x)* for all k > 0, for some formal power series g(z) and f(z) with g(0) # 0,
f(0) =0, and f'(0) # 0. Such a Riordan array is denoted by (g(x), f(z)). If we multiply
this matrix by a column vector (cg, c1, . ..)” having generating function h(x), then the re-
sulting column vector has generating function g(x)h(f(z)). This property is known as the
fundamental theorem of Riordan arrays, or as the summation property.
The product of two Riordan arrays (g(z), f(x)) and (h(z),(z)) is defined by

(9(x), f(x)) * (h(x), l(x)) = (9(x)h(f(x)),1(f(2))) - 4.1

Under this operation, the set of all Riordan arrays is a group [22]. The identity element is
I = (1,z), and the inverse of (g(x), f(x)) is

(9(x), f@) ' = (1/(go f<717) (), f~ 1> (), 4.2)

where f<~!>(z) denotes the compositional inverse of f(x).
Let r,, . be the number of paths in D,, with exactly k weakly symmetric peaks, that is,

x,y) = Z rn’kx”yk.

n,k>1
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By definition, >, _, k7 5 = Sn.
Consider the matrix R = [ry, &), ,~;- The first few rows of R are

1 0 0 0 0 0 00

1 1 0 0 0 0 00

2 2 1 0 0 0 00

4 5 3 1 0 0 00

_ s 12 9 4 1 0 0 o0
R= iz 16 28 25 14 5 1 0 0 ’

32 64 66 44 20 6 1 0

64 144 168 129 70 27 7 1

which correspond to array A105306 in [23]. Even though rows and columns of Riordan
arrays are indexed starting at 0, the elements of R are shifted so that the entry in row 0 and
column O is in fact 71 ;. The goal of this shift is to simplify some of our formulas.

Theorem 4.4. The matrix R is a Riordan array given by
1—2z z(l-2x)
R = —— .
(1 -2z’ 1-2x )
Proof. Multiplying the right-hand side of the equality by the vector (1,y,4?,...)T, which

has generating function =, and using the summation property, the resulting vector has
bivariate generating function

<1x m1m> 1 1—x 1

1-22" 1-2z 1—xy:1—2x1 2(1—1z)

1-2z 7
1—1' D&(xay)

:1—(2+y)x—|—yx2_ Y

)

by Theorem 4.1. O
Theorem 4.5. Forn,k > 0,

(k1 (n—t .
7‘n+1,k+1:Z( ¢ >< i )(—1)22 k=t

£=0

Proof. From the definition of the Riordan array R, we have
n 1= [(2(1—12x) b
ratikt = 2 7o ( 1- 22 )
k+1
_ [m"‘k] 1-=z
1—2x
(k+1\ (k+n—¢
. n—k Lon—f0 _n
e (T (v =

n>0 £=0
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Let P = [(})]
defined by

nk>0° often called Pascal’s matrix, and let P = [pi,;] be the matrix

{((”;,‘W), ifi+j=0 (mod?2);
DPij =

0, otherwise.

It is easy to show that P and P are Riordan arrays given by

1 T — 1 T
= e — d = _— .
P <1—x’1—x) and P (1—332’1—332)

Theorem 4.6. The matrix R factors as R = PP.
Proof. By Equation (4.1),

_ 1 T 1 T
PP = (1—x’1—x> (1—m2’1—x2)

(o | -
= _ 2| 2
el () ) - ()
Simplifying, ) i )
— —z z(l1—=
= e — = R. D
PP (1 -2z’ 1-2x )

From above theorem and the product of matrices we obtain the following combinatorial
identities.

Theorem 4.7. Forn,k > 0,
%]

n\ ({+k
Tn+1,2k+1 = 20 2k )
=0

L15)

B n {+k+1
Pl 2ke2 =D 26041)\ 2641 )

£=0

(S

oz ||

Rogers [21], observed that every element not belonging to row 0 or column 0 in a Rior-
dan array can be expressed as a fixed linear combination of the elements in the preceding
row. The A-sequence is defined to be the sequence coefficients of this linear combination.
Similarly, Merlini et al. [19] introduced the Z-sequence, that characterizes the elements
in column 0, except for the top one. Therefore, the A-sequence, the Z-sequence and the
upper-left element completely characterize a Riordan array. We summarize this character-
ization in the following two theorems.

Theorem 4.8 ([19]). An infinite lower triangular array F = [dn k], .~ is a Riordan array
if and only if do,o # 0 and there exist two sequences (ag, a1, Gz, ...), with ag # 0, and
(20,21, 22, . . . ) (called the A-sequence and the Z-sequence, respectively), such that

d7z+1,k+1 = aOdn,k + aldn,k—i-l + af2dn,k:+2 + fOl" n, k > Oa
dp+1,0 = 20dn,0 + 21dn1 + 22dp 2 + - - - forn > 0.
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Theorem 4.9 ([18, 19]). Let F = (g(z), f(z)) be a Riordan array with inverse F~! =
(d(x), h(x)). Then the A-sequence and the Z-sequence of F have generating functions

Aw) =2 2(x) = ﬁ (1 - dopd(z))

respectively.
Next we describe the A-sequence and Z-sequence for the Riordan array R.

Theorem 4.10. If C,, denotes the n-th Catalan number, then for n, k > 2,

n

Tnk = § Tn—1,k—14+¢ Ct,

=0
where
17 lfn = 0, 1,
Cn = (_1)%052, ifn > 2is even;
2
0, otherwise.

Moreover, for n > 2
n

Tn1 = g Tn—1,k—14+¢ Ct+1,
=0

with initial value 1, = 1.

Proof. By Equation (4.2), the inverse of the matrix R is given by

_— <1+2x—\/1+4x2 1+2x—\/1+4m2>

2x 2

Therefore, by Theorem 4.9, the A-sequence and Z-sequence of the Riordan array R have
generating functions given by

1422+ V1 + 4a?
N 2

14224 V1422

A(x) 7

and Z(x)

We recall that the generating function of the Catalan numbers is given by

n 1—v1—-4dx

n>0

Therefore, A(z) = 1+ z + 2?C(—2?) = Y, < cn™, where ¢, is as in the statement of
the theorem. Similarly, Z(z) = 1 + 2C(—2?). The recurrences from Theorem 4.8 now
give the desired result. O

The first few values of the sequence c,, for n > 0 are

, 0, -1, 0, 2, 0, —5 0, 14, 0, —42, 0, 132,
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So, the recurrence for r, j, starts as

Tn—1,k—=1 T Tn—1,k + Tn—1,k+1 — Tn—1,k+3 T 2Tn—1k4+5 — OTp—1 k47 + """ .

Next we analyze the central diagonal of the matrix R, that is, the sequence u,, =
T2n+1,n+1 for n > 0 (recall that the entry in row ¢ and column j of R is r;41 j41). The
first few values of u,, are

1, 2, 9, 44, 225, 1182, 6321, 34232, 187137, 1030490, 5707449,

which correspond to the sequence A176479 in [23].
Barry [4] proved that for any Riordan array (g(x), f(x)) = [dn 1], ., the generating
function of its central diagonal is given by -

o @)
nZZ:OerL,n-T = f(’l}(iL')) ( )7

.T2 <—=1>
v(x) = —= .
== (1)
Therefore, by Theorem 4.4,

ZU i 3—z+V1-—6x+a?

where

= 4/T =6z + 22

Other combinatorial interpretations of the sequence w,, are given in [23]. For example, it
counts the number of Dyck paths having exactly n peaks at height 1, n peaks at height 2,
and no other peaks. It is also equal to n 4 1 times the nth little Schroder number. The little
Schroder numbers have several combinatorial interpretations in terms of leaves in plane
trees, parenthesizations, and dissections of convex polygons [24].

4.3 A generating function for total weight
Let @(P) be the sum of the weights of the weakly symmetric peaks of a path P. Define the
generating function
Dy(e.y) = 3 alfy),
PED

Theorem 4.11. The generating function D (x,y) is given by

(1 —x)%xy
DLZJ ) = 3"
(z,9) 1-2(1+y)z + dyx? — ya3
Proof. We again use the refinement of the decomposition (2.1) illustrated in Figure 5: every
non-empty non-decreasing Dyck path can be written as either XY, XT'Y, or XAYT”,
where T” and T" are non-decreasing Dyck paths and A is a pyramid. It follows that

2
Yy ry
D&)(xvy) =Y+ $(Da)($,y) -

y T
DG) ) D&J ’ -
T (@,9) + = Da(2,y) T 1_@))

(@) (b)
Ty
+ 1—a2y

Dd}(xay)'
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The correction term (a) corresponds to the case where T’ consists of a pyramid followed by
anon-empty path, whereas the term (b) corresponds to the case where 7" is a pyramid. [

From Theorem 4.11 we obtain the following corollary, whose proof is similar to that of
Corollary 4.2. Let w,, be the sum of the weights of all weakly symmetric peaks of paths
in D,,.

Corollary 4.12. The sum of the weights of all weakly symmetric peaks in D,, satisfies the
following:

(1) The generating function for w,, is given by

=~ _ . (1—-2x)x
anx T (A -3z +a22)?
— T+

(ii) The sequence ., satisfies the recurrence relation
Wy, = 6Wy_1 — 11y _9 4+ 6Wy,_3 — Wp_g forn >5,
with initial values w1 = 1,y = 4, w3 = 13 and w4 = 40.
(iii)) Forn > 1, we have the convolution

4F2n + nL2n—1

Wn =Y Far 1 Fognop) = 5

£=0
The first few values of w,, for n > 1 are

1, 4, 13, 40, 120, 354, 1031, 2972, 8495, 24110, ...,

)

which correspond to the sequence A238846 in [23].
Let ¢y, 1 be the number of paths in D,, which have weakly symmetric weight k, that is,

D@(I’,ZJ) = Z QTL,k:Enyk'
n,k>1

Notice that >";'_, k ¢;, x = Wy,. Consider the matrix defined by Q = [@n.k],, j>1- The first
few rows of Q are -

1 0 0 0 0 0 0 0

0 2 0 0 0 0 0 0

1 0 4 0 0 0 0 0

2 3 0 8 0 0 0 0

_ |l 4 6 8 016 0 0 0
Q= lanihiz 8 13 16 20 0 32 0 0
16 28 37 40 48 0 64 0

32 60 84 98 96 112 0 128

Again, as in the matrix R, the elements of Q are shifted so that the entry in row 0 and
column 0 is g1,1. The proof of our last result is similar to that of Theorem 4.4.

Theorem 4.13. The matrix Q is a Riordan array given by

0— 1—2x+22 22— 422 + 23
N 1-2¢ 1—2z
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A Appendix. Notation tables

type of peaks

symmetric asymmetric | weakly symmetric all
number of such peaks in P o(P) a(P) a(P) 7(P)
total number over D,, Sn Sn Sn tn
vector of peak weights of P | w(P) = (w1(P),...)
sum of peak weights of P w(P) o(P)
total sum of weights over D,, Wy, Wy,
total sum of heights over D,, hy,

Table 1: Summary of notation for peak statistics.

[ Notation | Page || Notation [ Page || Notation | Page |
D,.D 220 || o(P),v(P) | 222 || rur 234
A B, Ci | 221 | S(2) 223 | gui 239

Table 2: Other notation, along with the page where it is first introduced.
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1 Introduction

Throughout this article, all graphs considered are simple and finite, and all groups consid-
ered are finite. We let V(G) and E(G) denote the vertex set and edge set of a graph G,
respectively. The Wiener index of G is the sum of all distances between pairs of vertices in
G, namely

Z Z d(u,v),

wEV(G) veV (G)

where d(u,v) is the length of a shortest path between u and v in G. This graph invariant
was original defined by Wiener [14], where he considered graphical representations of
molecules. In particular, each vertex in V' (G) represents an atom of a molecule and each
edge in E(QG) represents a bond between atoms. Wiener [14] used this graph invariant to
establish an equation that predicts the boiling points of paraffin molecules.

Other physico-chemical properties of organic molecules, including refractive index,
heat of isomerization, heat of vaporization, density, surface tension, viscosity, and chro-
matographic retention time, were later linked to the Wiener index [5]. Consequently, the
Wiener index of classes of compounds, including benzenoids [6], chains [13], and trees [2],
were calculated; Mohar and Pisanski [11] described numerous algorithms that compute the
Wiener index of a graph in general. An interested reader can see [10] and the references
within for more results on this graph invariant.

The symmetries of molecules are known to effect certain physico-chemical properties
of organic compounds [12]. In this article, we are interested in a modification of W (&) that
accounts for these symmetries of GG. Recall the set of adjacency-preserving permutations
of V(Q) is called the automorphism group of G and is denoted by Aut G. Graovac and
Pisanski [4] defined the distance number of G to be the average

oG) = |AutG\|V Z 2 d

uwEV(G) c€AUL G

We call this invariant the Graovac and Pisanski (GP) distance number. Graovac and Pisan-
ski [4] established some basic properties of §(G) and computed §(G) provided G is a path,
cube, cycle graph, complete bipartite graph, or lattice graph. Note that the results in this
article only hold for the GP distance number and not what is currently referred to in the
literature as the Graovac-Pisanski index, namely W (G) := LV(G)*8(G).

The GP distance number and the GP index were the subject of prior research by a num-
ber of authors. For example, Ashrafi and Shabani [1] computed the GP index of graphs that
resulted via standard graph operations on trees. The GP index of truncation graphs, Thorn
graphs, and caterpillars were calculated by Iranmanesh and Shabani [7]. Additionally, Knor
et al. [8] considered the maximum GP index among all graphs of a fixed order. Note that
these results on the GP index have direct implications for the GP distance number.

In this article, we consider a dual problem to that of computing the maximum GP dis-
tance number among all graphs of a fixed order; this approach better represents how the GP
distance numbers of classes of compounds can predict their physico-chemical properties.
Specifically, for a given group I, we establish the possible values of §(G) among all graphs
G with Aut G =2 T'. When Aut G = T, we call G a I'-graph. Our main result is stated
below.
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Theorem 1.1. Given a group T, define
Dr :={6(GQ) : GisaT-graph}.

The set Dr is dense in (inf (Dr), co). Moreover, for each rational number q € (inf(Dr), 00),
there exists a I'-graph G with §(G) = q.

Our results will establish the exact value of inf(Dr), as well as give two infinite families
of I'-graphs whose GP distance numbers equal this infimum.

We prove Theorem 1.1 by constructing a family of I'-graphs whose vertex orbits under
the I'-action are not necessarily connected. Consideration of I'-graphs whose vertex orbits
are all connected yields a more restricted result, Theorem 6.3, in which the interval of
potential GP distance numbers is finite and, moreover, not every rational number in the
interval can be obtained as a GP distance number of a graph in the constructed family.

This article is organized as follows. In Section 2, we describe an alternative formula
to compute 6(G) for a given graph G, and then use it to state bounds on this invariant in
terms of W (G). Next, for a given group I', we construct an infinite family of I'-graphs
in Section 3. The results of Section 4 establish their associated GP distance numbers, and
in Section 5, we present a proof of our main result, Theorem 1.1. Finally, we conclude in
Section 6 with a discussion leading to Theorem 6.3.

2 Preliminaries

The definition of §(G) for a graph G can be reformulated by considering the orbits of V' (G)
under the action of Aut GG. For ease of notation, define

d(v, V) := Z d(v,u),

ueV

where v € V' C V(G). Graovac and Pisanski connected this alternative expression for
J(G) to the Wiener index of the vertex orbits of G; we state their results below.

Theorem 2.1 (Graovac and Pisanski [4]). If Vi, Vi, ..., V,_1 are the orbits of V(G) de-
termined by Aut G and v; € V; for eachi € {0,1,...,p — 1}, then

R S SRR I A1)
"6 = e 2 1 = e & v e

For the remainder of this article, we will use Equation (2.1) to compute the GP distance
number of a given graph. As simple examples, we calculate the GP distance numbers of
both complete graphs and paths below.

Example 2.2. Let K, denote the complete graph with n vertices. If v € V(K,,), then

5(Kn) = %d(’l}, V(Kw)) = n; 1a

where the first equality holds because K, is vertex-transitive (i.e., p = 1) and the second
equality holds because v is adjacent to all vertices in V(K,) except itself.
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Example 2.3. Let P,, denote the path of order n > 2, and label this graph so that u;u; 41 €
E(P,)foreachi € {0,1,...,n—2}. Since P, is a Zo-graph, there are | 241 | vertex orbits
under the action of Aut(P, ) Set p = [ 2! | and label these orbits by Vo, Vi, ..., V1
so that u; € V; for each ¢ € {0,1,...,p — 1}. Under these assumptions, u; and u,—1—;

comprise the orbit V; and
d(ui, Vi) = d(ug, ug) + d(ws, up_1-) =0+ (n—1—-2)=n—1—2i
foralli € {0,1,...,p — 1}. Therefore,

-1 1 1 n if n is even
—1-2i) == —-H-2(=(p—-1 ={4
Z L D=1 {p(" ) (2(p )pﬂ {"2—1 if n is odd,

"izo d<ZV) an

where the first equality holds by Equation (2.1) and the last equality holds because p =
n+1
[
Paths and complete graphs represent important families of graphs in the context of

the Wiener index. In particular, Knor, Skrekovski, and Tepeh [9] observed that if G is a
connected graph of order n, then

(Z) — W(K,) < W(G) < W(P,) = (" . 1)- 2.2)

For a given graph G, this observation allows us to place simple bounds on §(G) in terms of
W(G).

Lemma 2.4. Let G be a graph. If the induced subgraph on each vertex orbit of G under
the action of Aut G is connected with order k, then

kE—1 k2 -1

—— <H(G) < .

ko~ (@) < 3k

Proof. Let Vy, Vi, ..., Vp—1 denote the vertex orbits of G under the action of Aut G. Be-
cause each orbit has size k and |V (G)| = kp, Equation (2.1) implies

p—1
5(G) = ,f—p S W),
1=0

Combining the equation above with Equation (2.2), we obtain

E—1 2 k 2 kE+1 K2 -1
MTE_ 2 <5 < 2. _r ="
kK p(z) (@) = 17, p( 3 > 3k
as desired. O

The lower bound stated in Lemma 2.4 is realized by G = K,, (see Example 2.2). As
demonstrated by Example 2.3, the upper bound in Lemma 2.4 is not realized by G = P,,.
Moreover, we conjecture this upper bound is not sharp under the stated assumptions.

For a given group I', Theorem 1.1 implies that there is no maximum value of §(G)
among all I'-graphs. In fact, the values of GP distance numbers of graphs in general are not
bounded; Lemma 2.4 foreshadows how these graphs must be built. To construct a family of
graphs with arbitrarily large GP distance numbers, the induced subgraphs on some of the
vertex orbits must be disconnected. We continue by constructing such graphs in the next
section.
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3 Graph construction

To investigate the set D, we will construct an infinite family of I'-graphs, parameterized
by non-negative integers a and ¢, from a given I'-graph G. Specifically, each graph ¢%(G)
in this family will be constructed by appending to G, in a special way, a anti-cliques of
order |V (G)| and ¢ cliques of order |V (G)| (see Definition 3.1 below). Every vertex in
©%(@G) will have two labels; the superscript of a vertex indicates its distance to G and the
subscript label represents the vertex in G it is closest to. The parameters a and c are used
in Section 5 to increase and decrease the value of § (@?(G)) , respectively.

Definition 3.1. Let I' be a group, and suppose G is a I'-graph with V(G) = {ud,ul, ...,
u2_,}. Given a, ¢ € N, construct a new graph from G, denoted ¢%(G), with n(1 + a + ¢)
vertices and

1
E(G)+an+c (n + in(n - 1))
edges as follows:

1. Foreachi € {0,1,...,n—1}, attach a path of length a to vertex u{ and sequentially

label the vertices on that path by w9, u}, u? uf

gy Uy Wy e on Uy

2. For each ¢ € {0,1,...,n — 1}, attach a path of length c to uY and sequentially
label the vertices w, w}, w?, ... w¢, where w? := u? thereupon provided ¢ # 0,

include the edges w; w’“ for allk € {1 ..,c}and dlstmctz,j €{0,1,...,n—1}.

Observe that G and ¢?(G) are equal when a = 0 = ¢. The graph g (C),) is depicted
in Figure 1, where C,, denotes the cycle graph of order n. We discuss the structure of the
vertex orbits of ¢%(G) under the action of Aut (¢%(G)) in the following remark.

Remark 3.2. Let I be a group. If G and ¢%(G) are both I'-graphs, then the vertex orbits of
©%(@G) under its I'-action depend on the vertex orbits of G under its I'-action. In particular,
let Vo, Vi, ..., Vp—1 denote the vertex orbits of G under its I'-action. By construction, we
obtain a + ¢ vertex orbits of ¢%(G) under its I'-action for each V;, so, in total, ¢%(G) has
(14 a + c)p vertex orbits under its I'-action.

We continue with an example in which we compute the value of 5(903(0,1)) for all
a,n € Nwithn > 3.

Example 3.3. Let us compute the GP distance number of the graph ¢§(C,,), which is
illustrated in Figure 1. Recall that C,, is vertex-transitive. If A7 is the orbit of u} under
the dihedral action of Aut(p3(C,)) & Day, forall j € {0,1,...,a}, then A%, A', ... A®
form a partition of V' (¢3(C,,)). We claim the value of d(u},, A7) depends on the parity of
n.

Consider the vertices u)), u! € A/, wherei € {1,2,...,n —1}and j € {0,1,...,a}.
A shortest path between these vertices is constructed by concatenating the ug, ud-path of
length j, a ud, u$-path of minimum length in C,,, and the u?, u -path of length j. Therefore,
if n = 2¢ + 1 is odd, then

19 ’L

n?—1

4 )

¢
d(ud, A7) = Zduo, 22 2j+k)=4j0+Ll+1)=2(n—-1)j +
k=1
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Figure 1: Depiction of the graph g (C,).

and, if n = 2/ is even, then

-1 2

n

d(u}, A) = § d(up,ul) = (25 +0) +2§ (2 +k) = 4j0— 23+€2—2(n—1)j+Z.
k=1

Since |V(¢8(Cn))| = n(1 + a), we have that

4n—1a+n*-1

e ; itn=20+1
S(e8(Cn)) =~ 3 d(u A7) = "
(S%( )) n(1+a)j20 (u, A7) 4(n —1)a+n? . 90
=i A — n = .
4n

The statements in Remark 3.2 are based on the assumption that G and ¢?(G) have
isomorphic automorphism groups. The following proposition proves that this is almost
always the case.

Proposition 3.4. Let " be a group. If G is a nontrivial connected I'-graph and either a # 0
or G is not a complete graph, then ©%(G) is also a I'-graph.

Proof. To prove that I" is isomorphic to a subgroup of Aut ((p?(G)), we note that each
element of Aut G induces a (subscript) label-preserving automorphism of ¢%(G). In
particular, if o € Aut@G, then o induces a permutation on {0,1,...,n — 1}, denoted
po» such that p, (i) is the subscript of o(u?) for all i € {0,1,...,n — 1}. Define the
map 7, : V(9%(G)) = V(p2Q)) by 7, (u]) = ujp (i) and 7o (W) = w’;d(i) for all
j €{0,1,...,a} and k € {0,1,...,c}. Since 7, preserves the adjacency relations in
©2(G) and T = {7, : ¢ € Aut G}, T is isomorphic to a subgroup of Aut (¢2(G)).
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It remains to prove that any element of Aut (gog(G)) is equal to 7, for some o €
Aut G. Clearly if a = 0 = ¢, then ¢%(G) = G and the proposition holds. Thus, in what
follows we assume that at least one of a or c is nonzero.

Suppose @ # 0, and consider the image of the degree-1 vertex u{ under ¢ €
Aut (p2(G)), where i € {0,1,...,n — 1}. Since the only vertices in ¢ (&) that have
degree 1 are of the form uz, it follows that ¢ (u?) = uy for some £ € {0,1,...,n — 1}.
In trn, ¢(uf™') = uf ' because ul~' and ua ! are the only neighbors of u¢ and

uf in p%(G), respectively. Proceeding by induction, assume that w( '/) = u;/ for all

j"€{4,j+1,...;a}. If j > 1, then ! has exactly two nelghbors namely u/ " and u? ",

while u?“ and ue ~!are the only neighbors of vertex W In this case, 1/)( I= 1) = u% 1 as

w(ugﬂ) JH by induction. Therefore 1/)( ) =uy forall j € {0,1,...,a}.

Now deﬁne WF = {wh,wk,...,wk_,} foreach k € {0,1,...,c}. Ifc # 0, then
each vertex in W€ has degree n, and thus ¢ (wy) is also a vertex of degree n in p%(G).
The only vertices in ©?(G) that have degree n are in W° U W¢. However, each element
in W€ is adjacent to at least n — 1 vertices of degree n, and because G is not a complete
graph or a # 0, each vertex in W° = V(@) is adjacent to at most n — 2 vertices of
degree n. Consequently, W is t)-invariant; assume that ¢(w$) = w¢, for some m €
{0,1,...,n — 1}. Both w{ and w¢, have exactly one neighbor that is not an element of
We; hence, ¢ (w§™") = w& ! and we claim that ¢ (wF) = wk, forall k € {0,1,...,c}.
Since this claim holds for k& € {c — 1, ¢}, we again proceed by induction. Assume that
1/)(wfl) = w¥ forall &’ € {k,k+1,...,¢c}. When k > 1, the only neighbors of w’ not
in W* are wkH and wk '; moreover, w’”l and w®~! are the only neighbors of w?¥, not
in W*. Since Y(w f“) = wk*! by induction, it follows that ¢ (w! ") = wk~! and the
claim holds. 4 4

Our work above proves that ¢ (u?) = u for allj € {0,1,...,a} and that ¢ (wF) =
wk forall k € {0,1,...,c}. Since u? = w? by definition of ©%(@), we have ¢ =
m. Consequently, there exists o € Aut(G) such that ¢ = m,, and p%(G) is also a I'-
graph. O

We are now ready to compute the GP distance number of ¢%(G) when the graphs G
and ¢?%(G) have isomorphic automorphism groups.

4 GP distance number of ©%(G)

If G and ¢?(G) have isomorphic automorphism groups, then the value of §(%(&)) nat-
urally depends on the value §(G); however, it also depends on the value of ¢ in a special
way. In particular, if ¢ # 0, then the distance between any two vertices of G is at most 3.
Recalling that Vp, Vi,..., V,_; are the vertex orbits of G under the action of Aut G, we

define
(e, G) = 0(G) ch: 0
03(G) ifc#0,
where
1 A
53(G> = |V(G)| ;dg,(u“‘/;) and d3 u“ z ueZV mln{d Uiy, U , }

With this notation in hand, we compute the value of §(2(G)) below.
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Proposition 4.1. Let I be a group, and assume that G and ¢%(G) are both T'-graphs. If G
has order n and p vertex orbits under the action of Aut G, then

s(pe(q)) = mp @ Fat ) +nla+ I G)

n(l+a+c)
Proof. Let Vy, V1,...,V,_1 denote the p vertex orbits of G under the action of AutG.
After a possible relabelling of V' (G), assume that u{ € V; foralli € {0,1,...,p— 1}. For
each V;, there are a + c associated vertex orbits of ¢?(G) under the action of Aut (gpc (@)
by Remark 3.2; label these orblts by A}, A2 ... A% and C},C2,...,C¢, where u! € Al
forj € {1,2,...,a} and wF € CF for k € {1 2,...,c}. Under these assumptions

a p—1 c p—1
5(p2(@)) = ZZd LAN+> Y dwr,.ch |, 4.1
|V<‘Pc j=0 i=0 k=1 i=0

where AY = V; fori € {0,1,...,p — 1}. We evaluate each of these sums in one of the
following cases.

First, observe that d(w¥, CF) = |CF| — 1 for all K € {1,2,...,c} as the induced
subgraph on C¥ is a clique. Since

c p—1
YoICH =cVil and Y |Vi| = [V(G)] =n,
k=1 1=0

it follows that

c p—1 p—1 ¢ p—1
DSOS dwl, ey =YY (CkH - 1) =) c(Vil - 1) = c(n - p). (4.2)
k=1 1:=0 1=0 k=1 =0

For the second case, if u) € A?, then a shortest path between vertices uf € AZ and
“e € AJ- is constructed by concatenating the following three paths:
1. the v/, u0-path in ©%(G) of length 5
2. au, ul-path of minimum length in G if ¢ = 0 or in ¥} (G) provided ¢ # 0; and
3. the u, uj-path in % (G) of length ;.
It follows that o ,
d(uj, A]) = 2j(|A]| = 1) + d'(c, g, A7),

d(u?, AY ifc=0
d(c,ul,AO) (uz70 ’L()) l c
ds(u;, A7) ifc#0.
Since |A?| = |Vi| forall j € {0,1,...,a}, we have

where

a p—1 p—1 a
DSOS d(ul, A =03 (25(1A] = 1) + d/(c,uf, A?) )
j=0 i=0 i=0 j=0 v
d(uf,A)
Pl 4.3)
= Z (22a(a +1D)(|Vi| = 1) + (a + 1)d (e, u?,A?))
=0

a(a+1)(n —p) +n(a+1)d(c,G).
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Since |V (¢2(G))| = n(1 + a + c), combining Equations (4.2) and (4.3) with Equa-
tion (4.1) yields

(n—p)(a®>+a+c)+n(a+1)d(c,Q)

6(@3(G)) - n(l+a+c)

)

as desired. O

Consider the value of § (cpZ(G )) given in Proposition 4.1 for a fixed graph GG. The pa-
rameters a and ¢ can be used to increase and decrease the value of § (90? (G)) , respectively;
that is,

. a _ . a _n—p
al;n;o §(p2(G)) =00 and  lim §(p%(G)) = )

c—00 n

provided c and a are fixed, respectively. There are several infinite families of order-n
graphs whose GP distance numbers are equal to “—£, where p is the number of vertex
orbits under the action of their respective automorphism groups. These families arise when
the induced subgraph on every vertex orbit is a clique; Example 2.2 demonstrates that
the complete graphs K,, comprise one such family. The following example establishes a
second such family of graphs that, in contrast, are not vertex-transitive under the action of
their respective automorphism groups.

Example 4.2. Let Z;, denote the cyclic group of order k, where k£ > 3. In this example, we

construct an infinite family of Zj-graphs, denoted by G,,; each graph G, has order n = 6k

and p = 6 edge orbits under the action of Aut(G,,). We will prove that §(G,,) = *2.
Define the order-7 gadget graph H with edge set

E(H) = {hoh1, hiha, hihy, haohs, haohs, hshe},

which is depicted in Figure 2(A). Let C} denote the cycle graph of order k, and label its
edges so that v;v;41 € E(Cy) foralli € {0,1,...,k — 2}. Replace each edge in C}, with
a copy of H, where the vertices v; and v, are identified with hg and hg, respectively; we
call the resulting graph H (k). The graph H (4) is illustrated in Figure 2(B). Observe that
H (k) is a Z-graph with order n = 6k, which has six size-k vertex orbits under the action
of Aut (H(k))

Finally, we construct the graph G, by including the 3(k — 1)k edges necessary to turn
each vertex orbit of H (k) into a clique. By design G, is also a Z-graph, where each of its
six edge orbits under the action of Aut(G),) is a clique of order k. Its GP distance number
" n—6 k-1

W) ===

as desired.

5 Proof of Theorem 1.1

In this section, we will prove our main result, Theorem 1.1. To do so, we make use of the
following proposition.

Proposition 5.1. Let I' be a group, and suppose G is a nontrivial connected I'-graph
with order n and p vertex orbits under the action of Aut G. For any rational number
q € (*=2,00), there exist a,c € N such that §(¢2(G)) = q.
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hoe
ha
hi¢——e —eo—9 o
ho@——e———e i y g ¢ y ¢
hs
hse
(a) The gadget graph H (b) The Z4-graph H(4)

Figure 2: Depictions of the graphs H and H (4), which were defined in Example 4.2.

Proof. Choose r, s € N such that ¢ = %, and define

h—2nmx{L[nr_n&h“DW}.

(n—p)s
Let
a:=(nr—(n—p)s)b—1, 3.1
and notice that @ > 0 because 2 < g = ~. Now define
c:= —(nr — (n—p)as — nsé3(G))b. (5.2)

Since G has order n, nd3(G) is an integer, and thus c is as well. In fact, ¢ € N because the
inequality
1 —nsd3(G
a=(nr—(n-p)s)b—1> b1 > 1y > M —ns%s(@)
2 (n—p)s

implies that

nr — (n — p)as — nsdsz(G)
is nonpositive. Consequently, our choices of a and c are valid when considering the graph
©%(@G), and since a # 0, %(G) is also a I'-graph by Proposition 3.4. Proposition 4.1 then
implies that the GP distance number of ¢%(G) is

(n—p)(@® +a+c)+n(a+1)d(c,G)
n(l+a+c) '

5(02(G)) =

A tedious algebraic computation shows that combining our choices of a and ¢ (stated in
Equations (5.1) and (5.2)) with the equation above yields §(¢2(G)) = £, as desired. [

The equation 5((,0?(6‘)) = ¢ that appears in Proposition 5.1 does not have a unique
solution. In fact, taking any integer value of b greater than the one specified in the proof
will also yield a choice of a and ¢ which satisfies the theorem. We now provide an example
showing that it is also possible to obtain smaller values of a and ¢ which work.
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Example 5. 2 Let G be K4 — e for any edge e of K4, in which case Aut G = Zy X Zo
and 6(G) = 2. Applying the proof of Proposition 5.1 with ¢ = 2, we obtain b = 2 and
thena = 11 and c = 218. However, we can in fact take b = 1 and stlll obtain a solution to
1) (@?(G)) = ¢, namely a = 5 and ¢ = 49. The solution with the smallest possible values
of both a and ¢, not obtainable through the construction in that proof, isa = 1 and ¢ = 3.

We conclude this section with a proof of our main result.
Proof of Theorem 1.1. Let the group I' be given, and recall that
Dr :={§(GQ) : GisaTl-graph}.

Frucht [3] proved that there exists a graph whose automorphism group is isomorphic to I';
among all such I'-graphs G with order ng and with pg vertex orbits under the action of
Aut G, choose G so that % is minimal. Under these assumptions, if G has order n
and p vertex orbits under the action of Aut GG, then

inf(Dp) = =2,

For each rational number ¢ € (inf(Dr), 00), there exists a I'-graph with GP distance num-
ber equal to ¢ by Proposition 5.1. Consequently, Dr is dense in (inf(Dr), c0), as the
rational numbers are dense in this interval. The result now follows. O

6 Graphs with connected vertex orbits

For a given group I, Theorem 1.1 proved that there was no maximum value of 4(G) among
all I'-graphs; such arbitrarily large values of §(G) were obtained from graphs with discon-
nected induced subgraphs on the vertex orbits of G under the action of AutG. If we
assume that the induced subgraph on every vertex orbit of G' under the action of Aut G
is connected, then we obtain a bounded interval of potential GP distance numbers. While
these stricter assumptions preserve density, we no longer can produce a graph with a given
GP distance number using a similar construction. We will conclude this article with a
result analogous to that of Theorem 1.1 which makes the aforementioned connectedness
assumption.

Let the group I' be given. If a I'-set V' has size n, let G, denote any choice of a
connected graph on the I'-set V' which has a I'-action compatible with the I"-action on V'
and has the maximum possible GP distance number among all such graphs. Note that G ,,
need not be a I'-graph. We use or(Gr ,,) to denote the GP distance number obtained by
considering the I'-action on G, rather than the action of Aut(Gr ,,).

Suppose now that G is a I'-graph with p orbits V, Vi, ..., V,_1 of sizes ng,ny, ...,
np—1, respectively. Each orbit itself has a I'-action, so we consider the graphs Gt ,,. - .,

Grn,_,;let CA?F denote G, U---UGr p,_,, where L denotes disjoint union. Define

i(G)i=—— —|—np ) an(ﬁ‘ (Grn:)

5(G) is the maximum possible GP distance number relative to I' for all graphs with a
I'-action and vertex set the I'-set V(G). Note, however, that Aut(Gr) may contain an
isomorphic copy of I' as a proper subgroup.
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Definition 6.1. Let I" be a group, and suppose G is a '-graph with vertices u, u§, ..., ul_;
and vertex orbits Vp, Vi, ..., V,_1. Without loss of generality, we assume that u? e V; for
eachi € {0,1,...,p — 1}. We define a new graph ¢%(G) iteratively with respect to the
natural numbers ¢ and a as follows. Given ¢%(G), define 2+ (@) to be the graph obtained
by carrying out the following steps:

1. introduce new vertices uf ™!, u§™t, ... u®T]; we refer to these vertices as being in
“level a + 17;

2. connect these new vertices with new edges u;?u?“ foreachi € {0,1,...,n —1};
and

3. for each orbit V;, add new edges to build a copy of the I'-graph G |y;| on the orbit
of vertices in level a + 1 corresponding to the I'-set V;.

Given ¢2(Q), let w? := uf foreach i € {0,1,...,n — 1}. Define ¢2, ; (G) by connecting
an n-clique on new vertices wf“ with new edges w?wf“ foreachi € {0,1,...,n —1}.

Note that, under the I'-action, we have enhanced G with c¢p orbits whose induced sub-
graphs are cliques and with ap orbits whose induced subgraphs are disjoint unions of con-

nected GP-distance-number-maximizing graphs.

Let G be a I'-graph for a given group I'. The following proposition shows that ¢%(G)
is also a I'-graph in most cases. We omit its proof, which is similar to the proof of Propo-
sition 3.4.

Proposition 6.2. Let I' be a group, and suppose G is a nontrivial connected I'-graph that
is not complete. If either ¢ # 0 or G 2 G, then ¢%(G) is also a I'-graph.

We now present our result analogous to Theorem 1.1 that makes an assumption on the
connectedness of graphs.

Theorem 6.3. Let I be a group. If G is a connected T'-graph of order n having p vertex
orbits, each of which induces a connected subgraph of G, then

{6(¢2(@)) | a,c € Nand $2(G) is a T-graph}
is dense in (”71’,5(G)).

Proof. Given any € > 0 and any ¢ € (">2,4(G)), it suffices to find a’, ¢’ € N such that
‘q -9 (gﬁ‘j,/ (G)) ‘ < e. We first determine an expression for 0 (¢%(G)), and then explain

how to choose ¢’ and ¢'.

Let Vo, Vi,. .., V,—1 be the I'-orbits in V(G). For each V;, there are a + ¢ associated
vertex orbits of ¢2(G) under the action of Aut(¢2(G)); for i € {0,1,...,p — 1}, label
these orbits by A}, A2,..., A% and C},C2,...,C¢, where u! € A? forj € {1,2,...,a}
andwf € CFfork € {1,2,...,c}. For X € {G, @p} let dx denote the distance function
in X, and let dx 3 denote the function given by min(dx (u, v), 3) for vertices u, v € V(X).
Write d; = d¢ for ¢ = 0 and d; = dg 3 forc > 1.

Foreachi € {0,1,...,p— 1} and any k, any two distinct vertices in C¥ are at distance
1 from each other. Choosing a representative in each orbit C¥, C% ..., C’I’f_l, we find that

the total distance over all the orbits in level & is

p—1

Y (CH -1 =n—p

=0
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Fori € {0,1,...,p — 1} and any j, a shortest path between any two vertices u%, ul,
in A? is either a shortest path in layer J, or is a path obtained by concatenating a shortest
uz, uY-path and a shortest u2, , u/, -path with a shortest u, u!, -path in G if ¢ = 0 and with
a shortest u, u? -path in $9(G) if ¢ > 0. Thus, the length of a shortest uZ, ul, -path is

min{d@ (uz, ) 2j + dy; (U/e, m)}

Writing diam(X) for the length of a longest path in graph X, if j > diam(Gr)/2 then we
have
min{dé (u([], m) 2j + dg; (ue, m)} =dga (ué, 21)

Note that, to prove the result, it suffices to presume that a > diam(Gp) /2. Choosing a rep-
resentative in each orbit, we can calculate the total distance for levels 0 to [diam(ép) / 21 ;
write D for this value. Also, for each j > (diam(ép) /2], the total distance in level j is
nﬁ(G). Thus, we have

(n—p)e+ D+ (a — [diam(Gr) /21) né(G)
(1+a+c)n '

In order to choose appropriate a and ¢, observe first that, for any positive a, c € N, we
have

5 (£2(G)) =

D+ (a — [diam(Gr) /21) n6(G) — (n—p)(a + 1)
(a+c)(l+a+c)n

D + and(G)
(a+c)?n -~
Let A(a,c) denote this upper bound, and note that A(a, c) has negative derivative with

respect to both a and to c.
We now choose a’ and ¢’. Since

lim §(4(G)) = 6(G) > ¢,

we can choose a’ € N so that ' > [diam(Gr)/2], A(d,0) < ¢, and §(28 (G)) > q.
Because
lim &(p¢ (G)):n p<q

c—00 n

we can then choose

¢ := min {c € N|5(<ﬁg/(G)) < q} .
Observe that ¢ > 0 because we have chosen o’ to ensure that & (@8/ (G)) > ¢. Since

§(¢% (@) < q < 3(¢%_1 (@),

we have

—8(85(G)) < A(d',¢') < A(d,0) < €

as desired. Furthermore, since ¢ > 0, Proposition 6.2 guarantees that ¢% (G) is a I'-
graph. O



256 Ars Math. Contemp. 21 (2021) #P2.05 / 243-257

Let I" be a group, and suppose G is a connected I'-graph of order n with p vertex orbits
under the action of Aut G. If the induced subgraph on each vertex orbit of G is connected,
then we claim that there exists infinitely many rational numbers in (%7 b) (G)) that are
not the GP distance numbers of graphs of the form ¢%(G). We demonstrate our claim with
the following example.

Example 6.4. Let G be the graph constructed from an 8-cycle on vertices ud, u, u3, . .., u2

and a 4-cycle on vertices ug, ud, ud,, uy;, by including edges

0,0 ,0,0 .0, 0 .00 ,0,0 0,0 0,0 0,0
UgUg, UjlUg, Uslg, Ugly, Uslig, Uslig, Ugliy, and uzugy.

The graph G, which is illustrated in Figure 3, is a Dg-graph with two vertex orbits under
the action of Aut G (here Dg denotes the dihedral group of order 8).

0 0

Ug ug
0 ,0
Uy Uy
ug ug
ul )
0 ,0
Us  Ug
0 0
Uig Uy

Figure 3: The Dg-graph G constructed in Example 6.4.

Observe that G Dy is equal to Cs U Cy. Moreover, §(G) = 22 = (@), and thus The-

orem 6.3 established that {5(@‘}((1)) la,ce N} is dense in the interval (%, %) Observe

that
20

= ifc=0

s ) 12

0(2e() =Y 19+ 20a + 10¢ o0
12(1+a+c) T

and suppose (5(@5(6’)) = £ for some ; € (5 5). Solving for ¢ in the case when ¢ > 0 we

> 673
obtain

(20s — 12r)a + 19s — 12r
c= .
12r — 10s

Notice that if s is odd, then the numerator of this expression for ¢ is odd whereas the
denominator is even, and thus this value of c is not an integer. It follows that s is even, so
no rational number in reduced form with an odd denominator is § (aﬁg(G)) for any values
of a and c. Finally, the reader may be entertained by the observation that both the set of GP
distance numbers and non-GP distance numbers in (3, 2) are dense.
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Abstract

In the paper Graphical complexity of products of permutation groups, M. Grech, A. Jez,
and A. Kisielewicz have proved that the direct product of automorphism groups of edge-
colored graphs is itself the automorphism groups of an edge-colored graph. In this paper,
we study the direct product of two permutation groups such that at least one of them fails
to be the automorphism group of an edge-colored graph. We find necessary and sufficient
conditions for the direct product to be the automorphism group of an edge-colored graph.
The same problem is settled for the edge-colored digraphs.

Keywords: Colored graph, automorphism group, permutation group, direct product.

Math. Subj. Class. (2020): 05E18

1 Introduction

For permutation groups (A, V'), (B, W), the direct product of A and B (with product ac-
tion) is a permutation group (A x B,V x W) with the action given by

(a,b)(x,y) = (a(z),b(y)).

The study of the direct product of automorphism groups of graphs was initiated by
G. Sabidussi [19] in 1960. The problem was taken up in 1971 by M. Watkins [20]. In
1972, L. Nowitz and M. Watkins [21], and independently W. Imrich [13], have described
the conditions under which the direct product of regular permutation groups that are auto-
morphism groups of graphs is itself the automorphism group of a graph. This result was
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a contribution to the description of all regular automorphism groups of graphs, which has
been completed in 1978 by C. Godsil [5] for graphs, and in 1980 by L. Babai [1] for di-
graphs. The above results in [13, 21] have been extended to arbitrary permutation groups
in [6], where the description of the conditions, under which the direct product of automor-
phism groups of graphs is itself an automorphism group of a graph, is given. In [8], the
same is done for digraphs.

All the above results are motivated more or less directly by trying to make a contribution
to the solution of the concrete version of Konig problem asking about a characterization
of those permutation groups that are the automorphism groups of graphs (see [14]). There
are a number of results (see e.g. [9, 10, 18] and [14]) showing that it is more natural and
effective to study the automorphism groups of (edge-)colored graphs (rather than simple
graphs), which is essentially the approach suggested by Wielandt [23].

In [14], A. Kisielewicz has introduced the notion of graphical complexity of permuta-
tion groups and suggested the study of constructions of permutation groups in this context.
By G(k), we denote the class of the automorphism groups of k-edge-colored graphs (those
using at most k colors), and by G'R, the union of all the classes G(k), which in Wielandt’s
terminology [23] is the class of 2*-closed groups. Similarly, by DG (k) we denote the class
of the automorphism groups of k-edge-colored digraphs, and by DGR the union of all the
classes DG (k) (which in Wielandt’s terminology is the class of 2-closed groups). Clearly,
GR C DGR, and G(k) C DG(k), for any k.

The main general problem is to determine which permutation groups are the automor-
phism groups of edge-colored graphs. Various aspects of this general problem are investi-
gated. For example, it leads to the concept of colored totally symmetric graphs, that was
described in [11, 12]. This coincides to a large extent with the research on homogeneous
factorization of graphs (c.f., [4, 15, 16]). One direction of research is to consider various
constructions of permutation groups and to ask the following question: is it true that if the
components of the construction belong to a particular class G(k), then the result belongs
to G(k), as well? And if not, how many colors one must add to make sure that the result of
the construction belong to G(k + r)?

For the direct product the problem has been solved in [9, Theorem 2.2].

Theorem 1.1 (Grech, Jez, Kisielewicz). If permutation groups A, B € GR, then A x B €
GR. Also,if A, B € DGR, then A x B € DGR.

Note that the second part of this theorem was also shown in [3, Theorem 5.1]

This result, with some exceptions, is also true for particular classes G(k) and DG(k)
(for details see [7]). In this paper we consider the converse of the theorem above. We
show that while for DGR the converse also holds (Theorem 3.1), for GR it is not generally
true. The main results is Theorem 3.2 characterizing the conditions under which the direct
product of two arbitrary permutation groups belongs to GR.

2 Preliminaries

We assume that the reader has basic knowledge in the areas of graphs and permutation
groups, so we omit an introduction to standard terminology. If necessary, additional details
can be found in [2, 24].

By a k-edge-colored graph G, we mean a pair G = (V, E), where V is the set of
vertices of G, and F the edge-color function from the set P»(V') of unordered pairs of
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vertices into the set of colors {0,...,k — 1} (E: P,(V) = {0,...,k —1}). Thus, Gis a
complete simple graph with colored edges. Similarly, by a k-edge-colored digraph G, we
mean a pair (V, E) where E is a color function from the set of ordered pairs of different
elements of V' to the set of colors {0,....k — 1} (E: (V x V) \ {(v,v);v € V}) —
{0,...;k—1}.

An automorphism of an edge-colored graph G is a permutation a of the set V' preserv-
ing the edge function: E({v,w}) = E({a(v),a(w)}), for all v,w € V. The group of
automorphisms of G will be denoted by Aut(G), and considered as a permutation group
(Aut(G), V) acting on the set of the vertices V. Edge-colored digraphs are defined simi-
larly.

All groups considered in this paper are groups of permutations. They are considered up
to permutation group isomorphism. Generally, a permutation group A acting on a set V' is
denoted (A, V') or just A, if the set V' is clear from the context or not important. By S,, we
denote the symmetric group on n elements, and by /,,, the one element group acting on n
elements (consisting of the identity only, denoted by id).

We shall consider the natural actions of a given permutation group A = (A, V) on the
sets of ordered and unordered pairs of V, V' x V and P5(V), respectively. Let a € A and
v,w € V. Then, the first action of a is given by the formula

a((v, w)) = (a(v), a(w)),

while the second action is given by

a({v, w}) = {a(v), a(w)}.

The orbits of A in the action on V' x V are called orbitals of A. Since in this paper we
concider graphs (digraphs) without loops, we exclude trivial orbitals consisting of pairs of
the form (v, v). For two orbitals O1, Oy we say that O; is paired with Oy if and only if
O3 = {(w,v) : (v,w) € O1}. We call an orbital O self-paired if it is paired with itself.
Moreover, we say that a permutation a transposes O1 and Os, if a(O1) = O.

In addition, the orbits of A in the action on P> (V') will be called here 2*-orbitals. Note
that we can think of a 2*-orbital either as a self paired orbital or as a pair of paired orbitals.

Since AxI; = I; x A = A (up to permutation isomorphism), in this paper, we consider
only the direct products A x B with both the permutation groups A, B different from ;.

Let A = (A, V) be a permutation group, and let OF, ... Oj be all the 2*-orbitals of A.
We define an edge-colored graph G*(A) (called 2*-orbital graph) as follows.

G*(A) = (V,E), where E : P,(V) — {0,...k —1}.
E({v,w}) =1 if and only if the edge {v, w} belongs to the 2*-orbital O .

Now, we define A* = Aut(G*(A)). Obviously, A C A*. It should be clear that A* is
the smallest permutation group on V' that contains A and belongs to GR. (Indeed, if G’
is a colored graph whose automorphism group contains A, then edges in each 2*-orbital
of A have to have the same color. Hence, each permutation in Aut(G*(A)) belongs to
Aut(G").) In particular, we have that A € GR if and only if A = A*.

Similarly we define the orbital digraph G(A) replacing 2*-orbitals by orbitals. In the
same way, denoting A = Aut(G(A)), we have that A is the smallest permutation group on
X that contains A and belongs to DG'R. Moreover, A € DGR if and only if A = A. In
addition, A C A C A*.

For direct products of permutation groups we have the following inclusions
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Lemma 2.1.
(i) Ax B C Aut(G*(A x B)) C A* x B*,
(i) Ax B C Aut(G(A x B)) C A x B,

Proof. The first inclusion holds for all permutation groups, as it was remarked above. We
prove the second inclusion.

Consider the edges of the form {(v;,w), (vy, w)}, which we may refer as edges be-
longing to the rows. Obviously, they form a union of 2*-orbitals, and therefore the edges
{(v1,w1), (v2, w2)} with wy # ws in Aut(G*(A x B)) have different colors than those
belonging to the rows. The same is true for columns, i.e. the edges of the form {(w, v1),
(w,vz)}. Thus, rows can be mapped only onto rows by automorphisms of G*(A x B),
and columns can be mapped only onto columns. This implies that Aut(G*(A x B)) C
Ay X By, for some A; and B;. Now let (a,b) € Aut(G*(A x B)). Then, the edges
(a,b)({(v1,w), (v2,w)}) and {(v1,w), (v2, w)} have the same color. Therefore, there is
(a1,b1) € A x B such that (a1,b1)({(v1,w), (v2,w)}) = {(v1,w), (v2,w)}. Hence,
(ay7ta,by'h) € Aut(G*(A x B)) preserves the row with the edge {(vi,w), (va, w)}.
Since every row in Aut(G*(A x B)) is a copy of G*(A) (up to recoloring), we have that
ay'a € A*, which implies that @ € A*. In a similar way, b € B*, which completes the
proof of the first part of the theorem. The second part is proved similarly. O

We observe that if C' = Aut(G*(A x B)), then C* may be a proper subgroup of
A* x B*. The smallest example is I x I, where Aut(G*(Iy x I3)) = I x Iy, while
.[2* X IQ* = SQ X SQ.

We observe also that if a € A*, then it not only preserves 2*-orbitals of A (by defini-
tion), but it also preserves orbits of A.

Lemma 2.2. Let A # I, be a permutation group. If a € A*, then a preserves the orbits of
A.

Proof. Let Qq, t € {1,...,m} be the orbits of A. The claim is obvious if A = I, for any
t > 2, so we may assume that there is an orbit ); that has at least two elements. Then, the
set P»(Q;) is nonempty. Moreover, it is clear that P»(Q);) is the union of 2*-orbitals of A.
Hence, the edges of G*(A) that belong to P»(Q);) have different colors than the remaining
edges. This implies that a preserves the orbit Q);.

Now, if there is another orbit @, t # i, then obviously, the edges {v,w} with v € Q;
and w € @ have different colors than the remaining edges. Consequently, every orbit is
preserved by a. O

3 Results

We proceed to the main problem of this paper to describe conditions under which A x B
belongs to GR or DG R. The case of directed graphs is pretty easy.

Theorem 3.1. Let A and B be permutation groups. Then, A x B € DGR if and only if
both A and B are in DGR.

Proof. In view of the Theorem 1.1 quoted in the introduction we need to prove merely the
“only if” part. It is enough to prove, without loss of generality, that if A ¢ DGR, then



M. Grech: Decompositions of the automorphism groups of edge-colored graphs into the ... 263

Ax B ¢ DGR. Let A= (A,V)and B = (B,W). We assume that A ¢ DGR. Then,
A # I, (since I € DGR). Moreover, we may choose a € A\ A. By definition, it
preserves all orbitals of A.

Let idp be the identity in the permutation group B. We show that the permutation
(a,idp) belongs to Aut(G(A x B)). To this end, we show that for every directed edge
e = ((v1,wn1), (v2,ws)), where v1,v2 € V, w1, wy € W, the image (a,idp)(e) has the
same color as e.

Assume first that v; # vo. Since a preserves orbitals of A, for every pair (v1,vs),
there is a permutation a; € A such that a(v;) = az(v1) and a(ve) = az(v2). We have
(a,idp)(e) = (az,idp)(e), and therefore the directed edges (a,idg)(e) and e belong to
the same orbital of A x B. So, by the definition of the edge-colored digraph G(A x B),
(a,idp)(e) and e have the same color in G(A x B).

If 1 = v, then since A # I5, we may use Lemma 2.2 and find a permutation a; € A
such that a; (v1) = a(vy). We have (a,idg)(e) = (a1,idp)(e), and therefore the directed
edges (a,idp)(e) and e belong to the same orbital of A x B. So, they have the same color.

Thus, in all the cases (a,idp) € Aut(G(A x B)), but (a,idp) does not belong to
A x B. Therefore, A x B ¢ DGR. O

This settles the problem for the case of edge-colored digraphs. The case of edge-colored
graphs is different and more complex.

Theorem 3.2. Let A and B be permutation groups. Then, A X B € GR, except for the
following cases:

(i) Ax B ¢ DGR, thatis, either A ¢ DGR or B ¢ DGR,

(ii) either every orbital of A € GR is self-paired and B ¢ GR U {I5} or every orbital of
B € GRis self-paired and A ¢ GRU {I>},

(iii) A,B € DGR\ (GRU{I2}), and there exista € A*\ Aand b € B*\ B, such that
a transposes every pair of paired orbitals in A, and b transposes every pair of paired
orbitals in B.

Proof. We consider a few cases. An obvious consequence of Theorem 3.1 is the following

Corollary 3.3. Let A ¢ DGR and B be an arbitrary permutation group. Then, A x B ¢
GR.

Accordingly to this corollary, we will assume further that both the components of A x B
belongs to DG R. The next three lemmas deal with the case when one of the groups belongs
to GR oris equal to 5.

Lemma 34. Let A € DGR\ (GRU{I5}) and B € GR. If every orbital of B is self-
paired, then A x B ¢ GR.

Proof. Denote A = (A,V)and B = (B,W). Leta € A*\ A, and idp be the identity in
the permutation group B. Let e = {(v1, w1), (ve, w2)}, where vi,v2 € V, wy,ws € W.
We show that the edges e and (a, idp)(e) have the same color. To this end it is enough to
prove that (a, idp)(e) belongs to the same 2*-orbital of A x B as e.
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If w; = wy, then the statement holds by the fact that a preserves all 2*-orbitals of A.
Assume v; = vy. Since A # I, by Lemma 2.2, a preserves all orbits of A (in its action on
V). Hence, there is a; € A such that a(vy) = a;(vy). We have,

(a,idp)({(v1,w1), (v1,wa)}) = {(a(v1),w1), (a(v1), w2)}
= (a1,idp)({(v1,w1), (v1,w2)}).

Thus, e and (a, idp)(e) belong to the same 2*-orbital of A x B.

Now let v1 # vo and wy # we. If the pair a((v1,v2)) belongs to the same orbital of
A as the pair (v1,v2), then there is a; € A such that a1 (v1) = a(v1) and a1 (v2) = a(va2).
Similarly as above, we have,

(a,idp)({(v1,w1), (va, wa)}) = {(a(v1),w1), (a(ve), w2)}
= (a1,idp)({(v1,w1), (v2, w2)}).

Assume, finally, that v # vo, w1 # wsy and the pairs a((v1,v2)), (v1,v2) belong to
different orbitals of A. Since a € A*, we know that a preserves all 2*-orbitals of A. This
implies that, the pairs a((v1,v2)) and (va,v1) belong to the same orbital of A. Hence,
there is a1 € A such that a; ((ve,v1)) = a((v1, v2)). Moreover, since all orbitals of B are
self-paired, there is b € B such that b((w1,w2)) = (w2, w7 ). Consequently,

(a,idp)(e) = {(a1(vz2), b(w2)), (a1(v1), b(w1))} = (a1, b)(e).

Thus (a,idp)(e) and e belongs to the same 2*-orbital of A x B, and consequently, (a, idp)
does not change the color of the edges.

It follows that (a,idp) € Aut(G*(Ax B)) = (Ax B)*. Since a € A*\ A, (a,idg) ¢
A x B, and therefore A x B # (A x B)*, which completes the proof. O

Lemma 3.5. Let A € DGR\(GRU{I>}) and let B € G R have at least one not-self-paired
orbital. Then, A x B € GR.

Proof. Let A= (A,V)and B = (B, W). We know, by Lemma 2.1(1), that Aut(G*(A x
B)) C A* x B. Therefore, every ¢ € Aut(G*(A x B)) has the form (a, b), where a € A*
and b € B. We show that, in fact, a always belongs to A. Assume, to the contrary, that
a € A*\ A. In this case, since A € DGR\ (GR U {I5}), there is an (ordered) pair
(v1,v2),v1,v2 € V such that a((vy,v2)) # a1((vi,v2)), for every a; € A. Since B
has an orbital which is not-self-paired, there are wy,ws € W such that b((wq,ws)) #
(we,w) for every b € B. Now, observe that the edges (a,b)({(v1,w1), (v2,w2)}) and
{(v1,w1), (v2, w2)} belong to different 2*-orbitals of A x B. Indeed, if the edges (a, b)({
(v1,w1), (ve,ws)}) and {(vy, w1 ), (ve, w2)} belong to the same 2*-orbital of A x B, then
either there are a; € A and b; € B such that a((v1,v2)) = a1((v1,v2)) and b((w1, we)) =
b1 ((wy,w2)) or there are a; € A and by € B such that a((v1,v2)) = aa((ve,v1)) and
b((wy,wsz)) = ba((wa,wr)). The first case is impossible by the assumption on a. In the
second case, we get by “b((w1,ws)) = (wa,w; ), which contradicts the assumption. This
implies that F((a, b)({(vi,w1), (va,w2)})) # E({(v1,w1), (ve, ws)}), which contradicts
the fact that (a, b) € Aut(G*(A x B)). Consequently, we have Aut(G*(Ax B)) C Ax B,
which completes the proof. O

We summarize Lemma 3.4 and Lemma 3.5.
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Corollary 3.6. Let A € DGR\ (GRU {I2}) and B € GR. Then, A x B € GR if and
only if there exists a non-self-paired orbital of B.

The following special case must be considered separately.

Lemma 3.7. Let B € GR. Then, B x I € GR.

Proof. By Lemma 2.1(1), Aut(G*(B x I3)) is equal either to B X I5 or to B x Sy. By our
general assumption B # I, hence, in G*(B X I), there is at least one edge of the form
{(v,0), (w,0)}, and being in different orbitals, it has a different color than {(v, 1), (w,1)}.
Thus, Aut(G*(B x I3)) = B x I5. Therefore, B x I € GR. O

This completes the description in all the cases where at least one of the components
belongs to GR.
The remaining case occurs where A, B € (DGR \ GR). We start with the following.

Lemma 3.8. Let A, B € (DGR \ GR). If for every b € B* there exists a pair of paired
orbitals O; # O of B such that b does not transpose O; and O,, then A x B € GR.

Proof. Let A= (A,V)and B = (B, W). Assume to the contrary that there exists (a, b) €
Aut(G*(A x B))\(A x B).

First, assume that a € A; then, b ¢ B. Since A € (DGR \ GR), there is an (ordered)
pair (v1,vs), where v1,v9 € V, which belongs to a non-self paired orbital of A. Since
B € DGR, there is an (ordered) pair (w1, wy) where wy,ws € W, for which there is no
by € B such that by ((w1,w2)) = b((wy,ws)). We prove that the edge {(v1,w1), (ve, we)}
belongs to a different 2*-orbital than the edge (a, b)({(v1,w1), (va, ws)}). Indeed, if the
edges (a,b)({(v1,w1), (v, w2)}) and {(v1,w1), (ve, ws)} belong to the same 2*-orbital,
then either there are a; € A and by € B such that a((v1,v2)) = a1((v1,v2)) and
b((wy,wz)) = by((wy,ws)) or there are ax € A and by € B such that a((vy,v2)) =
az((v2,v1)) and b((wy,w2)) = ba((wa,wr)). In the former, by assumption on b and
w1, wa, this is impossible. In the latter, since a € A it is also impossible. Hence, the edges
(a,b)({(v1,wy), (v2, wa)}) and {(v1, w1), (v2,w2)} have different colors in G*(A x B).
This contradicts the assumption that (a,b) € Aut(G*(A x B)).

Next, consider the case where a ¢ A. Since A € DGR, there is an ordered pair
(v1,v2), where vy, v € V, for which there is no permutation a; € A such that aq ((v1, v2))
= a((vy,v2)). Let O1,05 be orbital from the statement of the lemma. By assump-
tion, there are wy,wy € W such that {w;,ws} € O; and b((wy,ws)) € Op. Thus,
b((wy,wsz)) = bi((wy,ws)) for some by € B. A similar proof as above shows that the

edge

(a,b)({(v1,w1), (v2, w2)}) = (a,b1)({(v1, w1), (v2, w2)})
belongs to a different 2*-orbital than the edge {(v1,w1), (ve, wa)}. Again, this contradicts
the assumption that (a, b) € Aut(G*(A x B)). O

Now, we consider the case where one of the groups is equal to I5.

Lemma 3.9. Let A € (DGR \ GR). Then, A x I € GR.

Proof. Let A = (A, V) and Iy = (I3, {wy,wz}). Assume to the contrary that there is
(a,b) € Aut(G*(A x I)) \ (A x I). Since, for any vy, vq,vs3,v4 € V, the edges
{(v1,w1), (v2,w1)} and {(v3, ws), (vy, ws)} have different colors, b = id. In the same
way as in the second case of the proof of the Lemma 3.8, we get a contradiction. O



266 Ars Math. Contemp. 21 (2021) #P2.06 / 259-269

Now, we consider the last case.

Lemma 3.10. Let A, B € DGR\ (GRU I5). If there exists a € A* \ A which transposes
all the pairs of the paired orbitals of A and there exists b € B* \ B which transposes all the
pairs of the paired orbitals of B, then A x B ¢ GR. Moreover, A X B is transitive.

Proof. Let A = (A,V)and B = (B,W). Since A # Iy and B # I, by Lemma 2.2,
every permutation @ € A* \ A preserves the orbits of A (in its action on V') and every
permutation b € B* \ B preserves the orbits of B (in its action on ). Hence, we ob-
tain immediately, under the assumptions on A and B, that the permutation groups A and
B have to be transitive. Consequently, for every a € A*,b € B*, v,v;,v2 € V, and
w,wy,wy € W, the edge (a,b)({(v,w;), (v,w2)}) has the same color in G*(A x B) as
the edge {(v, w1), (v, w2)}, and moreover, the edge (a, b)({(v1, w), (v, w)}) has the same
color as the edge {(v1,w), (v, w)}.

We choose a and b as in the statement of the lemma, and fix the elements v # v, € V'
and w; # wy € W. Since a and b preserves no non-self-paired orbital, the ordered
pair a((v1,v2)) belongs to the orbital of the ordered pair (ve,v1) and the ordered pair
b((wy,ws)) belongs to the orbital of the ordered pair (w2, w1 ). Hence, there are a; € A and
by € B such that a((v1, v2)) = a1((v2,v1)) and b((w1,w2)) = b1 ((ws2,w1)). Therefore,
we have

E((a,b)({ (v, w1), (v2,w2)})) = E({(a(v1), b(w1)), (a(vz), b(w2))})
= E({(a1(v2), b1(w2)), (a1(v1), b1(w1))})
= E((a1,b1)({(v1,w1), (v2, w2)}))
= E({(v1,w1), (va, w2)}).
The vertices v1, v2, w1y, and wo are arbitrary. Hence, the permutation (a, b) preserves all
colors. Consequently, (a,b) € Aut(G*(A x B) \ (A x B)). O
This exhausts all cases and ends the proof of the theorem. O

4 Corollaries and problems

First, it is worth noting that for some subclasses the result may be stated in a nice simple
form. Since all intransitive permutation groups have a non-self-paired orbital, we have the
following.

Corollary 4.1. Let A € DGR, and B € GGR be intransitive. Then, A x B € GR.

Also, it is easy to observe that the only regular groups with all self-paired orbitals are
S%,n > 1. This implies that:

Corollary 4.2. Let A € DGR, and B € GR be regular. Then, A x B € GR if and only
if B # 5%, for every n.

Next, we give an alternative proof of the known fact, that was first observed in [22,
Example 3.15]

Corollary 4.3. Every regular permutation group belongs to DGR.



M. Grech: Decompositions of the automorphism groups of edge-colored graphs into the ... 267

Proof. Let U be an nonsolvable regular group. Then, for every regular group A, the group
A x U is nonsolvable. By [5], we have A x U € G(2) € DGR. By Theorem 3.1,
A € DGR. O

The next fact, it seems, was not recognized so far.

Corollary 4.4. Except for the abelian groups of exponent greater than two and generalized
dicyclic groups, all the finite regular permutation groups belong to the class GR.

Proof. Let A be an abelian group of exponent greater than two or a generalized dicyclic
group. It is proved in [5], that in such a case A ¢ G(2). The proof shows, in fact, that
A ¢ GR. Assume that A is not as those groups mentioned above. Then, it is well known
(see [5]) that A x S3 € G(2). Since S5 € GR and it has all orbitals self-paired, then by
Theorem 3.2 (ii), A € GR. O

Theorem 3.2 suggests a few open problems.
Problem 4.5. Describe the permutation groups that have all orbitals self-paired.

This does not seem to be an easy problem. Examples of groups whose all orbitals are
self-paired are .S,, and their transitive products (direct product, wreath product, etc.). In
particular, all groups of the form S% (the direct power) belong to this class. Yet, there are
other examples, like the automorphism groups of totally symmetric graphs described in
[11]. Note that if a permutation group A having all orbitals self-paired is an automorphism
group of a colored digraph D, A = Aut(D), then D is, in fact, an undirected colored
graph, and so A € GR.

It would be also desirable to have a description of permutation groups with the property
given in Theorem 3.2(iii).

Problem 4.6. Describe all transitive permutation groups A having a permutation o € A* \
A transposing all pairs of paired orbitals.

We note that all regular abelian group of exponent greater than two and regular general-
ized dicyclic groups have this property. However, there are also many other examples. For
instance, the group A = ((0,1,2,3,4,5,6),(1,2,4)(3,6,5)) is one of them. This group is
a subgroup of Frobenius group F% generated by translations and multiplication by 2 (which
is a permutation of order 3). This suggest the following.

Problem 4.7. Let A be a subgroup of the permutation group AGL,,(p) generated by trans-
lations and w?*, where w is a generator of the the multiplicative group FJ., and k divides
n. Moreover, let —1 be not quadratic in Fj». Is it true that for each such group there is an
element a € A* \ A transposing all pairs of paired orbitals?
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Abstract

For a set X of binary words of length / the daisy cube @, (X) is defined as the subgraph
of the hypercube ()}, induced by the set of all vertices on shortest paths that connect vertices
of X with the vertex 0”. A vertex in the intersection of all of these paths is a minimal vertex
of a daisy cube. A graph GG isomorphic to a daisy cube admits several isometric embeddings
into a hypercube. We show that an isometric embedding is proper if and only if the label
0" is assigned to a minimal vertex of G. This result allows us to devise an algorithm which
finds a proper embedding of a graph isomorphic to a daisy cube into a hypercube in linear
time.

Keywords: Daisy cube, partial cube, isometric embedding, proper embedding.

Math. Subj. Class. (2020): 05C12, 05C85

1 Introduction

Hypercube is one of the most important interconnection scheme for multicomputers. An
obstacle to a direct application of a hypercube is the fact that the number of different hy-
percubes is very small with respect to the wanted (maximum) number of nodes, that is to
say, the number of vertices of a hypercube is always equal to a power of two. For that
reason, several other interconnection topologies for multicomputers based on hypercubes
have been proposed. These graphs have been devised to preserve a hypercube’s most essen-
tial properties while allowing more variety of resulting specific graphs. The corresponding
families of graphs are mostly various subgraphs of a hypercube, of which its isometric sub-
graphs, i.e. its induced subgraphs that preserve distances, are of particular importance. A
crucial problem in this scope is to find an embedding of a graph of this type to a hypercube
(see for example [1, 4, 16]).
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Quite recently, a new concept which led to the class of graphs called daisy cubes has
been proposed in [9]. It has been shown that daisy cubes are isometric subgraphs of a
hypercube, moreover, they include several other important classes of graphs, some well-
known examples are Fibonacci and Lucas cubes (see, for example [2, 5, 8, 11]) as well
as some other families of generalized Fibonacci cubes and generalized Lucas cubes [3, 6,
7, 15]. Daisy cubes play an essential role in showing that specific generalized Fibonacci
cubes’ cube-complements are isometric subgraphs of a hypercube [13]. It is also proven
that a class of graphs, which is of significant importance in chemical graph theory, also
belongs to daisy cubes [14].

In [12], daisy cubes are characterized in terms of an expansion procedure. For a given
graph GG isomorphic to a daisy cube, but without the corresponding embedding into a hy-
percube, an algorithm which finds a proper embedding of G into a hypercube in O(mn)
time is also presented.

Several challenging open problems concerning daisy cubes have been proposed [9, 12].
In this paper, we focus our study to the following one.

Problem 1.1. Is there a faster way of finding the vertex 0 of a daisy cube @ (X) than the
one provided in [12]?

It is also noted that a positive answer to Problem 1 would give a linear time algorithm
for finding a proper embedding of a graph isomorphic to a daisy cube.

The paper is organized as follows. In the next section some basic definitions, concepts
and results needed in the sequel are given. In Section 3, a notion of a minimal vertex of a
daisy cube is introduced. Some necessary and sufficient conditions that a minimal vertex
has to fulfill are also given. In Section 4, it is shown that an isometric embedding of a graph
isomorphic to a daisy cube, but without the corresponding embedding into a hypercube, can
be constructed in linear time even if a minimal vertex of a daisy cube is unknown. The last
section shows that an isometric embedding devised in the Section 4 can be applied in order
to find a proper embedding within the same time bound.

2 Preliminaries

Let B = {0,1}. If bis a word of length h over B, thatis, b = (by,...,b,) € B", then we
will briefly write b as by ... by,. If 2,y € B", then the Hamming distance H (x,y) between
x and y is the number of positions in which z and y differ.

We will use [n] for the set {1,2,...,n}.

The hypercube of order h or simply h-cube, denoted by @}, is the graph G = (V, E)
where the vertex set V(G) is the set of all binary strings b = b1by...bp, b; € {0,1} for
all i € [h], and two vertices z,y € V(G) are adjacent in @, if and only if the Hamming
distance between x and y is equal to one.

For a binary string b = byby...b,, letb; = 1 — b; for i € [h]. The weight of u € B"
is w(u) = Z?Zl u;, in other words, w(w) is the number of 1s in the word u. For the
concatenation of bits the power notation will be used, for instance 0" =0...0 € B".

If G is a connected graph, then the distance dg (u, v) (or simply d(u, v)) between ver-
tices w and v is the length of a shortest u, v-path (that is, a shortest path between u and v)
in G. The set of vertices lying on all shortest u, v-paths is called the interval between u
and v and denoted by I (u,v) [10]. We will also write I(u, v) when G will be clear from
the context.



A. Vesel: Efficient proper embedding of a daisy cube 273

If G is a graph and X C V(G), then G[X| denotes the subgraph of G induced by X.

If u is a vertex of a graph G, let N (u) denote the set of neighbors of u. Moreover, let
Nlu] = N(u) U {u}.

Let G = (V, E) be a graph. A mapping « : V(G) — V(Qy,) is an isometric embedding
of G into Qy, if dg, (a(u), a(v)) = dg(u,v) forevery u,v € V(G). If u € V(G), we will
denote the i-th coordinate of () as ;) (u).

Let G be a connected graph. The isometric dimension of G is the smallest integer h
such that G admits an isometric embedding into @);,. Isometric subgraphs of hypercubes
are called partial cubes.

Let < be the partial order on V' (Q},) defined with u; ... up < vy ... v, ifu; < v; holds
forall ¢ € [h]. For X C V(Q},) the graph induced by the set {v € V(Q},) | v < x for some
x € X} isadaisy cube of Q) generated by X and denoted by Q,(X).

Let also V, A and @ denote the bitwise OR, bitwise AND and bitwise exclusive OR
operator, respectively.

By a slight abuse of definition, we will say that a graph G is a daisy cube if it is
isomorphic to a daisy cube generated by some X C V(Qy). If G is a daisy cube Q,(X),
then G’ may admit more than one isometric embedding of G into the h-cube. Let X C B"
be the set of labels of the vertices of G assigned by an isometric embedding «, i.e. Xg =
a(V(G)). We say that « is a proper embedding of G if G is isomorphic to Q,(Xq).

Let G be a graph isomorphic to a daisy cube of GG}, and let o denote a proper embedding.
Note that every permutation of indices of « yields basically the “same” embedding. We
say that proper embeddings « and [ are equivalent if S can be obtained from « by a
permutation of its indices.

For a daisy cube Qp, (X)), let X denote the antichain consisting of the maximal elements
of the poset (X, <). It was shown in [9] that Qj,(X) = Q5 (X). Hence, for a given set
X C B, it is enough to consider the antichain X. The vertices of Qr(X) from X are
called the maximal vertices of Q;,(X). More generally, if G is a daisy cube of @}, with a
proper embedding « such that a(v) = 0", then X C V(G) is the set of maximal vertices
of G with respect to v if G = Qp(a(X)) and (X)?) = «(X). Moreover, v is the minimal
vertex of G with respect to . We also say that v is a minimal vertex of G if there exists a
proper embedding a such that o (v) = 0".

The following result shows that a daisy cube is a subgraph of (), induced by the union
of intervals between 0" and the vertices from X [9].

Lemma 2.1. Let X C B". Then Qi(X) = Qu[U, 5 1(0", z)].

3 Minimal vertices of a daisy cube

If u € V(Qn(X)). then I(0™,w) induces a w(u)-cube in Qp,(X). Note that if z € X, then
the cube induced by (0™, x) is maximal in Q(X), i.e., it is not contained in any other
cube that belongs to Q,(X).

If z € B", let S denote the set of indices of v with z; = 1, i.e., S* = {i|z; =
1 and i € [h]}.

Letv € B" and let 3 : B" — B" be the function defined as

Ui, Ui:O

vﬁ(z)(u) = { Ui, v; = 1
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Lemma 3.1. Let G be a graph isomorphic to a daisy cube of Qy with a proper em-
bedding o such that a(v°) = 0" and X C V(Q) is its corresponding maximal set. If
ven, g0, z), then

(i) B restricted to a(V (G)) is a bijection that maps to a(V(G)),

(ii) “B o avis a proper embedding of G with the minimal vertex v and the maximal vertex
setY ={y|"Bla(y)) = a(z) and z € X}.

Proof. (i) We have to show that if v € N _ ¢ 1(v°, ), then for every u € a(V (G))) there
is exactly one “8(u) € a(V(G)). Note that o~ (u) € I(v°,z) and v € I(v°, z) for some
x € X. Thus, S* C S**) and §() C §=) Tt follows that S"3(®) C S(®) Since « is
proper, a(V(G)) = U, _ ¢ I(0", a(x)) by Lemma 2.1 and we obtain “3(u) € V (a(G)).

In order to see that “3 is injective, note that “G("8(u)) = u for every u € a(V(QG))
Suppose to the contrary that there exist u, z € a(V(G)), u # z, such that *8(u) =" ()
It follows that *3(“8(u)) ="B(*5(z)) and thus u = z, which yields a contradiction.

(i) By (i), “8 maps from a(V (G)) to a(V(G)). Let 2 € X and recall that "8(*8(a(x))) =
a(x). Thus, if y € V(G) such that a(y) = “B(a(x)), we have “S(a(y)) = a(x). More-
over, Y B(v) = 0". It follows that Y = {y | “B(a(y)) = a(z) and z € )?} is the maximal
vertex set of G with respect to ¥5 o a, while v is the corresponding minimal vertex. O

00000 '
Figure 1: Two proper embeddings of a daisy cube.

Figure 1 shows two proper embeddings of a daisy cube . The embedding on the left
hand side, say «, admits the set of maximal vertices X = {z,y, z} with labels a(z) =
10011, a(y) = 01011 and a(z) = 00111. Let v° € V(G) such that v° = o~1(00000).
Then I(v°,2) N I(v°,y) N I(v°, 2) = {v°, !, v% v3}, where a(v®) = 00011. The em-
bedding on the right hand side of Figure 1 is ”3ﬂ o o with the set of maximal vertices
Y = {a',y/,2'}, where the corresponding labels are «(z’) = 10000, a(y’) = 01000
and a(z’) = 00100. Note also that *’B(a(a’)) = 10011, *’B(a(y’)) = 01011 and
v3(a(2')) = 00111.

Let u € V(G) where G = Qp,(X) and let X* be the maximal subset of X with the
property u € Ngexw« (0", x). Let G* be the graph induced by the set U,c x« I(0", z), i.e.
G" = G|Uzex«I(0", )]. Note that by Lemma 3.1 and Lemma 2.1, G is a daisy cube of
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@1, and w is its minimal vertex. Observe for example the graph 4(0111,1011,1101,1110)
on the right hand side of Figure 2: if « = 1100, then X* = {1110, 1101}.

As noted in [12], an efficient way of finding a minimal vertex of a daisy cube G would
give a linear time algorithm for finding a proper embedding of G. It was also shown that
if G is a daisy cube of @)y, then a minimal vertex of G is of degree h. It is not difficult to
see that a vertex of degree h need not to be a minimal vertex of G. Note for example that
Q,, (that is a vertex deleted J) admits 2" — h — 1 vertices of degree h and exactly one
minimal vertex (see also Figure 2, where () is depicted).

Proposition 3.2. Let u € V(G), where G = Qp(X) and d(u) = h . Moreover, let X* be
the maximal subset of X such that u € Ngyex«I(0", x). Then for every proper embedding
«, the minimal vertex of G with respect to o belongs to Nyex1(0", x).

Proof. Let v be the minimal vertex of G with respect to some proper embedding. Note that
for every € X and every u € 1(0", z) we have d(v,u) < |S*|. Suppose to the contrary
that v & NyexwI(0", ). It follows that there exists * € X* such that v & I(0", ). Since
u € I(Oh, x), it follows that S* C S®. Moreover, since v ¢ I(Oh, x), there exists an index
j & S% such that v; = 1. It follows that the string u defined by

W — vi, 1 € 5%
* 1 0, otherwise

is a vertex of (0", ) with d(v,u) > |S*| and we obtain a contradiction. O

Theorem 3.3. If G = Qn(X) and & = A, then for every proper embedding a, v is

the minimal vertex of G with respect to o if and only if v € OIGQI(O’L, x) = I(0", ).

Proof. By Lemma 3.1 and Proposition 3.2, v is a minimal vertex of G, if and only if
v € N,cx (0", z). Note that v € N _¢I(0", z) if and only if S C NyexS®. Since
S% = Naex S”, forevery v € V(G) we have v € N _ (0", z) if and only if v < &. It
follows that N,¢ x (0", x) = I(0", %) and the assertion follows. O

4 Isometric embedding

If v is a vertex of a partial cube G, then N (u) (or simply NV (u) ) is the set of neighbors
of w which are closer to v than u, more formally N (u) := {z|z € N(u) and d(v, z) =
d(v,u) — 1},

If G is a graph isomorphic to a hypercube (but without an embedding), then its isometric
embedding is easy to obtain as shown in the next result.

Proposition 4.1. Let G be a graph isomorphic to a h-cube, v an arbitrary vertex of G and
a: V(G) = V(Qn) afunction such that a(v) = 0%, the vertices of N (v) obtain pairwise
different labels of the form 0°=110"~% i € [h], while for the other vertices u € V(G)
ordered by an increasing distance from v, we set a(u) = V.env(y(2). Then o is an
isometric embedding of G into Qj,. Moreover, when a labeling of vertices in N[v] is chosen,
o is unique.

Proof. Since a hypercube is vertex-transitive, we may choose an arbitrary vertex v of G
and set a(v) = 0". Moreover, for every u € V(G) with d(v,u) = s, s > 1, we must have
NY(u) = {z | a@)(2) = ag)(u) = 1 for exactly one i € [h] and a(;)(2) = a;)(u) for
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every j € [h]\ {i}}. Thus, a(u) = V.env)(z). It follows that for chosen labeling of
vertices in N[v], « is unique. O

Lemma 4.2. Let G be partial cube of isometric dimension h, u a vertex of degree h in
G and let for every v € V(G) \ N[u] it holds that |[N"(v)| > 2. Define the function
a: V(G) — V(Qp) such that o(u) = 0", the vertices of N (u) obtain pairwise different
labels of the form 0'=110"~%, i € [h], while for the other vertices v € V (G) ordered by an
increasing distance from u, we set a(v) = V¢ nu () (2). Moreover,

(1) « is an isometric embedding of G into Qp,
(ii) when a fixed embedding of vertices in N [v] is chosen, « is unique.

Proof. Since G is a partial cube of dimension h, we may assume that GG is an isometric
subgraph of an (unlabeled) h-cube H. Let 8 be an embedding of H with respect to v as
defined in Proposition 4.1 and let « be an embedding of G such that for every z € N[u] we
set a(z) = B(z). Since [N4(v)| > 2 and N&(v) € N (v) forevery v € V(G) \ N[u, it
follows that «(v) = ((v) for every vertex v € V(G). By Proposition 4.1, § is an isometric
embedding of H into @)p,. Thus, « is an isometric embedding of H into Q. Moreover, by
Proposition 4.1, « is unique for a fixed embedding of vertices in N [v]. O

Corollary 4.3. Let G be a graph isomorphic to a daisy cube of order h. If v is a minimal
vertex of G and o an isometric embedding with a(v) = 0", then o is proper:

Proof. Since v is a minimal vertex of G, there exist a proper embedding, say g, such that
B(v) = 0". We may also assume w.l.o.g. that for every u € N(v) we have 8(u) = a(u).
From Lemma 4.2 then it follows that 5(u) = «(u) for every v € V(G). O

Remark 4.4. If GG is isomorphic to a daisy cube and « a proper embedding of G, then
different selections of labels for vertices of N (u) yield different but equivalent proper em-
beddings.

If G is a partial cube and « its isometric embedding to Q,, let W;(G) denote the set of
vertices of G with weight 7, i.e. W;(G) = {v|w(a(v)) = i}.

We will also need the following result.
Proposition 4.5. If G is a partial cube, « its isometric embedding to Qp, and v € V(G)
such that w(a(v)) =14, then |[N(v) " W,_1(G)| < i.

Proof. Since « is isometric embedding of G to @, for every v € V(G) with w(a(v)) = 4,
we have Ng(v) € Ng, (v). Moreover, |N(v) N W;_1(Qp)| = ¢ and therefore |N(v) N
Wi_1(G)| < i. O

Proposition 4.6. Let G = Qu(X), z,y € X and x # y. Ifu € I(0", z) and v € I(0™, y)
such that u,v ¢ I(0",z) N 1(0",y) then uwv & E(G).

Proof. Suppose to the contrary that there exist u € I(0",x) and v € I(0",y) such that
w,v € I(0",2) N I(0",y) and d(u,v) = 1. Since X is maximal, there exist at least two
indices i, € [h], such that x; # y; and z; # y; (otherwise we have either x < y or
y < z). Suppose w.lL.o.g. x; =1, y; = 1 and uy, = vy, forevery k € [h]\ {¢,5}. Ifu; =0
(resp. v; = 0), then u € I(0",y) (resp. v € I(0", x)). It follows that u; = v; = 1. But
then v = v and we obtain a contradiction. O
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Proposition 4.7. Let G = Qn(X), X" be the maximal subset of X such that u €
Neex« 10", ) and G* = GUpex«1(0", 2)]. If u € V(G) and d(u) = h, then N(u) C
V(G™).

Proof. Suppose to the contrary that there exists v € N (u) such that v € Ugex«I(0", 2).
It follows that there exists y € X — X such that v € I(0",y). Since u € I(0",x) for
some z € X and x # y, Proposition 4.6 yields a contradiction. O

Proposition 4.8. Let G = Q1,(X), u € V(G) and X* be the maximal subset of X such
that u € Npex«I(0", 2). If d(u) = h, then | Upexu S%| = h.

Proof. Suppose | Ugzexu ST| < h. It follows that there exist j € [h] such that for all
v € Ugex«I(0" x) we have v; = 0. Since d(u) = h , there exists z € N(u) such that
zj = 1. It follows that 2 & Uzex«I(0", x). Thus, there exists y € X — X such that
v € I(0",y). Proposition 4.7 yields a contradiction. O

Lemma 4.9. Let G = Qp(X) and u € V(G) such that d(u) = h. Then |[N*(v)| > 2 for
everyv € V(G) \ Nlu).

Proof. Let X* be the maximal subset of X with the property u € Ngex«l(0", 2) and
G = G|Ugex«I(0", z)]. By Lemma 3.1 and Lemma 2.1, G is a daisy cube and u its
minimal vertex. It follows that the lemma holds for every v € V(G"). Suppose then that
v & Uzexw (0", ). Thus, there exists y € X — X", such that v € I(0",y). Note that
S - |f]acEXuSm~

Let S“t = {i|u; =1 and v; =0} and S*~ = {i|v; = 1 and u; = 0}.

We first show that |[S“~| # 1. Suppose to the contrary that there exists exactly one
index i € [h] \ S“T, such that v; = 1 and u; = 0. Since d(u) = h, by Proposition 4.8,
there exists x € X* such that z; = 1. Note also that S* C S* and since x; = 1, we have
SY C S7. It follows that v < x and we obtain a contradiction.

If |S“*| = 0, then vertices of I(u, v) induce a |S“~|-cube in G. Thus, v admits | S~ |
neighbors at distance d(u,v) —1 from u. Clearly, |S“*| = 0 implies [S“~| > 0. Moreover,
since we show above that |S*~| # 1, we have |S*~| > 2 and the case is settled.

If |S“T| > 0, we may find i,j € S“~ such that i # j. Let z and 2’ be vertices
obtained from v by setting the ¢-th and j-th coordinate to zero, respectively. Obviously,

z, 2 € N*(v).
Since we show that we obtain [N (v)| > 2 for every value of [S“|, the lemma holds
for every v € V(G) \ NJu]. This assertion concludes the proof. O

Lemma 4.9 is the basis for the next algorithm which finds an isometric embedding for
an unlabeled graph isomorphic to a daisy cube of dimension h.

Procedure Embedding(G, h, 3, w);
1. u is a vertex of degree h in G;
2. B(u) := 0"
3.i:=1;

4. Q := 0; {Q is an empty queue}

5.for all v € V(G) do p(v) := 0;

6. for all v € N(u) do begin
B(v) := 0°~110h 4,
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0000 u

Figure 2: An isometric (left) and proper (right) embedding of a daisy cube isomorphic to

Qy-

1:=1+1;

pv) = u;

Insert v in the end of Q;

end;
7. while Q # () do begin
7.1 Remove the first vertex v from Q;
7.2.forall z € N(v) do
if p(z) = 0 then begin

p(z) == v;
Append z to the end of );
end

else 3(z) := B(v) V B(p(2));

end.

Theorem 4.10. If G is a daisy cube, then an isometric embedding of G can be found in
linear time.

Proof. Note first that Lemma 4.2 defines the procedure to construct an isometric embed-
ding of G into Q). Let o and 3 be isometric embeddings as defined in Lemma 4.2 and
algorithm Embedding, respectively. Suppose that  is the vertex being labeled 0" both by
the algorithm and by the construction of Lemma 4.2. Clearly, for every v in N [u] we could
have a(v) = S(v). Note also that in the essence the algorithm performs a BFS search
in G (see for example [4, Section 17.3]). Thus, for every z € N(v) of Step 7.2 we have
d(u, z) = d(u,p(2)) + 1 = d(u,v) + 1. It follows that v, p(z) € N“(z). By Lemma 4.9,
since d(u) = h, forevery v € V(G)\ N[u] we have |[Ng(v)| > 2. Therefore, a(z) = 8(2)
forevery z € V(G) \ Nlu].

For the time complexity of the algorithm, note that the number of the executions of the
body of the loop in Step 7.2 is bounded by the number of edges of a graph. Since the time
complexity of the body of the loop is constant, the overall number of step of the algorithm
is linear in the number of the edges of the graph. O
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5 Proper embedding

Lemma 5.1. Let G be a daisy cube of Q, v a minimal vertex of G and u a vertex of degree
h of G. If B is an isometric embedding of G such that 3(u) = 0", then *3 o j3 is a proper
embedding of G.

Proof. Note that “3(3(v)) = 0". Since 3 is isometric, it is easy to see that U3 o 3 is also
isometric. Corollary 4.3 now yields the assertion. O

Let u be a vertex of degree h of G = Q;,(X). Let X" be the maximal subset of X
with the property u € Nyexu (0", ) and G* = G[Upex« (0", x)]. Recall that G* is a
daisy cube of @), and w its minimal vertex. If /5 is an isometric embedding of G such that
B(u) = 0", let Y be the set of maximal vertices of G* with respect to  and let Z* be the
set of vertices z of V(G) \ V(G") with the property N*“(z) = N(z).

Proposition 5.2. Ler u be a vertex of degree h of G = Qn(X). If B8 is an isometric
embedding of G such that B(u) = 0", then Y* = {y| B(y) = v and x € X*}.

Proof. As noted above, G* is a daisy cube of @), and w its minimal vertex. Since u is
of degree h and 3(u) = 0", the restriction of 3 to V(G") is a proper embedding of G*.
Moreover, since every permutation of indices of a proper embedding yields an equivalent
embedding, we may assume w.l.o.g. that for every z € N(u) we have 5(z) = 0i~110"~¢
if and only if u; # z;. It follows that for every w € N(0") we have “3(8(w)) = w.
By Lemma 3.1, “3 o 3 is proper. Moreover, by Lemma 4.2, “8(5(v)) = v for every
v € V(G"). From Lemma 3.1 then follows that Y* = {y| 8(y) =z and z € X*}. O

Proposition 5.3. Let u be a vertex of degree h of G = Qn(X) and z € Z*. If B is
an isometric embedding of G and 3(u) = 0", then there exists y € X — X" such that
z € I(0",y). Moreover;

0, i€ S
ﬁ(i)(z) - { Vi, i ¢ Su

Proof. Let X be the maximal subset of X with the property u € Myexul (0", z). By
Lemma 2.1, since z & U,ex« (0", x), there must be y € X — X such that z € I(0" y).
By N%(z) = N(z), we have d(u,z) > d(u,v) for every v € I(0",y). If v; = 1 for
some i € S", then let v’ be the vertex of G such that v} = v; for every j # i and
v} = 0. Obviously, v’ < y, thus v’ € I(0",y). Moreover, since B (v') = 1, we have
d(u,v") > d(u,v) and we obtain a contradiction. It follows that the assertion holds for
every i € S*. If i ¢ S", then ;) (v) = v; for every v € I(0",y). Since y is maximal in
I(0", y), the assertion follows. O

Theorem 5.4. Let u be a vertex of degree h of G = Qp(X). If B is an isometric embedding
of G such that B(u) = 0", § = Nyey«B(Y), 2 = NsezuB(2)(A1") and v = B~H(G A 2),
then v is the minimal vertex of G with respect to ¥ 3 o 3.

Proof. Note first that 3 = 371, thus, for every b € B" and every i € [h] it holds

5.1)

By (b) = 5(;)1((,) _ { b;, i€ S

by, i & S
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Let & = Agexwx. By Proposition 5.2, we have Y* = {y|5(y) = z and z € X"}.
Thus, & = 4. Note that by Proposition 3.2, every minimal vertex of G belongs to (0", #).

If X* = X, then Z* = () and we get 871(§ A 2) = B71(§) = B~1(2). By equation
(5.1), we have 371(2) < w. It follows that 3~1(2) € I(0", %) and we are done.

Otherwise, let z € Z* be such that = € I(0",y) for some y € X — X% We
have to show that 371(& A (%)) is a minimal vertex of U,¢c x« (0", ) U I(0",y), i.e.
SN @NB(2)) ¢ gany,

By Proposition 5.3, we have

0, i€ 8"

Since S* C S%, we have

(& AB(2))i = { vir i & 5%\ S"

0, otherwise

By equation (5.1), we have 8; ' (& A 5(2)) = 0 for every i € [h] \ S*¥. Since we can
repeat the above discussion for every z € Z“, we showed that 371 (2 A 2) = 871§ A 2)
is a minimal vertex of G. Moreover, since by Lemma 5.1 it follows that # 9% 30 Bisa
proper embedding of G, the proof is complete. O

Figure 2 shows two embeddings of a daisy cube G isomorphic to () . The embedding
B on the left hand side is determined such that 3(u) = 0000 (note that d(u) = 4). Since u is
not minimal in G, the embedding 3 is isometric but not proper. From X* = Y* = {z,y}
and Z% = {z} we get§ = 1110A1101 = 1100, 2 = 1111 and gAZ = 1100A1111 = 1100.
Moreover, the minimal vertex of G is v = 371(1100) and 3 o f3 is the proper embedding
of G as described in Lemma 5.1. That is to say, we obtain the proper embedding of G by
assigning S(w) @ 1100 to every w € V(G).

Theorem 5.4 is the basis for the next algorithm, which finds a proper embedding of a
graph isomorphic to a daisy cube of dimension h.

Procedure Proper(G, h, a);
1. Embedding(G, h, B, w);
2.for i:=1toh+1do W, :=(;
3.forallv € V(G) do Ww(,@('u)) = Ww(g(v)) U {U};
4. for allv € V(G) do g(v) := 0;
5. for i :=1 to h do begin
5.1. forall z € W; do

5.LLIE Y., o niwynw,_, 4(y) = i(i — 1) then begin

q(x) :=1;
forally € N(z) N W,_; do ¢q(y) := 0;
end
5.12 elseif N(z) N W1 = () then ¢(z) =i

6. 5:=1";
7. for allv € V(G) do
7.1.if q(v) # 0 then s := s A 5(v);
8. forallv € V(G) do a(v) := s ® B(v);
end.
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Theorem 5.5. A proper embedding of an unlabeled graph isomorphic to a daisy cube can
be found in linear time.

Proof. We first show that the algorithm Proper finds a proper embedding of G. As shown
in Theorem 4.10, embedding 3 provided by the algorithm Embedding is isometric. With
respect to Theorem 5.4 and Step 7, we have to show that if ¢(v) # 0, then either v € Y
orv € Z*. Clearly, in Step 3, all vertices at distance 7 from u are inserted in W;, while in
Step 4, ¢(v) is set to 0 for every v € V(G). The value of ¢(v) is altered either in Step 5.1.1
or in Step 5.1.2.

Let w(xz) = i. We show that ¢(z) = i in the i-th iteration of for loop if and only if
either I (u, x) induces an i-cube or x € Z*. Note that I (u, z) induces an i-cube, if and only
|N(z) N W;_1| = i and for every y € N(x) N W;_; the set I (u,y) induces a (i — 1)-cube.
Moreover, if z € Y%, then I (u, ) induces a maximal i-cube in G*.

In the first iteration of Step 5, for every vertex of W the value of ¢ is set to 1. In the
next iteration, when a vertex x of Ws is considered, these values for two vertices of W7,
say y and ¢/, are set to zero if {u, y,y’, z} induce a 2-cube. Thus, for every z,y € W1 UW,
we have

- q(y) = 1if and only if x € N(u) and there is no vertex y € Wy such that I(u,y) C
I(u,x) and I(u,x) induces Q3.

- q(x) = 2if and only I(u, x) induces Q5.

Suppose now that fori > 3andy € W;_4 itholds that ¢(y) = i—1 if and only if I (u, y)
induces a maximal cube in G[W,UWs .. .UW;_1] or N¥(y) = N (y); otherwise, ¢(y) = 0.
Let w(xz) = 4. Note that |[N(z) N W,;_1| < ¢ by Proposition 4.5. Thus, the condition of
the if statement in Step 5.1.1 is fulfilled if and only if for every y € N(x) N W,;_; we have
q(y) =i —1,ie. forevery y € N(z) N W;_; the set I(u,y) induces an (i — 1)-cube. If
the condition of the if statement returns true, then ¢(x) obtains the value ¢ while for every
y € N(x) N W,;_ the value of ¢(y) is set to 0. If the condition of the if statement returns
false, then q(x) is set to 4 if and only if N(z) N W11 = 0, i.e. x € Z*. Thus, we showed
that in the i-th iteration of the for loop ¢(x) = i if and only if either I (u, x) induces an -
cube or x € Z™. Since the claim holds for every 4, we showed that if ¢(v) # 0, v € V(G),
then eitherv € Y* orv € Z*. From Theorem 5.4 then it follows that the string s computed
in Step 7 is equal to § A 2, where § = Ayey«B(y) and £ = A,czu[(2). By Theorem 5.4,
B~ Y(s) = v is a minimal vertex of G' while the embedding o obtained in Step 8 is equal to
Y5 o B. Moreover, « is proper by Lemma 5.1.

In order to consider the time complexity of the algorithm, note first that all steps of the
algorithm except Step 5 can be executed in O(m) time, where m is the number of edges
of G. For the time complexity of Step 5 it is convenient to store the weights of vertices in
a vector, which allows that the weight of a vertex and therefore its inclusion in a set W;
can be determined in constant time. Thus, the time complexity of Steps 5.1.1 and 5.1.2
is linear in the number of edges incident with the vertex x. Since Step 5 is performed for
every vertex of the graph, the total number of steps is bounded by the number of edges of
G. This assertion concludes the proof. O
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Abstract

We restate theorems of Hutchinson [4] on list-colouring extendability for outerplanar
graphs in terms of non-vanishing monomials in a graph polynomial, which yields an Alon-
Tarsi equivalent for her work. This allows to simplify her proofs as well as obtain more
general results.
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1 Introduction

In his famous paper [8] Thomassen proved that every planar graph is 5-choosable. Actually,
to proceed with an inductive argument, he proved the following stronger result.

Theorem 1.1 ([8]). Let G be any plane near-triangulation (every face except the outer one
is a triangle) with outer cycle C. Let x, y be two consecutive vertices on C. Then G can
be coloured from any list of colours such that the length of lists assigned to x, y, any other
vertex on C and any inner vertex is 1, 2, 3, and 5, respectively.

In other words vertices z and y can be precoloured in different colours. Basically,
this theorem implies that any outerplanar graph is 3-choosable. Moreover, lists of any two
neighbouring vertices can have a deficiency. To formalise this fact we say that a triple
(G, z,y), where G is outerplanar graph, z,y € V(G) are neighbouring vertices is (1, 2)-
extendable in the sense that G is colourable from any lists whose length is 1, 2 and 3 for
vertex z, y and any other vertex, respectively.
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Hutchinson [4] analysed extendability of outerplanar graphs, in the case when the se-
lected vertices are not adjacent, showing that for any two vertices x, y of outerplanar graph
G atriple (G, z,y) is (2, 2)-extendable. Of course, it is enough to prove this for outerplane
2-connected near-triangulation only, as each outerplane graph can be extended to such a
graph just by adding some edges. The main theorem was the following.

Theorem 1.2 ([4]). Let G be outerplane 2-connected near-triangulation and x,y € V(G),
x #y. Let C: V(G) — {1,2,3} be any proper 3-colouring of G. Then

() (G,z,y) is not (1,1)-extendable;
(i) (G,z,y) is (1, 2)-extendable if and only if C(x) # C(y);
(i) (G, z,y) is (2,2)-extendable.

Indeed, it is enough to prove the above theorem for near-triangulations with exactly 2
vertices of degree 2 and to let  and y be these degree 2 vertices. Hutchinson called such
configurations fundamental subgraphs. Such a configuration can be obtained by succes-
sively shrinking the outerplane near-triangulation along some chord (inner edge) that sepa-
rates the component of the graph not containing vertices = and y (in case when zy € E(G)
this reduces to an edge xy). The general result follows now by succesive colouring of
shrank parts using Theorem 1.1 — the chord is an outer edge of the shrank component
and its endpoins (already coloured) are these 2 precoloured vertices. The details are in [4].
Also in [4], Hutchinson provided further results about extendability of general outerplanar
graphs, for which the conditions are more relaxed than those of Theorem 1.2, allowing for
(1, 1)-extendability.

One important thing is that the proper 3-colouring C' mentioned in the theorem above is
not in any way connected to possible list colouring of GG, but is rather an inherent property
of the graph. This is due to the fact that every 2-connected outerplane near triangulation has
an unique (up to permutation) 3-colouring, i.e the vertices graph can be uniquely partitioned
into 3 groups so that in every proper 3-colouring of the graph the vertices in the same group
will always have the same colour (the groups in this partition are called colour classes, as
the partition defines an equivalence relation). The reason for this is that the graph consists
entirely of triangles, and every vertex of a given triangle needs to be of different colour.

The situation of particular importance is when two vertices are in the same colour class.
This can be forced in two ways. One, mentioned in [4], is the so called chain of diamonds,
where the diamond is understood as K4 minus an edge. It is obviously a 2-connected
outerplane near triangulation, and the two non-neighbouring vertices are always of the same
colour. Therefore is we link diamonds together glueing them by the vertices of degree 2,
each of the linking vertices will have the same colour. The second way is to attach a
diamond to diamond along the common edge (cf. [6]). Both of those ways can be seen on
Figure 1.

Recently, Zhu [10] strengthened the theorem of Thomassen in the language of graph
polynomials showing that Alon-Tarsi number of any planar graph G satisfies AT(G) < 5.
His approach utilizes a certain polynomial arising directly from the structure of the graph.
This graph polynomial is defined as:

@)= I @w-w),

weE(G),u<v
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where the relation < fixes an arbitrary orientation of graph GG. Here we understand u and
v both as the vertices of G and variables of P(G), depending on the context. Notice that
the orientation affects the sign of the polynomial only. Therefore individual monomials
and the powers of the variables in each monomials are orientation-invariant. We refer the
reader to [1, 2, 7] for the connection between list colourings and graph polynomials. The
approach of Zhu may be described in the following form, analogous to Theorem 1.1.

Theorem 1.3 ([10]). Let G be any plane near-triangulation, let e = xy be a boundary edge
of G. Denote other boundary vertices by vy, ...,v and inner vertices by uy, ..., Up.
Then the graph polynomial of G — e contains a non-vanishing monomial of the form
naOy0u®t ok Ut with o < 2,8; < dfori <k, j<m.

The main tool connecting graph polynomials with list colourings is Combinatorial Null-
stellensatz [1]. It implies that for every non-vanishing monomial of P(G), if we assign to
each vertex of GG a list of length greater than the exponent of corresponding variable in that
monomial, then such list assignment admits a proper colouring.

‘We note that this approach can be continued, allowing one to obtain stronger equivalents
of already known results for list-colouring. Moreover, in [3] where it is proven that every
planar graph G contains a matching M such that AT (G— M) < 4, one can find an example
that with this approach it is possible to get results that are not known (or hard to prove) for
ordinary list colouring.

In this paper we provide a graph polynomial analogue to the result of Hutchinson,
obtaining a characterisation of polynomial extendability for outerplanar graphs, which may
be presented in the form of the following theorem.

Theorem 1.4. Let G be any outerplanar graph with V(G) = {x,y,v1,...,vn}. Then
in P(G) there is a non-vanishing monomial of the form nzPy" [\, vi* with a; < 2,
B,v < 1 satisfying:
(i) B =~ = 1 when every proper 3-colouring C of G forces C(x) = C(y);
(ii) B+ v = 1 when every proper 3-colouring C of G forces C(x) # C(y);
(iii) B = v = 0 otherwise.

We note that our proofs are simpler than the ones of Hutchinson, which show the
strength of the graph polynomial method for graph colouring problems. All considered
graphs are simple, undirected, and finite. For background in graph theory see [9].

2 OQOuterplane near-triangulations

In this section we provide a graph polynomial analogue to Theorem 1.2. The main tool is
the following theorem.

Theorem 2.1. Let G be a triangle or any 2-connected, outerplane near-triangulation with
exactly two vertices of degree 2. Let z € V(QG) be any neighbour of a degree 2 vertex.
Denote V(G) = {x,y, 2,01, ...,0,}, where deg(x) = deg(y) = 2, yz € E(G), y, z # x.
Then

P(G) = Q(G) + mav? ... v2y°2% + moxv? .. v2y'2! + naxvd .. 02y?20,

where {n1,m2,m3} = {-1,0,1}, while Q(G) is a sum of monomials of the form
nrteuft L Ludny®z®=, n #£ 0, with (ag, 01, ..., a,) # (1,2,...,2).
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Figure 1: An example of a graph satisfying conditions of point i) of Theorem 1.4. When
3-colouring the graph, vertices a and b need to be in different colours. Vertices x and c are
in the same colour class as a (an example of the chain of diamonds), while y and d are in
the same colour class as b (the diamonds are linked along an edge). Therefore x and y have
different colours in every proper 3-colouring of the graph. The black vertices are yet to be
coloured.

Proof. The proof is done by induction on n. For the base step (n = 0), let G be a triangle
on vertices {x, y, z}. It is easy to check, that:

P(G) = (z—y)(y —2)(z - 2)

— $2y120 _ nyozl +$1y022 _ $1y220 +.Z‘0y2251 _ mOyIZZ

=Q(G) + x'y’2* — 2'y?20,

hence we have 1, = 0 and {n1,73} = {1, —1}, and with Q(G) having necessary form, G
is concordant with the assertion.

We now proceed with the induction. Let n € N and suppose the theorem holds for
graphs on at most n 4 3 vertices. Let G’ be any 2-connected, outerplane near-triangulation
onn + 4 vertices and z,y € V(G’) be the only two vertices of degree 2. Notice that = and
y cannot be adjacent (their common neighbour would then be a cutvertex, thus violating
2-connectivity). Let z and v,,41 be the neighbours of y. There is deg(z), deg(vi41) > 3
and (because G’ is triangulated) zv,+1 € E(G’). Now consider G = G’ — y. Note that
G remains 2-connected outerplane near-triangulation. As outerplanar graph should have
at least 2 vertices of degree at most 2, one of neighbours of y has now degree 2. Let us
name it y, while the second one — z. Notice that due to triangularity and 2-connectiveness,
we have deg(z) > 2 (with an exception when G is a triangle), as ¥ and Z have a common
neighbour. Now, we may consider P(G) using the inductive assumption. There are three
possible cases:

1.7 =0. As 71 = 0 and {72, 73} = {—1, 1}, we know that:

P(G) = Q(G) + fjpxv? .. 0252 + fgav? .. 025270
(G) + fipxv} .. 02§52 — fozv? .. 02§70

Q
= Q(G) + vt .. v (317" —7°2°).
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Now. P(G') = P(G)(§ — y)(& — y) = P(G) (5% — §y — 2y + y?). thus:

P(G") = (Q(G) + ipwv} . v (372" = §°2) (3% — Jy — 2y + )
= Q(G) 3z~ yy — 2y + y*) + Mo .. v, (7727 — 572y~
~ a2yt 4 glaly? — 785+ 0+ 2kt — 22%2)
= Q(G") + Mpwv . op(777%y° — 772y - §2°y°)
Now either z = y and v,41 = z, respectively, or the inverse may occur. In the first case,
we have:
P(G") = Q'(G") +iipavi ... vp (vh119°2% — vyt — v y?2?),

thus {n1,m2} = {—1,1} and n3 = 0, with the last monomial going into Q’'(G’). With
analogous calculations, in the second case we have {n1,73} = {—1,1} and 772 = 0. As
Q'(G") obviously contains only monomials of the form nz®= v .. vy i y*v 2%, n #

0, (g, 1,...,0nt1) # (1,2,...,2), it can assume the role of Q(G), and the case is
finished.
2.7 = 0. As7jp = 0 and {71,753} = {—1, 1}, we know that:
P(G) = Q(G) + av? .. v25°2% + fzazv? .. 025270
= Q(G) + mavi... v25°%2% — mav? .. 2§70

= Q(G) + mavi.. W2 ([F2% — 722°).
And then:

P(G') = (Q(G) + mavi ... vp (32" — 5°2°)) (52 — §y — 2y + °)
=Q(G)Fz—Jy — 2y + y°) + mavi .. oA (77" — 72" — 707y +
+ }7022:92 _ yl}ilyo _,’_ ySzoyl + szlyl _ y220y2)

Q'(G) + v} .. vl 7y — 72y — 72y + 772y

Continuing as in case 1, when z = ¥ and v,41 = Z, respectively, we have {nq9,n3} =
{=1,1} and n; = 0. In the inverse case, when v,,11 = ¥ and z = 7, there is {2, 73} =
{1,—1} and n; = 0. Q'(G") can again assume the role of Q(G), and this case is also done.
3. 13 = 0. This case is handled analogously as 77; = 0, interchanging the roles of § and z.
Here we have:

P(G) = Q(G) + mav? .. . v25°%% + ipwv? .. 02512
(G) + g .. 0252 — fozvi .. 025072

Q
= Q(G) + ijpxv} .. w2 (317" — §°7°).

And then:
P(G") = (Q(G) + v} ... vp(3'7" = §°7°)) (32 — §y — 2y + v°)
= Q(G)(32 — Jy — 2y +y*) +ipavi ... vp (772’ — 772ty — §'2y
+ ylzlyQ _ 5’,123 4 5’,122y1 4 Z.?)yl _ y022y2)

QUE) + vt (77 - 7y - 77y
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Finally, when z = ¥ and v,, 11 = Z, respectively, we have {1,735} = {—1,1} and 2 = 0.

In the inverse case, when v, 1 = ¥ and z = 7, there is {n;, 72} = {—1,1} and n3 = 0.
Therefore, in each case we have the desired form of the polynomial, thus completing

the inductive argument. O

Recall that by Combinatorial Nullstellensatz, (i, j)-extendability of (G, z,y) can be
expressed as the fact that there is a non-vanishing monomial in P(G) where exponents of
xand y are ¢ — 1 and j — 1, respectively, and every other exponent is less than 3. We obtain
an analogue to Theorem 1.2 as the following

Corollary 2.2. Let G be any 2-connected, outerplane near-triangulation with V(G) =
{z,y,v1,...,0n}. Let C: V(G) — {1,2,3} be any proper 3-colouring of G. Then in the
graph polynomial P(Q)
(i) there is no monomial of the form nx®y° [T}, v with a; < 2;
(ii) the monomial of the form nx'y° H?Zl v with o;; < 2 does not vanish if and only if
C(z) # Cly)s

(iii) there is non-vanishing monomial of the form nz"y" [T, v witha; <2, 8,7 < 1.

Proof. For the first point, simply note that outerplane near-triangulation on n + 2 vertices
has 2n + 1 edges, while the sum of the exponents of the given monomial is at most 2n.

For the second point and for the third one: when x and y are adjacent one may apply
Theorem 1.3 directly; otherwise, by the Hutchinson’s shrinking argument it is enough to
verify an existence of a suitable monomial for G having exactly 2 vertices of degree 2,
when x and y are these vertices.

Indeed, suppose otherwise and consider any chord (inner edge) ab of G that separates
the component 7 of the graph not containing vertices x and y. Such a chord exists, unless
x and y are the only degree 2 vertices of G. Let G; = G[V(G) \ V(H)] and Gy =
G[V(H) U {a,b}]. By Theorem 1.3 P(G2 — ab) contains non-vanishing monomial of
the form sy = na’b v ...vgk with a; < 2. Note, that common variables in P(G)
and P(G2 — ab) are a and b only and that the sum of the exponents in any monomial in
P(G5 — ab) is fixed. Hence, any other monomial in P(G2 — ab) has different exponents
for some of vy, ...vg. Therefore, as there is P(G) = P(G1)P(G2 — ab), G with x and
y satisfies the second (or the third one, respectively) point of the corollary if and only if
G1 with z and y does. Actually, the existence of desired monomials s in P(G) and s; in
P(Gh), respectively, is equivalent by identity s = s185.

Repeating the above argument until there is no separating chord one can shrink G to
the claimed form. By Theorem 2.1 this finishes the proof of the third point as then one
has either ; # 0 or 72 # 0. For the second point it is enough to notice that under the
assumption of Theorem 2.1 there is 7y, = 0 if and only if C'(z) = C(y). Note that there is
also n3 = 0 if and only if C(z) = C(z) and then 7, = 0 if and only if ,y and z have 3
different colours. One may prove this fact by a simple analysis of the inductive step in the
proof of Theorem 2.1.

Indeed, in the base case (a triangle xyz) we have 1o = 0. Further, when G is extended
to G’ by a triangle yzy then

1. 7, =0(C(y) = C(x)) forces n3 = 0 (when z = y) or o = 0 (when z = 7),
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2. g = 0 forces ny = 0 (C(z) = C(y)),
3. 773 =0(C(z) = C(x)) forces n3 = 0 (when z = 7) or 2 = 0 (when z = 3). O

3 Poly-extendability of general outerplanar graphs

The results of the previous section can be of course applied to any outerplanar graph, not
necessarily triangulated. This, however, leads to loss of information, as usually there is
more than one way to triangulate the graph, and different triangulations may lead to dif-
ferent types of extendability. Moreover, in the case of non-triangulated graphs, as well
as those that are not 2-connected, the counting argument behind point (i) of Corollary 2.2
does not work any more. Hence, it is possible for a general outerplanar graph to be (1,1)-
extendable. At first, a formal definition of fundamental subgraphs is provided, followed by
three instrumental lemmas.

Definition 3.1. Let G be a 2-connected outerplane graph, x,y € V(G) and let T(G) be
the weak dual of GG. The fundamental x — y subgraph of G is the subgraph of GG induced
by the vertices belonging to faces that have vertices representing them in 7'(G) lying on
the shortest path between vertices representing faces on which x and y lie. If zy € E(G),
then the fundamental subgraph reduces to an edge xy.

Here, the assumption that the graph is outerplane is needed, as the construction of
weak dual requires a particular embedding to be chosen. Notice however that in case of 2-
connected outerplanar graphs there is, up to isomorphism, just one outerplane embedding,
hence every 2-connected outerplanar graphs has essentially a single weak dual. Therefore
in the rest of the paper we will assume the graphs to be outerplanar, as the choice of an
embedding is irrelevant for our purpose.

Definition 3.2. Let GG be a connected outerplanar graph with cutvertices, and let BC'(G)
be the block-cutvertex graph of G. Let z,y € V(G) be vertices lying in two different
blocks of G. The fundamental x — y subgraph of G consists of all blocks that have ver-
tices representing them in BC'(G) lying on the shortest path between vertices representing
blocks containing = and y, and each of those blocks is restricted to the fundamental a — b
subgraph, where a,b € V(G) are the two cutvertices belonging to the given block and to
the shortest path between blocks containing = and y in BC(G).

Definition 3.3. An outerplanar graph G with z,y € V(G) is zy-fundamental if its fun-
damental = — y subgraph is equal to G. An outerplanar graph G is fundamental if it is
xy-fundamental for some z,y € V(G).

Lemma 3.4. Let G be a 2-connected xy-fundamental near-triangulation, such that C(z) =
C(y), where C: V(G) — {1,2,3} is any proper 3-colouring of G. Let vy be the vertex
of G that has degree 2 in G — y, and vy, . . ., v, be the remaining vertices. Then in P(G)
there is a non-vanishing monomial of the form nz°y*viv? .. . v2, withn € {—1,1}.

Proof. As C(z) = C(y), then C(x) # C(vg). Hence by the second case of Corollary 2.2,
there is a non-vanishing monomial nz%v{v? ... v2, withn € {—1,1} in P(G —y). Adding
y back, thus multiplying P(G — y) by (y — v0)(y — vn) = ¥ — yvo — Yvn + VoV, We
get the monomial specified in the statement, and as it is the only way to obtain it, it is
non-vanishing. O
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Figure 2: Top: a connected, outerplanar graph G; Bottom: a fundamental = — y subgraph
of G.

Lemma 3.5. Let G, G’ be any two graphs, such that V(G) = {z,v1,...,v,}, V(G') =
{z',u1,...,um}. Let G" be the graph obtained from G and G’ by identifying x with x/,
thus creating vertex x', and carrying neighbouring relations from G,G’. Suppose there
are non-vanishing monomials nxz®Ilv;" and n’x'ﬁﬂufj in P(G) and P(G') respectively.
Then in P(G") there is a non-vanishing monomial A(G") = nn’x”a+5Hv?iHufj.

Proof. Asboth n and 7’ are non-zero, then the only way A(G") would vanish is that there
were a monomial A'(G") = uy’x”(’“/+5/HU?iHufj, where v/ = —nn’ and o/ + B =
a + 3. But then in P(G) and P(G’) there would have to be respective non-vanishing
monomials vz® TIv® and v/z"? lHuf 7, and as the sum of exponents in every monomial in
a polynomial of given graph is fixed, we have that « = o’ and § = (', a contradiction.

Thus A(G”) is non-vanishing. O

Lemma 3.6. Let G be a path of length n, n > 2, where x,y are the endpoints and
V1,...,Un_1 are the internal vertices of G. Then in P(G) there is a non-vanishing mono-
mial of the form nz y v?vl .. vl | wheren € {—1,1}.

Proof. Suppose at first that n = 2. Then P(G) = (z—v1)(y —v1) = 2y — 201 —yv1 + 07,
and the last monomial is the one fulfilling the assertion. Now suppose that the lemma
holds for n = k — 1. Then in P(G), where G is a path zv; ... vk_1, there is a monomial

nzvivy ... v} _,v})_ . Now adjoining vy to vj_1, thus multiplying P(G) by (vi—1 — v)
we obtain a monomial nz%v3v} ... v}_,v}_ Y for path of length k, hence completing the
induction. O

3.1 Near-triangulations with cutvertices

The following theorem is a polynomial analogue of [4, Theorem 5.3] that characterizes
extendability of outerplanar near-triangulations with cutvertices.
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Figure 3: Tllustration for Lemma 3.5. Top: graphs G (left) and G’ (right); Bottom:
graph G”.

Theorem 3.7. Let G be a fundamental x — y subgraph with cutvertices {v1,...,v;_1},
CV(G) = (z,v1,...,vj_1,Yy) be the sequence consisting of x, y and the cutvertices of
G in order that they occur on any of the paths from x to y, and u; j, being the remaining
vertices in the i-th block. Then in P(G):

(i) there is a non-vanishing monomial of the form nyxty Tlvem Hum’“ Oy Bk < 20f
every vertex from CV (QG) is in the same colour class;

(ii) there is a non-vanishing monomial of the form nox yTlvem Hu?k’” O, Bige < 2
if there is a single pair of successive vertices in CV (G) that are in different colour
classes;

(iii) there is a non-vanishing monomial of the form nzx°y°TlvSm Hu?’k" O, Bige < 2
if there are at least two pairs of successive vertices in CV (G) that are in different
colour classes;

Y11 Ujs

Figure 4: An example of labelling described in Theorem 3.7.
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Proof. Start with partitioning G by its cutvertices into separate, 2-connected, v;_1 v;-funda-
mental outerplanar near-triangulations By, ..., B;. To each of these graphs, Theorem 2.1
applies, and P(G) = P(B1)...P(Bj). If in each of those blocks the colour class of
degree 2 vertices is the same, then in each of their polynomials there is a non-vanishing
monomial such that exponents of degree 2 vertices are equal to 1, with other exponents no
larger than 2. Thus case 1 is just a repeated use of Lemma 3.5.

In the second case, let B; be the block with degree 2 vertices in different colour classes.
If i = 1, then in P(Bj) there is a non-vanishing monomial of the form nyx®viIlu? ,.
Hence again by Lemma 3.5 we get the desired monomial. If ¢ > 1, then we apﬁly
Lemma 3.4 to each block B; to B;_1, thus by Lemma 3.5 obtaining monomial with x9
and Uz‘271~ As v;_1 and v; are in different colour classes, P(B;) contains a non-vanishing
monomial mv?_lvill_[uf, «» hence through Lemma 3.5 we finish the case.

The last case is starts analogously to the second one, with B;, B;, ¢ < [ being two blocks
with endpoints in different colour classes. Let G’ be the v;_jv;-fundamental subgraph of
G. By Theorem 2.1 there is a non-vanishing monomial in P(B;) with v?_; and v} and a
monomial in P(B;) with v} ; and v. As every block between B; and B; has a monomial
with endpoints in power 1, by Lemmas 3.4 and 3.5 there is a monomial in P(G") with both
v;—1 and v; in power 0. Again by Lemmas 3.4 and 3.5 we can now adjoin remaining parts
of G to G’, with their suitable monomials creating a desired monomial in P(G). O

3.2 2-connected outerplanar graphs with non-triangular faces
The following three theorems are jointly analogous to [4, Theorem 4.3].

Theorem 3.8. Let G be a 2-connected xy-fundamental graph with exactly one non-tri-
angular interior face, and that face contains x and does not contain y. Let V(G) =
{z,y,a,b,v1,...,v,}, where a,b are the two vertices of non-triangular face belonging to
the neighbouring interior face. Let C(v) be the colour class of vertex v in the 3-colouring
of the graph induced by all of the triangular faces. Then in P(G):

(i) there is a non-vanishing monomial of the form nz°y'a® b v, o) < 2 if
d(z,a) =1and C(a) = C(y) OR d(x,b) = 1 and C(b) = C(y);

ii) there is a non-vanishing monomial of the form 21’0 Oa ab b]._.['qu, Qe < 2 other-
8 n Y i =
wise.

Proof. Suppose that d(z,a) = 1 and C(a) = C(y). Let G’ be the subgraph of G created
by deleting all the vertices on the non-triangular face except for a¢ and b. As G’ is an
outerplanar near-triangulation Theorem 2.1 applies, and as C'(a) = C(y), then in P(G’)
there is a non-vanishing monomial with a' and y!. If we now adjoin vertex z to a, creating
graph G”, then it P(G") there is a non-vanishing monomial with z°, a? and y'. Now
adding a path between x and b, thus reconstructing GG (notice that the length of this path is
at least 2, as the face is not a triangle), by Lemma 3.6 we obtain a desired monomial. The
case when d(z,b) and C(b) = C(y) is handled analogously.

If this is not the case, then either d(x,a) > 1 and d(z,b) > 1, or d(z,a) = 1 and
C(a) # C(y) (or analogously d(x,b) = 1 and C(b) # C(y)). In the first case, then
by Theorem 2.1 and Lemma 3.4 in P(G’) (with G’ defined as previously) there is a non-
vanishing monomial with 4° and all other powers less than 3. Now as we join 2 with a and
b with previously deleted paths, Lemma 3.6 gives us a monomial with 2°, y° and all other
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a
a
X®Y X@Y
b
b
Figure 5: Examples of labelling as in Theorem 3.8. Left: example to point (i); Right:
example to point (ii).

powers less than 3. In the second case, as C(a) # C(y), by 2.1 there is a monomial in
P(G’") where y has power 0 and a has power 1. Adjoining x to a, we obtain a monomial
with 2°,9° and a2, and as we join  with b by a path, Lemma 3.6 gives us a desired
monomial. Case when d(x,b) = 1 and C(b) # C(y) is again analogous to the last one. [

Theorem 3.9. Let G be a 2-connected xy-fundamental graph with exactly one non-trian-
gular interior face, and that face does not contain x nor y. Let V(G) = {z,y,a,b, c, v,
..., Un}, where a,b and a, c are the two pairs of vertices of non-triangular face belonging
to the neighbouring interior faces, and let C(v) be the colour class of vertex v in the 3-
colouring of the subgraph of G created by deleting the path connecting b and c. Then in
P(G):

(i) there is a non-vanishing monomial of the form mxlylaa“ba”co‘CHv?i, a < 2, if

C(z) = C(a) = Cly);

(i) there is a non-vanishing monomial of the form neax®y*a®=b IS, ay < 2, if

C(z) # C(a) = Cly) or C(z) = Cla) # C(y);

(iii) there is a non-vanishing monomial of the form nzx%y®a®=b v, ay, < 2, if

Clz) # Cla) # Cly);

Proof. Let G’ be the subgraph of G obtained by deleting path connecting b and ¢ from G.
Obviously G’ is an outerplanar near-triangulation with a single cutvertex a, hence Theo-
rem 3.7 applies to it. Notice moreover, that the first case of the above theorem leads to the
first case of Theorem 3.7, and the second and third case also relate similarly. As Theo-
rem 3.7 gives us suitable monomials, when we add back the path we previously deleted, an
application of Lemma 3.6 finishes the proof. O

Theorem 3.10. Let G be a 2-connected xy-fundamental graph with exactly one non-
triangular interior face, and that face does not contain x nory. Let V(G) = {x,y,a,b, ¢, d,
V1,...,Un}, where a,b and ¢, d are the two pairs of vertices of the non-triangular face be-
longing to the neighbouring interior faces with ab € E(G) and cd € E(G), and let C(v)
be the colour class of vertex v in the 3-colouring of the subgraphs of G created by deleting
the paths connecting a with ¢ and b with d. Then in P(G):
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Figure 6: An example of labelling described in Theorem 3.9.

() there is a non-vanishing monomial of the form n,x%y'a®" b ced™ v, oy, < 2,
ifd(a,c) =1, C(x) = C(a) and C(y) = C(c) OR d(b,d) = 1, C(x) = C(b) and
Cly) = C(d);

.. . . 7. . 0,0, a4 Ky Qe Ja Qg
(ii) there is a non-vanishing monomial of the form nyx°y°a®* b c*d*I1lv;", ay, < 2
otherwise;

Figure 7: An example of labelling described in Theorem 3.10.

Proof. Suppose at first that C'(z) = C(a) and C(y) = C(c). We can connect vertex a
with d, and if d(b,d) > 1, also with every interior vertex on the path connecting b with
d, thus obtaining an xy-fundamental 2-connected near triangulation G’. If d(a,c) = 1,
then C(a) # C(c), thus C(z) # C(y), and by Corollary 2.2 P(G’) contains a non-
vanishing monomial with z°, y' and every other exponent equals 2. As neither z nor y
were affected by addition of edges to G, P(G) contains a non-vanishing monomial of the
form mzYyta®e b e d* Ilv?, ay < 2. If d(a,c) > 1, then G’ fulfils the conditions
of Theorem 3.9, with d serving as vertex a in the statement of that theorem. Moreover, as
C(z) = C(a) and C(y) = C(c), and d neighbours both ¢ and ¢ in G’, then in colouring
of G’ C(z) # C(d) and C(y) # C(d). Hence by Theorem 3.9 P(G’) contains a non-
vanishing monomial with 2°, y° and every other exponent no larger than 2, and this again
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implies that there is a non-vanishing monomial of the form nez%y%a b c®ed*a TS,
ar < 2in P(G). The case when C(z) = C(b) and C(y) = C(d) is analogous.

Suppose now that C'(z) # C(a) and C(y) = C(c). Start by removing the paths from
a to c and b to d from G. This leaves us with two separate, 2-connected near triangu-
lations G’ and G with {z,a,b} € V(G’) and {y,c,d} € V(G"). As C(y) = C(c),
then C(y) # C(d), and by Corollary 2.2 in P(G") there is a non-vanishing monomial
of the form 7;y°d c®TIv2. Now as C(x) # C(a), there exists a non-vanishing monomial
maa*bIu? in P(G’), as the polynomial of za-fundamental subgraph of G’ contains a
non-vanishing monomial with 20 and a!, and as G’ is a 2-connected near triangulation,
every other exponent must be equal to 2. Now add back the previously removed paths.
Each of them contains in its graph polynomial a non-vanishing monomial with every ex-
ponent equal to 1, except for one of its endpoints, which has power 0. We will call that
monomial oriented towards the endpoint with non-zero exponent. Add paths connecting a
with ¢ and b with d to G’ and G”, and by multiplication of the monomials described above
we obtain a monomial of the form 752%y%a® b ¥ d*IIv, ay, < 2 in P(G), where
exponent of each of the vertices a, b, ¢, d is equal to 2. This monomial does not vanish,
as the only other way to get this monomial would require us to orient both of the paths
in the opposite direction, but this would imply that there were a non-vanishing monomial
my°d?c! TIv? in P(G"), which is not the case as C(y) = C(c). Cases where C'(z) = C(a)
and C(y) # C(c), C(x) # C(b) and C(y) = C(d) or C(z) = C(b) and C(y) # C(d) are
sorted out in the same manner.

The last case is when C(z) # C(a) and C(y) # C(c). Observe at first, that we can
also assume that C(x) # C(b) and C(y) # C(d), as all the other cases were already
solved in previous arguments due to symmetries. Let G’ and G” be as in previous case. As
C(b) # C(x) # C(a), then in P(G’) there are non-vanishing monomials 7;2%a'bITv?
and —112°a?b'Tv?.  Similarly, there are non-vanishing monomials 72y°c!d?IIu? and
—my’c?d Tu? in P(G"). Now reconstruct G as previously, orienting path connecting
a and ¢ towards a and path connecting b and d towards d. To comply with requirements
of the assertion, we have to use the first and fourth monomial from those specified above,
thus in P(G) we have a monomial —n;722°y%a?b?c?d?11v?. The only other way to reach
this set of exponents is to use the second and third monomial, and orient paths in opposite
directions, but as a simultaneous switch of orientations preserves sign, we again obtain
-1 77291c0yoa2 b2c2d2 Hv?, so those monomials do not annihilate each other, but rather dou-
ble the coefficient. As all cases are now addressed, the proof is complete. O

3.3 General outerplanar graphs

The three theorems above can be combined with Theorem 3.7 to obtain a general character-
isation of (4, j)-extendability of outerplanar graphs. We will start with some technicalities.

Definition 3.11. Let G be an outerplanar graph. A non-triangular inner face of G' will be
called type O if it is as defined in Theorem 3.8 (with possibly y belonging to that face instead
of x), type 1 if it is as defined in Theorem 3.9 and type 2 if it is as defined in Theorem 3.10.
In case of type 1 faces, the vertex belonging to the two neighbouring faces will be called
an apex of that face.

Lemma 3.12. Let G be a connected outerplanar graph with V(G) = {z,y,v1,...,v;}
and let G’ be a supergraph of G obtained by adding a path of the length 2 to G in a way
that preserves outerplanarity. Then the monomial x*=y*vIIv;"* does not vanish in P(G) if
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and only if the monomial x“=y*v Hv,ﬁ”z2 does not vanish in P(G"), where z is the middle
vertex of the added path.

Proof. The implication from P(G) to P(G") is obvious and was shown to be true and uti-
lized multiple times in this paper. Suppose there is a non-vanishing monomial x“=y*vIv:* 2
in P(G"). As P(G") = P(G)(ab—az —bz+ 2?), where a, b are the endpoints of the added
path, and none of the monomials from P(G) contains z due to the fact that z ¢ V(G), then
the only way to obtain the monomial above is by multiplying %=y IIv{" by 22, thus the
former must occur in P(G). O

2

Definition 3.13. Let GG be a 1-connected fundamental outerplanar graph. For every cutver-
tex of G that is not an endpoint of any bridge add a path of length 2, connecting the pair of
some neighbours of that cutvertex without disrupting outerplanarity, thus creating a non-
triangular face of type 0. Then for every bridge or chain of bridges of G add a path of the
length 2 connected to the pair of the neighbours of the endpoints of that bridge or chain
of bridges (or to the neighbour and the endpoint if it has degree 1) in a way that preserves
outerplanarity, creating a face of type 2 (or type 0). Finally, if G is a path, connect end-
points of that path with a path of length 2. The resulting supergraph of G will be called a
2-connection of G. The 2-connection of A 2-connected graph would be the graph itself.

Notice, that the 2-connection of a 1-connected graph is not unique — for example, the
graph on Figure 8 has 8 different 2-connections. However, each of the 2-connections has
the same relevant properties — namely the color classes of the cutvertices and types of the
newly created non-triangular faces.

Figure 8: Top: a connected, outerplanar graph G; Bottom: a possible 2-connection of G.

The following remark is a direct consequence of Lemma 3.12.

Remark 3.14. Let G be a connected xzy-fundamental outerplanar graph, V(G) = {x,y,
v1,. ..,y and let G’ be its 2-connection, V(G') = {z,y,v1, ..., Um, U1, . ., Uy }. There
is a non-vanishing monomial z®=y*vIIv:* in P(G) if and only if there is a non-vanishing
monomial z*y*vITvf Iu? in P(G").
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The following theorem presents a full characterisation of the polynomial extendability
of connected fundamental outerplanar graphs.

Theorem 3.15. Let G be a connected xy-fundamental outerplanar graph, V(G) = {z, y,
V1, ...,0;}, and let G' be a 2-connection of G. Then in P(G):

(i) there is a non-vanishing monomial of the form xlylﬂv?i, ap < 21ifGis a 2-
connected near-triangulation with C(x) = C(y) OR G is as in point 1 of Theo-
rem 3.7 OR every non-triangular face of G' is of type 1 and every apex, x and y have
the same colour in every 3-colouring of G.

(ii) there is a non-vanishing monomial of the form x°y'Ilv", oy, < 2 if G is a 2-
connected near-triangulation with C(xz) # C(y) OR G is as in point 2 of Theo-
rem 3.7 OR G is as in point 1 of Theorem 3.8 OR G’ is as in point 1 of Theorem 3.10
OR every non-triangular face of G’ is of type 1 and in every 3-colouring of G’ there
is exactly one pair of consecutive apexes (or either x or y with the closest apex) with
different colours OR only one of the non-triangular faces of G' is not of the type 1
and conditions of point 1 of Theorem 3.10 are fulfilled on that face.

iii) there is a non-vanishing monomial of the form x%y°TIv®, o < 2 otherwise.
g Y i

Proof. We will omit every case that is covered already by previous theorems, leaving us
only with the cases when there are multiple non-triangular faces. Suppose all of those are
of type 1. It is easy to see (with some help of Lemma 3.6) that for every such face removal
of all vertices belonging only to this (and outer) face produces a cutvertex, simultaneously
changing nothing in terms of extendability-relevant monomials. Hence apply Theorem 3.7,
with each apex acting as a cutvertex.

Suppose now there is a face of type either 0 or 2 in G’. Theorems 3.8 and 3.10 show
that the only cases where there is no monomial in P(G’) (and thus in P(G)) with both
and y in power 0 is when 3-colouring G’ we cannot avoid a situation described in point 1
of either of these theorems on any of such faces, and in those cases there is a non-vanishing
monomial with z° and y'. Observe that this is not the case when there are at least two
faces of type 0 or 2, as we can avoid this situation by either permuting the colours, or by
changing them on vertices of degree 2 (as in case of type O faces at least one such vertex
other than x and y definitely exists). So there are only two cases when we cannot avoid
that. The first is when in G’ there is only one face of type 2, no faces of type 0, there is
a pair of neighbouring vertices belonging to this face such that the only other face of G’
they belong to simultaneously is the outer face, and in any 3-colouring of G (and thus also
G") each of those vertices has the same colour as  or y, depending on which of those
vertices lies on the same side” of that face. Label the vertex from this pair lying closer to
x as v, and the one being closer to y as v,. The case of C'(z) = C(v;) can occur either
when on one side there are only triangular faces between x and v,, with the structure of
that triangulation forcing the same colour of those vertices, or when for every type 1 face
between those vertices, the triangular structure between neighbouring faces or between x
(or v,) and the nearest such face forces the same colour on each of those vertices. The same
is true for y and v,, with the restriction that the former situation cannot occur for both of
those pairs. The second case is when there is exactly one face of type 0 in G’ (without loss
of generality we can assume that x lies on that face), no faces of type 2, « has a neighbour
(vo) that lies also on adjacent inner face, and the colour of that vertex is the same as colour
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of y in every 3-colouring of G’. This can be only caused by the fact that the apex of every
type 1 face is forced to have the same colour as the others, as well as y and vy. O

Finally, we prove that Theorem 3.15 can be restated as Theorem 1.4.

Proof of Theorem 1.4. Neither the graph polynomial nor the colouring depends on a partic-
ular graph embedding. Therefore, let G be any outerplanar graph with V(G) = {z,y,v1,
..., Un}. At first notice, that if G is not connected and = and y are in different connected
components, one may use Theorem 1.3 directly to obtain a monomial with 8 = v = 0, so
then obviously the third case occurs.

For x and y in one component observe that by the Hutchinson’s shrinking argument it is
enough to prove theorem for GG being xy-fundamental graph. See the proof of Corollary 2.2
for details. Now consider consequences of each of the situations described in the statement
of Theorem 3.15 in terms of 3-colourings. In every case of point (i) we obviously have that
C(z) = C(y). Moving to the second point, the first condition again directly states that
C(z) # C(y). If G is as in point 2 of Theorem 3.7 or every non-triangular face of G’ is
of type 1 and in every 3-colouring of G’ there is exactly one pair of consecutive apexes (or
either x or y with the closest apex) with different colours, as the colour class changes only
once on the cutvertices/apexes, then obviously classes of terminal vertices z and y have to
be different. If G’ is as in point 1 of Theorem 3.8, then it is directly stated that the colour
of one of terminal vertices is the same as the colour of one of the neighbours of the other
terminal vertex, thus the colours of terminal vertices have to be different. Finally, if G’ is
as in point 1 of Theorem 3.10 or only one of the non-triangular faces of G’ is not of the
type 1 and the conditions of point 1 of Theorem 3.10 are fulfilled on that face, the vertices
x and y are in the same colour class as vertices a and c (or b and d), respectively, and those
vertices are adjacent, hence their colours cannot possibly be the same.

Finally, observe that in any other case the colour classes of z and y are independent
— the structure of the graph permits the colours to be rearranged in some parts without
changing the colours in the other parts, therefore the graph can be properly 3-coloured with
both C(z) = C(y) and C(z) # C(y). As an example consider point (ii) of Theorem 3.8,
other cases are analogous. Starting with the triangulated part of the graph (i.e. the graph
minus internal vertices of the path between a and b containing z) already coloured, analyse
possible proper 3-colourings of the path from a to b. If min(d(z,a),d(z,b)) > 1, then
we can colour z with any of the 3 colours. Otherwise, suppose without loss of generality
that d(x,a) = 1 and hence d(x,b) > 1. Then x can be coloured with any colour except
C(a), but there is C(a) # C(y). Therefore, again x can get colour of y or some different
one. O

4 Further work

Extendability is naturally transformed into plane graphs by allowing interior vertices to
have a list of colours of length 5. In [5] and [6] Postle and Thomas provided results that
may be summarized in the following theorem.

Theorem 4.1. Let G = (V, E) be any plane graph, let C C V be the set of vertices on the
outer face, x,y € C, x # y. Then

(i) (G,z,y) is (1,2)-extendable if and only if there exists a proper colouring c: C' —
{1,2, 3} such that c(x) # c(y);
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(i) (G,x,y) is (2, 2)-extendable.

One may ask, whether is it possible to restate the above theorem in the terms of a graph
polynomial, i.e. to extend, at least partially Theorem 1.4 to planar graphs. Our partial
results suggest that it is possible.
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Abstract

We present an application of generalized strong complete mappings to construction of
a family of mutually orthogonal Latin squares. We also determine a cycle structure of
such mapping which form a complete family of MOLS. Many constructions of generalized
strong complete mappings over an extension of finite field are provided.
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1 Introduction

Let GG be an additive group. A mapping 6 : G — G is called a complete mapping if both
6(z) and 6(z) +x are 1-to-1 and onto. If both #(x) and §(z) —z are 1-to-1 and onto, O(z) is
called an orthomorphism. A strong complete mapping is a complete mapping which is also
an orthomorphism. These mappings are used for a construction of Knut Vic designs and
they exist only for the groups of order n where gcd(n,6) = 1. An Abelian group admits
strong complete mappings if and only if its Sylow 2-subgroup is trivial or noncyclic, and
also, its Sylow 3-group is trivial or noncyclic (see [2]).

Let p be a prime, m be a positive integer and ¢ = p™. Let I, be a finite field of or-
der q. We consider complete and strong complete mappings (and orthomorphisms) over
(Fq(x),+). Polynomials induced by these mappings are called complete and strong com-
plete polynomials, respectively. In [1], strong complete mappings over finite fields are
called very complete mappings. Many results have been established on this topic. In the
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sequel, fO(z) = =, f2(z) = fo f(z), f¥(x) = fo f*1(z) for k > 0. Generalized
complete polynomials were introduced in [6] with applications to the check digit systems.
There were considered polynomials over finite fields with a property that f(x), f(x) + =
and f?(x) 4+ x are all permutation polynomials. Note that there exist monomials of the
form ¢+ where m | ¢ — 1 with this property (see [5]).

We turn our attention to mappings &(x) such that 6% (z) are strong complete mappings
forall £k = 1,2, ...,t. Here, t is a positive integer. Our point of interest is an application
of these mappings to construction of mutually orthogonal Latin squares (MOLS). Many
constructions of such mappings over finite fields will be presented.

2 Construction of MOLS

Theorem 2.1. Let G be an additive finite Abelian group of order n, where n is odd. Assume
that 0 : G — G is such that 0% () are strong complete mappings for k = 1,2, ...t where
t is a positive integer. For 1 < k <tand1i,j € G define

a?,j =i+ 6"(j)

a;; =i—0%(j)
+ -
al; =i+j; ad; =i—j.
A family of Latin squares Lj, = (aﬁj) where k = —t,...,—1,07,0",1...t is a family

of pairwise mutually orthogonal Latin squares. Therefore, a family of 2(t + 1) MOLS is
obtained.

Proof. We use the following convention 0°* (z) = z. Assume (a¥ ;a5 ;) = (ak a5 ,)
for k # s and consider the following cases:
e« If (0 < s<k)or(s=0Tand 0 < k) we have that
i+ 0%(j) = u+ 6% (v) Q2.1

and
i+0°(j) =u+6°).

Subtracting these equalities we obtain
0% (5) = 0°(j) = 6" (v) — 0°(v).

Thus

05 2(0°(j)) — 0°(j) = 07°(6°(v)) — 0°(v).
By assumption, *~*(y) — y is a permutation. Hence, 0°(j) = 6*(v) and j = v.
Inserting this in (2.1) we obtain ¢ = w.

e If (k< s<0)or(k <0ands = 07")then we have
i— () = u— 0F(v) (2.2)

and
i—011() = u— 6 (v).
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Subtracting these equalities, we obtain

01 (5) — 0°1(5) = 6 (v) — 0" v).
Thus
OIFI=1sl(glsl ()) — @151 (5) = aIFI=Isl(glsl (v)) — @l*l(v).

Reasoning as above, we get j = v and ¢ = u.
e If(—s <0< k),(s=0"and k > 0)or (s < 0 and k = 07) then we have that

i+ 05(5) = u+ 0% (v) (2.3)

and
i—01°1(j) = u—01*!(v)

which implies

6% (j) + 611 (j) = 6" (v) + 61} (v).
Assume first & > |s|. Then 0F=IsI(9l51(5)) + 6151 (5) = oF=Isl(01s(v)) + 6l*I(v).
As 0%~15I(y) 4 y is a permutation, it follows that 6!*/(j) = 0!/(v). Thus j = v.
Using this in (2.3), we obtain i = u. If k < |s| then 6I°I=F(6%(j)) + 6%(j) =
0!s1=F (6% (v)) + 6% (v) similarly implies j = v and i = u.

e Ifk=0"ands=0"theni+j = u+vandi—j = u— v which implies 2i = 2u.
Then 2ki = 2ku for all integers k. By assumption, the order of the group G is an
odd integer. Then n + 1 is even and thus (n + 1)i = (n + 1)u. However, ni = nu
by Lagrange’s theorem. Hence, ¢ = u and further j = v.

O

Lemma 2.2. Let G be a group of order n. Assume that 6 : G — G is such that all 6 (z)
are strong complete mappings for k = 1,2, ... t. Then the permutation 0 has exactly one
fixed element and lengths of all other cycles are greater than t.

Proof. Assume that ¢ is the length of a cycle (a1, as, ..., as) of the permutation 6, where
1 < ¢ <t Then6(a;) = a; and 6(az) = as. Therefore 6¢(a;) —a; = 6*(az) —ag = 0.
It follows that () — x is not a permutation which is a contradiction. Therefore, there is
no cycle of the length 1 < ¢ < ¢. Since f(x) — x is a permutation, there is exactly one
solution of the equation ¢(z) — « = 0 and thus exactly one fixed element of 6. O

Theorem 2.3. If 0 generates a complete set of MOLS over a finite Abelian group of order
n as in the Theorem 2.1, then 0 has either one fixed element and one cycle of the length
n — 1 or one fixed element and two cycles of the length "T_l

Proof. In this case all 6% (x) are strong complete mappings for k = 1,2,..., %5+ — 1. By
the Lemma 2.2, there is one fixed element in the permutation 6 and the lengths of nontrivial
cycles are greater than "T’l — 1. It follows that there can either one such cycle with the
length n — 1 or two cycles of the length % O
Remark 2.4. Let Z,, be a field of order p, where p > 2 is a prime. Let d be a generator of
Z}. Then 0% (s) = d"s is a strong complete mapping for k = 1,2, ..., 253, The mapping
0(s) has a fixed element s = 0 and one full cycle (1,d,d?, ..., d?~2) of the length p— 1. On
the other hand, 6%(s) = d?s has a property that 62%(s) = d?*s is also a strong complete

mapping for all k = 1,2,..., ;02;3 since p%l is odd. This mapping has a fixed element

-1
s = 0 and two cycles of the length £7=.
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Proposition 2.5. Assume that V : G — G, is a permutation such that V(x + y) =
U(x) £V (y) forall z,y € G. If 0(x) generates a complete set of MOLS as in Theorem 2.1,
then n(x) = W o § o W~ (z) also generates a complete set of MOLS.

Note: An example of the mapping is ¥(x) = ka where k is an integer, which prove its
existence.

Proof. Since 1*(z) = ¥ o0 6¥ o U~1(z) is a permutation we need to show that n* () +
and 1* (x) — x are permutations for all k = 1,2, . .. ‘GlT_l Using substitution y = ¢~ (z)

we get
WM () £ = WIPH (U () £ (T (@) = U[OF(T (@) £ 0 (@) = W(6" (y) £y).

This is a permutation since ¥(x) and 0% () +2 are permutations. Therefore, 17(x) generates
a complete set of MOLS. O

Let [F, be a field with a prime subfield Z,,. Linearized polynomials over I, are of the

form L(z) = >°,", arz?" and these polynomials have property that L(ax) = aL(x) for
alla € Z, and L(z +y) = L(z) + L(y) for all z,y € F,. Thus, if we consider F, as a
vector space over Z,, then L(x) is a linear operator on F,.

Corollary 2.6. Let [P be a finite field of order ¢ = p" where p is a prime. Let d be a
primitive element of ¥y and L(x) be a linearized permutation polynomial of Fy. Then the
polynomial f(x) = L(dL~'(z)) generates a complete set of MOLS as in Theorem 2.1.

Proof. It is easy to see that sz is strong complete polynomial for s € F \ {0, +1}. There-
fore, for g(z) = dx, g¥(x) = d*x are strong complete mappings for all k # qg—l, q— 1.
Since, L(z + y) = L(x) + L(y) we have that f(x) = Logo L™!(z) = L(dL™}(z))
generates a complete set of MOLS as in Theorem 2.1. O

Remark 2.7. Consider a family of strong complete polynomials over finite field IF, which
generate a complete set of MOLS as in Theorem 2.1 and which have one fixed element
and one cycle of the length ¢ — 1. Let d be a generator of ;. Then f(x) = dx is in this
family and considering the cycle structure, all other polynomials are conjugate with f(x).
Therefore, all polynomials in this family are of the form ¥ (d¥ ~!(x)) for some permutation
polynomial ¥ (z) over IF,.

If q;—l is odd, then g(x) = d?x is a strong polynomial which generate a complete
family of MOLS as in Theorem 2.1 and which have one fixed element and two cycles of
the length q;21- Similarly, all other strong complete mappings with a same cycle structure
induce a polynomial of the form W(d?¥~1(x)) for some permutation polynomial ¥ (z)
over IFy.

3 Construction of the strong complete mappings over extension fields

Let n be a positive integer and Fy» be an extension field of Fy. Let {1, g, ..., a,} be
a basis of the vector space Fy» over F,. We shall use similar technique as in the proof of
Theorem 2.1 in [3] to obtain the following recursive constructions of many strong complete
polynomials over the extension field.
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Theorem 3.1. Let f;(x) be strong complete polynomials over Fy fori = 1,2,...,n. Let
;e Ffl — Iy be arbitrary functions fori =1,2,...,n — 1. Denote X = x101 + Toaz +
-+ 4+ Tpou,. Then the function

F(X) = filz)on + [faz2) + Y1 (z1)]ag + -+ + [fu(@) + Yn-1(21, 22, o, 2n1)]an
is a strong complete polynomial over F yn.

Proof. In the proof of Theorem 1 in [3], it was shown that F'(X) is a complete polynomial.
To show that it is a strong complete polynomial, lets check that F/(X) — X is 1 — to — 1.
Assume that F(X) — X = F(Y) =Y for X = 2101 + 2209 + -+ + zpan and Y =
Y101 + Yoo + - - - + yn . Then the coefficients with the basis elements on the two sides
of equation are identical.

Looking at the coefficient with «; we see that f1(z1) — 1 = f1(y1) — y1. As fi(x) is
orthomorphism it follows that z; = y; .

Now, equating the coefficients with ap we get fo(x2) + ¥1(x1) — 22 = fa(ye) +
¥1(y1) — y2. Taking into account 27 = yj, this implies fo(x2) — 22 = fa(y2) —
y2. Hence, x2 = yo since fa(z) is an orthomorphism. We proceed by induction. As-
sume that T1 = Y1,T2 = Y25...,T5—-1 = Yi—1 which 1mply ’(/)1'_1(.1‘1, T, ... 71‘7;_1) =
Yi—1(Yy1, Y2, - - -, Yi—1). Comparing the coefficients with «;, we obtain

fil@i) + i1 (1, @2, xim1) — 2 = filys) +Lici (Y1, Y2, -5 Yio1) — Vi

Thus f;(z;) — x; = fi(y:) — yi- So, x; = y; since f;(x) is an orthomorphism. Therefore,
x; =y; foralli =1,2,...,nand X =Y. Now, F'(X) — X being 1 — to — 1 on the finite
set [y~ itis a bijection, i.e. a permutation. O

In the case of linearized polynomials, we extend the same technique to the compositions
of mappings. The proofs of the next theorems are similar to the proof of the Theorem 3.1.
So, we may omit a number of details.

Theorem 3.2. Let f;(x), i = 1,2,...,n, be linearized strong complete polynomials over
F, such that fF(z) are also strong complete polynomials for k = 1,2, ..., t. Let 1); : F, —
IF, be arbitrary functions fori =1,2,...,n—1. Denote X = 101 +Ta0i2 + - -+ Ty 0tp,.
Then function

F(X) = fi(z1)ar + [fo(x2) + Y1(21)]az + - + [fu(®) + Yp_1(21, 22, .., 2n1)] o

is a strong complete polynomial over Fyn such that F(’“)(X ) are also strong complete
mappings for all k = 2,3, ..., t.

Proof. By Theorem 3.1, F/(X) is a strong complete polynomial. Since F'(X) is permu-
tation, it follows that F(*)(X) are permutations for all k = 2,--- . Assume now that
FOX)+ X =FAY)+Y (or FO(X) - X =FO®Y)-Y).

Equating the coefficients with o7 on the both sides, we get f1(2) (1) 41 = 2(2) (y1) +
y1 (or f1(2)(a:1) —x = 2(2)(311) — y1). This implies 1 = y; because f1(2)(m) is a strong
complete polynomial. With ais we have

falfo(z2) + 1 (x1)] + 1 (fi(x1)) £ 22 = fa[fo(y2) + V1(y1)] + 01 (f1(y1)) £ 2.
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Since f5 is linearized, we obtain

Ja(fo(2))+ fo(r (1)) +p1 (fr(z1)) £x2 = fa(foly2))+ f2(¥1(y1)) +1(f1(y1)) £ye.

Taking into account that z1 = y1, we get fa(f2(z2)) £ 22 = fa(f2(y2)) £ y2.This yields
To = Yo since f2(2) (22) is a strong complete polynomial. Proceeding by induction, we can
prove that x3 = ys, ..., T, = Y, and thus X =Y. Therefore, F(Q)(X) is strong complete.
We can also prove by induction that F/(*)(X) are strong complete forall k = 2,3, ...,t. [

Proposition 3.3. Assume that f(x) is a permutation and that f(dzx) + f(x), f(dx) — f(z)
are also permutations where d € Fy, d # 0, d # £1. Then the polynomial g4(x) =
fldf ~Y(x)) is strong complete.

Proof. Assume that f(z), f(dx) + f(z) and f(dz) — f(x) are permutations. Let x =

f71(y). Then f(df ~1(y)), f(df ~(y)) + y and f(df ~'(y)) — y are permutations. There-
fore, g4(x) = f(df ~(x)) is a strong complete polynomial. O

Note that g (z) = ga(f(df ~L(x)) = f(df " (fdf *(2))) = F(d*f}(2)) = gaz ()
and, by induction g((ik)(a:) = ggqr ().

A permutation polynomial f(z) such that f(dx) — f(z) is also a permutation for all
d € Fy, d # 1, is called a Costas polynomial. The only Costas polynomial over a field of
the prime order p is 2° where ged(s, p — 1) = 1. The only known Costas polynomial over
F, is L(x®) where gcd(s,q — 1) = 1 and L is a linearized permutation polynomial (see
[4]). The polynomial L(x*) satisfies the conditions of Proposition 2.5. Indeed, L(dx*®) +
L(z®) = L((d £ 1)x*®) is permutation polynomial whenever d & 1 # 0 and d # 0. Thus,
ga(z) = L(d°L~!(x)) is strong complete polynomial for all d® ¢ {0,1,—1}. Then,
g((ik) (z) = g4« () is the strong complete polynomial whenever d** & {0,1, —1}. If d*** +
dsk2 ... 4 d@** ¢ {0,1, —1} for a set of positive integers K = {ky, ko, ..., k¢ } then

t t

Do @) ke =3 LML @) 2o = LY d™) L (@) £

=1 i=1

is also a permutation. It follows that g4(z) is the K-strong complete mapping (see [6] ).
This class of KC-strong complete polynomials is linearized. Now, we will present one more
construction of the nonlinearized generalized strong complete polynomials over extension
fields.

Theorem 3.4. Let f;(x) be permutation polynomials over F, such that f;(d*z) £ f;(z)
are permutation polynomials for d € F*, k = 1,2,...,t < q—1landi =1,2,...,n. Let
;e FfI — Iy be arbitrary functions for i = 1,2,...,n — 1. Denote X = x101 + w2000 +
-+ 4 Xpay,. Then the mapping

F(X) = fi(z1)ar + [fo(z2) + Y1(x1)]ae + - + [fu(@) + Yn_1(z1, 22, ..., Zn1)]

is a permutation polynomial such that F(d*X) + F(X) are permutation polynomials for
allk=1,2, ...t

Note: For functions f;(x) we can take L(z*) as discussed above.
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Proof. As d* € [, we have that d*X = d*zi01 + d*ro0n + ... + dFz, 0. Assume
F(d*X) £ F(X) = F(d*Y) & F(Y). Then, equating the coefficients with the basis
elements, we get fi(d*z1) + fi(x1) = fi(d*y1) = fi(y1). Thus 2y = y;. Further,
fo(dFaa) + 1 (dFar) £ (fal@2) + ¥1(21)) = fo(dFy2) + 1 (d¥yr) £ (fa(y2) + 11 (11)).
Since 1 = y1, we have f2 (dkl‘g) + f2 (1‘2) = f2 (dkyg) + f2 (yz) It follows that x5 = y».
By induction, 3 = y3,...,Z, = ¥,. Hence, X = Y. Therefore, F(d*X) + F(X) are
permutations forall k = 1,2, ..., ¢. O

Corollary 3.5. For a function F(X) defined in Theorem 3.4, the function G4(X) =
F(dF~Y(X)) is strong complete mapping with a property that G((ik)(X) are strong com-
plete mappings foralld = 1,2, ..., t.

Proof. The result follows from Proposition 3.3 and ijk) (X) = Gg(X). O
Note: If we put xy = 22 = ... = z,—1 = 0 and z,, = 1, then in all constructions
presented in Section 3 we will form a cycle whose elements are of the form (0,0, ..., 0, s).

The length of this cycle is less or equals to ¢. Using Lemma 2.2, we obtain ¢ < q. There-
fore, by means of Theorem 2.1 we can not obtain more than 2¢g of MOLS over IF;» using
constructions in the Section 3.
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Abstract

We discuss recent progress on the problem of classifying point-primitive generalised
polygons. In the case of generalised hexagons and generalised octagons, this has reduced
the problem to primitive actions of almost simple groups of Lie type. To illustrate how
the natural geometry of these groups may be used in this study, we show that if S is a
finite thick generalised hexagon or octagon with G < Aut(S) acting point-primitively and
the socle of G isomorphic to PSL,,(¢) where n > 2, then the stabiliser of a point acts
irreducibly on the natural module. We describe a strategy to prove that such a generalised
hexagon or octagon S does not exist.

Keywords: Generalised hexagon, generalised octagon, generalised polygon, primitive permutation
group.
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1 Introduction

‘We show in this paper that the Aschbacher—Dynkin [2] classification of maximal subgroups
of classical groups is a potentially useful tool to investigate whether or not a finite thick
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generalised hexagon or octagon admits a large rank classical group as an automorphism
group with a point-primitive action.

The notion of a generalised polygon arose from the investigations of Tits [12] and is
connected with the groups of Lie type having twisted Lie rank 2. They belong to a wider
class of geometric objects known as buildings, which were also introduced by Tits, whose
motivation was to find natural geometric objects on which the finite groups of Lie type
act, in order to work towards a proof of the classification of finite simple groups. Indeed,
all families of simple groups of Lie type having twisted Lie rank 2 arise as automorphism
groups of generalised polygons.

An incidence geometry S = (P, L,T) of rank 2 consists of a point set P, a line set £
and an incidence relation Z C P x L such that P and £ are disjoint non-empty sets. We say
that S is finite if | PUL]| is finite. The dual of Sis SP = (£, P, ZP), where (p, £) € Z if and
only if (¢,p) € TP. We say that S is thick if each point is incident with at least three lines
and each line is incident with at least three points. A flag of S is a set {p, ¢} with p € P,
¢ € L and (p,f) € Z. The incidence graph of S is the bipartite graph whose vertices are
P U L and whose edges are the flags of S. A generalised n-gon is, then, a thick incidence
geometry of rank 2 whose incidence graph is connected of diameter n and girth 2n such that
each vertex lies on at least three edges [13, Lemma 1.3.6]. It is not immediate, but if S is a
thick generalised n-gon, then there exist constants s, ¢ > 2 such that each point is incident
with ¢ + 1 lines and each line is incident with s 4 1 points [13, Corollary 1.5.3]. We then
say that the order of S is (s,t). A collineation of S is a pair («, ) € Sym(P) x Sym(L)
that preserves the subset Z C P x L. The subset of all collineations of Sym(P) x Sym(L)
is a subgroup denoted Aut(S). A celebrated result of Feit and Higman [8] states that if
S is a finite thick generalised n-gon, then n € {2,3,4,6,8}. We refer the reader to Van
Maldeghem’s book [13] both for further details about classical generalised polygons, and
for a full introduction to the theory of generalised polygons.

In this paper we shall only be concerned in the case that S is a finite thick generalised
hexagon or octagon. At present the only known examples of these are the split Cayley
hexagon H (q), the twisted triality hexagon T'(g, ¢*), the Ree—Tits octagon O(22™*1) and
their duals. These correspond to the groups Gz (q), > D4(q) and 2 F;(2%™+1) and complete
descriptions of these can be found in [13].

The point graph of a generalised polygon S is the graph with points as vertices and
with two points adjacent if they are collinear. The classification of (not necessarily thick)
generalised polygons admitting an automorphism group which acts distance-transitively
on the point graph of S is due to Buekenhout and Van Maldeghem [6]. In addition, they
show that distance-transitivity implies that G acts primitively on P. If S is also thick, then
Buekenhout and Van Maldeghem show that the socle of G is a finite simple group of Lie
type having twisted Lie rank 2. The assumption of distance-transitivity for this graph is
strong, and in recent years there has been work by a number of authors to show that the
assumption of distance-transitivity can be relaxed.

Schneider and Van Maldeghem [11, Theorem 2.1] showed that if G < Aut(S) acts
flag-transitively, point-primitively and line-primitively, then G is an almost simple group
of Lie type. The following theorem, which significantly strengthened this result, provided
motivation for the present paper.

Theorem 1.1 ([3, Theorem 1.2]). Let S be a finite thick generalised hexagon or octagon.
If a subgroup G of Aut(S) acts point-primitively, then G is an almost simple group of Lie
type.
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The proof of Theorem 1.1 relies on the classification of finite simple groups. In order to
rule out certain possibilities for soc(G), it is sufficient to consider the primitive actions of
the almost simple groups of Lie type, or equivalently, their maximal subgroups. For an ex-
ceptional Lie type group that has a faithful projective representation in defining characteris-
tic of degree at most 12, a complete classification of its maximal subgroups is summarised
in [4, Chapter 7]. Using this classification it was proved by Morgan and Popiel in [9] that
under the hypothesis of the above theorem, if in addition it is assumed that the socle of G is
isomorphic to one of the Suzuki-Ree groups, 2 By (22m11)! 2G5 (32m+1) or 2Fy(22mF1Y,
where m > 0, then up to point-line duality, S is the Ree-Tits octagon O(22"*1). For a
general classical group G, however, we appeal to the Aschbacher-Dynkin classification [2]
of its maximal subgroups. The maximal subgroups of G fall into eight families of “geo-
metric” subgroups, those which preserve a natural geometric structure, and a ninth class of
exceptions. These classes are denoted %; for 1 < ¢ < 9, and some authors denote %y as
.. The class %) consists of stabilisers of subspaces and includes the maximal parabolic
subgroups of G. Our main result is as follows.

Theorem 1.2. Let S be a finite thick generalised hexagon or octagon. If G < Aut(S) acts
point-primitively on S and the socle of G is isomorphic to PSL,(q) where n > 2, then
the stabiliser of a point of S is not the stabiliser in G of a subspace of the natural module
V= (]Fq)n

The subspace stabilisers considered in Theorem 1.2 are all maximal parabolic sub-
groups. Given this result, and in the light of the result of Morgan and Popiel [9] mentioned
above, it would in the first instance be good to handle all primitive coset actions of Lie type
groups on maximal parabolic subgroups.

Problem 1.3. Extend Theorem 1.2 to show that, if S is a finite thick generalised hexagon
or octagon and G < Aut(S) is an almost simple group of Lie type such that the stabiliser
G, of a point x is a maximal parabolic subgroup, then (S, G) is one of the known classical
examples.

Problem 1.3 has been solved for the Suzuki—Ree groups in [9], and it has also been
solved by Popiel and the second author [10] for the groups G2(q)’. It would be especially
interesting to have a solution to Problem 1.3 for the groups of (twisted or untwisted) Lie
rank 2, and in particular for the family D4 (q)’ which is the only untreated case where
the groups are known to act on a generalised hexagon or octagon. Moreover, it would be
even more interesting to have a characterisation of all point-primitive actions of groups
with socle G2(q)" or Dy4(q)’ on a thick generalised hexagon or octagon (not just the coset
actions on maximal parabolic subgroups). This, however, seems to be a substantially harder
problem.

Maximal parabolic subgroups mentioned in Problem 1.3 are examples of large sub-
groups, a notion introduced by Alavi and Burness in [1], namely a subgroup H of a finite
group G is large if |H|> > |G|. In [1] all large subgroups of all finite simple groups are
determined. In our view the next level of attack on the general classification problem would
be to handle actions on cosets of large subgroups.

Problem 1.4. Extend Theorem 1.2 to show that, if S is a finite thick generalised hexagon
or octagon and G < Aut(S) is an almost simple group of Lie type such that the stabiliser G,
of a point is a large maximal subgroup, then (S, G) is one of the known classical examples.
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Popiel and the second author [10] have almost solved Problem 1.4 for groups G with
socle G2(q)’. The only unresolved point-primitive action is on a generalised hexagon with
stabiliser satisfying G, Nsoc(G) = Go(q'/?).

The result of Alavi and Burness [1, Theorem 4] for groups G = PSL,,(q), taking into
account Theorem 1.2 for parabolic actions and using properties of the parameters of a gen-
eralised n-gon, shows that a solution to Problem 1.4 for these groups involves consideration
of just four kinds of point actions. We follow Alavi and Burness in using fype to denote a
rough approximation of the structure of a subgroup.

Proposition 1.5. Let S be a finite thick generalised hexagon or octagon of order (s,t).
Suppose that G < Aut(S) with G = PSL,,(q), and G acts point-primitively on S such that
the stabiliser G,, of a point x is a large subgroup. Then one of the following holds:

(a) G, is a Ga-subgroup of type GLy, /,(q) L Sk, where k = 2 or k = 3;
(b) G is a €3-subgroup of type GLn/k(qk), where k = 2 or k = 3;
(c) G is a Cs-subgroup of type GL,,(qo) with ¢ = qf, and either k = 2 or k = 3, or;

(d) G. € s of type Sp,,(q) (n even), SU,(qo0) (¢ = q3), SOn(q) (nq odd), or SO,(q)
(n even, e = *).

Proof of Proposition 1.5. In addition to the classes asserted in the statement of the propo-
sition, Alavi and Burness show that either G, € %7, which is excluded by Theorem 1.2, or
G, is one of finitely many cases belonging to classes 6 or 6o [1, Proposition 4.7 and The-
orem 4(ii)]. Of these, the cases where G is a group appearing in the Atlas [7] are excluded
by [5, Theorems 1.1 and 1.2]. The remaining possibilities for (G, G,.) are:

G PSL5(3) PSLy(5) PSL4(7) PSLa(q)q € {41,49,59,61,71}
G. My, 24 Ag PSU4(2) As

The number |P| of points is the polynomial f(s,t) = (s + 1)(s*t2 + st + 1) if S is
a generalised hexagon, and f(s,t) = (s + 1)(s3t® + s%t? + st + 1) if S is a generalised
octagon. Running through the possibilities for |P| = |G : G,| from the table above, we find
that there are no solutions to the equation |P| = f(s,t) with s,¢ > 2. This completes the
proof. O

Extending Theorem 1.2 to include the large subgroups in class %> has also proven to
be unexpectedly challenging to the authors.

2 The proof of Theorem 1.2

To prove Theorem 1.2, we assume for a contradiction that S is a thick generalised hexagon
or octagon and G < Aut(S), with soc(G) = PSL,(q), is such that a point stabiliser is
maximal in G and is the stabiliser of a k-subspace of the natural module V' = (IF,,)", where
0 < k < n. Hence we may identify the point set P of S with the set of k-subspaces of
V', which we denote by (‘;) If G contains a graph automorphism then & = n/2 and, for
its index 2 subgroup H = G N PT'L,(q), the stabiliser # is maximal in H. Thus we
may assume that PSL,,(¢) < G < PT'L,,(g). It is convenient in the proofs to work with a
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group G such that SL,,(¢) < G < I'L,,(¢) acting linearly on V', with the scalar matrices
acting trivially on (‘;), so G = G/Z where Z is the subgroup of scalars. Since a graph

automorphism of G' maps (}) to (), and hence maps S to an isomorphic generalised
polygon with point set identified with (n‘i k), we may assume further that 1 < k& < n/2,

and so the following hypotheses hold.

Hypothesis 2.1. Let S = (P, L) be a finite thick generalised hexagon or octagon of order
(s,t), such that P is identified with the set (‘;) of k-subspaces of V.= (F,)", where
1 < k < n/2. Suppose that SL,,(q) < G < T'L,(q) and that G induces a group of
automorphisms of S acting naturally on P, (so that a point stabiliser belongs to class 6).

Our proof of Theorem 1.2 uses the following three lemmas. The first is from [3].

Lemma 2.2 ([3, Lemma 2.1(iv)]). Let S be a finite thick generalised hexagon or octagon
of order (s,t), and let P denote the set of points of S. Let ©,y1,y2 € P such that x ~ y;
and x ~ yo, and let g € Aut(S) such that xg # x. If g fixes y1 and ys, then x,y1, Yo, Tg
all lie on a common line.

The second lemma is not difficult to prove, and its proof is left to the reader.

Lemma 2.3. Suppose SL,,(q) < G < TL,(q), V = (Fg)" and k < n/2. Then, if

dim(V) = n and k < n/2, then the orbits of G on (Z) X (Z) are

I, = {(m,y) c (Z) X <Z> | dim(zNy) = z} where 0 <1 < k. 2.1

Moreover, for x € (Z) the orbits of G, are

Ti(z) = {y € (Z) | dim(z Ny) = z} where 0 <1 < k.

The third lemma allows us to characterise adjacency in S.
Lemma 2.4. Assume Hypothesis 2.1 and let x,y € P. Then the following properties hold.

(F1) Foreveryi € {0,...,k}, if z,y are collinear and dim(x Ny) = i, then any ', y' €
P with dim(z’ Ny') = i are also collinear.

(F2) Foreveryi € {0,...,k — 1}, if x,y are collinear and dim(xz N y) = i, then there
exists y' € P such that dim(x Ny') =i andy' + y.

Proof. Property (F1) follows from Lemma 2.3. For (F2), suppose towards a contradiction
that every point 3’ with dim(z Ny’) = 4 is collinear with y. By (F1), every such point 3’
is also collinear with z, and hence lies on the line ¢ through = and y (because otherwise
{z,y,y’'} would form a triangle and S contains no triangles). Let J = J(n, k); denote
the generalised Johnson graph with vertex set V(J) = (‘;) and two vertices adjacent if
and only if they intersect in an ¢-subspace. Since G acts primitively on (‘g), and since the
connected components are G-invariant, .JJ is a connected graph. Note that Property (F1)
implies that adjacency in J implies collinearity, but the converse is not necessarily true. By
definition of J, y,y" € Ji(x), the set of vertices adjacent to = in J. By the above argument,
{z} U J1(z) is contained in the line ¢. Since G acts transitively on J and since adjacency
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is preserved by this action, it is true for all w € P that {u} U J; (u) is contained in a line of
S. Since S has more than one line, the diameter of .J is at least 2.

We now prove by induction on the distance d, where 2 < d < diam(.J), that, for any
vertices u, v of J, if the distance d = §(u,v) and (ug, u1, ..., uq) is a path of length d
in J from v = ug to v = wug, then {ug,...,uq} is contained in the line ¢ containing
{u} U Jy(u). First we prove this for d = 2. Suppose that 6(u,v) = 2 and let (u,w,v)
be a path of length 2 in J from u to v. Note that w € Jy(u) C ¢. Also u,v both lie in
{w} U J1(w) which, as we have shown, is contained in some line ¢’ of S. Then wu, w are
contained in both £ and ¢’, and since two points lie in at most one line of S it follows that
¢ = ¢, and so u,w,v all lie in £ and the inductive assertion is proved for d = 2. Now
suppose inductively that 3 < d < diam(J) and that the assertion is true for all integers
from 2 to d — 1. Suppose that §(u,v) = d and that (ug, u1, ..., uq) is a path in J from
u = ug to v = ug. Then d(u,uq—1) = d — 1, so by induction {ug, ..., uq—1} C £. Also
Ug—2,V € {ug—1} U J(ug—1), which we have shown to be contained in some line ¢'; since
Ug_2,Uq—_1 are contained in both £ and ¢’, it follows that # = ¢, and the inductive assertion
is proved for d. Hence by induction the assertion holds for all d < diam(J). However, this
is a contradiction because the points of S do not all lie on a single line. O

We are now in a position to prove Theorem 1.2.

Proof of Theorem 1.2. As discussed at the beginning of this section we may assume that
Hypothesis 2.1 holds. Thus P = () and k < n/2.

CLAIM 1: k > 4. Consider the action of G on P x P. For each ¢ with 0 < 7 <
k — 1, G acts transitively on the set I'; defined in (2.1) by Lemma 2.3. It is a standard
result in the theory of permutation groups that the orbits of G on P x P are in one-to-one
correspondence with the orbits of G, on P, and there must be at least one G,-orbit for
each possible distance from x in the point graph of S. If k& < 3, then the number of orbits
of G is less than four, so no point of P\ {x} is at distance 3 from z in S, contradicting the
assumption that S is either a generalised hexagon or a generalised octagon. If k£ = 3, then
for the same reason S is not a generalised octagon, and so S is a generalised hexagon and
G acts distance transitively on the point graph. By the main result of Buekenhout and Van
Maldeghem in [6], S is a classical generalised hexagon and its distance transitive group has
socle Gg(rf ) for some prime power rf, which is a contradiction. Hence k > 4 as claimed.

Now let {e1,...,e,} be a basis of V and take * = (ej,...,er). Let k1 < k be
maximal such that there exists a point y ~ x with (z,y) € 'y, (as defined in (2.1)). Note
that, by Claim 1, n > 2k > 8.

CLAIM 2: k; < k — 1. For a contradiction, assume that k; = k£ — 1 and without loss
of generality that y = (ey,...,ex—1,ex+1). By (F2) there exists a point ' € P such that
(z,y") € Tk_1 and y = y' and by (F1) we have z ~ ¢’ and so dim(z Ny') = k — 1
and dim(y Ny') < k — 2. Now dim(z Ny) = dim(z Ny’) = k — 1 implies that
dim(z Ny Ny') > k — 2, and hence dim(y Ny') = dim(z Ny Ny') = k — 2. We may
assume without loss of generality that y' = (ea,. .., ek, ex42). But now the permutation
matrix corresponding to (1, k+1)(k, k+2) leaves y and 3/’ fixed, but not z. By Lemma 2.2,
this implies that y ~ 3/, a contradiction. Hence ky < k — 1, as required.

CLAIM 3: k1 = 0. Assume to the contrary that k; > 0. Recall that k1 < k is maximal
such that there exists a point y ~ z with y € I'y,. Thus we may assume that

Y= (€1, s €hys Chils- s €2y )
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If2k — k1 +1 < n,let

Z=(€1, ) €hys Chi2, s €2h—loy41)

so thatdim(z N z) = k; and dim(yNz) = k—1 > ky. It then follows from (F1) that z ~ 2
and from Claim 2 and the maximality of kq that y ~ 2. Since 1 < k; < k — 2, we have
k + 2 < 2k — k; and hence the permutation matrix corresponding to (1, k + 2)(k, k — 1)
fixes y and z but not x. But once again Lemma 2.2 implies that y ~ z, a contradiction.
Therefore k1 = 0 as claimed.

An immediate corollary of Claim 3 and (F1) is that G acts flag-transitively on S.

CLAIM 4: n = 2k or 2k + 1. For a contradiction, suppose that 2k + 1 < n and recall
E<n/2. Lety = (ext1,-..,€2k) and z = (€p42,...,€2r41). Observe that z ~ y, x ~ z
by (F'1); furthermore dim(y N z) = k — 2 > 0, so y ~ z by the maximality of k1. Since
k > 4 by Claim 1, the permutation matrix corresponding to (1, 2k + 2)(2, 3) fixes y and z
but not z, contradicting Lemma 2.2.

CLAIM 5: n = 2k. Assume n = 2k 4+ 1. Let y be as in Claim 4 and let z =
(k+1y---,€2k—1,€1 + €2k4+1). Then & ~ y and = ~ z by Claim 3 and since dim(y N z) =
k —1 > 0, we see that y ~ z by Claim 3. Once again we apply Lemma 2.2 by noting that
since k > 4, the permutation matrix for (1, 2k + 1)(k 4+ 1, k + 2) leaves y and z fixed but
not x, contradicting Lemma 2.2. Hence n = 2k and Claim 5 is true.

To complete the proof let

x:<elv'~~7ek>v y:<ek+17"'762k>7

2.2)
Z=(e1+ €kt1s---1€i + €Cith,-.. €L+ €21).

Then dim(z Ny) = dim(z N z) = dim(y N z) = 0, and so z, y and z are pairwise
collinear by Claim 3. Then, since S does not contain any triangles, x, y and z lie on a
line of S, say £. Consider the stabiliser GGy. Note that ¢ is the unique line containing any
pair of the elements x, y or z and so in particular, Gy > (Goy, Gaz, Gy.). Writing vectors
in V' as n-dimensional row vectors over [F, relative to the basis eq, ..., ey, and writing
matrices relative to this basis, we see that x consists of all vectors of the form (X, 0),
where X, 0 denote k-dimensional row vectors, and the stabiliser ¢, consists of all matrices
M = (4 5) € G forwhich (I | 0)M has the form (X | 0) where X € GLj(F,). Our aim
is to show that (G, G5, Gy) contains SL,,(q). Let H = SL,,(¢) and let H, = H N G,
and define H,, H., Hy,, H,,, H,. and H, analogously. Let M} (q) denote the ring of all
k x k matrices over IF, and recall that k = n/2. Then

Hw = <(é‘ g) € SLn(q) ‘ A7D € GLk(Q)7C € Mk(Q)>'

Similarly,
Hy={((45) €SLu(q) | A, D € GL(q), B € My(q))

and

H.

From this we see that

((48) €SLu(q) | A+ C =B+ D).

Hyy = {((#9) € GLu(q) | A, D € GLk(g),det(AD) = 1).
Similarly,

H,, = <(DéA [O)) € GLn(Q) | A, D e GLk(q)7det(AD) = 1>
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and

Hy. = ((445P) € GLa(q) | A, D € GLy(q), det(AD) = 1).

Our aim is now to show that Hy := (H,,, H,., H,.) is equal to H. We interrupt our proof
of Theorem 1.2 to prove this in the following lemma.

Lemma 2.5. The group generated by all matrices of the form (‘6‘ 103), (‘3 ABD ) and
(pA4 D) where A, D € GLy(q) and det(AD) = 1 equals H := SLay(q).

Proof. Let L = (4 9),(545°),(p%4 D) | A,D € GLi(q),det(AD) = 1) and

let z,y,z € (‘;) be as in (2.2). Then, L contains the matrix (DéA ,%)(Agl Do,l) =

(DAL_I ?) In particular, choosing A = I and D = [ + E; s wehave DA™ = [+ E; »

so that L contains the matrix M = (5!, 7). Anelementh = hap = ({ 2) conjugates

M= (g,9) 0 (p-1p ,a7). Since L contains (¢ §) for each permutation matrix

A, it follows that L contains ( Efj 9) for each ¢,j. Hence L contains H,. Similarly, L
contains H,. Since H, is maximal in H and H, # H,, we conclude that L = H. O

Resuming our proof: Lemma 2.5 implies that G, contains SL,,(¢) and since G is primi-
tive on points it follows that SL,, (¢) and hence also Gy, is transitive on points. This implies
that ¢ is incident with all points, which is a contradiction. This completes the proof of
Theorem 1.2. O

ORCID iDs

Stephen P. Glasby (D) https://orcid.org/0000-0002-0326-1455
Emilio Pierro ® https://orcid.org/0000-0003-1300-7984
Cheryl E. Praeger [0} https://orcid.org/0000-0002-0881-7336

References

[1] S.H. Alavi and T. C. Burness, Large subgroups of simple groups, J. Algebra 421 (2015), 187-
233, doi:10.1016/j.jalgebra.2014.08.026.

[2] M. Aschbacher, On the maximal subgroups of the finite classical groups, Invent. Math. 76
(1984), 469-514, doi:10.1007/bf01388470.

[3] J. Bamberg, S. P. Glasby, T. Popiel, C. E. Praeger and C. Schneider, Point-primitive generalised
hexagons and octagons, J. Comb. Theory Ser. A 147 (2017), 186204, doi:10.1016/j.jcta.2016.
11.008.

[4] J. N. Bray, D. F. Holt and C. M. Roney-Dougal, The Maximal Subgroups of the Low-
Dimensional Finite Classical Groups, volume 407 of London Mathematical Society Lecture
Note Series, Cambridge University Press, Cambridge, 2013, doi:10.1017/cbo9781139192576.

[5] F. Buekenhout and H. Van Maldeghem, Remarks on finite generalized hexagons and octagons
with a point-transitive automorphism group, in: A. Beutelspacher, F. Buekenhout, J. Doyen,
E. De Clerck, J. A. Thas and J. W. P. Hirschfeld (eds.), Finite Geometry and Combinatorics,
Cambridge University Press, Cambridge, volume 191 of London Mathematical Society Lec-
ture Note Series, pp. 89-102, 1993, doi:10.1017/cbo9780511526336.011, Proceedings of the
Second International Conference held in Deinze, May 31 — June 6, 1992.

[6] F. Buekenhout and H. Van Maldeghem, Finite distance-transitive generalized polygons, Geom.
Dedicata 52 (1994), 41-51, doi:10.1007/bf01263523.



(7]

(8]

(9]

(10]
(1]

[12]

[13]

. P. Glasby et al.: Point-primitive generalised hexagons and octagons and projective . .. 317

J. H. Conway, R. T. Curtis, S. P. Norton, R. A. Parker and R. A. Wilson, An Atlas of Finite
Groups, Oxford University Press, Eynsham, 1985.

W. Feit and G. Higman, The nonexistence of certain generalized polygons, J. Algebra 1 (1964),
114-131, doi:10.1016/0021-8693(64)90028-6.

L. Morgan and T. Popiel, Generalised polygons admitting a point-primitive almost simple group
of Suzuki or Ree type, Electron. J. Combin. 23 (2016), #P1.34 (12 pages), doi:10.37236/5510.

E. Pierro and T. Popiel, On the action of G2(g) on generalised hexagons and octagons, preprint.

C. Schneider and H. Van Maldeghem, Primitive flag-transitive generalized hexagons and oc-
tagons, J. Comb. Theory Ser. A 115 (2008), 14361455, doi:10.1016/j.jcta.2008.02.004.

J. Tits, Sur la trialité et certains groupes qui s’en déduisent, Inst. Hautes Etudes Sci. Publ. Math.
2(1959), 13-60, http://www.numdam.org/item/PMIHES_1959__ 2 13_0/.

H. Van Maldeghem, Generalized Polygons, volume 93 of Monographs in Mathematics,
Birkhiuser, 1998, doi:10.1007/978-3-0348-8827-1.






ARS MATHEMATICA
CONTEMPORANEA

Author Guidelines

Before submission

Papers should be written in English, prepared in IKTEX, and must be submitted as a PDF
file. The title page of the submissions must contain:

e Title. The title must be concise and informative.

* Author names and affiliations. For each author add his/her affiliation which should
include the full postal address and the country name. If avilable, specify the e-mail
address of each author. Clearly indicate who is the corresponding author of the paper.

» Abstract. A concise abstract is required. The abstract should state the problem stud-
ied and the principal results proven.

* Keywords. Please specify 2 to 6 keywords separated by commas.

* Mathematics Subject Classification. Include one or more Math. Subj. Class. (2020)
codes — see https://mathscinet.ams.org/mathscinet/msc/msc2020.html.

After acceptance

Articles which are accepted for publication must be prepared in IATEX using class file
amcjoucc.cls and the bst file amcjoucc.bst (if you use BibTX). If you don’t use BibTX,
please make sure that all your references are carefully formatted following the examples
provided in the sample file. All files can be found on-line at:

https://amc-journal.eu/index.php/amc/about/submissions/#authorGuidelines

Abstracts: Be concise. As much as possible, please use plain text in your abstract and
avoid complicated formulas. Do not include citations in your abstract. All abstracts will be
posted on the website in fairly basic HTML, and HTML can’t handle complicated formulas.
It can barely handle subscripts and greek letters.

Cross-referencing: All numbering of theorems, sections, figures etc. that are referenced
later in the paper should be generated using standard IAIEX \label{...} and \ref{...}
commands. See the sample file for examples.

Theorems and proofs: The class file has pre-defined environments for theorem-like state-
ments; please use them rather than coding your own. Please use the standard \begin{proof}
... \end{proof} environment for your proofs.

Spacing and page formatting: Please do not modify the page formatting and do not use
\medbreak, \bigbreak, \pagebreak etc. commands to force spacing. In general, please
let IZTiEX do all of the space formatting via the class file. The layout editors will modify the
formatting and spacing as needed for publication.

Figures: Any illustrations included in the paper must be provided in PDF format, or
via TEX packages which produce embedded graphics, such as TikZ, that compile with
PAfIATEX. (Note, however, that PSTricks is problematic.) Make sure that you use uniform
lettering and sizing of the text. If you use other methods to generate your graphics, please
provide .pdf versions of the images (or negotiate with the layout editor assigned to your
article).

xiii



ARS MATHEMATICA
CONTEMPORANEA
Subscription

Yearly subscription: 150 EUR

Any author or editor that subscribes to the printed edition will receive a complimentary
copy of Ars Mathematica Contemporanea.

Subscription Order Form

I would like to subscribe to receive ...... copies of each issue of
Ars Mathematica Contemporanea in the year 2021.

I want to renew the order for each subsequent year if not cancelled by e-mail:
O Yes 0 No

Signature: ...

Please send the order by mail, by fax or by e-mail.

By mail: Ars Mathematica Contemporanea
UP FAMNIT
Glagoljaska 8
SI-6000 Koper
Slovenia

By fax: +386 56117571
By e-mail: info@famnit.upr.si

X1V






Printed in Slovenia by IME TISKARNE



