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Abstract

For an arbitrary g-polynomial f over F;» we study the problem of finding those g-
polynomials g over Fy» for which the image sets of f(z)/x and g(z)/z coincide. For
n < b we provide sufficient and necessary conditions and then apply our result to study
maximum scattered linear sets of PG(1, ¢°).
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1 Introduction

Let IF» denote the finite field of ¢" elements where ¢ = p" for some prime p. For n > 1
and s | n the trace and norm over Fys of elements of Fy~ are defined as Trgn /g (2) =
z4+2? +- 427 " and Nyn e (x) = 2270797 respectively. When s = 1 then we
will simply write Tr(z) and N(x). Every function f: Fyn — F,n can be given uniquely
as a polynomial with coefficients in F» and of degree at most ¢" — 1. The function f is
IF,-linear if and only if it is represented by a g-polynomial, that is,

n—1 )
fla)=> a?® (1.1)
=0

with coefficients in Fg». Such polynomials are also called linearized. If f is given as in
(1.1), then its adjoint (w.r.t. the symmetric non-degenerate bilinear form defined by (x, y) =
Tr(zy)) is

n—1 . o
fla)y:=> al a7,
=0

ie. Tr(zf(y)) = Tr(yf(z)) for any z,y € Fon.
The aim of this paper is to study what can be said about two g-polynomials f and g

over [P if they satisfy
m(ﬂ@>:m(ﬂ@), 12)
X X

where by Im(f(z)/x) we mean the image of the rational function f(z)/x, i.e. {f(z)/x :
relFr.}

For a given g-polynomial f, the equality (1.2) clearly holds with g(z) = f(Az)/\
for each A € Fy.. It is less obvious that (1.2) holds also for g(z) = FAz)/A, cf. [2,
Lemma 2.6] and the first part of [8, Section 3], see also the proof of [18, Theorem 3.3.9].

When one of the functions in (1.2) is a monomial then the answer to the question
posed above follows from McConnel’s generalization [25, Theorem 1] of a result due to
Carlitz [7] (see also Bruen and Levinger [6]).

Theorem 1.1 ([25, Theorem 1]). Let p denote a prime, ¢ = p", and 1 < d a divisor of
q — 1. Also, let F: T, — F, be a function such that F(0) = 0 and F(1) = 1. Then

—1 q—1

q-1 q-1
(F(z) = F(y) * =(@—y)?
forall z,y € Fy if and only if F(z) = 2%’ for some 0 < j < handd | p’ — 1.

Indeed, when the function F' of Theorem 1.1 is IF,-linear, we easily get the following
corollary (see Section 2 for the proof, or [16, Corollary 1.4] for the case when ¢ is an odd
prime).

Corollary 1.2. Let g(x) and f(x) = az?’, q = p", be q-polynomials over F;n satisfying
Condition (1.2). Denote ged(k,n) by t. Then g(x) = Bz with ged(s,n) = t for some 3
with Nqn/qt (a) = Nqn/qt (ﬂ)

Another case for which we know a complete answer to our problem is when f(z) =
Tr(z).
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Theorem 1.3 ([8, Theorem 3.7]). Let f(x) = Tr(x) and let g(x) be a g-polynomial over
Fyn such that

Im(f(2)/x) = Im(g(z) /).
Then g(x) = Tr(Ax)/X for some \ € Fy..

Note that in Theorem 1.3 we have f(x) = f () and the only solutions for g are g(x) =
f(Az)/A, while in Corollary 1.2 we have (up to scalars) ¢(n) different solutions for g,
where ¢ is the Euler’s totient function.

The problem posed in (1.2) is also related to the study of the directions determined by
an additive function. Indeed, when f is additive, then

f(@) = f(y)
T —y

T (o)) = { oAy oy €F

is the set of directions determined by the graph of f, i.e. by the point set G, := {(z, f(z)) :
z € Fgn} C AG(2,¢™). Hence, in this setting, the problem posed in (1.2) corresponds
to finding the IF,-linear functions whose graph determines the same set of directions. The
size of Im(f(z)/x) (for any f, not necessarily additive) was studied extensively. When f
is IF;-linear the following result holds.

Theorem 1.4 ([1, 3]). Let f be a g-polynomial over Fyn, with maximum field of linearity
Fy. Then

1L (/) < T

The classical examples which show the sharpness of these bounds are the monomial
functions 29", with ged(s, n) = 1, and the Tr(z) function. However, these bounds are also
achieved by other polynomials which are not “equivalent” to these examples (see Section 2
for more details).

Two F-linear polynomials f(x) and h(x) of Fn [z] are equivalent if the two graphs G5
and G, are equivalent under the action of the group I'Li(2, ¢™), i.e. if there exists an element
€ TL(2, ¢™) such that gjf = Gp. In such a case, we say that f and h are equivalent (via
©) and we write h = f,. It is easy to see that in this way we defined an equivalence
relation on the set of g-polynomials over Fyn. If f and g are two g-polynomials such
that Im(f(x)/x) = Im(g(x)/x), then Im(f,(x)/2) = Im(g,(x)/x) for any admissible
¢ € TL(2,¢™) (see Proposition 2.6). This means that the problem posed in (1.2) can be
investigated up to equivalence.

For n < 4, the only solutions for g in problem (1.2) are the trivial ones, i.e. either
g(z) = f(Ax)/z or g(z) = f(A\z)/x (cf. Theorem 2.8).

For the case n = 5, in Section 4, we prove the following main result.

Theorem 1.5. Let f(x) and g(x) be two q-polynomials over F 5, with maximum field of
linearity Fy, such that Im(f (x)/x) = Im(g(z)/x). Then either there exists ¢ € T'L(2, ¢°)
such that f,(x) = az? and gp(x) = Bz with N(o)) = N(B) for some i, j € {1,2,3,4},
or there exists X € F5 such that g(x) = f(Ax)/A or g(z) = Fx)/\

Finally, the relation between Im( f(x)/x) and the linear sets of rank n of the projective
line PG(1, ¢™) will be pointed out in Section 5. As an application of Theorem 1.5 we get a
criterium of PT'L(2, ¢°)-equivalence for linear sets in PG(1, ¢°) and this allows us to prove
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that the family of (maximum scattered) linear sets of rank n and of size (¢" — 1)/(¢ — 1)
in PG(1, ¢™) found by Sheekey in [27] contains members which are not-equivalent to the
previously known linear sets of this size.

2 Background and preliminary results

Let us start this section by the following immediate corollary of Theorem 1.4.

Proposition 2.1. If Im(f(z)/x) = Im(g(x)/x) for two g-polynomials f and g over Fyn,
then their maximum fields of linearity coincide.

Proof. Let Fym and Fx be the maximum fields of linearity of f and g, respectively. Sup-
pose to the contrary m < k. Then |Im(g(x)/z)| < (¢" —1)/(¢* —1) < " *T1 +1 <
¢"" ™+ 1 < |Im(f(x)/z)|, a contradiction. O

Now we are able to prove Corollary 1.2.

Proof. The maximum field of linearity of f(x) is F,, thus, by Proposition 2.1, g(z) has
to be a g'-polynomial as well. Then for ¢ > 1 the result follows from the ¢ = 1 case
(after substituting ¢ for ¢* and n/t for n) and hence we can assume that f(z) and g(z)

are strictly F,-linear. By (1.2), we note that g(1) = azgk_l, for some 29 € Fy.. Let
F(x) := g(z)/g(1), then F is a g-polynomial over Fyn, with F(0) = 0 and F'(1) = 1.
Also, from (1.2), for each = € Fy,. there exists z € Fy.. such that

2.3

F(z)

This means that for each z € F}, we get N(—=) = 1. By Theorem 1.1 (applied to
the g-polynomial F' with d = ¢ — 1 | ¢" — 1 and using the fact that F' is additive) it

follows that F'(z) = x”’ for some 0 < j < nh. Then Proposition 2.1 yields p/ = ¢* with
ged(s,n) = 1. We get the first part of the statement by putting 5 = g(1). Then from the
assumption (1.2) it is easy to deduce N(«) = N(f). O

We will use the following definition.

Definition 2.2. Let f and g be two equivalent g-polynomials over Fy» via the element
€ T'L(2, ¢"™) represented by the invertible matrix

(¢ 4

and with companion automorphism o of Fy». Then

(o) -ereb 4 DG ) ren)

K¥(z) = az” +bf(x)°

Let

and
HY(z) = ca” + df ()°.
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Proposition 2.3. Let f and g be g-polynomials over Fyn such that g = f, for some
¢ € TL(2,¢"). Then K7 is invertible and g(x) = Hy ((K7)~' ().
Proof. 1t easily follows from (2.1). O

From (2.1) it is also clear that
Im <f¢(x)> _{Hd'za .z eIm (f(z)>} (2.2
T a—+ bz° T

Im(fy(2)/x)] = [Tm(f(z)/)]. (2.3)

From Equation (2.3) and Theorem 1.4 the next result easily follows.

and hence

Proposition 2.4. If two q-polynomials over F - are equivalent, then their maximum fields
of linearity coincide.

Note that |Im(g(x)/z)| = |Im(f(x)/x)| does not imply the equivalence of f and
g. In fact, in the last section we will list the known examples of g-polynomials f which
are not equivalent to monomials but the size of Im(f(z)/z) is maximal. To find such
functions was also proposed in [16] and, as it was observed by Sheekey, they determine
certain MRD-codes [27].

Let us give the following definition.

Definition 2.5. An element ¢ € I'L(2, ¢") represented by the invertible matrix

a b

c d
and with companion automorphism o of Fy» is said to be admissible w.r.t. a given g-
polynomial f over Fn if either b = 0 or —(a/b)°" ¢ Im(f(z)/x).

The following results will be useful later in the paper.

Proposition 2.6. If Im(f(x)/z) = Im(g(z)/x) for some g-polynomials over Fn, then
Im(f,(z)/x) = Im(g,(x)/x) holds for each admissible ¢ € T'L(2,¢™).

Proof. From Im(f(z)/x) = Im(g(z)/x) it follows that any ¢ € T'L(2,¢™) admissible
w.r.t. f is admissible w.r.t. g as well. Hence Kf‘p and K7 are both invertible and we may
construct f,, and g, as indicated in Proposition 2.3. The statement now follows from
Equation (2.2). O

Proposition 2.7. Let f and g be q-polynomials over Fyn and take some ¢ € TL(2,q")
with companion automorphism o. Then g,(x) = f,(A\7x)/\7 for some \ € F;. if and
only if g(x) = f(\z) /A

Proof. First we prove the “if” part. Since g(z) = f(Az)/X = (w1 o f o wx)(x), where
W denotes the scalar map x € Fyn — az € Fyn, direct computations show that Hy =
wi/ae © Hf owy and K¢ = wi/ae o K7 o wy. Then g, = wi/xe 0 f, 0 wyo and the
first part of the statement follows. The “only if”” part follows from the “if”” part applied to
go(x) = fo(A7x) /A7 and ¢~ *; and from (f,),—1 = f and (g,),-1 = g. O
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Next we summarize what is known about problem (1.2) for n < 4.

Theorem 2.8. Suppose Im(f(x)/z) = Im(g(z)/x) for some g-polynomials over Fn,
n < 4, with maximum field of linearity F,. Then there exist p € GL(2,q") and \ € F..
such that the following holds.

o Ifn=2then f,(x) =x%and g(x) = f(Ax)/\
o [fn = 3 then either
fo(z) =Tr(z) and g(z)= f(Az)/A
or
folw)=a and g(x) = fQx)/X or g(x)=f(z)/X
o Ifn = 4then g(z) = f(Ax)/Xor g(z) = f(Ax)/\.
Proof. Inthe n = 2 case f(x) = ax + bx?, b # 0. Let ¢ be represented by the matrix

(o 1h):

Then ¢ € GL(2,¢*) maps f(z) to 7. Then Proposition 2.6 and Corollary 1.2 give
9o (x) = fo(px)/p and hence Proposition 2.7 gives g(x) = f(Ax)/A for some A € Fyn. If
n = 3 then according to [21, Theorem 5] and [8, Theorem 1.3] there exists ¢ € GL(2, q3)
such that either f,(z) = Tr(z) or f,(z) = x9. In the former case Proposition 2.6 and
Theorem 1.3 give g, (z) = f,(ux)/p and the assertion follows from Proposition 2.7. In

the latter case Proposition 2.6 and Corollary 1.2 give g,(x) = az? where i € {1,2} and
N(a) = 1. If i = 1, then g,(x) = f,(uz)/p where u?~! = « and the assertion follows
from Proposition 2.7. Let now ¢ = 2 and denote by

A B
C D
the matrix of ¢ ~*. Also, let A denote the determinant of this matrix and recall that f,,(z) =
x4, with o € GL(2, ¢%). Then by Proposition 2.3
K}Pgl (z) = Az + Ba?
is invertible and its inverse is the map

A1+d® g — AT Bpd 4 Bltagd®
() =
N(A) +N(B)

Also, by Proposition 2.3 we have
(fo)p—1 (x) = Cp(x) + Dy(x)?,

which gives f(z) = (f,),-1 (2).
Using similar arguments, since N(«) = 1, direct computations show

(2) = (go) s () = (A9+9° C 4 BI+9’ D)z — BT Aa? T2 + A1Aaz9”
ST Melem i = N(4) + N(B) ’

and hence g(z) = f(Ax)/A for each \ € F7, with A~1 = A1=7/q4.
The case n = 4 is [8, Proposition 4.2]. O
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Remark 2.9. Theorem 2.8 yields that there is a unique equivalence class of g-polynomials,
with maximum field of linearity IF,, when n = 2. For n = 3 there are two non-equivalent
classes and they correspond to the classical examples: Tr(x) and 29. Whereas, for n = 4,
from [8, Sec. 5.3] and [5, Table on p. 54], there exist at least eight non-equivalent classes.
The possible sizes for the sets of directions determined by these strictly IF-linear functions
are ¢ +1, ¢*+¢* —q+1, ¢>+¢*>+1 and ¢® +¢%+¢+1 and each of them is determined by at
least two non-equivalent g-polynomials. Also, by [13, Theorem 3.4], if f is a ¢-polynomial
over [F ;4 for which the set of directions is of maximum size then f is equivalent either to

27 or to oz + xqg, for some ¢ € IF‘Z4 with N (0) # 1 (see [23]).

3 Preliminary results about Tr(x) and the monomial g-polynomials
over s

Let ¢ be a power of a prime p. We will need the following results.
Proposition 3.1. Let f(x) = Z?:o a;z9 and g(x) = Tr(x) be g-polynomials over Fys.

Then there is an element p € T'L(2, ¢°) such that Im(f,(z)/x) = Im(g(x)/x) if and only
if arasasay # 0, (a1/a2)? = as/as, (az/as)? = as/ag and N(a1) = N(asg).

Proof. Let ¢ € T'L(2,4°) such that Im(f,(z)/z) = Im(g(z)/z). By Proposition 2.4,
the maximum field of linearity of f is FF, and by Theorem 1.3 there exists A € IFs such
that f,(x) = Tr(Az)/\. This is equivalent to the existence of a, b, ¢, d, ad — bc # 0 and
oz — zP" such that

Unty) vere ) =10 0) (lor) rmeme}

Then cx? + df (x)? € F, foreach x € Fs. Let z = 2. Then

4 4
7 i+1
cz+d E afz? =129 + d? E alfz®
i=0 i=0

for each z. As polynomials of z, the left and right-hand sides of the above equation coincide
modulo z¢° — z and hence comparing coefficients yield
c+daf = d%y,
da] = ¢ + d%ag,
daj_ , = d%a7?,
for k =1,2,3. If d = 0, then ¢ = 0, a contradiction. Since d # 0, if one of ay, as, as, ays

is zero, then all of them are zero and hence f is IF4s-linear. This is not the case, so we have
aiagagay # 0. Then the last three equations yield

ai 1 G2
() =5
ag 1 as
(&) =5
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and by taking the norm of both sides in dag = d%a7? we get N(a;) = N(az).
Now assume that the conditions of the assertion hold. It follows that az = agﬂ / a?
2 2
and a4 = agﬂ/ag =al J””l/a‘f * Leta; = a;/a; fori =0,1,2,3,4. Then a; = 1,

2
N(ag) =1,a3 = agH and oy = a%+q+q . We have ay = A7~ for some \ € Frs. If

a b\ _ 1 0
c dJ 1—)\1_‘14a0/a1 )\1_‘14/a1 ’

() (1) -

x x
(x A CINED U AP Ul P e /\‘13_‘1433(14) B (Tr(ac)\q4)//\q4) ’

ie. fo(z) = Tr()\q4x)/)\q4, where ¢ is defined by the matrix

a b
(c d) . O
Proposition 3.2. Let f(x) = Z?:o aixqi, with ayasazay # 0. Then there is an element

¢ € T'L(2,¢°) such that Im(f,(x)/x) = Im(z?/x) if and only if one of the following
holds:

1. (a1/a2)? = az/as, (az2/a3)? = as/as and N(ay) # N(az), or
2. (as/a))” =ay/as (a1/a2)? = as/as and N(ay) # N(as).
In both cases, if the condition on the norms does not hold, then
m(f,(2)/z) = Im(Tr(z)/z).

Proof. We first note that the monomials 29 and 27" are equivalent via the map

)

Hence, by Corollary 1.2, the statement holds if and only if there exist a, b, ¢, d, ad —bc # 0,
o x> P andi € {1, 2} such that

{(yﬂ) ve F‘f} - {(i Z) (fé:)) 7€ Fqﬁ} - 3.

If Condition 1 holds then let o;; = a;/a; for j = 0,1,2,3,4. So a1 = 1, N(ag) # 1,

_ g+l _ l4q+q°
a3 = Oy , 04 = Qg

1 (134 1 0 z ) _
a1 [\ oo 1/ar) \rw) =

1 ol T
14+q+q°+¢° 2 3 il
T 1 29 4+ agx? + azx? 4 ayx?

and it turns out that
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Hence (3.1) is satisfied with¢ = 1, 0: x — x and

a b\ 1 4N/ 1 o0
c d) Oé+q+qz+q3’ 1 —ap 1/ay)”

If condition (1.2) holds then let o; = a;/az for j = 0,1,2,3,4. So g = 1, N(a1) #

3 3
= aﬁﬁq , Qg = a#q and (3.1) is satisfied with i = 2, 0: & — 2 and

a b B a}+q+q3+q4 1 1 0
c d) 1 0/{2 —ap 1l/as)’

Suppose now that (3.1) holds and put z = 2?. Then

4
N
(za +b Z a;-’zq])
j=0

for each z € IF;s and hence, as polynomials in z, the left-hand side and right-hand side

]., (6%

i

4 .

J

=cz+d E ajz?
§=0

of the above equation coincide modulo 29" _ 5. The coefficients of z, 24" and qu with
i€ {1,2}and k € {1,2,3,4} \ {3} give

b7 a’l = ¢+ dag,
a? + b7 al? = da?,
b" a7, = daj,
respectively, where the indices are considered modulo 5. Note that db # 0 since otherwise

also a = ¢ = 0 and hence ad — bc = 0. With {r,s,t} = {1,2,3,4} \ {¢}, the last three
equations yield:

First assume ¢ = 1. Then we have

(2) =5 = () -5
— ] =— and — ) =—.
a2 as as ay
If N(a1) = N(az), from Proposition 3.1 and Equation (2.3) it follows that | Im(z?/z)| =
|1 (Te(z)/2)]. Since | Im(x7/z)| = (¢" — 1)/(g — 1) and | In(Tx(z) /)] = "' +1,

we get a contradiction.
. 2
Now assume ¢ = 2. Then we have (a4/a1)? = a1 /a3 and

2

aq a _0;3
(@) = (3.2)
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2 2
Multiplying these two equations yields a? T' = a;ad and hence

3 3
ag = a; "t Jad T (3.3)

By (3.2) this implies
=a? ' /ad . (3.4)

If N(a;) = N(as), then also N(a;) = N(az) = N(as) = N(as). We show that in this
case Im(f,(x)/z) = Im(Tr(x)/z), so we must have N(a;) # N(az). According to
Proposition 3.1 it is enough to show (a;/a2)? = as/a3 and (az/a3)? = as/as. By (3.2)

we have (al/ag)q = (az/a4)?, *, which equals ag/ag if and only if (as/a3)? = as/ay, i.e.
aé = aya3. Taking into account (3.3) and (3.4), this equality follows from N(a;) =
N(ad). O

4 Proof of the main theorem

In this section we prove Theorem 1.5. In order to do this, we use the following two results
and the technique developed in [8].

Lemma 4.1 ([8, Lemma 3.4]). Let f and g be two linearized polynomials over Fyn. If
Im(f(x)/x) = Im(g(x)/x), then for each positive integer d the following holds

T d T d
() -z

Lemma 4.2 (See for example [8, Lemma 3.5]). For any prime power q and integer d we
have Y cw. v = —=1ifq—1|dandy_ p. 2* = 0 otherwise.
q q

Proposition 4.3. Let f(z) = Z?:o a;z9 and g(z) = Z?:o bz be two q-polynomials
over F s such that Im(f(x)/x) = Im(g(x)/x). Then the following relations hold between
the coefficients of f and g:

ag = b()7 (41)
alaf{ = blbqu (42)
2 2
agag = bzbg 5 (43)
aq+1ag2 T ay aq+q2 _ qurlbq2 T by bq+q2 (44)
aradt® 4 alt’al = b3t 4Bt (4.5)

Itgta® a° | 1+q, 0 +d® | oa 1+a"+d’ 1+q+q° 4
aj Qs +a as +aa +a1 a2a3a4+a2 ay; +

2 1 3 2 3
a1a2 asaj —|—a1a2a3 a4 + a1+q 9T 4 ggadtTTT =
1 1+ + 1 2 3 1+ 3 2
b1+q+(1 bg -1-52 qbg q° +bfllb3+q +4° _|_b'11 bgbg b?L _1_62 q+q bZ +

BIBE bgbd + bibIbd b 4 bIFC Ity popata e

(4.6)

)
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N(a1) + N(az) + N(as3) + N(a4) + Tr(afad S az +ai™? a24a3+q +

1

a‘f—" ag+qa4+aq+q+qa ay +a2aq+q+qa —|—a aq+q +q+
+¢® ¢* 1+ 4 14q+q®
gqa3a4q+a1aga ) =

3 4 3 4 2 (47)
N(by) + N(by) + N(bs) + N(by) + Te(bbd T4+ by 4 3+ pT plta” 4

bQ+q bq S4q* b +bq+q +q* bq b4+bqbq 2+g®+q* b4—‘rbq bq S4qt b +q+

3
B BT BT 4 pe b b,

Proof. Equations (4.1)—(4.5) follow from [8, Lemma 3.6]. To prove (4.6) we will use
Lemma 4.1 with d = ¢® + ¢% + g + 1. This gives us

q q qi_1+qj+1_q+q7n+2_q2+qn+3_q3 o
g a; ajaman E x =

1<i,j,m,n<4 IEIF(’;5
i gt m+2 2 n+3_ 3
Z b bgbgnb;zl Z 24 —1+4a q+q *+q a
1<i,j.m<4 e
By Lemma 4.2 we have ) er?, g0 T —a b P =" +a" " =a” — _1 if and only if
¢+ "+ =149+ + ¢ (mod ¢° — 1), (4.8)

and zero otherwise. Suppose that the former case holds. The right-hand side of (4.8) is
smaller than the left-hand side, thus

qi+qj+1+qm+2+qn+3:1+q+q2+q3+k(q571),

for some positive integer k. We have ¢* + ¢/ ™1 + ¢ 2 + "B < ¢* + P+ C +¢7 <
1+q+¢@+¢@+ (> +q+2)(¢°—1)andhence k < ¢®> +q+ 1. Ifi = 1, theng® | 1 — k
andhencek = 1,j =m =1landn =2, ork = ¢> + 1, n = 4 and either j = 2 and
m=3,0orj =4andm = 1. If i > 1, then ¢? divides ¢ + 1 — k and hence k = ¢ + 1,
ork=¢*>+q+1. Inthe formercase i = j =n = 2and m = 4,0ri = j = 2 and
n=m=30ori=3,j=1,m=4andn =2,ori =3,j=1landm =n = 3, or
m=1,1=2,j =4 and n = 3. In the latter case i = 3 and n = m = j = 4. Then (4.6)
follows.

To prove (4.7) we follow the previous approach withd = ¢* + ¢ + ¢> + ¢ + 1. We

obtain
Zala]a?na% aq = Zb b?b‘jnb% bq

where the summation is on the quintuples (i, j, m, n, r) with elements taken from {1, 2, 3,
4} such that L j pm n,r == (¢" = 1) + (¢ = @) + (¢ = ¢*) +(¢"F* = ¢*) + ("' —¢")
is divisible by ¢° — 1. Then

.
Li,j,m,n,r = Ki,j’,m/,n’,r/ (mod qo — ].),

where

v ’ ’ ’

Kijrowmw =@ =1+ (@ =)+ @™ =)+ @ —¢®)+ (" —q),
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suchthatj' =j+1,m =m+2,n  =n+ 3,7 =r+4 (mod 5) with
j €{0,2,3,4}, m €{0,1,3,4}, n'€{0,1,2,4}, " €{0,1,2,3}. 4.9)

For ¢ = 2 and ¢ = 3 we can determine by computer those quintuples (i, j’, m’, n’, ')
for which K j s p/ - is divisible by ¢° — 1 and hence (4.7) follows. So we may assume
q > 3. Then

3- - —q"=(q-1)+(1-q+(1-)+1-¢)+(1—-¢") <

Ki,j’,m’,n’,r’ S

(@ =D+ ("~ + (@ -+ (" =)+ (¢ —d) =3¢" ~1-q- ¢,
and hence L; j . is divisible by ¢° — 1 if and only if K; j/ s/ s+ = 0. It follows that
¢+ +q" +q" " =1+q+ @+ P+t (4.10)

For h € {0,1,2,3,4} let ¢;, denote the number of elements in the multiset {4, j', m’, n',r'}

which equals /. So
4

ded"=1+q+*++¢

h=0
for some 0 < ¢, < 5 with Zi:o cp, = 5. We cannot have ¢y = 5 since ¢ > 1. If
¢; = b for some 1 < ¢ < 4 then the left hand side of (4.10) is not congruent to 1 modulo
q, a contradiction. It follows that ¢, < 4. Thus for ¢ > 3 (4.10) holds if and only if
e, = 1for h =0,1,2,3,4 and we have to find those quintuples (¢, 5/, m’, n’, ") for which
i€{1,2,3,4}, {i,5/,m',n',r'} = {0,1,2,3,4} and (4.9) are satisfied. This can be done
by computer and the 44 solutions yield (4.7). [

4.1 Proof of Theorem 1.5

Proof. Since f has maximum field of linearity IF;, we cannothave a; = as = az = a4 = 0.
If three of {ay, as, a3, aq} are zeros, then f(z) = agz + a;x?" , for some i € {1,2,3,4}.
Hence with ¢ represented by
1 0
(—ao/ai 1/ai>

we have f,(z) = 24" . Then Proposition 2.6 and Corollary 1.2 give go(2) = Ba?" where
N(B) = 1 and j € {1,2,3,4}. Now, we distinguish three main cases according to the
number of zeros among {ay, as, as, a4 }.

Two zeros among {a1, a2, as,as}

Applying Proposition 4.3 we obtain ag = bg. The two non-zero coefficients can be chosen
in six different ways, however the cases a1as # 0 and ajaz # 0 correspond to azas #
0 and azay # 0, respectively, since Im(f(z)/x) = Im(f(z)/x). Thus, after possibly
interchanging f with f , we may consider only four cases.

First let

f(z) = apx + ay2? + a4:(;q47 aiay # 0.
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Applying Proposition 4.3 we obtain 0 = begz. Since b1by # 0, from (4.4) we get by =
bs = 0 and hence (4.7) gives

N(al) + N(a4) = N(bl) + N(b4).

Also, from (4.2) we have N(a1) N(aq) = N(b1) N(by).

N(b1) and N(ayg) = N(by), or N(a;) = N(by) and N(a

by = a1 N9 ! for some \ € F?; and by (4.2) we get g(z)

by = ai\?7! for some \ € on and by (4.2) we get g(x) =
Now consider

It follows that either N(a;) =
= N(b1). In the first case
f(Az)/A. In the latter case

a) =
FO)/x

f(z) =a12? + agxq3, aras # 0.

Applying Proposition 4.3 and arguing as above we have either b = by = 0orb; = b3 = 0.
In the first case from (4.6) we obtain

q, 1+¢*+q¢* _ 1q;14¢°+¢°
ajag = bibg

and together with (4.4) this yields N(a;) = N(b;) and N(a3) = N(b3). In this case g(x) =
f(Az)/Afor some A € Fys. If by = by = 0, then in §(x) the coefficients of 29" and 24" are
zeros thus applying the result obtained in the former case we get A\§(z) = f(Az) and hence
after substituting y = Az and taking the adjoints of both sides we obtain g(y) = f(uy) /s
where = AL

The cases

fl@) =a1z? + asz?  and flx) = asz?” + azaz?®

can be handled in a similar way, applying Equations (4.2) — (4.7) of Proposition 4.3.

One zero among {a1, az,as, as}

Since Im(f(x)/z) = Im(f(z)/z), we may assume a; = 0 or ay = 0.

First suppose a; = 0. Then by (4.2) either by = 0 or by = 0. In the former case
putting together Equations (4.3), (4.4), (4.5) we get N(a;) = N(b;) for i € {2,3,4} and
hence there exists A € Fys such that g(z) = f(Az)/A. If a = by = 0, then in §(z) the
coefficient of 27 is zero thus applying the previous result we get g(x) = f(ux)/u, where
p=A"1t

Now suppose a2 = 0. Then by (4.3) either by = 0 or b3 = 0. Using the same approach
but applying (4.2), (4.4) and (4.5) we obtain g(x) = f(Azx)/Aor g(z) = f(Ax)/A.

Case ajaz2a3ay 75 0

We will apply (4.1)—(4.6) of Proposition 4.3. Note that Equations (4.2) and (4.3) yield
aiagagay 7 0 < bibabsby # 0. Multiplying (4.4) by a2 and applying (4.3) yield

2 2 2
208t — any(0TBE + b2bTTT) + 0l by = 0.
Taking (4.2) into account, this is equivalent to

2 2 2 2
((ZQG/Z—HZ — b‘f“bg )(agazﬂ — bgbZ+q ) =0.
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Multiplying (4.5) by a; and applying (4.2) yield
a%ag+q3 - al(blbg+q3 + bé+q3 bi) + a:l,,+q3b?1b1 =0.
Taking (4.3) into account, this is equivalent to
(alag's'q3 - blbg+q3)(a1ag+q3 — b§+q3 bl) =0.

We distinguish four cases:

2 2 3 3
1
Case 1. agad™® =090 and aadt® =047,

a+q® _ patlpd® g+q° _ p14+4°1q
Case 2. azay ' * =0 "b3 andajas * =bz " by,

2 2 3 3
Case 3. agal™® =bobi*" and a;adt® =047,

a+q® _ 3 1q+d? g+q° _ p14+4°5q
Case 4. azay ' ' =0bob; " andajay’ * =0b3 " by.

We show that these four cases produce the relations:

q+q° q+q°
N <bl) SIL MSUIL Ml @.11)
aq adad Tt ppd T
N (I”) —1, 4.12)
a4
b
N <1> =1, (4.13)
ai
3 3
b ¢ +1 _gq b, bate
(),
a1 a1 bs by
respectively.
2 2
To see (4.11) observe that from aal™® = b‘f“bg and (4.2) we get
2
1 g +1 4 219 4 3
N() o (A7) M (e el _ma
a4 az+q2 a4 bgz+q4 by begS+1 , .
where the last equation follows from N(b;/a4)? = N(by/a4). Hence by alag+q3 _

b1647% and (4.5) we get (4.11).

Equation (4.12) immediately follows from (4.15) taking alag+q3 = b§+q3bz into ac-
count.
Now we show (4.14). By (4.2), we get

2 2 q2
b] ay as q+q ay q+q ay
N(ZL)=nN(%) = (™ a4 a4 ) 4.16
(CH) <b4) <b4> by ba (10
Since N (b1 /a1)? = N(by /ay), by agajhﬁ _ b2bZ+q2’ the previous equation becomes

b pa’ta a
N <1> = o 4.17)
ay as 4
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and taking aqa and (4.3) into account we get (4.14).

Equation (4.13) immediately follows from (4.17) taking a1at? = b153t% and (4.2)
into account.

q+q® _ 11+4q° ;4
o = =b3"" by

o In Case 3 by (4.13) we get by = a; A9~ ! for some \ € IF:;S and by (4.2) and (4.3) we
have g(z) = f(A\x)/A.

e Analogously, in Case 2 g(z) = f(A\z)/A.
e Case 4 is just Case 3 after replacing g by ¢ since Im(g(z)/z) = Im(g(z)/x).
This allows us to restrict ourself to Case 1.

Taking (4.2) and (4.3) into account, it will be useful to express a;, as, as as follows:

2 3 4
blbq bq-‘rlbq b bl-‘rq
_ 1Yy 173 =24 4.18
a; = 7 G2= a+qz as = B+t ( .18)
ay ay aj

We are going to simplify (4.6). Using Equations (4.18) and (4.2) it is easy to see that

1 2 3 1 2 3 1 2 3 1 2 3
a2+qa§ +q° _ b2+qbg +q , +q” a+q b1+q bz-&-q ,

ap "4y - =
af asa? ad = bbpL be alad azal = bIbg bsb?
aradal af = b7 byb? b
and hence
2 3 2 3 3 2 2 3
a}ﬂ—q-&-q ag + atlzaé-kq +q +a%+q+q aZ + CLSGZ-H] +a© _ .19
I+q+q° pq° I4+¢°+¢® | jl+q+q®pq® +a*+q° '
by BT + 010 T by T b 4+ bgb] T T
The following equations can be proved applying (4.2), (4.3) and (4.18):
N <b1) bybITCHe = gf gl et (4.20)
ay
: <Z4) by by = afat e (4.21)
1
b
N <a1> pipht i ra = glrard’ 4" (4.22)
N (2‘4) be pIHITE = g qata e’ (4.23)
1

Then (4.19) can be written as

(N(b1/asa) — 1) (b3bz+q2+q3 n b({b§+q2+q3) _
N(b1/aa) — 1

pe pitata’ | bq3b1+q+q2> .
N(b] /CL4) < 4 Y2 271

If N(by/as) = 1, then (4.15) equals 1 and hence alag+q3 = begSH which means that we
are in Case 2. Then again g(z) = f(Az)/\.
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. . . q+q¢> /1914341
Otherwise dividing by N (b1 /a4) — 1 and substituting N (b1 /a4) = b1637 7 /bjbs ™ we
obtain

3 2 3 2 3 3 2 3 3 2
blngrq (b3b3+q +q + b({bé+q +q ) _ beg +1(b?1 b;+q+q + bg b%+q+q )

Substituting N(bl/a4)b?1b§3+1/ngrq3 for b; and using the fact that N(b; /as) € F, we

obtain ,
(1 —-N (bl) N (bi”)) (N (bl) bit by — b§+q+q3) =0.
ay b2 ay

This gives us two possibilities:

b
N (1> bty = pitate’ (4.24)
as

2
N <l72> =N (bl> . (4.25)
b3 aq

First consider the case when (4.25) holds.
2 2
We show N(a;) = N(by), that is, (4.13). We have azalt? = 5376 from (4.18) and
hence N(az) N(a4)? = N(b1)? N(b3). It follows that

JORIG]

Combining this with (4.25) we obtain N(b2) = N(az). Then N(b1) = N(a;) follows from
+¢° _ blbg+q3

or

ajal since we are in Case 1.
From now on we can suppose that (4.24) holds.

Then (4.11) yields
2
b1 \? b
<b1> = i (4.26)
2
Multiplying both sides of (4.24) by b?iz and applying (4.20) gives
af gl tate = pltata’ys” 4.27)
Then multiplying (4.20) by (4.21) and taking (4.27) into account we obtain
alaltCHe = papat e (4.28)
Multiplying (4.22) and (4.23) yield
2 3 3 2 3 2 2 3
(b(fbé'm +q )(bg b}+q+q ) _ (a;-i-q-i-q az )(a3a3+q +q )
On the other hand, from (4.19), and taking (4.27) and (4.28) into account, it follows that
2 3 3 2 3
bclzbéJrq +a bg bi+q+q _ a%+q+q

2 2 3
q atq"+q
a; +asay .

Hence

apl+a®+¢® _  1+q+d® ¢° ¢ 11+q+q> _ a+a®+q®
bibs = a, ay; and b5 b; = asay ,
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or

1 2 3 2 3 3 1 2 1 3 2
b<11b3+q +97 _ a;»,a?ﬁq +q and bg b1+q+q _ a2+q+q aZ .

In the former case (4.22) yields N(b;/a4) = 1, which is (4.12). In the latter case (4.11)
and (4.23) gives

3
1
bqbq+ 3 2 3 2 2, 3
4Y3 q”114+q+q° _ q”114+9+q” _ 3q31+q"+q
b pi T b by = N(as/b1)b3 by = bibs )
1Y

and hence

by (b3’
= (b1> . (4.29)

Equation (4.26) is equivalent to
2 2
bybl = b3bi | (4.30)

while (4.29) is equivalent to
byb] = blb,.

Dividing these two equations by each other yield

2 2
q"—1 _ 39—174"—q
b =l e

It follows that there exists \ € IE‘;; such that

bIT! = Absb?, (4.31)
thus
by = b5 /(b1N) (4.32)
and by (4.30)
2 2
by = byt (It Y, (4.33)

Then (4.11) can be written as

quq3
N (bl> = b1b23 —N (b1> A2,
as ) bipgH! b

and hence
N <b2> =\3. (4.34)
ay
By (4.2), (4.34) and (4.33) we get
N(a1) = N(b2)?/(N(b1)A?). (4.35)
By (4.18), (4.32) and (4.34) we have

By (4.18), (4.35) and (4.33) we get

N(as) = N(b2)®/(N(b1)?%), (4.37)
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and by (4.34) we have
N(ag) = N(by) /3. (4.38)
Before we go further, we simplify (4.7) and prove
N(al) + N(ag) + N(CL3) + N(a4) = N(bl) + N(bg) + N(b3) + N(b4) (4.39)
It is enough to show
Ay Az Az Ay
Tr(a‘fagz+q3+q4a3 +az{+q ag4a§+q +aq+q g S4qt a4 +aq+q +q a;a4—|—
As Ag Az Ag

2 3 4 2 4
+a*+ S+ akt + 1+ 1+q+
a%ag a q a4 +a ag q q—&-ag q &3 ay q +a1 Cl Ay a q )

B, Br Bs Bs

2 3 4 3 4 2 2 3 4 2 4 3
419" +q"+q q+q°1q" 1149 a+q~ 19" +q a+q”+q" 1q
Tr(bb3 b3 +0777 03 b3 + b1 b T by + 1] b3 by +
Bs Bg B By

b4e 2+¢®+q* b4—|—bq bq 34t b1+q+bq+q b b1+q +btf2bg4bi+q+q3),

which can be done by proving Tr(4;) = Tr(B;) for i =1,2,...,8. Expressing az with
a4 in (4.18), and using (4.2) as well, we get as = bg q H/bq +q . Then aq, as, as can be
eliminated in all of the 4;, ¢ € {1,2...,8}. It turns out that this procedure eliminates also

as when ¢ € {2,4,7,8} and we obtain
Ay=BY, A;=BY, A;=B¢ and Ag= B!

In each of the other cases what remains is N(a4) times an expression in by, bo, b3, by. Then
by using (4.11) we can also eliminate N(a4) and hence A; can be expressed in terms of
b1,b9,b3,by. This gives A; = B; and A5 = Bs. Applying also (4.26) and (4.29) we
obtain As = B§2 and Ag = B

Let x = N(by/b1). Multiplying both sides of (4.39) by A®/ N(b;), taking into account
(4.35), (4.36), (4.37) and (4.38) for the left hand side and (4.32) and (4.33) for the right
hand side we get the following equation

A AT 2 23 = N6 4 XG4 2N+ AP
After rearranging we get:

(1 =N (z =N (z =) (z—\) =

First suppose A # 1. Then we have three possibilities.

1. If
T =\,

in which case N(bz) = N(az) follows from (4.36). Since ged(q — 1,¢° — 1) =
ged(q?—1,¢°—1),in IF}s the set of (¢—1)-th powers is the same as the set of (¢>—1)-

th powers and hence there exists and element v € IF;;E, such that by = 1/q2’1a2.

; ; q+q° q+q° : ~1
Therefore, since we are in Case 1, from a;a; = b1b we obtain b; = 9" 'a;

Equations (4.2) and (4.3) give g(z) = f(vax)/v.



B. Csajbok et al.: A Carlitz type result for linearized polynomials 603

2. If
x =\,

then N (aq) = N (b;) follows from (4.38). Then (4.15) equals 1 and hence a; angqB =
begBH which means that we are in Case 2, thus g(z) = f(uz)/p.
3. If
r =\,

then we show that there exists ¢ € T'L(2, ¢°) such that either
Im(gy(z)/x) =Im(z?/z) or Im(g,(z)/z)=Im(Tr(z)/x).

In the former case by Proposition 2.6 and Corollary 1.2 we get folz) = az? and
g,(z) = Ba? for some 4,5 € {1,2,3,4}, with N(a) = N(8) = 1. In the latter
case, by Theorem 1.3 and by Propositions 2.6 and 2.7, there exists y € IF:;E, such that
9(@) = f(uz)/p.

According to part 2 of Proposition 3.2, it is enough to show

(ba/b1)?" = by /bs, (b/by)? = bs/bs.

(Note that there is no need to confirm N(b;) # N(bs) since otherwise the result follows
from the last part of Proposition 3.2 and from Theorem 1.3.) The second equation is just
(4.26), thus it is enough to prove the first one.
First we show . .
bobdTT = py et (4.40)

2
N bﬁ = A2 - bg+1 )
by bb?

2 3 4
q“+q°+q g+1
b by bd

From (4.31) we have

and hence after rearranging

2193104 q -
biﬂ[ +q°+q b3b1

On the right-hand side we have A, which is in F, thus, after taking g-th powers on the left
and ¢3-th powers on the right, the following also holds

3 4 3 4
q°+q " +1;q q°+q
b2 b3 _b2

g+ +qt+1 T 13t
bl b by

After rearranging we obtain (4.40).
Now we show that (by/ bl)q2 = by /b3 is equivalent to (4.40). Expressing b, from (4.26)
we get

2 2 4 ) 4
(ba/b))T =by /by = biTTpT =plteHa
where the equation on the right-hand side is just the q*-th power of (4.40).

Finally, consider the case A = 1. Then

by = bg+1/b?, by = b%+q+q2/blf+q2
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and it follows from Proposition 3.2 that there exists ¢ € I'L(2, ¢°) such that either

Im(g, (¢)/x) = Im(a"/x) or Im(g,(x)/x) = In(Tx(z)/a).

As above, the assertion follows either from Proposition 2.6 and Corollary 1.2 or from The-
orem 1.3 and by Propositions 2.6 and 2.7.

This finishes the proof when H?Zl a;b; # 0. O

5 New maximum scattered linear sets of PG (1, ¢°)

A point set L of aline A = PG(W,Fgn) = PG(1, ¢") is said to be an F-linear set of A
of rank n if it is defined by the non-zero vectors of an n-dimensional IF,-vector subspace
U of the two-dimensional F;~ -vector space W, i.e.

L= Ly :={(up, :uecU)\{0}}.

One of the most natural questions about linear sets is their equivalence. Two linear sets
Ly and Ly of PG(1,¢™) are said to be PT'L-equivalent (or simply equivalenr) if there
is an element in PT'L(2, ¢") mapping Ly to Ly . In the applications it is crucial to have
methods to decide whether two linear sets are equivalent or not. This can be a difficult
problem and some results in this direction can be found in [8, 12]. If L;; and Ly are two
equivalent Fy-linear sets of rank n in PG(1, ¢™) and ¢ is an element of I'L(2, ¢™) which
induces a collineation mapping Ly to Ly, then Ly = Ly . Hence the first step to face
with the equivalence problem for linear sets is to determine which IF-subspaces can define
the same linear set. ‘
For any g-polynomial f(z) = Z?;Ol a;z?" over F,n, the graph

G =A{(z, f(z)) : x € Fgn}

is an [F4-vector subspace of the 2-dimensional vector space V = Fy» x F;» and the point
set

Ly = Lo, = {{(w. J(@))s,n : @ € Fiu}

is an IF,-linear set of rank n of PG(1,¢™). In this context, the problem posed in (1.2)
corresponds to find all IF -subspaces of V' of rank n (cf. [8, Proposition 2.3]) defining
the linear set L. The maximum field of linearity of f is the maximum field of linearity
of Ly, and it is well-defined (cf. Proposition 2.1 and [8, Proposition 2.3]). Also, by the
Introduction (Section 1), for any g-polynomial f over Fg», the linear sets Lf, L¢, (with
fa(@) == f(Ax)/A for each A € Fy,) and L coincide (cf. [2, Lemma 2.6] and the first
part of [8, Section 3]). If f and g are two equivalent g-polynomials over Fy», i.e. G¢ and
G, are equivalent w.r.t. the action of the group I'L(2, ¢"), then the corresponding [F,,-linear
sets Ly and Ly of PG(1,¢") are PI'L(2, ¢")-equivalent. The converse does not hold (see
[12] and [8] for further details).

The relation between the problem posed in (1.2) and the equivalence problem of linear
sets of the projective line is summarized in the following result.

Proposition 5.1. Let Ly and Ly be two Fg-linear sets of rank n of PG(1,q"). Then Ly
and Ly are PT'L(2, ¢™)-equivalent if and only if there exists an element ¢ € T'L(2,¢")
such that Im( f,(x)/x) = Im(g(x)/x). O
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Linear sets of rank n of PG(1, ¢™) have size at most (¢” — 1)/(¢ — 1). A linear set Ly
of rank n whose size achieves this bound is called maximum scattered. For applications of
these objects we refer to [26] and [19].

Definition 5.2 ([15, 22]). A maximum scattered F ,-linear set Ly of rank n in PG(1, ¢™) is
of pseudoregulus type if it is PI'L(2, ¢™)-equivalent to L ¢ with f(z) = 29 or, equivalently,
if there exists an element ¢ € GL(2, ¢™) such that

Lye = {{(z,2))p,n : v € Fpu}.
By Proposition 5.1 and Corollary 1.2, it follows
Proposition 5.3. An Fy-linear set L ¢ of rank n of PG(1,q") is of pseudoregulus type if
and only if f(x) is equivalent to x4 for some i with gcd(i,n) = 1. O

For the proof of the previous result see also [20].
The known pairwise non-equivalent families of g-polynomials over Fg» which define
maximum scattered linear sets of rank n in PG(1, ¢™) are

1. fo(z)=29,1<s<n-—1,gcd(s,n) =1 (4, 11]),

2. gos(x) =627 + 27 " n >4, Ny (6) € {0,1}, ged(s,n) = 1 ([23] for s = 1,
[24, 27] for s # 1),

3. hes(x) = dx? + 29 ., n € {6,8}, ged(s,n/2) = 1, Nyn /4n/2(0) ¢ {0, 1}, for
the precise conditions on § and ¢ see [9, Theorems 7.1 and 7.2]?,

4 ky(z) =274 29 + 29, n =6, withb2 +b=1,¢g=0,+1 (mod 5) ([10]).

s+n/2

Remark 5.4. All the previous polynomials in cases 2, 3, and 4 above are examples of
functions which are not equivalent to monomials but the set of directions determined by
their graph has size (¢" — 1)/(¢ — 1), i.e. the corresponding linear sets are maximum
scattered. The existence of such linearized polynomials is briefly discussed also in [16,
p- 132].

For n = 2 the maximum scattered [F ;-linear sets coincide with the Baer sublines. For
n = 3 the maximum scattered linear sets are all of pseudoregulus type and the correspond-
ing g-polynomials are all GL(2, ¢*)-equivalent to x? (cf. [21]). For n = 4 there are two
families of maximum scattered linear sets. More precisely, if Ly is a maximum scattered
linear set of rank 4 of PG(1,¢?*), with maximum field of linearity F,, then there exists
¢ € GL(2, ¢*) such that either f,(z) = 27 or f,(z) = 6z + 24", for some § € F?s with
Ngi/q(6) ¢ {0,1} (cf. [13]). It is easy to see that Ly, = Ly, for any s with ged(s,n) = 1,
and f; is equivalent to f; if and only if j € {i,n —¢}. Also, the graph of g s is GL(2, ¢")-
equivalent to the graph of g,,_ s-1.

In [23, Theorem 3] Lunardon and Polverino proved that L, , and Ly are not
PI'L(2, ¢™)-equivalent when ¢ > 3, n > 4. This was extended also for ¢ = 3 [10,
Theorem 3.4]. Also in [10], it has been proven that for n = 6, 8 the linear sets Ly,, L, ;,
Ly, ,, and Ly, are pairwise non-equivalent for any choice of s, s',6,8",b.

In this section we prove that one can find for each ¢ > 2 a suitable ¢ such that L, ,
of PG(1, ¢°) is not equivalent to the linear sets L, , of PG(1, ¢°) for each p € Fys, with
Ngs /(1) ¢ {0, 1}. In order to do this, we first reformulate Theorem 1.5 as follows.

I'This condition implies g # 2.
2 Also here ¢ > 2, otherwise the linear set defined by hg,s is never scattered.



606 Ars Math. Contemp. 16 (2019) 585-608

Theorem 5.5 (Theorem 1.5). Let f(x) and g(x) be two g-polynomials over F ;s such that
Ly = Lg. Then either Ly = L is of pseudoregulus type or there exists some \ € IFZS such

that g(x) = f(\x)/X or g(z) = f(Ax)/\ holds.

From [27, Theorem 8] and [24, Theorem 4.4] it follows that the family of IF,-subspaces
Ug.s» s ¢ {1,n — 1}, ged(s,n) = 1, contains members which are not I'L-equivalent to
the previously known [F,-subspaces defining maximum scattered linear sets of PG(1, ¢").
Our next result shows that the corresponding family L, , of linear sets contains (at least
for n = 5) examples which are not PI'L-equivalent to the previously known maximum
scattered linear sets.

Theorem 5.6. Let g3 5(z) = 527" + 27 for some § € s with N(8) # 1. Then Ly, ; is
not PT'L(2, q°)-equivalent to any linear set Ly, , and hence it is a new maximum scattered
linear set.

Proof. Suppose, contrary to our claim, that L, ; is PT'L(2, q°)-equivalent to a linear set
Ly, ,. From Proposition 5.1 and Theorem 5.5, taking into account that Ly, is not of
pseudoregulus type, it follows that there exist ¢ € I'L(2,¢%) and \ € IF;5 such that either

(92,5)(x) = g1,u(Ax) /X or (92,5)p(x) = §1,,(Ax)/A. This is equivalent to say that there
exista, 3, A, B, C, D € Fys with AD — BC' # 0 and a field automorphism 7 of F s such

that
A B z7 z
{(C D) <g2,6(x)7—> Z.’EEFqS} :{<azq+ﬁzq4> ZZEFqS}a

where N(a) # N(f) and a8 # 0. We may substitute 27 by y, then
2 3 2 3 4 2 3
a(Ay + BTy + By )? + B(Ay + BTy + By )? =Cy+ Dé"y? + Dy*

for each y € F ;5. Comparing coefficients yields C' = 0 and

aA? + BBT 57T =, (5.1)
BB = D§", (5.2)

aB957 = D, (5.3)

aBl+ AT = 0. (5.4)

Conditions (5.2) and (5.3) give
BT 4 = @t /3, (5.5)

On the other hand from (5.4) we get A? = —B? o4 / ﬂqz and substituting this into (5.1)
we have

pe-d' — 5q476q2+1/aq2+1' (5.6)

Equations (5.5) and (5.6) give N(3/a) = N(§)?™ and N(a/B)? = N(§)7, respectively.
It follows that N (§)5™ = 1 and hence N (§)® = 1, a contradiction. O
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6 Open problems

We conclude the paper by the following open problems.

1.

Is it true also for n > 5 that for any pair of ¢-polynomials f(x) and g(z) of Fyn [x],
with maximum field of linearity F, if Im(f(x)/z) = Im(g(x)/z) then either there
exists ¢ € I'L(2,¢") such that f,,(z) = az? and g,(z) = Bz with N(a) = N(B)
and ged(i,n) = ged(j,n) = 1, or there exists A € Fy. such that g(z) = f(Az)/A
or g(z) = f(Aa) /A2

Is it possible, at least for small values of n > 4, to classify, up to equivalence, the
g-polynomials f(x) € Fgn[z] such that |Im(f(z)/x)| = (¢" —1)/(¢ — 1)? Find
new examples!

Is it possible, at least for small values of n, to classify, up to equivalence, the ¢-
polynomials f(z) € Fyn[z] such that | Im(f(z)/z)| = ¢"~' + 1? Find new exam-
ples!

. Is it possible, at least for small values of n, to classify, up to equivalence, the g¢-

polynomials f(x) € Fyn[z] such that in the multiset { f(x)/x : € F;.} there is a
unique element which is represented more than ¢ — 1 times? In this case the linear
set Ly is an i-club of rank n and when ¢ = 2, then such linear sets correspond to
translation KM-arcs cf. [14] (a KM-arc, or (g + ¢, ¢)-arc of type (0,2, ), is a set of
g+t points of PG(2, 2™), such that each line meets the point set in 0, 2 or in ¢ points,
cf. [17]). Find new examples!

5. Determine the equivalence classes of the set of g-polynomials in F 4 [x].

6. Determine, at least for small values of n, all the possible sizes of Im( f(x)/x) where

f(x) € Fyn[z] is a g-polynomial.
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