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Abstract

The inertia of a graph G is defined to be the triplet In(G) = (p(G),n(G),n(Q)),
where p(G), n(G) and n(G) are the numbers of positive, negative and zero eigenvalues
(including multiplicities) of the adjacency matrix A(G), respectively. Traditionally p(G)
(resp. n(G)) is called the positive (resp. negative) inertia index of G. In this paper, we
introduce three types of congruent transformations for graphs that keep the positive inertia
index and negative inertia index. By using these congruent transformations, we determine
all graphs with exactly two positive eigenvalues and one zero eigenvalue.
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1 Introduction

All graphs considered here are undirected and simple. For a graph G, let V(G) and E(G)
denote the vertex set and edge set of G, respectively. The order of G is the number of
vertices of G, denoted by |G|. For v € V(G), we denote by Ng(v) = {u € V(G) | uv €
E(G)} the neighborhood of v, Ng[v] = Ng(v) U {v} the closed neighborhood of v and
d(v) = |Ng(v)| the degree of v. A vertex of G is said to be pendant if it has degree 1.
By 0(G) we mean the minimum degree of vertices of G. As usual, we denote by G + H
the disjoint union of two graphs G and H, K, ., the complete multipartite graph with
[ parts of sizes nq,...,n;, and K,, C,, P, the complete graph, cycle, path on n vertices,
respectively.

The adjacency matrix of G, denoted by A(G) = (a;;), is the square matrix witha;; = 1
if v; and v; are adjacent, and a,; = 0 otherwise. Clearly, A(G) is a symmetric matrix with
zeros on the diagonal, and thus all the eigenvalues of A(G) are real, which are defined to be
the eigenvalues of G. The multiset consisting of eigenvalues along with their multiplicities
is called the spectrum of G denoted by Spec(G). To characterize graphs in terms of their
eigenvalues has always been of the great interests for researchers, for instance to see [2, 4,
5, 8, 9] and references therein.

The inertia of a graph G is defined as the triplet In(G) = (p(G),n(G),n(G)), where
p(G), n(G) and n(G) are the numbers of positive, negative and zero eigenvalues (including
multiplicities) of G, respectively. Traditionally p(G) (resp. n(G)) is called the positive
(resp. negative) inertia index of G and n(G) is called the nullity of G. Obviously, p(G) +
n(G) = r(G) = n—n(G) if G has n vertices, where r(G) is the rank of A(G). Let B and
D be two real symmetric matrices of order n. Then D is called congruent to B if there is
an real invertible matrix C' such that D = CT BC. Traditionally we say that D is obtained
from B by congruent transformation. The famous Sylvester’s law of inertia states that the
inertia of two matrices is unchanged by congruent transformation.

Since the adjacency matrix A(G) of G has zero diagonal, we have p(G) > 1 if G has
at least one edge. One of the attractive problems is to characterize those graphs with a
few positive eigenvalues. In [9] Smith characterized all graphs with exactly one positive
eigenvalue. Recently, Oboudi [6] completely determined the graphs with exactly two non-
negative eigenvalues, i.e., those graphs satisfying p(G) = 1 and n(G) = 1 or p(G) = 2
and n(G) = 0.

In this paper, we introduce three types congruent transformations for graphs. By using
these congruent transformations and Oboudi’s results in [6], we completely characterize
the graphs satisfying p(G) = 2 and n(G) = 1.

2 Preliminaries

In this section, we will introduce some notions and lemmas for the latter use.
Theorem 2.1 (Interlacing theorem [1]). Let G be a graph of order n and H be an induced
subgraph of G with order m. Suppose that \1(G) > -+ > A\ (G) and \y(H) > -+ >

Am (H) are the eigenvalues of G and H, respectively. Then for every 1 <i < m, \;(G) >
Ai(H) Z Anemti(G).

Lemma 2.2 ([1]). Let H be an induced subgraph of graph G. Then p(H) < p(G).
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Lemma 2.3 ([3]). Let G be a graph containing a pendant vertex, and let H be the induced
subgraph of G obtained by deleting the pendant vertex together with the vertex adjacent to
it. Then p(G) = p(H) + 1, n(G) = n(H) + 1 and n(G) = n(H).

Lemma 2.4 (Sylvester’s law of inertia). If two real symmetric matrices A and B are con-
gruent, then they have the same positive (resp., negative) inertia index, the same nullity.

Theorem 2.5 ([9]). A graph has exactly one positive eigenvalue if and only if its non-
isolated vertices form a complete multipartite graph.

Let G; be a graph containing a vertex u and G5 be a graph of order n that is disjoint
from GG;. For 1 < k < n, the k-joining graph of G; and G with respect to u, denoted by
G1(u) ®F Gy, is a graph obtained from G'; U G+ by joining u to arbitrary k vertices of Go.
By using the notion of k-joining graph, Yu et al. [11] completely determined the connected
graphs with at least one pendant vertex that have positive inertia index 2.

Theorem 2.6 ([11]). Let G be a connected graph with pendant vertices. Then p(G) = 2
if and only if G = K ,(u) oF K., .n, where u is the center of K1, and 1 < k <
ny+---+n.

Theorem 2.7 ([6]). Let G be a graph of order n > 2 with eigenvalues \1(G) > ---
An(G). Assume that A3(G) < 0, then the following hold:

v

(1) If \(G) > 0and M\o(G) =0, then G = K1+ K,,—1 or G = K, \ efore € E(K,);
(2) If \i(G) > 0and M2(G) < 0, then G = K.

Let 7 be set of all graphs satisfying Ao(G) > 0 and A\3(G) < 0 (in other words,
p(G) = 2 and n(G) = 0). Oboudi [6] determined all the graphs of H. To give a clear
description of this characterization, we introduce the class of graphs G,, defined in [6].

For every integer n > 2, let Kz and K|z | be two disjoint complete graphs with
vertex set V' = {v1,...,vpa1}and W = {ws,...,w n|}. G, is defined to be the graph
obtained from Kz and K| » | by adding some edges distinguishing whether n is even or
not below:

(1) If n is even, then add some new edges to Kz + Kz satisfying

0 = Nw(v1) C Nw(v2) = {wn} C Nw(v3) = {wz,wn 1} C--- C
Nw(vz 1) ={wn,...,w3} C Nw(vn) = {ws,...,wa}.

(2) If n is odd, then add some new edges to K i1 + K n1 satisfying

0 = Nw(v1) C Nw(v2) = {wn-1} C Ny (v3) = {U}nT—l,UJanl_l} C---C

2

NW(U%_J = {w"T_lv"'va} C NW(U"TH) = {w%w~,w1}'

By deleting the maximum (resp. minimum) degree vertex from G,, 41 if n is an even (resp.
odd), we obtain G,,. It follows the result below.

Remark 2.8 (See [6]). GG, is an induced subgraph of G,,41 for every n > 2.
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Figure 1: G5, Gg, G and G41.

For example, G =2 2K, G3 = P3 and G4 = Py. The graphs G5 and Gg are shown in
Figure 1. In general, G; and G441 are also shown in Figure 1 for an even number ¢.

Let G be a graph with vertex set {vy,...,v,}. By G[K%,, ..., K:, | we mean the gen-
eralized lexicographic product of G (by Ky, , Ky,, ..., K, ), which is the graph obtained
from G by replacing the vertex v; with K, and connecting each vertex of Ky, to each
vertex of Ky, if v; is adjacent to v; in G.

Theorem 2.9 ([6]). Let G € H of order n > 4 with eigenvalues \1(G) > - -+ > A\, (G).

(1) If G is disconnected, then G == K,, + K for some integers p,q > 2;

(2) If G is connected, there exist some positive integers s and t1, . .. ,ts such that G =
Gs|Kyy. .., Kt ] where3 < s<12andt; +---+ts =n.

Furthermore, Oboudi gave all the positive integers t1,...,ts such that G5[Ky,,. ..,
K ] € H in Theorems 3.4 -3.14 of [6].

Let G be the set of all graphs with positive inertia index p(G) = 2 and nullity n(G) = 1.
In next section, we introduce some new congruent transformations for graph that keep to
the positive inertia index. By using such congruent transformations we characterize those
graphs in G based on H.

3 Three congruent transformations of graphs

In this section, we introduce three types of congruent transformations for graphs.

Lemma 3.1 ([10]). Let u, v be two non-adjacent vertices of a graph G. If u and v have the
same neighborhood, then p(G) = p(G — u), n(G) = n(G —u) and n(G) = n(G —u) + 1.

Remark 3.2. Two non-adjacent vertices u and v are said to be congruent vertices of I-type
if they have the same neighbors. Lemma 3.1 implies that if one of congruent vertices of
I-type is deleted from a graph then the positive and negative inertia indices left unchanged,
but the nullity reduces just one. Conversely, if we add a new vertex that joins all the
neighbors of some vertex in a graph (briefly we refer to add a vertex of I-type in what
follows) then the positive and negative inertia indices left unchanged, but the nullity adds
just one. The graph transformation of deleting or adding vertices of I-type is called the
(graph) transformation of I-type.

Since Spec(Ks) = [(s — 1), (—=1)*~1]. By applying the transformation of I-type, we
can simply find the inertia of Ky, 5y, n,-
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Corollary 3.3. Let G = Ky, p,,... n. be a multi-complete graph where ny > ng > - -
ns and ig = min{l < i < s | n; > 2}. Then G has the inertia index: In(QG)
(p(G),;n(G),n(G)) = (1,4, + nijg+1 + -+ +ns —s+ig—1,s—1).

v

The following transformation was mentioned in [4], but the author didn’t prove the
result. For the completeness we give a proof below.

Lemma 3.4. Let {u, v, w} be an independent set of a graph G. If N (u) is a disjoint union
of N (v) and N(w), then p(G) = p(G —u), n(G) = n(G —u) and n(G) = n(G —u) + 1.

Proof. Since u,v,w are not adjacent to each other, we may assume that (0,0,0,a’),
(0,0,0,3T) and (0,0,0,~T) are the row vectors of A(G) corresponding to the vertices
u, v, w, respectively. Thus A(G) can be written as

0 0 O al

0 0 O T
A =10 0 o QT

a B v AG-—u—v—w)

Since N(u) = N(v) U N(w) and N (v) N N(w) = 0, we have &« = 3 + . By letting the
u-th row (resp. u-th column) minus the sum of the v-th and w-th rows (resp. the sum of the
v-th and w-th columns) of A(G), we get that A(G) is congruent to

00 0 0’

00 0 BT Q) (I
00 0 AT 0 AG—-w))”
0 8 v AG—u—v—w)

Thus p(G) = p(G — u), n(G) = n(G — u) and n(G) = n(G —u) + 1 by Lemma 2.4. O

Remark 3.5. The vertex w is said to be a congruent vertex of II-type if there exist two non-
adjacent vertices v and w such that N (u) is a disjoint union of N (v) and N (w). Lemma 3.4
implies that if one congruent vertex of II-type is deleted from a graph then the positive and
negative indices left unchanged, but the nullity reduces just one. Conversely, if there exist
two non-adjacent vertices v and w such that N(v) and N(w) are disjoint, we can add a
new vertex u that joins all the vertices in N (v) U N (w) (briefly we refer to add a vertex of
[I-type in what follows), then the positive and negative inertia indices left unchanged, but
the nullity adds just one. The graph transformation of deleting or adding vertices of II-type
is called the (graph) transformation of II-type.

An induced quadrangle Cy = uvzy of G is called congruent if there exists a pair of
independent edges, say uv and xy in Cy, such that N(u) \ {v,y} = N(v) \ {u,z} and
N(z)\ {y,v} = N(y) \ {z, u}, where wv and zy are called a pair of congruent edges of
Cy. We call the vertices in a congruent quadrangle the congruent vertices of Ill-type.

Lemma 3.6. Let u be a congruent vertex of lll-type in a graph G. Then p(G) = p(G —u),
n(G) = n(G — u) and n(G) =n(G — u) + 1.

Proof. Let Cy = uvxy be the congruent quadrangle of G containing the congruent vertex
u. Then (0,1,0,1,aT), (1,0,1,0,a™), (0,1,0,1, 87), (1,0, 1,0, 37 are the row vectors



324 Ars Math. Contemp. 17 (2019) 319-347

of A(G) corresponding to the vertices u, v, x and y, respectively. Thus A(G) can be
presented by

0 1 0 1 aT
1 0 1 0 al
AG =10 1 0 1 BT
1 0 1 0 BT
a a p p AG-—u—v—z—y)

By letting the u-th row (resp. u-th column) minus the z-th row (resp. x-th column) of
A(G), and letting the v-th row (resp. v-th column) minus the y-th row (resp. y-th column)
of A(G), we obtain that A(G) is congruent to

0 0 0 0 al — g7

0 0 0 0 al — g7
B = 0 0 0 1 BT

0 0 1 0 8T

a—p a=-08 B B AG—-—u—v—x—y)

Again, by letting the u-th row (resp. u-th column) minus the v-th row (resp. v-th col-
umn) of B, and adding the y-th row (resp. y-th column) to the v-th row (resp. v-th column)
of B, we obtain that B is congruent to

00 0 0 o’
0 0 1 0 aT T
0 0
01 0 1 BT ( )
0 a 8  AG—-—u—v—2x—y)

Thus p(G) = p(G — u), n(G) = n(G —u) and n(G) = n(G —u) + 1 by Lemma 2.4. [

Remark 3.7. The Lemma 3.6 confirms that if a congruent vertex of Ill-type is deleted
from a graph then the positive and negative inertia indices left unchanged, but the nullity
reduces just one. Conversely, if we add a new vertex to a graph that consists of a congruent
quadrangle with some other three vertices in this graph (briefly we refer to add a vertex
of III-type in what follows) then the positive and negative inertia indices left unchanged,
but the nullity adds just one. The graph transformation of deleting or adding vertices of
III-type is called the (graph) transformation of IlI-type.

Remark 3.2, Remark 3.5 and Remark 3.7 provide us three transformations of graphs that
keep the positive and negative inertia indices and change the nullity just one. By applying
these transformations we will construct the graphs in G. Let G; be the set of connected
graphs each of them is obtained from some H € # by adding one vertex of I-type, G3 be
the set of connected graphs each of them is obtained from some H € H by adding one
vertex of II-type and G3 be the set of connected graphs each of them is obtained from some
H € H by adding one vertex of III-type. At the end of this section, we would like to give
an example to illustrate the constructions of the graphs in G; (i = 1,2, 3).

Example 3.8. We know the path P4, with spectrum Spec(P,) = {1.6180,0.6180,
—0.6180, —1.6180}, is a graph belonging to . By adding a vertex u of I-type to Py we ob-
tain H;, € G (see Figure 2) where Spec(H;) = {1.8478,0.7654,0, —0.7654, —1.8478},
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Figure 2: The graphs Py, Hy, Hy and H3.

adding a vertex u of II-type to P, we obtain Ha € Go where Spec(Hs) = {2.3028,0.6180,
0,—1.3028, —1.6180}. Finally, by adding a vertex u of III-type to P, we obtain Hs € Gs,
where Spec(H3) = {2.4812,0.6889,0, —1.1701, —2}. In fact, uv and zy is a pair of inde-
pendent edges in Hj. Clearly, N (u)\ {v,y} = N(v)\ {u, 2} = {w} and N(z)\ {y,v} =
N(y) \ {z,u} = 0. Thus Cy = uvwy is a congruent quadrangle of Hj.

Clearly, G = K 2 U P, is a non-connected graph in G, and all such graphs we collect
inG~ = {G € G | Gisdisconnected}. Additionally, H; and H> shown in Figure 2 are
graphs with pendant vertex belonging to G, and all such graphs we collectin Gt = {G €

G | G is connected with a pendant vertex }. In next section, we firstly determine the graphs
inG~ and GT.

4 The characterization of graphsin G~ and G+
The following result completely characterizes the disconnected graphs of G.

Theorem 4.1. Let G be a graph of order n > 5. Then G € G~ if and only if G =
Ki+ Ki+Ki,H+ Ky or Ks+ K,_s \ efore € E(K,,_), where H € H is connected
ands+t=n—1,s,t > 2.

Proof. All the graphs displayed in Theorem 4.1 have two positive and one zero eigenvalues
by simple observation. Now we prove the necessity.

Let G € G, and Hy, Ho,...,Hy (k > 2) the components of G. Since A\{(H;) > 0
fori =1,2,...,kand A\y(G) < 0, G has two or three components and so k < 3.

First assume that G = H; + Hs + Hs. It is easy to see that G has exactly one isolated
vertex due to n(G) = 1 and p(G) = 2. Without loss of generality, let H3 = K;. Since
A3(G) = 0and A\ (H;) > 0 (@ = 1,2), we have A\o(H;) < 0 and A2(Hs2) < 0. By
Theorem 2.7 (2), G = K, + K; + K1 as desired, where s+t =n — 1 and s,t > 2.

Next assume that G = Hy + Hs. If H; = K, then

)\1(G> = )\1(H2) > )\Q(G) = )\Q(HQ) > )\3(G) =
0= )\1(H1) > )\4(G) = )\3(H2) < 0.

Thus Hy &2 H € H,and so G = H + K, as desired. If |H;| > 2 for i = 1,2, then one
of A\2(H1) and A2(Hy) is equal to zero and another is less than zero because A3(G) = 0
and A\4(G) < 0. Without loss of generality, let Ao(H;) < 0 and A\2(H3) = 0. We have
As3(Hy) < Xo(Hp) < 0, in addition, A\3(Hz2) < 0 since n(G) = 1. By Theorem 2.7 (2),
H, = K, for some s > 2 and by Theorem 2.7 (1), Hy 2 K,,_, \ e.

We complete this proof. 0

In terms of Theorem 2.6, we will determine all connected graphs with a pendant vertex
satisfying p(G) = 2 and n(G) = d for any positive integer d.



326 Ars Math. Contemp. 17 (2019) 319-347

Theorem 4.2. Let G be a connected graph of order n with a pendant vertex. Then p(G) =
2andn(G) =d > 1ifand only if G = K1 »(u) ek Ky, ... .n, wherer +nq +ng+-- -+
—(l+1)=d

Proof. Let G = K (u) oF Ky, .n, and vu is a pendant edge of G. By deleting v and
u from G we obtain H = G — {u,v} = (r — 1)K1 U K, .. n,. It is well known that
P(Kny,..n) = land n(Ky, .. n,) =n1 + -+ ng — . From Lemma 2.3, we have

p(G): ( )+1_ ( ni,.. l)+1:27
n(G) =n(H) = (r—1)+ (n1+~--+nz—l)=d~
Conversely, let G be a graph with a pendant vertex and p(G) = 2. By Theorem 2.6,

we have G = K ,.(u) ®F K, . According to the arguments above, we know that
NG)=r+mtngt-tm—(+1)=d =

From Theorem 4.2, it immediately follows the result that completely characterizes the
graphs in G

Corollary 4.3. A connected graph G € G* if and only if G = Ky 3(u) ®F K, _3 or
G=Ki1(u)OF Ko\ efore € E(K,_»).

Proof. By Theorem 4.2, we have G € G if and only if G = K ,(u) oF Knyooongs
where r +ny +ng + - +n; — ({+1) = 1and ,l,nq,...,n > 1. It gives two

solutions: oneis r = 2, n; = ng = --- = n; = 1 and [ = n — 3 which leads to
G = K1 2(u) ©F K,,_3; anotherisr = 1,1 = 2,ny = --- = n; = 1 and | = n— 2 which
leadsto G = K1 1(u) ©F K,,_5 \ efore € E(K,_2). O

Let G* denote the set of all connected graphs in G without pendant vertices. Then
G = G~ UGt UG*. Therefore, in order to characterize G, it remains to consider those
graphs in G*.

5 The characterization of graphs in G*

First we introduce some symbols which will be persisted in this section. Let G € G*. The
eigenvalues of G can be arranged as:

We choose v* € V(G) such that dg(v*) = 6(G) = t, and denote by X = Ng(v*) and
Y = V(G) — Ng[v*]. Thent = |X| > 2 since G has no pendant vertices. In addition,
|Y'| > 0 since otherwise G would be a complete graph. First we characterize the induced
subgraph G[Y'] in the following result.

Lemma 5.1. G[Y] = Kn—t—l \ e, Kl + Kn_t_g or Kn—t—l-

Proof. First we suppose that Y is an independent set. If |Y| > 3, then M\ (G) >
A(G[Y U{v*}]) = 0 by Theorem 2.1, a contradiction. Hence |Y| < 2, and so G[Y] & K;
or G[Y] = K2 \6 = 2K1

Next we suppose that G[Y'] contains some edges. We distinguish the following three
situations.
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If A\2(G[Y]) > 0, we have p(G[Y]) > 2. For any z € X, the induced subgraph
G[{v*,z}UY] has a pendant vertex v* by our assumption. By Lemma 2.2 and Lemma 2.3,
we have p(G) > p(G[{v*,z} UY]) = p(G[Y]) + 1 > 3, a contradiction.

If \2(G[Y]) < 0, by Theorem 2.7 (2) we have G[Y] = K,,_;_1 as desired.

At last assume that A\y(G[Y]) = 0. If A3(G[Y]) < 0, by Theorem 2.7 (1), we have
GlY| 2 K,—t-1\ e, K1+ K,_;_o as desired. If \3(G[Y]) = 0, by Lemma 2.3 we have
p(G[{v*,2} UY]) = p(G[Y]) + 1 = 2 and n(G[{v*,z} UY]) = n(G[Y]) > 2, which
implies that Ay (G) > Ay (G[{v*, 2} UY]) = 0, a contradiction.

We complete this proof. O

First assume that Y = {y;}. If G[X] = K}, then G = K,, \ v*y;. However K, \
v*y; & G* since p(K,, \ v*y;) = 1. Thus there exist z; ¢ x9 in X. Then Ng(x1) =
N¢(z2) and Ng(v*) = Ng(y1). It follows that n(G) > 2 by Lemma 3.1. Next assume
that Y = {y1,y} is an independent set. We have Ng(v*) = Ng(y1) = Ng(y) since
da(y1),da(y) > dg(v*) = §(G). Thus, by Lemma 3.1 we have n(G) = n(G —y1)+1 =
n(G —y1 —y) +2 > 2. Thus we only need to consider the case that G[Y'] contains at
least one edge. Concretely, we distinguish three situations in accordance with the proof of
Lemma 5.1:

(@) G[Y] = Kp_t—2 + K in case of \(G[Y]) = 0 and \3(G[Y]) < 0, where

n—t—22>2;
(b) GIY] =2 K,—¢—1 \ e in case of A2(G[Y]) = 0 and A\3(G[Y]) < 0, where Y| =
n—t—1>3;

(©) GIY] 2 K,,—t—1 incase of \3(G[Y]) < 0, where [Y|=n—t—12> 2.

In the following, we deal with situation (a) in Lemma 5.2, (b) in Lemma 5.3 and (c)
in Lemma 5.4, 5.7 and Lemma 5.15. We will see that the graph G € G* illustrated in (a)
and (b) can be constructed from some H € H by the graph transformations of I-, II- and
[II-type, but (c) can not.

Lemma 5.2. IfG[Y]| = K,,_1—o + K1, wheren —t —2 > 2, then G € G.

Proof. Since G[Y] is isomorphic to K,,_¢—o + K1 (n—t—2 > 2), Y exactly contains one
isolated vertex of G[Y], say y. We have N (v*) = N (y) and thus y is a congruent vertex
of I-type. By Lemma 3.1, we have p(G) = p(G — y) and 1(G) = n(G — y) + 1. Notice
that G — y is connected, we have G —y € H, and so G € G;. Such a graph G, displayed
in Figure 3 (1), we call the v*-graph of I-type. O

In Figure 3 and Figure 5, two ellipses joining with one full line denote some edges
between them. A vertex and an ellipse joining with one full line denote some edges between
them, and with two full lines denote that this vertex joins all vertices in the ellipse. Two
vertices join with same location of an ellipse denote that they have same neighbours in this
ellipse.

It needs to mention that the v*-graph of I-type characterized in Lemma 5.2, is a graph
obtained from I € H by adding a new vertex joining the neighbors of a minimum degree
vertex of H.

For S C V(G) andu € V(G), let Ng(u) = Ng(u) NS and Ng[u] = Ng[u] N S.

Lemma5.3. Let G[Y| 2 K, ;1\ e wheren —t—1>3ande =yy'. Then G € Gy if
Nx(y) = Nx(y') and G € Gs otherwise.
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( Iy ) ) py
GlY] 2 Kn—t—2 + K1 GlY]= Kn—t-1\yy' GlY] 2 Knt—1\yy

v*-graph of I-type Y -graph of I-type (v*,Y')-graph of II-type
(D () (3)

Figure 3: The structure of some graphs.

Proof. Sincen —t — 1 > 3, there is y* € Y other than y and 3. It is clear that Ng(y) =
Nx(y)U (Y \{y,y'}) and Na(y') = Nx (y') U (Y \ {y,4'}), and thus Ne(y) = Na(y')
if and only if Nx (y) = Nx(y'). We consider the following cases.

Case 1. Nx(y) = Nx(v').

By assumption, N¢(y) = Ng(y'), thus y and 3’ are congruent vertices of I-type. By
Lemma 3.1, we have p(G) = p(G — y) and n(G) = n(G —y) + 1. Since G — y is
connected, we have G — y € H and so G € G;. Such a G, displayed in Figure 3 (2), we
call the Y -graph of I-type.

Case 2. Nx(y) # Nx(v').

First suppose that exactly one of Nx(y) and Nx(y') is empty, say Nx(y) = 0 and
Nx(y') # (. Then yy* is a pendant edge of the induced subgraph G[X U {y, v, y*,v* }].
By Lemma 2.2 and Lemma 2.3, we have

2=p(G) 2 p(GIX U{y, v ,y"v"}]) = p(GIX U{y',v"}])) +1 =2
Thus
p(GIX U{y,y,y*,v*}]) =2 and
p(GIX U{y,v"}]) = 1.
We see that A2 (G[X U {y/, v*}]) = 0 (since otherwise A2 (G[X U {y’,v*}]) < 0 and then
G[X U {y/,v*}] is a complete graph, but ¢’ »¢ v*). If A3(G[X U {y',v*}]) = 0, we have
N(GX U{y,y' g% 0 }) = n(GX u{y,0"}]) 2 2,

which implies
M(G) = M(GIX U{y,y,y" v"}]) =0,

a contradiction. If A3 (G[X U{y/,v*}]) < 0, then G[XU{y’,v*}] = K;y2\eor Ki 11+ K,
by Theorem 2.7 (1). Notice that G[X U {y, v*}] is connected, we get G[X U {y/,v*}] =
Ko\ e where e = v*y’. Thus Nx(y') = X and so Ng(y') = X U (Y \ {y,¢'}) =
Ng(v*) U Ng(y) is a disjoint union. Additionally, {y’,v*, y} is an independent set in G,
we see that 3’ is a congruent vertex of II-type. Thus p(G) = p(G — ¢') and n(G) =
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Figure 4: The graphs I'1,T'a, ..., T'14.

(G — y') + 1 by Lemma 3.4. This implies that G — 3y’ € H, and so G € G,. Such a G,
displayed in Figure 3 (3), we call the (v*,Y")-graph of II-type.

Next suppose that Nx(y), Nx(y') # 0, without loss of generality, assume that
Nx(y') \ Nx(y) # 0. Then there exists ¥’ € Nx(y') \ Nx(y). Thus 2’ ~ y' and
a’ ¢ y. Now by taking some = € Nx(y), we see that Cs = v*zyy*y'z’ is a 6-cycle in G.
Note that = may joins each vertex in {z’,3’,y*} and 2’ may joins y*. By distinguishing
different situations in according with the number of edges we have

Cs no edge;
I'yorI's one edges;
Gv*,z,y,y*,y,2'] 2 {T3,Tyor'5s two edges;
I'¢,I'7 orI'g three edges;
Iy four edges.

However Cg and I'y, . .., I's and I'g are all forbidden subgraphs of G (see Figure 4).
We complete this proof. O

It remains to characterize the graph G € G* satisfying G[Y] & K,,_+_1. Such a graph
G we call X-complete if G[X] is also complete graph, and X -imcomplete otherwise. The
following result characterizes the X-imcomplete graphs.

Lemma 54. Let G[Y] = K,,_;_1, wheren —t — 1 > 2, and G is X-imcomplete. Then
G € G if there exist two non-adjacent vertices x1 7 o in G[X] such that Ny (z1) =
Ny (z2) and G € G5 otherwise.

Proof. Let X = {x1,22,...,2¢}and Y = {y1,y2,...,Yn—t—1}. Then V(G) = {v*} U
X UY and Y induces K,,_;_1. Let x and z’ be two non-adjacent vertices in X. Since
dg(z) > dg(v*)andn —t —1 > 2, we have [Ny (x)| > 1 and |Y| > 2, respectively. First
we give some claims.

Claim 5.5. If x # 2’ in G[X] then one of Ny (x) and Ny (z') includes another. If
Ny (z) C Ny (2') then |Ny (z)] =1 and Ny (z') =Y.



330 Ars Math. Contemp. 17 (2019) 319-347

Proof. On the contrary, let y € Ny (z) \ Ny(z') and y' € Ny(2') \ Ny(z), then
Gv*,z,2',y,y'] = Cs. Thus one of Ny (z) and Ny (z') includes another. Now as-
sume that Ny (z) C Ny (a'). If [Ny (x)| > 2, say {y,y'} C Ny (x), then 2’ ~ y,y' and
exists y* € Ny (z') \ Ny (z). Thus G[v*,z,2',y,y', y*] = T'1¢ (see Figure 4). However
p(T'10) = 3. Hence | Ny (x)| = 1, and we may assume that Ny (z) = {y}. If Ny (z/) # Y,
then there exists y' € Y \ Ny (z'). Also, there exists y* € Ny (z') \ Ny(x). We have
Gv*,z, 2’ y,y’,y*] = Ty (see the labels in the parentheses of Figure 4), but p(T'y) = 3.
Thus Ny (2') =Y. O

Claim 5.6. If x % 2’ in G[X] then Nx(x) = Nx (z').

Proof. On the contrary, we may assume that * € Nx (') \ Nx(z). Then z* ~ 2z’ and
x* o x, thus [Ny (x)| > 2 since [Ng(z)| > t. By Claim 5.5, we have Ny (z*), Ny (2') C
Ny (z). Then either Ny (z*) = Ny (2') = Ny (z) or one of Ny (z*) and Ny (z') is a
proper subset of Ny (z) (without loss of generality, assume that Ny (z*) C Ny (z), and
then [Ny (z*)| = 1 and Ny (x) = Y by Claim 5.5).

Suppose that Ny (z) = Ny(z*) = Ny(a'). Take y,y' € Ny(z), we see that
Gv*,z,xz*, 2, y,y'] = T'11 (see Figure 4). However p(T'11) = 3.

Suppose that [Ny (z*)| = 1 and Ny (z) = Y. Let Ny (z*) = {y} and there exists
another y' € Y. Then G[v*, z,x*,2’, y, y’] is isomorphic I'13 (see Figure 4) if 2’ ~ y, v/,
or isomorphic to I'12 (see Figure 4) if 2/ ~ y and 2’ # %/, or isomorphic to "4 (see
Figure 4) if 2’ ¢ y and 2’ ~ y'. However p(T'13) = p(T'13) = 3 and A\y(T'14) = 0. We are
done. O

Now we distinguish the following cases to prove our result.

Case 1. There exist x; ¢ x2 such that Ny (1) = Ny (x2).

Since x1 ¢ o, we have Nx(x1) = Nx(z2) by Claim 5.6, so Ng(z1) = Ng(x2).
Thus z; and x5 are congruent vertices of I-type. By Lemma 3.1, p(G) = p(G — z1) and
n(G) = n(G —x1) + 1. Thus G — 21 € H and so G € G;. Such a G, displayed in
Figure 5 (1), we call the X -graph of I-type.

Case 2. For each pair of x ¢ ' € X, Ny (x) # Ny (/).

By Claim 5.5, without loss of generality, assume that Ny () C Ny (z') and then
Ny (z) = {y} and Ny (') = Y. Thus y ~ z, 2’ and furthermore we will show that X C
N¢g(y). Infact, let 2* € X \ {z, 2’} (if any), if x £ ©*, we have Ny (x*) D Ny (z) = {y}
by Claim 5.6. Thus y ~ z*. Otherwise, z ~ z* and thus 2’ ~ * since Nx (z) = Nx(a')
by Claim 5.6. Now take y' € Y \ {y}. If y 4 =*, then G[v*, z, 2, z*, y,y'] is isomorphic
to "2 (see the first labels in the parentheses of Figure 4) while 2* £ 4, or isomorphic to
T'15 (see the labels in the parentheses of Figure 4) while 2* ~ y', but p(T'12) = p(T'13) = 3.
It follows that Ng(y) = X U (Y \ {y}) since Y induces a clique.

On the other hand, since dg(z) > |X| = t, ¢ # 2’ and Ny (x) = {y}, we have
Nx(z) = X \ {z,2'} and so Nx(2') = X \ {z,2’} by Claim 5.6. Thus Ng(z) =
(X \ {z,2'}) U {v*,y} and Ng(2') = (X \ {z,2’}) UY U {v*}. Hence the quadrangle
Cy = zv*x'y is congruent, where zv* and x’y is a pair of congruent edges of Cy. It
gives that z, v*, 2’, y are congruent vertices of IlI-type. By Lemma 3.6, we have p(G) =
p(G—z) and n(G) = n(G—z) +1thus G —z € H, and so G € Gs. Such a G, displayed
in Figure 5 (2), we call the (v*, X, Y')-graph of IIl-type.

We complete this proof. O
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X-graph of I-type (v*, X,Y)-graph of Ill-type (X, Y)-graph of III-type
0] ) 3

Figure 5: The structure of some graphs.

At last we focus on characterizing X -complete graph G € G*, i.e., G[X]| & K; and
GlY] 2 K,,—+—1. A X-complete graph G € G* is called reduced if one of Ny (z;) and
Ny (z;) is a subset of another for any z; # x; € X and non-reduced otherwise. Thus the
X-complete graphs are partitioned into a disjoint union of the reduced and non-reduced
X-complete graphs. Concretely, for a reduced X -complete graph G € G*, we may assume
that ) = Ny (v*) C Ny(z1) € Ny(z3) C -+ C Ny(x4); for a non-reduced (X,Y)-
complete graph G € G*, there exist some x # ' € X such that Ny (z) \ Ny (z) # 0 and
Ny (') \ Ny (z) # (). Such vertices = and z’ are called non-reduced vertices. It remains
to characterize the reduced and non-reduced X -complete graphs in what follows.

Lemma 5.7. Let G € G* be a non-reduced X -complete graph and x,x’ be non-reduced
vertices. Then G € Gs.

Proof. Since z,x’ are non-reduced vertices, there exist y € Ny (z) \ Ny (') and ¢/ €
Ny (2') \ Ny (x). Then x,z’, 3,y induces C} (see Figure 5 (3)). It suffices to verify that
Cy is congruent. Clearly, Ng(x) D (X \{z})U{v*} and Ng(2') D (X \ {«'}) U{v*}. If
there exists y* € Ny (z) \ Ny (z') other than y, then G[v*,z,2', ¢, y, y*] = T'12 (see the
second labels in the parentheses of Figure 4), however I'15 is a forbidden subgraph of G.
Hence Ny (z) \ Ny (2’) = {y}. Similarly, Ny (z') \ Ny (x) = {y’}. On the other aspect,
x € Nx(y)\Nx(y')and 2’ € Nx(y")\Nx (y). If there exists z* € Nx (y)\Nx (y’) other
than x, then G[v*,z, 2’ 2*,y,y'] = T'1o (see the labels in the parentheses of Figure 4),
however I'1g is a forbidden subgraph of G. Hence Nx(y) \ Nx(y') = {x}. Similarly,
Nx(y")\Nx(y) = {z'}. Hence Nx (y)\{z} = Nx(y')\{z'}. Note that Ng(y) D Y'\{y}
and Ne(y') 5 Y\ {y'}, we have Ng(y) \ {¢/, 2} = (Y \ {y,4'}) U (Nx(y) \ {z}) =
Ne(y') \ {2/, y}. Hence the quadrangle Cy = za'y’y is congruent, where za’ and 'y is
a pair of congruent edges. It follows that x, ', 3, y are congruent vertices of III-type. By
Lemma 3.6, we have p(G) = p(G — z) and n(G) = n(G —z) + 1. Thus G — = € H, and
so G € Gs. Such a G, displayed in Figure 5 (3), we call the (X, Y')-graph of III-type.

We complete this proof. O

To characterize the reduced X -complete graph, we need the notion of canonical graph
which is introduced in [7]. For a graph G, a relation p on V(G) we mean that upv iff u ~ v
and Ng(u) \ v = Ng(v) \ u. Clearly, p is symmetric and transitive. In accordance with p,
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the vertex set is decomposed into classes:
V(G)=ViUVaU--- UV, (5.1

where v; € V; and V; = {z € V(G) | zpv;}. By definition of p, V; induces a clique K,,
where nq +ng + - - + ni = n = |V(G)|, and vertices of V; join that of Vj iff v; ~ v; in
G. We call the induced subgraph G[{v1, va, ..., v }] as the canonical graph of G, denoted
by G.. Thus G = G¢[Kp,, Kn,, ..., Ky, ] is a generalized lexicographic product of G,
by Konyy Ky, K.

Let G be a reduced X -complete graph. From (5.1) we have G = G [K,,,, Kp,,. ..,
K], where G. = G[{v1,va,...,ux}] and V; = {& € V(G) | zpv;} induces clique
K,,. Without loss of generality, assume v; = v*. Let X, = Ng,(v1) and Y. =
{va,v3,...,v5} \ X¢. Clearly, G.[X,] is a clique since X_ is a subset of X and X in-
duces a clique in G. Furthermore, G.[Y¢] is a clique since Y, is a subset of ¥ and Y’
induces a clique in G. Thus G, is also a X .-complete graph. Additionally, since G
is reduced, G, is also reduced. Let t. = dg, (v1) and X, = {z1,2a,..., 2}, Yo =
{y1,Y2, - s Yk—t.—1}. We may assume Ny,(v1) C Ny,(z1) C --- C Ny, (x,) and
Nx_(y1) C -+ C Nx_(yx—t.—1)- Therefore,

0= |Ny,(v1)] < [Ny, (z1)] < -+ < [Ny, ()| < |Ye| =k =t =1,  (5.2)

and
0 < |Nx,(y1) <|Nx, (y2)] < < |Nx, (Yb—t,-1)| < |Xc| = te. (5.3)

From Equation (5.2), we have t. < k — ¢, — 1. Similarly, &k — t, — 2 < t. from
Equation (5.3). Thus k —2 < 2t, < k—1,andsot, = [£] — 1.

If k is even, then t. = % — 1. From Equation (5.2), we have [Ny, (z;)| = i for
i=1,2,...,t.. Thus we may assume that
NYc (Ul) = (2)7
Ny, (z1) = {yx},

NYc(w%*Q) = {ygv .. ayS}a
NYC(ngl) = {yga s ay2}'-

This implies that G =2 G, where Gy, is defined in Section 2. Similarly, G = Gy, if k is odd.
Thus we obtain the following result.

Lemma 5.8. Let G be a reduced X-complete graph. Then G. = Gy where k > 2 is
determined in (5.1).

Let G € G* be areduced X-complete graph. The following lemma gives a characteri-
zation for G. First we cite a result due to Oboudi in [5].

Lemma 5.9 ([5]). Let G = G3[K,,, Kn,, Kn,], where ny,na, n3 are some positive inte-
gers. Then the following hold:

(1) If ny = ny = ng = 1, that is G = Ps, then \3(G) = —/2;
(2) If ny =no = landng > 2, then \3(G) = —1;
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(3) If ning > 1, then A3(G) = —1.

We know that any graph G is a generalized lexicographic product of its canonical graph,
ie., G =GKp,, Kn,,...,K,,]. Wealso have G, = G}, if G is reduced X -complete by
Lemma 5.8. Furthermore, the following result prove that 4 < k£ < 13.

Lemma 5.10. Let G € G* be a reduced X -complete graph. Then there exists 4 < k < 13
such that G = G Ky, Knyy -« K, |-

Proof. By Lemma 5.8, G = Gi|K,,, Kn,,...,Ky,] for some k. If & = 1 or 2 then
G=K, ¢G" andsok > 3. If k = 3, then G = G3[K,,, K,,, Ky,]. Thus A3(G) < 0
by Lemma 5.9, a contradiction. Hence & > 4. On the other hand, since G, = Gy, is an
induced subgraph of G, we have A\4(Gj) < Ay(G) < 0 by Theorem 2.1. Note that G4 is
an induced subgraph of G}, (by Remark 2.8) for k& > 15, we have A\y(Gg) > A4(G14) = 0.
It implies that k£ < 13. ]

Next we consider the converse of Lemma 5.10. In other words, we will try to find the
values of ny, ..., ny such that p(Gi[ K, , ..., Ky, ]) =2 and (G Ky, , ..., K, ]) =1,
where 4 < k < 13 and n = ny + no + - - - + ng. For the simplicity, we use notation in [8]
to denote

G25[Kn1a- .. ,ans] = Bgs(nl, vy Mg Mg 1y - e ,TLQS) and
G2s+1[Kn17 ey Kn25+1] = B2s+1(n17 ey Mgy Mgy 1y - -0, N2, n28+1)'
By Remark 3.2 in [6], we know

HO = Bgs(nl,... ,ns;ns_,_l,... ,Tlgs)

!
> Bog(Ngq1 ... ,N2s; N1, .., Ns) = H) and

Hi = Bogy1(n1, ..., Nsi Nsg1s - - -, N2ss N2 41)
!
= Bogy1(Nogi1, -+, Nas3 N1, .oy Mg Nast1) = Hi.

In what follows, we always take Hy and H;, in which (n1,...,ns) is prior to (ns41,. ..,

ngs) in dictionary ordering, instead of H{ and Hj. For example we use Bs(4,3,2; 4,3,1)

instead of Bg(4,3,1;4,3,2) and Br(5,3,2;5, 2, 4; 8) instead of B(5,2,4;5,3,2;8).
For4 < k <13, let

Bi(n) ={G = Bx(n1,...,ng) | n=n1 4+ -+ +ng,n; > 1}.

Let B} (n), BY(n), BY(n) and B;, (n) denote the set of graphs in By (n) satisfying A3(G) >
0 for G € B (n), \M(G) = A3(G) = 0 for G € BY(n), M(G) < A3(G) = 0 for
G € BY(n) and \3(G) < 0 for G € By (n), respectively. Clearly, By(n) = B} (n) U
B0 (n) U BY(n) U By (n) is disjoint union and G = Gy[K,,, K,, ..., Ky,,] € BY(n) if
G € G* is areduced X-complete graph by Lemma 5.10. In what follows, we further show
that n < 13. First, one can verify the following result by using computer.

Lemma 5.11. 82(14) = () for 4 < k < 13 (it means that there are no reduced X -complete
graphs of order 14).

Proof. For 4 < k < 13, the k-partition of 14 gives a solution (ni,ns,...,nk) of the
equation nq + ng + - - - + ni = 14 that corresponds a graph G = By(ni,na,...,ng) €
B (14). By using computer, we exhaust all the graphs of By (14) to find that there is no
any graph G € By, (14) with \4(G) < A3(G) = 0. It implies that BY(14) = 0. O
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In [6], Oboudi gave all the integers nq, . . ., ny satisfying A\y(Bg(n1,...,n)) > 0 and
A3(Bgr(n1,...,ng)) < 0for4 < k < 9. For simplicity, we only cite this result for k = 5
and the others are listed in Appendix B.

Theorem 5.12 ([6]). Let G = Bs(ni,na;ns, ng;ny), where ny, na, n3, ng, ns are some
positive integers. Then \o(G) > 0 and A\3(G) < 0 if and only if G is isomorphic to one of
the following graphs:

(1) Bs(a,w;1,1;1); (6) Bs(a,l;z,w;1);  (11) Bs(x,w;1,d;1);

(2) Bs(a,x;1,d;1); (7) Bs(a,L;z,y5€); (12) Bs(z,w;1,1;e);

(3) Bs(a,x;1,y; 2); (8) Bs(a,1;1,d;e); (13) Bs(1,b;1,d;1);

(4) Bs(a,z;1,1;¢); (9) Bs(w,z3y,15€);  (14) Bs(1,b;1,2;y);

(5) Bs(a,1l;¢,15€); (10) Bs(z,b;1,1;1); (15) Bs(1,x;1,y;¢);

(16) 63 specific graphs: 13 graphs of order 10, 25 graphs of order 11, and 25 graphs of
order 12,

where a, b, c,d, e, x,y, z,w are some positive integers such that x < 2, y < 2, z < 2 and
w < 3.

Lemma 5.13. Let G € By (n), where 4 < k < 9andn > 14. If G ¢ B, (n), then G has
an induced subgraph ' € By, (14) \ B, (14).

Proof. We prove this lemma by induction on n. If n = 14, since G' € By,(14)\ B, (14), our
result is obviously true by taking I' = G. Let n > 15 and G’ € Bi(n — 1) be an induced
subgraph of G. If G’ ¢ B, (n—1), then G’ has an induced subgraph I" € Bj,(14) \ B, (14)
by induction hypothesis, and so does G. Hence it suffices to prove that G contains an
induced subgraph G’ € By, (n — 1)\ B, (n — 1) for n > 15 in the following. We will prove
that there exists G’ € Bs(n — 1) \ B; (n — 1) for n > 15, and it can be similarly proved
for the other & which we keep in the Appendix B.
Let G = Bs(n1,n2;n3,n4;n5) € Bs(n). Then one of

H; = Bs(n1 — 1,n2;n3,n4;n5), Hy = Bs(ni,n2 — 1;n3,n4;05),
Hs = Bs(ni,n2;n3 — 1,n43n5), Hy = Bs(ni,n2;n3,n4 — 1;n5) and

Hs = Bs(ni,n2;n3,n45n5 — 1)

must belong to Bs(n—1). On the contrary, assume that H; € By (n—1) fori =1,2,...,5.
Then H, is a graph belonging to (1) —(15) in Theorem 5.12 since |H;| =n — 1 > 14.
First we consider H;. If H; is a graph belonging to (1) of Theorem 5.12, then H; =
Bs(a,w;1,1;1) where n; —1 = a,ns = w,n3 = ng = ns = 1, and hence G = Bs(a+1,
w;1,1;1) € By (n), a contradiction. Similarly, H; cannot belong to (2)—(8) of Theo-
rem 5.12. If H; is a graph belonging to (9) of Theorem 5.12, then H; = Bs(w, x;y, 1;¢e)
where ny — 1 = w, ng = 2, ng = y, ng = 1, n5 = e. Since w < 3, we have
ny < 4. Ifn; < 4thenw+1 < 3and G = Bs(w + 1,z;y,1;¢) € By (n), a con-
tradiction. Now assume that n; = 4. Then H; = B5(3,x;y, 1;¢). Since z,y € {1,2},
we have G € {B5(4,1;1,1;¢), B5(4,2;1, 15¢), B5(4,1;2, 1;¢e), B5(4,2;2,1;¢e)}. How-
ever B5(4,1;1,1;¢e), B5(4,2;1,1; e), Bs(4,1;2, 1; ¢) belong to (4), (5) of Theorem 5.12
which contradicts our assumption. Thus G = Bs(4,2;2,1;€). By Theorem 5.12, G =
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Bs(4,2;2,1;¢e) ¢ By (n), and also its induced subgraph Bs(4,2;2,1;e—1) ¢ By (n—1),
a contradiction. Hence H; belongs to (10)—(15) of Theorem 5.12, from which we see that
ny — liseither z or 1. Thus n; < 3 duetoz < 2.

By the same method, we can verify that no < 3 if Hy € B; (n — 1); ng < 3 if
Hs; € B;(n—1);ny <3if Hy € By (n— 1) and ns < 21if Hs € B; (n — 1). Hence
n =mny +---+ns < 14, a contradiction. We are done. O

Lemma 5.14 ([6]). If n > 14, then ka (n) =0for10 <k <13.

Lemma 5.15. Given 4 < k < 13, Bg(n) = () for n > 14 (it means that there are no
reduced X -complete graphs of order n > 14).

Proof. Let G € BY(n) and n > 14. Then A\4(G) < A3(G) = 0. First we assume that
4 <k < 9. Since G ¢ B) (n), G has an induced subgraphs I' € By (14) \ B, (14)
by Lemma 5.13. Thus A3(I') > 0. Furthermore, we have A3(I") = 0 since otherwise
0 < A3(T) < X3(G). Additionally, A4(I") < M\ (G) < 0, we have ' € BY(14), contrary
to Lemma 5.11. Next we assume that 10 < k£ < 13. By deleting n — 14 vertices from G,
we may obtain an induced subgraph I' € B (14). By Lemma 5.14, we have A\3(I") > 0,
and then A3(I") = 0 by the arguments above. Additionally, A4(I") < A4(G) < 0, we have
I' € BY(14) which also contradicts Lemma 5.11. O

By Lemma 5.15, we know that, for any reduced X -complete graph G € G*, there exists
4 <k <13and n < 13 such that G € BY(n). Let

B* = {G = Bg(ny,na,...,n) € BY(n) |4 <k < 13and n < 13}.
Thus G € G* is areduced X -complete graph if and only if G € B*.

Remark 5.16. Clearly, B = Us<k<13n<138k(n) contains finite graphs. By using com-
puter we can exhaust all the graphs of B to find out the graphs in B*. We list them in
Table 1.

Recall that Gy, G and Gs are the set of connected graphs each of them is obtained
from some H € H by adding one vertex of I, II, IlI-type, respectively. Summarizing
Lemmas 5.2, 5.3, 5.4, 5.15 and Theorem 4.2, finally we give the characterization of the
connected graphs in G.

Theorem 5.17. Let G be a connected graph of order n > 5. Then G € G if and only if G
is isomorphic to one of the following graphs listed in (1), (2) and (3):

(1) Kl)g(u) @k K, _3or K171(U) @k K, _o \efor e c E(Kn_g),'
(2) the graphs belonging to Gy, Go or G3;
(3) the 802 specific graphs belonging to B* some of which we list in Table 1.

If G* is obtained from G € G by adding one vertex of I, II or III-type, then the positive
and negative indices of G* left unchanged, but the nullity adds just one. Repeating this
process, we can get a class of graphs which has two positive eigenvalues and s zero eigen-
values, where s > 2 is any integer. However, by using the I, I and III-type (graph) transfor-
mations, we can not get all such graphs. For example, H = By(1,1,2,3,2;1,1,1,1,1) is
a graph satisfying p(H) = 2 and n(H) = 2 that can not be constructed by above (graph)
transformation. Hence the characterization of graphs with p(H) = 2 and n(H) = s (espe-
cially n(H) = 2) is also an attractive problem.
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Table 1: All graphs of B*.

k ‘ B* ‘ Number
B4(3,2;3,2); Ba(4,3;2,2), Ba(4,3;3,1); Ba(5,4;2,1), B4(5,2;2,3),

4 Ba(3,4;2,3), Ba(4,1;3,4), Ba(5,2;4,1); B4(7,3;2,1), Ba(4,6;2,1), 18
Ba(7,2;2,2), B4(3,6;2,2), Ba(4,2;2,5), B4(3,3;2,5), Ba(7,2;3,1),
B4(3,653,1), Ba(6,1;3,3), Ba(6,1;4,2).

5(2,2;2,2;1); Bs(2,3;1,2;2), Bs(3,3;2,1;1); Bs(3,4;1,1;2),
Bs(3,4;1,2;1), B5(1,3;1,3;3), B5(2,2;1,3;3), B5(2,4;2,1;2),
Bs(4,2;3,1;1); Bs(4,5;1,1;1), Bs(2,5;1,1; 3), Bs(4, 3;1,1; 3),
Bs(1,4;1,2;4), B5(3,2;1,2;4), B5(2,5;1,3;1), Bs(4, 3;1,3; 1),
Bs(1,4;1,4;2), B5(3,2;1,4;2), B5(5,2;2,1;2), Bs5(3,1;2,3; 3),

5 Bs(3,1;2,5:1), Bs(4,1;3,2;2); Bs(3,7;1,1;1), Bs(6,4;1,1; 1), 47
Bs(2,7;1,1;2), B5(6,3;1,1;2), B5(2,4;1,1;5), Bs5(3,3;1,1;5),
Bs(2,7;1,2;1), B5(6,3;1,2;1), Bs5(1,6;1,2; 3), Bs(5,2;1,2; 3),
Bs(1,3;1,2;6), Bs5(2,2;1,2;6), Bs(1,6;1,3;2), Bs(5,2;1,3;2),
Bs(2,4;1,5;1), B5(3,3;1,5;1), B5(2,2;1,6;2), B5(2,7;2,1;1),
Bs5(7,2;2,1;1), B5(4,2;2,1;4), B5(2,3;2,1;5), Bs(5,1;2, 3; 2),
Bs(5,1;2,4;1), B5(3,2;3,1;4), B5(6,1;3,2;1).

6 | See Table 2 of Appendix A 138

7 | See Table 3 of Appendix A 161

8 | See Table 4 of Appendix A 205

9 | See Table 5 of Appendix A 124

10 | See Table 6 of Appendix A 78
Bi:1(1,1,1,2,1;1,1,1,1,1;1), B11(2,1,1,1,1;1,1,1,1,1; 1);
Bii(1,1,1,1,3;1,1,1,1,1;1), B11(1,1,1,2,2;1,1,1,1,1; 1),
Bi11(1,1,2,1,2;1,1,1,1,1;1), B11(1,1,2,2,1;1,1,1,1,1; 1),
Bi::1(1,1,3,1,1;1,1,1,1,1;1), B11(1,2,1,1,2;1,1,1,1,1; 1),
Bi:1(1,2,2,1,1;1,1,1,1,1;1), B11(1,3,1,1,1;1,1,1,1,1; 1),

1 Bi1(2,1,1,1,2;1,1,1,1,1;1), B11(2,2,1,1,1;1,1,1,1,1; 1), 94
Bi:1(1,1,1,1,2;1,1,1,1,1;2), B11(1,1,2,1,1;1,1,1,1, 1; 2),
Bi::1(1,2,1,1,1;1,1,1,1,1;2), B11(1,1,1,1,1;1,1,1,1, 1; 3),
Bi:1(1,1,1,1,2;1,1,1,1,2; 1), B11(1,1,1,2,1;1,1,1,1,2; 1),
Bi:1(1,1,2,1,1;1,1,1,1,2; 1), B11(1,2,1,1,1;1,1,1,1,2; 1),
Bii(1,1,2,1,1;1,1,2,1,1;1), Bi1(1,2,1,1,1;1,1,2,1,1; 1),
Bi1(2,1,1,1,1;1,1,2,1,1;1), B11(1,2,1,1,1;1,2,1,1,1; 1).
Bis(1,1,1,1,1,2;1,1,1,1,1,1), B12(1,1,1,1,2,1;1,1,1,1,1, 1),

12 | Bi2(1,1,1,2,1,1;1,1,1,1,1,1), B12(1,1,2,1,1,1;1,1,1,1,1, 1), 6
Bi2(1,2,1,1,1,1;1,1,1,1,1,1), B12(2,1,1,1,1,1;1,1,1,1,1,1).

13 | Bis(1,1,1,1,1,1;1,1,1,1,1,1; 1). 1
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Appendix A Five tables

Appendix A contains 5 tables, in which there are 706 specific graphs: 4 graphs of order 10,
32 graphs of order 11, 150 graphs of order 12, and 520 graphs of order 13.

Table 2: k = 6.

n ‘ B*

10 [ Bs(1,2,2;1,2,2), Bs(2,2,1;1,2,2);
Bs(1,3,3;1,1,2), Bs(2,3,2;1,1,2), Bs(3,3,1;1,1,2), Bs(1,3,3;1,2, 1),

11 | Bs(2,3,2;1,2,1), Bs(3,3,1;1,2,1), Bs(2,1,1;1,3,3), Bs(3,2,1;2,1,2),
Bs(2,2,2;2,2,1), Bs(3,1,2;3,1,1);
Bs(1,4,4;1,1,1), Bs(2,4,3;1,1,1), Bs(3,4,2;1,1,1), Bs(4,4,1;1,1,1),
Bs(1,2,4;1,1,3), Be(1,4,2;1,1,3), Bs(2,2,3;1,1,3), Bs(2,4,1;1,1,3),
Bs(3,2,2;1,1,3), Bs(4,2,1;1,1,3), Bs(1,3,1;1,2,4), Bs(2,1,2;1,2,4),
Bs(3,1,1;1,2,4), Bs(1,4,2;1,3,1), Bs(2,2,3;1,3,1), Bs(2,4,1;1,3,1),

12 | Bs(3,2,2;1,3,1), Bs(4,2,1;1,3,1), Bs(2,1,2;1,4,2), Bs(3,1,1; 1,4, 2),
Bs(2,3,3;2,1,1), Bs(4,1,3;2,1,1), Bs(4,3,1;2,1,1), Bs(2, 3,2;2, 1, 2),
Bs(3,2,2;2,1,2), Bs(4,1,2;2,1,2), Bs(2,3,1;2,1,3), Bs(4,1,1;2,1, 3),
Bs(3,1,3;2,2,1), Bs(3,2,2;2,2,1), Bs(3,3,1;2,2,1), Bs(3,1,1;2,2,3),
Bs(2,3,1;2,3,1), Bs(3,2,2;3,1,1), Bs(4,2,1;3,1,1), Bs(4,1,1;4,1,1);
Bs(1,3,6;1,1,1), Bs(1,6,3;1,1,1), Bs(2,3,5;1,1,1), Bs(2,6,2;1,1,1),
Bs(3,3,4;1,1,1), Bs(3,6,1;1,1,1), Bs(4,3,3;1,1,1), Bs(5,3,2;1,1,1),
Bs(6,3,1;1,1,1), Bs(1,2,6;1,1,2), Bs(1,6,2;1,1,2), Bs(2,2,5:1,1,2),
Bs(2,6,1;1,1,2), Bs(3,2,4;1,1,2), Bs(4,2,3;1,1,2), Bs(5,2,2;1,1,2),
Bs(6,2,1;1,1,2), Bs(1,2,3;1,1,5), Bs(1,3,2;1,1,5), Bs(2,2,2;1,1,5),
Bs(2,2,5:1,2,1), Bs(2,6,1;1,2,1), Bs(3,2,4;1,2,1), Bs(4,2,3;1,2,1),
Bs(5,2,2;1,2,1), Bs(2,3,1;1,1,5), Bs(3,2,1;1,1,5), Bs(1,2,6; 1,2, 1),
Bs(1,6,2;1,2,1), Bs(6,2,1;1,2,1), Bs(1,5,1;1,2,3), Bs(2,1,4;1,2,3),
Bs(3,1,3;1,2,3), Bs(4,1,2;1,2,3), Bs(5,1,1;1,2,3), Bs(2,1,1;1,2,6),
Bs(1,5,1;1,3,2), Bs(2,1,4;1,3,2), Bs(3,1,3;1,3,2), Bs(4,1,2;1,3,2),
Bs(5,1,1;1,3,2), Bs(2,2,2;1,5,1), Bs(2,3,1;1,5,1), Bs(3,2,1;1,5,1),

13 | Bs(2,1,1;1,6,2), Bs(2,2,5;2,1,1), Bs(2,5,2;2,1,1), Bs(3,1,5:2,1,1),
Bs(3,2,4;2,1,1), Bs(3,3,3;2,1,1), Bs(3,4,2;2,1,1), Bs(3,5,1;2,1,1),
Bs(4,2,3;2,1,1), Bs(4,3,2;2,1,1), Bs(5,2,2;2,1,1), Bs(6,1,2;2,1,1),
Bs(6,2,1;2,1,1), Bs(2,2,4;2,1,2), Bs(2,5,1;2,1,2), Bs(3,1,4;2,1,2),
Bs(3,2,3:2,1,2), Bs(6,1,1;2,1,2), Bs(2,2,3;2,1,3), Bs(3,1,3:2,1,3),
Bs(2,2,2:2,1,4), Bs(3,1,2;2,1,4), Bs(2,2,1;2,1,5), Bs(3,1,1;2,1,5),
Bs(2,5,1;2,2,1), Bs(4,2,2;2,2,1), Bs(5,1,2;2,2,1), Bs(5,2,1;2,2,1),
Bs(3,1,3:2,2,2), Bs(4,1,2;2,2,2), Bs(5,1,1;2,2,2), Bs(3,1,2;2,2,3),
Bs(4,1,2;2,3,1), Bs(4,2,1;2,3,1), Bs(3,1,2;2,3,2), Bs(4,1,1;2,3,2),
Bs(3,1,2;2,4,1), Bs(3,2,1;2,4,1), Bs(3,1,1;2,4,2), Bs(3,3,2:3,1,1),
Bs(3,4,1;3,1,1), Bs(6,1,1;3,1,1), Bs(3,3,1;3,2,1), Bs(4,2,1;3,2,1),
Bs(5,1,1;3,2,1), Bs(4,1,1;3,3,1).
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Table 3: k£ = 7.

n ‘ B*

10 | B7(2,2,1;1,1,2;1), B7(2,1,2;2,1, 1;1);
Br(3,3,1;1,1,1;1), Br(2,1,3;1,1,1;2), B7(2,2,2; 1, 1,2 1), B7(2,1,2; 1, 1, 2; 2),

11 | Br(1,2,1;1,1,3;2), B7(2,1,1;1,1,3;2), B7(1,2,3;1,2,1;1), B7(1,2,2;1,2,2: 1),
Br(2,1,1;1,2,3;1), Br(2,2,2;2,1,1; 1), Bz(3,2,1;2,1,1;1), Bz(3,1,1;3,1,1;1);
Br(1,3,4;1,1,1;1), Br(3,1,4;1,1,1; 1), B7(3,3,2; 1,1, 1; 1), Br(1,2,4;1,1,1;2),
B7(2,2,3;1,1,1;2), Br(2,4,1;1,1,1;2), B7(3,2,2;1,1,1;2), Br(4,2,1;1,1,1;2),
Br(1,1,4;1,1,1;3), Br(3,1,2;1,1,1;3), Bz(1,3,3;1,1,2: 1), Br(2,2,3;1,1,2; 1),
Br(3,1,3;1,1,2;1), Br(1,1,3;1,1,2;3), B7(1,3,1;1,1,2:3), Bz(3,1,1;1,1,2; 3),

Lo | Br(13,21,1,3:1), Br(3,1,21,1,3:1), Br(1,2,2;1,1,3;2), Br(1,3,131,1,4; 1),
Bz(3,1,1;1,1,4;1), Br(2,1,4;1,2,1; 1), B7(2,2,3;1,2,1;1), Br(2,3,2;1,2,1; 1),
Br(4,2,1;1,2,1;1), Br(2,1,2:1,2,1;3), Bz(1,2,2;1,2,2:2), Bz(1,3,1;1,2,2;2),
Br(2,4,1;1,2,1;1), Br(2,1,2:1,2,2;2), B7(3,1,1;1,2,2:2), Br(2,1,2;1,2,3; 1),
Br(1,3,2:1,3,1;1), B+(3,1,1;1,3,2; 1), B(2,3,2:2,1,1; 1), Br(2,3,1;2,1,1;2),
Br(4,1,1;2,1,1;2), Bx(3,2,1;2,2,1; 1), Bz(3,1,1;2,2,1;2);
B:(1,2,6;1,1,1;1), Br(1,5,3;1,1,1;1), B7(2,1,6;1,1,1;1), Br(2,2,5;1,1,1; 1),
Br(2,3,4;1,1,1;1), Br(2,4,3;1,1,1;1), B7(2,5,2;1,1,1;1), Bz(2,6,1;1,1,1; 1),
Br(3,2,4;1,1,1;1), Br(3,3,3;1,1,1; 1), B7(4,2,3;1,1,1;1), Bz(5,1,3;1,1,1; 1),
B7(5,2,2;1,1,1;1), Br(6,2,1;1,1,1; 1), Bz(1,1,6;1,1,1;2), Br(1,4,3;1,1,1;2),
B7(2,3,3;1,1,1;2), Br(2,4,2:1,1,1;2), B7(5,1,2;1,1,1:2), Bz(1,3,3;1,1,1;3),
B7(2,3,2;1,1,1;3), Br(1,2,3:1,1,1;4), B7(2,2,2;1,1,1;4), Br(2,3,1;1,1,1;4),
B7(3,2,1;1,1,1;4), Br(1,1,3;1,1,1;5), B7(2,1,2;1,1,1;5), Br(1,2,5;1,1,2; 1),
Br(1,5,2;1,1,2;1), Br(2,1,5:1,1,2; 1), B7(2,2,4;1,1,2: 1), Bz(5,1,2;1,1,2; 1),
Br(1,1,5:1,1,2;2), B+(1,2,4;1,1,2;2), B+(1,3,3:1,1,2;2), Br(1,4,2:1,1,2;2),
B:(1,5,1;1,1,2;2), Bz(5,1,1;1,1,2;2), B7(1,2,3;1,1,2:3), Br(1,3,2;1,1,2; 3),
Br(1,2,2;1,1,2;4), Br(1,1,2:1,1,2;5), B7(1,2,1;1,1,2:5), Br(2,1,1;1,1,2;5),
Br(1,2,4;1,1,3;1), Br(1,5,1;1,1,3; 1), B7(2,1,4;1,1,3; 1), Bz(5,1,1; 1,1, 3; 1),
Br(1,1,4;1,1,3;2), B+(1,2,3;1,1,3;2), B+(1,2,3;:1,1,4; 1), B7(2,1,3;1,1,4; 1),

13 | B+(1,2,2;1,1,5;1), Br(2,1,2;:1,1,5;1), Bz(1,2,1;1,1,6; 1), Br(2,1,1;1,1,6; 1),
B7(1,5,2;1,2,1;1), Br(3,2,3:1,2,1;1), B7(4,1,3;1,2,1;1), Br(4,2,2;1,2,1; 1),
Br(1,4,2;1,2,1;2), Br(2,3,2:1,2,1;2), B7(3,2,2;1,2,1;2), Br(4,1,2;1,2,1;2),
Br(1,3,2;1,2,1;3), Br(2,2,2:1,2,1;3), B7(2,3,1;1,2,1;3), Bz(3,2,1;1,2,1; 3),
Br(1,2,2:1,2,1;4), B+(1,5,1;1,2,2; 1), B(2,1,4;1,2,2; 1), B(3,1,3;1,2,2; 1),
Br(4,1,2;1,2,2;1), Br(5,1,1;1,2,2; 1), B7(1,2,2;1,2,2:3), Br(2,1,1;1,2,2;4),
Br(2,1,3;1,2,3;1), Br(3,1,3;1,3,1; 1), B7(3,2,2;1,3,1; 1), Br(2,2,2;1,3,1;2),
Br(2,3,1;1,3,1;2), Br(3,1,2:1,3,1;2), B7(3,2,1;1,3,1:2), Br(2,1,3;1,3,2; 1),
Br(3,1,2:1,3,2;1), B+(2,1,2:1,3,2;2), B+(2,1,1;1,3,2;3), Bz(2,1,3;1,4,1; 1),
Br(2,2,2;1,4,1;1), Br(2,3,1;1,4,1;1), B7(3,2,1;1,4,1;1), Br(2,1,2;1,4,1;2),
Br(2,1,2;1,4,2;1), Br(2,1,1;1,4,2;2), B7(2,1,1;1,5,2: 1), Br(2,4,2;2,1,1; 1),
Br(2,5,1;2,1,1;1), Br(6,1,1;2,1,1; 1), B7(2,2,1;2,1,1;4), Bz(3,1,1;2,1,1;4),
Br(2,4,1;2,2,1;1), Br(5,1,1;2,2,1; 1), B7(2,3,1;2,2,1;2), Br(2,2,1;2,2,1;3),
B7(2,3,1;2,3,1;1), B+(3,2,1;2,3,1;1), Br(4,1,1;2,3,1; 1), Bz(3,1,1;2,4,1; 1).
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Table 4: k = 8.
n ‘ B*
1 s(1,2,1,2;1,1,1,2), Bg(2,2,1,1;1,1,1,2), Bs(1,2,2,1;1,1,2,1),
Bs(1,2,1,1;1,1,2,2), Bs(2,1,2,1;1,2,1,1), Bg(2,1,1,1;1,2,1,2);
s(1,1,3,3;1,1,1,1), Bs(1,3,1,3;1,1,1,1), Bs(1,3,3,1;1,1,1,1),
Bg(2,1,3,2;1,1,1,1), Bs(2,3,1,2;1,1,1,1), Bg(3,1,3,1;1,1,1, 1),
5(3,3,1,1;1,1,1,1), Bg(1,1,2,3;1,1,1,2), Bs(1,2,2,2;1,1,1, 2),
Bs(1,3,2,1;1,1,1,2), Bs(2,1,2,2;1,1,1,2), Bs(2,2,2,1;1,1,1,2),
s(3,1,2,1;1,1,1,2), Bg(1,1,1,3;1,1,1,3), Bs(1,3,1,1;1,1,1, 3),
s(2,1,1,2;1,1,1,3), Bs(3,1,1,1;1,1,1,3), Bs(1,1,3,2;1,1,2,1),
Bg(1,2,2,2;1,1,2,1), Bs(1,3,1,2;1,1,2,1), Bg(2,1,3,1;1,1,2, 1),
12 5(2,2,2,1;1,1,2,1), Bg(2,3,1,1;1,1,2,1), Bs(2,1,1,1;1,1,2, 3),
5(1,1,3,1;1,1,3,1), Bg(1,3,1,1;1,1,3,1), Bs(1,2,1,3;1,2,1,1),
s(1,2,2,2;1,2,1,1), Bs(1,2,3,1;1,2,1,1), Bs(2,2,1,2;1,2,1,1),
5(2,2,2,1;1,2,1,1), Bs(3,2,1,1;1,2,1,1), Bs(2,1,1,1;1,2,2,2),
s(2,1,1,2;1,3,1,1), Bg(3,1,1,1;1,3,1,1), Bs(2,1,1,1;1,3,2,1),
5(2,2,1,2;2,1,1,1), Bg(3,1,2,1;2,1,1,1), Bs(2,2,1,1;2,1,1, 2),
5(3,1,1,1;2,1,1,2), Bg(2,1,2,1;2,1,2,1), Bs(2,2,1,1;2,1,2,1),
s(3,1,1,1;3,1,1,1);
s(1,1,2,5;1,1,1,1), Bg(1,1,5,2;1,1,1,1), Bsg(1,2,1,5;1,1,1,1),
s(1,2,2,4;1,1,1,1), Bg(1,2,3,3;1,1,1,1), Bs(1,2,4,2;1,1,1,1),
Bg(1,2,5,1;1,1,1,1), Bs(1,3,2,3;1,1,1,1), Bs(1,3,3,2;1,1,1, 1),
s(1,4,2,2;1,1,1,1), Bg(1,5,1,2;1,1,1,1), Bs(1,5,2,1;1,1,1,1),
s(2,1,2,4;1,1,1,1), Bg(2,1,5,1;1,1,1,1), Bs(2,2,1,4;1,1,1,1),
Bs(2,2,2,3;1,1,1,1), Bs(2,2,3,2;1,1,1,1), Bs(2,2,4,1;1,1,1,1),
5(2,3,2,2;1,1,1,1), Bg(2,3,3,1;1,1,1,1), Bs(2,4,2,1;1,1,1, 1),
Bg(2,5,1,1;1,1,1,1), Bs(3,1,2,3;1,1,1,1), Bs(3,2,1,3;1,1,1, 1),
5(3,2,2,2;1,1,1,1), Bs(3,2,3,1;1,1,1,1), Bs(3,3,2,1;1,1,1,1),
Bg(4,1,2,2;1,1,1,1), Bs(4,2,1,2;1,1,1,1), Bg(4,2,2,1;1,1,1, 1),
13 s(5,1,2,1;1,1,1,1), Bg(5,2,1,1;1,1,1,1), Bg(1,1,1,5;1,1,1, 2),
s(1,1,4,2;1,1,1,2), Bg(1,2,3,2;1,1,1,2), Bs(1,2,4,1;1,1,1, 2),
s(1,5,1,1;1,1,1,2), Bg(2,1,1,4;1,1,1,2), Bs(2,1,4,1;1,1,1,2),
s(2,2,3,1;1,1,1,2), Bg(3,1,1,3;1,1,1,2), Bs(4,1,1,2;1,1,1,2),
Bg(5,1,1,1;1,1,1,2), Bs(1,1,3,2;1,1,1,3), Bg(1,2,3,1;1,1,1, 3),
5(2,1,3,1;1,1,1,3), Bg(1,1,2,2;1,1,1,4), Bs(1,2,2,1;1,1,1,4),
s(2,1,2,1;1,1,1,4), Bg(1,2,1,1;1,1,1,5), Bg(2,1,1,1;1,1,1,5),
s(1,1,2,4;1,1,2,1), Bs(1,1,5,1;1,1,2,1), Bsg(1,2,1,4;1,1,2,1),
s(1,2,2,3;1,1,2,1), Bg(1,5,1,1;1,1,2,1), Bsg(2,1,2,3;1,1,2,1),
Bg(2,2,1,3;1,1,2,1), Bs(2,2,2,2;1,1,2,1), Bg(3,1,2,2;1,1,2,1),
5(3,2,1,2;1,1,2,1), Bg(3,2,2,1;1,1,2,1), Bs(4,1,2,1;1,1,2,1),
s(4,2,1,1;1,1,2,1), Bg(1,1,2,3;1,1,2,2), Bs(1,1,3,2;1,1,2,2),

continued on next page
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n ‘ B*
Bg(1,1,4,1;1,1,2,2), Bs(2,1,1,3;1,1,2,2), Bg(2,1,2,2;1,1,2,2),
Bs(2,1,3,1;1,1,2,2), Bs(3,1,1,2;1,1,2,2), Bs(3,1,2,1;1,1,2,2),
Bg(4,1,1,1;1,1,2,2), Bs(1,1,3,1;1,1,2,3), Bg(2,1,2,1;1, 1,2, 3),
Bg(1,2,1,3;1,1,3,1), Bs(2,1,2,2;1,1,3,1), Bsg(2,2,1,2;1,1,3,1),
Bs(3,1,2,1;1,1,3,1), Bs(3,2,1,1;1,1,3,1), Bg(2,1,1,2;1,1,3,2),
Bs(2,1,2,1;1,1,3,2), Bs(3,1,1,1;1,1,3,2), Bs(1,2,1,2;1,1,4,1),
Bg(2,1,2,1;1,1,4,1), Bs(2,2,1,1;1,1,4,1), Bg(2,1,1,1;1,1,4,2),
Bg(1,2,1,1;1,1,5,1), Bs(1,3,2,2;1,2,1,1), Bg(1,4,1,2;1,2,1, 1),
Bg(1,4,2,1;1,2,1,1), Bs(2,1,1,4;1,2,1,1), Bg(2,3,2,1;1,2,1, 1),
Bg(2,4,1,1;1,2,1,1), Bs(3,1,1,3;1,2,1,1), Bg(4,1,1,2;1,2,1, 1),
Bg(5,1,1,1;1,2,1,1), Bs(1,2,3,1;1,2,1,2), Bs(1,3,2,1;1,2,1,2),
Bg(1,4,1,1;1,2,1,2), Bs(1,2,2,1;1,2,1,3), Bs(1,3,1,2;1,2,2,1),
Bg(1,4,1,1;1,2,2,1), Bs(2,1,1,3;1,2,2,1), Bg(2,2,1,2;1,2,2, 1),
Bg(2,3,1,1;1,2,2,1), Bs(3,1,1,2;1,2,2,1), Bs(3,2,1,1;1,2,2, 1),
13 Bg(4,1,1,1;1,2,2,1), Bs(2,1,1,2;1,2,3,1), Bg(2,2,1,1;1,2,3,1),
Bg<3,1,1,17172,3 1), Bs(2,1,1,1;1,2,3,2), Bg(2,1,1,1;1,2,4, 1),
Bg(1,3,1,2;1,3,1,1), Bs(1,3,2,1;1,3,1,1), Bg(2,3,1,1;1,3,1, 1),
Bg(2,2,1,1;1,3,2,1), Bs(2,2,1,1;1,4,1,1), Bg(2,1,1,1;1,5,1, 1),
Bg(2,1,1,4;2,1,1,1), Bs(2,1,2,3;2,1,1,1), Bs(2,1,3,2;2,1,1, 1),
Bg(2,1,4,1;2,1,1,1), Bs(2,2,2,2;2,1,1,1), Bg(2,2,3,1;2,1,1,1),
Bg(2 3,2,1;2,1,1,1), Bg(2,4,1,1;2,1,1,1), Bs(3,1,1,3;2,1,1, 1),
Bg(3,1,2,2;2,1,1,1), Bs(3,2,1,2;2,1,1,1), Bg(3,2,2,1;2,1,1, 1),
Bg(3,3,1,1;2,1,1,1), Bs(4,1,1,2;2,1,1,1), Bg(4,2,1,1;2,1,1, 1),
Bg(5,1,1,1;2,1,1,1), Bs(2,1,1,3;2,1,1,2), Bsg(2,1,2,2;2,1,1,2),
Bs(2,1,3,1;2,1,1,2), Bs(2,2,2,1;2,1,1,2), Bg(3,1,1,2;2,1,1,2),
Bg(2,1,2,1,2,1,1,3), Bs(2,1,2,2;2,1,2,1), Bg(3,1,1,2;2,1,2,1),
Bg(3,2,1,1;2,1,2,1), Bs(4,1,1,1;2,1,2,1), Bg(3,1,1,1;2,1,2,2),
Bg(3,1,1,1;2,1,3,1), Bs(2,2,2,1;2,2,1,1), Bg(2,3,1,1;2,2,1, 1),
Bg(3,1,1,2;2,2,1,1), Bs(3,2,1,1;2,2,1,1), Bg(4,1,1,1;2,2,1, 1),
Bs(3,1,1,1;2,2,2,1), Bs(3,1,1,1;2,3,1,1), Bg(3,2,1,1;3,1,1,1).
Table 5: k = 9.
n ‘ B*
1 0(2,1,2,1;1,1,1,1;1), Bg(2,1,1,1;1,1,1,2; 1), Bo(1,1,2,1;1,1,2,1; 1),
0(2,1,1,1;2,1,1,1;1);
19 By(1,2,1,3;1,1,1,1;1), Be(1,2,3,1;1,1,1,1;1), By(2,1,2,2;1,1,1,1; 1),
0(2,2,2,1;1,1,1,1;1), By(3,2,1,1;1,1,1,1;1), Bo(1,1,1,3;1,1,1,1; 2),

continued on next page
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continued from previous page

n‘B*

1,1,3,1;1,1,1,1;2),
1,2,1,2;1,1,1,2: 1

9 ) b ) ) 9 )

1,2,1,1;1,1,1,3; 1),

0(2,1,1,2;1,1,1,1;2), By(3,1,1,1;1, 1,1, 1; 2),
2,1,1,2;1,1,1,2;1 1,1,2,1;1,1,1,2;2

By( )s Bo( )
939( 5 s Ly Ly 4y )aBQ( s Ly4y by Ly by by 4y )»
By(1,1,2,2;1,1,2,1;1), Bo(1,2,1,2;1,1,2,1; 1),
By( )> Bo( )
By( )> Bol( )

12 2,1,1,1;1,1,2,1;2), By(1,2,1,1;1,1,2,2; 1), By(2,1,1,1;1,1,2,2; 1),
1,2,1,1;1,1,3,1;1), Bo(3,1,1,1;1,2,1,1; 1), By(2,1,1,1;1,2,2,1; 1),
2,2,1,1;2,1,1,1;1);
1,1,1,5:1,1,1,1;1), Bo(1,1,2,4:1,1,1,1;1), Bg(1,1,3,3; 1,1, 1, 1; 1),
1,1,4,2:1,1,1,1;1), Bo(1,1,5,1;1,1,1,1; 1), Bg(1,2,2,3;1,1,1,1; 1),
,2,3,2:1,1,1,1;1), Bo(1,3,2,2;1,1,1,1;1), By(1,4,1,2;1,1,1,1;1),
1,4,2,1;1,1,1,1; 1), Bo(2,1,1,4:1,1,1,1; 1), Bg(2,1,2,3;1,1,1,1; 1),
2,2,1,3;1,1,1,1;1), By(2,2,2,2;1,1,1,1;1), By(2,3,1,2;1,1,1,1; 1),
2,3,2,1;1,1,1,1;1), By(2,4,1,1;1,1,1,1;1), By(3,1,1,3;1,1,1,1; 1),
,2,1,2:1,1,1,1;1), By(4,1,1,2;1,1,1,1;1), By(5,1,1,1;1,1,1,1; 1),
1,1,2,3:1,1,1,1;2), Bo(1,1,3,2:1,1,1,1;2), Bo(1,2,2,2:1,1,1,1;2),
1,3,1,2:1,1,1,1;2), Bo(1,3,2,1;1,1,1,1;2), Bg(2,2,1,2:1,1,1,1;2),
2,3,1,1;1,1,1,1;2), By(1,1,2,2;1,1,1,1;3), By(1,2,1,2;1,1,1,1;3),
1,2,2,1;1,1,1,1;3), Bo(2,2,1,1;1,1,1,1;3), By(1,1,1,2:1,1,1,1; 4),

0(2,1,1,1;1,1,1,1;4), Bo(1,1,1,4;1,1,1,2; 1),
1,1,2,3:1,1,1,2: 1), Bo(1,1,3,2:1,1,1,2; 1), Bo(1,1,4,1;1,1,1,2; 1),
0(1,2,3,1;1,1,1,2;1), By(1,3,2,1;1,1,1,2; 1),
1,4,1,1;1,1,1,2: 1), Bo(2,1,1,3;1,1,1,2; 1), By(1,1,1,3;1,1,1,2;2),
1,1,2,2:1,1,1,2:2), Bo(1,2,1,2;1,1,1,2:2), Bo(1,2,2,1;1,1,1,2;2
13 1,3,1,1;1,1,1,2;2), ,

1,1,1,3:1,1,1,3; 1),
1,2,2,1:1,1,1,3; 1),
1,4,1,1;1,1,2,1;1

,3,1,1:1,1,2,1; 1),
4,1,1,1;1,1,2,1;1),
1,2,1,1:1,1,2,1;3),
1,2,1,1;1,1,2,2;2
3,1,1,1;1,1,3,1; 1),
1,2,2,2:1,2,1,1;1),
2,1,1,3;1,2,1,1;1),
3,1,1,2;1,2,1,1;1),
2,1,1,2;1,2,1,1;2
1,2,2,1;1,2,1,2; 1),
2,1,1,2;1,2,2,1;1),
2,2,1,1;1,3,1,1;1),

2,3,1,1;2,1,1,1;1),

0(1,1,2,2;1,1,1,3; 1),
0(1,1,2,1;1,1,1,4;1
0(2,1,1,3;1,1,2,1;1),
0(3,1,1,2;1,1,2,1; 1),
0(1,3,1,1;1,1,2,1;2),
0(1,1,2,2;1,1,2,2; 1
0(2,1,1,2;1,1,3,1;1),
0(2,1,1,1;1,1,3,2; 1),
0(1,3,1,2;1,2,1,1;1),
0(2,2,1,2;1,2,1,1; 1),
1,2,1,2:1,2,1,1;2

9
9(2,2,1,1;1,2,1,1;2
9(1,3,1,1;1,2,1,2;1),
9(2,2,1,1;1,2,2,1;1),
1,1,1;1,3,1,1;

2,2,1,1;2,2,1,1;1

) ) ) ) ) ) ) bl

1,1,3,1:1,1,1,3; 1),
1,1,2,3:1,1,2,1; 1),
2,2,1,2;1,1,2,1;1
3,2,1,1;1,1,2,1;1),
2,2,1,1;1,1,2,1;2),
2,1,1,2;1,1,2,2; 1
2,2,1,1;1,1,3,1;1),
2,1,1,1;1,1,4,1;1
1,3,2,1:1,2,1,1; 1),

3,1,1;1,2,1,1;1),
1,2,2,1:1,2,1,1;2
2,1,1,1;1,2,1,1;3),
1,3,1,1;1,2,2,1; 1),
2,1,1,2;1,3,1,1;1),

1,1,1;1,4,1,1; 1),

)

> >

b} i
5

>

b} i

5 )

By( )
By( )
By( )
By( )
By( )
By( )
By( )
By( )
By( )
By( )
By( )
By( )
Bo( )
By( )
By( )
By( ):
By(1,2,1,1;1,1,1,2; 3)
Bo( )
By( )
Bo( )
By( )
By( )
Bo( )
By( )
By( )
By( )
By (2, )
Bo( )
By( )
By( )
By( )
By (2, )

9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9

9
9

b}

By(1, )
Bo(1, )
By( )
By( )
By( )
By( )
By( )
By( )
By(1 )
By( )
By( )
By( )
By (3 )
By( )
By( )
By( )
Bo( )
Bg(l,l 2,1;1,1,1,1;4),
By( )
By(1,2,2,2;1,1,1,2;1),
By( )
By( )
By( )
By( )
By( )
By( )
By (2 )
By( )
By( )
By( )
By( )
By( )
By( )
By( )
By( )
By( )
By( )
By( )
By( )

By )
By )
By )
By )
By )
By(2 )
By )
By )
By )
By )
By )
By )
By )
By )
By )
By )
By(1,1,1,2;1,1,1,2;3),
By )
By )
By )
By )
By(1, )
By )
By )
By )
By )
By )
By )
By )
By )
By(2, )
By (2, 2)
By ).
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10(1,1,1,2,1;1,1,1,1,3),
10(1,1,1,2,2;1,1,1,2,1),
10(1,1,2,2,1;1,1,1, 2,
2,1,1,1,2;1,1,1,2, 1

) ) ) ) ) ) ) )

1002,2,1,1,1;1,1,1,2,1

10(1,1,2,1,1;1,1,1,2,2
1002,1,1,1,1;1,1,1,3,1),
1001,2,2,1,1;1,1,2,1,1),
2,1,1,1,2;1,1,2,1,1

) ) ) ) ) ) ) ) )

10
2,2,1,1,1;1,1,2,1,1

10 4, <, Ly L, Ly Ly, L, 45 1,

1,1,2,1,1;1,1,1,1, 3),
1,1,1,3,1;1,1,1,2,1),

02,1,1,2;1,1,1,2,1),
2,1,1,2,1;1,1,1,2,1
3,1,1,1,1;1,1,1,2,1),
2,1,1,1,1;1,1,1,2,2),
1,2,1,1,2;1,1,2,1,1),
1,3,1,1,1;1,1,2,1, 1),
2,1,1,2,1;1,1,2,1,1

) ) 9 ) ) ) ) )

3,1,1,1,1;1,1,2,1,1),

1
1
1
1
1

b}

10 s s

P
» D1
1
1
1

1

k) s

k]

Table 6: £ = 10.
n‘B*
Byo(1,1,2,1,2;1,1,1,1,1), B1p(1,2,1,2,1;1,1,1,1, 1),
Bio(2,1,2,1,1;1,1,1,1,1), B1o(1,1,1,1,2;1,1,1,1,2),
12 | Byo(1,2,1,1,1;1,1,1,1,2), B1o(2,1,1,1,1;1,1,1,1,2),
Bio(1,1,2,1,1;1,1,1,2,1), B1p(1,2,1,1,1;1,1,1,2,1),
Bio(1,1,2,1,1;1,1,2,1,1), B1p(2,1,1,1,1;1,2,1,1,1);
Bio(1,1,1,1,4;1,1,1,1,1), B1o(1,1,1,2,3;1,1,1,1,1),
Bio(1,1,1,3,2;1,1,1,1,1), B1o(1,1,1,4,1;1,1,1,1, 1),
Bio(1,1,2,2,2;1,1,1,1,1), B1o(1,1,2,3,1;1,1,1,1,1),
Bio(1,1,3,2,1;1,1,1,1,1), B1o(1,1,4,1,1;1,1,1,1, 1),
Bip(1,2,1,1,3;1,1,1,1,1), B1o(1,2,1,2,2;1,1,1,1,1),
B19(1,2,2,1,2;1,1,1,1,1), B19(1,2,2,2,1;1,1,1,1, 1),
Bio(1,2,3,1,1;1,1,1,1,1), B1o(1,3,1,1,2;1,1,1,1,1),
Bio(1,3,2,1,1;1,1,1,1,1), Byg(1,4,1,1,1;1,1,1,1,1),
Bio(2,1,1,1,3;1,1,1,1,1), B19(2,1,1,2,2;1,1,1,1,1),
Bio(2,1,1,3,1;1,1,1,1,1), By 1,2,2,1;1,1,1,1,1),
B10(2,2,1,1,2;1,1,1,1,1), B1p(2,2,1,2,1;1,1,1,1, 1),
Bi1o(2,2,2,1,1;1,1,1,1,1), B1o(2,3,1,1,1;1,1,1,1, 1),
Bio(3,1,1,1,2;1,1,1,1,1), B19(3,1,1,2,1;1,1,1,1,1),
B(3,2,1,1,1;1,1,1,1,1), B1p(4,1,1,1,1;1,1,1,1, 1),
B
Bio(1,1,2,2,1;1,1,1,1,2), B1o(1,1,3,1,1;1,1,1,1,2),
Bqo(1,2,2,1,1;1,1,1,1,2), B1p(2,1,1,2,1;1,1,1,1, 2),
13
B
B
B
B
B
B
B
B
B
B
B

1001,2,1,1,1;1,1,2,2,1),
Bio(1,2,1,1,1;1,1,3,1,1),
1001,2,1,1,2;1,2,1,1,1
1001,3,1,1,1;1,2,1,1,1),
1002,1,1,1,1;1,2,2,1,1

1002,1,1,2,1;2,1,1,1,1),
1002,2,1,1,1;2,1,1,1,1),

2,1,1,1,1;1,1,2,2,1),
2,1,1,1,1;1,1,3,1,1),
1,2,2,1,1;1,2,1,1,1

) ) ) ) ) )

2,2,1,1,1;1,2,1,1,1
2,1,1,1,2;2,1,1,1,1),
2,1,2,1,1;2,1,1,1,1),

3,1,1,1,1;2,1,1,1,1

1
1
1
1

b} s

s
1

k]

1

( ), Bio( )
( )> Bio( 2)
( )> Bio( )
( ), Bio( )
( ), Bio( )
( )» Bio( )
( ), Bio( )
( ), Bio( )
( ), Bio( )
( )> Bio( )
( )» Bio( )
( ), Bio( )
( ), Bio( )
( ), Bio( )
( ), Bio(2, )
( )> Bio( )
( ), Bio( )
( ), Bio( )
3 ), Bio( )
10(1,1,1,2,2;1,1,1,1,2), Bio(1,1,1,3,1;1,1,1,1,2),
( )> Bio( )
( )> Bio( )
( )> Bio(1, )
( )> Bio(1, )
( 1), Bio(1 )
( )> Bio( )
( )> Bio( )
( )> B1o(2, )
( )> Bio( )
( )> Bio( )
( )> Bio( )
( )> Bio( )
(1, )> Bio( )
( )> B1o(2, )
( )> Bio( )
( )> Bio( )
( )> Bio( )
( )> Bio( )
( )> Bio( )-

sevRleviive Roy

1
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Appendix B Some theorems and lemmas

Theorem B.1 ([6]). Let G = Bj(a1,as;as,ays), where ay,ag,as, ay are some positive
integers. Then \o(G) > 0 and \3(G) < 0 if and only if G is isomorphic to one of the
following graphs:

(]) B4(aab;]—7d); (3) B4(a71;6,].),' (5) B4((l,1;$,d),‘ (7) B4(w,x;y,d);

(2) B4(aax7y7 1)r (4) B4(a,1,w,x), (6) B4(’U),b,$,1), (8) B4(x7bay7d)’

(9) 25 specific graphs: 5 graphs of order 10, 10 graphs of order 11, and 10 graphs of
order 12,

where a,b, c,d, x,y,w are some positive integers such that t < 2,y < 2 and w < 3.

Lemma B.2. Let G € By(n), where n > 14. If G ¢ By (n), then G has an induced
subgraph T’ € B4(14) \ B, (14).

Proof. By the proof of Lemma 5.13, it suffices to prove that G contains an induced sub-
graph G’ € By(n — 1)\ By (n — 1) for n > 15 in the following.
Let G = By(ny,n9;nz,ng) € By4(n). Then one of

Hi = By(n1 — 1,n2;n3,n4), Hy = By(ni,na — 1;n3,n4),

H3 = B4(n1,n2;n3 — 1,714) and H4 = B4(n1,n2;n3,n4 — 1)

must belong to By(n — 1). On the contrary, assume that H; € B, (n — 1) (i = 1,2,3,4).
Then H; is a graph belonging to (1) —(8) in Theorem B.1 since n > 15.

First we consider Hy. If H; is a graph belonging to (1) of Theorem B.1, then H; =
By(a,b;1,d) where n; — 1 = a, ng = b, ng = 1 and ny = d, hence G = By(a + 1,b;
1,d) € B, (n), a contradiction. Similarly, H; cannot belong to (2)—(5) of Theorem B.1.
Hence H; is belong to (6) — (8) of Theorem B.1 from which we see that ny — 1 is either w
orz. Thusn; <4duetow < 3and x < 2.

By the same method, we can verify that no < 3 if Hy € By (n — 1); n3g < 4 if
Hs € By(n—1)andng < 3if Hy € By (n—1). Hencen =n; +---+ng4 < 14, 2
contradiction. We are done. O

Theorem B.3 ([6]). Let G = Bg(ai, as, as; aq, as, ag), where ay, . . . , ag are some positive
integers. Then \o(G) > 0 and \3(G) < 0 if and only if G is isomorphic to one of the
following graphs:

(1) Bs(a,x,c;1,1,1); (6) Bg(x,b,1;y,1,1); (11) Bg(1,b,151,e,1);

(2) Bg(a,1,¢;1,e,1); (7) Bs(z,y,1;1,e,1);  (12) Bg(1,b,1;1,2,y);

(3) Bs(a,1,¢;1,2,y);  (8) Bs(w,y,1;1,1, f);  (13) Be(l,2,y;1,1, f);

(4) Bs(a,1,¢;1,1,f);  (9) Bs(z,1,¢9,1, f);

(5) Bg(a,1,1;x,e,1); (10) Bg(1,b,2;1,1,1);

(14) 145 specific graphs: 22 graphs of order 10, 54 graphs of order 11, and 69 graphs of
order 12,

where a, b, c,d, e, f, x,y are some positive integers such that x < 2 and y < 2.
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Lemma B4. Let G € Bg(n), where n > 14. If G ¢ B (n), then G has an induced
subgraph T’ € Bg(14) \ By (14).

Proof. By the proof of Lemma 5.13, it suffices to prove that G contains an induced sub-
graph G’ € Bg(n — 1) \ Bg (n — 1) for n > 15 in the following.
Let G = Bg(n1,ng, ng;ng, ns,ng) € Be(n). Then one of

Hy = Bg(n1 — 1,n2,n3;n4, 15, n6), Hy = Bg(n1,n2 — 1,n3;n4, 15, n6),
H3 = B6(n1,n2,n3 — 1;71477157716), H4 = BG(nl,ng,ng;n4 — 17”57”6)7

Hs = Bg(ni,n2,n3;n4,m5 — 1,n6) and  Hg = Bg(n1,n2,n3;n4, 5,16 — 1)

must belong to Bg(n — 1). On the contrary, assume that H; € By (n—1) (i = 1,2,...,6).
Then H; is a graph belonging to (1) —(13) in Theorem B.3 since n > 15.

Let us consider Hs. If Hs is a graph belonging to (1) of Theorem B.3, then Hs =
Bgs(a,2z,¢;1,1,1) where ny = a, ng = 2, n3 —1 = ¢, ngy = ns = ng = 1, hence
G = Bs(a,x,c+ 1;1,1,1) € By (n), a contradiction. Similarly, H3 cannot belong to
(2)—(4) and (9) of Theorem B.3. If Hj is a graph belonging to (10) of Theorem B.3, then
Hs = Bg(1,b,2;1,1,1), where ny = 1,n9 = b,n3 — 1 = x, ny = ns = ng = 1. Since
x <2, wehavens < 3. If ng < 3thenz+1 < 2and G = Bg(l,b,z +1;1,1,1) €
Bg (n), a contradiction. Now assume that ng = 3. Then H3 = Bg(1,0,2;1,1,1), and
so G = Bg(1,b,3;1,1,1). By Theorem B.3, G ¢ Bg (n), and also its induced subgraph
Bg(1,b—1,3;1,1,1) ¢ B (n—1), acontradiction. Similarly, H3 cannot belong to (13) of
Theorem B.3. Hence Hj is belong to (5)—(8) and (11)—(12) of Theorem B.3 from which
we see that ng — 1 < 1. Thus ng < 2.

By the same method, we can verify that ny < 3 if H; € Bg(n — 1); ng < 3if
Hy € By (n—1);ng < 2if Hy € By (n— 1);n5 < 2if Hs € By (n — 1) and ng < 2 if
Hg € Bg (n —1). Hence n = nq + - - - + ng < 14, a contradiction. We are done. O

Theorem B.5 ([6]). Let G = Br(ai,as,as;aq, as,ag; ar), where ay,...,ay are some
positive integers. Then \o(G) > 0 and A3(G) < 0 if and only if G is isomorphic to one of
the following graphs:
(1) B7(CL,1,$;1,€,1;1); (4) B7(x7ya1;1veal;g); (7) B7(1,b,1;1,€,1;g);
(2) B7(a,1,1,17e,1,g), (5) B?(%LLZJ»LLQ)’ (8) B7(1717c71717f71)’
(3) B7(a’a 15 1a 17 17 Z; 1)’ (6) B7(17 ba Z3 17 17 17 g)’

(9) 143 specific graphs: 18 graphs of order 10, 52 graphs of order 11, and 73 graphs of
order 12,

where a, b, c,d, e, f, g, x,y are some positive integers such that v < 2 and y < 2.
Lemma B.6. Let G € Br(n), where n > 14. If G ¢ B; (n), then G has an induced
subgraph T’ € B7(14) \ B (14).
Proof. By the proof of Lemma 5.13, it suffices to prove that G contains an induced sub-
graph G’ € B7z(n — 1) \ B; (n — 1) for n > 15 in the following.
Let G = B7(n1,n2,n3; n4, ns,ng; n7) € Bz(n). Then one of
Hy = Br(n1 — 1,n9,n3; 14,15, 065 17),
Hy = Br(n1,n2 — 1,n3;14, 15,165 17,

Hs3 = B7(ni,n2,n3 — 1;n4, 15, 63 N7,
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7(N1,N2,N3;M4 — 1,7’L5,7’L6;7’L7 )

B )
Br(n1,n2,n3;n4,n5 — 1,165 17);
B )

(
(

7(n1,n2,n3; M4, 15,16 — 1;17) and
(

= B7(ni1,n2,n3;n4,n5, ng; 07 — 1)

must belong to B7(n — 1). On the contrary, assume that H; € B; (n—1) (i = 1,2,...,7).
Then H; is a graph belonging to (1) —(8) in Theorem B.5 since n > 15.

Let us consider H;. If H; is a graph belonging to (1) of Theorem B.5, then H; =
Br(a,1,2;1,e,1;1) whereny — 1 =a,na =1, ng =x,ng = 1,n5 = e, ng =ny = 1,
hence G = Br(a + 1,1,2;1,e,1;1) € B7 (n), a contradiction. Similarly, H; cannot
belong to (2)—(3) of Theorem B.5. If H; is a graph belonging to (4) of Theorem B.5,
then H; = Br(x,y,1;1,e,1;g), where ng — 1 = 2, ng = y, ng = ng = 1, n5 = e,
ng = land ny = ¢g. Since x < 2, wehaven; < 3. If ny < 3thenxz +1 < 2 and
G = B7(z+1,y,1;1,e,1;9) € By (n), a contradiction. Now assume that n; = 3. Then
H, = B7(2,y,1;1,e,1;9), and so G = B7(3,y,1;1,e,1;g). Since y € {1,2}, we have
G € {B7(3,1,1;1,e,1;9), B7(3,2,1;1,e,1; g) }. However B7(3,1,1;1,¢, 1; g) belongs
to (2) of Theorem B.5 which contradicts our assumption. Thus G = B7(3,2,1;1,¢e,1;g).
By Theorem B.5, G ¢ B (n), and also its induced subgraph B7(3,2,1;1,e — 1,1;g) or
B:(3,2,1;1,e,1;g— 1) isnotin B; (n — 1), a contradiction. Similarly, H; cannot belong
to (5) of Theorem B.5. Hence H; belongs to (6)—(8) of Theorem B.5 from which we see
that n;y — 1 < 1. Thus ny < 2.

By the same method, we can verify that no < 2if Hy € B; (n — 1); ng < 2 if
Hs e B;(n—1);ng <2ifHy € By (n—1);ns < 2if Hs € B; (n— 1), ng < 2if
He € B;(n—1)andny < 2if H; € B; (n —1). Hencen =n; +---+n7 < 14, a
contradiction. We are done. O

Theorem B.7 ([6]). Let G = Bs(a1, a9, as,aq; as, ag, ar, as), where ai, . .., ag are some
positive integers. Then \y(G) > 0 and X3(G) < 0 if and only if G is isomorphic to one of
the following graphs:

(1) Bg(a, 17 17 d7 1a 17 g, 1)’ (2) Bg(l, b7 1a 17 1) fa 17 1)’
(3) 134 specific graphs: 12 graphs of order 10, 42 graphs of order 11, and 80 graphs of
order 12,

where a, b, d, f, g are some positive integers.

Lemma B.8. Let G € Bs(n), where n > 14. If G ¢ Bg (n), then G has an induced
subgraph T" € Bg(14) \ Bg (14).

Proof. By the proof of Lemma 5.13, it suffices to prove that G contains an induced sub-
graph G’ € Bg(n — 1) \ Bg (n — 1) for n > 15 in the following.
Let G = Bs(n1, n2,n3,n4; 15,16, 17, ns) € Bs(n) and

U:J

g(n1 — 1,n2,n3,n4; N5, N6, N7, N8),

D:J

81 1,TL3,7’L4;TL5,TLG,TL7, ng

( )
( )
s(n ng,n3 — 1,n4; 15, N6, N7, 18),
( )
( )

b

UUU:J

g(n1,m2,n3,n4 — 1,15, 16, N7, N8

)

B8 ni, N2, N3, Ng;N5 — 1 , Ne, N7, NG ),
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Hg = Bs(ni,n2,n3,n4; 15,6 — 1,17,n8),
Hy7 = Bg(ni,n2,n3,n4;n5,n6, 07 — 1,n8) and

Hg = Bg(ni,n2,n3,n4; 15,06, N7, N8 — 1).

If ng > 3, then Hy € Bsg(n — 1) \ Bg (n — 1) by Theorem B.7 as desired. If ng = 2,
then at least one of n1, ns, ng, N5, ng, N7, ng is greater than 1 since n > 15, say nsy. Thus
Hy € Bg(n — 1)\ Bg (n — 1) by Theorem B.7 as desired. Hence let ng = 1. Similarly,
let n5 = ng = 1. Thus one of Hy, Hy, Hy, Hg, H7 must belong to Bg(n — 1). On the
contrary, assume that H; € Bg (n — 1) (i = 1,2,4,6,7). Then H; is a graph belonging to
(1)—(2) in Theorem B.7 since n > 15.

Let us consider Hy. If H; is a graph belonging to (1) of Theorem B.7, then H; =
Bg(a,1,1,d;1,1,9,1); whereny — 1 =a,ngo =ng=1,ny=d,ns=ng=1,n; =g
and ng = 1, hence G = Bg(a+1,1,1,d;1,1,¢,1) € Bg (n), a contradiction. Hence H
belongs to (2) of Theorem B.7 from which we see that ny =2 dueton; —1 = 1.

By the same method, we can verify that n;, = 2if H; € Bg (n — 1) fori = 2,4,6,7.
Hence n = nqy + - - - + ng < 13, a contradiction. We are done. O

Theorem B.9 ([6]). Let G = Bg(ai,as,as,aq; a5, a6, ar, as; ag), where ay, . .., ag are
some positive integers. Then A2(G) > 0 and A\3(G) < 0 if and only if G is isomorphic to
one of the following graphs:

(]) B9(17 ba 17 1’ 17 fv 17 17 k)!

(2) 59 specific graphs: 3 graphs of order 10, 17 graphs of order 11, and 39 graphs of
order 12,

where b, f, k are some positive integers.

Lemma B.10. Let G € By(n), where n > 14. If G ¢ By (n), then G has an induced
subgraph T’ € By(14) \ By (14).

Proof. By the proof of Lemma 5.13, it suffices to prove that G contains an induced sub-
graph G’ € By(n — 1) \ By (n — 1) for n > 15 in the following.

Let G = Bg(ni,ng,ns,ng;ns, ne, N7, Ng;ng) € Bg(n). On the contrary, suppose
that every induced subgraphs G’ € Bg(n — 1) of G belongs to By (n — 1). If ny > 3,
then Hy = Bg(n1 — 1,n2,n3,n4; 15, N6, N7, Ng;Ng) ¢ By (n — 1) by Theorem B.9, a
contradiction. If ny = 2, then at least one of ns, ng, ng, ns, ng, N7, Ng, Ng is greater than 1
since n > 15, say no. Thus Hy = By(ni,ne — 1,13, na; ns, ng, N7, g3 ng) ¢ By (n — 1)
by Theorem B.9, a contradiction. Hence n; = 1. Similarly, ng = ny = ns = ny = ng =
1. Butnow G = Byg(1,n2,1,1;1,n6,1,1;n9) € By (n) by Theorem B.9, a contradiction.
We are done. O



