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Abstract

A skew-morphism of a group H is a permutation o of its elements fixing the identity
such that for every x,yy € H there exists an integer k such that o(zy) = o(z)o*(y). It
follows that group automorphisms are particular skew-morphisms. Skew-morphisms ap-
pear naturally in investigations of maps on surfaces with high degree of symmetry, namely,
they are closely related to regular Cayley maps and to regular embeddings of the complete
bipartite graphs. The aim of this paper is to investigate skew-morphisms of cyclic groups in
the context of the associated Schur rings. We prove the following decomposition theorem
about skew-morphisms of cyclic groups Z,: if n = ming such that (ny,ny) = 1, and
(n1,d(n2)) = (¢(n1),n2) = 1 (¢ denotes Euler’s function) then all skew-morphisms o of
Z,, are obtained as 0 = 01 X 09, where o; are skew-morphisms of Z,,,, ¢ = 1,2. As a con-
sequence we obtain the following result: All skew-morphisms of Z,, are automorphisms of
Z,, if and only if n = 4 or (n, ¢(n)) = 1.
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1 Introduction

Let G be a group with identity element e. A nonidentity permutation o of G with finite
order ord(c) = m is said to be a skew-morphism of G if there exists a function 7 from G
to {1,...,m} such that
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1. o(e) =e,and
2. o(xy) = o(x)o™®) (y) forall z,y € G.

The function 7 is called the power function of o. For example, all automorphisms of
G are skew-morphisms, and these can be characterised as those having power function
m(x) = 1 for all z € G. One can prove that the above definition of skew-morphism is
equivalent to the one given in the abstract. We adopt the terminology pure skew-morphism
for a skew-morphism which is not an automorphism of G. Following [7], we denote by
Skew(G) the set of all skew-morphisms of G.

The notion of a skew-morphism was introduced by Jajcay and Siréii in [7] in the context
of regular Cayley maps. Let G be a finite group and p be a cyclic permutation of a set
of generators X of G closed under taking inverses. The pair (G, p) determines a 2-cell
embedding of the (right) Cayley graph Cay(G; X) into an orientable surface, where the
cyclic permutation of arcs based at a vertex is induced by p and G. The corresponding
map is called the Cayley map C M (G; p). By definition, the group of left translations G,
acts as a group of map automorphisms of CM(G;p). It follows that Cayley maps are
vertex-transitive. Jajcay and Sirai proved that the map automorphism group of CM (G} p)
is regular on arcs if and only if p extends to a skew-morphism o of G. Moreover, the map
automorphism group of the regular Cayley map C M (G} p) is a product G, (o). For more
details we refer the reader to the papers [3, 4, 7]. In particular, an ongoing project of Conder
and Tucker is aimed towards a classification of all regular Cayley maps coming from cyclic
groups, equivalently, this requires to understand skew-morphisms of Z,, admitting an orbit
T for which T = T~! and T generates Z,. Note that there are skew-morphisms of Z,, with
no such orbit. Skew-morphisms of cyclic groups appear in the study of regular embeddings
of complete bipartite graphs as well. More precisely, a classification of regular embeddings
of K, 5 is equivalent to the description of the set of all skew-morphisms ¢ of Z,, whose
order divides n, and whose power function 7 satisfies w(x) = —o~*(—1) for all z € Z,
(see [14, 12]). Skew-morphisms of Z,, posessing these properties are called n-admissible
in [12]. A classification of regular embeddings of K, ,, was completed recently by Jones
[8]; this result was preceeded by several papers treating partial cases (see [5, 6, 9, 10]). In
particular, a formula enumerating all n-admissible skew-morphisms in Skew(Z,,) can be
found in [8].

In this paper we consider skew-morphisms of Z,, with no restriction. The set of all
skew-morphisms of Z,, will be denoted by Skew (Z,,). Fori = 1,2, let o; be a permutation
of Z,. The direct product o1 x 09 is the permutation of Z,, X Z,, defined as (o1 X
02): (x1,22) — (01(x1),02(x2)) for all (z1,22) € Zy, X Zy,. Notice that if o; is a
skew-morphism of Z,,, for both i = 1,2, 01 X o9 is not necessarily a skew-morphism of
Zp,y X Znp,. In what follows ¢ denotes Euler’s function.

In this paper we prove the following decomposition theorem.

Theorem 1.1. Let n be a natural number which admits a decomposition n = nino, where
(n1,n2) = 1 and (n1,d(n2)) = (¢(n1),n2) = 1. Then o € Skew(Z,,) if and only if
0 =01 X 09, and o; € Skew(Z,,) fori=1,2.

In proving Theorem 1.1 our main tool is to study the permutation group G = {((Z,,) 1, o)
< Sym(Z,,), where (Zy,), is the left regular representation of Z,,. In particular, we study
the transitivity module over Z,, induced by (o), to which we shall also refer as the S-ring
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generated by o, and denote it by V(o). At this point we remark that, the transitivity mod-
ules over Z,, which are induced by cyclic permutation groups with a faithful orbit are,
in general, not known. To give a description of these S-rings seems to be an interesting
problem in the theory of S-rings over cyclic groups.

An outline of the paper is as follows. Section 2 contains definitions and facts on skew-
morphisms and S-rings needed for further use. In Sections 3-5 we consider the S-rings
V(o), o € Skew(Zy,,). In Section 3 we apply the structure theorems of Evdokimov and
Ponomarenko to the S-rings V' (o) and discuss some consequences for the skew-morphisms
o. In Sections 4 and 5 we restrict to special orders n. In Section 4 we set n = p°, p is
an odd prime, and prove that the S-rings V(o) in this case coincide with those generated
by group automorphisms (see Theorem 4.1). This result is used to construct the whole set
Skew(Zyz). In Section 5 we set n = pq, where p, q are distinct primes. We first determine
all S-rings V' (¢), and using this result we construct the whole set Skew(Z,,;). Theorem 1.1
is proved in Section 6.

2 Preliminaries
1. Skew-morphisms

First we summarize some properties of skew-morphisms proved in [7].

Proposition 2.1. Let o be a skew-morphism of a group H and let T be the power function
of 0. Then the following hold.

(i) Forallk > 1,and all x,y € H, o*(xy) = O'k(l‘)O'Z']i:‘)l (o' (@) (y).
(ii) The setkerm = {x € H: w(x) = 1} is a subgroup of H.

(iii) Forall x,y € G, w(x) = w(y) if and only if x and y belong to the same right coset of
the subgroup ker 7 in H.

For an arbitrary group H and h € H, let hy, be the permutation in Sym(H) defined
by hp(x) = hx,x € H. Thus Hy, = {hy | h € H} is the left regular representation
of H. Throughout the paper a permutation group G < Sym(H) with H;, < G will be
referred to as an overgroup of Hy, in Sym(H ). Skew-morphisms of H appear naturally
in the investigation of overgroups of Hy, in Sym(H) with cyclic point stabilizers. The
following proposition relates skew-morphisms of groups and products of groups, where
one of the factors is cyclic.

Proposition 2.2. Let G be an overgroup of Hy, in Sym(H), and G, be the stabilizer
of ein G. If G, is a cyclic group, then any generator o of G is a skew-morphism of
H. Conversely, if o is a skew-morphism of a group H, then the permutation group G =
(Hp, o) has point stabilizer G, = (o).

Proof. Let G, = (o). By the assumptions G is a product G = G.H;, = HG.. It follows
that for every « € G there exists a unique integer k, 1 < k < ord(c), and a unique y € H
such that o7, = yr,o". Setting y = o(x) and k = 7(x) we get the identity

oxp =o(x)Lo™®. 2.1
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Let us fix « and apply the above permutations to an arbitrary element y € H. Then we
obtain that

o(zy) = (0x1) (y) = (o(2)L0™ ™) (y) = o ()™ (y).

Thus o is a skew-morphism of H.

Vice-versa, if o is a skew-morphism then the equation (2.1) holds proving G = (o) H,
= Hp (o). Itfollows that Hy, < (0)Hy < Sym(Hp). Hence, G = (o) HJ, is an overgroup
of Hj, with the point stabilizer G, = (o). O

Following [4], we shall refer to the group (H,, o) in (ii) as the skew product group
induced by o.

Corollary 2.3. Let o be a skew-morphism of a group H, and T be an orbit of (o) such that
(T') = H. Then (o) acts faithfully on T'. In particular, ord(c) = |T|.

Remark. In the case where H is an abelian group we will consider the right action of
permutations of H, that is, the product 775 of two permutations evaluated from the left
to the right; in this case we write = 7; (or ocasionally ™) for the image m;(z),z € H,
and we have x (m17m3) = (z71)m2. In this context we obtain the right permutation group
(Hg,o) acting on H, where Hg is the right representation of H consisting of permu-
tations hp (that is thyp = zh,x € H) and where o acts on the right (that is zo =
o(x),x € H). Since H is abelian, we have H;, = Hpg, and from (i) in Proposition 2.1
we get y (g o) = ok (yx) = ok (xy) = ak(x)azgolﬂ("z(x))(y) forall x,y € H. The
latter equals y (UZ?:_O1 (@ (#)) 5*(2)r), hence giving us the commuting rule in the right
permutation group (Hg, o),

rro® = oXiZo (o' (@) o (z)g forallz € H. (2.2)

Conversely, if G is a right permutation group of H such that Hr < G and the stabilizer G,
is a cyclic group, then any generator of G, is a skew-morphism of H.

Let G < Sym(H) be a transitive permutation group, and let B be an imprimitivity block
system (or block system for short) of G. Then denote by Gz the corresponding kernel, that
is, Gg = {g € G| g(B) = Bforall B € B}. Furthermore, denote the permutation of 5
induced by the action of g € G on B by ¢5, and set GB = {¢® | g € G}. For a block B,
denote by G (B) the set-wise stabilizer of B in G, and for a subgroup H < G (B} denote
the restriction of H to B by HZ. Note that in the case where H;, < G < Sym(H) and H
is abelian, any block system B is formed by the K-cosets of a subgroup K < H. In this
case we identify B by the factor group H /K, and it follows readily that (H )5 = (H/K),
and (H/K); <GB < Sym(H/K).

Skew-morphisms of abelian groups satisfy the following properties (see also [3]).

Proposition 2.4. Let o be a skew-morphism of an abelian group H with power function
m, and let B be a block system of the skew product group G = (Hp,, o) formed by the
K-cosets of a subgroup K < H. Then the following hold.

(i) The restriction o is a skew-morphism of K. If there is a block system of G formed
by the K'-cosets of a subgroup K' < H such that H = K x K', then o® is an
automorphism of K if and only if K, < G.
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(ii) The permutation o® is a skew-morphism of H/K; moreover, its power function 7

satisfies T(Kz) = m(z) (mod ord(c?)) forallz € H.

Proof. (i): We have 0¥ is an automorphism of K if and only if 7(z) = 1 (mod ord(c))
forall z € K. If K; <G, then oz 0™ = o(x), € Kp, forall z € K and by the
previous remark, o€ is an automorphism of K. Suppose next that ¢ is an automorphism
of K. Then G is a subgroup of Gy, x Gﬁ(,}. As G{y = (0%, KT'), it follows that

K[ 4G{fyy, hence K1 < G.

(ii): GB is an overgroup of (H/K)z, in Sym(H/K). The group G® has cyclic sta-
bilizer (¢7), giving that o® is a skew-morphism, see Proposition 2.2. Since o is a skew-
morphism, we have ox;, = o(x),o™®) in G. This implies in G that o8 (K2);, =
oB(Kz)p (68)™®). However 08 (Kz);, = oB(Kz)p (8)7K%) so the result fol-
lows. O

2. Schur rings

Let H be a group written in multiplicative notation and denote the identity element
by e. Denote by Z(H) the group ring of H over the ring Z. The group ring Z(H) is
also a Z-module with scalar multiplication a(} ;. ; anh) = >, cy(aan)h, a € Z. The
Z-submodule of Z(H) spanned by the elements 7y, ...,n,. € Z(H) will be denoted by
{(n,...,nr). Givenasubset S C H, we write S for the Z(H )-element  _; _;; ah defined
by ap = 1if h € S, and aj, = 0 otherwise. Such elements in Z(H ) will be called simple
quantities.

By a Schur ring (for short S-ring) A over H of rank r we mean a subring of the group
ring Z(H) such that there exist subsets T4, . .., T, of H satisfying the following axioms:

1. A has a Z-module basis of simple quantities: A = (T1,...,T,).
2. Ty ={e},and > ;_, T, = H.

3. Foreveryi € {1,...,r} there exists j € {1,...,7} suchthat 7, ' = {z7! | z €
T} =1T;.

The subsets T, ..., T, are the basic sets of A, and we use the notation Bsets(A) =
{Tl, LT } A subgroup K < H is an A-subgroup if K € A. In this case Ax =
ANZ(K) is an S-ring over K, also called an induced S-subring of A.

It is trivial that the whole group ring Z(H ) and the Z-submodule (e, H \ {e}) are S-
rings over H. The latter one is the trivial S-ring over H. Further examples can be obtained
from an overgroup G of Hy, in Sym(H) as follows. Let G, denote the stabilizer of e in
G,and let Ty = {e}, Ty,..., T, be the orbits of G.. Then due to a result of Schur, the Z-
submodule (77, ..., T;) is an S-ring over H (see [17, Theorem 24.1]). This is also called
the rransitivity module over H induced by G., denoted by V(H, G,). Thus

V(H,G.)= (T | T € Orb(G.)).

It is interesting to note that not all S-rings over H arise in this way, and an S-ring A is
called Schurian if A =V (H, G.) for some overgroup G of Hy, in Sym(H ). Note that, if a
subgroup K < H satisfies K € V(H, G,), then K is a block of the permutation group G.



334 Ars Math. Contemp. 4 (2011) 329-349

We conclude this section with two structure theorems of Evdokimov and Ponomarenko
about S-rings over cyclic groups. This requires some more general notation. Let A be an
S-ring of a group H, and let F and F’ be two A-subgroups of H such that E< H, F'< H,
ENF =1,and EF = H. The S-ring A is the tensor product of the induced S-subrings
Apg and Ap, denoted by A = A ® Ap, if for any basic set T; of A we have T; = T;T,
for some basic sets T; C - and T}, C F'.

For an arbitrary subset X C H its radical is defined as rad(X) = {y € H: Xy =
yX = X }. Equivalently, rad X is the largest subgroup K of H such that X is the union of
both right and left cosets of K.

An S-ring A of a group H is said to satisfy the U/ L-condition ([1 1, Definition 5.2]) if
the following hold:

1. LXU<LH,and L<H,
2. L and U are A-subgroups,
3. L < rad(T;) for any basic set T; € Bsets(.A) such that T; C H \ U.

If, moreover, L # 1, U # H, then we say A satisfies the U/ L-condition nontrivially. In
[16], the S-ring A satisfying the above conditions was introduced as the wedge product
of S-rings Ay and the quotient S-ring A/L. The latter S-ring is defined over the factor
group H/L by having basic sets T;/L = {Lt | t € T;},i € {1,...,r} (see [15, Proposi-
tion 3.5]). If in addition U = L, then we say that A is the wreath product of the quotient
S-ring A/ L with the induced S-subring Ay, and shall write A = A/L? Ap.

Now, suppose that H is an abelian group and let 7T;; be a basic set of an arbitrary S-ring
A over H. Then it follows for any number m coprime with |H| that (see [17, Theorem
23.9 (),
Ti(m) = {z™ | x € T; } is a basic set of A. (2.3)
Let H = Z,. Then (2.3) implies that rad(7;) is the same for all basic sets T; of A that
contain a generator of Z,,. This radical is the radical of A and denoted by rad A.

The first theorem describes S-rings with trivial radical (see [! |, Corollary 6.4]).

Theorem 2.5. Let A be an S-ring over Z,,. Thenrad A = 1 if and only if 7., is decomposed
into a direct product Z,, = E1 X - - X E}, of A-subgroups E1, . . ., Ey, and A is decomposed
into the tensor product A = Ag, ®@- - ® Ag, of induced S-subrings Ag, , ..., Ag,, where
Apg, is normal with trivial radical, and Ag, is trivial for all i € {2, ... k}.

In general, an S-ring A over H is normal if Hy, < Aut(A), where Aut(A) is the
subgroup in Sym(H ) formed by all permutations preserving the relations (see [13])

Ri={(hht) | he Ht T}, T; € Bsets(A).

Note that if A = V(H, G,) for some H;, < G < Sym(H), then G < Aut(A).

For the case of nontrivial radical the following statement holds true (see [! 1, Corol-
lary 5.5]).

Theorem 2.6. An S-ring A over Z,, satisfies some U | L-condition nontrivially if and only
ifrad A > 1.
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3 S-rings and skew-morphisms of Z,,

Let o be a skew-morphism of a group H. Then the skew product group G = (Hp,,0) is
an overgroup of Hy, in Sym(H) with stabilizer G. = (o). Thus o induces the transitivity
module V (H, (o)), which we call the S-ring generated by o, and for short denote it also
by V(o). In this section we study these S-rings in the case when H is a cyclic group.

First we set some notation. For the rest of the paper the cyclic group of order n is the
additive group Z,,, written also as Z, = {0,1,...,n — 1}, and will also denote the ring
of integers modulo n. As usual, we denote by Z; the multiplicative group of invertible
elements in Z,,. For x € Z,, we write ord(x) for the order of x as an element in Z,,, and
ord" (z) for the order of x as an element in Z¥ whenever xz € ZZ. For a € Z,, we write o,
for the homomorphism from the cyclic group Z,, onto the cyclic group Z,, ;(,, ) defined by

ao(x) = ax, x € Ly,

The mapping «,, is an automorphism if and only if a € Z;,. For a divisor d of n let Cy
denote the unique additive subgroup of Z,, of order d. Thus we have Cq = { z(n/d) |
x €{0,...,d— 1} }. Let 7 be the permutation in Sym(Z,,) acting as follows

T(x) =241, © € L.

By Proposition 2.2 a skew-morphism o of Z,, with a power function 7 induces the skew
product group G = (T, o).
By (i) in Proposition 2.1, for a fixed z € Z,,, m = ord(c), and y € Z,, we have

o%(y+2z) = U””(y)a”(yH”(”(y)H'"+”(‘7w71(y))(z) forall z € Z,.

Thus the following commuting rule holds in G,

x

ort¥ =71° (y)Uﬂ(y)+”(”(y))+”'+”("m_1(y)) forall x € Zy,,y € Zy, 3.1

where m = ord(c). In particular, the characteristic identity of a skew-morphism o of Z,,
can be expressed as
or¥ =7°We™W) forally € Z,.

Suppose that B is a block system of G = (r,0), and B is formed by the C}; -cosets
for some subgroup Cy < Z,. Then we write |4 for the skew-morphism o, see (i)
in Proposition 2.4. Also, we write a|”/ < for the skew-morphism ¢ of the factor group
T |Cq = Ly, 4, see (ii) in Proposition 2.4.

In our first result we describe skew-morphisms inducing S-rings with trivial radical.

Proposition 3.1. Let o be a skew-morphism of Z,, with radV (o) = 1. Then o is an
automorphism of Z., .

Proof. We set G = (7,0) and A = V(o). Assume first that rad V(c) = 1. By The-
orem 2.5, the group Z,, decomposes into a direct product Z,, = C,, X --- x Cy, of
A-subgroups C,,,, ..., C,, so that

ny g
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where the induced S-subring Ac,, ~is normal, and Ac, is trivial for all i € {2,...,k}.
It is obvious that Ac, = V(o|,,) foralli € {1,. k} In particular, the skew product
group G; = ((C, )L,a|n ) < Aut(Ag,,) foralli € {1 k.

For i = 1 the subring Ac, is normal, hence (Cm) r < Aut(Ac, ). Therefore
(Cny)r S {(Cry)L,Tln,),s SO 0y, is an automorphism of C,,,. By (i) in Proposition 2.4,
(Cnl )L 4 G

Leti > 1. Then Ac, = V(ol|n,) is trivial. Thus the subring Ac,, is generated by 0
and C,,, \ {0}, and so Cnl \ {0} is an orbit of &, . It follows that ord(c|,,,) = |Cy, \ {0}/,
and we obtaln that GG; is a sharply 2-transitive Frobenius group. Therefore G; must have a
regular elementary abelian normal subgroup, say E;. Furthermore, |G | = |E:|(|E:| — 1),
hence FE; is a Sylow p-subgroup of G,;. We conclude that n; = , (Cn)r = Ei <G,
Hence o, is an automorphism of C,,,, and (Cy, ), < G by (i) in Proposrtron 2.4.

To summarize, (Cy,)r <G foralli € {1,...,k}. Therefore, (Z,)r, < G, equivalently,

i

o is an automorphism of Z,,. O

It follows from Theorem 2.6 that a generating orbit of a pure skew-morphism o of Z,,
is a union of cosets of a nontrivial subgroup L < Z,.
We give next three corollaries which seem to be of independent interest.

Corollary 3.2. All skew-morphisms of Z,, have power functions with nontrivial kernel.

Proof. Let o be a skew-morphism of Z,, with power function 7. To simplify notation we
put H = Z,. The skew product group G = (H,0) = Hp (o). Let m = ord(c). By
Corollary 2.3, m < n. Consider G actlng on the right cosets of Hy, in G. Denote by
G the induced permutation group. Then G is of degree m, in partlcular (o > is a regular
cyclic subgroup. The point stabilizer of the coset Hy, in Gis Hy L, hence it is cyclic. Also,
H; =~ Hy,/coreq(Hy), where coreg(Hy) = ) geG g 'Hpg, or in other words, the

largest normal subgroup of G contained in Hy. Any generator of H, becomes a skew-

morphism of < ), hence \H | < m < n = |Hg|. Therefore, there exists a nontrivial
subgroup K < H = Z,, such that K, < G. It is obvious that K < ker m (see the proof of
(i) in Proposition 2.4). O

The next fact was important in the study of regular cyclic maps (see [2]).

Corollary 3.3. Let o be a skew-morphism o of Z,, and T be an orbit of o such that
(T') = Zy,. Then there exists t € T such that (t) = Zr,.

Proof. We prove the statement by induction on n. The statement is trivially true if n is a
prime. Thus we assume that n is a composite number, and that the statement is true for all
groups Z,, such that n’ < n.

If rad V(o) = 1 then by Proposition 3.1 ¢ is an automorphism of Z,,, and we are
done. Let rad V(o) # 1. Then V(o) satisfies the C,,/C;-condition for subgroups 1 <
C, < Cy < Zy. Since (T') generates Z,, the set T/C; = {x + C;| x € T} forms a
generating orbit of Z,,/C} in the quotient skew-morphism. By the induction hypothesis
there exists ¢ € T such that (t + C}) = Z,,/C;. If (C) +1t) < Z,, then (C; +t)/C; <
Z,/C), and C; + t is a nongenerating element of Z,, /C, a contradiction. It follows that
Zn = (t + Cy) = (t) + C;. Let m = ord(t). Thenn = Im/(l,m). Sett’ = % + t. Then
ord(t") = Im/(l,m) = n, so (t') = Z,,. Now, by the C,,/C; condition we find Cl+t CT,
hence t’ € T, proving the result. O
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Corollary 3.4. Let o be a skew-morphism of Z,. Then ord(c) is a divisor of no(n).
Moreover, if (ord(c),n) = 1, then o is an automorphism of Z,.

Proof. We prove the statement by induction on n. If n is a prime, then by Corollary 3.2
ker m = Z,, hence o is an automorphism of Z,, and ord(o) | ¢(n). Thus we assume that
n is a composite number, and that the statement is true for all groups Z,, such that n’ < n.

Let o be an arbitrary skew-morphism of Z,, with power function 7. In the case where
rad V(o) = 1, by Proposition 3.1 the skew-morphism o is an automorphism of Z,,. It
follows that ord(c) | ¢(n).

Let rad V(o) # 1. Then V (o) satisfies the C,,/Cj-condition for subgroups 1 < C; <
Cy < Z,. Consider the skew-morphism o|™/! of the factor group Z,/C; = 7Z, - Let
T be an orbit of o such that (T') = Z,,. By Corollary 2.3, ord(c) = |T|. Then T'/C; is
an orbit of |™/! such that (T'/C}) = Z, /C}, and hence ord(a|™/!) = |T/C}|. As V(o)
satisfies the C,, /Cj-condition, |T'/Cy| = |T|/I, and we obtain that ord(o|"/*) = ord(o)/I.
Induction gives

ord(0)/1 = ord(a]™") | (n/1) b(n/1).
This implies that ord(o) | n¢(n/l), hence ord(c) | no(n).

As noted after Proposition 3.1, if o is a pure skew-morphism of Z,,, then a generating
orbit 7" of o must be a union of L-cosets for a subgroup 1 < L < Z,,. By Corollary 2.3,
ord(o) = |T| is divisible by |L|, in particular |L| | (ord(c),n). Now, it is clear that if
(ord(o),n) = 1, then o must be an automorphism of Z,,. O

If n is a square-free integer and o is a skew-morphism of Z,,, then the fact that o is an
automorphism of Z,, can be read off quickly from the generated S-ring V' (o).

Proposition 3.5. Let n be a square-free number and o be a skew-morphism of Z.,,. Then o
is an automorphism of Zy, if and only if Cq € V (o) for all subgroups Cq < Zy,.

Proof. The implication = is obvious.

The converse implication < follows by an easy induction on the order n. We get that
all subgroups of (Z,,)r, of prime index are normal in G = (7, o). Since n is square-free,
this implies (Z,,)r, < G, equivalently, o is an automorphism of Z,,. O

There is yet another S-ring which can be associated with a skew-morphism o of an
arbitrary group H. Consider the skew product group G = (Hy,,0) = Hp (o). The group
G has a well-known right action on the set G/ H, of right Hy,-cosets in G as for z,y € G,
(Hpz)Y = Hpxy. As G = Hy, (o) and |[Hy, N {o)| = 1, the elements o* form a complete
set of coset representatives of Hy, in G. Thus the set G/H, can be identified with (o), and
the group G admits a corresponding right action on (o). (We remark that the only property
we are using here is that |Hy N G.| = 1, hence the same right action can be defined on
arbitrary point stabilizer G, and G need not be generated by one element.) Formally, for
o' € (o) and g € G we set (0!)9 = o7, where the integer j satisfies

Hp (0" =Hpo'g=Hpo'.

For ¢ € G, denote by g the permutation of (o) induced by g. The subgroup (o)

IPVAN

G is faithful, and (¢) = (0)g. The group Hy is not always faithful, in fact H,
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Hy [ coreq(HL), where coreg(HL) = (,cq g~ 'Hpg, or in other words, the largest nor-
mal subgroup of G contained in Hy,. The stabilizer of id € (o) equals Hy, hence we
obtain the S-ring V' ((0), I,{VL) over (o). Notice that coreq(Hy) < K, where K = kerm,
7 is the power function of o, and that the conjugate subgroup c Ko~ ! < Hy. If H = Z,
is a cyclic group, then every subgroup of H, is uniquely determined by its order, in par-
ticular, |0 K o~ t| = |K| yields that c K0 ~! = K. This implies, in turn, that K, is
a normal subgroup in G, K; < coreg(Hy), and so coreg(Hy) = kerm. Then I?L is
cyclic, and thus any of its generators is a skew-morphism of (o) (see the remark following
Corollary 2.3). Recall that H;, = (7), where 7 is the permutation z — = + 1, z € Z,,. Let
ord(o) = m, and let ¢ be the isomorphism from (c) to Z,, sending o® to x € Z,,. Then
the function

o, =v Ty
is a skew-morphism of Z,,. We shall call o, the skew-morphism derived from o. The
skew-morphism o is related to its derived skew-morphism o, as follows.

Proposition 3.6. Let o be a skew-morphism of Z,, with ord(c) = m, and 7 be the power
function of o. Then the derived skew-morphism o, of Z., and its power function T, are
given by

(@)(z) = @(y) +7(oy)+ - +7(@" " (y), (3.2)
m(x) = o%(1) (mod n/|kerml). (3.3)

Proof. Using commuting rule (3.1) in the skew product group G = (7, o) we conclude that
(1) 6%7Y = (1) oW T @)+ 47 (" W)

This shows that 7 ¥: 0@ s g™ @ Fm(@@)++m(e"" (1)) and (3.2) follows.

Notice that (7,7) = ({o)g,T) is a right permutation group with skew-morphism 7.
Thus by the commuting rule (2.2),

72 7=77@) 59 forall z € Z,,.

Combining this with (3.1) gives us m.(z) = o%(1) (mod ord(7)). Now, ord(7) =
[(Zn)r: coreq((Zy)L)], and (3.3) follows as coreg((Zy,) 1) = ker 7. O

Note that the derived skew-morphism o, is the identity if and only if o is an automor-
phism.
4 S-rings V(o) over Zpe

In this section our goal is to prove the following theorem about S-rings V' (o) where o €
Skew(Z,-), p is an odd prime.

Theorem 4.1. If 0 € Skew(Zye ), where p is an odd prime, then V(o) = V() for some
a € Aut(Zy.).

Theorem 4.1 suggests the following definition.



1. Kovdcs and R. Nedela: Decomposition of skew-morphisms of cyclic groups 339

Definition 4.2. A permutation o of a finite group H is a near automorphism if o is a skew-
morphism of H, and the orbits of ¢ are equal to the orbits of an automorphism o € Aut(H)
(or equivalently, V(o) = V() holds).

In this context Theorem 4.1 can be rephrased as every skew-morphism of Z,., p is an odd
prime, is a near automorphism.

We first prove several properties of skew-morphisms of Zy., p is an odd prime.

Lemma 4.3. Let 0 € Skew(Zye) be a skew-morphism with power function w. Then all
subgroups Ci,i € {0,1,...,e} are blocks of (1, 0).

Proof. We prove the lemma by induction on the exponent e. The case e = 1 is trivially
true. By Corollary 3.2, the power function 7 of ¢ has nontrivial kernel, say K. Therefore
K is normal in the group G = (7, 0), in particular, C, is a block of G. Now, applying
induction to a|pﬁ_1 if e > 1 yields the result. O

In the next lemma we consider skew-morphisms of p-power order.

Lemma 4.4. Let 0 € Skew(Zye) of order p’ with power function 7. Then the following
hold:

(i) The orbit T generated by 1 is the coset T' = 1 + Cl, in particular a(l) =1
(mod p¢~7) fori=0,1,...,pf —1;

(ii) Forall x € Zpe, n(x) = 1 (mod p); in particular, if the order of o is p then ¢ is an
automorphism;

(iii) For everyi € N, o' is a skew-morphism of Ze, moreover ord(c*(1)) = pf /(p/,4).
Proof. We put G = (T, 0). Observe that f < e.

(i): By Corollary 2.3, |T| = ord(c) = p/. By Lemma 4.3 Cje-1 = (p) is fixed by o
and hence T' C Z.. Let ¢ be a generator of Z*.. By (2.3) T, T, T, ... ., P =11
are basic sets in V(o) and the union of these sets forms Zy.. It follows that the least
power of ¢ fixing T is d = ¢P~DP*"'~" of multiplicative order p/. In particular T =
{1,d,d?, ..., dpf_l}. Since Zj. is cyclic, it contains a unique subgroup of order !,
namely 1 + C,¢. It follows that T = 1 + C,s.

(ii): Consider the skew-morphism o, derived from o. Then o, is a skew-morphism of
Z,s of p-power order. Because of (3.2), 0¥ (1) = n(y) for all y € Zp. Now, the result
follows by (i).

(iii): If i is coprime to p then o is a generator of the stabilizer of 0 in G and the result

follows by Proposition 2.2. For i = p’ for some ¢ > 0 by (i) in Proposition 2.1 ¢* is a
2 .

skew-morphism if and only if p* divides Zfz?)l (o7 (x)) which holds true by (ii). Clearly,

the orbit of 0" generated by 1 consists of the elements of the multiplicative subgroup of

Zye generated by dpz, and we are done. O

Next we determine the skew-morphisms o € Skew(Zye) of order p?. Denote by
Fun(Z,,Z,) the set of all functions from Z,, to Z,,. For f,g € Fun(Z,,Z,,), let fg and
f + g be the functions in Fun(Z,,, Z,,) defined as (fg)(z) = f(g(z)) and (f + g)(x) =
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f(z) + g(x), respectively, for all z € Z,,. Further, if ¢ € Z,, then let c¢f be the function in
Fun(Zy,, Z,) defined as (c¢f)(x) = cf(x) for all z € Z,.

Let f € Fun(Z,,, Z,). We introduce the sum operator V as the function in Fun(Z,,,
Z.,,) defined as

(Vf)(0) = 0, and
(Vi) = fO+fO)+ -+ flz-1)ifzeZ,,z#0.
Note that V satisfies V(f + g) = Vf + Vg forall f, g € Fun(Z,,Z,).

Let us put n = p® for the rest of the section, where p is an odd prime. For a € Z;. and
b € Zpe,b € C), define the function

Oap = Qg + Vay,.
LetG, = {O’a,b | a € Zy.,ord™(a) =p,ie{0,1,...,e—1},b€ Cp}.

Lemma 4.5. With the above notation G, is a subgroup of Sym(Zye ), Ge = ZLpe—1 X Zy,
with the composition rule 0, ,0¢ 4 = Oac,p+4- In particular, ord(o, ) = ord”(a) if a # 1
and ord(o, ) = ord(b) ifa = 1.

Proof. Clearly, the identity permutation id = o019, hence id € G.. Now, it is enough to
prove that 04, b,0as.b0 = Tayjas,bi+b, fOr all 0g, by, 04,8, € G. Since b € C),, we have
(Vap)(z) = (Vag)(2') ifx =2’ (mod p).

Since az € 1+ Cpi for some i € {0,1,...,e — 1} we have 04,4, = id (mod p). It
follows that (Vay, ) 04,6, = Vay, . Thus

Oay,b10az,by = (aul + vabl) Oaz,by = Qa;Tay,by + vabl'
Since a1by = by in Zype,
OayOas,by = Qajay + vaale = Qayay T vabz'

These yield 04, b, 0as.b0 = Qara, + Vb, + Vap, = g a, + Vo, +4,. It follows that G,
is a group generated by the automorphisms o, ¢ and elements o . O

Lemma 4.6. The permutations o, in G, are pure skew-morphisms of Zye if and only if
a € 1+ Cs, where f > 1land b # 0.

Proof. Letb # 0and a € 1+ C,r, where f > 1. To simplify notation we set 0 = o, p.
Let ' = b+ 1. Notice that a’ € Zy. and ord"(a’) = p. By Lemma 4.5, 0” = agr +
Vau, = age. Thus 0° = a, for a suitable ¢ € N. Since the order of o is p/ for some
fe{2,...,e— 1}, we get that p/ ~! divides .

It follows that (xzb + 1) = o' forallx € Zy.. We want to show that o(z + 1) =
a(l+a +a'?+---+d?%) forall z € Zye. We have
a(l+d +d?+---+d% = al+OG+D)+O+D2+---+OB+1)7)
= a(@+1)+ab+2b+3b+ -+ ab)
= a(x+1)+ab(l+2+34---+2)
= a@+1)+b1+2+3+-- +2)
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If ¢ # p° — 1 the last term is equal o(x + 1) by definition. For x = p® — 1 we get
a((p =)+ 1) +b(14+2+4+34+---+(p°—1)) =0=0(0).

Now we are ready to prove the commuting rule o7 = 7%¢**!. This is equivalent to the
identity o(z + 1) = a + a’o(z). Inserting o(z + 1) = a(l +a’ +a’2 + .-+ +a’®) and
o(x)=a(l+a +a?+ - +a =) we get the result.

Taking this to the ith power, i € N we find o(7) C (7)(0). A simple induction
argument gives o (1) C (7)(o) for all i € N. We conclude that (¢)(7) = (7)(c), hence
o is a skew-morphism of Z.. Furthermore, o takes 1 + @ and 2 > 2a + b. Therefore, it
cannot be an automorphism for b # 0.

Clearly 0, o is an automorphism. It remains to show that o, , where b # 0 and a €
1+ C) is not a pure skew-morphism. By Lemma 4.5 the order of o is p. By Lemma 4.4(iii)
04 1 an automorphism, a contradiction. O

Lemma 4.7. The skew-morphisms of Zye of order p? are exactly the elements 0,1, in G, of
order p?.

Proof. Let o(1) = a. By (ii) in Lemma 4.4, a € Z7. with ord"(a) = p*. Let o’ =
o™M=1 Because of (iii) in Lemma 4.4 we have ¢’ is a skew-morphism of Z,. of order

at most p. Therefore ¢’ is an automorphism of Z,., and we may write 0’ = - for some
a' € Ly, ord"(a') = p',i < 1.

By (3.1), o satisfies o7 = 771 7™(1) Therefore,

or = 1%V lg = 7% 0 = T g +0) =0 + Kq + a, 4.1
where b = o/ — 1, and &, is the constant function x,(z) = a for all € Z,.. Notice
that b € (), and hence we have a0 = oy as o(x) = z (mod p) for all z € Zy.. It is
not difficult to see that the functional equation in (4.1) with ¢ as variable and initial value

o(0) = 0 has a unique solution, and this is
0=V (ke + ) =Vkq + Vap = ag + Vay.

We obtain that o € G, and this completes the proof. O

Proof of Theorem 4.1. We put G = (7, 0), and let P be the Sylow-p-subgroup of G. By
Corollary 3.4, ord(c) = p/d, where d | (p — 1). The group P contains (Z,e), and has
stabilizer Py = (o?). It follows from Proposition 2.2 that 0 is a skew-morphism of Ze of
order p/. If f = 0, then ¢ is an automorphism of Zpe, see Corollary 3.4. Thus we assume
that f > 1.

We prove the theorem by induction on e. If e = 1, then ¢ is an automorphism of Z,,
and the proposition is trivially true. Let e > 1 and assume that the proposition holds for
any group Z,.- for which ¢’ < e. We put A = V(o). By Lemma 4.3, all subgroups C:
are blocks of G, equivalently, C); € Aforalli e {0,1,...,¢e}.

The further argument is divided into four steps.

@ Ac .., = V(B) for some automorphism 3 in Aut(Cpe-1).
Wehave Ac ., = V(Cpe-1, 0| pe-1). Thus (a) follows by induction.
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(b) A/C), = V(v) for some automorphism y in Aut(Zpe /Cy).
We have A/C), =V (Zpe /Cp, 0| P"""). Thus (b) follows by induction.

(c) There exists a unique automorphism o in Aut(Zy- ) such that o[ -1 = 3 and o’ =
-

First, there exists a unique automorphism « in Aut(Z,.) such that
p|ord(a) and af?” = .

Then
)P = (o)

5|p672 _ (0_

The latter can be written as

pe—2 = ’y|p672.

-2

<a|peil)|pe72 = (a pefl)lpe

Thus we have B|P°~ = (a|pe—1)‘pﬂ_2. This forces 3 = aye—1 if p? | ord(ape-1), or
(a p“—17p672) = (ﬁvp€72)'

Assume that f > 3. Then p? | ord(c), hence p* | ord(c), and we are done as
p? | ord(afpe-1).

Let f = 2. Then (aye-1,p°"2) = p. But 0 is a skew-morphism of Z,. of order p?.
Applying Lemma 4.7 we find that ord(c|,c-1, p*~%) = p also.

Let f = 1. Then (ape-1,p°"%) = 1. But 0 is a skew-morphism of Z of order
p. Thus ¢ is an automorphism of Zpe, and we find that ord(c pe—l,pe_2) = 1. This
completes (c).

d A=V(a).
This follows directly from (c) and the fact that every basic set T' € Bsets(.A) where

(T') = Zpe is a union of C)-cosets. O

Remark. Theorem 4.1 does not hold for powers of 2. Take the permutation o € Sym(Zze)
defined as

ZL‘+2 ifx%CQe—l7
o) = .
x itx € Coer.

It is easy to check that o is a skew-morphism of Zye, and its power function 7 satisfies
m(x) = 1forall z € Cye—1, and w(x) = —1 for all x ¢ Cye—1. Clearly, if e > 3, then
V(o) # V(a) for all a € Aut(Zse).

As a small application of Theorem 4.1 we determine the whole set Skew(Z,2). We
need to consider the automorphisms of the group

M= (z,y | 2 =y7 =127 =a?" +1),

The next lemma is a special case of [ |, Lemma 2.1].
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Lemma 4.8. The automorphisms in Aut(M.) are given as the permutations 0g p ¢, 0 €
Zne,b € Cp and c € 7, defined as

ea,b7c(xiyj) = gt yCH_j foralli € Zye, j € Zy.
Therefore, | Aut(M.)| = (p — 1)p**2.

Proposition 4.9. If p is an odd prime, then
Skew(Z,2) = Aut(sz)U{aa+aVab | a € Zs ord"(a) = pd,d > 1,b € Cp b £ 0}.

Proof. Let o € Skew(Z,2). We are going to show that ¢ is a permutation described in the
statement. We put G = (7, 0) and let P be the Sylow p-subgroup of G. By Corollary 3.4,
ord(c) | p(p—1). Let ord(c) = p/d for a divisor d of p — 1. Because of Sylow’s Theorem
P < @G, and thus o = oP acts on P by conjugation as an automorphism; denote by 7 the
induced automorphism. If f = 0, then P = (Z,2) 1, and o = p is an automorphism of Z,
of order d.

Let f > 0. Then with a suitable choice oy € (c?) we have

P = (1,00 | 7 =of = 1,77 = 7Py = M.

By Lemma 4.8, 71 = 0y, for some u € Zy,, v € Cp and w € Z,. Now, ord(n) =
ord(p) = d, and i fixes 0¢. These imply that u € Z;. has ord"(u) = d, and v = 0. If
u = 1, then 1t = 60, o1 is the identity, and in this case o is an automorphism of Z,,> of order
p. Letw > 1. Then it = 6, 0,,, for some w € Z,,. Then

prpt = H(T) = Oy 0w(T) = 7" iy “.2)

Using the fact that ;(0) = 0,  is determined by (4.2). We obtain that u(x) = u(1 + (p +
DY+ + (p+1)*E=D) forall z € Z,2,x # 0. Because (p + 1)¥ = yp + 1 in Z, for
ally € Z,2, we may write 1 = o, + uVay, where b = wp is in C),. This gives ¢ = ar
fora’ € Z;‘;z,ord*(a’) = p. Therefore 0 = o, + aVay, where a = a’u. Now, o is a pure
skew-morphism if and only if b # 0.

Conversely, let 0 = a4 + aVay, a € Z;‘)Q, ord*(a) = pd,d > 1,b € Cp,b # 0. Then
a =d'a" fora',a” € Zj, with ord(a’) = p and ord"(a") = d. From this o = a0’ for
o' = ay+a” Vay,. From the above discussion it follows that ¢’ normalizes P = (T, cvpy1).
This implies (7, 0) = (P,0") = P{0’) = (1)(0), so that o is a skew-morphism of Z,2. [

The formula for the number | Skew(Z,2)| of all skew-morphisms of Z,> follows di-
rectly from Proposition 4.9.

Corollary 4.10. If p is an odd prime, then | Skew(Z,2)| = (p — 1)(p* — 2p + 2).

5 S-rings V(o) over Z,,

We recall that the wreath product Z(Z,) ! Z(Z,,) of S-rings Z(Z,) and Z(Z,,) is the S-ring
over Zj,, that has basic sets {z}, x € C, and the cosets C,, +y,y € Z,q \ Cp. Similarly the
wreath product Z(Z,) ! Z(Z,) is the S-ring over Z,,, that has basic sets {z},z € C, and
the cosets Cyq + y,y € Zypq \ Cyq. Two distinct primes p, g will be called disjoint if neither
q|(p—=1)morp|(g—1).
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Theorem 5.1. Let ¢ < p be distinct primes and o be a skew-morphism of Z,q. Then
V(o) = V() for some o € Aut(Z,,), unless q | (p — 1) and V(o) = Z(Zy) VZ(Zy).

Proof. Let o be a pure skew-morphism of Z,, of order ord(c) = m. By Proposition 3.5,
not all subgroups of Z,, are V (o)-subgroups. The S-ring V(o) is neither trivial, hence
either C), € V(o) and C, ¢ V(0), or C), ¢ V(o) and C; € V(o). We show that in the
first case ¢ | (p—1) and V(o) = Z(Z,)1Z(Z,) as described above. Then by the symmetry,
the second case implies p | (¢ — 1), a contradiction.

We put G = (7, 0), and let B3 be the block system of G formed by the Cp,-cosets. Thus
m = pd, for some d | (¢ — 1). Let G denote the kernel of G acting on B. It is obvious
that 79 is in Gg. By Proposition 2.4.(ii), o is a skew-morphism of Zpg/Cp = Zy. Tt
follows from the classification of S-rings over Z,, that any basic set of V' (o), which is
not contained in C),, is a union of Cj,-cosets (e.g. [13]). Let T" be an orbit of o such that
(T) = Zpq. By Corollary 2.3, |o| = |T| and |0®| = |T/C,| = |T|/p. This implies that
|G/Gg| = |G|/p* and |{c) NG| = |(c) : {(¢B)| = p, and thus o¢ is in G 5. We conclude
that

Gp = (19,0%) = (19) x (¢%) = Z, x Z,.

Consider the group N = (7)G5. Then N = (7)(0%), and ¢¢ is a pure skew-morphism
of Z,, of order p. Clearly, V (0¢) = Z(Z,) 1 Z(Z,).

Since N = Gp x (rP), the element 7P acts on G by conjugation as a group auto-
morphism. We may identify 77 with a matrix A(7?) in GL(2, p) such that for all (3, j) €

Ly X L,
. P » » i/ ;
('r‘”adj) =79 oW if (;,) = A(7P) (;) .

Now, 77 is fixed by 7P and (0¢) is not normalized by 77. Also, ord(A(7?)) =
ord(7P) = q. These conditions imply that

A(r?) = (1 ‘g) b EL W =1b#1.

It also follows that ¢ | (p — 1).

Let A = A(7P). The group N = (79,0%) x (7P), and we may identify N with
the group of all pairs (x, A"), where = (21, 22) " is in the vector space V = Z2, and
1€{0,1,...,q — 1}. The group operation * is defined as

(w, A") % (y, A7) = (z + A'y, A™).

Note that e; = (1,0) and e = (0, 1) in V correspond to 77 and ¢, respectively. Denote
w=oP.

Since N <G, G = N x {(u), and hence p acts on N as a group automorphism. Denote
this automorphism by 7i. Then [ satisfies the following conditions:

1. ord(m) =d,
2. finormalizes ((e, I)),

3. 7 fixes (eq, I),
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To see 1. observe that if ord(71) < d, then a subgroup 1 < M < (u) centralizes N. In
particular, M centralizes 7, hence M is semiregular, which is impossible. Condition 2.
follows from the fact that () < G. Finally, Condition 3. follows from puo? = o%yu. The
above conditions imply

0
_ ) (z,I) — (Bz,I), where B = <S 1) , forsome c € Zj.
:

(0, A) > (v, A¥) forsomev € V,k € {1,...,q — 1}
Since 7 is an automorphism, it is defined by the above images, and we have
s (x, AY) = (Bx 4 (I 4+ AF 4 - 4 ARGy AR,
In particular, (I + A¥ 4 - .. + A*@=1)y = 0. Then
A((x,A)) *a((y, 1)) =0( (2, A) * (y, 1)) = (z + Ay, A) ).

Therefore (Bx + v, A*) x (By,I) = (Bx + A*By + v, A*) = (Bx + BAy + v, A¥).
From this BAB~! = A*, and thus

a(l+b+...,6" 1) (mod p),
¥ = b (modp).

ac

Now b # land b7 = 1in Zy. Ask < g, b¥ = b (mod p) implies & = 1. Tt follows that
c = 1. We have ¢ : (0,A) — (dv, A). Since ¢ = id, dv = 0 and so v = 0. Thus
7 is the identity, and d = ord(u) = 1. We obtain V(o) = V(0?) = Z(Zy) 1 Z(Z,), as
claimed. O

Let o be a pure skew-morphism of Z,,,. The order of o equals |T'|, where T is an orbit
of o such that (T') = Z,, (see Corollary 2.3). By Theorem 5.1 we obtain that a pure skew-
morphism of Z,, must have order either p or ¢. We conclude the section with describing
the pure skew-morphisms of prime order in an arbitrary cyclic group Z,,.

Let n = mp, where p is a prime. Then every element in Z,, is written as xm + y
for uniquely defined x € Z, and y € Z,,. For b € Z; denote by 7, the function in
Fun(Zy,, Z,) defined as m,(x) = b”.

Proposition 5.2. Let o be a pure skew-morphism of Z.,, of order p, p is a prime, and 7 be
the power function of o. Then n = pm, (n,p — 1) > 1, and there exist a,b € Ly, b # 1,
b(mP=1) = 1 50 that

o(z) = z+ma(Vm)(y)

m(z) = b®

forall z € Z,, and y € Lo, y = z mod (m).

Moreover, every mapping o : Ly — ZLpm given by the above formula is a pure skew-
morphism of order p and a different choice of the parameters a,b € Z, gives different
skew-morphisms.
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Proof. Weset G = (7, 0). Since o is pure, by Proposition 3.1 rad V(o) = Cp, Cp, € V(o)

and n = pm for some m. Then o|™ is the identity. The subgroup (C,,), is centralized by
o. Therefore o maps a Z,,-element written in the form xm + y, x € Zy,, y € Z,, as

o(@em +y) = (x+ c¢)m +y for some c € Zy,.

The value c is the same for z’m + 1’ whenever y' = v, and thus there is a function
¢ Ly, — Z, which associates ¢ = ¢(y) with y € Z,,. As 0(0) = 0, we have p(0) = 0.
Leto(1) =am + 1 € C, + 1 (see (ii) in Lemma 4.4). Then a # 0, and (1) = a.

By 3.1), o7 = 79"t For mx + y € Z,,
(or)(@m+y) = (z+ @y +1))m+y+1,

and also
T“"”Ha”(l)(xm +y) = (x +7(Dep(y) +a )m +y+1.

Combining these equations we find
ey+1)=7n(1)p(y) +a forall y € Zy,. (5.1)
Applying (5.1) repeatedly leads to
a(l14+7(1) +7(1)* +--- 4+ 7(1)™ 1) = 0 (mod p). (5.2)

Since o ¢ Aut(Z,), m(1) € {2,...,p — 1}. Thus (5.2) is equivalent to 7(1)™ = 1 in
Z,. This means (n,p — 1) > 1, and 7(1)(™P~Y = 1 holds. Inserting b = 7(1) into (5.1)
and solving, we get ¢ = a(Vp). Thus o has the form as claimed.

It remains to prove that ¢ is indeed a skew-morphism and to determine its power func-
tion 7. It is clear that o™ = 7¢™. We claim that,

o =773 g% forall z € Z,,. (5.3)
We prove (5.3) by induction on z. The equality is clear if z = 0 or z = 1. The induction
hypothesis gives

or*tl = grir = 173 5

= To(z)ab —lTam—i-lo,b'
Using 7% = 7%"¢ and b* = bY if z = mx + y we conclude
Z_
O_Tz+1 — Ta(z)+am0_b 17_0_b

Ta(z)+2am0_ b —27_0_21)

_ Ta(z)+bzam+10,bz+1 _ Ta(z+1)a,bz+1'
Comparing (5.3) with (3.1) we see that ¢ is a skew-morphism of Z,, and that the power
function 7 is given by w(z) = b, z € Z,,. O
The formula for | Skew(Z,,)| follows directly from Theorem 5.1 and Proposition 5.2.
Corollary 5.3. If p, q are distinct primes, then

(p—=1(q-1) ifplflg—1)andq f(p—1)

| Skew (Zyq)| = {2(]?— Dig—=1) ifql(p—1orp|(g—1).
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6 Decomposing skew-morphism of cyclic groups

We are now in a position to prove our decomposition theorem.

Proof of Theorem 1.1. Let ¢ € Skew(Z,,). First, we prove that o decomposes as o =
o1 X 02, where o; € Skew(Z,,,) fori = 1,2. Let A = V(5). We claim that C,,, € A for
i = 1,2. This we prove by induction on n. If both n, and ny are primes, then we are done
by Theorem 5.1.

Let 7 be the power function of 0. By Corollary 3.2 kerm # 1. Choose C}, < ker,
where p is a prime. Thus C}, € A, and C,, is contained either in C,,, or in Cy,, say
C, < C,,. Consider the quotient S-ring .A/C,, = V(c|"/?). By the induction hypothesis
we get that C,,, /C), and C,,,,/C), are in A/C),. It follows that C,,, € A. Next C,,,,/C),
contains a subgroup of prime order ¢ (p # ¢) which is contained in .A/C),. Consequently,
Cpq € A. By the assumptions p, ¢ are disjoint primes, hence C;; € A, see Theorem 5.1.
Repeating the previous argument with C,, < C,,, we deduce that also C),, € A.

Let us write Z,, = Zy, X Zy,. Since C,,, € A for i = 1,2, the quotient skew-
morphisms o|™, i = 1,2 are well defined and we have

o((z1,22)) = (0™ (21),0]"*(22)) for all (x1,2) € Zn, X Ln,.
Therefore o = o|"* X o|™2.

Second, we prove that for all o; € Skew(Z,,), i = 1,2, 01 X 02 € Skew(Z,). Let
G; = (1;,0;) for i = 1,2, where 7; is the permutation x — x + 1 of Z,,. Let G be
the permutation direct product G = G1 X Gg. Clearly, o € G. If both o1 and o9 are
automorphisms, then we are done. Assume that o is a pure skew-morphism. Thus there
exists a prime divisor p of n; such that ord(c’|"*/?) = ord(c)/pand C, € V(01)@V (02).

Let B be the block system of G formed by the C)-cosets. Then

Gp = (Cp)r, (U;“/p, 1)) 2 Z, x Zy.
Corollary 3.4 gives ord(cs) | nag(ns), and thus p Jord(os). We conclude that <(a;“/ P
1)) is the only subgroup of order p in (o1) X {02). We put o = 01 X 09, T = 71 X T2 and
G = (r,0). Then (67", 1) € (o) and G5 < G.

GI/1Gsl = (@G /Gl = 1G] = [{(71 x 72)%, ")

B

VB =18 X Ty, and 08 = 0B x 05 = 01 [M/P x 0.

We have (11 X 72)° = 70 X To = Zy, /p

Induction gives o1 |"/? x o5 € Skew(Z,,/,), hence

ord(o|™/?) ord(oy)
(‘ord(ay|™/?),0rd(02))

(11 x 72)B,0B)| = n/p x ord(o1|™/? x 03) = n/p x
As ord(o1|™/P) = ord(o)/p and p Jord(os), we can further write

ord(oq) ord(o2)
(‘ord(oy),ord(oz) )

Gl = 1GslIGE] = p* x [((r x 72)°,0%)| = n

It follows that G = (7) (o) and 0 = o1 X 03 is a skew-morphism of Z,, = (7). O
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A simple induction leads to the following corollary on the number | Skew(Z,, )| of all
skew-morphisms of Z,,.

Corollary 6.1. Let n be an odd integer which decomposes into a product of powers of
mutually disjoint primes n = Hle pi'. Then every skew-morphism of Z,, is a near auto-
morphism and

k
| Skew(Zy,)| = [ ] | Skew(Zn,)
i=1

A number n > 1 is singular if (n,¢(n)) = 1. The following result was proved by
Jones, Nedela and Skoviera in [10].

Theorem 6.2. There is one unique orientably regular embedding of K,, ,, if and only if n
is singular.

We conclude the paper with a similar result about arbitrary skew-morphisms of Z,,.

Theorem 6.3. All skew-morphisms of Z,, are automorphisms of Z,, if and only if n = 4 or
n is singular.

Proof. Letn have decomposition n = nyns ... ny such that for all distinct 4, j € {1,2,...,
k}, (ni,n;) =1, and (n;, o(n;)) = (n;,¢(n;)) = 1. Now, all skew-morphisms of Z,, are
automorphisms of Z,, if and only if | Skew(Z,,)| = ¢(n). Because of Cororllary 6.1 this
is equivalent to | Skew(Z,,,)| = ¢(n;) forall i € {1,...,k}. Proposition 5.2 shows that
| Skew(Zy,,)| > ¢(n;) if n; # p§ for some prime p;. Thus if n is even, then we must have
n = 2¢. It follows readily that | Skew(Zse )| = ¢(2°) if and only if n < 4 (see also the
remark following the proof of Theorem 4.1).

Let n be odd. Then by Proposition 4.9, | Skew(Z,,,)| = ¢(n;) if and only if n; is an
odd prime for all ¢ € {1,..., k}, and this means exactly that n is singular. O

Theorem 6.2 now becomes an easy corollary of Theorem 6.3.
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