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Abstract

In this paper, a relation between graph distance matrices and Euclidean distance matri-
ces (EDM) is considered. Graphs, for which the distance matrix is not an EDM (NEDM-
graphs), are studied. All simple connected non-isomorphic graphs on n < 8 nodes are
analysed and a characterization of the smallest NEDM-graphs, i.e., the minimal forbidden
subgraphs, is given. It is proven that bipartite graphs and some subdivisions of the smallest
NEDM-graphs are NEDM-graphs, too.
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1 Introduction

A matrix D € R"*" is Euclidean distance matrix (EDM), if there exist &1, s, ..., &, €
R", such that d;; = |lz; — x;||3, 4,7 = 1,2,...,n. The minimal possible r is called the
embedding dimension (see [2], e.g.).
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Euclidean distance matrices were introduced by Menger in 1928 and have received a
considerable attention. They were studied by Schoenberg [13], Young and Householder
[14], Gower [4], and many other authors. In recent years many new results were obtained
(see [5, 7, 8, 11] and the references therein).

They are used in various applications in linear algebra, graph theory, geodesy, bioinfor-
matics, chemistry, e.g., where frequently a question arises, what can be said about a set of
points, if only interpoint distance information is known. Some examples can be found in
[2].

EDMs have many interesting properties. They are symmetric, hollow (i.e., with only
zeros on the diagonal) and nonnegative. The sum of their eigenvalues is zero and they have
exactly one positive eigenvalue (for a nonzero matrix). Schoenberg ([13]), Hayden, Reams
and Wells ([5]) gave the following characterization of EDMs.

Theorem 1.1. Let D € R"*™ be a nonzero symmetric hollow matrix and let e € R"™ be
the vector of ones. The following propositions are equivalent:

(a) The matrix D is EDM.
(b) Forall x € R™ such that xTe = 0, x"Dx < 0.

(c) The matrix D has exactly one positive eigenvalue and there exists w € R" such that
Dw=e (1.1)
and wTe > 0.

Throughout the paper we will use the notation e for the vector of ones of appropriate
size. Vectors e; will denote the standard basis.

Let G be a graph with a vertex set V(G) and an edge set £(G). Let the distance d(u, v)
between vertices u,v € V(G) be defined as their graph distance, i.e., the length of the
shortest path between them. Let G := [d(u, v)].,4ev(g) be the distance matrix of G.

If the graph distance matrix of a graph is EDM, the graph is called an EDM-graph.
Otherwise the graph is a NEDM-graph.

Graph distance matrices of EDM-graphs were studied in several papers. Path and cycles
were analysed in [9]. Star graphs and their generalizations were considered in [6, 10].
Some results on Cartesian products of EDM-graphs are also known (see [11]). However,
the characterization of EDM-graphs in general is still an open problem.

In this paper, all simple connected non-isomorphic graphs on n < 8 nodes are analysed
and a characterization of the smallest NEDM-graphes, i.e., the minimal forbidden subgraphs,
is given.

In algebraic graph theory, a lot is known on the adjacency matrix and the Laplacian
matrix of a graph. Many results on their eigenvalues exist, but not much is known on the
graph distance matrix. Hopefully, this paper will provide a deeper insight into the relation
between general graphs or networks and EDM theory.

There are some interesting possibilities of application. Molecular conformation in
bioinformatics, dimensionality reduction in statistics, 3D reconstruction in computer vi-
sion, just to name a few.

The structure of the paper is as follows. In Section 2, all NEDM-graphs on n < 8 nodes
are considered. Analysis of their properties enables us to find some larger NEDM-graphs,
which are presented in sections 3 and 4. A proof that bipartite graphs are NEDM-graphs
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is given. We present two families of subdivision graphs of the smallest NEDM-graphs that
are NEDM-graphs, too.

There exist graphs, for which the system (1.1) has no solution. Such graphs are studied
in Section 5.

The paper is concluded with an example, where we show that not all subdivisions of
graphs result in NEDM-graphs.

2 The smallest NEDM-graphs

In this section we consider simple connected non-isomorphic graphs on n < 5 nodes and
find the smallest NEDM-graphs.

There is one simple connected graph on 2 nodes, the path graph P», and there exist
only two simple connected graphs on 3 nodes, the path graph P3 and the cycle graph Cs.
In [9] it was proven that path graphs and cycle graphs are EDM-graphs.

For n = 4, there are 6 simple connected graphs (see Fig. 1). First four of them are the
star graph Sy, the path graph Py, the cycle graph C4 and the complete graph /4, respec-
tively, which are EDM-graphs (see [9, 10]). Therefore we only need to consider the last

two graphs, gff’) and gﬁﬁ).

1 2 3 4 5 6
4 4 4 4 4 4

Figure 1: Simple connected graphs on 4 nodes.

Let us denote vertices of graphs G f’) and G §6) counterclockwise by 1, 2, 3 and 4 starting
with the upper right vertex. The characteristic polynomials of the corresponding graph
distance matrices

01 2 2 01 2 1
s |1 0 1 1 @ |1 0 1 1
Gim=1lg9 1 g 1| ™ Gi=1y 1 ¢ 4
211 0 1110

P A =A+D(A =X\ —11A=7),
Pow(A) = (A+ 1A+ 2)(A\% —3X —2).

Thus matrices Gf) and Gf) have eigenvalues

V1 -v1
o ={4.1,-0.7,-1,-2.4} and o @ = 3+ 7,3 7,—17—2 .
G, Gy 2 2

Eigenvalues for fo’) were calculated numerically. Exact values can be calculated by using
Cardano’s formula.
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One can easily verify that vectors

wee = [3/7, -1/, 2/7, 2/77 and w [1/2,0,1/2, 0]"

G~
satisfy the equation fo)wc(i> =e,i=5,6. Since wg(i)e > 0,7 = 5,6, by Theorem 1.1
4 4

graphs G f’) and gff) are EDM-graphs. Thus there are no NEDM-graphs on 4 nodes.
In the case n = 5, there are 21 simple connected graphs (see Fig. 2).

i

5 5 5 5 5 5 5
8 9 10 11 12 13 14
5 5 5 5 5 5 5
15 16 17 18 19 20 21
5 5 5 5 5 5 5

Figure 2: Simple connected graphs on 5 nodes.

Graphs géi), 1 < b, are the path graph Ps, the cycle graph Cs, the complete graph s,
the star graph S; and the tree 75, respectively. Since they are EDM-graphs (see [1]), we
only need to analyse graphs géi), 1=26,7,...,2L

A straightforward calculation shows that the graph distance matrix Ggi) of the graph
géi), 1=6,7,...,19, has exactly one positive eigenvalue and that there exists W) € R,

such that Ggi)'wG(i) = e and wgme > 0. By Theorem 1.1, graphs géf”, Qé7), ey gélg)

are EDM-graphs.

We are left with graphs Qém) and gém) (see Fig. 3). The characteristic polynomials of
the corresponding graph distance matrices

02211 02211
0211 2 0 1 11
GP%=12 2 0 1 1| and GPY=1|2 1 0 1 1
1110 2 1110 2
11120 11120

are
pG(szo) N=-(1+ 2)3()\2 — 6+ 2),
Poen (M) = —(A+ DA +2)(X* —3)* — 120+ 2).
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20 21
5 5

Figure 3: The graphs g§20) and gé21)~

Thus matrices Gézo) and Gém) have spectra

g0 = {3+ V7,3-V7,-2,-2,-2} and ogen = {52,0.2,-1,-2,-2.4}.

Exact eigenvalues for Gém) can be calculated by using Cardano’s formula. Here they were
calculated numerically. Since matrices G?O) and Gém) have two positive eigenvalues,
graphs Qézo) and Qém) are NEDM-graphs. These are the smallest NEDM-graphs.

An induced subgraph H of a graph G is a subset of the vertices V(G) together with all
edges whose endpoints are both in this subset.

Proposition 2.1. Let G be a simple connected graph and let H be its induced subgraph. If
‘H is a NEDM-graph, the graph G is a NEDM-graph as well.

Proof. Let n and m < n, denote the number of nodes in graphs G and H, respectively. Let
us order vertices of the graph G in such a way that the first m vertices are the vertices of
the graph 7. Thus the distance matrix G of the graph G is of the form

where H is the distance matrix of the graph . Every principal submatrix of an EDM
has to be an EDM as well. Thus since H is not an EDM, neither is G. Therefore G is a
NEDM-graph. O

All NEDM-graphs form a set of forbidden subgraphs of the class of EDM-graphs.
Graphs géQO’ and géz“ are the minimal forbidden subgraphs. All minimal forbidden sub-
graphs on 6 and 7 nodes can be seen in Fig. 4 and Fig. 5.

>

1 2 3
6 6 6

Figure 4: NEDM-graphs for n = 6.

Let m(n) be the number of NEDM-graphs on n nodes and let m,,¢,, (1) be the number
of NEDM-graphs on n nodes for which none of the induced subgraphs is NEDM-graph.
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> O DDDY

9 10 11 12 13
7 7 7

Figure 5: NEDM-graphs forn = 7.

We denote the number of non-isomorphic simple connected graphs on n nodes by g(n).
Table 1 shows how numbers m(n) and m,cq, (1) grow with n.

The calculations were done in the following way. By using program geng in Nauty
([12]) we generated all simple connected non-isomorphic graphs on n. < 8 nodes. Then we
applied Theorem 1.1 to determine whether a graph is an EDM-graph. Computations were
done in Mathematica.

n| gn) | mn) | mpew(n)
5 21 2 2

6 112 27 3

7| 853 341 13

8

11117 | 7946 48

Table 1: Number of NEDM-graphs compared to the number of all graphs on n nodes.

3 Bipartite graphs

A quick observation shows that the graph Qém) is bipartite (see Fig. 3).

Let Gy, ,z,_ . be a simple connected bipartite graph on n > 5 nodes, whose vertices
are divided into two disjoint sets Uy, = {u1, U2, ..., Uk}, Zn—k = {Ukt1, Ukt2y-- -5 Un}s
k=2,3,...,n — 2, such that every edge connects a vertex in Uf; to a vertex in Z,,_j, (see
Fig. 6). The sets Uy and Z,,_, are called the partition sets.

A graph join G + G5 of graphs G; and G with disjoint vertex sets V(G ), V(G2) and
edge sets £(G1), £(G2) is the graph with the vertex set V(G1) U V(G3) and the edge set
E(G1) UE(G2) U {(u,v); u € V(G1),v € V(Ga)}. Ttis the graph union Gy U Gy with all
the edges that connect the vertices of the first graph with the vertices of the second graph.

The graph Gy, =, _, can also be written as the graph join of two empty graphs on k and
n — k vertices, i.e., Gy, ,z, _, = Ok + Op_i. The corresponding graph distance matrix is
2(Epp — 1) Ein i

6 Rnxn’
Bk 2(En—kn—k — In—k)

G-k =
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where E, ; € RP*9 and I, € RP*P are the matrix of ones and the identity matrix, respec-
tively.

Uk

Un
us

Uk 2
uz

Uk 1
Ui

Figure 6: The graph Gy, =z, .

Theorem 3.1. A simple connected bipartite graph Gy, = onn > 5 nodes and with

partition sets Uy, and Z,,_, is a NEDM-graph.

n—k

Proof. Since graphs Gy, .z, , and Gy, _, =, are isomorphic, it is enough to see that the
theorem holds true for k = 2,3,..., |n/2].
Let us analyse the eigenvalues of the graph distance matrix of G4, z, , . A simple com-

. T .
putation shows that u; ; = [e] —el,07]" solves the equation G} ,—ru1,; = —2u ; for
. T .
alli = 2,3,...,k, and that up ; = [07,ef — el , solves the equation Gy, juz; =
—2uy ; forall j = 2,3,...,n — k. Therefore Gy, ,,_j, has an eigenvalue —2 with multi-
plicity n — 2.

Now let us take u = [a eT, eT]T. The relation Gy, ,—ru = Au yields the system of
equations

2(k—1a+n—k=Aq,
ka+2(n—k—1)=A,

which has solutions

2k —n+/(n—2k)2 +k(n—k)
Q1.2 = A )

Mao=n—2++/(n—2k)2+k(n—k).

Relations n > 5 and 2 < k < |n/2] imply that oy o and A; 2 are well-defined. Since
A1 > 0and

A A =3(k—=2)(n—2—k)+2(n—4) >0,

we conclude that Ay > 0. Thus, by Theorem 1.1, the graph Gy, =z, , is a NEDM-graph.
O

Remark 3.2. For k = 1, the graph Gy, =z, , is the star graph S,,, which is an EDM-graph.
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4 Graph subdivision

Let G be a graph. A subdivision of an edge in G is a substitution of the edge by a path. For
example, an edge of the cycle C,, can be subdivided into three edges, resulting in the cycle
graph Cp,1o.
Recall the NEDM-graph Qém). It contains a 4-cycle ¢ connecting nodes 2, 3, 4 and
5 (see Fig. 7). We can construct larger NEDM-graphs by performing a subdivision of the
cycle c. Let 9(20 be a graph on n nodes, obtained by subdividing the cycle c in the graph
éQ ) as seen in Fig. 7. Such graphs are 9(20) (1) and 9(20) (]§4) (see Fig. 4 and
Fig. 5).

8
7 9
5
6
4 2 ° n
3
4 2
1 1
20 20
5 5n

Figure 7: Construction of graphs géi?).

Let e; denote the standard basis and let C,, be the graph distance matrix of the cycle
graph C,, (see [9]). The matrix C, is a circulant matrix (see [3]), generated by its first row:

n—1 n—1 n-—3
2 b 2 b 2 PR ]
0.1, r-2nmn-2
2 2 2

0,1,..., 1, nodd,

1, neven.

‘We will use the notation Cn for the (7, j)-th element of the matrix C,,. The structure of
the matrix C,, implies

clD =3 =1 o3 =2 pn>4, 4.1

and
l(n—1)/2], ¢=1,
Cbln+)/2]) — 0 p /2], (=2, n>3. 4.2)

[(n—=2)/2], £=3,
Theorem 4.1. Graphs géfff), n > b, are NEDM-graphs.
Proof. The graph distance matrix of the graph gé 3), n > 5,is

0 eg(C’n_l + 2])

(20) _
G = (Cp—1+2@)es Ch-1

By Theorem 1.1 it is enough to show that there exists € R™, such that x”e = 0 and
TG(QO):B > 0.
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Let us take © = [~y e, y” | T, with

an (—61 + e — 63) + €e(n+3)/2, n odd,
y =
n=2 (—el + 2=L(ey — 63)) + 2=Le(,19)/2, meven.

We will show that

mTGé?g)a: =yTCh_1y —2(yTe) (eZTC’n_ly + 2(yTeg)) > 0. 4.3)
From
JTe— { 3=n n odd, - Jren { L n odd,
%, n even, %7 n even,

it follows that
(n—3) (eQTCn_ly +n— 1), n odd,

T ~(20) T
Gy =y Ch1y+
; % (egTCnfl’y + %)7 n even.

4.4)

Firstly, let n be odd. Terms in the relation (4.4) simplify to

—1)2
v Gy = - U (00 ol o) -

— (= D[ G/ | ),

n— n— n—1

n—1
e3 Coay = O — == (el + D).

By (4.1) and (4.2),

n—1)(n—>5
yTOn—ly = *%7 ezTCn—ly = -

and
wTGé?S)a: =n-—1,

which satisfies the requirement (4.3) for all n > 5.
When n is even, the terms in the relation (4.4) simplify to

— —1
ch’nily = _M <(n _ 2) (nC 1,2) nC(lf) + (n . 1)0(2;31))_'_

2n2 n—1 n—1 n
+ 2nC»,(Ll;(1n+2)/2) B 2(n o 1)(07(7427,(1n+2)/2) N Cr(L&(ln—O—Q)/Q))) ’

n—1 n n—2 n—1
e5Cn_1y = TCT(LQ_(l +2)/2) _ T(CT(Ll—Ql) i Tcr(?—?i))

By (4.1) and (4.2),

(n—1)2(n—2)(n—4)
2n? ’

y ' Cpry = —
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and 5
2729 4 —
G -
5,n 2n ’
which satisfies the requirement (4.3) for all n > 5. O

Similarly, we can subdivide cycles of the graph G 1) and produce NEDM-graphs (see

Fig. 8). The graph g§2 contains a 3-cycle c connecting nodes 3, 4 and 5. Let géi{ be a

graph on n nodes, obtained by subdividing the cycle c in the graph g5 as seen in Fig. 8.
Such graphs are 9(21 9521) 9521) g(3) and 9521) g (6) (see Fig. 4 and Fig. 5).

8
9 7
n 6
3 5 3 5
4
2 2
1 1
21 21
5 5n

Figure 8: Graphs g(2 ),

Theorem 4.2. Graphs Qé?é), n > b, are NEDM-graphs.

Proof. The graph distance matrix of the graph Gy’ eh o, > 5,1s

0 1 af
Gé?:l) =1 0 o |,
u v C,_o
where
1+ (=D)"
u = (Cn—Q + 1)62 +e—y— f&(nng)/z, v = (Cn_g + 1)62 +vy,
and y = ]E(Z”; /2 er. Analogous to the proof of Theorem 4.1, we can show that for

z=|a,—a, zT}T, where

o { s n odd, and %= { ”T’lel — %’362 — €(n41)/2, nodd,

”;3, n even, ”T_Qel — "7_462 — €(n42)/2, T EVEN,
the expression 27 G{ & = 27Cp_oz + 2a (u”z — v7z — ) is positive.
Relations
n n - 3
oy =1 i a3,
L(nt2)/2)  n—4 2,(nt2)/2) M —2
07(1_(2 )/2) _ 2 n+2)/2) _

2 ) n—2 2 9
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imply
2 dd 3— dd
UTZ _ , nodd, ’UTZ _ n, nodd,
1, mneven, 4 —mn, neven,
and
e — =3t oy odd,
z n—2%2 =
—7("_2)2("_4) , T even,
which yields
3
2 nodd,
2" G e = { :
’ 5, Tneven.
Thus by Theorem 1.1, the matrix G5 is a NEDM. O

5 Systems with no solution

When verifying whether a graph G with the corresponding graph distance matrix G is
an EDM-graph, by Theorem 1.1 one can check if there exists a solution of the equation
Gw = e, such that wTe > 0. For n > 7 there exist graphs, for which the equation
Gw = e has no solution.
Let Gy, .,k be the graph join of a complete graph K, and an empty graph O,,_;, n > 7,
k=2,3,...,n—3,1ie,
G-t = Kr + On_p.

The graph Kj; contains vertices 1,2, ..., k and the graph O,,_, contains vertices k+ 1, k+
2,...,n. Thus the corresponding graph distance matrix is

Eyrx— Iy Eym—k
En—k,k Q(En—k,n—k - In—k) ’

For n = 7 and k = 3 the equation G3 4w = e has no solution since the ranks of
the matrix G4 and its augmented matrix [Gs 4|e] are different, rank(Gs4) = 6 and
rank([Gs 4|€]) = 7. The same holds true if n = 7 and k = 4. Thus by Theorem 1.1 matri-
ces G'3.4 and G4 3 are not EDMs. On the other hand, for n = 8 the equation G gs_,w = e
has a solution for all k € {3,4,5}. In general, the matrix Gy, ,—x is a NEDM.

Gim—t =

Theorem 5.1. The graph Ky + Op_g, n > 7,k =2,3,...,n — 3, is a NEDM-graph.

Proof. Let Gy, ,,—j, be the graph distance matrix of the graph Cp, + Oy, n > 7, k =
2,3,...,n— 3. For k = 2 we take

w:%[4—n,4—n,1,1,...,1]T.

We can verify that Gs ,—ow = e and w”e = (6 — n)/2 < 0. Thus by Theorem 1.1 the
matrix G 5,2 is a NEDM.
Now let £ = 3,4,...,n — 3. For n = 7 the proof has already been done above. For

n>8letu = [a el eT]T, where vectors e are of sizes k and n — k, respectively. The
relation G, ,,—ru = Au yields the system of equations
alk—1)+n—k= A,
ak+2n—k—1)=),
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with solutions

a1,2=i(3k—2n+1:ﬁ:\/4(n—k)(n—k—1)+(k+1)2),
>\1,2:%(2n—k—3i\/4(n—k)(n—k—1)+(k+1)2).

Relations n > 8 and 3 < k& < n — 3 imply that o; » and A 2 are well-defined. Since
A1 > 0and
AMcd=n—-3-k)(k—3)+n—-7>0,

we conclude that A\ > 0. Thus, by Theorem 1.1, graph K, + O,,_, is a NEDM-graph. [

Remark 5.2. For kK = 1 and k£ = n — 1, the graphs K, + O,,_, are the star graph S,, and
the complete graph /C,,, respectively, which are EDM-graphs.

Remark 5.3. For k = n — 2, the graph KC,,_5 + O3 is an EDM-graph. The graph distance
matrix G,_2 2 has eigenpairs

(—2, (07, el —e;f]T), (-1, [elT—ef,oT]T>, i=923,...n—2

and -
()\1,27 [%,2 eT, GT} )
with
n—5+vn?—2n+9 n—1£vn?2—-2n+9
Q19 = and )\1 2 = .
’ 2(n —2) ’ 2
The eigenvalue \; is obviously positive. From A\; - Ay = —2 it follows that Ao < 0. One

can easily verify that w = (1/2) [07, eT]T solves the equation G,,_2w = e. Since
wTe = 1, Theorem 1.1 implies that Gp—2,2 is EDM.

6 Conclusion

In Section 4 we studied subdivisions of graphs. Not all graph subdivisions result in NEDM-

graphs. Consider subdividing graph g§2°> as in Fig. 9 and denoting it by H. The corre-
sponding graph distance matrix

T

Il
RN W N RO
DO =N = O
DO~ O =N
OO N
O = O NN W
WO DN~ N
O LN, N~

has eigenvalues oy = {10.4,0, —0.2, —0.6, —2.2, —3.4, —4}, which were calculated nu-
merically. Exact eigenvalues could be obtained using Cardano’s formula. One can eas-
ily verify that vector wy = [1/2, —1/2,1/2, —1/2, 1/2, 0, 0] solves the equation
Hwy = e. Since whe = 1/2, by Theorem 1.1 the graph H is an EDM-graph.
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20
5

Figure 9: A subdivision of the graph gézo).
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