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Abstract

Let d > 3 be an integer. It is known that the number of edges of the edge polytope
of the complete graph with d vertices is d(d — 1)(d — 2)/2. In this paper, we study the
maximum possible number p; of edges of the edge polytope arising from finite simple
graphs with d vertices. We show that g = d(d—1)(d—2)/2ifand only if 3 < d < 14. In
addition, we study the asymptotic behavior of ;4. Tran—Ziegler gave a lower bound for yi4
by constructing a random graph. We succeeded in improving this bound by constructing
both a non-random graph and a random graph whose complement is bipartite.
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1 Introduction

The number of ¢-dimensional faces of a convex polytope has been studied by many re-
searchers for a long time. One of the most famous classical results is “Euler’s formula.”
The extremal problem concerning the number of faces is an important topic in the study of
convex polytopes. On the other hand, the study of edge polytopes of finite graphs has been
conducted by many authors from viewpoints of commutative algebra on toric ideals and
combinatorics of convex polytopes. We refer the reader to [2, 3] for foundations of edge
polytopes. Faces of edge polytopes are studied in, e.g., [2, 4, 5]. Recently, Tran and Ziegler
[6] studied this extremal problem on edge polytopes. In particular, using [5, Lemma 1.4],
they gave bounds for the maximum possible number p4 of edges of the edge polytope aris-
ing from finite simple graphs with d vertices. Following [1, Question 1.3], we wish to find
a finite simple graph G with d vertices such that the edge polytope of G has 4 edges and
to compute fi4.

Recall that a finite simple graph is a finite graph with no loops and no multiple edges.
Let [d] = {1,...,d} be the vertex set and (24 the set of finite simple graphs on [d], where
d > 3. Let e; denote the ¢th unit coordinate vector of the Euclidean space R Let G € Qg
and F(G) the set of edges of G. If e = {i, j} € E(G), then we set p(e) = e; + e; € R%.
The edge polytope P of G € §g is the convex hull of the finite set {p(e) : e € E(G)}
in R%. Let £(G) denote the number of edges, namely 1-dimensional faces, of Pg. For
example, consider the case of the complete graph K on [d]. By [5, Lemma 1.4], for edges
eand f (e # f) of K4, the convex hull of {p(e), p(f)} is an edge of the edge polytope Pk,
if and only if e and f have a common vertex. Hence, e(K) = d(dgl) =d(d—1)(d—2)/2.
On the other hand, e(K,, ) = mn(m + n — 2)/2, where K,, ,, is the complete bipartite
graph on the vertex set [m ] U {m + 1,...,m + n} for which m,n > 1 (see [4, Theorem
2.5]). In this paper, we are interested in 1y = max{e(G) : G € Q4 } ford > 3.

Theorem 1.1. For an integer d > 3, let Q)4 be the set of finite simple graphs on [d]. Given
a graph G € Qg, let €(G) denote the number of edges of the edge polytope P of G. Then,
the following holds:

(@ If3<d<13and G € Qg with G # K, then ¢(G) < e(K).

(b) Let G € Quq with G # Ky4. Then e(G) < e(K14). Moreover, e(G) = e(K14) if
and only if either G = K14 — K45 or G = K14 — K5 5.

(c) Ifd > 15, then there exists G € Q4 such that e(G) > (Ky).

We devote Section 2 to giving a proof of Theorem 1.1. At present, for d > 15, it
remains unsolved to find G € Q4 with g = £(G) and to compute 4. (Later, we will see
that 15 > €(K15) + 50 = 1415.) In Section 3, we study the asymptotic behavior of 1.
Recently, Tran—Ziegler [6] gave a lower bound for y4 by a random graph:

8
27
They also gave an upper bound for pg: g < (3% + o(1))d*. (However, this upper bound
is not sharp. See [6, Remark].) In this paper, we succeeded in improving their lower

bound by constructing a non-random graph (see Example 3.1) and a random graph whose
complement is bipartite (see Theorem 3.2):

::5¢i;11d4_12¢i_27d3+19¢i_44f_%

1 1 1
e(G(d,1/V/3)) = 571614 + Ed?’ - —d*+ 3@

£(G) d,
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where G = Kq — G(Kg/2,4/2,p) Withp = 3 — /5. These results suggest the following:

Conjecture 1.2. Let G € Qg with png = €(G). Then, the complement of G is a bipartite
graph.

Note that, by Theorem 1.1, this conjecture is true for 3 < d < 14.

2 Proof of Theorem 1.1

In this section, we give a proof of Theorem 1.1. The following lemma is studied in [5,
Lemma 1.4].

Lemma 2.1. Let e and f (e # f) be edges of a graph G € Q4. Then, the convex hull
of {p(e),p(f)} is an edge of the edge polytope Pg if and only if one of the following
conditions is satisfied.

(i) e and f have a common vertex in [d).
(i) e ={i,j} and f = {k, 1} have no common vertices, and the induced subgraph of G
on the vertex set {i, j, k,l} has no cycles of length 4.

The complement graph G of a graph G € Qg is the graph whose vertex set is [d] and
whose edges are the non-edges of G. For a vertex i of a graph G, let deg(i) denote the
degree of 7 in G. We translate Lemma 2.1 in terms of the complement G of G.

Lemma 2.2. Let H be the complement of a graph G € Q4. Then, we have

d

@ = Y (d -1 degH(i)) a(H) +b(H) + c(H)

: 2
=1

d
(o) + 5 D deghy () — (24— B ECH)| + () + () + c(H),

where a(H), b(H ) and c¢(H ) are the number of induced subgraphs of H on 4 vertices of the
form (a) a path of length 3; (b) a cycle of length 4; (c) a path of length 2 and one isolated
vertex, respectively.

Proof. First, the number of pairs of edges satisfying Lemma 2.1 (i) is equal to

é (d —1 —2degH(i)> _

d
= e(Ka)+ 5 D deghy (i) — (20— 3) BT

(d—1)(d—2) — (2d — 3) deg; (i) + deg? (i)
2

d

=1

Second, the number of pairs of edges satisfying Lemma 2.1 (ii) is equal to the number of
the induced subgraphs W of G where W is one of the following: (a’) W is a path of length
3; (b’) W consists of two disjoint edges; (c’) W is a graph on {1, j, k, ¢} with E(W) =
4,5}, {4, k}, {i, k}, {k, £} }. Note that each induced subgraph has exactly one such pair
of edges. The complement of each (a’), (b’), and (¢’) is (a), (b) and (c), respectively. O
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For a graph H € Q, with r < d, let K; — H denote the graph G € 2 such that
E(G) = E(K4) \ E(H). Using Lemma 2.2, we have the following:

Proposition 2.3. Let H € Q, and let ¢)(H) denote the number of induced paths in H of
length 2. Then, the function p(d) = e(Kq — H) —e(Kq) ford =r,r+ 1,7 +2,...isa
linear polynomial of d whose leading coefficient is (H) — 2|E(H))|.

Proof. Since d is a natural number it is sufficient to show that ¢(d + 1) — ¢(d) = ¥(H) —
2|E(H)| for any d. Let Hy = K; — H and Hy = K441 — H. Then, Hs is obtained by
adding one isolated vertex d + 1 to H;. Hence, it follows that a(H;) = a(Hs), b(Hy) =
b(Hs), c(Hy) +(H) = c(Hs2) and degy, (i) = degy, (i) forall 1 < i < d. Thus, by
Lemma 2.2, we have
p(d+1) —¢(d)
= E(Kd+1 — H) — S(Kd+1) — S(Kd — H) + E(Kd)

S (d - de, <i>) oy (d ~L- dean, <z‘>> ()

l:d(d ~Dd-2) (d?—ll)d(d —1)
+ 2

2
_ (d>+z<(d degy, (i ) (—l—deng()>)+w(H)_3d(dQ_1)

d
_ (2) 30— 1 ey (i) + () - 2D

i=1

d
— U(H) — Y degyr (0)

= Y(H)—-2|E(H)|,
as desired. ]

[\

S

Proposition 2.4. Let G € 0y and let Hy, Ha, ..., Hy, be all the nonempty connected
components of G. Then, e(K4) —e(G) = 37" (¢ (Kd) —e(Kq — Hj)).

Proof. Let H = G and let H’ = Kd—H for 1 < j < m. Then, it is easy to
see that |[E(H)| = Zm 1 |E(H/)| Zz 1 deg; (i) = Z;n:1 E?:l degil; (i), a(H) =
Sy a(HY), b(H) = 375 b(Hj), and ¢(H) = 377" ¢(H}). Thus, by Lemma 2.2, we
are done. O

A graph G € Qg is called bipartite if [d] admits a partition into two sets of vertices V;
and V5 such that, for every edge {i,j} of G, either i € V1,5 € Voorj € V4,0 € Vais
satisfied. A complete bipartite graph is a bipartite graph such that every pair of vertices ¢, j
with ¢ € Vi and j € V5 is adjacent. Let K, , denote the complete bipartite graph with
[Vi| = mand |V3| = n.

Proposition 2.5. Let G = Kq — K.y, , such that m +n < d and m,n > 1. Then,

1 1
e(G) —e(Ky) = §mn(m +n—6)d— Zmn(?mm +2m? 4+ 2n? — 5m — 5n — 13).
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Proof. Let H = K, ,,. Then,

n

()~ 28] = m

1
) —|—n<gl> —2mn = §mn(m—|—n—6).

Moreover, since K, — Ky, p, 18 the disjoint union of K, and K,, we have

I A )16
_(m+n)(m+n2— 1)(m+n—2)

1

= Zmn(mn —7m — Tn + 13)
by Lemma 2.1. Hence, by Proposition 2.3,

1 1
e(G) —e(Kq) = imn(m +n—6)(d—(m+mn))+ Zmn(mn —Tm — Tn + 13)

1 1

= imn(m +n—6)d— Zmn(?)mn +2m? 4+ 2n? — 5m — 5n — 13),

as desired. O

Let k3(H ) denote the number of triangles (i.e., cycles of length 3) of H. The following
lemma is important.

Lemma 2.6. Let H be the complement graph of G € 4. Then, we have

d? — 16d + 29

e(G) < e(Kaq) + 7

B = 2(d = ks ().

Proof. The number of pairs of edges satisfying Lemma 2.1 (i) is, by Lemma 2.2, e(K) —
(2d —3)|E(H)| + 3 Zle deg?; (7). For an edge {7, j} of H, let k3(i, j) be the number of
triangles in H containing {7, j}. We define three subsets of [d] \ {i,j}:

Xiy = Ateld\{i,j}:{i,0} € BE(H), {j,4} ¢ E(H)},
Yij = {eld\{ij}: {50} € E(H),{i,(} ¢ E(H)},
Zij = {teld\{i,j}:{i,0} ¢ E(H),{j, ¢} ¢ E(H)}.

It then follows that, | X; ;| + |Y; ;| + |Z; ;| + k3(¢,j) = d — 2, and

d
1 , 1 . .
52 deghi(i) = 5 D (degy(i) +degy()))
i=1 {idYeB )
1 -
= LT (Kl Vil 2ka0) + 2
{i.d}eBH)

1
= |E(H)|+3ks(H) + 5 > (Xl + Vil
{i.4}eB )
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Second, we count the number of pairs satisfying Lemma 2.1 (ii). By Lemma 2.2, this
number is equal to a(H) + b(H) + c¢(H). Here, we count the number of the induced
subgraphs H' of type (a), (b) and (c) containing an edge e = {i,j} of H. If e is an
edge of H’, then the other two vertices ¢ and m of H' satisfy exactly one of the following
conditions:

(1) { e Xm-,m c Y;,j;

(i) le Y;,j,m € Zi,j;

(iii) £ € Zm-,m S Xi,j-
If 4, j, £, m satisfy condition (i), then one of the following holds:

e H'isapath (e1,es,e3) and e = es (type (a)) ;
e H'isacycle of length 4 and e is one of four edges (type (b)).

It then follows that

a(H)+4b(H) = Y |Xi|[Vil.

{i.j}eE(H)

If 4, j, £, m satisfy either condition (ii) or (iii), then one of the following holds:

e H'isapath (e, ez, e3)and e € {e1, e3} (type (a)) ;
e H'isapath (eq, e5) with one isolated vertex and e € {eq, ex} (type (¢)).

It then follows that

2a0(H)+2c(H) = > (YijllZijl +12i;
{i,J}Y€E(H)

| Xi40) -

Thus, we have

a(H)+b(H)+c(H) = — (31X 511Yi | + 21Yi 511 Zi 5 + 5123511 X 51) -

{i.7}eE(H)

Subject to | X; ;| + |Yi ;| + |Z; ;| = d — 2 — ks (i, j), we study an upper bound of

IXz‘,j|> :

X; Y;
o= Z (|J|+J| |X 7J||Y,J| +5 |Yi,j||Zi,j +

y 2 2%
{ijYeE(H)

Each summand of « satisfies

[ Xl + Yigl
2

= IXuIIYH\wL (IXulJrlYul)( = 1= k3(i,5) — (IXi 5] + Yi3])

‘X1]HKJ|+ | ,J

1
| Zi ] + §|Zi,j|\Xi,j

IN

X +1Ys .
4("") SX s+ Yl 1= Rl ) — (1o + 1Y)

2
d—1 _kS(lv])

— 7 2
= =X+ Vi)

(1 X 5] + [Yig0)-
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The last function has the maximum number % (d — 1 — k3(4, ))? when |X; ;| + |Y; ;| =
2(d — 1 — ks(i, 4)). Hence,

)DRECIRS S ICI)) PR S N (I SHCN))

{i,j}€E(H) {i,j}€E(H)
1 1 ..
= 3 Z (d—1)% - - Z (d —1)ks (i, 5)
{i,j}€E(H) {i.j}€E(H)
1 3

= (- 1)2|E(H)| - - (d = 1ks(H)

is an upper bound of «. Thus,

() — (2~ B)B(H)| + |E(H)| + 3ks(H) + 3(d — 17| B(H)| ~ 2(d — ks (H)

is an upper bound of £(G) as desired. O
Using Proposition 2.5 and Lemma 2.6, we prove Theorem 1.1.

Proof of Theorem 1.1. (a) Let 3 < d < 13 and G € Qg with G # Ky. If d = 3, then
e(G) < e(Ky) is trivial. If d = 4, then ¢(K4) = 12. Since |E(G)| < 6, we have
(@) < (g) = 10 < e(K4). Let d > 5 and let H be the complement graph of G. By
Lemma 2.6,

d* — 16d + 29 3

(G) — e(Ka) < SR B ()|~ S (d - 8)hs(H).

If8 < d < 13, then £(G) — £(K4) < 0 since =162 < 0, |E(H)| > 0 and k3(H) > 0.
Let5 < d < 7. Then,
~B|E(H)| + 2ks(H) ifd =5,
e(G) —e(Ka) < —%|B(H)|+ Sks(H) ifd=6,
—3EH)| + 2ks(H) ifd=T.

(
(

Hence, if k3(H) < 2, then €(G) — €(K ) is negative. On the other hand, if k5(H) > 3,
then |E(H)| > 5. Since k3(H) < (g) it follows that (G) — £(K4) is negative.

(b) Let G € Q4 with G # K4 and let H = G. We need to evaluate the function
which appears in the proof of Lemma 2.6 more accurately by focusing on d = 14. Let
|Zij| =12 — ks(i, j) — | Xi 5] — [Yi,] and

| X, 51+ 1Y, 1 1 1
fo= T A XY+ 5Vl Zes] + 5120511 X ]
7 13_1{33(1’])
9 = —15UXil +1YiD)? + === (1 Xl + [Yis])

be functions of |X; ;| and |Y; ;|. Recall that f < g < (13 — k3(i,5))? and g = £(13 —
k3(i,5))? when |X; ;| + |Y; ;| = 2(13 — k3 (i, 5)). If 1 < k3(4, j) < 12, then
13 11

213k 5, ) = 24— ks, J) — o+ 2 (ko1 )=1) (ks (i, 1)-12) < 24— i),
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If k3(i,j) = 0, then £ (13 — k3(i,5))? = 24 4 1/7. However, since

4<|Xi7j|+|Yi,j| N 1

5 1|Xz',j||Yi,j

1 1
+ 51l Zisl + 2|Zi,j||Xi,j|>

is an integer, the value of f is at most 24 if |X; ;| and |Y; ;| are non-negative integers.
Thus, for k3(i,j) = 0,1,...,12, the value of f is at most 24 — 2k;(4, j) if | X; ;| and
|Y; ;| are non-negative integers. Thus, by the same argument in the proof of Lemma 2.6,
e(G) — e(K14) is at most

3.13 a(H)

() - D = D) -

a(H)
4

—24|E(H)| + 3ks(H) + 24|E(H)| — <0.
Therefore, €(G) < e(K14).
Suppose that £(G) = &(K14). Then, — B k3(H) — @ > 0. Since k3(H),a(H) > 0,
we have k3(H) = a(H) = 0. Moreover,
| Xl +1Yigl 1
2 + 4
and | X; ;| + |Y; ;| + |Zi ;| = 12 for an arbitrary edge {i, j} of H. It is easy to see that
| X ;| + |Yi ;| € {7,8}. It then follows that, for an arbitrary {4, j} € E(H), (| X ;,|Yil,
|Z: ;1) € {(3,4,5),(4,3,5), (4,4,4)}. In particular, the degree of each vertex is either 0,
4 or 5. Moreover, since k3(H) = 0, {j} UX; ; and {¢} UY; ; are independent sets. Hence,
by a(H) = 0, the induced subgraph of H on {7, j} U X; ; UY; ; is the complete bipartite
graph Kix, 11,1y 5/41-

Suppose that an edge {3, j} of H satisfies (|X; ;|, |Yi ;|,1Zi ;) = (4,4,4). Then, the
induced subgraph of H on {i, j} UX, ; UY; ; is K5 5. Since the degree of any vertex of H
is either, 0, 4 or 5, other four vertices are isolated. Therefore, G = K14 — K5 5.

It is enough to consider the case that (| X ¢/, |Ys.:|,|Zs.t|) # (4,4, 4) holds for every
edge {s,t}. Suppose that (|X; ;|,|Y;;|) = (3,4). Then, the induced subgraph of H on
{i,j}UX, ;UY; jis Ky 5. Since (| X 4|, |Ys,ils | Zs,e]) # (4,4, 4) for each edge {s,t}, the
degree of every vertex in {i} UY; ; is 4. In this case, K4 5 is a connected component of H.
Since the degree of other five vertices is at most 4, it follows that they are isolated vertices.
Therefore, G = K14 — K4 5.

(c)Letd > 15andlet G = K4 — Ky, 5, € 4. By Proposition 2.5, we have

1

1
(X gll¥isl + 5 1YisllZisl + 51205

| X, ;| =24

1 1
e(G) —e(Ky) = imn(m +n—6)d— Zmn(3mn +2m? + 2n? — 5m — 5n — 13).
When m = n = 5, we obtain e(G) — e(Kg) = 50(d — 14) > 0 as desired. O

3 Asymptotic behavior of 14

For 0 < p < 1 and an integer d > 0, let G(d, p) denote the random graph on the vertex
set [d] in which the edges are chosen independently with probability p. For a graph H on
the vertex set [d] and 0 < p < 1, let G(H, p) denote the random graph on the vertex set
[d] in which the edges of H are chosen independently with probability p and the edges
not belonging to H are not chosen. Tran—Ziegler [6] showed that, for the random graph
G(d,1/V/3),

8

1 1 1
e(G(d,1/V3)) = 571(14 + I—Sd?’ — 2—7d2 +34



T. Hibi et al.: The number of edges of the edge polytope of a finite simple graph 331

and hence this is a lower bound for 4.
First, for d >> 0, we give an example of a (non-random) graph G on the vertex set [d]

such that (G) > &(G(d, 1/V/3)).

Example 3.1. Let G = Kg — Kuq,0d — K(l/z—a)d,(l/Q—a)d where a = %(7 ++/21) and
d > 0. By Propositions 2.4 and 2.5, it follows that
9

1
€(G) = md4 + ?dB

_ 103

d* +d.
112 +
Since 1/54 =0.0185 and 9/448 = 0.0201, we have £(G) > £(G(d, 1/+/3)) for d > 0.

Second, we give a random graph G on the vertex set [d] such that ¢(G) > (G(d, 1/v/3))
for d > 0.

Theorem 3.2. For an integer d, let G be a random graph Ky — G(Kgq/2,4/2, p) with p =
3 — /5. Then,

—11 12¢/5 — 2 19v/5 — 44
_5v5-1 d* — Vo Ty 9\/52

2
3 > d” +d.

e(G)

In particular, we have €(G) > ¢(G(d,1/+/3)) for all d > 0.

Proof. Let m = d/2 and let [d] = Vi U V; be a partition of the vertex set of K, ,,,. The
number of pairs of edges {4, j }, {¢, k} satisfying Lemma 2.1 (i) is

m = m(m —1)(m —2) +2m*(m — 1)(1 = p) +m?*(m — 1)(1 - p)°

where each term corresponds to the case when (i) i, 5,k € V5, (i) 4,5 € Vi, k ¢ V; and
(iii) € Vs, 4,k ¢ V5, respectively.

Next, we study the number of pairs of edges {i,j}, {k, ¢} satisfying Lemma 2.1 (ii).
Let Gk, denote the induced subgraph of G on the vertex set {3, j, k, ¢} C [d]. If either
“i,9,k,¢ € V7 or “i,0 € Vg and j,k ¢ V5" holds, then {3, j, k, £} is a cycle of G;jxe
whenever {i,j}, {k, ¢} € E(G). Hence, we consider the following two cases:

Case 1. Suppose i,j € Vs and k,¢ ¢ V,. Then, G;;i, has a cycle of length 4 if and only
if either {7, k},{j,4} € E(G) or {i,¢},{j,k} € E(G) holds. Thus, the expected
number of pairs of edges is 172 = (”21)2(1 —(1-p)?)2

Case 2. Suppose that i € V; and j,k,¢ ¢ V; hold. Then, all of {k, ¢}, {j,k} and {4, ¢}
are edges of G. On the other hand, {4, j} is an edge of G with probability 1 — p.
If {i,7} is an edge of G, then G;;¢ has a cycle of length 4 if and only if either
{i,k} € E(G) or {i, ¢} € E(G) holds. Thus, the expected number of pairs of edges
ism3 =m2(m —1)(m —2)(1 — p)p*.

Therefore, £(G) = 1y + 12 + 1. If m = d/2 and p = 3 — /5, then

:5\/5—11 d4_12\f—27

3
8 2 d

£(G) d® +d,

19v/5 — 44
L 105

whose leading coefficient is 5‘/58’11 =0.0225425. 0
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Remark 3.3. By Theorem 3.2, the graph G in Example 3.1 does not satisfy p1g = (G) for
d > 0. In fact, for d = 20, by Propositions 2.4 and 2.5, it follows that

max d £(G) : G € (20 and ¢ e'ach non-empty.conr.lected 4176,
component of G is a complete bipartite graph

Let G’ € Qs be the graph such that G” is the bipartite graph with E(G’) =

{{1,12},{1,14}, {1,15}, {1,16}, {1,18}, {1,19}, {1,20}, {2, 11}, {2, 12}, {2, 13}, {2, 15},
{2,17},{2,19},{2,20}, {3, 11}, {3,12},{3,13}, {3, 14},{3,15}, {3, 16}, {3, 18}, {4, 14},
{4,15},{4,16}, {4, 17}, {4, 18}, {4,19}, {4, 20}, {5, 11}, {5, 12}, {5, 13}, {5, 15}, {5, 17},
{5,18},{5,20}, {6, 12}, {6, 16}, {6, 17}, {6, 18}, {6, 19}, {6,20}, {7, 11}, {7, 12}, {7, 13},
{7,14},{7,16},{7,17},{7,19}, {8, 11}, {8, 12}, {8, 13}, {8, 14}, {8,15}, {8, 18}, {8, 19},
{8,20},{9,11}, {9, 14}, {9, 15}, {9, 16}, {9, 17}, {9, 18}, {9, 19}, {10, 11}, {10, 13}, {10, 15},
{10,16}, {10, 18}, {10,19}, {10, 20}}.

Then, ¢(G’) = 4203 > 4176.
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tions, and helpful comments.
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