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Abstract

A graph is a bi-Cayley graph over a group if the group acts semiregularly on the vertex
set of the graph with two orbits. Let G be a non-abelian metacyclic p-group for an odd
prime p. In this paper, we prove that if G is a Sylow p-subgroup in the full automorphism
group Aut(T") of a graph T, then G is normal in Aut(T"). As an application, we classify the
half-arc-transitive bipartite bi-Cayley graphs over G of valency less than 2p, while the case
for valency 4 was given by Zhang and Zhou in 2019. It is further shown that there are no
semisymmetric or arc-transitive bipartite bi-Cayley graphs over GG of valency less than p.
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1 Introduction

All graphs considered in this paper are finite, connected, simple and undirected. For a
graph T', we use V(T'), E(T"), A(T") and Aut(T") to denote its vertex set, edge set, arc set
and full automorphism group, respectively. A graph I is said to be vertex-transitive, edge-
transitive or arc-transitive if Aut(I") acts transitively on V(I'), E(T") or A(T") respectively,
semisymmetric if it is edge-transitive but not vertex-transitive, and half-arc-transitive if it
is vertex-transitive, edge-transitive, but not arc-transitive.

Let GG be a permutation group on a set {2 and o € 2. Denote by G, the stabilizer of
a in G, that is, the subgroup of G fixing the point o. We say that G is semiregular on €)
if G, = 1 for every o € 2 and regular if G is transitive and semiregular. A group G is
metacyclic if it has a normal subgroup N such that both N and G/N are cyclic.

Let T" be a graph with G < Aut(T"). Then T is called a Cayley graph over G if G is
regular on V' (T") and a bi-Cayley graph over G if G is semiregular on V' (T") with two orbits.

*The authors acknowledge the partial support from the National Natural Science Foundation of China
(11731002) and the 111 Project of China (B16002).
T Corresponding author.
E-mail addresses: yqfeng @bjtu.edu.cn (Yan-Quan Feng), yiwang @bjtu.edu.cn (Yi Wang)

©@@® This work is licensed under https://creativecommons.org/licenses/by/4.0/



592 Ars Math. Contemp. 17 (2019) 591-615

In particular, if G is normal in Aut(T"), the Cayley graph or the bi-Cayley graph I is called
a normal Cayley graph or a normal bi-Cayley graph over G, respectively.

Determining the automorphism group of a graph is fundamental in algebraic graph
theory, but very difficult in general. If I is a connected normal Cayley graph over a group
G, then Aut(T") is determined by Godsil [27], and if T is a connected normal bi-Cayley
graph over G, then Aut(T") is also determined by Zhou and Feng [55]. Thus a natural
problem is to determine normality of Cayley graphs or bi-Cayley graphs over groups.

The normality of Cayley graphs over cyclic group of order a prime and over group of
order twice a prime was solved by Alspach [1] and Du et al. [19], respectively. Dobson [14]
determined all non-normal Cayley graphs over group of order a product of two distinct
primes, and Dobson and Witte [16] determined all non-normal Cayley graphs over group of
order a prime square. Dobson and Kovacs [15] determined the full automorphism groups
of Cayley graphs over elementary abelian group of rank 3. However, it seems still very
difficult to obtain normality of Cayley graphs for general valencies. On the other hand,
many results on the normality of Cayley graphs with small valencies were obtained, and
for example, one may refer to [20, 21, 22] for finite non-abelian simple groups and to
[4, 23, 26, 51, 54] for solvable groups. Due to nice properties on automorphism groups of
non-abelian p-groups, the normality of Cayley graphs with general valencies over certain
non-abelian p-groups was obtained. A connected Cayley graph or bi-Cayley graph over a
non-abelian metacyclic p-group, for an odd prime p, is called a p-metacirculant or a bi-
p-metacirculant, respectively. Li and Sim [34] proved that a p-metacirculant I' is normal
except a special case when the non-abelian metacyclic p-group is a Sylow p-subgroup of
Aut(T"), and Wang and Feng [50] proved that this special case cannot occur. In this paper
we prove the following theorem.

Theorem 1.1. Let I" be a connected bipartite bi-p-metacirculant over a non-abelian meta-
cyclic p-group G. If G is a Sylow p-subgroup of Aut(T"), then G is normal in Aut(T).

It is well-known that Cayley graphs play an important role in the study of symmetry of
graphs. However, graphs with various symmetries can be constructed by bi-Cayley graphs.
The smallest trivalent semisymmetric graph is the Gray graph [6], which is a bi-Cayley
graph over a non-abelian metacyclic group of order 27, and infinite semisymmetric graphs
were constructed in [17, 18, 37]. Boben et al. [5] studied properties of cubic bi-Cayley
graphs over cyclic groups and the configurations arising from these graphs. Kovécs et
al. [31] gave a description of arc-transitive one-matching bi-Cayley graphs over abelian
groups. All cubic vertex-transitive bi-Cayley graphs over cyclic groups, abelian groups or
dihedral groups were determined in [39, 52, 54]. Recently, Conder et al. [11] investigated
bi-Cayley graphs over abelian groups, dihedral groups and metacyclic p-groups, and using
these results, a complete classification of connected trivalent edge-transitive graphs of girth
at most 6 was obtained. Furthermore, Qin et al. [41] classified connected edge-transitive
bi-p-metacirculants of valency p, and as an application of Theorem 1.1, we prove that there
are no such graphs with valency less than p.

Theorem 1.2. For any odd prime p, there are no connected arc-transitive or semisymmetric
bipartite bi-p-metacirculants of valency less than p.

In 1966, Tutte [46] initiated an investigation of half-arc-transitive graphs by showing
that a vertex- and edge-transitive graph with odd valency must be arc-transitive. A few
years later, in order to answer Tutte’s question on the existence of half-arc-transitive graphs
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of even valency, Bouwer [7] constructed a 2k-valent half-arc-transitive graph for every
k > 2. One of the standard problems in the study of half-arc-transitive graphs is to clas-
sify such graphs for certain orders. Let p be a prime. It is well known that there are no
half-arc-transitive graphs of order p or p?, and no such graphs of order 2p by Cheng and
Oxley [8]. Alspach and Xu [2] classified half-arc-transitive graphs of order 3p and Kutnar
et al. [33] classified such graphs of order 4p. Despite all of these efforts, however, further
classifications of half-arc-transitive graphs with general valencies seem to be very difficult,
and special attention has been paid to the study of half-arc-transitive graphs with small va-
lencies, which were extensively studied from different perspectives over decades by many
authors; see [3, 9, 10, 24, 25, 29, 32, 35, 38, 40, 43, 47, 48, 49] for example.

The smallest half-arc-transitive graph constructed in Bouwer [7] is a bi-Cayley graph
over the non-abelian metacyclic group of order 27 with exponent 9. Zhang and Zhou [56]
proved that a half-arc-transitive bi-Cayley graph over cyclic group has valency at least 6,
and this was extended to abelian groups by Conder et al. [11]. In fact, half-arc-regular
bi-Cayley graphs of valency 6, over cyclic groups, were classified in [56], and two infi-
nite families of bipartite tetravalent half-arc-transitive bi-p-metacirculants of order p were
constructed in [11], of which one is Cayley and the other is not Cayley. Furthermore,
Zhang and Zhou [53] classified tetravalent half-arc-transitive bi-p-metacirculants, and all
these graphs are bipartite. This was the main motivation for the research leading to Theo-
rem 1.3, namely the classification of bipartite half-arc-transitive bi-p-metacirculants of va-
lency less than 2p. It was also motivated in part by the classification of half-arc-transitive
p-metacirculants of valency less than 2p, given by Li and Sim [35].

For a positive integer n, denote by Z,, the cyclic group of order n, as well as the ring of
integers modulo n, and by Z the multiplicative group of the ring Z,, consisting of numbers
coprime to n.

Theorem 1.3. Let p be an odd prime and let " be a connected bipartite bi-p-metacirculant
of valency 2k with k < p over a non-abelian metacyclic p-group G. Then T is half-arc-
transitive if and only if

k>2, k|(p—1), G=Gup~, and rgrj;,k}e,

where 0 <y <a < B+~ me Z;a”’ 0<€<kwith (kif) (pgl)’ and Aut(Fi’,M) =
(Ga,pry X L) Zo.

The groups G 3,4 and graphs an,k,f above are defined in Equation (2.1) and Equa-
tion (4.3). By Zhang and Zhou [53], the graphs I‘i o ¢ can be Cayley or non-Cayley for
certain values /m and £, and this implies that the extensions (Ga,B,y X ZL3).Zy above can be
split or non-split.

2 Background results

Let G be a finite metacyclic p-group. Lindenberg [36] proved that the automorphism group
of GG is a p-group when G is non-split. The following proposition describes the automor-
phism group of the remaining case when G is split. It is easy to show that every non-abelian
split metacyclic p-group G for an odd prime p has the following presentation:

Gapry =(ab|a? =1, =1, b~ab=a't?"), @2.1)
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where «, 8,y are positive integers such that 0 < v < o < §+ . Li and Sim characterized
the automorphism group Aut(Gq,g,~) of the group G 3 4.

Proposition 2.1 ([35, Theorem 2.8]). For an odd prime p, we have

| AU(Ga)| = (p = Dprin(e ) smin(3) 43401

Moreover, all Hall p'-subgroups of Aut(G g ~) are conjugate and isomorphic to Zy,_1. In
particular, the map 0: a — a°, b — b induces an automorphism of G, g~ of order p — 1,
where € is an element of order p — 1 in Z..

A p-group G is said to be regular if for any z,y € G there existd; € (x,y)’,1 < i <mn,
for some positive integer n such that 2Py? = (xy)? [}, d¥. If G is metacyclic, then the
derived subgroup G’ is cyclic, and hence G is regular by [30, Kapitel III, 10.2 Satz]. For
regular p-groups, the following proposition holds by [30, Kapitel III, 10.8 Satz].

Proposition 2.2. Let G be a metacyclic p-group for an odd prime p. If |G'| = p", then for
any m > n, we have

(zy)? =a” y",
forany x,y € G.

Remark 2.3. For the non-abelian split metacyclic group G g, given in Equation (2.1),
we have |G}, 5 | = p®~7 and a — v < f3, and by Proposition 2.2, if (p,m) = 1 then
o(b™a™) = max{o(a™),p?}, and if B < avand p | n then o(b™a™) < p®~L.

For a finite group G, N < GG means that N is a subgroup of GG, and N < G means that

N is a proper subgroup of G. The following proposition lists non-abelian simple groups
having a proper subgroup of index prime-power order.

Proposition 2.4 ([28, Theorem 1]). Let T be a non-abelian simple group with H < T, and
let |T : H| = p® for a prime p. Then one of the following holds.

(1) T = PSL(n,q) and H is the stabilizer of a line or hyperplane. Furthermore,
|T: H| = (¢" —1)/(q — 1) = p® and n must be a prime.

2) T=A,and H = A,,_1 withn = p°

(3) T =PSL(2,11) and H = As,

(4) T = Mag and H = My or T = My and H = M.

(5) T =PSU(4,2) = PSp(4,3) and H is the parabolic subgroup of index 27.

For a group G and a prime p, denote by O,(G) the largest normal p-subgroup of G,
and by O,/ (@) the largest normal subgroup of G whose order is not divisible by p. The
next proposition is about transitive permutation groups of prime-power degree.

Proposition 2.5 ([34, Lemma 2.5]). Let p be a prime, and let A be a transitive permutation
group with p-power degree. Let B be a nontrivial subnormal subgroup of A. Then B has
a proper subgroup of p-power index, and O, (B) = 1. In particular, O, (A) = 1.

It is well-known that GL(d, ¢) has a cyclic group of order ¢ — 1, the so called Singer-
cycle subgroup, which also induces a cyclic subgroup of PSL(d, q).
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Proposition 2.6 ([30, Kapitel I, 7.3 Satz]). The group G = GL(d, q) contains a cyclic sub-
group of order ¢* — 1, and it induces a cyclic subgroup of order (q_lq)d(i;il‘d) of PSL(d, q).

Let G and E be two groups. We call an extension E of G by N a central extension if N
lies in the center of E and E/N = G, and if E is further perfect, that is, the derived group
E’' = E, we call E a covering group of G. Schur [42] proved that for every non-abelian
simple group G there is a unique maximal covering group M such that every covering
group of G is a factor group of M (also see [30, Chapter 5, Section 23]). This group M
is called the full covering group of G, and the center of M is the Schur multiplier of G,
denoted by M(G). For a group G, we denote by Out(G) the outer automorphism group of
G, that is, Out(G) = Aut(G)/Inn(G), where Inn(G) is the inner automorphism group
of GG induced by conjugation.

The following proposition is about outer automorphism group and Schur multiplier of
a non-abelian simple group having a proper subgroup of prime-power index.

Proposition 2.7 ([34, Lemma 2.3]). Let p be an odd prime and let T be a non-abelian
simple group that has a subgroup H of index p* > 1. Then

(1) pt[M(T)l;

(2) either pt | Out(T)|, or T = PSL(2,8) and p* = 32.

A group G is said to be a central product of its subgroups Hy,...,H, (n > 2)if
G = H;---H, and for any ¢ # j, H; and H; commute elementwise. A group G is
called quasisimple if G’ = G and G/Z (@) is a non-abelian simple group, where Z(G) is
the centralizer of G. A group G is called semisimple if G’ = G and G/Z(QG) is a direct
product of non-abelian simple groups. Clearly, a quasisimple group is semisimple.

Proposition 2.8 ([45, Theorem 6.4]). A central product of two semisimple groups is also
semisimple. Any semisimple group can be decomposed into a central product of quasisim-
ple groups, and this set of quasisimple groups is uniquely determined.

A subnormal quasisimple subgroup of a group G is called a component of G. By
[45, 6.9(iv), p. 450], any two distinct components of G commute elementwise, and by
Proposition 2.8, the product of all components of G is semisimple, denoted by E(G),
which is characteristic in G. We use F'(G) to denote the Fitting subgroup of G, that is,
F(G) = 0p,(G) x 0p,(G) x -+ x Op,(G), where p1,pa, ..., p; are the distinct prime
factors of |G|. Set F*(G) = F(G)E(G) and call F*(G) the generalized Fitting subgroup
of G. The following is one of the most significant properties of F™*(G). For a group G and
a subgroup H of G, denote by C(H) the centralizer of H in G.

Proposition 2.9 ([45, Theorem 6.11]). For any finite group G, we have
Ce(F*(G)) < F*(G).

An action of a group G on a set 2 is a homomorphism from G to the symmetric group
Sq on €. We denote by ®(G) the Frattini subgroup of G, that is, the intersection of all max-
imal subgroups of G. Note that for a prime p, O, (G) is a p-group and O, (G)/®(0,(G)) is
an elementary abelian p-group. Thus, O, (G)/®(O,(G)) can be viewed as a vector space
over the field Z,. The following lemma considers a natural action of a group G on the
vector space O,(G)/P(0,(G)).
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Proposition 2.10 ([50, Lemma 2.9]). For a finite group G and a prime p, let H = O,(G)
and V. = H/®(H). Then G has a natural action on 'V, induced by conjugation via ele-
ments of G on H. If Cq(H) < H, then H is the kernel of this action of G on V.

Let a group 7" act on two sets €2 and ¥, and these two actions are equivalent if there is
a bijection A: €2 — X such that

(e = (oM forallav € Qand t € T.

When the two actions above are transitive, there is a simple criterion on whether or not
they are equivalent.

Proposition 2.11 ([13, Lemma 1.6B]). Assume that a group T' acts transitively on the two
sets Q) and 3, and let W be a stabilizer of a point in the first action. Then the actions are
equivalent if and only if W is the stabilizer of some point in the second action.

For a group G and two subgroups H and K of G, we consider the actions of G on the
right cosets of H and K by right multiplication. The stabilizers of Hz and Ky are H” and
K'Y, respectively. By Proposition 2.11, these two right multiplication actions are equivalent
if and only if H and K are conjugate in GG.

3 Automorphisms of bipartite bi-p-metacirculants

Let I' v be the quotient graph of a graph I" with respect to N < Aut(T"), that is, the graph
having the orbits of IV as vertices with two orbits Oy, Oy adjacent in I'y if and only if
there exist some v € O and v € O3 such that {u, v} is an edge in I'. Denote by [O4] the
induced subgraph of I by O1, and by [O1, O3] the subgraph of [O; U O3] with edge set
{{u,v} € E(T) |u € O1,v € Os}.

Proof of Theorem 1.1. Let G a non-abelian metacyclic p-group of order p™ for an odd
prime p and a positive integer n, and let I' be a connected bipartite bi-p-metacirculant over
G. Set A = Aut(T"), and let G € Syl (A), where Syl,,(A) is the set of Sylow p-subgroups
of A. To finish the proof, it suffices to show that G < A.

Let Wy and T, be the two parts of the bipartite graph I". Then {W;, W7} is a complete
block system of A on V(T') with |[Wp| = |Wy| = |G| = p™. Let A* be the kernel of A on
{Woy, W1 }, that is, the subgroup of A fixing Wy and W, setwise. Then A* <A, A/A* < Zs
and Syl,(A) = Syl,(A*). It follows that G € Syl,(A*). Noting that |G| = p", we have
p™ | |A] and p"*! f |A|, that is, p" || |A|. The group G has exactly two orbits, that is,
Wy and Wi, and G is regular on both W, and W;. By Frattini argument [30, Kapitel I,
7.8 Satz], A* = GA* forany u € V(T'), implying that A% is a p’-group. Clearly, A,, = A¥,
and so A, is also a p’-group.

Let K be the kernel of A* acting on Wy. Then K < A for any v € Wy, and K < A*.
The orbits of K on W7 have the same length, and so it is a divisor of p”. It follows that if
K # 1thenp ‘ | K|, which is impossible because A is a p’-group. Thus, A* acts faithfully
on Wy (resp. W1). Since Sylow p-subgroups of A are conjugate, every p-subgroup of A is
semiregular on both Wy and W;.

Claim 1. Any minimal normal subgroup /N of A* is abelian.
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We argue by contradiction and we suppose that [V is non-abelian. Then N = T} x - - - X
Ty, with k > 1, where T; = T is a non-abelian simple group. By Proposition 2.5, p ‘ |N|
and so p | |T;| for each 1 < i < k. Since G € Syl,,(A*), we have G N N € Syl,(N), and
hence GNN = Py X --- X P, for some P; € Sylp(Ti), where P; # 1 foreach 1 <1 < k.
Since G is metacyclic and G N N < G, G N N is metacyclic and this implies k£ < 2.

Set = {T1,...,T;} and write B = N 4« (7T}). Considering the conjugation action
of A* on ), we have B < A* as k < 2, and hence A*/B < Sy, forcing B < A*. Thus,
Syl,(B) = Syl,(A*) and so B is transitive on both Wy and 7.

Let I'r, be the quotient graph of I" with respect to 7;. Since T} < B, all orbits of T}
on Wy have the same length, and the length must be a p-power as |Wy| = p™. Since each
p-subgroup is semiregular, this length is the order of a Sylow p-subgroup of 7. Similarly,
all orbits of 77 on W; have the same length and it is also the order of a Sylow p-subgroup
of Ty. Thus, V(I'py ) = {Aq, ..., As, AL, ..., ALY, the set of all orbits of Ty, with W =
Ay U---UAgand Wy = A U--- U A’ Furthermore, for any 1 < ¢,5 < s we have
|A;] = |A;| = p™ for some 1 < m < n, and hence s = p"~ ™. Since 17} < B, B has a
natural action on V(I'y ) and let K be the kernel of this action. Clearly, 77 < K. Recall
that p { |A,| for any w € V(I"). Then p t |(11),]. and by Guralnick [28, Corollary 2], T7 is
2-transitive on each A; or AL. Since p™ || |A*|, we have p™ || | B|, implying that p™ || | K].
Since (77 )., is a proper subgroup of T} of index p-power, Proposition 2.7 implies that either
Ty = PSL(2,8) with p™ = 32, or p | Out(7})|. To finish the proof of Claim 1, we will
obtain a contradiction for both cases.

Case 1. T} = PSL(2,8) with p™ = 3%
In this case, |A;| = |A%| = 9. If s = 1 then |G| = p™ = 37, contradicting that G is

non-abelian. Thus s > 2 and s = 3"~ 2. By Atlas [12], PSL(2, 8) has only one conjugate
class of subgroups of index 9, and by Proposition 2.11, 77 acts equivalently on A; and A;-.

L [l
o ozg-Q
Qipm Qjpym
A Al
Figure 1: The subgraphs [A;, A%].
Set A; = {ay1, g, .., aig} and A = {aj, oy, ..., g} for 1 < 4,5 < 3772

Recall that 77 is 2-transitive on A; and A;. Since T} acts equivalently on A; and A/, by
Proposition 2.11, we may assume that (T1),,, = (Tl)a;Z forany 1 < i,5 < 3”2 and
1 < ¢ < 32. The subgraph [A;, A'] is either a null graph, or one of the three graphs in
Figure 3 because (T1)q,;, = (T1)a;£ acts transitively on both A; \ {ave} and A\ {a, }.
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The three graphs have edge sets {{ai¢, o/, } | 1 < € < 32}, {{ov, o} | 1 < k0 < 3%}
or {{air, afj} | 1 <k, 0 < 3,k # (}, respectively.

For any g € Sy, define a permutation o, on V(I') by (a;¢)?? = ;s and (a;[)”g =
a;-@q forany 1 < 4,7 < 3" 2and 1 < ¢ < 32. Then o, fixes each A; and A;, and
permutes the elements of A; and A;- in the ‘same way’ for each 1 < i,5 < 3"~2. Since
[A;, A;] is either a null graph, or one graph in Figure 3, o4 induces an automorphism of
(A, Al forall 1 < 4,5 < 3"72. Also o, induces automorphisms of [A;] and [A] for
all 1 < 4,7 < 3" 2 because [A;] and [A/] have no edges (I is bipartite). It follows that
og € Aut(T"). Thus, L := {0, | g € So} < Aut(T') and L = S.

Clearly, L < A*. If L £ B, there exists x € L such that T} # T3, and hence
N = Ty x Ty with k = 2 and T = T3, which implies that 77 and 75 have the same
orbits because x fixes each orbit of 77, contradicting that Sylow p-subgroups of N are
semiregular. Thus L < B. Recall that K is the kernel of B acting on V(I'r,) and 3% =
p™ || |K|. Since L fixes each orbit of Ty and 3% | |L|, we have L < K and 3 | |K|, a
contradiction.

Case 2. pt|Out(Ty)].

Since B/T1Cp(T1) < Out(T1), we have p™ || |T3Cp(T1)|. Since T} is non-abelian
simple, T} N Cp(T1) = 1 and hence T1'Cp(Ty) = Th x Cp(Th). If p ‘ |Cg(T1)], then
G is conjugate to Q1 x Q2, where Q1 € Syl,(T1) and Q2 € Syl (Cp(T1)). Since G is
metacyclic, G can be generated by two elements, and since G is a p-group, any minimal
generating set of GG has cardinality 2. It follows that both ()1 and Q5 are cyclic, and so
G is abelian, a contradiction. Thus, p t |Cp(T})| and hence p™ || |T1|, forcing s = 1.
Furthermore, Wy = A;, W, = A} and T is 2-transitive on both W, and W;. Note
that (71),, is proper subgroup of T; of index p™. Since G is a Sylow p-subgroup of A of
order p™, all Sylow p-subgroups of 77 are also Sylow p-subgroups of A, and so they are
isomorphic to GG. Without loss of generality, we may assume G < Tj. By Proposition 2.4,
T, = PSL(2,11), My1, Mas, PSU(4,2), A,n, or PSL(d, ¢) with % =ptandda
prime.

Suppose T} = PSL(2, 11), M1, or My3. By Proposition 2.4, |Wy| = |W;| = 11, 11 or
23 respectively, and hence |G| = 11, 11 or 23, contradicting that G is non-abelian.

Suppose 17 = PSU(4, 2) or A,~. For the former, 77 has one conjugate class of sub-
groups of index 27 by Atlas [12], and for the latter, T} has one conjugate class of subgroups
of index p™. By Proposition 2.11, T} acts equivalently on W, and W7, and since I is con-
nected, the 2-transitivity of 77 on Wy and Wy implies that I' & Kp,n pn or Kpn pn — p" K.
Then A = S, 1Sy or Sy X Zs respectively. Since G is non-abelian, we have n > 3, and
so p"*1 | |Al, a contradiction.

Suppose 71 = PSL(d, q) with % = p" and d a prime. By Proposition 2.6, T}
q’—1
q—1)(g—1,d

(¢ —1,d) = d. Note that (¢ — 1, d) ‘ qqd:11’ If (g—1,d) =dthend =pandp | (¢ —1).
2

has a cyclic subgroup of order 0 - Since d is a prime, either (¢ — 1,d) = 1 or

N U MUES B UES LS RTNYER

Since p > 3 and p? | (¢ — 1)(q — 1), we have p

(a—1)(g,d)
p"*! | |T1|, a contradiction. If (¢ — 1,d) = 1 then T} has a cyclic subgroup of order
% = p", contradicting that G is non-abelian. This completes the proof of Claim 1.

Claim 2. C4-(0,(A%)) < 0,(A4%).
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Suppose that D is a component of A*, that is, a subnormal quasisimple subgroup of
A*. Then D = D' and D/Z(D) = T, a non-abelian simple group. By Proposition 2.5,
D has a proper subgroup C' of p-power index and Z(D) is a p-group. Since |D : C| =
|D : CZ(D)|-|CZ(D) : C|, we have that |D : CZ(D)]| is a p-power. If D = CZ(D)
then D = D’ = C’, contradicting that C' is a proper subgroup of D. Thus, CZ(D) # D.
Since |D/Z(D) : CZ(D)/Z(D)| = |D : CZ(D)|, we have that D/Z(D) has a proper
subgroup CZ(D)/Z(D) of p-power index. By Proposition 2.7(1), p { |M (D/Z(D))| and
hence p t |Z(D)|. Since Z(D) is a p-group, we have Z(D) = 1 and so D = T'. Recall
that E(A*) is the product of all components of A*. Then D < E(A*) and since D = T,
D is a direct factor of E(A*). Clearly, D* is also a direct factor of E(A*) for any a € A*.
It follows that A* contains a minimal normal subgroup which is isomorphic to 7¢ with
€ > 1, contradicting Claim 1. Thus, A* has no component and E(A*) = 1. It follows that
the generalized Fitting subgroup F'*(A*) = F(A*). By Proposition 2.5, O,/ (A*) = 1 and
hence F*(A*) = O,(A*). By Proposition 2.9, C 4+ (0, (A4*)) < O,(A*), as claimed.

Now we are ready to finish the proof. Since |A : A*| < 2 and G has no subgroups of
index 2, we only need to show G < A*.

Let H = O,(A*). By Claim 1, H # 1. Write H = H/®(H) and A* = A*/®(H).
Then O,(A*/H) = 1and H < G as G € Syl ,(A*). By Claim 2 and Proposition 2.10,
A*/H < Aut(H). Since G is metacyclic, H = Z,, or Z;, X Z,.

Assume H = Zy,. Then A*/H < Z,_1,and G = H < A*, as required.

Assume H = Z, X Z,. Then A*/H < GL(2,p). If pt |A*/H| then G = H < A*, as
required. To finish the proof, we suppose p | |A*/H| and will obtain a contradiction.

Since p | |GL(2,p)|, we have p || [A*/H]|, and since Syl,(SL(2,p))
Syl,(GL(2,p)), we have Syl,(A*/H) C Syl ,(SL(2,p)). Note that A*/H - SL(2, p)
GL(2,p). Thenp || |A*/H-SL(2, p)| and sop | [(A*/H)NSL(2,p)|. Since O,(A*/H) =
1, A*/H has at least two Sylow p-subgroups, and hence (A*/H) N SL(2, p) has at least
two Sylow p-subgroups, that is, (A*/H) N SL(2, p) has no normal Sylow p-subgroups. By
[44, Theorem 6.17], (A*/H) N SL(2,p) contains SL(2, p), that is, SL(2,p) < A*/H <
GL(2,p). In particular, the induced faithful representation of A*/H on the linear space H
is irreducible, and hence H is a minimal normal subgroup of A*.

Recall that A* < A and H = O,(A*), which is characteristic in A*. Then H < A,
and since ®(H) is characteristic in [, we have ®(H) <J A. Let I'g(g) be the quotient
digraph of I' relative to ®(H ), and let L be the kernel of A acting on V' (I'g(z)). Clearly,
Lg(m) is bipartite. Furthermore, L < A, L < A*, ®(H) < L and L = ®(H)L, for
any u € V(I') because both ®(H) and L are transitive on the orbit of ®(H) containing
u. Since ®(H) < G, ®(H) is semiregular on V(T'), and hence ®(H) N L,, = 1. Since
p1|Aul, Ly is a Hall p'-subgroup of L. Since ®(H) < L and ®(H ) € Syl (L), the Schur-
Zassenhaus Theorem implies that all Hall p’-subgroup of L are conjugate. By Frattini
argument [30, Kapitel I, 7.8 Satz], A = LN4(L,) = ®(H)L,Na(L,) = ®(H)N4(L,)
and H=HNA=HN(®(H)NA(Ly,)) = P(H)(HNN4(Ly)). Since Frattini subgroup
is generated by nongenerators (see [30, Kapitel III, 3.2 Satz]), H = ®(H)(H N Na(Ly))
if and only if H = H N N4(L,,), thatis, H < N4(L,,). It follows that A = N4(L,,),
that is, L, < A. By taking u € Wy, we have L, = L, for any v € Wy because A is
transitive on Wy, and since A* acts faithfully on Wy, we have L, = 1. It follows that
L = ®(H), that is, the kernel of A acting on V(g sr)) is ®(H). Thus A = A/®(H)
is faithful on V' (I'g(f7)), and then A~ is faithful on each of the parts of V(L)) that is,

VAl
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A* is a transitive permutation group with p-power degree (the cardinality of each part of
V(Taom)))-

Since A*/H = A*/H, we have SL(2,p) < A*/H < GL(2,p). Write R/H =
Z(A*/H). Then R < A* and 1 # R/H is a p'-group. Since H < R and H € Syl (R),
the Schur-Zassenhaus Theorem [44, Theorem 8.10] implies that there is a p’-group V < R
such that R = HV and all Hall p’-subgroup of R are conjugate. Note that V # 1. By
Frattini argument [30, Kapitel I, 7.8 Satz], A* = RN5=(V) = HN5=(V). Since H is
abelian, H N N-=(V') < A*, and by the minimality of H, we have H N No(V) = H or
1. If HN No=(V) = H then H < N=(V) and A* = HN5(V) = N=(V), that is,
V < A*. This implies that O,/ (A*) # 1, contradicting Proposition 2.5. If HNNo(V) = 1
then A* = HN4=(V) implies ASL(2,p) < A* < AGL(2,p) as SL(2,p) < A*/H <
GL(2,p). It follows that a Sylow p-subgroup of A* is not metacyclic. On the other hand,
since both normal subgroups and quotient groups of a metacyclic group are metacyclic, any
Sylow p-subgroup of A* is metacyclic because each Sylow p-subgroup of A* is metacyclic,
a contradiction. This completes the proof. O

4 Edge-transitive bipartite bi-p-metacirculants

A connected edge-transitive graph should be semisymmetric, arc-transitive or half-arc-
transitive. In this section, as an application of Theorem 1.1, we prove that there are no con-
nected arc-transitive or semisymmetric bipartite bi-p-metacirculants with valency less than
p. Furthermore, we classify the connected half-arc-transitive bipartite bi-p-metacirculants
with valency less than 2p.

Let G be a group and let R, L and S be subsets of G such that R = R~!, L = L1,
1 ¢ RULand 1 € S, where 1 is the identity of G. Let BiCay(G, R, L, S) be the
graph having vertex set the union of the right part Wy = {go | g € G} and the left part
W1 = {g1 | g € G}, and edge set the union of the right edges {{ho, g0} | gh=* € R},
the left edges {{h1, g1} | gh~* € L} and the spokes {{ho, g1} | gh~! € S}. For g € G,
define a permutation § on V(T') = Wy U W by the rule

W9 = (hg);, Vi € Zy, h,g € G.

It is easy to check that § is an automorphism of BiCay(G, R, L, S) and G = {j | g € G}
is a semiregular group of automorphisms of BiCay(G, R, L, S) with two orbits W, and
Wi. Thus, BiCay(G, R, L, S) is a bi-Cayley graph over G, and BiCay(G, R, L, S) is also
called a bi-Cayley graph over G relative to R, L and S. Furthermore, BiCay(G, R, L, S)
is connected if and only if G = (R U L U S), and BiCay(G, R, L, S) = BiCay(G, R?,
L%, S%) for any 6 € Aut(G).

On the other hand, if I is a Bi-Cayley graph over G then I" = BiCay(G, R, L, S) for
some subsets R, L and S of G satisfying R= R\, L=L"',1¢ RULand1€ S.

For 6 € Aut(G) and z,y, g € G, define two permutations on V (BiCay (G, R, L, S)) =
Wy U Wy as following:

800y ho = (zh?)1, by (yh?)o, Vh € G,
00,91 ho > (h%)0, hy = (gh’)1, Yh € G.
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Set

I := {59@77; | 0 e Aut(G) st. R = x_le7 L = y_lR:U, 5% = y_ls_lx}7
F:={05y|0€Aut(G)st. R* =R, L = g"'Lg, 5° = g~'S}.

The following proposition characterizes the normalizer of G in Aut(T).

Proposition 4.1 ([55, Theorem 1.1]). Ler I' = BiCay(G, R, L, S) be a connected bi-
Cayley graph over a group G, where R, L and S are subsets of G with R = R L=L71
1 ¢ RULand1 € S. If I = 0 then Nywyry(G) = G x F, and if I # (), then

Naw(r)(G) = G(F, 6¢,2,y) for some 6g 5, € 1.

Write N = NAut(p)(G‘). By Proposition 4.1, Ny, = F and Ny,1, = {091 | 0 €
Aut(G)st. R = R, LY = L, S = S}. In particular, F is a group. For the special case
R =L ={,itis easy to see that ' = {0y , | 0 € Aut(G),s € 5,59 =s71S}as1€S.

Lemma 4.2. Let T = BiCay(G, 0,0, S) be a connected bipartite bi-Cayley graph over G
relative to S with 1 € S. Then F = {ag 5 | 0 € Aut(Q), s € S, S = s~1S} is faithful on
S1={s1|se€S} IfGisap-group and F is a p'-group, then F = {0 | 09 s € F}.

Proof. Set L = {0 | 0y }. Since I is connected, G = (S), and since Fy, = {091 | 6 €
Aut(G) s.t. S% = S}, F is faithful on Sy. The group F has operation 0 .05, = 0gs.yus
for any 0¢ 5,05,y € I, and so the map ¢: 0g s — 0 is an epimorphism from F' to L. Let
K be the kernel of ¢. Then 0y 5 € K if and only if § = 1.

(o1,8) _

Let G be a p-group and F' a p’-group. If 01 5 € K for some 1 # s € S, then s,
{51,57,...,5°0)=1 1, } because 17" = s1 and (s} 71)71s = s} for any positive integer [.
Since G is a p-group, o(s) is a p-power and hence p | o(o; ), which is impossible because
F'is a p’-group. Thus, s = 1 and hence K = 1. Since ¢ is an epimorphism from F to L,
we have F' = L. O

By Equation (2.1), Ga g = (a,b | a* = 1, v

O<y<a<fB+n.

=1, b"'ab = a*?") with

Lemma 4.3. In G g ., the following properties hold:

(1) For any non-negative integers i, j, we have a'b? = b’ a'+e7)’

(2) Let 0 € Aut(Gop ) such that a® = b™a™ with (m,p) = 1. Then 3 < a.

Proof. From b~lab = a'*?", we have b~1a’b = a?+?") and hence b7 aibi = qi(1+7P")
Part (1) follows. Since a’ = b™a", we have o(b™a™) = o(a) = p®, and since {a) <G4 5.~
we have (b™a") < Gy g, Then (p,m) = 1 implies G, 5, = (a,b"a™) = (a)(b"a™),
and hence

@)l [ pp®
[(a) 0 {bmam)] ~ lay 0 (bmar)

pa+5 — |G04757’Y| — I S pa 'poz’

thatis, 8 < a. If 8 = «, then [(a) N (b™a")| = 1 and hence G4 5., = (a) x (b"a™),
contradicting that G g ~ is non-abelian. Thus, 3 < « and part (2) follows. O
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A graph T is called locally-transitive if the stabilizer Aut(T"),, for any v € V(T'), is
transitive on the neighborhood of w in V/(T").

Theorem 4.4. There are no connected locally-transitive bipartite bi-p-metacirculants of
valency less than p for any odd prime p.

Proof. Suppose to the contrary that I" is a connected locally-transitive bipartite bi-Cayley
graph of valency less than p over a non-abelian metacirculant p-group G. Since p is odd, the
two orbits of G are exactly the parts of ', and we may assume that ' = BiCay(G, 0,0, S),
where 1 € S, |S] < pand G = (S). Let A = Aut(I"). Since I has valency less than p, A
is a p/-group, and by Theorem 1.1, G < A. Write F = {04, | 6 € Aut(G), S = g~'S}
and L = {0 | 09 s € F'}. By Proposition 4.1, A;, = F, and by Lemma 4.2, F = L.

Assume that G is non-split. By Lindenberg [36], the automorphism group of G is a
p-group. Thus, p | |L| and hence p | | Ay, |, a contradiction.

Assume that G is split. Then G = G g,, as defined in Equation (2.1). Since F' is
a p/-group and F' = L, Proposition 2.1 implies that F is cyclic and |F| | (p—1). Let
|S1| = k and F = (0p), where § € Aut(G), s € S and S¢ = s71S. Since F is
transitive on S1, 0g, s permutes all elements in Sy cyclically, and so 0573 fixes all elements

in S;. By Proposition 4.1, F' is faithful on S7, implying that ag’s = 1. It follows that
09,s has order k and is regular on S;. Since F' = L, 0 also has order k. Furthermore,

S = 1077 = {1y, s (571, (55”8} and 1 = (s 57, that i,
S={1,ss5% .. ss% s }and
ssf .0 = 1. (4.1)

Note that for any 7 € Aut(G), we have I' = BiCay(G, 0,0, S) = BiCay(G, 0,0, S7),
where ST = {1,t,¢t% ... tt? 4@ Y and 19" .. 40" = 1 with t = s™. By
Proposition 2.1, all cyclic groups of order k in Aut(G) are conjugate, and so we may
assume that 6 is the automorphism induced by a — a®, b — b, where e € Z;u has order k.

Let s = bial € Gqop-. By Lemma 4.3, a’b’ = bia’+P")’ and since o’ = a® and
b? = b, we have 557 - - 5% = b¥ ¢ for some € € Zye. By Equation (4.1), b* = 1, that
is, ki = 0 (mod p?). Since k < p, we have i = 0 (mod p”), and hence G = (S) =

(1,a7,ala?®, ... ,a’a?® - a?®" ) < (a), a contradiction. This completes the proof.  [J

Theorem 1.2 is a direct corollary of Theorem 4.4.
To prove Theorem 1.3, we need two technical lemmas on integer numbers.

Lemma 4.5. Let p be an odd prime and « a positive integer. Let e be an element of
order k (k > 2) in L} with k | (p — 1). Then ¢ — 1 € Zya for any 1 < i < k, and
l+e+---+e 1 =0 (mod p®).

Fori € Zy, lett; = (e — 1)1 (e — 1) and T = {t; | i € Zy}, where (e — 1)~ " is the
inverse of e — lin Lya. For x,y € Zpe, let Tx+y ={tx+y |t € T} ThenTx+y =T
in Zpo ifand only if v = €' (mod p*) andy = (e — 1)~"1(e! — 1) (mod p®) for some
l € Zy. In particular, Tx = T in Zpe if and only if v = 1 (mod p®).

Proof. Suppose ¢! — 1 ¢ Zy. for some 1 <4 < k. Then p | (¢ — 1), and since e has order
k, we have €' Z 1 (mod p®) and (e')¥ =1 (mod p®). Furthermore, p | (¢! — 1) implies
that there exist | € Z3. (p{1)and 1 < s < o such that e’ = 1 + Ip®. Note that

(e —1=(1+1Ip*)F —1=klp* + C2(Ip*)* + -- - + CF 1 (Ip*)F 1 + (Ip*)*.
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Since (¢/)* = 1 (mod p®), we have p | kI, and since 2 < k < p, we have p | [, a
contradiction. Thus, p { (e’ —1), thatis, e’ —1 € Z*.. The equation 14+e+- - el =0
(mod p®) follows from (e—1)(1+e+- - -4€*~') = e*~1 =0 (mod p*) and e—1 € Z..

Note that T C Zpe and Tz +y C Zye. Since 1 + e+ -+ e*~1 =0 (mod p®), we
have

dt=(e-1)7" D ("= 1)

teT 1€y
=(e=1)7le=1)+ -+ (= 1)
=—k(e—1)"" € Za.

Assume Tz +y = T in Zye. Then Y, ,(tx +y) = > ,cpt, and hence ky =
(1—2)>,ert=—(1—2)k(e—1)"" in Zye. It follows y = (¢ — 1)~ (z — 1) because
k € Zt.. Then Tz 4 (e — 1)~ (z — 1) = T implies z[T'(e — 1) + 1] = T(e — 1) + 1.
Since T'(e — 1) + 1 = {e' | i € Zy} = (e), we have z(e) = (e) in Zj., thatis, z = ¢!
(mod p®) for some | € Zj,. Furthermore, y = (e — 1)~!(e! — 1) (mod p®).

On the other hand, let z = ¢! (mod p®) andy = (e — 1)"%(e! — 1) (mod p®) for
some [ € Zj. Then in Z«, we have

Te+y={cle—1)" e —1)+(e—1)" e 1) i€z}
=(e—1)"Hel(e! = 1)+ (e = 1) | i € Zy}
=e—1)" e —1]icZy}={(e—1)" e =1)]|icZ}=T.
Thus Tz +y = T in Zye if and only if z = ¢! (mod p®) andy = (e — 1)"1(e! — 1)

(mod p®) for some | € Zj. Applying this with y = 0, we obtain that Tz = T in Zye if
andonly if z = 1 (mod p®). O

Lemma 4.6. Let p be an odd prime and let o,y be positive integers with 0 < v < . Let
e be an element of order k (k > 2) in Zya with k | (p — 1). Then for any m € Zy ., and
any 0 < 0 < k — 1, the following equation in Zpa

f(l+p)m =[1+p)" —a(l—e) “.2)

has a solution if and only if ﬁ | (2 ;1), and in this case, there are exactly two solutions.

Proof. Since e*(1+p?)™ € Zj., Equation (4.2) has a solution if and only if e*(1+p7)™ is
asquare in Zy.. Since Zpa = Zya-1(,_1), squares in Zy. consists of the unique subgroup

of order @po‘*l in Zya, and so Equation (4.2) has a solution if and only if the order
of e/(1 + p?)™ in Zye is a divisor of (”—gl)pafl. Clearly, (1 + p”)™ has order p®~7,
and e’ has order ﬁ. Thus, Equation (4.2) has a solution if and only if ﬁ | (=1 1t

2
e!(1 4+ p?)™ = u? for some u € Zyo then (1 — )~ '[(1 + p?)™ + u] are the only two
solutions of Equation (4.2) in Zpe. O

Now we construct the half-arc-transitive graphs in Theorem 1.3. Let p be an odd prime,
and let «, 3,y be positive integers such that 0 < v < o <  + «. Let e be an element of
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order k (k > 2) in Zy. with k | (p — 1). Choose 0 < ¢ < k such that G e) | (p D Recall
that

Ga,ﬁ,»y = <a,b | apa =1, b:ﬂﬂ =1, bilab _ a1+p~/>.

Let

U={a"|te{(e—1)""(e"—1)|i€ Z}}and
V={p"a"|iec{le—1)" e = 1)A+p)" +en|icZ}},

where m € Z;.,_, and n is a solution of e (1+p)™ =[(1+p")™ —z(1 — €))% Define
I ke = BiCay(Ga g, 0,0,UUYV). 4.3)

By Lemma 4.6, there are exactly two solutions n of equation e‘(1 + p?)™ =
[(1 4+ p?)™ — z(1 — €)]? in Zyo, and so the notation ", . is also written as an koo
as used in Theorem 1.3. We first prove the sufficiency of Theorem 1.3.

Lemma 4.7. The graphs an ko are independent from the choice of element e of order k in
Zyo and half-arc-transitive, and Aut(I'E mke) = (Gapy X L) ZLo.

Proof. Write T' = T2, ,and A = Aut(T). Let T = {(e — 1)7'(e" = 1) | i € Zy}
and 7" = {(e — 1)71(e! = 1) (1 +p")™ +en | i € Z}. ThenU = {a” | n € T}
and V = {b™a" | n € T'}. Furthermore, I' = BiCay(G, 0,0, S) with G = G, 3., and
S =UUV. Clearly, 1 € U and G4 g, = (S), implying that I" is connected. Note that
T'=T[1+p")™" +n(e—1)]+n.

Since e € Zj., any element of order k in Zj. can be written as e? with (¢, k) = 1 and
hence {e’ | i € Zy} = (e) = (e?) = {(e?)" | i € Zp}. By Lemma 4.5, ¢ — 1 € Z. and
el — 1€ Zya. Let

T={(e?=1)" (e —1)|i€Z},

T ={(e?—1)" () = )X +p")™ + (eD)'n | i € Zy},
U={a"|neT}and

V={p"a"|neT}.

It is easy to see that a@ — a7 and b — b induce an automorphism of G, say p.
Then

Ur — {a(e—n(e‘I—l)*l(e—l)*l(ei—l) |i€ Zi}
= {a(eqfl)’l((eq)ifl) lieZyy={a" |neT}=T
and similarly, V* = V. Thus, BiCay(G,0,0,U U V) = BiCay(G,0,0,U U V), that is,
I" is independent from the choice of element e of order k in Zy.. To finish the proof, it

suffices to prove that I' is half-arc-transitive with Aut(I") = (G4 5,y X Zy).Zo.

Claim 1. p{|A4;,]|.
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We argue by contradiction and we suppose p | |A1,]- Let P is a Sylow p-subgroup of
A containing G and let X = N4(G). Then G’ < P, and hence G < Np(G) < X. In
particular, p | |X : G|, and so p | | X1, Let 7 be the automorphism of G induced by
a v+ a®andb— .

First we prove 0., € Xi,. By Proposition 4.1, it is enough to show S™ = a~'S.
Clearly,

U ={a*"|neT}={a"|neTe}and
a'U={a"'|neT}={a"|neT -1}

By taking ¢ = 1 in Lemma 4.5, we have Te = T — 1 and hence U™ = a~U. Similarly,

VT ={b"a" |neT'} ={b"a" |neTe}and
oW ={a"ma" |neT'} = {bma” P g | e T’}
— (e T - (4

By Equation (4.2), (14 p”)™ +n(e — 1) € Z5«, and hence T'e = T' — 1 implies
T[A+p")" +nle—1]et+ne =T[1+p")" +nle -] +n—(1+p")™.

Since T/ = T[(1 + p")™ + n(e — 1)] + n, we have T"e = T — (1 + p?)™, that is,
V7™ =a V. It follows that S™ = ¢~ 1S, as required.

SetU; = {us |ue UL Vi ={{vy |veV}iandS = {s; | s € S}. Then
U, = 1§UT’Q> and V] = (bma”)§07"L>. Since 0, € Xi,, either X, has two orbits of
length k on S, or is transitive on S;. By Lemma 4.2, X, acts faithfully on S;, and since
D ’ | X1,|, any element of order p of X, has an orbit of length p on S;, implying that

X1, is transitive on S as k < p. From |X1,| = [X1,1,] - |1f1°| = |X1,1,] - 2k, we
have p | [X1,1,]. By Proposition 4.1, X1,1, = {091 | 0 € Aut(G)s.t. S% = S}. Let
091 € X1,1, be of order p with § € Aut(G). Then  has order p and S? = S. Recall that
k> 2.

Assume k > 2. Sincea € S, wehavea? € S = S = U UV. If ¢ € V then
a? = b™a’ for some i € T'. Note that a'1¢ € S as k > 2. Since m € Z;a_w, we have
(m,p) = 1, and by Lemma 4.5, (p,1 + ¢€) = 1. Then (a'*¢)? = (b™a?)'** € V, and
considering the powers of b, we have m(1 + ¢) = m (mod p?), thatis, e = 0 (mod p?).
It follows that p | e, contradicting that e € Z*.. Thus, a’ € U, and hence, o’ = a’
for some j € T. If a® # a then a]*" = {ay,af,...,a!" '} is an orbit of length p of
0g,1 on Sq, which is impossible because there are exactly k& < p elements of type a’ in
S. Thus, ¢’ = a and 6 fixes U pointwise. Furthermore, 6 also fixes V' pointwise because
|V| = k < p. It follows that # = 1 as G = (S}, and s0 0¢,; = 1, a contradiction.

Assume k = 2. Thene = —1 (mod p®) and

Sl = {11, ay, (bma")l, (bma(l—"_pv)”yL_n)l}.

Since 17”" = 17 and p > 3, 0y ; has order 3 and we may assume that a{”" = (b™a"),
(bman)llfe,l _ (bma(1+p7)m7n)1 and (bma(1+p7)mfn)<179,1 = aj (replace 00,1 by gg’l if
necessary), that is, a’ = ™a", (b™a™)? = a1 TP = and (Ha(1HP)T )0 = g,
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By Lemma 4.3, 8 < «. It follows that

a = (bma TP )0 = [(pm )P 200
— bma(ler'Y)mfn(bman)(ler“’)”Lon’
and so 0 = m + m[(1 + p?)™ — 2n] (mod p?). Thus, p | (1 — n), which is impossible

because otherwise p® = o(a?”) = o(bma(1+P)" 1) < pe.
Summing up, we have proved p { | Ay, |, and this completes the proof of Claim 1.

By Claim 1, Ay, is a p’-group, and by Theorem 1.1, I" is normal. By Proposition 4.1,
Ay, = X1, = F = {0ps | 0 € Aut(G),s € S,5% = 5715}, and by Lemma 4.2,
F = L < Aut(G), where L = {0 | 095 € F'}. By Proposition 2.1, F'is cyclic, and since
0ra € Ay, F is transitive on S; or has two orbits. By Lemma 4.2, F' is faithful on S,
and since F is cyclic, either F is regular on Sy, or F' = (0, 4).

We suppose that F' is regular on S7 and will obtain a contradiction. Note that F' = Zoj
and |F' : (074)| = 2. Then (0, ,) < F, and the two orbits U; and V; of (o, ,) consist of
an imprimitive block system of F" on S;. By the regularity of F, there exists oy s € F such
that 17%° = (b™a™);, implying that s = b™a™ and S = s71S = (b™a") 19, and hence
U/%® = Vi because 1; € U; and (b™a"); € V;. It follows that o’ € (b™a™)~1V. Ttis
easy to see that

(bma")flS _ (bman)flU U (bman)fl‘/,
where
(bman)flU — {(bman)flan | ne T} — {bfma*"(lﬂpr)*m%»n | ne T}
={b""a" |neT —n(l+p”) ™} and
(bman)—lv _ {(bman)—lbman | ne T/}
={a " |neT}={a"|neT —n}.
Since 7" = T[(1 + p?)™ + n(e — 1)] + n, we have
(b"a™) "V =A{a" [ € T[(1+p")™ +nle - 1]}

Let @’ = a" € (b™a™)~'V for some r € T[(1 + p?)™ + n(e — 1)]. Since p® =
o(a?) = o(a"), we have r € Z.. Note that

Ul ={a" |neT}={a"|neTr} C (®ma")" V.

Then
Ul = (b™a™)"'V = {a" | n e T[(1+p")" +n(e—1)]},

andsoTr =T[(1+p")™ +n(e—1)]in Zpe. By Lemma 4.5, r = (1+p7)™ +n(e —1).
Since S? = (b™a™)"1S = (b™a™) U U (b™a™) "'V, we have V? = (b™a™)"1U.
In particular, (b™a™)? = b~™at for some t € T — n(1 + p?)~™. Forn € T", since

(bman)Q — [(bman)a'r]—n]Q — b—matav'(n—n) — b—mar'q—v"n-l—t7
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we have

{b™™a" | neT —n(l+p")~ "}
_ (ma) U = VO = () | e T)
={bma" " e T ={b"™a" |n€T'r —rn+t}.

This implies that

T—n(l4+p")™ ™
=Tr—rm+t=Tr[(1+p")" +nle—1)]+rn—rn+t
= Tr[(14p")" +ne = D]+t =T[(1+p)" +nle -1 +1

in Z,«. By Equation (4.2), /(1 + p)™ = [(1 + p?)™ + n(e — 1)]2. It follows that
T—n(l+p") "™ =Te1+p")™ +t,

and hence

T=Te1+p)™ +t+n(l+p))"™
By Lemma 4.5, there exists £/ € Zj such that e/ = e‘(1 4+ p?)™ (mod p®), that is,
e’ =t = (14 p")™ (mod p*). Since e is an element of order k, we have (1 + p7)™* =1
(mod p®) and since (mk, p) = 1, we have p” =0 (mod p®), implying that v > «, which
is impossible because 0 < v < a.

Thus, A1, = F = (0r,4) = Zg. Since Ay, has two orbits on Sy, thatis Uy and V4, T’
is not arc-transitive. To prove the half-arc-transitivity of I', we only need to show that A is
transitive on V' (I') and E(T"). Note that 1; € U; and (b™a"™); € V;. By Proposition 4.1, it
suffices to construct a A € Aut(G) such that

Sxpmar1 € I ={6x0y | A € Aut(G), S* =y 1S 'z},

that is S* = S~1b™a™, because (1g, 11)%*vmem 1 = ((b™a™)y, )
Letpy = —(1+p)™ —n(e—1)and v = —(e — 1)"1u? — (e — 1)~ p. Then
uw+1+n(e—1)=0 (mod p”) and hence

v—pn=—(e=1)""p? —(e—1)"\p—pn
=—(e—1)"tup+1+ne—1)]=0 (mod p?).

By Proposition 2.2, o(b™a”~#") = p®. Denote by m~! the inverse of m in Z,5. Then
(b™a=+nym ™" = pac for some € in Zye, and it is easy to check that a# and (b™a¥—Hm)™ "
have the same relations as do @ and b. Define A as the automorphism of G induced by
ars at, b (bma?=rm)m ' Clearly, (b™) = bma?—Hn,

Note that S = U U V. First we have

A={a"[neT}={a"|neTu}and
V=homa™ = {(0™a") e | n e T}
={a ™" |neT'}={a"|ne-T +n}.
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Recall that 7/ = T[(1 + p*)™ + n(e — 1)] + n = =T + n. Then
~T'+n=Tu—n+n="Tu,

and so U* = V= 1p™a.
On the other hand,
VA= (07 | € T') = (e e |y € T')
={b™a" |neT' u—pun+v}and
U '™a" = {(a") " '0™a" | ne T} = {bmafn(”p
={b"a" |ne-T(A+p")™ +n}.

'y)wn

" neT}

To prove VA = U~'b™a™, we only need to show 'y — pun + v = —T(1 +p?)™ + nin
Zye, which is equivalent to show that T'(1+p7)™ = Tu? — v +nbecause T = —Tp+n.
By Equation (4.2),

(L+p)™ =[(1+p)" —n(l —e)]? = 4’
and by Lemma 4.5, T = Te* + (e — 1)~!(e* — 1). It follows
T(L+p")"™ =Te (1+p")" + (e~ 1)1 (" = 1)(L+p")"
=Tp + (e~ 1)~ — (L+p")"].
Note that
—v4n=€-1)"p+e-1)"tu+n
=(e— D)7 +ptnle—D]=(e—1)7 [ = 1+p)"].
Then T'(1 + p¥)™ = Tu? — v + n, and hence V* = U~ 1b"a".
Thus, S* = U U V> = V- 1pmgn U U 1p™ma™ = S—1p™a™, and so T is half-arc-

transitive.

Let A* be the subgroup of A fixing the two parts of I setwise. Then A = A*.Z5. Since
Ai, & Zyj and T is normal, we have A* = G x Zj, and hence A = (G X Zy,).Zs. O

Now we prove the necessity of Theorem 1.3.

Lemma 4.8. For an odd prime p, let I be a connected bipartite half-arc-transitive bi-p-
metacirculant of valency 2k (k < p) over G. Thenk > 2, k | (p — 1), G = G4 3,4 and

= Fi,k,é’ where m € Zr, ., and 0 < ¢ < k with ﬁ (pgl).

Proof. Clearly, the two orbits of G are exactly the two parts of I'. Then we may assume
that ' = BiCay (G, 0,0, S), where 1 € S, |S] < 2pand G = (S). Let A = Aut(T).

Since I' is half-arc-transitive, I' has valency at least 4, that is, k& > 2, and A, has
exactly two orbits on S; = {s1 | s € S}, say Uy and V4 with 1; € Uy, where U and V
are subsets of G with 1 € U. Then S = UUV, |U| = |V| = k > 2 and |S| = 2k.
Since k < p, the Orbit-Stabilizer theorem implies that A, is a p’-group. By Theorem 1.1,
G < A, and by Proposition 4.1, Ay, = F = {09, | § € Aut(G),s € S,8° = s71S}. By
Lemma 4.2, Ay, is faithful on S7,and F = L := {0 | 09 s € F}.
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Suppose that G is non-split. By Lindenberg [36], the automorphism group of G is a
p-group. Thus, p | |L| and hence p | |A4,], a contradiction.

Thus, G is split, namely G = G, g+, as defined in Equation (2.1). By Proposition 2.1,
F is a cyclic subgroup of Z,_1, and hence F' = (o, s) for some § € Aut(G) and s €
S with S? = s71S. Then 09,5 has order k and (op ) is regular on both U; and V4.
Furthermore, Ay, = F = (0¢,s) = Zs,

U, = 1§ag,5> = {14, s1, (559)1, e (559 e sek_2)1}, and

; 2 k=2 pk—1
‘/1 :t§0975> = {tlv(Ste)la(ssete )1a'~'7(380“'56 te )1}

with (ss? -+ s ") =1y forany ¢ € V. It follows
U={1,s,s5° ..., 5. ~59k_2} and
V = {t,st’, 859t92, oo, ss? sekfztekfl}.

In particular, k | (p — 1), 6 has order k, and
ssf .0 = 1. (4.4)

By Proposition 2.1, we may assume that 6 is the automorphism induced by a — a®,
b+ b, where e € Z;. has order k.

Let s = bia/ and t = b™a" with i,m € Z,s and j,n € Zya. Since s* = bia®, we
have ss? - -- 59" = bFig¢ for some ¢ € Zyo. By Equation (4.4), b = 1, that is, ki = 0
(mod p?). Since k < p, we have i = 0 (mod p”), and hence s = a. Since

ssf .0 = gigie. .. qie T = gilem TN,
we have
U=1{1,a,a’a’°,... a7 a’®" --ajekd} = {aj(e_l)fl(ei_l) | i € Zy}.
By Lemma 4.3,
qile= D7 e =Dpm _ bmaj(efl)’l(eifl)(1+pw)”l’
and since (b’”a”)ei — b ", we have
V= {aj(efl)_l(eifl)(bman)ai | ie Zk}
- {bmaj(efl)*‘(e’él)(1+p")’"+ein i€ Z).
By the connectedness of I', G = (S) = (UUV) < (a?,a™,b™), forcing G = (a?, a™,b™).
It follows that p { m and som € Z7,.
Since I is half-arc-transitive, Proposition 4.1 implies that there exists 0y , , € I such
that (1o, 1;)%=v = ((b™a™)1, 1p) with A € Aut(G) and S = y~'S~'x. In particular,

(b™a™); = 13“”‘ =gz, and 1o = 1‘15*’”’ = 1. It follows that z = b™a", y = 1 and
SA = §—pmgn = U—1pman U V1™ g, Furthermore,

U—lbman = {a_j(e_l)il(ei_l)bman | (RS Zk}
= {pmg eV THED AT 40 | e 7,1
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and since

(Bmaie DT D) ety Sgm g =i(e=1) T (1) () n (1)

)

we have , _
Volpman = {o I em DTN (e | e 7,3,

Suppose p | j. Since G = (a’,a™,b™), we have p { n and p { m. By Proposition 2.2,
every element in both V and U~'0™a" has order max{p®, p®}. Clearly, every element in
U has order less than p®, but the element ¢—7(1+P")"+n(1=¢) ¢ Y =1pmgn hag order p®
because p { (1 — e) by Lemma 4.5. This is impossible as A € Aut(G) and (U U V)* =
S* = §=1pma™ = U~ tb™ma™ U V—16™a". Thus, p 1 j.

Now, there is an automorphism of G mapping a’ to a and b to b, and so we may assume
j = 1and s = a. It follows that

U={a"|neT}, (4.5)

where T = {(e — 1)"Y(e? = 1) | i € Z};

V={t"a"|neT}, (4.6)
where 77 = {(e — 1) (e! = 1)(1 +p")™ +e'n | i € Zy}.
As
(e— 1) (=)L +p)" +en
=[(e—1)7"(e' = DI +p")™ +nle = 1)] +n,
we have
T =T[14p")" +n(e—1)] +n. 4.7)
Since

—(e=D)7He' =D +p)" +n=[le-1)7 e = DI[-(1+p")"] +n
and
—(e=1)7 ' =) +p)" +n(l-¢)
=[le—1) e = D][-(1+p)" +n(1l -e)],

we have
U™ "ma™ = {b™a" | n € T1}, (4.8)

where 77 = T[—(1 +p")™] + n;
Vma™ = {a" | n € T)}, 4.9)

where T] = T[—(1 4+ p7)™ + n(1 — e)].
Noting that T, 7", Ty, T| C Zpa, we have U, V, U~ *b™a™, V= 1b™a™ C G.

Claim 1. ¢* € V-1pman.
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Suppose to the contrary that a* ¢ V~1b™a™. Since a* € S* = U~1b"a"UV ~1b"a",
we have a* € U~'b™a™, that is, a* = b™a* for pn € T;. By Lemma 4.3, 3 < «. Recall
k> 2.

Let k > 2. Then a'*® € U and (a!™¢)* = (b™ma*)!*t¢ € U~1b™a™. Note that p { m
and by Lemma 4.5, p 1 (1 + ¢). Considering the power of b of (b™a*)! ¢ and elements
in U='b™a", we have m(1 + ¢) = m (mod p”) and so e = 0 (mod p?), contradicting
e € ZLyo.

Letk =2.ThenT = {0,1} and e = —1 (mod p*). By Equations (4.5) and (4.6),

S = {1,a,bma”,bma(1+pw)m_”},
and by Equations (4.8) and (4.9),

S—lbman = {1,a_(1+p7)m+2n’ bman7bma’_(1+p'y)m+n}.

Note that a* € U™1b™a™ = {b™a™, b™a~ P " Hn},
Case 1. ¢ = b™a™.
As S* = S~1p™a™, it is easy to see that
((bm@n)k, (bma(l*"pw)m*n)k)
= (a7 AP = (P op (pmg = (P

— Yym
a—(+P") +2n).

For the former,
pmg— (P4 (bma(lﬂrﬂ)mfn)A — [(bman)a(lﬂﬂ)mf%]A
= a—(1+P”)m+2n(bman)(l-%p”)m—?n’
implying that m = m[(1 + p?)™ — 2n] (mod p?), and since p { m, we have p | n. This

is impossible because otherwise p* = o(a*) = o(b™a™) < p® (3 < «). For the latter, we
can verify that

a_(1+p’7)7n+2n — (bma(1+p“r)m_n))\ _ [(bma")a(l""pw)m_zn])‘
_ bmaf(ler'Y)ern(bman)(1+p'y)mf2n.
Thus, 0 = m~+m[(1+p”)™—2n] (mod p?), and hence p | (1—n), but it is also impossible
because otherwise p® = o(a) = o(b™a") = o((b™a™)*) = o(b™a~1+P)"+n) < po,
Case 2. a* = bmq~ (1P 1,
In this case, we have
(B™a™), (B aIFPT) TN
_ (a—(1+p7)7"+2n7 bman) or (bman, a—(l-&-p”)m—f—Qn).
For the former,
bar = (bl < (a0

_ a_(1+p’Y)7rL+2n(bma_(1+p’v)77L+n)(1+p7)n1,_2n7
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implying m = m[(1 + p?)™ — 2n] (mod p?), and since p { m, we have p | n. By
Proposition 2.2,

O(bma7(1+p7)m’+n) _ O(bma(lﬂﬂ)’“n)
= max{o(a!" 7" ") = o(a” DT o(0™)},
and it follows that
p* = o(a?) = o(b™aIHPTHNY = o(pma(1TPT)T 1
= o((0™al P IMA) = o(b™a) < p®,
a contradiction. For the latter,
q—(+P")"+2n (bma(lﬂn”)mfn)/\ — [(bman)a(ler”)mon}/\

= b (hmg AP ) (P =2

Thus, 0 = m + m[(1 + p?)™ — 2n] (mod p?), and hence p | (1 — n), but it is also
impossible because otherwise p® = o(a*) = o(b™a~(1+P")"+7) < p* This completes
the proof of Claim 1.

By Claim 1, a* = a* € V~1b™a™ for some p € TY. Since p* = o(a*) = o(a"), we
have u € Z;... By Equations (4.5) and (4.9),
Ur={a"™|neT}=1{a"|necTu} CV bma".

Then U* = V~-1vma"™ = {a" | n € T}}, and so Ty = T} in Zya. By Equation (4.9),
Tu=T[-(1+p")™+n(1—e)]. Since p{ p, wehave T' = T[—(1+p?)" +n(1—e)|p .
By Lemma 4.5, p = —(1+p")™ +n(l —e).

Since S* = S~1lpmar = U~ 1p™a™ U V- 1p™ma", we have V* = U~ 1b™a™. In
particular, (b™a™)* = b™a" for some v € Ty. Forn € T, since

(b™a")* = [(B™a™)a" "N = bma¥ @Mt = pmghTrn Y
we have that
{bma" |ne Ty =U"Wma" =V* = {®"aM* | ne T’}
= {b"a" T | e T'Y = {b"a" | n € T' 1 — pn + v}.
By Equations (4.7) and (4.8),
T-Q+p")"4+n=T=T'pn—pn+v
=T[1+p")" +nle—1)]p+pn—pn+v

in Zpe. Thus, T[(1 +p?")™ —n(l —e)?(1+p")™™ — (v —n)(1 + p?)~™ = T. By
Lemma 4.5, there exists £ € Zj, such that e’ = [(1 + p?)™ — n(1 — €)]?(1 + p?) ™™, that
is, n satisfies Equation (4.2).

Recall that« — v < Band m € Z;ﬁ. Letm = my + Ip®~ 7 withmy € Z;a,w. Since
(1+p") has order p*~7 in Zj., we have

(1+97)" = (497" = ()
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This implies that replacing m by my, Equation (4.2) has the same solutions, and
T'={(e=1)7" e =D +p)™ +e'n | i€ Ly} C ZLpe.

The automorphism of G induced by @ — « and b — pram maps U to U, and V =
{o"a" | np € T'} to {b™a" | n € T'}. Thus, we may assume that m € Z7. ., and

therefore, I' = I'}', . ;. O
Proof of Theorem 1.3. This is a consequence of Lemmas 4.7 and 4.8. O
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