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Abstract

Local maxima and minima of a Dyck path are called peaks and valleys, respectively.
A Dyck path is non-decreasing if the heights (y-coordinates) of its valleys increase from
left to right. A peak is symmetric if it is surrounded by two valleys (or endpoints of the
path) at the same height. In this paper we give multivariate generating functions, recurrence
relations, and closed formulas to count the number of symmetric and asymmetric peaks in
non-decreasing Dyck paths. Finally, we use Riordan arrays to study weakly symmetric
peaks, namely those for which the valley preceding the peak is at least as high as the valley
following it.

Keywords: Non-decreasing Dyck path, symmetric peak, generating function, Riordan array, Fibonacci
number.

Math. Subj. Class. (2020): 05A15, 05A19

*The authors are grateful to an anonymous referee for helpful comments.
TCorresponding author. The author was partially supported by the Citadel Foundation, Charleston, SC.
#The author was partially supported by Universidad Nacional de Colombia, Project No. 46240.
E-mail addresses: sergi.elizalde @dartmouth.edu (Sergi Elizalde), rigo.florez@citadel.edu (Rigoberto
Flérez), jlramirezr@unal.edu.co (José Luis Ramirez)

©@@® This work is licensed under https://creativecommons.org/licenses/by/4.0/



220 Ars Math. Contemp. 21 (2021) #P2.04 / 219-241

1 Introduction

A Dyck path is a lattice path in the first quadrant of the xy-plane that starts at the origin,
ends on the z-axis, and consists of (the same number of) up-steps X = (1,1) and down-
steps Y = (1,—1). A peak is a subpath of the form XY, and a valley is a subpath of the
form Y X. The height of a valley is the y-coordinate of its lowest point. A Dyck path is
called non-decreasing if the heights of its valleys form a non-decreasing sequence from left
to right (see Figure 1 for an example). Non-decreasing Dyck paths have been extensively
studied in the literature, see [2, 5, 6, 8, 13, 15, 17, 20]. All the Dyck paths considered in
this paper will be non-decreasing. Following the notation from [5, 6, 13, 14], we denote by
D the set of all non-decreasing Dyck paths, and by D,, the set of all non-decreasing Dyck
paths of length 2n, where the length is defined as the number of steps. For P € D,,, we
write | P|= n to denote its semilength.

A pyramid of semilength h > 1 is a subpath of the form X hyh- it is maximal if it can
not be extended to a pyramid X +1yh+1,

Flérez and Ramirez [16] introduced the concept of symmetric and asymmetric peaks
in Dyck paths, see also recent follow-up work by Elizalde [11] and Flérez et al. [14]. This
concept was motivated in part by Asakly’s [1] study of symmetric and asymmetric peaks
in k-ary words. The concept of symmetric peaks is different from the notion of degree of
symmetry, which has been considered by Elizalde [9, 10] as a measure of how symmetric a
Dyck path is.

In this paper we study symmetric peaks and asymmetric peaks in non-decreasing Dyck
paths. A peak is symmetric if the maximal pyramid containing the peak is not preceded
by an X and is not followed by a Y. A peak is weakly symmetric if the maximal pyramid
containing the peak is not preceded by an X. A peak is asymmetric if the maximal pyramid
containing the peak is either preceded by an X or followed by a Y. Geometrically, a peak is
symmetric if the maximal pyramid containing the peak is either at ground level or bounded
by two valleys at the same height, and it is asymmetric otherwise. For example, in the non-
decreasing Dyck path in Figure 1, the first, third, fourth, and sixth peaks are symmetric.
The weakly symmetric peaks are the symmetric ones along with the seventh peak. Finally,
the second, fifth, and the seventh peaks are asymmetric.

We are also interested in the size of the maximal pyramid containing a peak. We define
the weight of a pyramid X" Y" to be equal to h. In [5, 7], the authors refer to this parameter
as the height, but we will use the term weight to suggest that it is not affected by the
location of the pyramid. We define the weight of a peak to be the weight of the maximal
pyramid that contains it. The symmetric weight of a path is the sum of the weights of its
symmetric peaks. Similarly, the asymmetric weight of a path is the sum of the weights of its
asymmetric peaks. For example, the weights of the symmetric peaks in the path depicted
in Figure 1 are 4, 3, 3, 2 from left to right, and so the symmetric weight of the path is 12.
The weights of asymmetric peaks are 1, 3, and 1, and the asymmetric weight of the path
is 5.

Figure 1: A non-decreasing Dyck path of length 38.
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The generating functions that we present throughout the paper, are given using the
symbolic method (cf. [12]). In Section 2, we give generating functions, recurrence rela-
tions, and closed formulas enumerating symmetric peaks and asymmetric peaks in non-
decreasing Dyck paths. In Section 3, we focus on the enumeration of peaks with respect
to their weight, and we give a connection to directed column-convex polyominoes. In Sec-
tion 4, we study weakly symmetric peaks, and we synthesize the results using Riordan
arrays. A summary of notation used throughout the paper appears in Tables 1 and 2 in the
appendix.

2 Counting symmetric peaks

In this section we study the distribution of the number of symmetric peaks in D,,. We give
recurrences, generating functions and closed formulas (in terms of Fibonacci numbers) that
enumerate these statistics in non-decreasing Dyck paths. Throughout the paper we will use
F,, and L,, to denote the nth Fibonacci number and the nth Lucas number, respectively.

The set D,, can be partitioned into two disjoint sets .4,, and B,,, where A,, consists of
the paths that have at least one valley of ground level (height 0), and 53,, = D,, \ A,,. Note
that

n—1

Dp=A,U B, and A, = |]Cni 2.1

where C,, ; consists of those paths whose first valley touches the x-axis at (24,0), and U
denotes disjoint union. There is a natural bijection

Cn,i — Dn—i
obtained by removing the first pyramid A; = XY of each P € C,, ;. Similarly, there is a
bijection from B,, to D,,_1 obtained by removing the first up-step and last down-step from
each path.

From (2.1), a path @ € D is either empty or has one of these two forms: @) = X PY
or Q = X*Y*P, where k > 1 and P € D is non-empty. This decomposition gives rise to
the following equation for the generating function D(z) = > pcp2!Fl =3 (D, [2™:

D(z) =1+2D(z)+ (D(z) —1). (2.3)

1—=x

Solving this equation and removing the empty path, we obtain the generating function for
non-decreasing Dyck paths with respect to their semilength:

z(1l — )
D(=) = 1 —3:17+502 ZFM 1

n=1

Therefore,
|Dnl= Fan-1. (2.4)

Other derivations of this generating function appear in [2, 13].
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2.1 A generating function for the number of symmetric and asymmetric peaks

In this section we give a multivariate generating function enumerating symmetric peaks and
the number of asymmetric peaks in non-decreasing Dyck paths. We start by introducing
some terminology. We define the insertion vertices of a path to be the lowest point of each
valley Y X, the initial point of the path, and, if the path contains no valleys at positive
height, the final point of the path. For a path P € D, we use 7(P), o(P), a(P), v(P),
and ¢(P) to denote the number of peaks, the number of symmetric peaks, the number
of asymmetric peaks, the number of valleys, and the number of insertion points of P,
respectively. We are interested in the generating function

Ugtrx Zta'P) o (P) \P|
PeD

The coefficient of t'r7z™ in D, (t,r, z) is the number of paths of length 2n with i sym-
metric peaks and j asymmetric peaks.

Theorem 2.1. The generating function for non-decreasing Dyck paths with respect to the
number of symmetric peaks and the number of asymmetric peaks is

1-@B+tz+@B+2t—r)a®> -1 +t—r—r?)ad
1-1+tz)1—-(t+2)z+ 1+t —r)z?)

Proof. In order to obtain an expression for D, #(t,r, x), we show that non-decreasing
Dyck paths where some of their symmetric peaks have been marked can be constructed
by inserting marked symmetric peaks in certain positions of smaller non-decreasing Dyck
paths.

First, we refine Equation (2.3) by introducing a variable v that keeps track of the number
of valleys in the path. Letting D, (v,2) = Y pcp v”(P) Pl the same decomposition gives

D, 5(t,r,x) =

Dy(v,z) =1+ Dy (v, ) + %(Dy(u,z) —1),
X

from where
1-1+4+v)z
1—2+v)z+a?

Next we introduce another refinement. Let D» C D denote the set of paths that con-
sist of a non-empty sequence of pyramids, that is, paths of the form X*1 Y*1 ... X*iyk;
where k; > 1for 1 < i < j, for some j > 1. Let D, ,(p,q,2) = > pep p" Pg P zlFl
be the generating function with respect to the number of peaks and the number of insertion
vertices. Recall that insertion vertices of P are the bottoms of the valleys, the initial point
of P, and, in the case that P € DA, the final point of P. Thus, «(P) = v(P) + 2 if
P € D?, and «(P) = v(P) + 1 otherwise. On the other hand, 7(P) = v(P) + 1 unless P
is empty, in which case 7(P) = 0. Using that

DA (v,a)= 3 v PlglPl = z/(l-2) =

ot l—vzr/(l—2z) 1—x—vx’

D,(v,z) =

it follows that

D..(p,q,z) = q+ pa(D,(pq,z) — D (pg, z) — 1) + pg> D2 (pq, x)

_ . pdPe(1— (24 pg)a + (1 + p)a?)
- (1—2+pgx)(1 —(2+pg)z +x2) (2.5)
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By construction, the insertion vertices of P are those vertices where the insertion of a
pyramid X*Y* creates a symmetric peak and results in another non-decreasing Dyck path.

Our next step is to enumerate non-decreasing Dyck paths where some of its symmetric
peaks have been marked. Formally, we are enumerating pairs (P, M) where P € D and
M is a subset of the symmetric peaks of P. Let D* be the set of such pairs (P, M),
which we refer to as non-decreasing Dyck paths with marked symmetric peaks, and let
D3(p,u, ) = 32 p aryen- p™(P)y/MI2IP1 The key observation is that elements of D* can
be uniquely obtained from paths in D by inserting a possibly empty sequence of marked
pyramids (that is, pyramids whose symmetric peak is marked) at each insertion vertex.
Since replacing each insertion vertex with a sequence of marked pyramids corresponds to

the substitution 1

1—upz/(1—2x)’

1
D* =D, (p— 2.
'r(pv'uwz) ) <p 1_ upa:/(l — 1‘) f)

In order to have a variable ¢ that keeps track of the total number of symmetric peaks,
as opposed to marked symmetric peaks, we make the substitution v = ¢t — 1. Note that, if
3(P) is the set of symmetric peaks of a path P € D, then

q:

we get

S t-)M = ((t-1)+ 1) =47, (2.6)
MC3(P)

It follows that

Dro(p,tia) =Y prPeePalPl=% " %" pr P (e-1) el = Dx(p,t-1,2).

PeD PED MCS(P)
Finally, since o(P) = 7(P) — o(P), we have

D,5(t,r,x) = Dy o(r,t/r,2) = D, (7’, - r%x/(l — x),x> ,

and the formula in the statement follows now from Equation (2.5). O

Corollary 2.2. The generating functions for the total number of symmetric peaks and the
total number of asymmetric peaks in non-decreasing Dyck paths are, respectively,

0 (1 — 5z + 72% — 23 — %)
S(x) := anlP‘——DgUt,l,x = , 27
() PZ:D (P) ot ( ) 1 (1—2z)(1 — 3z + 22)?
0 23(2 — 6z + 322)
7(P)z'¥ = =D,5(1,rx = .
1% (P) or 7 ( ) e (1 =22)(1 =32 + 22)?

2.2 Recurrence relations and Fibonacci numbers

Lets, = > pcp, o(P), thatis, the total number of symmetric peaks in all non-decreasing
Dyck paths of semilength n. Note that S(x) = > ., s,2” is the generating function
in Equation (2.7). Next we give a recurrence for s,, that involves the Fibonacci numbers.
Define the level of a pyramid to be the height of the base of the pyramid.
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Theorem 2.3. The sequence s, satisfies the recurrence relation
Sp = 3831 — Sp—2 + F2(n72) —2n3 forn >3,
with initial values s1 = 1 and so = 3.

Proof. Recall the decomposition given in (2.1). It is clear from the definition of non-
decreasing Dyck paths that the first pyramid in every path in C,, ; has a symmetric peak.
Applying the bijection C,,; — D,,_; from Equation (2.2) to all paths in C,, ; removes a
total of |D,,—;|= F5(n—_iy—1 pyramids (using Equation (2.4)), each having a symmetric
peak. This implies that the number of symmetric peaks in Cy, ; equals Fy(,_;)_1 plus the
number of symmetric peaks in D,,_;. So, the total number of symmetric peaks in A, is

given by
n—1 n—1 n—1
Z Sp—i T Z Fotn—iy-1 = Z si+ Fon_1). (2.8)
i=1 i=1 i=1

We now count the total number of symmetric peaks in 5,,, using the fact that 5,, maps
bijectively into D,,_; by deleting the first X and the last Y. Note, however, that the first
and the last peak of paths in 3,, are not symmetric (unless the path is a pyramid), but they
may become symmetric after the first X and the last Y are deleted. This happens when
the associated path in D,,_; starts or ends with a pyramid at ground level, without the path
being itself the pyramid A,,_; = X" 1Y"~!, resulting in more symmetric peaks in D,,_;
than in B,,. Therefore, to count the number of symmetric peaks in 5,,, we take the number
of symmetric peaks in D,,_1, which is s,,_1, and subtract the total number of first and last
pyramids at ground level of paths in D,,_1 \ {A,_1}.

First of all, we want to know the total number of pyramids at ground level that occur at
the end of the paths in D,,_1 \ {A,_1}. Note that if the last pyramid of a non-decreasing
Dyck path is at ground level, then the path consists of a sequence of pyramids at ground
level. From [13, Corollary 6.3], we deduce that the number of paths in D,,_; ending with
apyramid A; = XY at ground level, for 1 <i < n—2,is 9(n=1-i)=1 Thig implies that
the total number of last pyramids at ground level in D,, 1 \{A,,_; } is 1’ 2f = 272 -1,
From a similar analysis as in the first paragraph of this proof, we have that the total number
of first pyramids at ground level in D,,_1 \ {A,_1} is ZZ:IQ Fyi 1 = Fy(,—2). So, the
total number of symmetric peaks in B,, is given by s,,—1 — Fo(,,_2) — 27=2 + 1. Adding
this to (2.8), we get

n—1
Sp = (Z si + FQ(nl)) + (Sn-1 = Fon—2) — 2" 2 + 1),
i1

with s; = 1, and s; = 3. We can simplify the recurrence by computing s,+1 — s, =
28 — Sn—1 + Fo(n_1) — 2"~ 2. Therefore,

Snt1 = 3Sn—1 — Sn—2 + Fon_2) — 23, O
The first few values of the sequence s,, for n > 1 are
1, 3, 8, 22, 62, 177, 508, 1459, 4182, 11946,

For example, Figure 2 shows the non-decreasing Dyck paths of length 6, where the total
number of symmetric peaks is s3 = 8.
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Figure 2: Non-decreasing Dyck paths of length 6.

Next we give another expression for s,, in terms of the Fibonacci and the Lucas num-
bers.

Theorem 2.4. The sequence s, satisfies

2F5, 2+ (n—1)Lap_2

on—1,
. +

$n=Fon+ Y (Fara = 2% Fy(np) =
£=3

Proof. We first consider the generating function of the bisection of the Fibonacci sequence

F(z) = Z Fopa™ =

n>0

x
1—3z+ 22

By Equation (2.7), the generating function S(x) can be decomposed as

1—5z+ 72% — 2% — 24 z? a?
—F =F(z) (1 -
@) (=) (1 —2)(1 — 3z + 22) @) ( - 1= 3z +a? 1_%)

= F(z) (1 +aF (@) - 5 ix) .

Using the Cauchy product of series we obtain the desired result. The second equality
follows from the recurrence relation given in Theorem 2.3. O

In [6, Theorem 2], the authors prove that the total number of peaks in D,, is

o (27’L - 1>F2n - (Tl - 5)F2n71

The next corollary is a direct consequence of Theorem 2.4 and Equation (2.9).

2.9)

Corollary 2.5. Let 5, be the total number of asymmetric peaks in D,,. Then, for n > 2,

S 2Fo41+ (n —2)Lop—3
" 5

The first few values of the sequence s,, for n > 1 are

o 2n71.

0, 0, 2, 10, 37, 122, 379, 1136, 3326, 9580,

From the identities in Theorem 2.4 and Corollary 2.5, we obtain some asymptotic re-
sults about the proportion of peaks in non-decreasing Dyck paths that are symmetric.

Theorem 2.6. Among all peaks of non-decreasing Dyck paths, the proportion of those that
are symmetric is asymptotically
-1 5
tim 2 = LV ) G1s0sa.

n—oo t, 2
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Proof. From the well-known limits

F, 1 5 ) L,
lim +1:¢: +5 and  lim 2n — B,
n—oo Fj, 2 n—oo [,
we have
— n—1
liIn sl = liIn (2F2n72 + (n 1)L2n*2)/5 + 2

n—oo t,, n—00 ((2n — 1)F2n — (n — 5)F2n_1)/5

lim 24 (n—1)Lop—o/Fop_o+5- 2"_1/F2n_2

n—oo (2n — 1) Fay, /Fop—o — (n— 5)Fap_1/Fop_o
V5 —1+5

202 — ¢ 2

Corollary 2.7. Among all peaks of non-decreasing Dyck paths, the proportion of those that
are asymmetric is asymptotically

5, 3—5

O

~ 0.381966.

We say that a symmetric peak is low if the y-coordinate of its top vertex is one, and that
it is high if this coordinate is greater than 1. Note that every low peak is symmetric. By [6,
Corollary 6], the total number of high peaks in D,, is ((2n — 1) F3,, —nFs,—1)/5. Together
with Corollary 2.5, this implies the following.

Corollary 2.8. The total number of high symmetric peaks in D,, is

1

5 (F2n73 —|— (7’7, — 4)[42”,2) —|— 2"_1.

3 Symmetric weight and symmetric height

Recall that the weight of a pyramid XY is equal to h and that the weight of a peak is
the weight of the maximal pyramid that contains it. In this section we give a multivariate
generating function for non-decreasing Dyck paths with respect to the weight of their sym-
metric peaks, as well a recurrence relation for the total symmetric weight over D,,. We also
give a recurrence relation for the total sum of the heights of symmetric peaks over D,,. At
the end of the section we describe a connection with polyominoes.

3.1 A generating function for symmetric weight

We introduce an infinite family of variables t = (¢1,to,...) in order to keep track of
symmetric peaks of a given weight. For P € D and i > 1, let w;(P) be the number of
symmetric peaks of weight i in P. Let w(P) = (wy(P),w2(P),...), and let t*F) =
[Li>1 £2") We are interested in the generating function

Dultyz) = 3 6017,
PeD
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Theorem 3.1. Let P(t,z) = -, t;x". The generating function for non-decreasing Dyck
paths with respect to the weights of their symmetric peaks is

1 -3z 42224+ 2% — (1 —2)3P(t,2)
(= 2)(1 - P(t,a)(1 — 22— (1 - 2Pt )

D, (t,x) =

Proof. We modify the proof of Theorem 2.1 in order to keep track of the weight of the in-
serted marked symmetric peaks. Replacing insertion vertices in non-decreasing Dyck paths
with sequences of marked pyramids, with variable u; keeping track of marked pyramids of
the form XY for eachi > 1, corresponds to the substitution

1
= 1—Zuimi

i>1

in D;,(1,q,x). A variant of Equation (2.6), where we replace ¥(P) with the set of sym-
metric peaks of weight ¢, shows that the substitutions u; = t; — 1 yield the generating
function where ¢; keeps track of the total number of symmetric peaks of weight 7 in non-
decreasing Dyck paths. It follows that

1 1
D (t’x):DT,L 1a =, L :DT,L 1,7,1‘ )
© 1-— Z(tl — 1).131 < ﬁ - P(tax) )

i>1
and the formula is now obtained from Equation (2.5). O

The symmetric weight of a path P € D is defined as the sum of the weights of its
symmetric peaks, and it is denoted by w(P) = ) .., w;(P). From Theorem 3.1, one can
easily obtain a generating function for this statistic. Let

Do (t,w,z) =Y 17 (PlglP]
PeD

be the generating function for non-decreasing Dyck paths with respect to the number of
symmetric peaks and the symmetric weight of the path.

Corollary 3.2. The generating function D, ,(t, w,x) is equal to

(1 —wz) (1 - B4 w+tw)z + (2 + 3w + 3tw)z? + (1 — 2w — 3tw)z® — (1 — t)wa?)

1-2)1—(t+Dwz)(l—-2+w+tw)r+2(t+ Hwe? — twa?)

Proof. By definition, D, ,, (¢, w, x) is obtained from D, (t, z) by making the substitution
t; = tw' for all i > 1. When applied to P(t, z), this substitution yields ), , tw'z’ =
twz /(1 — wx), and so the formula follows immediately from Theorem 3.1. O

Corollary 3.3. The generating function for the total symmetric weight in non-decreasing
Dyck paths is

(1 -5z + 72?2 — 2° — 2%)
(1—2)(1 —22)(1 — 3z + 22)2’

W(x) := Z w(P)z! Pl = a%DU,w(l,w,x) =
pPeD w=1
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Comparing this formula with Equation (2.7), we see that

Taking the coefficients of ™ on both sides, and letting w,, = Y pep, w(P) denote the
total symmetric weight of D,,, we get

Wy = Zsk’ (3.])
k=1

that is, the total symmetric weight of paths in D,, equals the total number of symmetric
peaks of paths in UZ:I Dy,. Next we give a bijective proof of this equality.

The right-hand side of (3.1) can be interpreted as counting paths in | J;_, Dy with a
distinguished symmetric peak. Indeed, for each k, the number of ways to choose path in
Dy, and select a symmetric peak of such path equals the total number of symmetric peaks
of paths in Dy, namely s;. Similarly, the left-hand side of (3.1) can be interpreted as
counting pairs (}5, 1), where Pisa path in D,, with a distinguished symmetric peak, and
1 is an integer between 1 and the weight of the distinguished peak of P. This is because,
for a given path P € D,,, the number of ways to choose a symmetric peak of P and then
an integer ¢ between 1 and the weight of that peak equals the sum of the weights of the
symmetric peaks of P, which is w(P).

Let us describe a bijection between the sets counted by both sides of (3.1). Given
a path in Dy, (for some k < n) with a distinguished symmetric peak, insert a pyramid
X7"=Fy "=k at the top of the distinguished peak to obtain a pair (]5, i), where Pisa path in
D,, with a distinguished symmetric peak (the same distinguished peak where the pyramid
was inserted), and ¢ = n—k. Conversely, given such a pair (15 ,1), delete the pyramid XY
around the distinguished peak, to obtain a path in D,,_; with a distinguished symmetric
peak (the same distinguished peak from where the pyramid was removed).

3.2 Recurrence relations and Fibonacci numbers

Recall that w,, denotes the sum of the symmetric weights of all paths in D,,. Similarly, let
w,, denote the sum of the asymmetric weights of all paths in D,,. For example, the paths
in Figure 2 give wg = 3+ 0+ 3+ 3 + 3 = 12 and w3 = 2. The next theorem follows
immediately by applying Equation (3.1) to Theorem 2.3.

Theorem 3.4. The sequence w,, satisfies the recurrence relation
Wy = 3Wp—1 — Wno+ Fan_3—2""24+1 forn >3,
with initial values w1 = 1 and wy = 4.

The first few values of the sequence w,, for n > 1 are

1, 4, 12, 34, 96, 273, 781, 2240, 6422, 18368,

) 3

From the expression for W (x) in Corollary 3.3, we obtain the following corollary.
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Corollary 3.5. We have

wy, = Fo, + Z (F2871 - 2£_1 + 1)F2(n7€)
=1

and 1
Wy = 5 (nLgn_l — an) + 2" — 1.

In [5, Theorem 8] the authors prove that the sum of the weights of all peaks in D, is

2nFop 41 + (2 - n)an
5 .

As a direct application of Corollary 3.5, we obtain the following formula for the sum of the
asymmetric weights of all paths in D,,.

Corollary 3.6. We have

1

5 (3F2n + ’I?,Lgn_g) — 2"+ 1.

Wy =

3.3 Symmetric height

The height of a peak is the y-coordinate of the vertex at the top of the peak. Denote by h,,
the total sum of the heights of all symmetric peaks of paths in D,,. For example, from the
paths in Figure 2, we see that hy = 12.

Theorem 3.7. The sequence h,, satisfies the recurrence relation

Lon_5 + TFap_ _
By = 3ho 1 — hyg + 222 5; 5 _on=2 41 forn > 3,

with initial values h1 = 1 and ho = 4.

Proof. We will find the total sum of the heights of all symmetric peaks of paths in D,, =
A, U B, by adding the total sum of the heights of all symmetric peaks in 4, and the
total sum of the heights of all symmetric peaks in B,,. Recall that 4, = U?;llcn’i, and
that the first peak of every path in C,, ; is symmetric. From (2.2) we know that every path
P € C,, is a concatenation of the pyramid A; = X'Y" with a path Q € D,,_;. So, the
total sum of the heights of all symmetric peaks in P is given by the hight of A; (which is
equal to ) plus the total sum of the heights of all symmetric peaks in (). Summing over
all paths P € C, ;, we deduce that the total sum of the heights of all symmetric peaks of
Cn,i 18 i|Dp_i|+hn—i = iFym_s—1 + hn_; (using that [D,,_|= Fy_s—1, see (2.4)).
Therefore, the total sum of the heights of all symmetric peaks in A,, is given by

n—1 n—1 n—1
D hueit ) iFsoiyo1 =Y hit Fanor — 1. (3.2)
i=1 i=1 i=1

We now count the sum of the heights of all symmetric peaks in B,,, using the fact that
B, is in bijection with D,,_;, for which the sum of the heights of all symmetric peaks
is h,—1. The bijection is given by removing the first and the last step of the path. Let
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us carefully analyze how the sum of the heights of the symmetric peaks is changed by
this bijection. On the one hand, removing the first and last step of the path decreases the
heights of the peaks by one. On the other hand, for paths in D,,_; that begin or end with
a pyramid at ground level, those pyramids contain a symmetric peak that does not give a
symmetric peak in the corresponding path in 5,,. To account for these cases, we subtract,
from the total sum of heights of symmetric peaks in D,,_1, the heights of the first and last
peaks belonging to pyramids at ground level, and then we add one for each symmetric peak
whose height has increased.

We recall that the paths in D,,_1 \ {A,,—1}, whose first pyramid is at ground level have
the form A;P,,_1_;, where P,,_1_; € D,,_1_; and 1 <4 < n — 2. For fixed 4, the height
of all first pyramids in all such paths is given by i |D,,_1_|= @ Fy(,—1_;)—1. So, the total
height of all first pyramids at ground level of paths in D,,_1 \ {A,,—1} is given by

n—2

Z(n —1- i)FQi_l = an_g —1. (33)

=1

‘We count the total height of pyramids at ground level that occur at the end of the paths in
D1\ {A,_1}. If the last pyramid of a non-decreasing Dyck path is at ground level, then
the whole path consists of a sequence of pyramids at ground level. From [13, Corollary 6.3],
we deduce that the number of paths in D,,_; ending with a pyramid A; at ground level, for
1 <i<mn-—2is2"1=9-1 8o, the total height of all last pyramids at ground level of
paths in D,,_1 \ {A,,_1} is given by

n—2

212”*1’2 =9m 1 _p. (3.4)

=1

Now, —to account for the increase by one of peak heights caused by the addition of the
initial X and the final Y to paths in D,,_;— we add the total number of symmetric peaks
in D,,_1, which equals s, _1 (see Theorem 2.4). But this results in some over-counting due
to the first and last pyramids at ground level of the paths in D,,_1, so we have to subtract
Fy,,_4 and 272 — 1. All in all, the term that needs to be added to account for the increase
in peak heights is

<2F2n—4 +(n—2)Lap_4
5

+ 2"2> —Fopg — 2" 2 4 1. (3.5)

Adding (3.2), h,—1, and (3.5), and subtracting (3.3) and (3.4), we get the recurrence
relation

n—1
hp = Z hi +Fop_1 — 1+ hyp 1+
=1
2F5, —2)Loy,—
( 2n 4+(T5L ) 2n—4 +2n_2_FQn—4_2n_2+1)_(F2n—3_1+2n_1_n)'

Simplifying, we have that

n—1

B =D i+ By +

i=1

Fop_1+nLop_4+ Loyp_5
5

-l 4,
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where h; = 1, and ho = 4. Now it is easy to see that

Fop +nLop_3+ 5F,_3

—onl 41,
: +

thrl —hyp =2hy — hp_1 +

Therefore,
Loy — TFy,— _
hoy = 3hyy g — hyy + 22 5; =5 _gn-2 | 0

The first few values of the sequence h,, for n > 1 are

1, 4, 12, 35, 104, 315, 964, 2957, 9044, 27502,

)

3.4 Connections with dccp-polyominoes

Non-decreasing Dyck paths are in bijection with a family of polyominoes called directed
column-convex polyominoes (dccp). A polyomino is directed if each of its cells can be
reached from its bottom left-hand corner by a path which is contained in the polyomino
and uses only north and east steps. A dccp polyomino is a directed polyomino such that
every column consists of contiguous cells [3]. Deutsch and Prodinger [8] give a bijection
between the set of non-decreasing Dyck paths of length 2n and the set of dccp of area n,
where the area of a polyomino is defined as its number of cells. Figure 3 shows a dccp of
area 19. The numbers in the first (second) row represent the final (initial) altitude of each
column.

Figure 3: A direct column-convex polyomino (dccp).

The bijection from [8] can be described as follows. Given a dccp whose columns have
initial altitudes A = (0, aq, ..., a)) and final altitudes B = (b1, ba, ..., bg), from left to
right, its corresponding non-decreasing Dyck path has valleys at heights (as, .. ., a), and
peaks at heights (by,bs, ..., bx), from left to right. For example, the dcep in Figure 3 is
mapped to the path in Figure 1.

We say that two consecutive columns in a dccp polyomino are at the same level if
their initial altitudes are the same. For example, the polyomino in Figure 3 has 4 pairs of
consecutive columns at the same level; columns 1 and 2, columns 3 and 4, columns 4 and 5,
and columns 6 and 7. Thus, the sequence s,, that we introduced in Section 2.2 also counts
the total number of pairs of consecutive columns at the same level in all dccp polyominoes
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of area n. Moreover, if we define the weight of a pair of consecutive columns at the same
level as the number of cells in the first of these two columns, then the total weight over all
dccp polyominoes of area n is given by wy,.

4 Weakly symmetric peaks

In this section we consider a variation of symmetric peaks. We recall from Section 1 that
a peak is weakly symmetric if the maximal pyramid containing the peak is not preceded
by an X. Figure 4 shows different possibilities for the steps preceding and following the
maximal pyramid of a weakly symmetric peak. Note that the last configuration in Figure 4
can only occur in the last peak of a path.

In Section 2, we gave generating functions to count symmetric and asymmetric peaks
in non-decreasing Dyck paths, in this section we also give generating functions to count the
number of weakly symmetric peaks. Surprisingly, the generating functions in this section
have a simpler construction.

We will find formulas, involving Fibonacci numbers, for the total number of weakly
symmetric peaks, as well as the sum of their weights, using generating functions and recur-
rence relations. The results in this section are synthesized using Riordan arrays.

YANRVAVIVAN

N

Figure 4: Weakly symmetric peaks.

4.1 A generating function for the number of weakly symmetric peaks

Let s,, be the total number of weakly symmetric peaks in D,,. For example, we see from
the paths in Figure 2 that s3 = 9. The first few values of s,, for n > 1 are

1, 3, 9, 27, 80, 234, 677, 1941, 5523, 15615, ...,

which correspond to sequence A059502 in [23].

Given a non-decreasing Dyck path P, we denote by &(P) the number of weakly sym-
metric peaks of P, and recall that |P| denotes the semilength of P. We introduce the
generating function

Ds(w,y) = Y alPly?®.
PeD
Theorem 4.1. The generating function D5 (x,y) is given by

(1—=z)zy
D& ) = :
@) = T e + a2

Proof. Recall the decomposition in (2.1). Non-empty paths in B,, can be written as XY or
XT'Y, where T” is a non-decreasing Dyck paths. Paths in A,, are of the form XAYT",
where A is a pyramid and 7" is a non-decreasing Dyck paths. Figure 5 illustrates the three
cases.
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N\ /

Figure 5: Decomposition of a non-decreasing Dyck path.

Using the symbolic method, we obtain the relation

zy
Y Ds(z,y).
. (z,y)

Ty T
Ds(z,y) = zy + 2(Ds(z,y) —ED&(%Q) + ED&(%?J)) 1z

(a)

The term (@) corresponds to the case where 7" starts with a pyramid, which was symmetric
in T” but is no longer weakly symmetric in the big path. This completes the proof. O

Corollary 4.2. The total number of weakly symmetric peaks in D,, satisfies these

(1) The generating function for s,, is given by

. " 1—2)(1—-2x)x
$ s - Aol 2e)e
n=1

1— 3z +22)?

(ii) The sequence s,, satisfies the recurrence relation
Sp =68,-1 —115,_0 + 65,3 — 5,4 formn > 5,
with initial values §1 = 1, 5o = 3, 53 = 9and 54 = 27.
(iii) The sequence s,, satisfies the recurrence relation
Sp =35n_1— Sp_o+ FQ(n_Q) forn > 3,
with initial values $1 = 1 and s5 = 3.

(iv) Forn > 1, we have the convolution

n—1

Sp = Z F2€71F2(n7€)71-
£=0

(V) The sequence 3., satisfies that §, = (3Fa, + nLay_2) /5.

Proof. By Theorem 4.1,

(1—z)(1—-2x)x
(1 -3z +a22)2 "

i ~ n aD& ((E, y)
Spt = ———
n=0 ay

y=1

This proves part (i). The recurrence in part (ii) is obtained from this rational generating
function. The proof of (iii) is similar to the proof of Theorem 2.3, but in this case we do
not subtract the last pyramid at ground level of paths in B,,.
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To prove part (iv), note that

00
> Sna"

(1—a)x 1—-2x
1—3x+x2 1—3x + 22
= (Z F2n—156n> (Z F2n—1l”n>
n=1 n=0

o) n—1
= Z <Z Fzz—le(n—e)—1> x
n=1

Comparing coefficients of ™ yields the identity.
Finally, it is easy to verify that the right side of part (v) satisfies the same recurrence
relation as $,, given in part (2), or alternatively in (3). O

From Part (v) of Corollary 4.2 and Equation (2.9), we conclude the following.

Theorem 4.3. Among all peaks of all non-decreasing Dyck paths, the proportion of those
that are weakly symmetric is asymptotically
S, -1 5
i 2 = Vo 61804,
n—oo t, 2
Notice that this coincides with the asymptotic proportion of symmetric peaks given in
Theorem 2.6.

4.2 A connection with Riordan arrays

In this section we use Riordan arrays to describe the distribution of the number of weakly
symmetric peaks in non-decreasing Dyck paths. We start by giving some background on
Riordan arrays [22]. We will say that an infinite column vector (ag, a1, ... )T has generat-
ing function f(x) if f(x) = >, > @na", and we index rows and columns starting at 0. A
Riordan array is an infinite lower triangular matrix whose kth column has generating func-
tion g(x) f(x)* for all k > 0, for some formal power series g(z) and f(z) with g(0) # 0,
f(0) =0, and f'(0) # 0. Such a Riordan array is denoted by (g(x), f(z)). If we multiply
this matrix by a column vector (cg, c1, . ..)” having generating function h(x), then the re-
sulting column vector has generating function g(x)h(f(z)). This property is known as the
fundamental theorem of Riordan arrays, or as the summation property.
The product of two Riordan arrays (g(z), f(x)) and (h(z),(z)) is defined by

(9(x), f(x)) * (h(x), l(x)) = (9(x)h(f(x)),1(f(2))) - 4.1

Under this operation, the set of all Riordan arrays is a group [22]. The identity element is
I = (1,z), and the inverse of (g(x), f(x)) is

(9(x), f@) ' = (1/(go f<717) (), f~ 1> (), 4.2)

where f<~!>(z) denotes the compositional inverse of f(x).
Let r,, . be the number of paths in D,, with exactly k weakly symmetric peaks, that is,

x,y) = Z rn’kx”yk.

n,k>1
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By definition, >, _, k7 5 = Sn.
Consider the matrix R = [ry, &), ,~;- The first few rows of R are

1 0 0 0 0 0 00

1 1 0 0 0 0 00

2 2 1 0 0 0 00

4 5 3 1 0 0 00

_ s 12 9 4 1 0 0 o0
R= iz 16 28 25 14 5 1 0 0 ’

32 64 66 44 20 6 1 0

64 144 168 129 70 27 7 1

which correspond to array A105306 in [23]. Even though rows and columns of Riordan
arrays are indexed starting at 0, the elements of R are shifted so that the entry in row 0 and
column O is in fact 71 ;. The goal of this shift is to simplify some of our formulas.

Theorem 4.4. The matrix R is a Riordan array given by
1—2z z(l-2x)
R = —— .
(1 -2z’ 1-2x )
Proof. Multiplying the right-hand side of the equality by the vector (1,y,4?,...)T, which

has generating function =, and using the summation property, the resulting vector has
bivariate generating function

<1x m1m> 1 1—x 1

1-22" 1-2z 1—xy:1—2x1 2(1—1z)

1-2z 7
1—1' D&(xay)

:1—(2+y)x—|—yx2_ Y

)

by Theorem 4.1. O
Theorem 4.5. Forn,k > 0,

(k1 (n—t .
7‘n+1,k+1:Z( ¢ >< i )(—1)22 k=t

£=0

Proof. From the definition of the Riordan array R, we have
n 1= [(2(1—12x) b
ratikt = 2 7o ( 1- 22 )
k+1
_ [m"‘k] 1-=z
1—2x
(k+1\ (k+n—¢
. n—k Lon—f0 _n
e (T (v =

n>0 £=0
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Let P = [(})]
defined by

nk>0° often called Pascal’s matrix, and let P = [pi,;] be the matrix

{((”;,‘W), ifi+j=0 (mod?2);
DPij =

0, otherwise.

It is easy to show that P and P are Riordan arrays given by

1 T — 1 T
= e — d = _— .
P <1—x’1—x) and P (1—332’1—332)

Theorem 4.6. The matrix R factors as R = PP.
Proof. By Equation (4.1),

_ 1 T 1 T
PP = (1—x’1—x> (1—m2’1—x2)

(o | -
= _ 2| 2
el () ) - ()
Simplifying, ) i )
— —z z(l1—=
= e — = R. D
PP (1 -2z’ 1-2x )

From above theorem and the product of matrices we obtain the following combinatorial
identities.

Theorem 4.7. Forn,k > 0,
%]

n\ ({+k
Tn+1,2k+1 = 20 2k )
=0

L15)

B n {+k+1
Pl 2ke2 =D 26041)\ 2641 )

£=0

(S

oz ||

Rogers [21], observed that every element not belonging to row 0 or column 0 in a Rior-
dan array can be expressed as a fixed linear combination of the elements in the preceding
row. The A-sequence is defined to be the sequence coefficients of this linear combination.
Similarly, Merlini et al. [19] introduced the Z-sequence, that characterizes the elements
in column 0, except for the top one. Therefore, the A-sequence, the Z-sequence and the
upper-left element completely characterize a Riordan array. We summarize this character-
ization in the following two theorems.

Theorem 4.8 ([19]). An infinite lower triangular array F = [dn k], .~ is a Riordan array
if and only if do,o # 0 and there exist two sequences (ag, a1, Gz, ...), with ag # 0, and
(20,21, 22, . . . ) (called the A-sequence and the Z-sequence, respectively), such that

d7z+1,k+1 = aOdn,k + aldn,k—i-l + af2dn,k:+2 + fOl" n, k > Oa
dp+1,0 = 20dn,0 + 21dn1 + 22dp 2 + - - - forn > 0.
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Theorem 4.9 ([18, 19]). Let F = (g(z), f(z)) be a Riordan array with inverse F~! =
(d(x), h(x)). Then the A-sequence and the Z-sequence of F have generating functions

Aw) =2 2(x) = ﬁ (1 - dopd(z))

respectively.
Next we describe the A-sequence and Z-sequence for the Riordan array R.

Theorem 4.10. If C,, denotes the n-th Catalan number, then for n, k > 2,

n

Tnk = § Tn—1,k—14+¢ Ct,

=0
where
17 lfn = 0, 1,
Cn = (_1)%052, ifn > 2is even;
2
0, otherwise.

Moreover, for n > 2
n

Tn1 = g Tn—1,k—14+¢ Ct+1,
=0

with initial value 1, = 1.

Proof. By Equation (4.2), the inverse of the matrix R is given by

_— <1+2x—\/1+4x2 1+2x—\/1+4m2>

2x 2

Therefore, by Theorem 4.9, the A-sequence and Z-sequence of the Riordan array R have
generating functions given by

1422+ V1 + 4a?
N 2

14224 V1422

A(x) 7

and Z(x)

We recall that the generating function of the Catalan numbers is given by

n 1—v1—-4dx

n>0

Therefore, A(z) = 1+ z + 2?C(—2?) = Y, < cn™, where ¢, is as in the statement of
the theorem. Similarly, Z(z) = 1 + 2C(—2?). The recurrences from Theorem 4.8 now
give the desired result. O

The first few values of the sequence c,, for n > 0 are

, 0, -1, 0, 2, 0, —5 0, 14, 0, —42, 0, 132,
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So, the recurrence for r, j, starts as

Tn—1,k—=1 T Tn—1,k + Tn—1,k+1 — Tn—1,k+3 T 2Tn—1k4+5 — OTp—1 k47 + """ .

Next we analyze the central diagonal of the matrix R, that is, the sequence u,, =
T2n+1,n+1 for n > 0 (recall that the entry in row ¢ and column j of R is r;41 j41). The
first few values of u,, are

1, 2, 9, 44, 225, 1182, 6321, 34232, 187137, 1030490, 5707449,

which correspond to the sequence A176479 in [23].
Barry [4] proved that for any Riordan array (g(x), f(x)) = [dn 1], ., the generating
function of its central diagonal is given by -

o @)
nZZ:OerL,n-T = f(’l}(iL')) ( )7

.T2 <—=1>
v(x) = —= .
== (1)
Therefore, by Theorem 4.4,

ZU i 3—z+V1-—6x+a?

where

= 4/T =6z + 22

Other combinatorial interpretations of the sequence w,, are given in [23]. For example, it
counts the number of Dyck paths having exactly n peaks at height 1, n peaks at height 2,
and no other peaks. It is also equal to n 4 1 times the nth little Schroder number. The little
Schroder numbers have several combinatorial interpretations in terms of leaves in plane
trees, parenthesizations, and dissections of convex polygons [24].

4.3 A generating function for total weight
Let @(P) be the sum of the weights of the weakly symmetric peaks of a path P. Define the
generating function
Dy(e.y) = 3 alfy),
PED

Theorem 4.11. The generating function D (x,y) is given by

(1 —x)%xy
DLZJ ) = 3"
(z,9) 1-2(1+y)z + dyx? — ya3
Proof. We again use the refinement of the decomposition (2.1) illustrated in Figure 5: every
non-empty non-decreasing Dyck path can be written as either XY, XT'Y, or XAYT”,
where T” and T" are non-decreasing Dyck paths and A is a pyramid. It follows that

2
Yy ry
D&)(xvy) =Y+ $(Da)($,y) -

y T
DG) ) D&J ’ -
T (@,9) + = Da(2,y) T 1_@))

(@) (b)
Ty
+ 1—a2y

Dd}(xay)'



S. Elizalde et al.: Enumerating symmetric peaks in non-decreasing Dyck paths 239

The correction term (a) corresponds to the case where T’ consists of a pyramid followed by
anon-empty path, whereas the term (b) corresponds to the case where 7" is a pyramid. [

From Theorem 4.11 we obtain the following corollary, whose proof is similar to that of
Corollary 4.2. Let w,, be the sum of the weights of all weakly symmetric peaks of paths
in D,,.

Corollary 4.12. The sum of the weights of all weakly symmetric peaks in D,, satisfies the
following:

(1) The generating function for w,, is given by

=~ _ . (1—-2x)x
anx T (A -3z +a22)?
— T+

(ii) The sequence ., satisfies the recurrence relation
Wy, = 6Wy_1 — 11y _9 4+ 6Wy,_3 — Wp_g forn >5,
with initial values w1 = 1,y = 4, w3 = 13 and w4 = 40.
(iii)) Forn > 1, we have the convolution

4F2n + nL2n—1

Wn =Y Far 1 Fognop) = 5

£=0
The first few values of w,, for n > 1 are

1, 4, 13, 40, 120, 354, 1031, 2972, 8495, 24110, ...,

)

which correspond to the sequence A238846 in [23].
Let ¢y, 1 be the number of paths in D,, which have weakly symmetric weight k, that is,

D@(I’,ZJ) = Z QTL,k:Enyk'
n,k>1

Notice that >";'_, k ¢;, x = Wy,. Consider the matrix defined by Q = [@n.k],, j>1- The first
few rows of Q are -

1 0 0 0 0 0 0 0

0 2 0 0 0 0 0 0

1 0 4 0 0 0 0 0

2 3 0 8 0 0 0 0

_ |l 4 6 8 016 0 0 0
Q= lanihiz 8 13 16 20 0 32 0 0
16 28 37 40 48 0 64 0

32 60 84 98 96 112 0 128

Again, as in the matrix R, the elements of Q are shifted so that the entry in row 0 and
column 0 is g1,1. The proof of our last result is similar to that of Theorem 4.4.

Theorem 4.13. The matrix Q is a Riordan array given by

0— 1—2x+22 22— 422 + 23
N 1-2¢ 1—2z




240

Ars Math. Contemp. 21 (2021) #P2.04 / 219-241

ORCID iDs

Sergi Elizalde ® https://orcid.org/0000-0003-4116-2455
Rigoberto Flérez ® https://orcid.org/0000-0002-3644-9358
José Luis Ramirez @ https://orcid.org/0000-0002-8028-9312

References

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

(10]

[11]

(12]

(13]

[14]

(15]

W. Asakly, Enumerating symmetric and non-symmetric peaks in words, Online J. Anal. Comb.
(2018), 7, https://hosted.math.rochester.edu/ojac/articles.html.

E. Barcucci, A. Del Lungo, S. Fezzi and R. Pinzani, Nondecreasing Dyck paths and g-Fibonacci
numbers, Discrete Math. 170 (1997), doi:10.1016/s0012-365x(97)82778-1.

E. Barcucci, R. Pinzani and R. Sprugnoli, Directed column-convex polyominoes by recur-
rence relations, in: TAPSOFT ’93: theory and practice of software development (Orsay,
1993), Springer, Berlin, volume 668 of Lecture Notes in Comput. Sci., pp. 282-298, 1993,
doi:10.1007/3-540-56610-4_71.

P. Barry, On the central coefficients of Riordan matrices, J. Integer Seq. 16 (2013), Ar-
ticle 13.5.1, 12pp, https://cs.uwaterloo.ca/journals/JIS/VOL16/Barryl/
barry242.html.

E. Czabarka, R. Flérez and L. Junes, Some enumerations on non-decreasing Dyck paths, Elec-
tron. J. Combin. 22 (2015), Paper 1.3, 22, doi:10.37236/3941.

E. Czabarka, R. Flérez, L. Junes and J. L. Ramirez, Enumerations of peaks and valleys on
non-decreasing Dyck paths, Discrete Math. 341 (2018), 2789-2807, doi:10.1016/j.disc.2018.
06.032.

A. Denise and R. Simion, Two combinatorial statistics on Dyck paths, Discrete Math. 137
(1995), 155-176, doi:10.1016/0012-365x(93)e0147-v.

E. Deutsch and H. Prodinger, A bijection between directed column-convex polyominoes
and ordered trees of height at most three, Theoret. Comput. Sci. 307 (2003), 319-325, doi:
10.1016/s0304-3975(03)00222-6, random generation of combinatorial objects and bijective
combinatorics.

S. Elizalde, Measuring symmetry in lattice paths and partitions, Sém. Lothar. Combin. 84B
(2020), Art. 26, 12pp, https://www.mat .univie.ac.at/~slc/.

S. Elizalde, The degree of symmetry of lattice paths, Ann. Comb. (2021), doi:10.1007/
s00026-021-00551-6.

S. Elizalde, Symmetric peaks and symmetric valleys in Dyck paths, Discrete Math. 344 (2021),
112364, doi:10.1016/j.disc.2021.112364.

P. Flajolet and R. Sedgewick, Analytic Combinatorics, Cambridge University Press, Cam-
bridge, 2009.

R. Flérez, L. Junes and J. L. Ramirez, Enumerating several aspects of non-decreasing Dyck
paths, Discrete Math. 342 (2019), 3079-3097, doi:10.1016/j.disc.2019.06.018.

R. Flérez, L. Junes and J. L. Ramirez, Counting asymmetric weighted pyramids in non-
decreasing Dyck paths, Australas. J. Combin. 79 (2021), 123-140, https://ajc.maths.
ug.edu.au/?page=get_volumes&volume=79.

R. Flérez and J. L. Ramirez, Some enumerations on non-decreasing Motzkin paths, Aus-
tralas. J. Combin. 72 (2018), 138-154, https://ajc.maths.uqg.edu.au/?page=
get_volumesé&volume=72.



[16]

(7]

(18]

(19]

(20]

[21]

(22]

(23]
[24]

S. Elizalde et al.: Enumerating symmetric peaks in non-decreasing Dyck paths 241

R. Flérez and J. L. Ramirez, Enumerating symmetric and asymmetric peaks in Dyck paths,
Discrete Math. 343 (2020), 112118, doi:10.1016/j.disc.2020.112118.

R. Flérez and J. L. Ramirez, Enumerations of rational non-decreasing Dyck paths with integer
slope, Graphs and Combinatorics (2021), doi:10.1007/s00373-021-02392-9.

T.-X. He and R. Sprugnoli, Sequence characterization of Riordan arrays, Discrete Math. 309
(2009), 3962-3974, doi:10.1016/j.disc.2008.11.021.

D. Merlini, D. G. Rogers, R. Sprugnoli and M. C. Verri, On some alternative characterizations
of Riordan arrays, Canad. J. Math. 49 (1997), 301-320, doi:10.4153/cjm-1997-015-x.

H. Prodinger, Words, Dyck paths, trees, and bijections, in: Words, semigroups, & transductions,
World Sci. Publ., River Edge, NJ, pp. 369-379, 2001, doi:10.1142/9789812810908_0028.

D. G. Rogers, Pascal triangles, Catalan numbers and renewal arrays, Discrete Math. 22 (1978),
301-310, doi:10.1016/0012-365x(78)90063-8.

L. W. Shapiro, S. Getu, W. Woan and L. Woodson, The Riordan group, Discrete Appl. Math.
34 (1991), 229-239, doi:10.1016/0166-218x(91)90088-¢.

N. J. A. Sloane, The on-line encyclopedia of integer sequences, http://oeis.org/.

R. P. Stanley, Hipparchus, Plutarch, Schroder, and Hough, Amer. Math. Monthly 104 (1997),
344-350, doi:10.1080/00029890.1997.11990645.

A Appendix. Notation tables

type of peaks

symmetric asymmetric | weakly symmetric all
number of such peaks in P o(P) a(P) a(P) 7(P)
total number over D,, Sn Sn Sn tn
vector of peak weights of P | w(P) = (w1(P),...)
sum of peak weights of P w(P) o(P)
total sum of weights over D,, Wy, Wy,
total sum of heights over D,, hy,

Table 1: Summary of notation for peak statistics.

[ Notation | Page || Notation [ Page || Notation | Page |
D,.D 220 || o(P),v(P) | 222 || rur 234
A B, Ci | 221 | S(2) 223 | gui 239

Table 2: Other notation, along with the page where it is first introduced.



