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Abstract

In the present paper we generalize the notion of a Heyting algebra to the non-commuta-
tive setting and hence introduce what we believe to be the proper notion of the implication
in skew lattices. We list several examples of skew Heyting algebras, including Heyting
algebras, dual skew Boolean algebras, conormal skew chains and algebras of partial maps
with poset domains.
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1 Introduction

Non-commutative generalizations of lattices were introduced by Jordan [11] in 1949. The
current approach to such objects began with Leech’s 1989 paper on skew lattices [13].
Similarly, skew Boolean algebras are non-commutative generalizations of Boolean alge-
bras. In 1936 Stone proved that each Boolean algebra can be embedded into a field of sets
[20]. Likewise, Leech showed in [14, 15] that each right-handed skew Boolean algebra
can be embedded into a generic skew Boolean algebra of partial functions from a given set
to the codomain {0, 1}. Bignall and Leech [5] showed that skew Boolean algebras play a
central role in the study of discriminator varieties.

Though not using categorical language, Stone essentially proved in [20] that the cat-
egory of Boolean algebras and homomorphisms is dual to the category of Boolean topo-
logical spaces and continuous maps. Generalizations of this result within the commutative
setting yield Priestley duality [16, 17] between bounded distributive lattices and Priestley
spaces, and Esakia duality [9] between Heyting algebras and Esakia spaces. (See [4] for
details.) In a recent paper [10] on Esakia’s work, Gehrke showed that Heyting algebras may
be understood as those distributive lattices for which the embedding into their Booleani-
sation has a right adjoint. A recent line of research generalized the results of Stone and
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Priestley to the non-commutative setting. By results in [1] and [12], any skew Boolean
algebra is dual to a sheaf of rectangular bands over a locally-compact Boolean space. A
further generalization given in [2] showed that any strongly distributive skew lattice (as
defined below) is dual to a sheaf (of rectangular bands) over a locally compact Priestley
space.

While Boolean algebras provide algebraic models of classical logic, Heyting algebras
provide algebraic models of intuitionistic logic. In the present paper we introduce the
notion of a skew Heyting algebra. In passing to the non-commutative setting one needs to
sacrifice either the top or the bottom of the algebra in order not to end up in the commutative
setting. In the previous papers [1], [12] and [2] algebras with bottoms were considered, and
hence the notion of distributivity was generalized to the notion of so-called strong distribu-
tivity. If one tried to define an implication operation in the setting of strongly distributive
skew lattices with a bottom as a right adjoint to conjunction, that would force the skew lat-
tice to also possess a top and hence be commutative, resulting in a usual Heyting algebra.
In order to define implication in the skew lattice setting we consider the V — A duals of
strongly distributive skew lattices with a bottom, namely, the co-strongly distributive skew
lattices with a top. That is not surprising as a top plays a crucial role in logic. The category
of co-strongly distributive skew lattices with a top is, of course, isomorphic to the category
of strongly distributive skew lattices with a bottom. In choosing co-strongly distributive
skew lattices with a top we follow the path paved by Bignall and Spinks in [6], and by
Spinks and Veroff in [19] where dual skew Boolean algebras were introduced. For further
reading on implications in skew Boolean algebras and their algebraic duals, see [7].

After reviewing some preliminary definitions and concepts in Section 2, in the next
section we introduce the notion of a skew Heyting algebra, prove that such algebras form a
variety and show that the maximal lattice image of a skew Heyting algebra is a generalized
Heyting algebra (possibly without a bottom). Indeed, a co-strongly distributive skew lattice
with a top is the reduct of a skew Heyting algebra, if and only if its maximal lattice image
forms a generalized Heyting algebra. (See Theorem 3.5.) This leads to a number of useful
corollaries and examples. We finish with Section 4 where we explore the consequences
of our results to duality theory, and describe how skew Heyting algebras correspond to
sheaves over local Esakia spaces.

2 Preliminaries

A skew lattice is an algebra S = (S; A, V) of type (2,2) such that A and V are both
idempotent and associative and they satisfy the following absorption laws:

zA(xVy)=z=zV(xAy)and (zAy)Vy=y=(xVy)Ay.

These identities are collectively equivalent to the pair of equivalences: Ay = x < zVy =
yandx ANy=y &S axVy=uz.

On a skew lattice S one can define the natural partial order by stating that = < y if and
onlyif x Vy =y =y V z, or equivalentely z A y = z = y A x, and the natural preorder
byx X yifandonlyifyVzVy =y, or equivalentely x Ay A x = x. Green’s equivalence
relation D is then defined by

zDyifandonlyifz <yandy <X z. 2.1
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Lemma 2.1. (/8]). For elements x and y elements of a skew lattice S the following are
equivalent:

(i) © <,
(ii) xVyVae=y,
(iii) yANz ANy =x.

Leech’s First Decomposition Theorem for skew lattices states that the relation D is a
congruence on a skew lattice S, S/D is the maximal lattice image of S, and each congru-
ence class is a maximal rectangular skew lattice in S [13]. Rectangular skew lattices are
characterized by x A y A z = = A z, or equivalentely x V y V z = x V z. We denote the
D-class containing an element x by D,.

It was proved in [13] that a skew lattice always forms a regular band for either of the
operations A, V, i.e. it satisfies the identities

s ANuANzANvAxz=zAuAvAxzandzVuVzezVovVr=zxzVuVovVz.

A skew lattice with top is an algebra (S; A, V, 1) of type (2,2, 0) such that (S; A, V) is
a skew latticeand x V1 =1 = 1V z, or equivalently x A1 = = 1 A z, holds for all
x € S. A skew lattice with bottom is defined dually and the bottom, if it exists, is usually
denoted by 0.

Furthermore, a skew lattice is called strongly distributive if it satisfies the following
identities:

xA@yVz)=(@Ay)V(zAz)and (xVy)Az=(xAz)V (yAz);
and it is called co-strongly distributive if it satisfies the identities:
xV(yAz)=(@VyA(zVz)and (x Ay)Vz=(xVz)A(yVz).

If a skew lattice S is either strongly distributive or co-strongly distributive then S is
distributive in that it satisfies the identities

zA(yVz)Ax=(xAyAz)V(zAzAz)andzV (yAz)Vae = (zVyVz)A(zVzVe).

A skew lattice S that is jointly strongly distributive and co-strongly distributive is bi-
normal, i.e. S factors as a direct product of a lattice L and a rectangular skew lattice B,
S 2 L x B, with L in this case being distributive. (See [15] and [18].)

Applying duality to a result of Leech [15], it follows that a skew lattice .S is co-strongly
distributive if and only if S is jointly:

o quasi-distributive: the maximal lattice image S/D is a distributive lattice,

o symmetric: t ANy =y AzxifandonlyifxVy =y Vz, and

e conormal: xNyVzVw=xVzVyVuw.
If a skew lattice is conormal then given any u € S the set
ut={uveVvVulzeS}t={zeS|u<uz}

forms a (commutative) lattice for the induced operations A and V, cf. [15].
The following lemma is the dual of a well known result in skew lattice theory.
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Lemma 2.2. Let S be a conormal skew lattice and let A and B be D-classes such that
B < A holds in the lattice S/D. Given'b € B there exists a unique a € A such that b < a.

Proof. First the uniqueness. If a and a’ both satisfy the desired property then by Lemma
2.1 we have ¢ = bV a V b and likewise ' = bV a’ V b. Now, using idempotency of V,
conormality and the fact that a D a’ we obtain:

a=bVvVavb=bVaVvd VaVvb=
bvVvavad Vvb=bva vava vb=bvad vb=d.

To prove the existence of a take any x € A and seta = bV x vV b. Then a € A and using
the idempotency of V we get:

bVavb=bVv(bVvzVvbVb=bvVzVb=a
which implies b < a. O

An important class of strongly distributive skew lattices that have a bottom is the class
of skew Boolean algebras where by a skew Boolean algebra we mean an algebra S =
(S; A, V,\,0) where (S; A, V,0) is a strongly distributive skew lattice with bottom 0, and
\ is a binary operation on S such thatboth (z AyAz)V (z\y) =2 = (z\y) V(xAyAzx)
and (x Ay Az)A(z\y) =0= (z\y) A(xAyAx). Given any element u of a skew
Boolean algebra S the set

w={uNzhulzeSt={zec S|z <u}

is a Boolean algebra with top » and with u \ x being the complement of u A z A  in uJ..
Recall that a Heyting algebra is an algebra H = (H; A, V,—, 1,0) such that (H, A, V,
1,0) is a bounded distributive lattice that satisfies the condition:

HA) zhy <L ziffx <y — 2.

Stated otherwise, Vy,z € H the sublattice {x € H |z Ay < z} is nonempty and con-
tains a top element to be denoted by y — 2. Thus, given a bounded distributive lattice
(H; A, V,1,0), if a binary operation — exists that makes (H; A, V,—, 1,0) a Heyting al-
gebra, then it is unique because it is already there implicitly. Indeed, given two isomorphic
lattices, if either is the lattice reduct of a Heyting algebra then so is the other, and both are
isomorphic as Heyting algebras.

Equivalently, (HA) can be replaced by the following set of identities:

HD (x —x) =1,
H2) 2N (z—=y)=zAvy,
H3) yA(z—y) =y,
Hd) z— (yAnz)=(z—=y) Az — 2).
Lemma 2.3. In any Heyting algebra, x — y = (x V y) — y.
A generalized Heyting algebra is an algebra A = (A; A, V, —, 1) such that the reduct
(A, A, V, 1) is a distributive lattice with top 1, and condition (HA) holds. If it also has a
bottom, it is a Heyting algebra. In general, each upset u{ forms a Heyting algebra. The

identities above also characterize this more general class of algebras, which are often called
Brouwerian algebras.



K. Cvetko-Vah: On skew Heyting algebras 41

3 Skew Heyting algebras
A skew Heyting lattice is an algebra S = (S; A, V, 1) of type (2,2, 0) such that:

e (S;A,V,1) is a co-strongly distributive skew lattice with top 1. Each upset u sup is
thus a bounded distributive lattice.

e for any u € S an operation —,, can be defined on u1 such that (uf; A, V, —,, 1, u)
is a Heyting algebra with top 1 and bottom w.

Given a skew Heyting lattice S, define — on S by setting
r—=>y=@YVaeVy) =, v.

A skew Heyting algebra is an algebra S = (S;A,V,—, 1) of type (2,2,2,0) such that
(S;A,V,1) is a skew Heyting lattice and — is the implication thus induced. A sense of
global coherence for — on S is given by:

Lemma 3.1. Let S be a skew Heyting lattice with — as defined above and let x,y,u € S
be such that both x,y € ut hold. Then x — y = x —, y.

Proof. As x and y both lie in uT, they commute. By the definition of —, x — y =
(x Vy) =y y > y by (H3). On the other hand, since —,, is the Heyting implication in
the Heyting algebra u? it follows that x —, y = (x Vy) =4 y > y. Thus y, x V y,
(x Vy) =y yand (z Vy) —, y all lie iin the Heyting algebra y1. The maximal element
characterization of both (x V y) —, y and (2 V y) —, y forces both to agree. O

We will use the axioms of Heyting algebras to derive an axiomatization of skew Heyting
algebras. The reader should find most of the axioms of Theorem 3.2 below to be intuitively
clear generalizations to the non-commutative case. However, two axioms should be given
further explanation. Firstly, the u in axiom (SH4) below appears since upon passing to the
non-commutative case, an element that is both below x and y with respect to the partial
order < no longer need exist. (We can have t Ay Az < x butnot z Ay Ax < yin general.)
Similarly, axiom (SHO) is needed since in the non-commutative case it no longer follows
from the other axioms, the reason being that in general x < y V z V y need not hold.

Theorem 3.2. Let (S;A,V,—,1) be an algebra of type (2,2,2,0) such that (S; A\, V,1)
is a co-strongly distributive skew lattice with top 1. Then (S; N\, V, —, 1) is a skew Heyting
algebra if and only if it satisfies the following axioms:
SHO) z - y=(yVzVy) —y.
SH1) 2 -z =1,
SH2) 2N (z sy ANz=xAyAx,
SH3) yA(x—y)=yand (x = y) Ny =1y,
SH4) z = (uV (yAz)Vu)=(z = (uVyVu) Az — (uVzVau)).
Proof. Assume that S is a skew Heyting algebra.
(SHO). Both z — y and (y V 2 V y) — y are defined as (y V = V y) —, y. Thus they

are equal.
(SH1). This is true because 1 A x = x is true in 7.
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(SH2). In yt (H2) implies (y Vz Vy) A((yVaVy) =, y) = yVaeVy Ay =uy.
Hence
cAyVaeVy Az =y Ax=xAyAx.

On the other hand,
zAlyVaeVyY A -y Ahz=zAyVaVy AzA(z—=>y)Ahz=zA(x—y) Az,

where we have used the regularity of A and the factthatz <y VvV V y.

(SH3). Both identities hold because y A (y V& Vy) = y iny. Thusz — y =
(yveVvy) —y=>y.

(SH4). First note that (SH4) is equivalent to

(SH4") (uvVazVu) = (uV(yAz)Vu) = (uVeVu) = (uVyVu)) A((uvVeVu) —
(wV zVu)).

Indeed, (SHO) and the conormality of V give both

(uvaeVu) = (uVwVu)=(uVesVwVu) = (uVwVu)

and
= (uVwVu)=(uVezVwVu) = (uVwVu)

so that
r—= (uVwVu)=wVeVvVu) = (uVwVu).

Hence it suffices to prove that (SH4’) holds.
Observe that distributivity implies

(uVyVu)A(uVzVvVu)=uV (yAz)Vu. 3.1

SinceuVaVuuVyVuuVzVuanduV (y A z)Vuall lie in uT we can simply
compute in uf. Using (3.1) and axiom (H4) for Heyting algebras we obtain: (uVzVu) —
(uVyAz)Vu) = (uVezVu) = (uVyVu)AwVzVvu) = (uVeVu) —
(uVyVu)A(uVaeVu) = (uVzVu)).

To prove the converse assume that (SHO)—(SH4) hold. Given arbitrary v € S and
z,y,z € ul setx —, y = — y. Axiom (SH3) implies that x — y € y1 C u?. Thus the
restriction —,, of — to u71 is well defined. Since 1 is commutative with bottom u, axioms
(SH1)—(SH4) for — respectively simplify to (H1)-(H4) for —,, making —,, the Heyting
implication on 1. Axiom (SHO) assures that — is indeed the skew Heyting implication
satisfyinga — b= (bVaVb) — b, forany a,b € S. O

Corollary 3.3. Skew Heyting algebras form a variety.

In the remainder of the paper, given a skew Heyting algebra we shall simplify the
notation —,, to — when referring to the Heyting implication in u1. Remarks made about
Heyting algebras in Section 2 apply here also. Given a co-strongly distributive skew lattice
(S; A, V,1) with a top 1, if a binary operation — exists that makes (S; A, V, —, 1) a skew
Heyting algebra, then it is unique since it is already there implicitly. Hence, given two
isomorphic skew lattices, if either is the reduct of a skew Heyting algebra, then so is the
other and both are isomorphic as skew Heyting algebras.

Proposition 3.4. The relation D defined in (2.1) is a congruence on any skew Heyting
algebra.
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Proof. Let (S;A,V,—,1) be a skew Heyting algebra. Since D is a congruence for co-
strongly distributive skew lattices with a top, we only need to prove (a — b) D (¢ — d)
holds for any a, b, ¢, d € S satisfying a D c and b D d. Without loss of generality we may
assume b < a and d < ¢. (Otherwise replace aby bV aVbandcbydVcVd.)

To begin, define a map ¢ : b1 — df by setting ¢(z) = d V 2 V d. We claim that ¢
is a lattice isomorphism of (b1; A, V) with (df; A, V), with inverse ¢ : dI — b1 given by
Y(y) = bV y Vb Itis easily seen that ¢ and v are inverses of each other. For instance,
P(p(x)) =bVdVaeVdVvbequals (bVvVdVb) VeV (bVdVb) by the regularity of V.
But the latter reduces to b V = V b because bDd, and since = € b7 it reduces further to x by
Lemma 2.1, giving ¢)(¢(x)) = x. ¢ must preserve A and V. Indeed distributivity gives:

olenty=dV(zA2)Vd=([dVzVd) AV Vd) =) pl).
And the regularity gives:
plavae)y=dVv(zva)vd=(dVazVvd)V(dVi Vvd) =ex)Vel).

Thus ¢ (and v) is a lattice isomorphism of b1 with d1. But then ¢ and 1) are also isomor-
phisms of Heyting algebras. That is, e.g., p(z — y) = p(z) — ©(y).
Next, observe that z D (x) for all « € b1. Indeed, regularity gives:

p)VaeVelx)=dvavd) VeV (dVezVd) =dVaVvd=p(x)

and likewise = V o(x) V 2 = ¥(p(z)) V o(x) V ¥(p(z)) = (p(z)) = x. There is
more: a is the unique element in its D-class belonging to b1 and c is the unique element
in the same D-class belonging to d? (since each upset w1 intersects any D-class in at most
one element). But ¢(a) in df behaves in the manner just like ¢, and so ¢(a) = c. Since
bDd, p(b) = dVbVd=dand p(a - b) = ¢p(a) = p(b) = ¢ — d, thus giving
a—=bDc—d. O

Following [5] a commutative subset of a symmetric skew lattice is a non-empty subset
whose elements both join and meet commute.

Theorem 3.5. Given a co-strongly distributive skew lattice (S; A, V, 1) with top 1, an op-
eration — can be defined on S making (S; A\, V, —, 1) a skew Heyting algebra if and only if
the operation — can be defined on S/D making (S/D; A\,V,—, D1) a generalized Heyting
algebra.

Proof. To begin, for any « in S, the upset w7 is a D-class transversal of the principal filter
SV uVS. Secondly, the induced homomorphism ¢ : S — S/D is bijective on any
commutative subset of S since distinct commuting elements of .S lie in distinct D-classes.
It follows that for each u in S, ¢ restricts to an isomorphism of upsets, ¢, : ut = ¢(u)t.
Thus each upset u1 in S forms a Heyting algebra if and only if each upset v1 in S/ D, being
some (u)?T, must form a Heyting algebra. The theorem follows. O

Comment. This result is a near-dual of the important fact that a strongly distributive skew
lattice S with bottom 0 is the (necessarily unique) reduct of a skew Boolean algebra if and
only if its lattice image S/D is the reduct of a (necessarily unique) generalized Boolean
algebra. ([15], 3.8.)
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We next consider consequences of the above theorem. The first is on the “skew lattice
side” of things and the next is more on the “Heyting side”. But first recall the definitions of
Green’s relations £ and R on a skew lattice:

2Ly (xANy=ax&yAzxz =y, orequivalently z Vy =y &y Va =zx),
TRy < (xANy=y&yANx=ux, orequivalently z Vy =z &y VvV =y).

Relations £ and R are contained in the Green’s relation D defined above and £ o R =
R o L = D holds. A skew lattice is called right-handed if the relation L is trivial, in which
case D = R, and it is called left-handed if the relation R is trivial, in which case D = L.
By Leech’s Second Decomposition Theorem [13] the relations £ and R are congruences
on any skew lattice S, S/R is left-handed, S/ L is right-handed and the following diagram
is a pullback:

THS/R
S/L——=S/D

Corollary 3.6. If S = (S;A,V, 1) be a co-strongly distributive skew lattice with top 1,
then the following are equivalent:

1. S is the reduct of a skew Heyting algebra (S; \,V,—,1).

2. S/L is the reduct of a skew Heyting algebra (S/L; N\, V,—,1).

3. S/R is the reduct of a skew Heyting algebra (S/R; A\, V,—, 1).
Moreover, both L and R are congruences on any skew Heyting algebra.

Proof. The equivalence of (i)—(iii) is due to the preceding theorem plus the fact that S/D,
(S/L)/Dgr and (S/R)/Ds/r are isomorphic. Next, the induced map p : S — S/L is
at least a homomorphism of co-strongly distributive skew lattices. By the argument of the
preceding theorem, it induces isomorphisms between corresponding pairs of upsets, ut in
Sand £,1in S/L. Thus givenz — y = (yVaVy) =y yandu = v = (vVuVv) =, v
with z;, £;,uand y;, £;,vin S, both (y Vz Vy) —, yand (vVuVv) —, v are mapped
to the common Ly vy — ¢, Ly, making z — y;, L5,y — vin S. A similar argument
applies to the induced map A : S — S/R. O

An alternative to the characterization of Theorem 3.2 is given by:
Corollary 3.7. Every skew Heyting algebra satisfies:
(SHA) x Xy — zifandonlyifx Ny = 2.

In particular, x — y = 1iffx < y.
In general, an algebra S = (S; \,V,—, 1) of type (2,2, 2,0) is a skew Heyting algebra
if the following conditions hold:

1. The reduct (S; A\, V, 1) is a co-strongly distributive skew lattice with top 1.

2. y<x —yholdsforall z,y € S.
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3. S satisfies axiom (SHA).

Proof. Given that S is a skew Heyting algebra, since the induced epimorphism ¢ : § —
S/D is a homomorphism of skew Heyting algebras we have

2y — ziff p(z) < o(y) = @(2) iff p(z) Ap(y) < p(2)iffz Ay =2 2.

Conversely, let S = (S;A,V,—, 1) be an algebra of type (2,2,2,0) satisfying (1)-(3).
Suppose that x, y, z lie in a common upset v 1. Since < is just <inwu 1 nad y — z lies
inu Tby(Q)wehave z <y — ziffx Ay < zinu 1. (S;A,V,1) is thus at least
a skew Heyting lattice. Now consider the derived implication —* given by z —* y =
(yVaVy) =, y. Bothy — z and y —* z satisfy (SHA) and thus are D-equivalent. But
since both lie in the sublattice 27, they must be equal. O

We have seen that each skew Heyting algebra is basically a co-strongly distributive
skew lattice S with top, say 1, for which S/D is a generalized Heyting algebra, in which
case the Heyting structure on each upset u1 of S is obtained from that of the isomorphic
upset D, 1 in S/D. This suggests that all standard classes of generalized Heyting algebras
yield classes of skew Heyting algebras whose maximal commutative images belong to the
particular class. We consider several cases.

Case 1. Finite distributive lattices possess a well-defined Heyting algebra structure. Thus
any finite co-strongly distributive skew lattice with a top, or more generally any co-strongly
distributive skew lattice with a top and a finite maximal lattice image is the reduct of a
unique skew Heyting algebra.

Case 2. All chains possessing a top 1 form Heyting algebras. Here things are simple:

Ly 1; ifx <y.
TTy= y; otherwise.

Thus all co-strongly distributive skew chains with a top are skew Heyting algebra reducts,
where a skew chain is any skew lattice S where S/D is a chain, i.e., < is a total preorder
on S. Here, given z, y in a common u1 one has:

vy — 1, ifz <y
y= y; otherwise.

Case 3. Dual generalized Boolean algebras. These are algebras S = (S; A, V, \\, 1) where
(S; A, V, 1) is a distributive lattice with top 1 and \\ is a binary operation on .S such that
(yva)V(y\z) =1and (yVa)A(y\\z) =yforall z,yin S. As with \ for generalized
Boolean algebras, \\ is uniquely determined. Moreover, in this case, x — y = y \\ «.
A dual-skew Boolean algebra S = (S; A, V, \\, 1) is an algebra such that (S; A,V, 1) is a
co-strongly distributive skew lattice with top 1 and binary operation \\ such that:

(yvzVvy)Vy\z)=1=(y\2)V(yVzVy)
(yvaevy Aly\z)=y=H\2)A(yVrVy).
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The relevant diagram is:

1\
yVvaVy y\z
\y/

These dual algebras are, of course, precisely the co-strongly distributive skew lattices with
a top whose maximal lattice images are the lattice reducts of dual-generalized Boolean
algebras. Once again we follow the commutative case: * — y = y \\ 2 which now is

y\\ (y VaVy)inyt.
We thus have:

Corollary 3.8. A co-strongly distributive skew lattice with a top S = (S; A\, V, 1) is the
reduct of a uniquely determined skew Heyting algebra (S;A\,V,\\, 1) if any one of the
following conditions holds:

1. S/D is finite.
2. Sis a skew chain.
3. S is the reduct of a dual generalized Boolean algebra, S = (S; A\, V,\\, 1).

Implicit in Case 3 is a basic duality that occurs for skew lattices. Given a skew lattice
S = (S;A,V), its (vertical) dual is the skew lattice ST = (S; A, V1), where as binary
functions, A¥ = V and V¥ = A. Clearly S¥ = S and any homomorphism f : S — T
of skew lattices ia also a homomorphism from ST to T$; moreover a skew lattice S is
distributive (or symmetric) iff S is thus. Either S or S is strongly distributive iff the other
is co-strongly distributive; more generally, S or S is normal iff the other is co-normal.
Also, one has a bottom element iff the other has a top element, both being the same element
in S.

Expanding the signature, (S;A,V,\,0) is a skew Boolean algebra if and only if its
dual (S; A%, VvE\\,1) is a dual skew Boolean algebra where \ and 0 are replaced by \\
and 1. Thus any skew Boolean algebra (S;A,V,\,0) induces a skew Heyting algebra
(S;AY, Vvt —.1) where # — y = y \ z and 1 = old 0. Standard examples of skew
Boolean algebras thus give us:

Example 3.9. Given sets X and Y, the skew Heyting operations derived from the skew
Boolean operations on the set P(X,Y") of all partial functions from X to Y are as follows.

skew Heyting operation description skew Boolean operation
f A g f U (g|d0mg—domf) f V g
f \ g g|domgr‘|domf f A g

f — g g‘domgfdomf g \ f
1 0 0
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Example 3.10. Given a surjective function 7 : Y — X, let Sec(m) denote the set of all
sections of , that is, functions f from subsets U of X to Y such that 7 o f = idqom(y)-
Skew Heyting algebra operations and corresponding skew Boolean operations are defined
on Sec(r) using precisely the above descriptions. At first glance this seems to be just
a subalgebra of the type of algebra in Example 1. The latter, however, is isomorphic to
Sec(m) where 7 is now the coordinate projection of X x Y onto X. Modifications of this
example arise in the dualities of the next section.

It so happens that any right-handed (co-)strongly distributive skew lattice is isomorphic
to a subset of partial functions in some P(X,Y) that is closed under the relevant A and V
operations above. (See [12] Section 3.7.) It follows that the skew lattice reduct of a skew
Heyting algebra is isomorphic to some such partial function algebra. The difference of this
more general case from that of the two examples above is that here x — y need not have a
polynomial definition, unlike the co-Boolean case where x — y =y \ .

The following result is useful for computing in skew Heyting algebras.

Proposition 3.11. Ler S = (S;A\,V, —, 1) be a skew Heyting algebra and xz,y,z € S.
Then

(xVyVa)—=z=(@—=2)A(y—2)A(x— 2).

Proof. As S/D is a generalized Heyting algebra and relation D respects all skew Heyting
algebra operations, it follows that (z Vy V x) — 2D (x — 2) A (y = 2) A (z = 2).
However, both (x Vy V) — zand (x — z) A (y — z) A(x — z) are above z with respect
to the natural partial order, and hence must be equal by Lemma 2.2. O

A skew lattice S is meet [join] complete if each nonempty commutative subset pos-
sesses an infimum [a supremum] in S. It follows from the dual of [5] Proposition 2.10 that
if S is a meet complete co-strongly distributive skew lattice with 1, then S is complete. We
call a skew Heyting algebra complete if it is complete as a skew lattice.

4 Connections to duality

Dual skew Boolean algebras are order duals (upside-downs) to usually studied skew
Boolean algebras. Skew Boolean algebras and dual skew Boolean algebras are categor-
ically isomorphic. Right-handed (dual) skew Boolean algebras are dually equivalent to
sheaves over locally compact Boolean spaces by results of [1] and [12], where a locally
compact Boolean space is a topological space whose one-point-compactification is a
Boolean space. The obtained duality asserts that any right- [left-Jhanded skew Boolean
algebra is isomorphic to the skew Boolean algebra of compact open sections (i.e. sections
over compact open subsets) of an étale map over some locally compact Boolean space. Let
us note that the restriction to right- [left-]handed algebras is not a major restriction since
Leech’s Second Decomposition Theorem yields that any skew lattice is a pull back of a
left-handed and a right-handed skew lattice over their common maximal lattice image [13].
The general two-sided case was also covered in [1].

Bounded distributive lattices are dual to Priestley spaces; in this duality each bounded
distributive lattice is represented as the distributive lattice of all clopen (i.e. closed and
open) upsets of a Priestley space. The Esakia duality established in [9] yields that Heyting
algebras are dual to Esakia spaces, i.e. those Priestley spaces in which the downset of each
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clopen set is again clopen. Moreover, if (X, <,7) is an Esakia space then given clopen
subsets U and V' in X the implication is defined by

U—=V=X\[U\V).

Duality for strongly distributive skew lattices was recently established in [2]. It yields
that right-handed strongly distributive skew lattices with bottom are dual to the sheaves over
locally Priestley spaces, where by a locally Priestley space we mean an ordered topological
space whose one-point-compactification is a Priestley space. Via the obtained duality each
right-handed strongly distributive skew lattice with bottom is represented as a skew lattice
of sections over copen (i.e. compact and open) downsets of a locally Priestley space, with
the operations being defined as follows:

0=0,

rAs= S|domrﬂdoms’

rvs=ru S|doms—domr7

r \ §= Tldomrfdoms'

Given a distributive lattice L denote by L the distributive lattice that is obtained from
L by reversing the order. Denote by DL the category of all distributive lattices, by PS the
category of all locally Priestley spaces and consider the functors:

¢: DL — DL and . PSS — PS
L — L¢ (X,) » (X,2).
Restricting the functors © and r to the categories HA of all Heyting algebras and ES of all
Esakia spaces, respectively, yields the following isomorphism of categories:
¢: HA — cHA and . ES — cES
L +— L€ (X, <) —» (X,>),

where cHA denotes the category of all co-Heyting algebras (defined as order-inverses of
Heyting algebras) and cES denotes the category of all co-Esakia spaces the latter being
introduced in [3] as Priestley spaces in which an upset of a clopen is again clopen.

We introduce the following categories:

SDSL : strongly distributive skew lattices with 0,
cSDSL : co-strongly distributive skew lattices with 1,
SHA : skew Heyting algebras,

cSHA : co-skew Heyting algebras,

with the latter being defined as the category of all algebras of the form S¢, where S is a
skew Heyting algebra and

¢: SDSL — c¢SDSL
S — S°

is the isomorphism of categories that turns a skew lattice upside-down. The restriction of
the functor © to the categories cSHA and SHA yields the isomorphism:

¢: ¢cSHA — SHA
S — 8¢
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The isomorphism of categories induces an isomorphism of concepts:

SHA cSHA
A Vv
V A\
1 0
strong codistributivity | strong distributivity
filter ideal
prime filter prime ideal

It follows from Theorem 3.5 that the skew Heyting algebra structure can be imposed ex-
actly on those co-strongly distributive skew lattices with top whose maximal lattice image
is a generalized Heyting algebra. Therefore the duality for right-handed skew Heyting alge-
bras yields that they are dual to sheaves over local Esakia spaces, i.e. ordered topological
spaces whose one-point-compactification is an Esakia space.

Let (B, <) be an Esakia space, F a topological space and p : E — B a surjective étale
map. Consider the set .S of all sections of p over copen upsets in B, i.e. an element of S is
amap s : U — FE, where U is a copen upset in B, that satisfies the property p o s = idy.
A section s € S is considered to be below a section € S when s extends r. The skew
Heyting operations are defined on S by:

rVs= S|d0mrﬂdoms’
rAs=ru S‘doms\domr’

r—s= T|T(doms\domr)

1=0.

Theorem 4.1. Letp : E — B be a surjective étale map over a local Esakia space B. Then
the set S of all sections of p over copen upsets in B forms a skew Heyting algebra under
the above operations.
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