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Abstract

Let I" denote a non-bipartite distance-regular graph with vertex set X, diameter D > 3,
and valency k£ > 3. Fix x € X and let T' = T'(z) denote the Terwilliger algebra of I" with
respect to z. Forany z € X andfor 0 < ¢ < D, letI';(z) = {w € X : 9(z,w) = i}. For
y € I'1(x), abbreviate D;» = D;(x,y) =T(z)NT;(y) (0<4¢,j<D).Forl<i<D
and for a given y, we define maps H,: D} — Z and V;: Di_, UD.™" — 7Z as follows:

Hi(z) = [T1(z) N DiZil,  Vi(2) = [Ta(2) N DIl

We assume that for every y € T’y (z) and for 2 < ¢ < D, the corresponding maps H; and V;
are constant, and that these constants do not depend on the choice of y. We further assume
that the constant value of H; is nonzero for 2 < ¢ < D. We show that every irreducible
T-module of endpoint 1 is thin. Furthermore, we show I' has exactly three irreducible
T-modules of endpoint 1, up to isomorphism, if and only if three certain combinatorial
conditions hold. As examples, we show that the Johnson graphs J(n,m) where n > 7,
3 < m < n/2 satisfy all of these conditions.

Keywords: Distance-regular graph, Terwilliger algebra, subconstituent algebra.

Math. Subj. Class. (2020): 05E30

*The author acknowledges the financial support from the Slovenian Research Agency (research core funding
No. P1-0285 and research projects N1-0032, N1-0038, J1-5433, J1-6720, J1-7051). The author acknowledges
the European Commission for funding the InnoRenew CoE project (Grant Agreement #739574) under the Hori-
zon2020 Widespread-Teaming program and the Republic of Slovenia (Investment funding of the Republic of
Slovenia and the European Union of the European regional Development Fund).

E-mail addresses: macleanm@seattleu.edu (Mark S. MacLean), stefko.miklavic@upr.si (§tefko Miklavic)

©@@® This work is licensed under https://creativecommons.org/licenses/by/4.0/


https://orcid.org/0000-0002-1727-1777
https://orcid.org/0000-0002-2878-0745

188 Ars Math. Contemp. 18 (2020) 187-210

1 Introduction

This paper is motivated by a desire to find a combinatorial characterization of the distance-
regular graphs with exactly three irreducible modules (up to isomorphism) of the Ter-
williger algebra with endpoint 1, all of which are thin (see Sections 2, 3 for formal def-
initions). This is a difficult problem which we will not complete in this paper. To begin, we
find combinatorial conditions under which a distance-regular graph is 1-thin. When these
combinatorial conditions hold, we identify additional combinatorial conditions that hold if
and only if the distance-regular graph has exactly three irreducible 7-modules of endpoint
1, up to isomorphism.

Let I" denote a distance-regular graph with diameter D > 3 and valency £ > 3. Let
X denote the vertex set of I'. For x € X, let T = T'(z) denote the Terwilliger algebra
of I' with respect to x. It is known that there exists a unique irreducible 7'-module with
endpoint 0, and this module is thin [5, Proposition 8.4]. It is also known that I is bipartite
or almost-bipartite if and only if I' has exactly one irreducible T-module of endpoint 1,
up to isomorphism, and this module is thin [4, Theorem 1.3]. Furthermore, Curtin and
Nomura have shown that I" is pseudo-1-homogeneous with respect to = with a; # 0 if and
only if I" has exactly two irreducible T-modules of endpoint 1, up to isomorphism, both of
which are thin [4, Theorem 1.6].

For any z € X and any integer i > 0, let T';(2) = {w € X : 9(z,w) = i}. Fory €
[y (x) and integers i, j > 0, abbreviate D} = D’ (z,y) = T's(x) N T;j(y). For1 <i < D
and for a given y, we define maps H;: D! — Z, K;: Di — Zand V;: Di_,UD!™" -7
as follows:

Hi(z) = [Ti(z) N DTy, Ki(z) = Ti(z) N Difil,  Vilz) = Ta(2) N DiZ4-
Our main result is the following.

Theorem 1.1. Let ' = (X, R) denote a non-bipartite distance-regular graph with diame-
ter D > 3 and valency k > 3, and fix vertex x € X. Assume that for every y € T'y(z) and
for 2 <3 < D, the corresponding maps H; and V; are constant, and that these constants
do not depend on the choice of y. Also assume that the constant value of H; is nonzero for
2 <4 < D. Then T is 1-thin with respect to x.

We need the following definition.

Definition 1.2. With the assumptions of Theorem 1.1, for y € T'y(x) let D} = D’ (x,y)
(0 < 4,7 < D) and let K; denote the corresponding map. Let B = B(y) denote the
adjacency matrix of the subgraph of I induced on Di. Observe that B € Mat D! (C), and
so the rows and the columns of B are indexed by the elements of D1. Let j € CP I denote
the all-ones column vector with rows indexed by the elements of Dj.

With reference to Definition 1.2, we denote by P1, P2 and P3 the following properties
of I':

P1: There exists y € 'y () such that K is not a constant.

P2: Forevery y, z € I'; («) with d(y, z) € {0, 2}, the number of walks of length 3 inside
I'y (z) from y to z is a constant number, which depends only on d(y, z) (and not on
the choice of y, z).
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P3: There exist scalars «, 8 such that for every y € I'1 (z) we have
B*j = aBj + fj.
We prove the following.

Theorem 1.3. With reference to Definition 1.2, I has exactly three irreducible T-modules
of endpoint 1, up to isomorphism, if and only if properties P1, P2, and P3 hold. We note
these three T'-modules are all thin by Theorem 1.1.

Finally, we show that the Johnson graphs J(n,m) where n > 7, 3 < m < n/2 satisfy
the assumptions in Theorem 1.1 and the equivalent conditions in Theorem 1.3.

2 Preliminaries

In this section we review some definitions and basic results concerning distance-regular
graphs. See the book of Brouwer, Cohen and Neumaier [2] for more background informa-
tion.

Let C denote the complex number field and let X denote a nonempty finite set. Let
Mat x (C) denote the C-algebra consisting of all matrices whose rows and columns are
indexed by X and whose entries are in C. Let V = C¥X denote the vector space over C
consisting of column vectors whose coordinates are indexed by X and whose entries are
in C. We observe Mat x(C) acts on V' by left multiplication. We call V' the standard
module. We endow V' with the Hermitian inner product (, ) that satisfies (u, v) = u'v for
u,v € V, where ¢ denotes transpose and ~ denotes complex conjugation. For y € X let
y denote the element of V' with a 1 in the y coordinate and 0 in all other coordinates. We
observe {¢ | y € X'} is an orthonormal basis for V. The following will be useful: for each
B € Matx (C) we have

(u, Bv) = <§tu,v> (u,v € V). 2.1

Let I’ = (X, R) denote a finite, undirected, connected graph, without loops or multiple
edges, with vertex set X and edge set R. Let 0 denote the path-length distance function
for I', and set D := max{9d(x,y) | z,y € X}. We call D the diameter of T'. For a vertex
x € X and an integer ¢ > 0 let I';(«) denote the set of vertices at distance i from x.
We abbreviate I'(x) = I';(«). For an integer k& > 0 we say T is regular with valency k
whenever |I'(z)| = k forall z € X. We say I is distance-regular whenever for all integers
h,i,7 (0 < h,i,7 < D) and for all vertices x,y € X with 9(z,y) = h, the number

Pl = ITi(x) NT(y)|

is independent of = and y. The p?j are called the intersection numbers of I".

For the rest of this paper we assume I' is distance-regular with diameter D > 3. Note
that pfj = p?i for 0 < h,i,7 < D. For convenience set ¢; := p’i’ifl 1< < D),
a; = p’ii 0 <i<D),b; := p’i’Hl 0O<i<D-1,k; = p?i 0O <1< D), and
co = bp = 0. By the triangle inequality the following hold for 0 < h, 4,5 < D: (i) p?j =0
if one of h, ¢, j is greater than the sum of the other two; (ii) p?j # 0 if one of h, 7, j equals
the sum of the other two. In particular ¢; # Ofor1 <i < Dandb; #0for0 <i < D-—1.
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We observe that I' is regular with valency £k = k; = by and that ¢; + a; + b; = k for
0 <i < D. Note that k; = |T';(z)| forxz € X and 0 <4 < D.

We recall the Bose-Mesner algebra of I'. For 0 < i < D let A; denote the matrix in
Matx (C) with (z, y)-entry

N if d(z,y) =1,

We call A; the ith distance matrix of I". We abbreviate A := A; and call this the adjacency
matrix of I". We observe (ai) A9 = I; (aii) Ei’;o A; = J; (aiii) 4; = 4; (0 < i < D);
(aiv) A = A; (0 < i < D); (av) A;A; = Zf:o p?jAh (0 < 4,5 < D), where I (resp.
J) denotes the identity matrix (resp. all 1’s matrix) in Mat x (C). Using these facts we find
Ao, Ay, ..., Ap is a basis for a commutative subalgebra M of Mat x (C). We call M the
Bose-Mesner algebra of T'. Tt turns out that A generates M [I, p. 190]. By [2, p. 45],
M has a second basis Ey, E1, ..., Ep such that (ei) By = |X|~1J; (eii) Z?:o E, =1,
(eiii) F; = BE; (0 < i < D); (eiv) Bf = E; (0 < i < D); (ev) B;E; = 6;;E; (0 <i,j <
D). Wecall Ey, E1, ..., Ep the primitive idempotents of T'.

3 The Terwilliger algebra

Let T' = (X, R) denote a distance-regular graph with diameter D > 3 and valency k > 3.
In this section we recall the dual Bose-Mesner algebra and the Terwilliger algebra of I'. Fix
a vertex © € X. We view « as a “base vertex.” For 0 < i < D let Ef = E(z) denote the
diagonal matrix in Mat x (C) with (y, y)-entry

o1 ifo(x,y) =1,
(Ei)yy—{o it 02, y) £ i (y € X).

We call E the ith dual idempotent of I' with respect to x [11, p. 378]. We observe
M) X2 E; = L (i) Bf = Bf (0 < i < Dy (i) Ef' = Ef 0 < i < D,
(v) EfE; = 0i; 7 (0 < 4,5 < D). By these facts Ej, ET, ..., E} form a basis for
a commutative subalgebra M* = M*(x) of Mat x (C). We call M* the dual Bose-Mesner
algebra of T" with respect to x [1 1, p. 378]. For 0 < ¢ < D we have

E;V =span{g | y € I'i(z)}
sodim BV = k;. We call E}'V the ith subconstituent of T with respect to . Note that
V=EV+EV+---+E,V (orthogonal direct sum).

Moreover I is the projection from V onto E;V for 0 < ¢ < D.

We recall the Terwilliger algebra of I. Let 7' = T'(x) denote the subalgebra of
Mat x (C) generated by M, M*. We call T the Terwilliger algebra of T with respect to x
[11, Definition 3.3]. Recall M (resp. M*) is generated by A (resp. £, ET, ..., E))so T
is generated by A, £, EY, ..., E},. We observe 7" has finite dimension. By construction
T is closed under the conjugate-transpose map so 7' is semi-simple [| |, Lemma 3.4(i)].

By a T-module we mean a subspace W of V such that SW C W forall S € T Let
W denote a T-module. Then W is said to be irreducible whenever W is nonzero and W
contains no 7-modules other than 0 and .
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By [6, Corollary 6.2] any T-module is an orthogonal direct sum of irreducible 7-
modules. In particular the standard module V' is an orthogonal direct sum of irreducible
T-modules. Let W, W' denote T-modules. By an isomorphism of T-modules from W to
W' we mean an isomorphism of vector spaces o: W — W' such that (¢S — So)W =0
for all S € T. The T-modules W, W' are said to be isomorphic whenever there ex-
ists an isomorphism of T-modules from W to W’'. By [3, Lemma 3.3] any two non-
isomorphic irreducible T-modules are orthogonal. Let W denote an irreducible 7T-module.
By [11, Lemma 3.4(iii)] W is an orthogonal direct sum of the nonvanishing spaces among
E;W, EXW, ..., ExW. By the endpoint of W we mean min{i | 0 < ¢ < D, EfW # 0}.
By the diameter of W we mean |{i | 0 < i < D, EfW # 0}| — 1. We say W is thin if
dim(EfW) < 1for0 < i < D. We say I is 1-thin with respect to z if every T-module
with endpoint 1 is thin.

By [5, Proposition 8.3, Proposition 8.4] Mz is the unique irreducible 7-module with
endpoint 0 and the unique irreducible T-module with diameter D. Moreover M £ is the
unique irreducible 7-module on which Ej does not vanish. We call M & the primary mod-
ule. We observe that vectors s; (0 < ¢ < D) form a basis for M Z, where

si= Y. . (3.1)

y€eli(z)

Lemma 3.1. Ler I' = (X, R) denote a distance-regular graph with diameter D > 3
and distance matrices A; (0 < ¢ < D). Fix a vertex x € X and let Ef = E}(x)
(0 < i < D) denote the dual idempotents with respect to x. For 0 < h,1,7 < D, the
matrix E,’;AiE]’-‘ = 0 whenever any one of h, i, j is bigger than the sum of the other two.

Proof. Routine using elementary matrix multiplication. O

The following result will be crucial later in the paper.

Lemma 3.2. LetT' = (X, R) denote a distance-regular graph with diameter D > 3. Fix a
vertex x € X and let EX = E}(x) (0 < i < D) denote the dual idempotents with respect
to x. Let T = T'(x) denote the Terwilliger algebra of T with respect to x. Assume that (up
to isomorphism) I' has exactly three irreducible T-modules with endpoint 1, and that these
modules are all thin. Let I, F5, F3, Fy, F5 € T and pick an integer i, 1 < i < D. Then
the matrices

E'RE], EfFyEy, EfF3EY, EfF,E{,Ef FsE}
are linearly dependent.

Proof. Let Vj denote the primary module of I', and let V, (1 < ¢ < 3) denote pairwise
non-isomorphic irreducible 7-modules with endpoint 1. Define vectors v, (0 < £ < 3) as
follows. If £V, = 0, then let v, = 0. Otherwise, let v, be an arbitrary nonzero vector of
E*Vy. Furthermore, for 0 < ¢ < 3 fix a nonzero uy € E{V;. As modules V; (0 < ¢ < 3)
are thin, there exist scalars )\§ (1<j<5,0</¢<3)suchthat

E}FjEfug = Mo,
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Consider now the following homogeneous system of linear equations:

A‘% A% )\% A% A% Z; 0
AN A A A2 Of 0 '
PEIEDV DI VI a‘; 0

Observe that the above system has a nontrivial solution, and let (j11, fi2, i3, f14, j15)" denote
one of its nontrivial solutions. We will now show that Z?:l w; B F; EY = 0. First, pick
an arbitrary u € ETV}, for some £ (0 < £ < 3). As module V% is thin, there exists a scalar
A, such that u = Auy. Now we have

5 5 5 5
S W E[FiEfu=\Y piEfFjEfue =AY piXve =g » A =0, (33)
j=1 j=1

j=1 j=1

Assume now that W is an irreducible 7-module with endpoint 1 and note that W is iso-
morphic to V; for some 1 < ¢ < 3. Pick arbitrary w € EfW. Leto: Vp, — W be a
T-module isomorphism and let © € E;V; be such that w = o(u). Now by (3.3) we have
that

5 5

5 5 5
S oW FET = B F o) =o SowEIFE) 0. G

j=1 j=1 j=1

For 1 < ¢ < 3 let Vy denote the sum of all irreducible T-modules with endpoint 1, which
are isomorphic to V. Observe that

E}V = EfVo + EYV1 + EfVa + ETVs (orthogonal sum). 3.5)

Pick now an arbitrary v € E7V. Note that by (3.5) v is a sum of vectors v¢, where & belongs
to some index set =, and each v is contained in E7W¢, where W is either Vj, or isomor-
phic to V; for some 1 < ¢ < 3. By (3.4) we have that Z?=1 i B Fy Efve = 0 for each
& € =, and consequently Z?:l w; EX F Efv = 0. This shows that Z?:l wi EXF;E7 = 0.
As at least one of i (1 < j < 5) is nonzero (recall that (1, pi2, jt3, f14, p15)" is a nontrivial
solution of (3.2)), the result follows. O]

4 The local eigenvalues

In order to discuss the thin irreducible 7-modules with endpoint 1, we first recall some
parameters called the local eigenvalues. We will use the notation from [7].

Definition 4.1. Let I' = (X, R) denote a distance-regular graph with diameter D > 3,
valency k > 3 and adjacency matrix A. Fix a vertex z € X. We let A = A(z) denote the
graph (X, R), where

={ye X |9d(z,y) =1},

X
R={yz|y,2€X,d(y,z2) =1}.
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The graph A has exactly k vertices and is regular with valency a;. We let A denote
the adjacency matrix of A. The matrix Ais symmetric with real entries, and thus Ais
diagonalizable with real eigenvalues. We let 11,7, ...,n; denote the eigenvalues of A.
We call 01,19, ..., nx the local eigenvalues of T with respect to x.

We now consider the first subconstituent V. We recall the dimension of ETV is k.
Observe ETV is invariant under the action of EfAET. We note that for an appropriate
ordering of the vertices of I', we have

e (A O
mam = (1 0),

where A is from Definition 4.1. Hence the action of EfAET on E}V is essentially the
adjacency map for A. In particular the action of Ef AE} on E{V is diagonalizable with
eigenvalues 11,72, ..., ;. We observe the vector s; from (3.1) is contained in E V. One
may easily show that s; is an eigenvector for £} AET with eigenvalue a;. Reordering the
eigenvalues if necessary, we have 77; = a;. For the rest of this paper, we assume the local
eigenvalues are ordered in this way. Now consider the the orthogonal complement of s; in
E;V. By (2.1), this space is invariant under multiplication by E; AE7. Thus the restriction
of the matrix Ef AET to this space is diagonalizable with eigenvalues 12,73, . . ., M.

Definition 4.2. Let I"' = (X, R) denote a distance-regular graph with diameter D > 3,
valency k > 3 and adjacency matrix A. Fix a vertex € X, and let 7' = T'(z) denote the
Terwilliger algebra of I" with respect to z. Let W denote a thin irreducible 7-module with
endpoint 1. Observe E W is a 1-dimensional eigenspace for £ AET; let n denote the cor-
responding eigenvalue. We observe EW is contained in £V so 7 is one of 12,13, . . . , k-
We refer to 7 as the local eigenvalue of W.

Theorem 4.3 ([ 14, Theorem 12.1]). LetT' = (X, R) denote a distance-regular graph with
diameter D > 3 and valency k > 3. Fix a vertex v € X, and let T = T(z) denote
the Terwilliger algebra of T with respect to x. Let W denote a thin irreducible T-module
with endpoint 1 and local eigenvalue 1. Let W' denote an irreducible T-module. Then the
following (i), (ii) are equivalent.

(i) W and W' are isomorphic as T-modules.
(ii) W' is thin with endpoint 1 and local eigenvalue 1.

LetI' = (X, R) denote a distance-regular graph with diameter D > 3 and valency k >
3. Fixavertex x € X, and let T' = T'(x) denote the Terwilliger algebra of I" with respect to
x. Recall that in Section 3, we said that the standard module V' is an orthogonal direct sum
of irreducible T-modules. Let W denote an irreducible T-module. By the multiplicity of
W, we mean the number of irreducible T-modules in the above decomposition which are
isomorphic to W. It is well-known that this number is independent of the decomposition
of V.

Theorem 4.4 ([ 14, Theorem 12.9]). Let T’ = (X, R) denote a distance-regular graph with
diameter D > 3 and valency k > 3. Fix a vertex v € X, and let T = T(x) denote the
Terwilliger algebra of T with respect to x. With reference to Definition 4.1, the following
are equivalent.
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(i) Forevery i (2 < i < k), there exists a thin irreducible T-module W of endpoint
1 with local eigenvalue n;. Moreover, the multiplicity with which n; appears in the
list 12, M3, ..., N is equal to the multiplicity with which W appears in the standard
decomposition of V.

(ii) T is 1-thin with respect to x.
With reference to Theorem 4.4, we note that if I is 1-thin with respect to x, then the

number of non-isomorphic irreducible 7-modules of endpoint 1 is equal to the number of
distinct local eigenvalues in the list 12,73, . . ., nx. We will need this fact later in the paper.

5 The matrices L, F', R

LetT' = (X, R) denote a distance-regular graph with diameter D > 3. Fix a vertex z € X.
In this section we recall certain matrices L, F', R of the Terwilliger algebra T' = T'(x).

Definition 5.1. Let ' = (X, R) denote a distance-regular graph with diameter D > 3 and
adjacency matrix A. Fix a vertex € X and let E = E(x) (0 < ¢ < D) denote the dual
idempotents with respect to . We define matrices L = L(x), F = F(z), R = R(x) by

D D D—1
L= Ej ,AE;, F =Y EjAE;, R=>E;, AE;.

Note that A = L + F + R [3, Lemma 4.4]. We call L, F, and R the lowering matrix, the
flat matrix, and the raising matrix of T" with respect to x, respectively.

Lemma 5.2. Let I' = (X, R) denote a distance-regular graph with diameter D > 3 and
valency k > 3. We fixx € X and let L = L(x), F = F(z) and R = R(x) be as in
Definition 5.1. For y, z € X the following (i)—(iii) hold.

(i) L.y =1if0(z,y) =1land 0(x,z) = O(z,y) — 1, and 0 otherwise.
(ii) Foy =1if0(z,y) = 1and O(z, z) = 9(x,y), and 0 otherwise.
(iii) R,y =1if0(2,y) = 1and 0(z, z) = 0(x,y) + 1, and 0 otherwise.

Proof. Immediate from Definition 5.1 and elementary matrix multiplication. O

With the notation of Lemma 5.2, we display the (z, y)-entry of certain products of the
matrices L, I and R. To do this we need another definition.

A sequence of vertices [yo, y1,...,y:] of T is a walk in T" if y;_qy; is an edge for
1<i<t.

Lemma 5.3. LetI' = (X, R) denote a distance-regular graph with diameter D > 3 and
valency k > 3. We fixx € X and let L = L(z), F = F(x) and R = R(x) be as
in Definition 5.1. Choose y,z € X and let m denote a positive integer. Assume that
y € T'y(x). Then the following (i)—(vi) hold.

(i) The (z,y)-entry of R™ is equal to the number of walks [y = Yo, Y1, - Ym = 2],
such that y; € Tiyj(x) for 0 < j < m.

(ii) The (z,y)-entry of R™ L is equal to the number of walks [y = Yo, Y1, - - -, Ym+1 = 2,
such that y; € T;_o4j(x) for1 < j <m+1.
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(iii) The (z,y)-entry of LR™ is equal to the number of walks [y = Yo, Y1, - - -, Ym+1 = 2],
such that y; € iy j(x) for 0 < j < mand Ymi1 € Tipm—1(2).

(iv) The (z,y)-entry of R™F is equal to the number of walks [y = Yo, Y1, -, Ym+1 =
z], such thaty; € T'y_14;(x) for1 <j<m+1

(v) The (z,y)-entry of FR™ is equal to the number of walks [y = yo,Y1,-- ., Ym+1 =
z], such that y; € T4 ;(x) for 0 < j < mand ym+1 € Tipm ().

(vi) The (z,y)-entry of F™ is equal to the number of walks [y = yo,Y1, .-, Ym = 2,
such that y; € T';(z) for 0 < j < m.

Proof. Immediate from Lemma 5.2 and elementary matrix multiplication. O

6 The sets DJ?

Let T' = (X, R) denote a distance-regular graph with diameter D > 3. In this section we
display a certain partition of X that we find useful.

Definition 6.1. Let I' = (X, R) denote a distance-regular graph with diameter D > 3 and
valency k > 3. Pick z € X and y € I'(z). For 0 < i,j < D we define D} = D’(x,y) by

Di =T;(z)NT;(y).

J

For notational convenience we set D; = (if ¢ or j is contained in {—1, D + 1}. Please
refer to Figure 1 for a diagram of this partition.

Figure 1: The partition with reference to Definition 6.1.

‘We now recall some properties of sets D;

Lemma 6.2 ([10, Lemma 4.2]). With reference to Definition 6.1 the following (i), (ii) hold
for0<4i,5<D.

(i) |Dj| = pjj-
(ii) D;— = 0 if and only ifp}j =0.

Observe that for 1 < ¢ < D we have pl{i_l = ¢;k;/k # 0 by [2, p. 134]. Therefore,
D¢, and Dj_l are nonempty for 1 <¢ < D.

Lemma 6.3 ([0, Lemma 2.11]). With reference to Definition 6.1 pick an integer i (1 < i <
D). Then the following (i), (ii) hold.
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(i) Each z € Df_l (resp. fol) is adjacent to

(a) precisely Ci—1 vertices in Df:é (resp. D;:% ),
(b) precisely ¢; —c;—1 — |T(2) N DI~1|  vertices in D™ (resp. D} _,),
(c) precisely ai—1 —|T(2) N Di7{| vertices in D}_, (resp. Di™1),
(d) precisely bi vertices in DE‘H (resp. D),

(e) precisely a; —a;_1 +|T(2) N D."{| vertices in D}.

(ii) Each z € D} is adjacent to

(a) precisely ¢ —|T'(z)N D;:}\ vertices in Dj_,
(b) precisely ¢ —|T'(z)N Dz:}\ vertices in D;_l,
(c) precisely b — |T'(z) N Dfiﬂ vertices in D\,
(d) precisely b; — |T'(z) N Di1| vertices in D,

(e) precisely a; —b; — ¢; + |T'(2) N DiZ{| + [T'(2) N D{fi|  vertices in D:.
In view of the above lemma we have the following definition.

Definition 6.4. With reference to Deﬁnition 6.1, for 1 <1 < D we define maps H, : Df —
Z, K;: D} — Zand V;: Di_, UD!™' — Z as follows:

Hi(z) =[P(z) N DiZil,  Ki(2) =[0() N Difl, Vi(z) = T(z) N D).
We have the following observation.

Lemma 6.5. With reference to Definition 6.4, fix an integer i (2 < i < D) and assume that
there exist integers my, ma, such that V;(z) = my for every z € D;fl and Vi(z) = mq for
every z € D;_,. Then m; = mao.

Proof. By Lemma 6.3(i) and using a simple double-counting argument we find that
1D (i = cimr =) = |Di_y (i = cim1 —ma).
As |D!™'| = |D}_,| # 0 by the comment below Lemma 6.2, the result follows. O
For the rest of the paper we assume the following situation.

Definition 6.6. LetI' = (X, R) denote a non-bipartite distance-regular graph with diame-
ter D > 3, valency k > 3, and distance matrices A; (0 < i < D). We abbreviate A := A;.
Fix x € X and let Ef = E}(z) (0 < i < D) denote the dual idempotents with respect
to z. Let T = T(x) denote the Terwilliger algebra with respect to z. Let A = A(x)
be as in Definition 4.1. Let matrices L = L(z), F' = F(z), R = R(z) be as defined in
Definition 5.1. For y € I'(x), let sets D’ (x, y) (0 < i,j < D) and the corresponding maps
H;, K;,V; (1 <1¢ < D) be as defined in Definition 6.1 and Definition 6.4. We assume
that for every y € I'(z) and for every 2 < ¢ < D, the corresponding maps H; and V; are
constant, and that these constants do not depend on the choice of y. We denote the constant
value of H; (V;, respectively) by h; (v;, respectively). We further assume that h; # 0 for
2<i<D.

Remark 6.7. With reference to Definition 6.6, pick y € I'(z) and let D} = D' (x,y)
(0 < 4,7 < D). Since I' is assumed to be non-bipartite, a; # 0 for some integer j
(1 <5 < D). It follows that D; = () by Lemma 6.2(ii) and [2, p. 127]. But since each
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h; # 0 (2 < i < D), we conclude each of sets DJJ::}, D?:g, ceey D% is nonempty. Since
D} # 0, we have a; # 0. Now by [2, Proposition 5.5.1], we find a; # 0 for1 <i < D—1.
Thus Djf # () for 1 < i < D — 1. However, with our assumptions of Definition 6.6, it is
possible that ap = 0 and DB = (). In this case, we make the convention that hp := 1.
Finally, we wish to make clear that while we are assuming the maps H; and V; are constant

for 2 <7 < D, we are not making any such global assumptions about the maps K.

7 Some products in T’

With reference to Definition 6.6, in this section we display the values of the entries of
certain products in 7'

Lemma 7.1. With reference to Definition 6.6, pick y € T'(x) and let D} = D’(z,y)
(0 < i,j < D). Pick an integeri (1 < i < D), and let z € T';(x). Then the following
(i)—(iii) hold.

Ci—1Ci—2---c1 ifz € Dj_y,
0 otherwise.

(i) (R™1)zy = {

(ll) (RlL)Zy = CiCj—1-""C1.

bicici—1---c1 ifz e Df_p
(iii) (LRZ)zy = (bz — Ki(Z))CiCZ',1 s C ifz € D%,

(ciy1 —Ci —viy1)cici_1---c1 ifz € D§+1-

Proof. First we observe that, by the triangle inequality, we have d(y, z) € {i —1,4,i+ 1}.

(i): By Lemma 5.3(i), the (z, y)-entry of R‘~! is equal to the number of walks [y =
Yo Y1,---,Yi—1 = 2], such that y; € 'y (x) for 0 < j < ¢ — 1. Observe that there
are no such walks if 9(y,z) > i. If d(y,z) = ¢ — 1, then it is easy to see that y; €
Fipi(z)nTy(y) = D;H for 0 < j <i— 1. Lemma 6.3(i) now implies that the number
of such walks is equal to ¢;_1¢;—2 - - - ¢y.

(ii): By Lemma 5.3(ii), the (2,y)-entry of R'L is equal to the number of walks [y =
YosY1,---,Yi+r1 = z), such that y; € T'j_4(x) for 1 < j < i+ 1. Observe that this
implies that y; = z. On the other hand, since z € T';(z), there are ¢;c;—1 - - - ¢; walks
[z =y1,Y2,...,Yit1 = 2], such that y; € T';_; () for 1 < j < i+ 1. The result follows.

(iii): By Lemma 5.3(iii), the (z,y)-entry of LR is equal to the number of walks ly =
YosY1,-- - Yi+1 = 2], such that y; € T'j4q(z) for 0 < j < 4. It follows that y; € D;H
for 0 < j < 4. Furthermore, observe that by Lemma 6.3, 2z has exactly ¢;+1 — ¢; — V41
neighbours in D} " if O(y, z) = i+1 (thatis, if € D{_ ), exactly b;— K; () neighbours in
Dt if d(y, z) = i (thatis, if 2 € DY), and exactly b; neighbours in DT if 9(y, z) = i—1
(that is, if = € D!_,). Moreover, by Lemma 6.3(i), for any vertex y; € Df“, the number
of walks [y = yo, Y1, ..., ¥, such that y; € D;J’l for 0 < j <14, isequal to c;c;—1 -+ cy.
The result follows. O

Lemma 7.2. With reference to Definition 6.6, pick y € T'(x) and let D§ = D;(x,y)
(0 <i,j < D). Pick an integeri (1 < i < D), and let z € I';(x). Then the following (i),
(ii) hold.
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i—1 ) )
Zj:l Ci—1Cj—2 "+ - Cj+1vj+1hjhj—1 - hy ifz e Dj;,l,

(i) (RTF)zy = { hihioy -+ ho ifz € DI,
0 ifz € Dl

(ai—1 —vi)ei—1Gi—2- -1 ifz € Di_y,
(ii) (FR"™").y =< (¢ — hi)ci—icia -1 ifz € D,
0 ifze Djyy.

Proof. The proof is very similar to the proof of Lemma 7.1, so we omit the details. We
only provide a sketch of the proof.

(i): We would like to count the number of walks of length i — 1 from z to D7. First, this
number is 0 if z € Di ;. If z € D{, then this walk must pass through sets D!”{, D!”3,
..., D3. Observe the number of such walks is equal to h;h;_1 - - - ho. Finally, suppose
z € D! ;. For any walk of length i — 1 from z to Di, there must exist some in-
teger 1 < j < ¢ — 1 such that this walk passes through sets Df:%, D;:g, . ,D§+1,
Dj:,Dgfj, ...,D3,D}. By Lemma 6.3, the number of such walks (for a fixed j) is
Ci—1Cij— "+ Cj+11}j+1hjh]‘_1 - - - hg. The result follows.

(ii): Here we note that z has 0 neighbours in D}_, if z € D! ,, ¢; — h; neighbours
in D}_, if z € D}, and a;_1 — v; neighbours in D;_, if z € D;_,. Moreover, there are
Ci—1Ci—g - - - c1 walks of length 7 — 1 from each vertex of D§71 to y. O

8 Proof of the main result

In this section we will prove our main result. With reference to Definition 6.6, we will
show that I" is 1-thin with respect to z.

Lemma 8.1. With reference to Definition 6.6, fix an integer i (1 < ¢ < D). Then there
exist scalars A\, \o such that

EfFR™'Ef = \\EfR"'E} + \Ef R 'FEj. 8.1)

Proof. Let z,y € X. We shall show the (z, y)-entry of both sides of (8.1) agree. Note that
we may assume z € I';(z),y € I'(x); otherwise the (z, y)-entry of both sides of (8.1) is
zero. Let Df = Df(x, y) (0 < ¢,j < D) and define scalars A1, Ao as follows:

1—1
(ci —hi) X2 cimicima - Cip1vjahjhy—1 -+ ho
b
hihi—1---h2

M =@ — v —

(ci —hi)ci_1cio- e

A =
° hihi—y---ha

Treating separately the cases where z € D!_,, D! D! ,, it's now routine using Lem-

ma 7.1(i) and Lemma 7.2 to check that the (z, y)-entry of both sides of (8.1) agree. O]

Lemma 8.2. With reference to Definition 6.6,

1 )
EfA; B} = WEQ‘RZ*ET (1<i<D). (8.2)
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Proof. Let z,y € X. Observe the (z,y)-entries of both sides of (8.2) are zero unless
z €l(z),y € T'(x). When z € T';(x),y € I'(z), the (2, y)-entries of both sides of (8.2)
are equal by (2.2) and Lemma 7.1(i). The result follows. O

Lemma 8.3. With reference to Definition 6.6, assume v € E{V is an eigenvector for F.
Then ‘
EfA;E}v € span{ R v} (1<i<D). (8.3)

Proof. We proceed by induction on ¢. For ¢ = 1, the result is immediate since v is an
eigenvector for F'. Now assume the result is true for a fixed 7, 1 < ¢ < D — 1. By [2,
p. 127],

Ciy1Aip1 = AA; —a;Ai —bi1Ai 1.

Using this equation, Lemma 3.1, Definition 5.1, and Lemma 8.2, we find
CZ‘+1E;+1AZ'+1ETU = El*-l—lAAlEik’U - aiE;‘+1AiEikv
=FE  (R+F+L)A;Ejv —

a; * 3 s
7.'0Ei+1R El'U
3

C1C2 (84)

— RE'A;Ejv+ FE'\ A Ejv— —2 B REv.
ez

Observe FE! A;Ejv = (cica---¢;)  Ef {FR'Ejv by (8.2), and E} FR'E{v €
span{R'v} by Lemma 8.1 and the fact that v is an eigenvector for F'. Using this informa-
tion along with (8.4) and the inductive hypothesis, we find £}, ; A; 11 Efv € span{ R'v},
as desired. O

Lemma 8.4. With reference to Definition 6.6, let U denote the sum of all T-modules of
endpoint 1. Assume v € EJU is an eigenvector for F. Then Lv = 0 and LR'v €
span{ R v} for1 <i< D — 1.

Proof. Since v is contained in a sum of irreducible T-modules of endpoint 1, we find
Lv = 0. By [5, Propositions 8.3(ii), 8.4], the primary module is the unique irreducible
T-module upon which J does not vanish. Thus JE{v = 0,and for1 < j < D —1,

0=FE;JEjv= E]*(i Ay)Efv
t=0
=E;A; (Efv+ EjAjEfv+ Ef A Ejv.
Thus E7Aj 1 Efv = —E;A;_1Ejv — E7 AjE7v, and so by Lemma 8.2 and Lemma 8.3,
EfAj 1 Efv e span{R’"'v}  (1<j<D-1). 8.5)
Now fix aninteger i (1 < ¢ < D —1). By [2, p. 127],
AA; = cip1Aipr +aiAy + b1 4.

Thus
EZ*AAZET’U = Ci+1E;-kA7;+1ET’U + CLiEZ*AZEiKU + biflE;-kAiflET’U. (86)

In view of (8.6), and using (8.5), (8.3), (8.2), we find

EfAA;E{v € span{R""'v}. 8.7)
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Now using Definition 5.1 and (8.2),

EfAAEfv = Ef(R+F + L)A;Efv
1 )
= RE} |A;Ejv+ FE!A;Efv+ ———— LR'.

C1Co - Cj

Thus
LR = cicg---¢;(Ef AA;Efv — RE} | A;E}v — FE} A;E;jv).

Recalling that v is an eigenvector for F, the result now follows from (8.7), (8.5), (8.3),
(8.1). O

We now present our main result. With reference to Definition 6.6, let W denote an
irreducible T-module of endpoint 1, and observe by Definition 5.1 that FE;W C EFW.
Thus, there is a nonzero vector v € ETW such that v is an eigenvector for F'. We shall
show W is thin.

Theorem 8.5. With reference to Definition 6.6, let W denote an irreducible T-module with
endpoint 1. Choose nonzero v € E{W which is an eigenvector for F. Then the following
set spans W :

{v, Rv,R%>v, ..., RP~1v}. (8.8)
In particular, W is thin.

Proof. We first show that W is spanned by the vectors in (8.8). Let W' denote the subspace
of V spanned by the vectors in (8.8) and note that W/ C W. We claim that W' is T-
invariant. Observe that since RE;‘V - E]* Jr1V for 0 < 7 < D — 1, W’ is invariant
under the action of E]* for 0 < j < D, and so W’ is M*-invariant. By definition and
since RELV = 0, W' is invariant under R. From Lemma 8.1, Lemma 8.4, and the fact
that v is an eigenvector for F, it follows that W' is also invariant under F' and L. Since
A= R+ F + L and since A generates M, W' is M-invariant. The claim follows. Hence
W’ is a T-module, and it is nonzero since v € W’. By the irreducibility of W we have that
W' = W. Since for 0 < 7 < D — 1 we have Riv e E}‘HW, it follows that W is thin. [

9 Special case — two modules with endpoint 1

With reference to Definition 6.6, in this section we consider the case where I" has (up to
isomorphism) exactly two irreducible T-modules with endpoint 1. Note that these modules
are thin by Theorem 8.5. Observe that in this case it follows from the comments of Section 4
that the local graph A = A(x) has either two or three distinct eigenvalues. In the former
case A is a disjoint union of complete graphs (with order a; 4 1), while in the latter case A
is a strongly regular graph (see [8, Chapter 10, Lemma 1.5]). We observe that A has one of
these two forms if and only if the map K is constant for every y € I'(z), and this constant
does not depend on y.

Proposition 9.1. With reference to Definition 6.6, assume that A is a disjoint union of
k/(a1 + 1) cliques of order ay + 1. Let W denote an irreducible T-module with endpoint
1. Then W is thin with local eigenvalue a1 or —1.
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Proof. Recall that T is thin by Theorem 8.5. Let 7 denote the local eigenvalue of W, and
note that 7 is an eigenvalue of A by the comments of Section 4. But the eigenvalues of A
are a; (with multiplicity k/(a; + 1) > 1) and —1 (with multiplicity & — k/(a; + 1) =
kayi/(ay + 1)). The result follows. O

Proposition 9.2. With reference to Definition 6.6, assume that A is a connected strongly
regular graph with parameters (k,ay1, \,v2). Let W denote an irreducible T-module with
endpoint 1. Then W is thin with local eigenvalue 1y or ns, where

A — vy £ \/(A—v2)2—|—4(a1 — vg)

N2, M3 = 5 . 9.1

Proof. Recall that W is thin by Theorem 8.5. Let n denote the local eigenvalue of W,
and recall that 7 is an eigenvalue of A. Therefore, by the well-known formula for the
eigenvalues of a connected strongly regular graph, the eigenvalues of I'(x) are n; = a3
(with multiplicity 1), and scalars 72, 13 from (9.1). The result follows. O

Theorem 9.3. With reference to Definition 6.6, assume that for every y € T'(x) the map K,
is constant, and that this constant does not depend on y. Then I' has (up to isomorphism)
exactly two irreducible T-modules with endpoint 1, both of which are thin. In particular,
forevery 1 < ¢ < D — 1, the map K; is constant, and this constant does not depend on y
(in other words, T is pseudo-1-homogeneous with respect to x in the sense of Curtin and
Nomura [4]).

Proof. Recall that every irreducible T-module of I" is thin by Theorem 8.5. Therefore, by
Theorem 4.3, two irreducible T-modules with endpoint 1 are isomorphic if and only if they
have the same local eigenvalue. As K is constant and this constant does not depend on y,
the local graph A is either a disjoint union of cliques of order a; + 1, or connected strongly
regular graph. The first part of the above theorem now follows from Propositions 9.1 and
9.2. The second part follows from [4, Theorem 1.6]. O

10 Special case — three modules with endpoint 1

With reference to Definition 6.6, in this section we consider the case where I' has (up
to isomorphism) exactly three irreducible 7-modules with endpoint 1. Note that these
modules are thin by Theorem 8.5. It follows from the comments in Section 4 that this
situation occurs if and only if the local graph A is either disconnected with exactly three
distinct eigenvalues, or connected with exactly four distinct eigenvalues. Moreover, A is
not connected if and only if vo = 0. But if v = 0, then it is easy to see that A is a disjoint
union of complete graphs (with order a; + 1), and has therefore 2 distinct eigenvalues.
This shows that vy # 0, and so A is connected with exactly four distinct eigenvalues. To
describe this case we need the following definition.

Definition 10.1. With reference to Definition 6.6, for y € I'(x) let B = B(y) denote the
adjacency matrix of the subgraph of I" induced on D;. Observe that B € Mat D! (C), and
so the rows and the columns of B are indexed by the elements of D}. Let j € CP ! denote
the all-ones column vector with rows indexed by the elements of D1.

Lemma 10.2. With reference to Definition 10.1, pick y € T'(z). Then for every z € Di we
have

Kl(z) =by —a; + (Bj)z + 1.
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Proof. Observe that (Bj). is equal to the number of neighbours that z has in D}. There-
fore, z has a; —1—(Bj). neighbours in D1. But as z also has K (z) neighbours in D3 and
no neighbours in D3, it must have b; — K7 () neighbours in D3. The result follows. [

With reference to Definition 10.1, we now describe three properties that I' could have.

Definition 10.3. With reference to Definition 10.1, we denote by P1, P2 and P3 the fol-
lowing properties of I':

P1: There exists y € I'(z) such that K is not a constant.

P2: Forevery y, z € I'(z) with d(y, z) € {0, 2}, the number of walks of length 3 from y
to z in graph A is a constant number, which depends only on d(y, z) (and not on the
choice of y, 2).

P3: There exist scalars «, 8 such that for every y € I'(x) we have
B*j = aBj + 33.

With reference to Definition 10.3, in the rest of this section we prove that I' has proper-
ties P1, P2, P3 if and only if I" has (up to isomorphism) exactly three irreducible 7-modules
with endpoint 1.

Proposition 10.4. With reference to Definition 10.3, assume that I has (up to isomorphism)
exactly three irreducible T-modules with endpoint 1. Then I" has property P1.

Proof. Assume on the contrary that K is a constant for every y € I'(x). We claim that this
constant is independent of the choice of y € T'(x). Pick y € T'(x) and let D} = D (x,y).
Denote the constant value of K; = Kj(y) by k = k(y). Observe that every vertex in
D} has vy neighbours in D}, and that every vertex in Di has b; —  neighbours in DJ.
As |D| = by and |D}| = ay, this gives us ai(b; — k) = byvy. This shows that  is
independent of the choice of y € T'(z). By Theorem 9.3, T has up to isomorphism at
most two irreducible modules with endpoint 1, a contradiction. This shows that " has
property P1. [

Lemma 10.5. With reference to Definition 10.3, assume that T has (up to isomorphism)
exactly three irreducible T-modules with endpoint 1. Then

E{F*E} = Ef (m LR + poRL + psF + pa F?)Ef (10.1)
for some scalars p; (1 < i < 4).
Proof. By Lemma 3.2, there exist scalars A1, A2, Az, Ag, A5, not all zero, such that

Ef (M LR+ XARL + \sF + A F? + A F*)Ef = 0. (10.2)

We claim that A5 # 0. Assume on the contrary that A5 = 0. By Proposition 10.4, there
exists y € T'(z) such that K; = K, (y) is not a constant. Pick such y and let D} =
D}(m, y). Let z € Di. We now compute the (z,y)-entry of (10.2). By Lemma 7.1(ii),(iii),
the (z,y) entry of EY LRET (Ef RLEY, respectively) is by — K1(2) (1, respectively). By
Lemma 5.3(vi), the (z,y)-entry of E} FE7 is 1, and the (z, y)-entry of Ef F2E} is equal
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to the number of neighbours of z in Di. But by Lemma 10.2, the number of neighbours of
zin Dj is equal to a; — 1 — by + K1(2). It follows from the above comments that

A1(b1 — K1(2)) + A2 + Az + Aa(ar — 1 — by + Ki(2)) = 0.

Note that by the assumption the map K is not constant, and so the above equality implies
A4 = Ap. Therefore Ai(a; — 1) + A2 + A3 = 0.
We now compute the (y, y)-entry of (10.2). Similarly as above we get

M(E—=1)+ X =0.
Finally, pick z € DJ. By computing the (y, z)-entry of (10.2) we get
/\1(02 — 1) + Ay = 0.

It follows easily from the above equations that \; = Ay = A3 = Ay = 0, a contradiction.
This shows that A5 # 0 and so

E{F*E} = Ef (LR + poRL + psF + pa F?) EY,
where p; = —\; /A5 for1 <i < 4. O

Theorem 10.6. With reference to Definition 10.3, assume that I has (up to isomorphism)
exactly three irreducible T-modules with endpoint 1. Then I" has properties P2 and P3.

Proof. Note that for every y, 2 € I'(z), the (2, y)-entry of Ef F3E7 is equal to the number
of walks of length 3 from y to z in graph A. Pick y, z € I'(x) such that d(y, z) € {0,2}.
We compute the (z,y)-entry of (10.1). Using Lemma 5.3(vi) and Lemma 7.1(ii),(iii) we
find that

pibr + po + paay ifz =y,

EfF3E}),, = .
( 1=y {u1(02v21)+u2+u4v2 if 2 £ y.

This shows that I" has property P2.

Pick now y, z € T'(z) such that d(y, z) = 1 and let D} = D’(z,y). Let K denote the
corresponding map, and let B = B(y). Let [y = yo,y1, Y2, ys = 2| be a walk of length 3
from y to z in A. We will say that this walk is of type 0 if y» = ¥, of type 1 if yo € D1, and

of type 2 if yo € D3. Itis clear that we have a; walks of type 0 and (a3 — 1 — (Bj).)v2
walks of type 2. Similarly, there are (5B25), walks of type 1. So there are in total

a; + (a1 —1—(Bjg).)va + (sz)z

walks of length 3 from y to z in A.
We now compute the (z, y)-entry of the right side of (10.1). Using Lemma 7.1(iii) and
Lemma 10.2, we find that the (z, y)-entry of EF LREY is equal to

b1 — Kl(z) = ay — (B_])Z — 1.

It is easy to see that the (z, y)-entries of EY RLET and E5 F E; are both equal to 1. Finally,
the (z,y)-entry of E} F2E7 is equal to the number of neighbours of z in D}, that is to
(BJ).. It now follows from the above comments that

a1 + (a1 — 1 — (Bj):)va + (B%5). = pa (a1 — (Bj). — 1) + po + pz + pa(Bj)..
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This shows that
(B%*j). = a(Bj). +

for some scalars «, 3, which are independent of the choice of vertices ¥, z. This proves that
T has property P3. O

We now assume that I' has properties P1, P2 and P3. We will show that this implies
that I" has (up to isomorphism) exactly three irreducible T-modules with endpoint 1.

Definition 10.7. With reference to Definition 10.3, assume that I" has properties P1, P2
and P3, and recall that X = I'(z). Recall also that for any y, z € X with d(y, z) € {0,2},
the number of walks of length 3 from y to z in A is a constant number, which depends
just on the distance between y and z. We denote this number by wy if y = 2z and by we
if d(y,z) = 2. Recall that A = A(z) € Mat 4 (C) denotes the adjacency matrix of A.
Furthermore, let I denote the identity matrix of Mat 3 (C) and let J denote the all-ones
matrix of Mat 4 (C).

We now display the entries of A, A2 and A3.

Proposition 10.8. With reference to Definition 10.7, the following (i)—(iii) hold for all

z,y € X.
(i)
= {y o=
(ii)

} a ify=z,
(AQ)ZCU = (BJ)Z zf@(y,z) = ]-7
V2 lfa(y7 Z) = 27

where B = B(y).

(iii)
Wo ify=z,
(A%)2y = Qa1 +va(ar — 1) + (Bj):(a —v2) + B if Oy, 2) =1,
w2 ifoly,z) =2,

where B = B(y) and o, 8 are from Definition 10.3.

Proof. Recall that for ¢ > 0, the (z, y)-entry of Atis equal to the number of walks of length
i from y to z in A. Parts (i), (ii) follow. We now prove part (iii).

Note that the result is clear if y = z or if d(y, z) = 2. Therefore, assume J(y, z) = 1.
Similarly as in the proof of Theorem 10.6, we split the walks of length 3 between y and
z into three types, depending on whether the third vertex of the walk is equal to y, or is
a neighbour of g, or is at distance 2 from y. There are a; walks of the first type, (B25).
walks of the second type, and (a; — 1 — (Bj),)vs walks of the third type. Recall that by
property P3 we have B2j = aBj + 37, and so the result follows. O



M. S. MacLean and S. Miklavi¢: On a certain class of 1-thin distance-regular graphs 205

Proposition 10.9. With reference to Definition 10.7, we have

AP = (a—v2) A% + (a1 + B+ va(ar — 1+ a —vp) —wz) A (103)
—l—(wo—wg—i—(a—vg)(vg—al))j+(w2—(a—v2)v2)j, '

where «, B are from Definition 10.3.

Proof. Pick y, z € X. It follows from Proposition 10.8 that the (z, y)-entry of the left side
and the right side of (10.3) agree. This proves the proposition. 0

Theorem 10.10. With reference to Definition 10.7, A has exactly four distinct eigenvalues.

Proof. Observe that A is connected and regular with valency a1, so a; is an eiger}value of
A with multiplicity 1. The corresponding eigenvector is the all-ones vector in C*, which
we denote by 5 Let 0 denote an eigenvalue of A which is different from a;, and let w
denote a corresponding eigenvector. Note that w and 5 are orthogonal, and so applying
(10.3) to w we get

03w = (o — v2)0%w + (a1 + B+ v2(a; — 14+ — v) — wy)fw

+ (wo — w2 + (o — v2) (v — ay))w.
As w is nonzero, we have
0% = (a—v2)0% + (a1 + B+v2(ar — 1+ a—va) — w2)0 +wp — wa + (@ — v2) (va — a).

This shows that A could have at most four different eigenvalues. Now if A has fewer
than four different eigenvalues, then A is strongly regular [8, Chapter 10, Lemma 1.5],
and so (Bj). is constant for every y,z € X with z € I'(y), where B = B(y) and j
is from Definition 10.1. By Lemma 10.2, K is constant for every y € X, contradicting
property P1. O

Theorem 10.11. With reference to Definition 10.7, I" has (up to isomorphism) exactly three
irreducible T-modules with endpoint 1.

Proof. Recall that I' is 1-thin with respect to x by Theorem 8.5. The result now follows
from Theorems 4.3, 4.4, and 10.10. O

11 Example: Johnson graphs

Pick a positive integer n > 2 and let m denote an integer (0 < m < n). The vertices of
the Johnson graph J(n,m) are the m-element subsets of {1,2,...,n}. Vertices x,y are
adjacent if and only if the cardinality of x N y is equal to m — 1. It follows that if x,y
are arbitrary vertices of J(n,m), then d(x,y) = m — |z N y|. Therefore, the diameter
D of J(n,m) is equal to min{m,n — m}. Recall that J(n,m) is distance-transitive (see
[2, Theorem 9.1.2]), and so it is also distance-regular. It is well known that J(n,m) is
isomorphic to J(n,n — m), so we will assume that m < n/2, which implies D = m. In
fact, if n is even and m = n/2, then J(2m,m) is 1-homogeneous (see [9]), and so we
assume from here on that m < n/2. As we are also assuming that D > 3, we therefore
have m > 3, n > 7. For more details on Johnson graphs, see [2, Section 9.1].
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Pick adjacent vertices x,y of J(n, m), and let D; = D; (z,y) be as defined in Defini-
tion 6.1. For 1 < ¢ < D let maps H;, K; and V; be as defined in Definition 6.4. The main
purposes of this section are to describe maps H;, K; and V; in detail and to show J(n,m)
satisfies the assumptions of Definitions 6.6 and 10.7. As J(n,m) is distance-transitive, it is
also arc-transitive, and so we can assume that x = {1,2,...,m},y = {2,3,...,m + 1}.
We start with a description of the sets D;

Proposition 11.1. Pick positive integers n and m withn > 7,3 < m < n/2, and let x =
{1,2,...,m}, y ={2,3,...,m+ 1} be adjacent vertices of J(n, m). Let D = Di(x,y)
be as defined in Definition 6.1. Then for 1 < ¢ < D, the set Dz_l (D:_,, respectively)
consists of vertices of the form {1} U AU B ({m + 1} U A U B, respectively), where
AC{2,3,...,m}with|Al=m —iand BC {m+2,m+3,...,n}with|B| =i— 1.

Proof. Routine. O
To describe sets Dj we need the following definition.

Definition 11.2. Pick positive integers n and m with n > 7,3 < m < n/2, and let
x={1,2,...,m},y={2,3,...,m+ 1} be adjacent vertices of J(n, m).

(i) For1 < i < D—1, define set D!(0) to be the set of vertices of the form {1, m+1}U
AUB, where A C {2,3,...,m} with|A] = m—i—1land B C {m+2,m+3,...,n}
with |B| =i — 1. We define DJ(0) = DB(0) = 0.

(ii) For 1 < ¢ < D, define set Djf(l) to be the set of vertices of the form A U B, where
ACH{2,3,...,m}with |[A| =m—i,and B C {m+2,m+3,...,n} with |B| = 1.
We define DJ(1) = 0.

Please refer to Figure 2 for a diagram of this partition.

Figure 2: The partition with reference to Definition 11.2. For further information about
which sets in the diagram are connected by edges, please refer to the propositions and
corollaries later in this section.

Proposition 11.3. Pick positive integers n and m withn > 7, 3 < m < n/2, and let
r={12,...,m}, y = {2,3,...,m + 1} be adjacent vertices of J(n,m). Let D} =
D3 (z,y) be as defined in Definition 6.1 and let D;(0), D;(1) be as in Definition 11.2.
Then for 1 < i < D —1 we have that D! is a disjoint union of D}(0) and D}(1). Moreover,
DB =DE(1).

Proof. Routine. O
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We now first describe the maps V.

Proposition 11.4. With the notation of Proposition 11.3, let the maps V; be as defined in
Definition 6.4. Then for 1 <i < D and any z € D}_; U DZI_1 we have

Vi(z) =2(i —1).
In particular, the maps V; are constant.

Proof. Note that the result is clear fori = 1, sopick2 < ¢ < D and assume z € szl (case
z € D!, is treated similarly and we omit the details). First recall that by the definition of
map V; and by Proposition 11.3 we have

Vi(z) = [P(z) N DiZi| = [P(2) N DiZ1(0)] + [P(2) N DIz (1))

Recall also that by Proposition 11.1 there exist subsets A C {2,3,...,m} with |[A] = m—i
and B C {m+2,m+3,...,n} with |B| =i — 1, such that z = {1} U AU B. We first
count the number of neighbours of z in D!~{(1). As vertices contained in D!~1(1) do not
contain the number 1 as an element, vertex w € D;}:}(l) will be adjacent with z if and
only if

w=AUBU{/l}

for some ¢ € {2,3,...,m} \ A. Therefore, there are exactly m — 1 — (m —i) =i —1
neighbours of z in D!~1(1). We now count the number of neighbours of z in D!~1(0).
As vertices contained in D;:%(O) contain numbers 1 and m + 1 as elements, vertex w €
D:~1(0) will be adjacent with z if and only if

w={1l,m+1} UAUB)\ {¢{}

for some ¢ € B. Therefore, there are exactly i — 1 neighbours of z in D~1(0). The result
follows. L

Proposition 11.5. With the notation of Proposition 11.3, for 1 < i < D — 1 and for any
z € D¥(0) the following (i), (ii) hold.

(i) 0(2) N DI=1(0)| = i(i — 1).
(ii) |T'(2) N Di=1(1)] = 0.

Proof. Note that the result is clear fori = 1,sopick2 <i< D—1landz € D;(O) Recall
that z = {1,m + 1} U AU B for some subsets A C {2,3,...,m} with |[A|=m —i—1
and BC {m+2,m+3,...,n} with |B|=1i—1.

(i): Note that w € D! }(0) is adjacent with z if and only if w = {1,m +1}U A’ U B/,
where A’ = AU{¢;} forsome ¢; € {2,3,...,m}\Aand B’ = B\ {{3} for some {5 € B.
We have m — 1 — (m — i — 1) = i choices for ¢; and ¢ — 1 choices for /. It follows that z
has i(i — 1) neighbours in D'~1(0).

(ii): Recall that if w is an element of ij (1), then 1 and m + 1 are not elements of w.
On the other hand, 1 and m + 1 are elements of z, and so z and w are not adjacent. O

Proposition 11.6. With the notation of Proposition 11.3, for 1 < ¢ < D and for any
z € D¥(1) the following (i), (ii) hold.
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(i) IT(z)NDi=1(1)| = (i — 1).
(ii) |T(z) N DiZ1(0)] = 0.
Proof. Similar to the proof of Proposition 11.5. O

Corollary 11.7. With the notation of Proposition 11.3, let the maps H; be as defined in
Definition 6.4. Then for 1 < i < D and any z € D! we have

H;(z) =1i(i—1).
In particular, the maps H; are constant.

Proof. Immediate from Propositions 11.5 and 11.6 and since D} is a disjoint union of
D¥(0) and Di(1). O

Proposition 11.8. With the notation of Proposition 11.3, for 1 < i < D — 1 and for any
z € D¥(0) the following (i), (ii) hold.

(i) ID(2) N DEL(O)] = (m — i — 1)(n — m —i).

(ii) |T(z) N Dif1(1)] = 0.
Proof. Pick1 <i< D —1and z € D(0). Recall that z = {1,m + 1} U AU B for some
subsets A C {2,3,...,m}with |A| =m —i—1and B C {m+2,m+3,...,n} with
|B|=1i—1. ‘

(i): Note that w € D11 (0) is adjacent with z if and only if w = {1,m+ 1} U A’ UB’,
where A’ = A\ {¢1} for some ¢; € A and B’ = B U {{5} for some ¢y € {m +2,m +
3,...,n}\B. We therefore have m—i—1 choices for /; and (n—m—1)—(i—1) = n—m—i
choices for £5. It follows that z has (m — ¢ — 1)(n — m — 4) neighbours in D;ﬂ(())

(i1): Immediate from Proposition 11.6(ii). O]
Proposition 11.9. With the notation of Proposition 11.3, for 1 < i < D — 1 and for any
z € Di(1) the following (i), (ii) hold.

(i) I(=) 0 DEEL(D)] = (m — i) (n —m — i — 1),
(ii) [P(z) N DiL1(0)] = 0.
Proof. Similar to the proof of Proposition 11.8. O

Corollary 11.10. With the notation of Proposition 11.3, let the maps K; be as defined in
Definition 6.4. Then for 1 <i < D — 1 and any z € D} we have

(m—i—1)(n—m—1) ifz € DY0),
Ki(z) = . . : ;
(m—i)(n—m—i—1) ifze D).
In particular, maps K; are not constant.

Proof. The first part of the corollary follows immediately from Propositions 11.8 and 11.9
and since D! is a disjoint union of D!(0) and D?(1). For the second part, observe that if
K is a constant, then we have n = 2m, contradicting our assumption m < n/2. O

Proposition 11.11. With the notation of Proposition 1 1.3, the following (i)—(iii) hold.
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(i) Everyz € D3 has 1 neighbour in D}(0), 1 neighbour in D} (1), and n—4 neighbours
in D3.

(ii) Every z € Di(0) has n —m — 1 neighbours in D3, m — 2 neighbours in D1(0), and
no neighbours in D1 (1).

(iii) Every z € D}(1) has m — 1 neighbours in D3, n —m — 2 neighbours in D1(1), and
no neighbours in D} (0).

Consequently, the partition {{y}, D1(0), D1(1), Di} of T'(x) is equitable.

Proof. First observe that it follows from the proof of Proposition 11.4 that each z € D3
has 1 neighbour in D} (0) and 1 neighbour in D (1). Consequently, z hasa; —2 =n — 4
neighbours in DJ. Next observe that each vertex from D} (0) contains 1 and m + 1 as
elements, while 1 and m + 1 are not elements of any vertex from D{(1). Consequently,
there are no edges between vertices of D} (0) and D} (1). Furthermore, by Corollary 11.10,
each vertex in D} (0) has (m —2)(n—m— 1) neighbours in D3, while each vertex in Di (1)
has (m — 1)(n — m — 2) neighbours in D3. The other claims of the above proposition now
follow from the fact that intersection numbers a; and by of J(n,m) are equal to n — 2 and
(m —1)(n — m — 1), respectively. O

Theorem 11.12. Pick positive integers n and m with n > 7, 3 < m < n/2, and let
I'= J(n,m). Pickx € V(') and let T = T(x). Then T has (up to isomorphism) exactly
three irreducible T-modules with endpoint 1, and these modules are all thin.

Proof. AsT is arc transitive, it follows from Proposition 11.4 and Corollary 11.7 that maps
V; and H; (2 < i < D) are constant for every y € I'(x), and that these constants are
nonzero and independent of the choice of y. By Theorem 8.5, I is 1-thin. By Corol-
lary 11.10, the map K7 is not constant for any y € T'(z). Pick y,z € I'(x) and let
B = B(y) be as defined in Definition 10.1. It follows from Proposition 11.11 that the
number of walks of length 3 from y to z in A = A(x) depends only on the distance be-
tween y and z when O(y, z) € {0,2}. Finally, by Proposition 11.11 we also have that
B?j = aBj + (3, where a« = n — 4, 3 = —(n — m — 2)(m — 2), and j is from Defini-
tion 10.1. Therefore I' has properties P1, P2 and P3, and so, by Theorem 10.11, I" has (up
to isomorphism) exactly three irreducible 7-modules with endpoint 1. O
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