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Abstract
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1 Introduction

The rectilinear crossing number ¢t(G) of a graph G is the minimum number of edge cross-
ings in a rectilinear drawing of G in the plane, i.e., a drawing of G in the plane where the
vertices are points in general position and the edges are straight line segments. A drawing
of G with exactly cr(G) crossings is crossing-minimal.

Determining the rectilinear crossing number ¢r(K,) of the complete graph K, is a
well-known open problem in combinatorial geometry (see for instance [5, 11]). In [9]
Aichholzer et al. determined the exact values of ¢T(K,,) for 13 < n < 17. In that paper
also the following question was raised.

Question 1.1. Is it true that, for every integer n > 4, there exists a crossing-minimal
drawing of K, that contains a crossing-minimal drawing of K, _?

The exact value of ¢r(K,,) is known for n < 27 and n = 30 (see [3, 7, 8, 9, 10]). The
value of ¢r(K15) = 1029 was established in [8]. Crossing-minimal rectilinear drawings of
K, for this range of values of n can be found in [2] and [6]. In particular, from [6], we
know that there are at least 37269 non-isomorphic crossing-minimal drawings of Ky7.

Let 6 denote the counterclockwise rotation of 27/3 around the origin, and let
W = {(-51,113),(6,834), (16,989), (18,644), (18,1068), (22,211)}. From [2], we
know that the 18-point set W U (W) U §2(W) induces a crossing-minimal drawing of
Kig. See Figure 1 for an illustration of such a point set.

Our main result is the following.

Theorem 1.2. Up to order type isomorphism, there is a unique 18-point set whose induced
rectilinear drawing of K1s has ¢r(K1g) crossings.

Let D be the (unique, in view of Theorem 1.2) crossing-minimal rectilinear drawing
of Kig. It is easily verified that every subdrawing of D with 17 points has more than
cr(K17) = 798 crossings. This settles Question 1.1 in the negative.

In the next section, we introduce the necessary notation and additional concepts re-
quired for the proof of Theorem 1.2. In Section 4 we prove Theorem 1.2.

2 k-edges, (< k)-edges, and 3-decomposability

Throughout this section, () is a set of n > 3 points in general position in the plane. If p
and ¢ are distinct points of (), then we denote by pq the directed line spanned by p and ¢,
directed from p towards g. Furthermore, pg™ and pg~ denote the set of points in Q on the
right and left, respectively, of pg. Thus Q = pg~ U {p,q} U pq™ for all p,q € Q with
p#q

Letk € {0,1,...,|n/2| —1}. A k-edge of Q is a directed line spanned by two distinct
points of @), which leaves exactly & points of () on one side. A (< k)-edge (respectively,
a (> k)-edge) is an i-edge of @ with 0 < ¢ < k (respectively, k& < i < |[n/2| — 1).
Let E;(Q), E<k(Q), and E~;(Q) denote, respectively, the set of k-edges, (< k)-edges

and (> k)-edges of Q. We use ex(Q), e<k(Q), and e~ (Q) to denote, respectively, the

number of elements in Ex(Q), E<k(Q), and E~(Q). Then e<x(Q) = E?:o e;(Q) and

esk(Q) = (3) — e<k(Q).
The vector E<¢(Q) = (e<0(Q),e<1(Q), ..., e<|ns2/-1(Q)) is the (< k)-edges vec-
tor of Q. Finally, e<j(n) denotes the minimum of e<,(P) taken over all n-point sets P
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Figure 1: This is the 18-point set produced by the union of W = {(—51,113), (6,834),
(16,989), (18,644), (18,1068), (22,211)}, (W) and §(W). It is not difficult to see that
P produces a crossing-minimal rectilinear drawing of K1g. The triangle and the six straight
line segments show that P is 3-decomposable.

in the plane in general position. The exact determination of e<y(n) is another well known
open problem in combinatorial geometry (see for instance [3, 4, 7, 8]).

The number of crossings in a rectilinear drawing of K,, and the number of k- and
(< k)-edges in its underlying n-point set P are closely related by the following equality,
independently proved in [4] and [12]:

cmpyzmgf2m—ak—3ygkg§—z<§>+(1+(—U”“)é(;). @.1)

k=0

This equality allows us to fully determine the (< k)-edges vector of any 18-point set
whose induced drawing attains the rectilinear crossing number of Kig.

Proposition 2.1. If P is an 18-point set such that Tt(P) = ¢r(Kis), then E<p(P) =
(3,9, 18, 30,45, 63, 87, 120, 153).

Proof. Let (Q be an 18-point set in the plane in general position. It is known (see [3]

or [7]) that E<;(Q) = (e<0(Q),e<1(Q),...,e<s(Q)) is bounded below entry-wise by
(3,9,18,30,45,63,87,120, 153). On the other hand, from (2.1) we know that

ﬁ(Q):—612+15'€§0(Q)+13~6S1(Q)+"'+1'6§7(Q).

From the coefficients of this equation and the fact that e<g () = 153, it follows that if
e<r (Q) is greater than the k-th component in the vector (3,9, 18, 30, 45, 63, 87, 120, 153),
then r(Q) > 1029. O
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Finally, we introduce a concept that captures a property shared by all known crossing-
minimal rectilinear drawings of K, for n a multiple of 3. A point set Q) is 3-decomposable
if it can be partitioned into three equal-size sets A, B and C, such that (i) there exists a
triangle 7" enclosing the point set ; and (ii) the orthogonal projection of () onto the three
sides of T" shows A between B and C on one side, B between C and A on the second
side, and C between A and B on the third side. In such a case, we say that {A, B, C}
is a 3-decomposition of ). For instance, {W, (W), 6%(W)} is a 3-decomposition of the
18-point set shown in Figure 1.

As in [2], if {A, B, C} is a 3-decomposition of @), we define two types of edges. Let
p and ¢ be distinct points of Q. If p,q € A, p,qg € B or p,q € C then we call pg
monochromatic; otherwise, pq is bichromatic. Let E}(Q) and E}(Q) denote the set of
monochromatic and bichromatic k-edges of @), respectively. As before, we use ej(Q)) and
¢ (Q) to denote | Ep(Q)| and | E}(Q)], respectively. Note that e, (Q) = ep™(Q) + €5(Q).
Now we partition the monochromatic edges of @ into three types. If p,q € A, then we
say that pq is an edge of type aa. Similarly, we define the edges of types bb and cc. For
z € {a,b,c}, we denote the number of monochromatic k-edges of type zz by " (Q).

Then ¢;™(Q) = ¢*(Q) + ¢;°(Q) + €°(Q).

3 Overview of the proof of Theorem 1.2

For the rest of this paper, P is an 18-point set in the plane in general position where the
rectilinear crossing number of Kz is attained. That is, et(P) = cr(Kg).

The first step in the proof, carried out in Section 4.1, consists of giving an algo-
rithm that yields a canonical, unambiguous labelling of the points in P. The 18 points
in P get labelled zg, x1,...,%5,Y0,Y1,---, Y5, 20, 21, - - -, 25. Thus P gets naturally par-
titioned into three sets X = {xg, z1, 22,23, 4,25}, Y = {yo,¥1,Y2,Y3, Y4, Ys}, and
Z = {29, 21, 22, 23, 24, 25 . As we shall prove shortly afterwards, {X,Y, Z} happens to
be a 3-decomposition of P.

Once we have laid out the foundation by giving a canonical labelling of the points of
P, the rest of the proof consists of showing the following:

Lemma 3.1 (Implies Theorem 1.2). For each pair of distinct points p,q € P, the set pq*+
is uniquely determined.

Clearly Lemma 3.1 implies Theorem 1.2: if the lemma holds, then the unambiguity of
the labelling of the points in P implies that P is unique up to order type isomorphism.

First we establish the lemma for the case in which pq is a (<5)-edge. This is actually
done in Section 4.1, where we give the algorithm to label the points in P. Indeed, the
unambiguity in the labelling of the points in P is established in Proposition 4.3(1), and in
order to prove this we need to prove simultaneously Proposition 4.3(2), which in particular
implies Lemma 3.1 for the case in which pq is a (<5)-edge.

We then move on to proving Lemma 3.1 for the case in which pq is a (>5)-edge, that is,
when pq is either a 6-edge, or a 7-edge, or an 8-edge. As we shall see, even if this follows
from elementary observations, the investigation of these cases is remarkably more involved
than the case in which pq is a (<5)-edge.

The first step towards the investigation of (>5)-edges is given in Section 4.2, where we
prove that {X,Y, Z} is a 3-decomposition of P. This allows us to classify each edge of
P as either monochromatic or bichromatic, as we explained at the end of Section 2. Also
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in Section 4.2 we show that for each k € {6,7,8} it is easy to determine the number of
bichromatic k-edges and the number of monochromatic k-edges.

After proving these elementary properties of P we move on to Section 4.3. This is the
most technical and long part of the paper, and its purpose is to establish a collection of
structural properties of P. On a first read it may be advisable to skip this section, and only
come back to it whenever its main results are invoked in Sections 4.4 and 4.5.

Finally, in Section 4.4 (respectively, Section 4.5) we prove Lemma 3.1 for the case in
which pq is a monochromatic (respectively, bichromatic) 6-edge, 7-edge, or 8-edge. As we
shall see, using the structural results from Section 4.3 these tasks are reduced to a relatively
straightforward case analysis.

For completeness, the conclusion of the proof is presented in Section 4.6.

4 Proof of Theorem 1.2

We recall that throughout this paper, P is an 18-point set in the plane in general position

such that ¢t(P) = cr(K13).

4.1 The algorithm to label the 18 points in P, and proof of Lemma 3.1 when pq is a
(< 5)-edge

It follows from Proposition 2.1 that the convex hull of P has exactly 3 vertices. Without
loss of generality (the whole set P may be rotated, if necessary) we may assume that all
three vertices have distinct z-coordinates. Let xg denote the vertex with the smallest z-
coordinate. As we travel counterclockwise along the convex hull starting from g, let yg
be the first vertex we find, and let zg be the other vertex. See Figure 2.

20

Zo

Yo

Figure 2: The convex hull of P.
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Observation 4.1. Eo(P) = {Zl'oyo, y02071'02’0}. O

We have already unambiguously determined a labelling for the three convex hull ver-
tices of P. It remains to unambiguosly determine a labelling for the remaining 15 points of
P.

For j € {0,...,5}, let #7> denote the j-th point in P that we find as we rotate the line
Yyoxo clockwise around yq (we consider x to be the O-th point in P hit by the rotating line,
so that x> = xp). We define yJ“ and zj”‘ similarly, using 2oy and xzo as the clockwise
rotating lines, around 2y and xq, respectively. See Figure 3(a).

In an analogous manner, we let 27" denote the j-th point in P that we find as we rotate
the line zpx( counterclockwise around zy (again, we consider x( to be the 0-th point in
P hit by the rotating line, so that z5" = x¢). We define y7" and 27" similarly, using
ZoYyo and ypzp as the counterclockwise rotating lines, around z( and yg, respectively. See
Figure 3(b).

20 20

E

Zo Lo

(a) Yo (b) Yo

Figure 3: (a) As we rotate the line yoz clockwise around yyg, the third point in P we find
is labelled x5>. The points z{> and x5 are also indicated. (b) As we rotate the line zpzg
counterclockwise around zy, the third point in P we find is labelled 3. The points 7" and
x5 are also indicated. By definition z(> = x> = z(. Note that in this example z{> = ="
fort =0,1,2,3.

Observation 4.2. For each j € {0,...,5}, yoz§™, 207}, 20y5", Toy; ', 025", and yo2;"

are all j-edges. O

The next statement is our first major result on the structure of P. In particular, it yields
a labelling of all the points of P. As it happens, this proposition simultaneously establishes
Lemma 3.1 for the case in which pq is a (< 5)-edge.

Proposition 4.3. Let j € {0,...,5}. Then:
(1) Foru € {z,y,z}, u3™ and u}" are the same point, which will be denoted u;

(2) For all nonnegative integers m,n such that m + n = j, we have that

@) E;(P) = {umvn | m+n = jand wv € {xy,yz, zx}}. Moreover, for such values
of m,n, and j the following holds:
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(b) umv, = {ui| i <m}U{v;| i <n}foranyuv € {xy,yz, 2a}.

Proof. We prove (1) and (2) by induction on j. Since 5" = z§" = Zo, Yo" = Y5 = Yo,
and 20> = 25" = %o, it follows from Observations 4.1 and 4.2 that (1) and (2) are true for
j =0. Now we lett € {0,1,2,3,4} be an integer such that (1) and (2) hold for every j
such that 0 < j < ¢ (in particular, the points x;, y;, z; are already defined for 0 < j < 7).
We complete the proof by showing that then (1) and (2) hold for j = ¢ + 1.

Let X; := {zo,..., 2}, Ye :={vo,-- -, Yyt }» Zt :={20,...,2¢},and P, .= X; UY; U
Z;. From the definitions involved, it follows that |P;| = 3(¢ 4 1). First we establish an
injection ¢: Py — Ey1(P).

Consider any point z; € X;. It follows from the induction hypothesis that x;y;_; is a
t-edge, and that z;y," ; = {z, | r <i} U{y, |r <t —i}.

Let 7; be the first point that we find as we rotate the line x;y;_; counterclockwise
around x;. It is easy to see that the induction hypothesis implies that the rotating line hits
T; with its head, and so ;% = {z, | r < i}U{y, |r <t—i+1}. Wedefine ¢)(z;) = z;7;.
In an analogous manner we define v (y;) and v(z;) for all y; € Y; and z; € Z;. Since ¢
defines a one-to-one relation and |P;| = 3(¢ + 1), it follows that |¢p(P;)| = 3(t + 1).

Let E" := {xo2{}1, Yo%} 1, 2011} Observation 4.2 implies that £’ C E;1(P).
We note that ¢(20) = zoy/}1, ¥(yo) = Yoz{}1, and 9(20) = zox{},. Using these
observations and that {z;} |, v/}, 231} N Py = 0, it follows that £’ N ¢(P;) = 0. On the
other hand, from Proposition 2.1 it follows that |E;y1(P)| = 3(¢ + 2). Thus Ey11(P) is
the disjoint union of ¢ (P;) and E’.

By way of contradiction, suppose that z7}; # x7} ;. Then each point of {z1,..., 2}
is contained in the interior of the quadrilateral bounded by yox{} 1, 2077} 1, 2070, and ToYo
(see Figure 4). From the induction hypothesis it follows that 2} 27}, ¢ E<;(P). This
and the fact that z7} 273, ¢ ¥(P;) U E" imply that |z{} 273~ | > ¢+ 2. Then the interior
of the triangle 7" bounded by yox(}, 2077}, and x7} 77} is nonempty, and, moreover,
it contains every element of Q := zy 27~ \ {%o,21,...,2}. Let p be the first point
of @ that zoxy} | finds as it is rotated counterclockwise around z7_ ;. Then x{}{p must be
a (t + 1)-edge of P. On the other hand, it is immediately seen that z7 p ¢ ¢(P;) U E',
contradicting that £, = ¢(P;) U E'.

This contradiction shows that 7} ; and 7} ; are the same point. Analogous arguments
show that y;}, and y{}, are the same point, and that 2/}, and z{; are the same point. This
proves (1) for j =t + 1.

Now we show that (2) holds for j = ¢ + 1. Note that at this point x4y1, Ys+1, 2t+1
are all well-defined. For each m € {0,1,...,¢ + 1}, we let X,,, = {z; | i < m},
Yo = A{uy: | i <m},and Z,, = {z | 1 < m}.

Letm € {0,1,2,...,¢+ 1}. We shall show that

() ZmYt41-m isin By 1(P); and
(i) wmytt,-l_m =X 1 UY .

By symmetry, analogous arguments show that: (") ymzi41—m is in Eypq(P);
() Ym 2 1—m = Ym-1 U Ziems () 2m@is1-m is in Ey1(P); and (i”) zma),,_,, =
Zm-1 U X¢—m. Note that these six assertions, together with the fact that |E; 1 (P)| =
3(t + 2), imply (2).

Thus we complete the proof by showing (i) and (ii).
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2O
TP 20

Figure 4: If z7} | # x{} ,, then the triangle 7" contains a point p such that 27} ;pisa (t+1)-
edge of P.

Since w11 = T{)1 = Tii1, Yer1 = Yig1 = Yir1 and zep1 = 21 = 2(}, it follows
that (i) and (ii) hold whenever m is in {0, ¢ + 1}. Thus it suffices to prove (i) and (ii) for
1<m<t.

From the induction hypothesis we have that xm,ly:' "1em = Xm2UY; ., and
Tl = Xm—1UY,_m_1. Also note that X, 1 UY;—p € Ty g -

Let B denote the triangle bounded by the lines z,, —1Yt+1—m, TmYt—m, aA0d T Yiy1—m
(see Figure 5). Let Pp be the set of points of P contained in the interior of B.

We claim that P = (). By way of contradiction, suppose this is not the case. Let
L = pips---pi be the lower chain of the convex hull of Pg U {2y, yt+1-m}. Then
p1 = T and P = Ysir1-m, Where (since B # () k > 3. We note that pip;rl =
Xm—1UY_p, foralli =1,2,... k— 1. Thus each edge of L is a (¢ 4+ 1)-edge. We recall
that F;1(P) = ¢ (P;) UE’. Tt is readily seen that no edge of L is in E’, and so every edge
of L is in ¢(P;). In particular, the line pops is in ¢(P;).

Recall that every edge in ¢(P;) is obtained by starting with a line v;w;—,; (for v,w €
{z,y,2z},v # w), counterclockwise rotating it around v;, and recording the first point
p in P hit by the rotating line: 1 (v;) is then the line v;p. Thus, in particular pops is
obtained in this way. Now if we reverse the process and clockwise rotate pops around
p2, the first point hit by the rotating line must be y;_,,. This implies that ps = z,,,
contradicting that p; = x,,,. We therefore conclude that Pg = (). Finally, note that
Pp = () immediately implies that ¥(x,,) = TmYt+1—m- ThUS TpYetr1—m is a (¢ + 1)-
edge. This proves (i). Moreover, as we observed above, X,,—1 U Y;_,, C xmyt"jrl_m.

Since | X1 UY;_ | =t+ 1, then X,;, 1 UY;_,, = xmyakm. Thus (ii) follows. [

In view of Proposition 4.3(1), we have achieved our goal to unambiguously identify
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® <0

Pk = Yt+1-m

Figure 5: If the interior of the triangle B is nonempty, then every edge of the convex chain
P1,D2,- .-, Pk is a (t + 1)-edge.
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(and label) all 18 points of P. For the rest of the paper, we let X := {z¢, z1,...,z5},Y :=
{yo,y1,...,ys},and Z := {20, 21, ..., 25}, where x;, y;, and z; are as in Proposition 4.3,
forj =0,1,...,5.

42 {X,Y, Z} is a 3-decomposition of P

If we rotate the line x(zg clockwise along xg, then for j = 1,2,...,5, the j-th point hit
by the rotating line is z;. If we rotate the line zoyo counterclockwise along xq, then for
j=1,2,...,5, the j-th point hit by the rotating line is ;. It follows that the sixth point hit
by the clockwise rotating line ¢, is in X, and the sixth point hit by the counterclockwise
rotation line ¢/, is also in X (see Figure 6). These two points in X are obviously distinct
(since | X| > 2), and so they define an infinite cone C'x with vertex z( (here by cone with
vertex p we mean a pair of distinct directed rays, both with startpoint p). Note that C'x is
the smallest infinite cone with vertex x( that contains X. See Figure 6.
We similarly find infinite cones C'y (with vertex yg) and C'z (with vertex zg).

120
1
v /
Y I’I
. / I'
\ /
ey N N / / Zz
~. Az -
< A / -7
< SN_L -
. \)_ _ - \)/
0 S N
- X N 1N Vi
R e e
/ \KY \
/ < \
/ AN \
’ 1 SN
/ ! A
, i o %
| N
// \ o
I
v !
z
£,

Figure 6: The sets X, Y, and Z are contained in the indicated (closed) shaded regions. The
shaded region containing X is Ax y NAx z.

Now C'x U Cy divide the plane into several regions, three of which are bounded. Two
of these bounded regions are triangles: one triangle A x y- with z( as a vertex and another
triangle Ay x with yo as a vertex; the other one is a quadrilateral. The entire set X is
contained in Ax y, and the entire set Y is contained in Ay x. By considering the pair
Cx,Cz (respectively, Cy, Cz), we obtain triangles Ax, 7 and Az x (respectively, Ay, z
and Azﬁy). Thus X C AX,Y n AX,Z, Y C AY,X n Ayﬁz, and Z C AZ,X n Azyy.
Hence the situation is as illustrated in Figure 6. In this figure, each of Axy N Ax z,
Ay x NAy,z, and Az x N Az y is a quadrilateral, although it is easy to see that any (or
all) of them may be a triangle.

In view of this, it follows immediately that there is a triangle that witnesses the follow-
ing:

Proposition 4.4. P is 3-decomposable, with 3-decomposition {X,Y, Z }. O

As we mentioned in Section 2, knowing that {X,Y, Z} is a 3-decomposition of P
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allows us to classify each edge of P as either monochromatic or bichromatic: for p, g € P,
the edge pq is monochromatic if p and q belong to the same set of the 3-decomposition
{X,Y, Z}. Otherwise, pq is bichromatic.

We close this section by noting that using the 3-decomposability of P it is easy to
determine the number of bichromatic and monochromatic k-edges in P, for each k €
{0,...,8}.

Indeed, since P is 3-decomposable it follows from [2, Claim 1] that e‘gk(P) = 3(
for k € {0,...,5}, e¥s(P) = 81, and €2, (P) = 99. Also note that e2(P) is the
total number of bichromatic edges of P, namely 3 -6 - 6 = 108. Using that e‘;-‘(P) =
eL;(P) —e%; (P)forj € {1,...,8}, we obtain the following.

k—2&-2)

Proposition 4.5. eb{(P) = 3(k + 1) for k € {0,...,5}, el (P) = 18, eb(P) = 18, and
bi( py _
eg'(P) = 9.

To obtain e (P), e (P) and eg*°"(P), we note that Proposition 2.1 implies that
e6(P) = 24,e7(P) = 33, and eg(P) = 33. Since e;(P) = eb'(P) + e*™(P) for
7 =0,...,8, Proposition 4.5 implies the following.

Corollary 4.6. e;°"(P) = 0 for k € {0,...,5}, ef*(P) = 6, eX°*(P) = 15, and
emon(P) = 24,

4.3 Structural properties of P

4.3.1 Determination of e} (P) for any v € {x,y, 2} and any k € {0,...,8}

Let u € {z,y,2}, ¢ € {1,2,...,5}, and £, ¢/, be the directed rays forming the cone

Cy with vertex uy mentioned in the arguments leading to Proposition 4.4. See Figure 6.

From now on, we shall use ué to denote the i-th point of P that ¢, finds when it is rotated

clockwise around of ug until it reaches ¢/,. Clearly, {u},u3, ..., ud} = {u1,uz, ..., us}.
Our next observation is evident, but useful.

Observation 4.7. Let vy, v, and v3 be three distinct points in P, and let ¢/ := v;v5 and
0 = vvs. Let Py := 4~ N0, Py := 0T N{T, and P3 := ¢~ N¢'~. Then P;, Py, and
Ps are pairwise disjoint subsets of P. See Figure 7. For i = 1, 2, 3, let r; be the number of
points in P;. If P\ {v1, va,v3} is the disjoint union of P;, P, and Ps, and p; is the i-th
point of P; that ¢ finds when it is rotated counterclockwise around v; until it reaches ¢/,
then vy p; is a j-edge of P for j = min{ry +¢,16 — (r2 +14)}.

The next observation is immediate from the definition of u{, and Observation 4.7.
Observation 4.8. Let u € {z,y, z}. Then
(1) uou} and uguf are both 6-edges,
(2) upug and ugug are 7-edges and they are the only 7-edges of the type ugu, and
(3) uoud is an 8-edge.

Claim 4 in [2] implies that e§*(P) < 8 for each u € {z,y, z}. Using this, together
with Observation 4.8 and Corollary 4.6, we obtain the following.

Proposition 4.9. Let u € {z,y,z}. Then e}*(P) = 0 for k € {0,...,5}, eg"“(P) = 2,
ey (P) =5, and e§"(P) = 8.
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Figure 7: The i-th point of Py := ¢~ N ¢’ that £ finds when it is rotated counterclockwise
around v; is a j-edge for j = min{ry + ¢, 16 — (ro + i)}, where r5 denotes the number of
points of Py := (T N,

The next corollary follows immediately from Observation 4.8(1) and Proposition 4.9.

Corollary 4.10. E"°"(P) = {zoz{, o5, Youd, Yoy, 202%, 2025 }. Moreover, any other
monochromatic edge must belong to EX*°™(P) U EZ°"(P).

4.3.2 Determination of the convex hull of U for U € {X,Y, Z} and related facts

Let u be any element of {x,y,z}. One of the main goals in this subsection is to show
that the triangle formed by g, u4 and us contains in its interior the remaining «’s, namely,
u1, s and ug. We also prove other statements about the relative position of the elements
of U. Almost all these assertions will be used in the subsequent steps later on.

Proposition 4.11. Letu € {x,y, z}. Ifu; € {u3,ug}, then there are at least three T-edges
of type uu involving uy but not uy.

Proof. We prove the proposition for the case v = x. The cases u = y and u = z are
handled in a totally analogous manner.

Suppose that z; = z. Then ¢ := z¢z; leaves z}, 23 and 3 on its left halfplane
(and x{ on its right halfplane). Let 2’ be the first z that ¢ finds when it is rotated counter-
clockwise around x1, and let ¢/ = x72’. See Figure 8. By Corollary 4.10, we know that
{z12}, 2128, 2123} C ERO%(P) U EX°"(P). Then ¢ finds each of z, 2% and x3 before
it reaches z’. This and Observation 4.7 imply that at most one of 1z, z12, z12} is an
8-edge and, by Corollary 4.10, the other two must be 7-edges.

From the way in that the z’s were labelled it follows that 7 is the first 2 that ¢ finds
when it is rotated clockwise around z1, and so z12] is a (< 7)-edge. This and Corol-
lary 4.10 imply that 212 is the third required 7-edge. The case 71 = x3 can be handled in
an analogous manner (y's play the role of z’s). O

Proposition 4.12. Let v € {z,y,z} and {p,q} = {z,y,z} \ {u}. Suppose that
{qo,---,q5} Cupuy~ and that {po,...,ps} C upuy". Then:

(A1) uy ¢ {ug, ub};
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Figure 8: Here zgx; is a 7-edge.

(A2) there are at least two T-edges of type uu involving uy but not ug;
(A3) ug ¢ {ud,ud};

(A4) each of usuy, usus and uqus is an 8-edge;

(AS) {ug, ug} = {ua, us};

(A6) the triangle formed by ug, uq and us is the convex hull of U; and

(A7) if us € uguf, then uouy = {qo,-..,qs} and uouyi = {po, ..., ps}. Otherwise,
UOUZ = {pOa cee 7p5} and Uoug = {qO; ceey Q5} .

Proof. By rotating P if necessary, and exchanging appropriately the labels x, y, and z, we
can assume, without any loss of generality, that w = x,p = y,q = z and that X,Y and Z
are placed as in Figure 9.

(A1): Seeking a contradiction, suppose that x§ = z1. Let v be the first point that zoz1
finds when it is rotated clockwise around x; as shown in Figure 9(a). Note that v € Y,
as otherwise v € {x3,x3, 74,25} and 210~ = Z. Then zyv is a 6-edge, contradicting
Corollary 4.10. Let 2’ be the last element of {x2, 3,24, 25} that 21v finds when it is
rotated clockwise around z;. Since v € Y, then x12" must be a (< 6)-edge, contradicting
Proposition 4.9. The case § = z; can be handled in an analogous manner (with the roles
of Z and Y interchanged).

(A2): From (A1) we know that zgxz; leaves at least one x in each side. By definition
of x1, the points x2, x3, 24 and x5 must be contained in X’ := X N xlzar N z1y, , see
Figure 9(b). Let 2’ be the last element of {x2, x5, x4, x5} that 2oz, finds when it is rotated
clockwise around x; as shown in Figure 9(b). Note that 212’ must be a (< 7)-edge. Since
a2’ # xg, then Proposition 4.9 implies that 2:y2’ must be a 7-edge. Similarly, if we rotate
xpx1 in the other direction, then we can find the other 7-edge involving x; but not .

(A3): Seeking a contradiction, suppose that x5 = z}. Then zgxs is a 6-edge, and

x3, 24 and x5 are contained in X” := X Nx}y, . See Figure 10(b). From Observation 4.7,
we know that at most one of x2x3, x224, 225 is an 8-edge. This and Corollary 4.10 imply
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Figure 9: (a) xpx1 cannot be a 6-edge. (b) There are at least two 7-edges of type xx
involving x; but not z.

that at least two of xox3, x2x4, xoxs are 7-edges. This together with Observation 4.8(2)
and (A2) imply that e%%(P) > 6, which contradicts Proposition 4.9. The case z2 = x can
be handled in an analogous manner.

(A4): From Corollary 4.10, Observation 4.8(1), and (A1), we know that xpx; is a 7-
edge or an 8-edge. First suppose that 7oz is a 7-edge. Then 21 € {23, x$}. This together
with Propositions 4.9 and 4.11 and Observation 4.8(2) imply that each element of E¥*(P)
contains at least one of x¢ or z;. This fact and Proposition 4.9 imply that z3x4, 325 and
425 are 8-edges, as required.

Now, we suppose that xox; is an 8-edge. Then x5 € xgx; or zz € xoxf. We
only analyze the case o € zox; (the other case is symmetric). Then we must have
that X’ := X Nxox] N2y, contains exactly two elements ', 2" of {x3, 24,25}, see
Figure 10(a). Now we rotate xoy clockwise around xo until it be parallel to zgxi. See
Figure 10(a). From Observation 4.7 and Corollary 4.10, we know that at least one of
2oz’ wox' is a T-edge. Such a 7-edge plus the four 7-edges provided by Observation 4.8(2)
and (A2) give us, 5, the total number of 7-edges of P. This and Proposition 4.9 imply that
T3Tq, T3T5, T4T5 are 8-edges, as required.

(A5): Seeking a contradiction, suppose that {z}, 25} # {74, 75}. Then (A1) and (A3)
imply that z3 = x} or 3 = z. Again, by symmetry it is enough to analyze the case
T3 = x(l). Clearly, both x; and x2 are contained in the triangle formed by zgx3, I0$8 and
23yo; and x4, x5 are contained in X" := X N m(l)yg, see Figure 10(b).

Now we rotate xgxs clockwise around x3 until it reaches x31g, and note that such a
rotation hits x4 and x5. From Observation 4.7 we know that at most one of x3x4 or x3x5
is 8-edge, contradicting (A4).

(A6): This follow directly from (AS5) and the way in that the =’s were labelled.

(A7): Suppose that x5 € xoz. Then (A5) implies that 2} = z4 and 2} = 5. The
required equalities follow from the definition of x{ and 5 and the hypotheses Z C zoz(~

and Y C xoxgt. Similarly, we can deduce that zoz; = Z and 29z = Y whenever
T5 € ToTy - O
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0T1

Figure 10: (a) z3x4, x375, z475 are 8-edges. The dotted straight line containing zo is
parellel to zox1. (b) {z}, 25} = {x4, 75}, and hence xoz4 and zox5 are 6-edges.

4.3.3 Determination of the position of us with respect to ugu, foreachu € {x, y, z}

Our main goal in this subsection is to show that us € u0uzlF foreachu € {z,y, z}. In order

to prove this, we need to establish some auxiliary statements that will also be used later on.
Let u,v € {z,y, 2z} with u # v. We will say that ugus splits the v’s to mean that ugus

separates {ug, . ..,us} U{vp,...,vs} from the rest of the points of P\ {u4,us}.

Proposition 4.13. Let {u,v,w} = {x,y, 2}, and suppose that ugus separates uy from the
v’s. Then uqus splits the v’s.

Proof. By rotating and/or reflecting P along uguy, if necessary, we can assume that © =
z,v =y, w = z and that X, Y and Z are placed as in Figure 6.

Since zgx5 separates x4 from the y’s, then x5 € :com;f. From Proposition 4.3 we know
that :c4y3' = {zo, 1, T2, x3}. Then (A6) implies that uyé‘ - x4:cg'. If we rotate x4yo
counterclockwise around x4 until it reaches xgx4, then x5 € xoxi, (A6), and Observa-
tion 4.7 together imply that at most one element of {2425} U {z4y|y € Y} is an 8-edge.
This and (A4) imply that such an 8-edge must be x4x5. Then (A6) implies that x4x5 leaves
exactly four y’s on its right. Moreover, from Proposition 4.3 it is easy to see that ¢y and y;
are in x4x§'. Let y; and y; be two elements of Y in z4x; . Without loss of generality, we
can assume that 7 < j. Then 2 <1 < 5 < 5.

From (A6) we know that the triangle formed by yo, ¥4, and ys is the convex hull of Y.
This implies that j € {4,5}. Seeking a contradiction, suppose that ¢ € {2, 3}.

Let T be the triangle formed by xgxs5, xoy; and x4x5. See Figure 11(b). By the way y’s
were labelled, we know that if y,, € T'thenr € {i+1,...,5}\{j}. Lety’ be the first point
in Y N T that y;x¢ finds when it is rotated clockwise around y;. See Figure 11(b). Then
vy’ is a (< i + 4)-edge because the points of P lying in the left side of y;y’ is a subset
of {xo,...,23,Y0,...,Yi—1}. If i = 2, then y;3/ is a (< 6)-edge which does not involve
Yo, contradicting Corollary 4.10. Finally, if ¢ = 3, then y;3’ is a (< 7)-edge, contradicting
(A4). O

Observation 4.14. From Proposition 4.13 we know that if {u,v,w} = {z,y, 2z}, then
uqus splits the v’s or the w’s.
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Figure 11: (a) If z4 € zox; , then z425 splits Y. (b) There are exactly two y’s, namely y;
and y;, in x4 .

Proposition 4.15. Ler u and v be two distinct elements of {x,y, z}. If ugus splits the v’s,
and v3vs leaves ug and vy on the same side, then v4vs splits the u’s.

Proof. By rotating P if necessary and exchanging appropriately the labels x, y and z, we
can assume that v = x and that X, Y and Z are placed as in Figure 6.

CASE 1: Suppose that z4x5 splits the y’s. Then we need to show that if y3ys leaves xq
and y on the same side, then y,ys5 splits the z’s.

From (A4), we know that y,ys5 is an 8-edge, and from (A6), that y4ys5 is in the convex
hull of Y.

First, we show that y5 € 1oy, . By way of contradiction, suppose this is not the case.
Then y5 € ygy;f and the triangle formed by yg, y4 and y5 looks like in Figure 12(a). Since
x4x5 splits the y’s, then z4x5 separates ys from y4 and ys, and so all the z’s are on the
left side of both ysys4 and y3ys. In particular, o € ysy; , and hence y» € y3y; . Then
Y2 € Y3ys; N 2oYs , and so yo is contained in the triangle ) formed by yoya, 20Y3, Y3Ys.
See Figure 12(b). Since y3y4 is an 8-edge by (A4), and ysya leaves {yo, Y2, To, ..., T5}
on its left, then it leaves ¥, y5 on its right. This and the fact that y; € 2py; imply that
y1 is contained in the triangle R formed by zoys, ysya, Yoys. See Figure 12(b). Then y2y4
and yoy; are 7-edges. This, together with Observation 4.8(2) and Proposition 4.11, implies
e?y(P) > 6, the required contradiction. Thus, we can conclude that yoy, leaves the x’s
and y5 on the same side, and the desired result follows from Proposition 4.13.

CASE 2: z4x5 splits the z’s. Follow the same argument as in CASE 1 with left, right,
y, z, — and + in place of right, left, z, y, + and —, respectively. O
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Figure 12: (a) y5 € yoys . (b) y2 is in Q and y; is in R.

Proposition 4.16. If u € {x,y, z}, then ugus leaves uy and uy on the same side.

Proof. As in Proposition 4.15, we can assume that u = 2 and that X, Y and Z are placed as
in Figure 6. From (A4), we know that x3x5 is an 8-edge. Seeking a contradiction, suppose
that x3x5 separates zo from x;.

First, suppose that 7475 splits the y’s. Since P is placed as in Figure 6, then zg € @377,
and hence, 71 € z3z5 . Then 2327 = {20, 22 }UY, orequivalently, 2325 = {z1,74}UZ.
This fact has two immediate consequences. The first one is that z; = 3. This fact and
Proposition 4.11 imply that there are at least three 7-edges of type xx involving x; but
not zo. The second consequence is that x5 is in the triangle X’ (see Figure 13) formed
by x1y0,x3x5 and xgxs, and hence xox5 must be a 7-edge too. The existence of these
four 7-edges together with those in Observation 4.8(2) imply e%*(P) > 6, contradicting
Proposition 4.9.

Now suppose that 245 splits the z’s. Again, since P is placed as in Figure 6, then zo €
x3xg and x1 € x3xg’. By similar arguments as above, we can deduce that 1 = xé and that
Toxs is a 7-edge. As before, x1 = xé and Proposition 4.11 imply that there are at least three
7-edges of type xx involving z; but not zy. The existence of these four 7-edges together
with those in Observation 4.8(2) imply eZ?(P) > 6, contradicting Proposition 4.9. O

Proposition 4.17. Thereis au € {z,y, 2} such that ugus separates uy from the other u’s.

Proof. From Proposition 4.16 we know that usus leaves ug and u; on the same side for
eachu € {z,y, z}. Seeking a contradiction, we suppose that uzus separates {ug, u1 } from
{uz,us} foreach u € {z,y, z}.

By rotating and/or reflecting P if necessary, and exchanging appropriately the labels
x,y and z, we can assume that X, Y and Z are placed as in Figure 11(a), and that z4z5
splits the y’s. An immediate consequence of these assumptions and our hypothesis is that
(1) z3x5 leaves to zg and x5 on its left side.
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Figure 13: Here z1 € x375 .

Now suppose that y5 € yoyj. Then yyys separates y4 from the z’s, and from Proposi-
tion 4.13 we know that y4ys5 splits the z’s. In particular, the triangle formed by yg, y4 and
ys must be as in Figure 12(a) and yg € ygy;. By supposition, y3ys separates yo from yo,
and so y3ys5 leaves to zg and ys on its left side. This last and Proposition 4.15 imply that
yays splits the z’s too, which is impossible. Thus we conclude that y5 € yoy, . This and
Proposition 4.13 imply that y4ys5 splits the x’s. This fact and our supposition imply that (ii)
Y3ys leaves to zp and y2 on its right side.

If z425 splits the x’s, then (i) and Proposition 4.15 imply that 2425 splits the z’s, which
contradicts that x4z splits the y’s. Similarly, if 2425 splits the y’s, then (ii) and Proposi-
tion 4.15 imply that y4ys5 splits the z’s, again contradicting that y4y5 splits the x’s. O

Proposition 4.18. Let u be an element in {x,y, z} that satisfies the property in Propo-
sition 4.17, and suppose that uqus splits the v’s, where v € {x,y,z} \ {u}. Then the
following hold:

(B1) wsus separates vs from the other v’s;
(B2) wqvs splits the w’s, where {w} = {x,y, 2z} \ {u,v};
(B3) vyv4 and vavy are both T-edges; and
(B4) vsvs separates vy from the other v’s.

Proof. Without loss of generality, we can assume that u = z,v = y, and X,Y and Z are
placed according to Figure 11. Indeed, we can get such requirements by rotating and/or
reflecting P, and by exchanging appropriately the labels z, y and z.

(B1): From our assumptions and the hypothesis we know that x4 is the only z in z3x5 .
Since 35 is an 8-edge, then exactly one element y* of Y is in z3x5 . From (A6), we know
that such a y* is one of y4 or ys5. If y* = y4, then, by the way yo, . . ., y5 were labelled, we
have that y5 must be contained in the triangle S of Figure 14. Then y4y5 leaves x3, x4, T5
and all the z’s on its right side. This implies that y4y5 cannot be an 8-edge, contradicting
(A4). This contradiction implies that (B1) holds.
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(B2): From (B1), we know that y* = ys is the only element of Y in z3z; . If y5 €
YoYy » then y4 must be contained in the region R of Figure 14. This implies that each
element in (X UY') \ {z4,va,ys} lies in yay; , contradicting (A4) that yay* = yays is
an 8-edge. Thus we have that y5 € yoy; . This fact and Proposition 4.13 imply that y,ys
splits the z’s, as required.

In view of (B2) and our previous assumptions, for the rest of the proof, we may assume
that the two triangles defined by {z¢, 24, 5 } and {yo, y4, y5 } are as shown in Figure 12(a).

(B3): Let ¢ be the line through y4 which is parallel to 2425 and let M be the interior of
the triangle formed by yoys, yoy4 and x4x5. See Figure 12(a). Since y4 and y5 are the only
y'sinzgxs, then M NY = {y1,y2,y3}. If we rotate ¢ in clockwise order around y, until
it reaches y4yo, then by Observation 4.7 we have that exactly one of {y1y4, Y2ya, Y3ya } is
8-edge and the other two are 7-edges. The desired assertion follows from (A4).

(B4): Seeking a contradiction, suppose that y3ys does not separate y, from the other
y’s. Then Proposition 4.16 implies that ysys separates {yo, y1 } from {y2, y4}. On the other
hand, since y3y4 is an 8-edge and x4x5 separates ys from yy4, then ysy, = X U {yo,y2}.
Thus y; must be contained in the triangle R formed by zoys3, y3y4, Yoys. See Figure 12(b).
This implies that y§ = y;. Then Proposition 4.11, Observation 4.8(2) and (B3) imply,
e?Y(P) > 6, a contradiction. O

Figure 14: Here z3x5 separates y* from the other y’s.

Remark 4.19. From now on, without loss of generality, we assume that the u € {x,y, z}
satisfying Proposition 4.17 is z, and that 25 € zox] . Indeed, it is not hard to see that we
can get such requirements by rotating and/or reflecting P along x4, and by appropriately
exchanging the labels x, y and z. In particular, we assume that X, Y, Z, xo, x4 and z5 are
placed as in Figure 11.

Note that (B4) appears as hypothesis in Propositions 4.17 and 4.18. The following
corollary is an immediate consequence of this fact.

Corollary 4.20. Let o(z) = y,0(y) = z and o(z) = x. The following hold for each
u€{z,y, 2z}

(Cl) usus separates o(u)s from the other o(u)’s;

(C2) o(u)so(u)s splits the o(o(u))’s;
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(C3) o(u)10(u)s and o(u)20(u)4 are both T-edges;
(C4) o(u)so(u)s separates o(u)y from the other o(u)’s; and
(C5) us € upuy .

Proof. In view of Remark 4.19, we may assume that x5 splits the y’s, x3x5 separates x4
from the other 2’s, and X, Y, Z, x¢, x4 and x5 are placed as in Figure 11.

First, we show that (C1) — (C4) hold. Proposition 4.18 states exactly (C1) — (C4) for
uw =z and v = o(z) = y. In particular, (C2) and (C4) tell us that y,ys splits the z’s and
that y3ys separates y4 from the other y’s, respectively. By applying Proposition 4.18 to the
last two conclusions on y’s we have that (C1) — (C4) also hold for u = y and v = o (y) = z.
Similarly, we can conclude that (C1) — (C4) also hold for u = z and v = o(z) = «.

Now, we show (C5). For u = z the assertion holds by Remark 4.19. We first analyze
the case u = y. From (A6) and Remark 4.19, we know that {z, ..., x5} lies on the left
side of both ypy4 and yoys. Seeking a contradiction, suppose that y5 € yoy, . Then, from
(A6) and the last two facts, it is easy to verify that ¢ € y3y5 . Similarly, from y5 € yoy,
and (C4), we can deduce that yo € y3y; . Thus xo,y2 € y3y; , and so Proposition 4.15
implies that y4ys5 splits the 2’s, contradicting (C2). An analogous argument shows that (C5)
also holds for u = z. O

From Remark 4.19 and Corollary 4.20, we have that the points of P with indices 0, 3, 4
and 5 are placed as in Figure 15.

Figure 15: The relative position of the points of P with indices 0, 3,4 and 5.
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4.4 Determination of pg™ when pq is a monochromatic edge.

Lemma 3.1 for the case in which pg is a monochromatic edge will follow from Proposi-
tions 4.21 and 4.22 below. Regarding the statements of these propositions, we recall from
Remark 4.19 and Corollary 4.20 that z4x5 splits the ys, y4y5 splits the zs, and 2425 splits
the xs.

Proposition 4.21. Let u € {x,y, z}, and let v be the element in {x,y, z} \ {u} such that
uqus splits the vs. Then the following hold:

(D) woui = {vo,...,vs};

(D2) uou;f = {u1,ug,us, us } U{vg,...,v5};

(D3) uqud = {ug, u1,us, uz} U {vo,v1,v2,v3}; and
(D4) uzud = {ug, ur,us} U {vo,v1,v2,v3, 04}

Proof. (D1): From (A7), we know that ugus separates the v’s from the w’s. Moreover,
because ugus is an edge of the convex hull of U, then ugus leaves the other w’s on the
same side. This and (C5) imply that {uy, u2,us,us} C uouz. Again, from (C5) and
Proposition 4.13 we have that {vg, v1, v2,v3} C ugqud , and hence {vg, v1,v2,v3} C uous .

This and the fact that ugus separates the v’s from the w’s imply that {vg, ..., v5} C uou;
We finally note that Observation 4.8(1) implies that uou;' = {vo,...,vs5}, as required.
(D2): From (C5), (D1), and the way in that the points of P were labelled we have
that {vg,...,v5} = uou; C wuguj. On the other hand, since ugu, is an edge of the
convex hull of U, then upu4 leaves the other u’s on the same side. This and (C5) imply
that {uy,u2,u3,us} C uouj. Thus {uq,us,us,us} U {vo,...,v5} C upuj. Again,
Observation 4.8(1) implies that ugu; = {1, ug, u3,us} U {vo, ..., vs}, as required.

(D3): It follows immediately from (C5) and Proposition 4.13.

(D4): Clearly, {vo,...,vs5} Nugui C {vo,...,vs} Nugu. This fact, together
with (C1) and (D3), implies that {vg, v1, va,vs,v4} C U3u;. On the other hand, from

(C4) is easy to verify that {uo,...,us} N uzud = {ug,us,us}. Then {ug,ur,us} U
{vo,v1,v2,v3,v4} C uzud . We finally note that (A4) implies that uzug = {ug, u1,us} U
{vg, v1,v2,v3,v4}, as required. O

Proposition 4.22. Let u € {x,y, 2z}, and let v be the element in {x,y, z} \ {u} such that
uqus splits the vs. Then the following hold:

(E1) wouq is an 8-edge;

(E2) ugug and ugus are 7-edges;

(E3) usus and usus are 8-edges;

(B4) ugu) = {us} U {vo,...,v5}s

(EBS) uiu) = {us,us,us} U{vo,...,vs} and usuj = {uz,us} U{vo,...,vs};
(E6) uwouy = {us} U {vo,...,v5};

(E7) uwoui = {ug,us} U{vo,...,vs5} and upug = {u1,ua,us} U{vo,...,vs};
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(B8) wyui = {up} U{vg,...,vs};

(E9) uius and uius are 8-edges;
(E10) uiug = {ug,us} U {vo,...,v5};
(E11) uyud = {ug,us} U {vo,...,vs};
(E12) ugu;' = {ug,u1} U{vo,...,vs}; and

(E13) ugud = {uq,us} U {vo,...,vs}.

Proof. (E1): From Proposition 4.9, Corollary 4.10, and (A5), we know that gz is a 7- or
an 8-edge. If xgx1 is a 7-edge, then 1 € {x%, xé} and by Proposition 4.11, there are at
least three 7-edges of type xz involving z; but not zy. This, Observation 4.8(2), and (C3)
imply that eZ”(P) > 6, a contradiction. Thus z¢z; must be an 8-edge.

(E2): From Observation 4.8(2), we know that there are exactly two 7-edges of the type
zoz. Since (E1) and (A6) imply that none of zgx1, zoz4, ToTs is a 7-edge, then both zgz2
and xoz3 are 7-edges, as desired.

(E3): By Corollary 4.10 and (AS), each of xox3 and xox5 is a 7- or an 8-edge. From
(C3) and (E2), we know that each of x1x4, Tox4, xoT2, Tox3 is a 7-edge. Since (A2) guar-
antees the existence of an additional 7-edge involving x; and %% (P) = b5, then zax3 and
Toxs are 8-edges, as required.

Observation 4.23. Since z425 separates {x4, 25} from the other 2’s (see Figure 15), then
x;x4 leaves Z on its left for any ¢ € {0, 1,2, 3}.

(E4): From (C3), we know that ;x4 and xox4 are 7-edges. This and Observation 4.23
imply that x2x4 leaves exactly 1 or exactly 3 points of X on its left.

Suppose first that 1 € x9z;. Since rg € zowy, then zox) = {x1, 23,25} UY.
Again, Observation 4.23 implies that when we rotate zsx4 counterclockwise around x4,
the first two points that such line finds (with the tail) are 21 and x3. Since z1x4 is a 7-edge
and z3x4 is an 8-edge, then the first point that such a rotation finds must be x5, and hence
x1 € x32 . This and the way in which the 2’s were labelled imply that 23 = x1. But then
o1 is a T-edge, contradicting (E1). Then o, z1 € 222, and hence xox4 leaves exactly
three points of X on its left, namely xg, x1 and x3. The desired equality follows from the
last conclusion, Observation 4.23, and (C3).

(ES): From (A4), we know that z3x,4 is an 8-edge, and from (C3) that x1 x4 is a 7-edge.
Since x1, x5 € x22, , by (E4), then when we rotate xox4 clockwise around x4, the first two
points that such line finds (with the tail) are precisely x; and z3. Since x4 is a 7-edge and
324 is an 8-edge, then such a rotation finds first z3 and then x;. The desired conclusions
are immediate from this fact and (E4).

(E6): From (E4) and the way the x’s were labelled, we know that when we rotate xox4
clockwise around xo, the first point that such line finds (with the tail) is one of x( or x;.
Since xgx2 is a 7-edge, by (E2), then such a point must be zy and the desired result follows
from (E4).

(E7): From (E6), we know that the first two points that we find when we rotate xgxo
counterclockwise around xg are x; and x3. Since zgz; is an 8-edge, by (El), then we
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have that such a rotation finds z; and then x3. These together with (E6) imply the desired
results.

(E8): (D4) implies that x3 € z175 . If x2 € z127, then {71, 23,24} U Z C zom5.
This would imply that xox5 is not an 8-edge, contradicting (E3). Then we can assume that
xg € z1x5 . Thus, zq is the only z on the right side of z1x5 and hence zqx5 is a (< 7)-
edge. From Proposition 4.9 and Corollary 4.10, we have that 125 must be a 7-edge. This
implies that Y C xlx;, and hence (E8) holds.

(E9): (E4), (ES), (E6), (E7), and (ES8) imply, respectively, that xoz4, 2124, ZoZ2, ToT3
and x5 are 7-edges. Then Proposition 4.9 implies that these five are all the monochro-
matic edges of type xz. This and Corollary 4.10 imply that £z and x1x3 must be 8-edges.

(E10): The first assertion of (E7) implies that x3,x4 € zox; and z2,75 € xoxf.
From the first assertion of (E5) we know that x4, x5 € xlx;'. Then when we rotate zgx
counterclockwise around z;, the first point that such line finds must be x3, and so the
desired result follows immediately from this and the first assertion of (ES).

(E11): From the first assertion of (E7), we have that x3, x4 € zoz] and z2, x5 € xoxf.
From (E8), we know that xo, z3 € x1x, . Then when we rotate x¢x; clockwise around x4,
the first point that we find is x2, and so the desired result follows from the first assertion of
(E7).

(E12): (E8) implies {x2, x3,24} U Z = 125 . From (D4) and the second assertion of
(E3), we know that when we rotate x1x5 clockwise around x5, the first point that we find
must be x5, and so the desired result follows from (E8).

(E13): (E4) implies that Z U {zg, 1,23} = z22, . From (E10), we know that 25 €
xlx;‘. This and the first assertion of (E3) imply that when we rotate xox4 counterclockwise

around x5, the first point that we find must be x3, and so the desired result follows from
(E4). O

4.5 Determination of pgt when pq is a bichromatic (>5)-edge.

We are finally ready to prove Lemma 3.1 for the remaining case, namely when pq is a
bichromatic (> 5)-edge. This is achieved in the next statement. We recall from Re-
mark 4.19 and Corollary 4.20 that x4x5 splits the ys, yays splits the zs, and z4z5 splits
the xs.

Proposition 4.24. Let u € {x,y, z}, and let v be the element in {x,y, z} \ {u} such that
uqus splits the vs. Then the following hold:

(F1) usvy = {uo, u1,uz,uz} U {vo,v1,v2,v3};
(F2) u5115+ = {ug, u1, us} U{vg, v1,v2,v3,04};
(F3) u5v3+ = {ug, u1, ug, us, ug } U {vg, v1,v2};
(F4) usvy = {ug, w1, uz, ug, us y U {vo,v1 };

(F5) U5Uf' = {ug, u1, us, us, us } U {vg};

(F6) ugvy = {uo,u1,us, us, us} U {vo, vi, v, v3};

(F7) ugvd = {ug,u1,uz, us, us } U {vo, v1, va, v3, 04}
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(F8) u4v3+ = {ug, u1, ua, us} U {vg, v1,v2};
(F9) u4112+ = {ug, u1, us,us} U {vg,v1};
(F10) u;),v;' = {ug, u1, uz,us} U {vg, v1,v2,vs,v4 };
(F11) uzvf = {ug,u,us} U {vo,v1,va,v3};
(F12) ugv3+ = {ug, ur,uz} U{vg,v1,v2};
(F13) UQU;_ = {ug,u1} U {vg,v1,v2,v3,04};
(F14) uQv;f = {up, u1} U{vg,v1,v2,v3};
(F15) wivd = {uo} U {vo,v1,ve,v3,v4}.

Proof. In view of Remark 4.19 and Corollary 4.20, we may assume that the points of P are
placed as in Figure 15. Moreover, by symmetry, we only need to verify the case u = = and
v = y. Forbrevity, form € {0,...,5}, welet X,,, := {x;]i < m}and Y, := {y;]i < m}.

(F1): From (D3), we know that ma:ér = X3 U Y;. We claim that the first point p € P
that x4x5 finds when it is rotated counterclockwise around x5 is y4. From (D4), we know
that :ch; = X5 UYj. Then p = y4, and so x5yjf = X3 UYsj3, as required.

(F2): We know that 1‘3{17; = X5 U Y, by (D4). We claim that the first point p € P that
x3xs finds when it is rotated counterclockwise around x5 is y5. Indeed, from (D1), (ES),
and (E12), we know that y5 € ;vjx;r for j = 0, 1, 2, respectively. These imply that p ¢ X5,
and so p = y5. Then 335y5+ = X5 UYy, as required.

(F3): We know that :104335+ = X3 U Y3 by (D3). We claim that the first point p € P
that z425 finds when it is rotated clockwise around x5 is y3. Indeed, by applying (E7),
(E10), and (E13)to j = 0,1 and j = 2 (with v = y and v = %), respectively, we have that
X C yjys . and so x5 € y;y; . These imply that p ¢ Y5. This and the fact that x5y(')" = X4
imply that p = y3. Then z5y4 = X4 U Ya, as required.

(F4): We know that ;vg,yg+ = X4 UY5 by (F3). We claim that the first point p € P
that z5ys finds when it is rotated clockwise around x5 is y». Indeed, by applying (E6) and
(E11)to j = 0and j = 1 (with u = y and v = 2), respectively, we have that X C y;y, ,
and so x5 € y;y,5 . These imply that p ¢ Y7. This and the fact that x;,yé“ = X, imply that
p = y2. Then xsy; = X4 U Y7, as required.

(F5): We know that x5y; = X4 U Y7 by (F4). We claim that the first point p € P that
z5y2 finds when it is rotated clockwise around x5 is y;. Indeed, by taking v = y in (E7),
we have that x5 € yoy; , and so p # yo. This and the fact that x5y3L = X, imply that
p = y1. Then 25y = X4 U Yy, as required.

(F6): We know that x4:r; = X3 U Y3 by (D3). We claim that the first point p € P
that 425 finds when it is rotated counterclockwise around z4 is y4. Indeed, by taking
u = yand v = zin D3) we get x4 € y4y;, and so p # ys. This and the fact that
zox) = {1,792, 73,25} UY imply that p = y4. Then x4y = X3 U Y3 U {x5}, as
required.

(F7): We know that x4y = X3 U Y3 U {x5} by (F6). We claim that the first point
p € P that x4y, finds when it is rotated counterclockwise around x4 is y5. Indeed, from
(D2), we know that zoz] = {1, 72,73, 25} UY. These imply that p ¢ X, and so p = ys.
Then z4y; = X3 U Y, U {25}, as required.
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(F8): We know that ux? = X3 UYj3 by (D3). We claim that the first point p € P that
x475 finds when it is rotated clockwise around x4 is y3. Indeed, by applying E7), E10), and
El13)to j = 0,1 and j = 2 (with u = y and v = 2), respectively, we have that X C y;vys,
and so ¢4 € y;y; . These imply that p ¢ Y. From Proposition 4.3(2), we know that
X3 C x4yf', and so p ¢ X3. All these facts imply that p = ys3, and so :1:4y§' = X3UY5, as
required.

(F9): We know that x4y;' = X3 UY5 by (F8). We claim that the first point p € P
that z4y3 finds when it is rotated clockwise around x4 is y». Indeed, by applying (E6) and
(E11)to j = 0and j = 1 (with u = y and v = 2), respectively, we have that X C y;y, ,
and so x4 € y;y5 . These imply that p ¢ Y7. From this and (D3) it follows that p = yo,
and so a:4y§r = X3 U Y7, as required.

(F10): We know that xga:;’ = XoUY, by (D4). We claim that the first point p € P that
zsxs finds when it is rotated counterclockwise around z3 is ys5. Indeed, by applying (E7),
(E10), and (E13) to j = 0,1 and j = 2 (with u = x and v = y), respectively, we have that
Y C zjx3, and so ys € zjz5 . These imply that p ¢ X». From this and E5) it follows that
p = ys, and so z3y5 = X5 UY, U {x5}, as required.

(F11): We know that I3.’17;r = X5 UY, by D4). We claim that the first point p € P that
xsxs finds when it is rotated clockwise around z3 is y4. Indeed, by applying (D2), (ES),
(E4), and (ES) to 5 = 0,1,2 and j = 3 (withu = y and v = %), respectively, we have
that X C y;y,, and so x5 € y;y, . These imply that p ¢ Y3. From Proposition 4.3(2),
we know that x4 € z3y,, and so p # x4. All these facts imply that p = y4, and so
z3y] = Xo U Y3, as required.

(F12): We know that ;vg,y4+ = X5 U Y3 by (F11). We claim that the first point p € P
that 3y, finds when it is rotated clockwise around z3 is y3. Indeed, by applying (E7),
(E10), and (E13)to j = 0,1 and j = 2 (with v = y and v = %), respectively, we have that
X C yjys ,and so z3 € y;y; . These imply that p ¢ Y5. By taking v = x in (E5) and (D4),
we have that y; € x32] and ys € w327, respectively. These imply that p ¢ {x4, z5}. All
these facts imply that p = ys3, and so a:?,y; = X, UY5, as required.

(F13): From Proposition 4.3(2), we know that :vgy; = X7 UY5. We claim that the first
point p € P that z2ys finds when it is rotated counterclockwise around x5 is y4. Indeed,
by applying (E6) and (E11)to j = 0 and j = 1 (with v = z and v = y), respectively, we
have that Y C zjx;, and so p ¢ {xg, z1}. Finally, by applying (E4), (E12), and (E13) to
j=4,5and j = 3 (withu = x and v = y), we have that p # x4,p # x5 and p # x3,
respectively. All these facts imply that p = y4, and so zoy; = X U Y3, as required.

(F14): We know that xgyj = X; UY3 by (F13). We claim that the first point p € P
that zoy, finds when it is rotated counterclockwise around x5 is y5. As in (F13) we can
deduce from (E6) and (E11) that p ¢ {zo,x1}. Again, as in (F13) we can deduce from
(E4), (E12), and (E13) that p # x4, p # x5 and p # x3, respectively. All these facts imply
that p = ys5, and so nyg" = X UYy, as required.

(F15): We know that zgy;' = X; UY, by F14). We claim that the first point p € P
that x9y5 finds when it is rotated counterclockwise around ys is x;. Indeed, from Proposi-
tion 4.3(2), we know that yg)zo+ = Y,. From the last two equations we have that p € X; =
{xo,1}. Again, from Proposition 4.3(2), we know that zoys = Y4, and so p = z;. Then
xly; = Xo UYy, as required. O
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4.6 Conclusion of the proof of Lemma 3.1

In Tables 1 and 2 we give a summary of the results in Propositions 4.3(2)(b), 4.21, 4.22,
and 4.24. These tables assume that u € {z,y, 2} and v = o(u), where o is the automor-
phism of {z,y, 2z} defined in Corollary 4.20, namely 2 +% y, y +> 2, and z +* .

In particular, for each u € {z,y, 2} and m,n € {0,...,5} with m < n, the set u,,u,’
is given in Table 1. This also determines the set u,u}, since upu; = upmu, , and upu,

is evidently determined from w,,u,". Thus the information in Table 1 suffices to determine
pqt whenever pq is a monochromatic edge of P.

Now for each u € {x,y,2} and each m,n € {0,...,5}, the set u,,v, is given in
Table 2. This also determines the set v,u;, since vyu,, = uyv, , and u,,v,, is evidently
determined from w,,,v;". Thus the information in Table 2 suffices to determine pq+ when-

ever pq is a bichromatic edge of P. O
u,uj' for each u;u; € E°"(P) Classification of u;u; Equality stated in
uouzg = {vo,...,v5} 6-edge (D1)

UOUI = {u1,ug,us,us } U{vg,...,vs} 6-edge (D2)
uoug = {u1,uz,us} U{vo,...,vs} T-edge (E7)
uguy = {us} U {vo, ..., vs} 7-edge (E6)
uoui = {ug,us} U {vo,. .., 05} 8-edge (E7)
urug = {ug} U{vo,...,vs} T-edge (E8)
uyu; = {ug, ug, us} U {vo,. .., vs} 7-edge (E5)
uiug = {up,us} U {vo, ..., vs} S-edge (E10)
uyuy = {ug, us} U {vo, ..., vs} 8-edge (E11)
ugug = {ug,u1} U {vo, ..., 05} 8-edge (E12)
uguy = {us} U {vo,. .., v5} T-edge (E4)
Uzuér = {ug,us} U{vo,...,vs5} 8-edge (E13)
uzud = {ug,ur,ug} U {vg,...,v4} 8-edge (D4)
ugu; = {ug, us} U {vo, ..., vs} 8-edge (E5)
ugu; = {ug,...,uz} U{vo, ..., 03} 8-edge (D3)

Table 1: All the monochromatic edges of P.

S5 Concluding remarks

In this work we finally have given the full proof of Theorem 1.2, which was announced at
the EuroComb’11 conference [1].

As we mentioned in the Introduction, the exact rectilinear crossing number of K, is
known only for n < 27 and n = 30 [3, 7, &, 9, 10]. In [2] and [6] we can find non-
isomorphic crossing-minimal rectilinear drawings of K, for both n = 24 and n = 30.
On the other hand, from [6] and the main result of this work, now we know that there
is a unique (up to order type isomorphism) crossing-minimal rectilinear drawing of K,
for n = 6,12, 18. Thus, a plausible conjecture is that Kg,, has several crossing-minimal
rectilinear drawings for each integer m > 4.

We close this paper with a discussion on a question raised by an anonymous reviewer
of an earlier version of this paper: to what degree would it be possible to get a computer-
assisted proof of Theorem 1.2?7
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uv™ for each uv € EY}(P)

Classification of uv

Equality stated in |

uovd = {vo, ..., v4} 5-edge Proposition 4.3(2)
uovy = {vg, vy, v2,v3} 4-edge Proposition 4.3(2)
uovy = {vo,v1,va} 3-edge Proposition 4.3(2)
uovy = {vo,v1} 2-edge Proposition 4.3(2)
uovy = {vp} 1-edge Proposition 4.3(2)
uovg =0 0-edge Proposition 4.3(2)
uyvy = {ug} U{vo, ..., va} 6-edge (F15)

uvy = {ug} U {vo, v1,vs,v3} 5-edge Proposition 4.3(2)
uyvy = {ug} U {vo, v1,v2} 4-edge Proposition 4.3(2)
uyvy = {ug} U{vo,v1} 3-edge Proposition 4.3(2)
uvy = {ug} U {vo} 2-edge Proposition 4.3(2)
ulvo* {uo} 1-edge Proposition 4.3(2)
upvs = {ug,u1} U{vo, ..., v} T-edge (F14)

“201 {uo, u1} U{vo,v1,v2,v3} 6-edge (F13)

u2v§f {uo, u1} U {vo, v1,v2} 5-edge Proposition 4.3(2)
upvy = {ug, u1} U {vg, v1} 4-edge Proposition 4.3(2)
upvy = {ug, u1} U {vo} 3-edge Proposition 4.3(2)
UQU(_)I— {uo, w1} 2-edge Proposition 4.3(2)
uzvs = {uo,u1,ug,us} U {vo, ..., 04} 7-edge (F10)

U3Ui {uo, ur, us} U{vg,v1,v2, v} 7-edge (F11)

U3U§_ {uo, w1, u2} U {vo,v1,v2} 6-edge (F12)

usvy = {ug, u1,us} U {vg, v} 5-edge Proposition 4.3(2)
uzvy = {ug,ur, us} U{vp} 4-edge Proposition 4.3(2)
ugvg = {uo,u1,us} 3-edge Proposition 4.3(2)
usv = {uo, u1,us, uz, us} U {vo, ..., v} 6-edge (F7)

ugvy = {uo,u1,ug,us, us} U {vo, ..., v3} 7-edge (F6)

ugvy = {ug,uy,uz,uz} U {vg, v1, vg} T-edge (F8)

ugvy = {ug, ur, uz, ug} U {vo, v1} 6-edge (F9)

ugvy = {uo, u1,ug, us} U{vo} 5-edge Proposition 4.3(2)
UALU(J)r {uo, w1, ug, uz} 4-edge Proposition 4.3(2)
usvy = {uo, ur,ua}t U {vo, .. ., va} 8-edge F2)

usvy = {ug,...,u3} U{vg,...,v3} 8-edge (F1)

usvy = {ug, ..., us} U{vg, v, 02} 8-edge (F3)

u5v§r {uo, ..., us} U{vg,v1} 7-edge (F4)

usvy = {uo, ..., us} U{vo} 6-edge (F5)

usvg = {uo, u1,ug, us, us} 5-edge Proposition 4.3(2)

Table 2: All the bichromatic edges of P.
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At the beginning of this project we asked ourselves the same question, but we are con-
vinced that a traditional proof might be easier to verify. It is worth mentioning that a heav-
ily computer-assisted proof seems to be out of reach, most likely involving several hundred
million CPU hours. On the other hand, we believe that a partially computer-assisted proof
would be more difficult to follow and perhaps also less reliable. Using computer-assisted
proofs needs a very careful preparation and description of what is done, and proofs of the
correctness of the results. The code must be explained in full detail, as well as how the
program can be executed (including the operating system, compiler versions, etc.). We
believe that in this particular case the task of verifying all this information would end up
being more taxing on the reader than the current purely theoretical proof.
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