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Abstract

In this paper the binary locating-dominating number of convex polytopes is considered.
The exact value is determined and proved for convex polytopes D,, and R/, while for the
convex polytopes R,,, @, and U, a tight upper bound of the locating-dominating number
is presented.
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1 Introduction

Let G be a simple connected undirected graph G = (V, E'), where V is a set of vertices,
and FE is a set of edges. The open neighborhood of a vertex v € V is Ng(v) = {u € V |
(u,v) € E} and the closed neighborhood is Ng[v] = {u € V | (u,v) € E} U {v}. We
write N (v) or N[v] if the graph G is clear from the context [4]. For a graph G = (V, E) a
dominating set is a vertex set D C V such that the union of the closed neighborhoods of
the vertices in D is all of V; that is, | J, , N[D] = V. Equivalently, each vertex not in D
is adjacent to at least one vertex in D, e.g. for every vertex v € V' \ D, N(v) N D # (. The
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domination number of G, denoted by (G), is the minimum cardinality of a dominating
set of G.

The concept of a dominating set can also be studied through assigning a weight of 1 will
be assigned to the vertices in D and a weight of 0 to the vertices of V'\ D. In this case, D is a
dominating set of G if for every vertex in G the sum of weights for closed neighborhoods is
atleast 1,1.e. [IN[v]NS| > 1foreach v € V. A dominating set S C V' is a binary locating-
dominating set if for every two different vertices u,v € V'\ S holds N(u)NS # N(v)NS
([12]). The binary locating-dominating number of G, denoted by 7;—4(G), is the minimum
cardinality of a binary locating-dominating set. In the sequel all terms about the locating-
dominating number or set is denoted by binary locating-dominating number or set.

The article [11] studies the smallest cardinalities of locating-dominating codes on
chains and cycles and the extreme values of the cardinality of a minimum r-identifying or
r-locating-dominating code in any connected undirected graph GG having a given number, n,
of vertices is studied in [8]. For more information about these issues, see [3, 9, 14, 15, 21].
The authors of the papers [23, 24, 27] study the single-fault-tolerant locating-dominating
sets and an open neighborhood locating-dominating sets in trees. More information on
locating-dominating sets can be found in [12, 13, 15, 25].

The identifying code problem and binary locating-dominating problem are NP-hard in
a general case [6, 7]: 1. Charon et al. proved in [7] that, given a graph G and an integer k, the
decision problem of the existence of an r-identifying code, or of an r-locating-dominating
code, of size at most k in G, is NP-complete for any 7.

The comprehensive list of papers related to identifying code and binary locating-domi-
nating problems were given in [19].

The following theorem gives a tight lower bound of binary locating-dominating number
on regular graphs:

Theorem 1.1 (Slater [26]). If G is a regular graph of degree r, then

2 V)]

M-da(G) > { T3

Graphs of convex polytopes were introduced by Baca [1]. The classes of convex poly-
topes @, and R,, were introduced in [2]. The metric dimension of convex polytopes D,,,
@, and R,, are equal to 3, as was proved in [16]. In [17] it was proven that metric dimension
of convex polytopes S,,, T;, and U, is also equal to 3. Minimal doubly resolving sets and
the strong metric dimension of convex polytopes D,, and T, are studied in [18]. M. Salman
et al. [22] were considering three similar optimization problems: the fault-tolerant metric
dimension problem, the local metric dimension problem and the strong metric dimension
problem of two convex polytopes S, and U,,.

2 A modified integer linear programming formulation

An integer linear programming (ILP) formulation of minimum identifying code problem
was given in [5]. If S is an identifying set, then decision variables x; are defined as:

1, i€S§
T = ‘
0, i¢S
Then, the ILP formulation of minimum identifying code problem from [5] is presented as
follows:
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minz;ci 2.1)
eV
subject to

Y wi=1, i€V (2.2)

JENI{]
Yoooai>1l, ikeVi#k (2.3)

JEN[]VNIk]
z;€{0,1}, eV (2.4)

The objective function (2.1) ensures that the identifying code set has a minimal cardi-
nality, and constraints (2.2) defines S to be a dominating set. Identifying feature is rep-
resented by constraints (2.3) while the binary nature of decision variables x; are given by
constraints (2.4).

This formulation can not be directly used for the binary locating-dominating problem.
Therefore, it needs to be adapted by changing constraints (2.3) into the constraints (2.5).

zitae+ Y, x>l LkeVi#k (2.5)
JEN()VN (k)

Constraints (2.3) and (2.5) are the same when vertices ¢ and k are not neighbors, e.g.
N[ VNIk] = {i,j} U (N(#)VN(k)). The change between (2.3) and (2.5) is reflected
only when vertices ¢ and k are neighbors, i.e. i € N (k). Then, by constraints (2.5), at least
one of vertices i, k or some j € N(i)V.N (k) must be in S. When ¢ and k are not neighbors,
then N[{|]VN[k] = {4, j} U (IN(¢)VN(k)), so constraints (2.3) and (2.5) are equal.

In [28] it was noted that if d(u, v) > 3 then u, v has no neighbors in common, therefore,
N(u)NS # N(v)NS need not be checked for equivalence. This becomes computationally
important for large graphs as it allows us to minimize the number of constraints generated
by the locating requirement. Using this idea, constraints (2.5) would be further improved:

zitaoe+ > >l i keVi#kd(ik) <2 (2.6)
JEN(i)VN(k)

The proposed formulation with a reduced number of constraints can be used to find the
exact optimal values for problems of small dimensions. Moreover, as it can be seen from
[10], ILP formulation can be tackled by efficient metaheuristic approaches for obtaining
suboptimal solutions for large dimensions.

3 The exact values
3.1 Convex polytope D,

The graph of convex polytope D,,, on Figure 1, was introduced in [16]. It consists of
2n 5-sided faces and a pair of n-sided faces. Mathematically, it has vertex set V(D,,) =
{a;,bi,c;,d; |i=0,1,...,n—1} and edge set E(D,,) = {(a;, ai+1), (di, dit1), (ai, b;),
(bi,ci), (ciydi)y (big1,¢i) | @ =0,1,...,n — 1}. Note that arithmetic in the subscripts is
performed modulo n.
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Figure 1: The graph of convex polytope D,,.

Table 1: Locating-dominating vertices in D,,.

n veV\S S N[v] veV\S S N[v]
3k as; {a3i+17 531:} a3i42 {a37:+1}
b3iy1 {a31+1, 03i+1} b3iy2 {03i+1}
€3 {b3i} C3i+2 {b3(it1); dzita2}
dsi {dsii—1)+2} dsit1 {cgir1, dzita})
3k +1 asi {as(i—1)42,b3i} azi+1 {aziy2}
b3iy1 {03i+1} b3iy2 {a3i+2, CSi+1}
C3 {b3i, d3i } C3i+2 {b3iv1)}
d3iy1 {esig1,dai} dziyo {dsit1y}
asg {63k, ask—1)42} C3k {bak, dar. }
ao {bo}
3k +2 a3it1 {azi, biy1} a3it2 {asisn}
b3 {asi, c3i—1)+2} bsi+2 {ezit2}
C3i {b3iy1,d3i} 3041 {b3i41}
d3iy1 {dSi} d3iy2 {031+2, d3(¢+1)}
bk {ask, cak—1)42} C3k {b3ry1, dsr}
a3k+1 {asp, b3ps1} C3k+1 {b3g+1}
d3jy1 {dsr} bo {ao}
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Theorem 3.1. A
-n
’Yl—d(Dn) = ’73-‘ .

Proof. Firstly, notice that D,, is a regular graph of degree 3, with 4n vertices. Then, by

Theorem 1.1 itholds 5 —a(Dy) > [ 54| = [42].
Let

{a3i41,b3i, c3i41,d3iq2]i = 0,..., k — 1}, n =3k
S = ¢ {bsk, dzi } U{asit2, b3i, c3iq1,d3i|i = 0,... k — 1}, n=3k+1
{ask, b3k+1, dar } U{asi, b3iv1, ciqo, d3ili =0,... .k =1}, n=3k+2

Now, let us prove that S is a locating-dominating set of D,,. In order to do that, we
need to consider three possible cases:

Case 1: n = 3k. As can be seen from Table 1, neighborhoods of all vertices in V' \ S
and their intersections with set S are non-empty and distinct. Although some formu-
las for some intersections can be somewhat similar, they are distinct. For example,
SﬂN[ag,HQ] = {a3(i+1)} 7é {a3¢+1} = SﬂN[bgH_l], since indices 3(1 + 1) =
3i +3 # 3i + 1. Similarly, S\ N(dsit1] = {csit2,dsi} # {cziv2,d3uy)} =
S Nldsit2l;

Case 2: n = 3k+1. Asin the previous case, once again, all intersections of neighborhoods
N[v] with set S, i.e. S NJ[v], are non-empty and distinct. This also can be seen
from Table 1;

Case 3: n = 3k + 2. As in both previous cases, once again, all intersections of neighbor-
hoods N[v] with set S, i.e. S N[v], are non-empty and distinct, which also can be
seen from Table 1. O

3.2 Convex polytope R]

The graph of convex polytope R/ on Figure 2 is introduced in [20]. It has vertex set
V ={ai, bi,ci,di,e;, fi | i =0,...,n—1} and edge set E = {(a;, ai+1), (ai, b;), (bi, ¢;),
(bit1,ci), (ci, di), (dis €i), (digrs €), (€3, fi), (fis firr) [1=10,...,n — 1}
Theorem 3.2.

’yl_d(RZ) =2-n.

Proof. Tt can be seen that R/ is a regular graph of degree 3, with 6n vertices. Then, by

Theorem 1.1 it holds ~;_4(R.) > Péi;—‘ = 2-n. Now, let us prove thata set S = {b;, e; |

i =20,...,n— 1} is a binary locating-dominating set of R//. Indeed, it is easy to see that
all intersections S\ Nla;] = {bi}; S(\Nlci] = {bi,bit1}; S(VN[di] = {ei—1,e:} and
S N[fi] = {e;} are non-empty and distinct. Since S is a binary locating-dominating set
of R and |S| = 2 - n therefore, v;—4(R!!) < 2 - n. Due to the previously proved fact that
Yi—a(RI') > 2 - m, itis proven that v;_4(R) is equal to 2 - n. O

4 The upper bounds
4.1 Convex polytope Q,,

The graph of convex polytope @,, in Figure 3, is introduced in [2]. It has vertex set
V(Qn) = {ai, b, c;,d; ‘Z =0,1,... ,n—l} and edge set E(Qn) = {(ai, ai+1), (bi, bi+1>,
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Figure 2: The graph of convex polytope R’

(di7di+1)7(ai,bi),(bi7ci)a(Ci,di),(bi-i-hci) | i = 0,1,...,n — 1}. We call the cy-

cle induced by set of vertices {ag,a1,...,a,—_1} the inner cycle, the cycle induced by
{do,d1,...,d,—1} the outer cycle, and the middle cycle are induced by set of vertices
{bo,b1,...,bn_1}. This polytope consists of n 5-sided faces, n 4-sided faces and n trian-
gles.

Theorem 4.1.

and this bound is tight.
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Table 2: Additional data for (),, compared to D,,.

n veV\S S N[v] veV\S S N[v]
3k b3i+1 {azit1,b3i, c3i1} b3it2 {b3(i41); C3it1}
3k+1 b3it+1 1b3is c3iv1} bi+2 {asita, b3(1’+1)7 C3i+1}
3k +2 bai {asi, b3iv1, c30i-1) 42} b3i+2 {b3i+1,C3i42}
bk {ask, bart1, Cak—1)42) bo {ao, b1, bakt1}
Proof. Let
{azit1,b3i, c3it1, dsitali = 0,..., k — 1}, n =3k
S = q {bsk, dar } U{azi+2, b3is i1, dsili = 0,..., k — 1}, n=3k+1

{ask, bagt1, dsr } U{asi, b3iv1, cgivo,dsii =0,...,k =1}, n=3k+2

Note that this set is the same as for convex polytopes D,,. This is not a surprise, since
convex polytopes @, have only n additional edges (b;, b;+1),7 = 0,...,n — 1 compared
to D,,. Therefore, except vertices b;,i = 0, ..., n—1, all neighborhoods of vertices in V'\ S
and their intersection with set .S are the same as in Table 1. Additional data is presented in
Table 2.

As can be seen from Table 3 and additional data from Table 2, in all three cases, neigh-
borhoods of all vertices in V' \ S and their intersection with set .S are non-empty and
distinct. Therefore set S is a locating-dominating set for @,,. Since |S| = [47”] therefore,
Yi—a(Qn) < [42].

Using the CPLEX solver on the integer linear programming formulation (2.1), (2.2),
(2.4), and (2.6) we have obtained optimal solutions: y;—4(Q5) = 7, 71—4a(Qs) = 8,
Y—a(Q7) = 10, ..., vi—a(Q2s8) = 38, 71-d(Q29) = 39 and v;_4(Q30) = 40 which
all match the proposed upper bound in this theorem. Therefore, the proposed upper bound
is tight. O

4.2 Convex polytope R,,

The graph of convex polytope R?,,, on Figure 4, has been introduced in [2]. It has vertex
set V = {ai, b,;, C; | 1= 0, e, — 1} and edge set £ = {(ai, ai+1), (ai, bl), (a,;+1,b,;),
(bi, bix1), (bi, i), (ciyciv1) | © = 0,...,n — 1}. This graph consists of n 4-sided faces
and 2n triangles.

Theorem 4.2.
Yi—d(Rn) < n,

and this bound is tight.

Proof. Let S ={b; |i=0,...,n— 1}. Itis easy to see that all intersections S (| N[a;] =
{bi—1,b;} and S N[c;] = {b;} are non-empty and distinct. Since S is a binary locating-
dominating set of R,, and |S| = n therefore, v;_4(R,) < n.

Using the CPLEX solver on integer linear programming formulation (2.1), (2.2), (2.4),
and (2.6), we have obtained optimal solutions. For 5 < n < 31, v,_4(R,) = n, which
match the proposed upper bound in this theorem. Therefore, the proposed upper bound is
tight. O
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Figure 4: The graph of convex polytope R,,.

4.3 Convex polytope U,,

Mathematically, the graph of convex polytope U,,, on Figure 5, introduced in [17], has
vertex set V = {a;, b;, ¢;,di,e; | i =0,...,n— 1} and edge set E = {(a;, a;1+1), (a;, b;),
(bi, bi+1), (bl, Ci), (CZ‘, di), (Ci+1, dl)7 (d“ 62‘), (ei, €i+1) | L= 0, e, = 1}. This graph in
Figure 5 has 2n 5-sided faces and n 4-sided faces.

Theorem 4.3.

and this bound is tight.

Proof. Ifn= 3]'{1, let S = {(131'_;'_1, bgi, Cgi+17d3i+2, €34 ‘ L= 0, ey k— 1}, if n = 3k +1
let S = {agk, C3k, €3k} U{a3i, b3i+2703i; d3i+17 €3; | 1= 0, ey k— ].} and if n = 3k + 2
let S = {ask41, b3k, Cakt1, €361} U{a3i+1, 034, €341, dsit2,€3i41 |1 =0,..., k —1}.

Now, let us prove that S is a locating-dominating set of U,,. In order to do that, as we
did in proofs of previous Theorems, we need to consider three possible cases. As it can
be seen from Table 3, in all three cases, neighborhoods of all vertices in V' \ S and their
intersection with set S are non-empty and distinct.
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Using the CPLEX solver on the integer linear programming formulation (2.1), (2.2),
(2.4), and (2.6) we have obtained optimal solutions: v,_q(Us) = 9, vi—a(Us) = 10,
Y—a(Uz) = 12, ..., mi—q(Us2) = 38, v1—a(U23) = 39 and v;_4(U24) = 40 which all
match the proposed upper bound in this theorem. Therefore, the proposed upper bound is
tight. O

Table 3: Locating-dominating vertices in U,.

n veV\S S N[v] veV\S S N[v]
3k as; {a3iy1,b3i} agi+2 {asiy1)}
b3it1 {a3i+1, b3, C3i+1} b3iy2 {bS(i+1)}
C3i {b3i, d3(i—1)42} C3i42 {dsiy2}
d3; {ezig1,esi} dzit1 {e3iv1}
€3i+1 {esi} €3i+2 {dzit2, e36+1)}
3k +1 asi+1 {asi} a3;+2 {as(is1), b3ita}
bsi {asi, b3i—1)42,c3i} bzit1 {b3iv2}
C3i+1 {d3is1} 3942 {b3iy2,dzit1}
d3; {eaisesi} d3iv2 {esgirn}
€3i+1 {d3i+17 631'} €3i+2 {63(i+1)}
bk {ask, b3(k—1)42, Can } d3y. {car, ean}
bo {ag, co}
3k +2 as; {a3iy1,b3i} agi+2 {aziy1}
b3it1 {a3iy1,b3i, 3041} b3iyo {b3(i+1)}
C3i {b3i, d3(i—1)42} C3i42 {d3it2}
ds; {esit1} d3it1 {e3ir1,e3i1}
€3i {esiy1} €3i+2 {d3iy2,e3i41}
asg {askt1,bar ) C3k {b3k, d3(k—1)42}
dsj {eses1} esk {esns1}
b3k41 {asr41, b0, b3k, c3p41} d3k41 {esrs1,e3ng1}
ag {a1,a3641,b0} Co {bo}
€o {e1, esut1}

5 Conclusions

In this paper, we are studying the locating-dominating sets and the binary locating-dominat-
ing number of some convex polytopes. We are dealing with some classes of convex poly-
topes by considering classes: D,,, R/, R,,, Q,, and U,,. For D,, and R!/ exact values are
obtained and proved, while for R,,, (), and U,, tight upper bounds are given.

Future work can be directed towards determining a binary locating-dominating set of
some other challenging classes of graphs. The other promising direction for future work is
solving of some other similar graph problem on convex polytopes.
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